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Abstract

We characterize different classes of Cohen-Macaulay local rings (R, m, k) with positive Krull di-
mension in terms of MCM approximations of finitely-generated R-modules.

Assume R has a canonical module. For each finitely-generated R-module M, Auslander’s J-
invariant 0g (M) equals the rank of a maximal free direct summand of the minimal MCM approxi-
mation Xys of M. We have dg(R/m) = 1 if and only if R is a regular local ring. Auslander defined
the index of R, denoted index(R), as the infimum of positive integers n such that Sg(R/m") = 1.

When R is Gorenstein, we have index(R) < gl/(R) < oo, where gf¢(R) denotes the generalized
Loewy length of R, the smallest positive integer n such that m” C xR for some system of parameters
x for R. We call such a system of parameters a witness to the generalized Loewy length of R.

In Chapter 3, we generalize a theorem of Ding, who proved that if R is Gorenstein with infinite
residue field k and Cohen-Macaulay associated graded ring gr,,,(R), then g¢/(R) = index(R). We
prove that if R is a one-dimensional Cohen-Macaulay local ring with finite index and nonzerodivi-
sor x of order ¢t with gr,,,(R)-regular initial form x*, then g¢¢(R) < index(R) +t — 1.

We use this estimate to derive a formula for the generalized Loewy length of a one-dimensional
hypersurface R = k[x,y]]/(f). If z is a witness to g¢¢(R) such that z* is gr,(R)-regular, then
gll(R) = ordg(z) +e(R) — 1, where e¢(R) denotes the Hilbert-Samuel multiplicity of R. We compute
the generalized Loewy lengths of several families {R, };._, of one-dimensional hypersurfaces over
finite and infinite fields such that g¢/(R,) = index(R,) for all n > 1 or gl¢(R,) = index(R,) + 1
for all n > 1. Lastly, we study a graded version of the generalized Loewy length of a Noetherian

local ring for Noetherian k-algebras (R, m, k), where k is an arbitrary field and m is the irrelevant



ideal of R. This invariant is called the generalized graded length of R and denoted ggl(R). After
determining bounds for ggl(R) in terms of g¢¢(R) and the degrees of generators for R, we compute
the generalized graded length of numerical semigroup rings. We also characterize witnesses to the
generalized graded length of numerical semigroup rings for semigroups with two generators.

In Chapter 4, we study criteria for when an MCM module over a Gorenstein complete local
ring R is stably isomorphic to an MCM approximation of a finitely-generated R-module of some
fixed positive codimension r. If this condition holds for an MCM R-module M, we say with Kato
that M satisfies the SC,-condition. If this condition holds for every MCM R-module, we say that
R satisfies the SC,-condition.

Only the SC;- and SC;- conditions have been characterized for Gorenstein complete local rings
R. Kato proved that R satisfies the SC;-condition if and only if R is a domain, and R satisfies the
SC,-condition if and only if R is a UFD. For rings of dimension d > 3 and 3 < r < d, we prove an
inductive criterion for when an MCM R-module satisfies the SC,-condition when its first syzygy
module Qzle (M) satisfies the SC,_-condition. We use this criterion to prove the equivalence of the
SCg4- and SC,;_1-conditions for Gorenstein complete local rings of dimension d > 3 that remain

UFDs when factoring out certain regular sequences of length d — 2.
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1 | Introduction

The unifying theme of this dissertation is the theory of maximal Cohen-Macaulay (MCM) approx-
imations, originally constructed by Auslander and Buchweitz in the context of abelian categories
[1]. We apply this theory to the category of finitely-generated modules over a Cohen-Macaulay

local ring (R, m, k) with canonical module. Every module M has a unique short exact sequence
0— Yy — Xy —>M —0

where Xj; is an MCM R-module, Yj; has finite injective dimension over R, and the modules Xj,
and Yy have no direct summand in common via t, called the minimal MCM approximation of M.
The module X, is called the minimal MCM approximation of M as well.

The construction of MCM approximations is motivated in part by the orthogonality relation
between MCM modules and modules of finite injective dimension, described in Proposition 2.2.3.
In particular, for each integer i > 0, we have Ext} (Z,W) =0 for each MCM R-module Z and each
finitely-generated R-module W of finite injective dimension. Moreover, for each MCM R-module
Z, every R-map Z — M factors through Xj,. We are able to characterize different classes of
Cohen-Macaulay rings in terms of minimal MCM approximations.

Assume R has positive dimension d and let 0 < r < d. With Kato, we say that an MCM
R-module X satisfies the SC,-condition if X is stably isomorphic to the minimal MCM approxima-
tion of a finitely-generated R-module of codimension r. We say that R satisfies the SC,-condition
if every MCM R-module is stably isomorphic to the minimal MCM approximation of a finitely-

generated R-module of codimension r [15]. Every Cohen-Macaulay local ring with canonical



module satisfies the SCy-condition, since every MCM module is its own minimal MCM approxi-
mation.

In their 2000 paper, Yoshino and Isogawa proved that Gorenstein complete local domains sat-
isfy the SC;-condition. They also proved that a normal Gorenstein complete local ring of dimen-
sion two satisfies the SC;-condition if and only if it is a UFD [25].

In her 2007 paper, Kato proved that a Gorenstein complete local ring satisfies the SCi-condition
if and only if it is a domain, and satisfies the SC,-condition if and only if it is a UFD [15]. More
generally, Leuschke and Wiegand proved that a Cohen-Macaulay local ring with canonical module
satisfies the SC;-condition if and only if it is a domain [17].

For Gorenstein complete local rings R of dimension d, the SC,-conditions for 3 < r < d have
not yet been characterized. Since the SC,;{-condition implies the SC,-condition, rings that satisfy
the SC,-condition for 3 < r < d must be UFDs. In chapter 4, we give a criterion for when an MCM
R-module satisfies the SC,-condition when its first syzygy module satisfies the SC,_-condition.
With this criterion, we prove the equivalence of the SC;- and SC,_;-conditions for rings that
remain UFDs when we factor out certain regular sequences of length d — 2.

Let R be a Cohen-Macaulay local ring with canonical module. In chapter 3, we study a ring
invariant that can be computed using minimal MCM approximations. For each finitely-generated
R-module M, Auslander’s §-invariant, denoted Og(M), is the rank of a maximal free direct sum-

mand of Xj. Consider the §-invariants of the quotients {R/m"}>_,. For n > 1, we have

0 < 8g(R/m™) < Sp(R/m" ™) < 1.

Auslander defined the index of R, denoted index(R), as the infimum of positive integers n for which
Or(R/m™) = 1. By aresult of Auslander, a Cohen-Macaulay local ring is a regular local ring if and
only if index(R) = 1 [17, Proposition 11.37].

The index of a Gorenstein local ring R is bounded above by the generalized Loewy length

gll(R). The generalized Loewy length is more elementary than the index, being defined for a



Noetherian local ring (R, m) as the smallest positive integer n such that m” C xR for some system
of parameters x of R. We call such a system of parameters a witness to the generalized Loewy
length of R.

Ding proved that if R is a Gorenstein local ring with infinite residue field and Cohen-Macaulay
associated graded ring gr,, (R), then index(R) = gf¢(R) [8, Theorem 2.1].

It is natural to ask about the relation between the index and generalized Loewy length of R
when either its residue field is finite or the associated graded ring is not Cohen-Macaulay. In [4],
De Stefani gave examples of one-dimensional Gorenstein rings R with infinite residue field and
non-Cohen-Macaulay associated graded ring for which gf¢(R) = index(R) + 1.

All hypersurfaces have Cohen-Macaulay associated graded ring. Moreover, the index of a
hypersurface is easy to compute, since it equals the Hilbert-Samuel multiplicity e(R). However,
we do not obtain equality of the index and generalized Loewy length for hypersurfaces over finite
fields. In [11], Hashimoto and Shida proved that for R = F»[x,y]/(xy(x+y)), index(R) = 3 and
gll(R) = 4. The inequality between the index and generalized Loewy length results from the fact
that R has no homogeneous linear nonzerodivisors.

Since we have index(R) < g¢/(R) for any Gorenstein ring R, it is natural to seek an upper bound
for the generalized Loewy length in terms of the index that holds when the residue field is either
finite or infinite. In [8, Theorem 2.1], Ding uses the hypothesis that £ is infinite to obtain a maximal
regular sequence consisting of linear forms in (gr,,(R));. When & is finite and gr,,,(R) is Cohen-
Macaulay, a maximal regular sequence in gr,, (R) may consist of homogeneous elements of degrees
greater than one, which cannot be used in Ding’s argument to prove index(R) = gf¢(R). However,
if R is a one-dimensional Cohen-Macaulay local ring with finite index and Cohen-Macaulay asso-
ciated graded ring, then we can use a homogeneous gr,, (R)-regular element of minimal degree to
obtain an upper bound for g¢¢(R) in terms of index(R). In Theorem 3.2.4 we prove that if gr,, (R)
has a regular homogeneous element of degree ¢, then gf/(R) < index(R) +¢ — 1. Using this es-
timate, we obtain the following formula for the generalized Loewy length of a one-dimensional

hypersurface.



Proposition. Let k be a field and S = k[x,y]. Let R = k[x,y]|/(f) with ords(f) = e and z € R such

that the initial form 7* is gr,,,(R)-regular. If 7 is a witness to gll(R), then
gll(R) = ordg(z) +e—1.

We then compute the generalized Loewy length of infinite families of hypersurfaces over fi-
nite fields, generalizing Hashimoto and Shida’s example of a hypersurface R for which g¢¢(R) =
index(R) + 1. We also give examples of hypersurfaces of the form R = k[[x,y] /(xy(x" +")) where
k is a finite field and g¢¢(R) = index(R). Lastly, we study an invariant for Noetherian algebras
over an arbitrary field k that is a graded version of the generalized Loewy length of a Noetherian

local ring. Let (R,m) denote a Noetherian k-algebra R = @ R; with irrelevant ideal m = @ R;.
i=0 i=1

For n > 1, define m,, := é R;. The generalized graded length of R, denoted ggl(R), is the smallest
positive integer n such t}lgf m, C xR, where x is a homogeneous system of parameters for R.

In this setting, it is natural to define the generalized Loewy length g¢/(R) of R as the smallest
positive integer n such that m” C xR, where X is a homogeneous system of parameters for R.

Since m” C m,, for each n, we have g¢/(R) < ggl(R). Let xy,...,x, € m be homogeneous elements

generating R. In Proposition 3.4.3, we prove that
a(gll(R)) — (a—1)* < ggl(R) < b(gll(R)) —b+1,

where min{deg(x;)}?_, = a < b = max{deg(x;)}}_,. In particular, we have ggl(R) = gl/(R) if
a=>b=1. We compute the generalized graded length of numerical semigroup rings k[H] :=
k[t ...,t%] C k[t], where |t*| = a and H = (ay,...,a,) is the numerical semigroup generated by
positive integers a; < - -- < a, with ged(ay,...,a,) = 1. For R = k[H], we have ggl(R) = C +ay,
where C denotes the conductor of H. When n = 2, the conductor of (a,b) with a < b coprime is
ba—a—b+1,s0ggl(R)=ba—b+1.

A homogeneous system of parameters x for a Noetherian k-algebra (R, m) is a witness to the

generalized graded length of R if m, C xR, where g = ggl(R). We prove that a witness z to the



generalized graded length of k[t%, %] satisfies (z) = (t*), where | <i<b—a+1.



2 | Background

In this chapter, we give definitions and preliminary results required for the results in chapters 3
and 4. Throughout, (R, m,k) is a Noetherian local ring R with unique maximal ideal m and residue

field k= R/m.

2.1 Cohen-Macaulay rings and modules

2.1.1 Krull dimension

Given a prime ideal p C m, the height of p, denoted heightp or htp, is the supremum of integers ¢

such that there exists a chain of prime ideals

where p; is a prime ideal for i = 0,...,z. The Krull dimension of R, or simply the dimension of R,

denoted dimR, is the supremum of the heights of prime ideals of R.
dimR := sup{heightp |p C m is prime}

Since R is Noetherian local, the dimension of R is equal to the height of m, and therefore finite. If

M is a finitely-generated R-module, then the Krull dimension of M, denoted dimg M, is defined as

dimg M := dim (R/Anng(M)),



where Anng (M) denotes the annihilator of M in R [19, Chapter 2].

2.1.2 System of parameters

Let (R,m) be a d-dimensional Noetherian local ring, where d > 0. A sequence of d elements
X = X1,...,Xq In R 1s a system of parameters (s.0.p.) for R if v/XR = m. Every Noetherian local ring

has a system of parameters [19, Chapter 5, Theorem 13.4].

2.1.3 Depth

Definition 2.1.1. [2, Chapter 1] Let M be a finitely-generated R-module. An element x € R is a

nonzerodivisor on M if xm # 0 for all nonzero m € M. If also xM # M, then we say x is M-regular.

Definition 2.1.2. [2, Definition 1.1.1] Let ¢ be a positive integer. A sequence of ¢ elements X =

X1,...,X; in R is an M-regular sequence if the following two conditions hold.
(1) x; is M-regular.
(2) x; is regular on M/ (xy,...,x;—1 )M foreachi=2,...;1.

When M = R, we simply say that x is a regular sequence. Since xM # M for an M-regular
element x, we have x € m for every M-regular sequence x by Nakayama’s lemma [19, Chapter
1, Theorem 2.2]. Since every regular sequence is part of a system of parameters, we obtain the

following.

Proposition 2.1.3. Let (R, m) be a Noetherian local ring and M # 0 a finitely-generated R-module.

If x =x1,...,x; € m is an M-regular sequence, then

dlmR(M/XM) = dll’nR(M) —1.

Definition 2.1.4. [2, Theorem 1.2.5] An M-regular sequence is maximal if it cannot be extended

to a longer M-regular sequence. Since R is Noetherian, all maximal M-regular sequences have the



same finite length, which is

min{i| Extp(R/m,M) # 0}.
This length is called the depth of M, and denoted depthp M. When M = R, we write depthR for
the depth of the ring R as an R-module.

Lemma 2.1.5. [2, Proposition 1.2.9] Given an exact sequence of finitely-generated R-modules
0—M —M-—M'—0

we have the following inequalities.
(1) depthg(M) > min{depthy(M"), depthp(M")}
(2) depthgp(M’) > min{depthg(M), depthp(M") + 1}

(3) depthg(M") > min{depthgz(M’) — 1, depthp (M)}

2.1.4 Projective dimension

Definition 2.1.6. [2, Chapter 1] Let M be a finitely-generated R-module. A projective resolution

of M is an exact sequence of the form

dy i d d
S N NN SN NNy YN 2.1)
where P, is a projective R-module for each n > 0. The projective dimension of M, denoted pdz M,

is the infimum of lengths of projective resolutions of M.

Since R is local, projective R-modules and free R-modules are the same, and we also refer to

(2.1) as a free resolution of M.

Definition 2.1.7. [2, Chapter 1] Let M be a finitely-generated R-module. The projective resolution
(2.1) is minimal if d,(P,) C mP,_ for all n > 1. Every finitely-generated R-module has a minimal

projective resolution which is unique up to isomorphism of chain complexes of R-modules.



Definition 2.1.8. [2, Chapter 1] Let M be a finitely-generated R-module. For n > 1, the n™ syzygy
of M, denoted Q} (M), is the kernel of the (n — 1)st chain map in the minimal projective resolution
of M.

Qr(M) := kerd,—; forn>1.

Theorem 2.1.9. [2, Theorem 1.3.3 (Auslander-Buchsbaum)] Let R be a Noetherian local ring, and

M a non-zero finitely-generated R-module with finite projective dimension. Then

pdgr M + depthy M = depthR.

2.1.5 The Cohen-Macaulay property

Definition 2.1.10. [2, Definition 2.1.1] Let R be a Noetherian local ring and M a finitely-generated
R-module. If depthyM = dimgM, we say that M is a Cohen-Macaulay R-module. If dimR =
depthR, we say that R is a Cohen-Macaulay local ring, or simply that R is a Cohen-Macaulay
ring. A finitely-generated R-module is a maximal Cohen-Macaulay R-module (MCM R-module)

if depthx M = dimgpM = dimR.

Equality of the depth and dimension of a Cohen-Macaulay module is preserved when factoring

out a regular sequence.

Proposition 2.1.11. [2, Theorem 2.1.3] Let R be a Noetherian ring, and M a finitely-generated
R-module. Suppose x is an M-regular sequence. Then M is Cohen-Macaulay if and only if M /xM

is Cohen-Macaulay (over R or R/XR).

The Cohen-Macaulay property makes ring and ideal invariants more tractable. For example, if

R is a Noetherian local ring and p is a prime ideal of R, then

heightp +dimR/p < dimR

[19, Chapter 2]. The Cohen-Macaulay property is sufficient for equality to hold.
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Proposition 2.1.12. [2, Corollary 2.1.4] Let R be a Cohen-Macaulay local ring and let p be a
prime ideal of R. Then
heightp +dimR/p = dimR.
For an R-module M, we let Assg(M) or Ass(M) denote the set of associated primes of M.

Proposition 2.1.13. [2, Corollary 2.1.4] Let R be a Noetherian local ring and M a finitely-generated

R-module. If M is Cohen-Macaulay, then for each p € Assg(M), we have

dimR/p = dimg(M) = depthgx(M).

2.2 MCM approximations and the canonical module

2.2.1 Cohen-Macaulay local rings with canonical module

Definition 2.2.1. [2, Definition 3.1.7] Let M be a finitely-generated R-module. An injective reso-

lution of M is an exact sequence of the form
0—M—1"—I'"—...—1"— ...

where [, is an injective R-module for each n > 0.
It is well-known that every R-module has an injective resolution.

Definition 2.2.2. [2, Chapter 3] Let M be an R-module. The injective dimension of M, denoted

1idgr M, 1s the infimum of lengths of injective resolutions of M.

When R is Cohen-Macaulay, we can characterize maximal Cohen-Macaulay modules and mod-
ules of finite injective dimension in terms of the vanishing of Ext modules in positive homological

dimension.

Proposition 2.2.3. [17, Theorem 11.2] Let R be a Cohen-Macaulay local ring and let M and N be

non-zero finitely-generated R-modules. The following statements hold.
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(1) M is MCM if and only ifExtk(M, Y) =0 foralli > 0 and all finitely-generated R-modules Y

of finite injective dimension.

(2) N has finite injective dimension if and only ifExtHX,N) =0 for all i > 0 and all MCM
R-modules X.

Informally, we can think of MCM modules and modules of finite injective dimension over a
Cohen-Macaulay local ring as orthogonal sets, with the Ext functor in positive homological degree

as an inner product.

Definition 2.2.4. [17, Definition 11.4] Let (R, m, k) be a Cohen-Macaulay local ring. A canonical

module is a finitely-generated R-module @ with the following properties.
(1) ®is MCM.
(2) o has finite injective dimension over R.
(3) dimy Exté(k,®) = 1.

Theorem 2.2.5. [10,20] A Cohen-Macaulay local ring R has a canonical module if and only if R

is a homomorphic image of a Gorenstein local ring.

Proposition 2.2.6. [17, Theorem 11.5] Let R be a Cohen-Macaulay local ring. If a Cohen-

Macaulay local ring R has a canonical module, then it is unique up to isomorphism.
The canonical module of a Cohen-Macaulay local ring has the following properties.

Theorem 2.2.7. [17, Theorem 11.5] Let R be a Cohen-Macaulay local ring with canonical module
®. Let M be a Cohen-Macaulay R-module of codepth t and let M" := Extly(M,®). The following

properties hold.
(1) Endg(w) = R.

(2) MV is also Cohen-Macaulay of codepth t.
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(3) MYV is naturally isomorphic to M.

(4) ® is well-behaved with respect to factoring out a regular sequence, completion, and local-

ization.

The only finitely-generated modules over a Cohen-Macaulay local ring with canonical module
that are both MCM and of finite injective dimension are finite direct sums of copies of the canonical
module [17, Proposition 11.7]. We now define the Cohen-Macaulay rings that we study in this

thesis.

Definition 2.2.8. [2, Definition 3.1.18] A Noetherian local ring R is Gorenstein if R has finite

injective dimension as an R-module.

The canonical module of a Gorenstein local ring R is the ring itself as an R-module. In fact,
a Cohen-Macaulay local ring with canonical module ® is Gorenstein if and only if @ = R [17,
Theorem 11.5]. One advantage of working with a Gorenstein ring R is that an R-module has finite
injective dimension if and only if it has finite projective dimension.

Our first proper class of Gorenstein local rings is the class of complete intersections. Recall that
a Noetherian local ring (R, m) is a regular local ring if m is generated by a system of parameters,
and such a system of parameters is called a regular system of parameters. For a nonzero finitely-
generated R-module M, the minimal number of generators of M is denoted g(M) and defined as
follows.

Ur(M) := dim (M /mM)

The number pg(m) is called the embedding dimension of R. Since dimR < ug(m), we have R is a

regular local ring if and only if dimR = pg(m) [2, Chapter 2].

Theorem 2.2.9. [2, Theorem 2.2.7] Let (R, m,k) be a Noetherian local ring. The following state-

ments are equivalent.

(1) R is a regular local ring.
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(2) k has finite projective dimension over R.
(3) Every finitely-generated R-module has finite projective dimension over R.

We restrict our attention to a particular class of regular local rings in this thesis-rings of power

series k[xy, ..., x| in finitely-many variables xi, ...,x,, over a field k.

Definition 2.2.10. [2, Definition 2.3.1] A Noetherian local ring (R, m) is a complete intersection if
its m-adic completion R is isomorphic to the quotient of a regular local ring by an ideal generated by
a regular sequence. That is, for some regular local ring S and a regular sequence x = xy,...,x, € S,

we have R = S/xS.

We focus on complete intersections of the form R = k[xy,...,xn]/(f1,...,fn), Where k is a
field and fi,...,fy € k[x1,...,xn] is a regular sequence. A complete intersection of the form
k[x1,....,xm]]/(f), where f € (x1,...,x,) is nonzero, is called a hypersurface ring, or hypersurface.

In summary, we have the following nested classes of Cohen-Macaulay local rings [2, Propo-
sition 3.1.20]. Below, we use the abbreviations “CM local rings” for Cohen-Macaulay local rings

and “local CI rings” for local complete intersection rings.

’ CM local rings ‘ 2 ’ Gorenstein local rings ‘ 2 ’ local CI rings ‘ 2 ’ local hypersurface rings

2.2.2 MCM approximations

Let R be a Cohen-Macaulay local ring with canonical module @. We consider an exact sequence
construction that arises from the orthogonality relation between MCM modules and modules of
finite injective dimension. This construction is called a maximal Cohen-Macaulay approxima-
tion, or MCM approximation, and is defined for each finitely-generated R-module. In chapter 3,
we study a ring invariant defined in terms of MCM approximations of the sequence of quotient

modules {R/m"}>_,.
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Definition 2.2.11. [17, Definition 11.8] Let M be a finitely-generated R-module. An MCM ap-

proximation of M is an exact sequence of R-modules
0—Y —=X—M-—0

where X is an MCM R-module and Y has finite injective dimension over R.

The following construction is dual to the MCM approximation.
Definition 2.2.12. [17, Definition 11.8] Let M be a finitely-generated R-module. A hull of finite
injective dimension, or FID hull, of M is an exact sequence of R-modules

0—M-—Y —X —0

where Y’ has finite injective dimension over R and either X’ is an MCM R-module or X’ = 0.

The vanishing of Ext,le (X,Y) when X is MCM and Y has finite injective dimension yields the

following lifting properties for MCM approximations and FID hulls.

Proposition 2.2.13. [17, Proposition 11.9] Let M be a finitely-generated R-module with MCM
approximation

0—Y-“x"sm—s0.

LetZ i) M be an R-map, where Z is an MCM R-module. Then there exists a lifting Z 5 X such

that Ty = ¢, i.e., the following diagram commutes.

X

Any two liftings of ¢ are homotopic, i.e. their difference factors through'Y .
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Proposition 2.2.14. [17] Let M be a finitely-generated R-module with FID hull
0—M-—Y Sx'—o0.

Let M i) Z be an R-map, where Z is an R-module of finite injective dimension. Then there exists

a lifting Y’ s Z such that W1 = @, ie., the following diagram commutes.

Z

M

Y/
Any two liftings of ¢ are homotopic, i.e. their difference factors through X'.

Although each finitely-generated module has an MCM approximation and FID hull, these are
not unique. We define minimality conditions that give us a unique MCM approximation and FID

hull from which all others are built.

Definition 2.2.15. [17, Definition 11.10] Let s : 0 — ¥ — X —= M — 0 be an MCM approx-
imation of a non-zero, finitely-generated R-module M. We say that s is minimal if, given any

direct-sum decomposition X = Xy & X; with Xo C Im1, we have Xy = 0.

Definition 2.2.16. [14] Let s’ : 0 — M — Y’ -+ X’ — 0 be an FID hull of a non-zero, finitely-
generated R-module M. We say that s’ is minimal if, given any direct-sum decomposition Y’ =

Yo @Y such that 7(Yp) is a direct summand of X’, we have ¥y = 0.

Theorem 2.2.17. [17, Proposition 11.13, Theorem 11.17] Let R be a Cohen-Macaulay local ring
with canonical module ®, and let M be a finitely-generated R-module. Then M has a minimal
MCM approximation and minimal FID hull that are unique up to isomorphism of exact sequences
inducing the identity on M. We denote the minimal MCM approximation s and the minimal FID
hull s' of M as follows.

s:0—Yy—Xy—M—0
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§:0—M-—YM s xM__90

We sometimes refer to the module X, as the minimal MCM approximation of M. Each MCM

approximation of M can be written as follows for some non-negative integer m [5, Proposition 1.5].
0—"DYy — "Xy —M—0

Likewise, each FID hull of M can be written as follows for some non-negative integer n [5, Propo-
sition 1.6].

0—M-—o"or" — o"ox™ —0
Definition 2.2.18. [15] Two finitely-generated R-modules M and N are stably isomorphic if there

st
are projective (i.e. free) R-modules P and Q such that M & P = N & Q. This is denoted M = N.

Definition 2.2.19. [25] Let R be a Cohen-Macaulay local ring with canonical module ®. Let
Dg(—) := Homg(—, ®) and let M be an MCM R-module. For each integer i < 0, we define the

R-module Q4 (M) by QL(M) := Dr(Qg' (Dr(M))).

Lemma 2.2.20. [25] Let R be a d-dimensional Cohen-Macaulay local ring with canonical module.

st
Let M be a finitely-generated R-module. Then Xy = Qg (Q%(M)).

Proposition 2.2.21. [17, Proposition 11.19] Let R be a Cohen-Macaulay local ring with canonical
module ®. Let M be a finitely-generated R-module. Up to adding or deleting direct summands

isomorphic to @, we have the following.
(i) Yoy = Y% M)
(ii) XM = xXu
(iii) There is an exact sequence 0 — F — Xy — X%M) 0 where F is free.

(iv) If R is Gorenstein, then we also have the following.
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st
X 2 0} (x)
st
v 2 0l (rM)
In chapter 4, we study an existence property of minimal MCM approximations motivated by
a uniqueness property of minimal FID hulls [15, Theorem 1.2]. If R is Gorenstein and a finitely-

generated R-module M has finite projective dimension, then the minimal MCM approximation of

M is obtained by truncating its minimal projective resolution.

Proposition 2.2.22. [17, Proposition 11.20] Let R be a Gorenstein local ring and M a finitely-

generated R-module of finite projective dimension. The minimal MCM approximation of M is
0— QM) —F —M-—0

where F is a free module of minimal rank mapping onto M.

2.2.3 Auslander’s §-invariant

Definition 2.2.23. [17, Chapter 11] Let Z be a finitely-generated R-module. The free rank of
Z, denoted f-rankZ, is the rank of a maximal free direct summand of Z. In other words, Z =

Z@® R %2 with Z stable, i.e. having no non-trivial free direct summands.

Definition 2.2.24. Let R be a Cohen-Macaulay local ring and M a finitely-generated R-module.
We define dg(M) as the minimum free rank of all MCM R-modules Z for which there exists a

surjective R-map Z — M. We refer to Og(—) as Auslander’s §-invariant.

If R has a canonical module, then Auslander’s §-invariant is the free rank of the minimal MCM

approximation of a module.

Proposition 2.2.25. [17, Definition 11.24, Proposition 11.27] Let R be a Cohen-Macaulay local

ring with canonical module and M a finitely-generated R-module. Then ogr(M) = f-rank Xj,.

Proposition 2.2.26. [17, Corollary 11.28] For finitely-generated R-modules M and N, Auslander’s

O-invariant satisfies the following properties.
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(1) r(M ®N) = 8r(M)+ 6r(N)
(2) 6r(N) < 8r(M) if there is a surjective R-map M — N
(3) 6r(M) < ur(M)

Consider the sequence of non-negative integers {6g(R/m")}> . For n > 1, we have the ex-
pansion of cosets map R/m"*! — R/m". By (2), we have 8g(R/m") < 8g(R/m™*1). By (3),
we have 6g(R/m") < 1. Therefore, if Sg(R/m") = 1 for some n,, then dg(R/m") =1 for all
n > n,. By a result of Auslander, regular local rings are the Cohen-Macaulay local rings for which
Or(R/m"™) =1 for all n > 1. To prove this, we require the following well-known application of

Theorem 2.2.9.

Lemma 2.2.27. Let R be a d-dimensional Cohen-Macaulay local ring. If every MCM R-module is

free, then R is regular.

Proof. Suppose every MCM R-module is free. Let M be a finitely-generated R-module and let

=P — - — P —M—0

be a minimal projective resolution of M. By successive applications of the Depth Lemma, we see

that Qﬁ (M) is MCM, and therefore free. Therefore, the exact sequence
0— QM) — - — P —Py— M —0
is a projective resolution of M of finite length. So M has finite projective dimension. By Theorem

2.2.9, R is regular. ]

Proposition 2.2.28. [17, Proposition 11.37] Let (R,m,k) be a Cohen-Macaulay local ring. The

following are equivalent.

(1) R is a regular local ring
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(2) Or(k)=1

Proof. Suppose R is regular. By Theorem 2.2.9, the residue field k has finite projective dimension
over R. Since R is a regular local ring, it is Gorenstein, and by Proposition 2.2.22, the minimal
MCM approximation of k is

0O—m—R—k—0.

Since f-rank X; = f-rankR = 1, we have Sg(k) = 1. Now suppose R is not regular. By Lemma
2.2.27, there is an MCM R-module M that is not free. Write M = N @ F, where F is a free R-
module and N has no non-trivial free direct summand. Since N is a nonzero direct summand of
an MCM R-module, it is also MCM. Let n = ug(N). Then N/mN = k" as k-vector spaces and as

R-modules. the following composition of surjective maps gives us a surjection N — k.

N—N/mN — k' —k

Since f-rank N = 0, we have Og (k) = 0. O

(o)

. stabilizes at one for

In light of this result, it is natural to ask when the sequence { 6g(R/m")
different classes of Cohen-Macaulay rings. The smallest positive integer n for which dg(R/m") =1

is the following invariant defined by Auslander.
Definition 2.2.29. [17, Chapter 11] Let (R, m) be a Cohen-Macaulay local ring. The index of R,
denoted index(R), is defined as follows.

index(R) :=inf{n > 1|8 (R/m") = 1}

If Og(R/m™) =0 for all n > 1, we say that index(R) = co.

Proposition 2.2.30. [7, Theorem 1.1] Let R be a Cohen-Macaulay local ring with canonical mod-

ule. Then the index of R is finite if and only if Ry is Gorenstein for each non-maximal prime ideal

p of R.
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Definition 2.2.31. [17, Lemma 11.41] Let R be a Cohen-Macaulay local ring with canonical mod-
ule ®. The trace of @ in R, denoted 14(R), is the ideal of R generated by all R-homomorphic

images of @ in R.
We let e(R) denote the Hilbert-Samuel multiplicity of a ring R.

Proposition 2.2.32. [7, Proposition 2.3] Let R be a d-dimensional Cohen-Macaulay local ring

with canonical module ® such that m C T»(R). Then ug(m) < e(R) +d —index(R) + 1 and

index(R) < e(R).

Theorem 2.2.33. [6, Theorem 3.3] If R is a hypersurface, then index(R) = e(R).
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3 | Generalized Loewy length of Cohen-Macaulay

local and graded rings

We generalize a theorem of Ding relating the generalized Loewy length g¢¢(R) and index of a
one-dimensional Cohen-Macaulay local ring (R,m,k). Ding proved that if R is Gorenstein, the
associated graded ring is Cohen-Macaulay, and k is infinite, then the generalized Loewy length
and index of R are equal. However, if k is finite, equality may not hold. We prove that if the
index of a one-dimensional Cohen-Macaulay local ring is finite and the associated graded ring has
a homogeneous nonzerodivisor of degree 7, then g¢/(R) < index(R) +¢ — 1.

Next we prove that if R is a one-dimensional hypersurface ring with a witness to the generalized
Loewy length that induces a regular initial form on the associated graded ring, then the generalized
Loewy length achieves this upper bound. We then compute the generalized Loewy lengths of
several families of examples of one-dimensional hypersurface rings over finite fields. Finally, we
study a graded version of the generalized Loewy length and determine its value for numerical

semigroup rings.

3.1 Ding’s conjecture

Throughout this section, (R, m,k) is a Cohen-Macaulay local ring. Recall that the maximal ideal

of an Artinian local ring is nilpotent.

Definition 3.1.1. Let (R,m) be an Artinian local ring. The Loewy length of R, denoted ¢¢(R), is
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the smallest positive integer n such that m” = 0.

Suppose R be a d-dimensional Noetherian local ring. If d = 0, then R is Artinian. If d > 0, then
R has a system of parameters x and the ring R = R/xR is Artinian. Let m = m/xR and suppose

2¢(R) = n. Then m" = 0, or equivalently, m" C xR.

Definition 3.1.2. [17, Chapter 11] Let (R,m) be a Noetherian local ring. The generalized Loewy
length of R, denoted g¢¢(R), is the smallest positive integer n such that m” is contained in an ideal

generated by a system of parameters for R.

gll(R) := min{n > 1|m" C xR for some s.0.p. X € R}

Proposition 3.1.3. [17, Chapter 11] Let (R,m) be a Gorenstein local ring. Then

index(R) < gl{(R).

Proof. Let g = gll(R). Then there is a system of parameters X € m such that m® C xR. Since R is

Cohen-Macaulay, x is a regular sequence. Consider the expansion of cosets map

R/m® — R/xR. 3.1)

The R-module R/xR has finite projective dimension, with truncated minimal projective resolution

0—xR— R — R/xR — 0. (3.2)

Since R is Gorenstein, it follows from Proposition 2.2.22 that (3.2) is the minimal MCM ap-
proximation of R/XR. Therefore, og(R/XR) = 1. By Proposition 2.2.26 and (3.1), we have

Or(R/m8) = 1. Therefore, index(R) < g. O

Ding proved the following generalization of Proposition 3.1.3.
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Proposition 3.1.4. [7, Proposition 2.4] Let R be a Cohen-Macaulay local ring with canonical

module ® such that m C Te(R). Then index(R) < gll(R).

If R is Gorenstein with infinite residue field and Cohen-Macaulay associated graded ring gr,,,(R),

then we have equality in Proposition 3.1.4.

Theorem 3.1.5. [8, Theorem 2.1] Let (R,m,k) be a Gorenstein local ring. If k is infinite and

gt (R) is Cohen-Macaulay, then index(R) = gl{(R).

In general, if R is a Cohen-Macaulay local ring that satisfies the equality in Theorem 3.1.5, we
say that R satisfies Ding’s conjecture. Below, we study how the finiteness of the residue field can
cause Ding’s conjecture to fail. In particular, we prove that there are infinitely-many hypersurfaces
with Cohen-Macaulay associated graded ring and finite residue field that do not satisfy Ding’s con-
jecture. Each of our families of hypersurfaces generalizes the following example from Hashimoto

and Shida.

Example 3.1.6. [11, Example 3.2] Let R = F;[x,y] /(xy(x+y)). Then index(R) = 3 and g¢{(R) =

4. Refer to Proposition 3.3.5 for proofs of these claims.

When £ is finite, the assumption that gr.,(R) is Cohen-Macaulay does not guarantee the ex-
istence of a homogeneous system of parameters of degree one x7j,...,x}; in (gr,(R));. If a ho-
mogeneous system of parameters in gr(R) does not consist of linear elements, it cannot be used
in Ding’s argument to prove that index(R) = gf¢(R). However, if R is a one-dimensional Cohen-
Macaulay local ring with finite index and gr,,(R) is Cohen-Macaulay, then we can use a homoge-
neous gr,, (R)-regular element of minimal degree to obtain an upper bound for g¢/(R) in terms of
index(R). In Theorem 2.3, we prove that if R is one-dimensional Cohen-Macaulay and gr,, (R) has
a homogeneous nonzerodivisor z*, where z € m’ \ m'*!, then g¢¢(R) < index(R) +¢— 1. If R is
Gorenstein, then index(R) < g¢/(R) < index(R) 4+t — 1.

By Theorem 2.2.33, index(R) = e¢(R) when R is a hypersurface. Therefore, the index of hy-

persurface rings is easy to compute: if R = k[x{,...,x,] /(f), m = (x1,...,x,)R, and f € m"\ m'*!,



24

then index(R) = e(R) = r. In section 3, we prove that if R is a one-dimensional hypersurface with

a witness z to its generalized Loewy length that induces a regular initial form on gr,, (R), then
gll(R) = ordg(z) +e(R) — 1.

We then compute the generalized Loewy lengths of families of examples of one-dimensional hyper-
surface rings with finite residue field and Cohen-Macaulay associated graded ring. These examples
illustrate differences between hypersurface rings R with finite residue field and Cohen-Macaulay
associated graded ring for which g¢¢(R) = index(R) and gf¢(R) = index(R) + 1. In [4], De Ste-
fani gave examples of one-dimensional Gorenstein local rings with infinite residue field for which
gll(R) = index(R) + 1.

In section 4, we let R be a positively-graded Noetherian k-algebra, where £ is an arbitrary field.
We show that several families of one-dimensional standard graded hypersurfaces attain the graded
version of the upper bound for the generalized Loewy length from Theorem 2.3. We then study
a graded version of the generalized Loewy length: the generalized graded length of R, denoted
ggl(R). After determining bounds for ggl(R) in terms of g¢¢(R) and the minimum and maximum
degrees of generators of R, we compute the generalized graded length of numerical semigroup
rings. For R = k[t%,t?], where a < b, we prove that ggl(R) = ba — b+ 1 and if 7 is a witness to

ggl(R), then (z) = (1) for some 1 <i < 1+ b—a.

3.2 Estimating the generalized Loewy length of one-dimensional
Cohen-Macaulay rings

Throughout this section, (R, m,k) is a Noetherian local ring. We assume that R has a nonze-
rodivisor x of order ¢ such that multiplication by x is injective on graded components of the
associated graded ring in degrees less than index(R). Generalizing [8, Lemma 2.3] to this con-

text, we prove that if R is a one-dimensional Cohen-Macaulay local ring with finite index, then
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gll(R) <index(R)+t—1.

Lemma 3.2.1. Let s and t be positive integers and x € m' \ m'*! an R-regular element. Suppose

the induced map X : i~ /m! — m*'=1 /m* js injective for 1 < i <s. Then

(ms+t—l,x)/xms ~ R/ms D (msﬁ-t—l,x)/xR‘

Proof. Let I = xRNm*~!and W = (I +m**")/m**. Since W is a k-subspace of m*+'~! /ms*+!,

there is a direct sum decomposition

ms+l—1/ms+l -W @V

for some subspace V C m*™~! /mS*'. Let ey,...,e, be a k-basis for V. For each i, let ¢; = y;,
where y; € m**~!. Let B denote the R-submodule of (m**~! x)/xm* generated by [y{],..., [y.] €
(msH=1 x) /xmS. We will prove that (m*™~! x) /xm® = A @ B, where A = xR/xm’. First we show
that

A+B= (w1 x)/xm?®.

Choose ry,...,rq € R such that I = (rix,...,rqx). Then m**~!/m** is generated as a vector
space by {rix}{L; U{y;}_,, and by Nakayama’s lemma, m**~1 i generated as an R-module by
{ric}  U{y; Yo Let[2] € (ms+=1 x)/xmS. Then [z] = r[x] +'[v], where r,”’ € R, v € m*+'~1,

andv=r"x+Y" | piyi, where r’ . p; € R. So

(] = (r+ 77" + ; /oilyi] €A +B.

Now we show that ANB = 0. Let [z] € ANB. Then [z] = a[x] =Y} | ai[yi], where a,a; € R, and

ax =Y ayy; € xm®. Letax— Y | ajy; = xy, where y e m*. Then Y7, a;y; = (a—y)x €1, so
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If a =y we are done, so assume a —y # 0. Then there is a nonnegative integer / such thata —y €
m!\ m*!. Suppose 0 < < s. Since (a—y)x = 0 in m*** /m!+**1 it follows from the injectivity
of the induced map ¥ that a —y € m*!, a contradiction. Therefore, a —y € m*, and ax — xy € xm®.
Since xy € xm®, ax € xm?®, and [z] = a[x] = [0]. It follows that (m**'~! x) /xm® = xR /xm* ® B and
B= (m**"~! x)/xR. Since x is R-regular, it follows that (m**/~! x) /xm* = R/m* @ (m*+'~! x)/xR.

]

Lemma 3.2.2. Let (R,m) be a local ring, I C R an ideal, and x,y € m such that (x,I) = (y). If l is

not a principal ideal, then (x) = (y).

Proof. Leta,b € R and z € I such that y = ax+ bz. Let ¢ € R such that x = cy. Then y = acy+ bz
and (1 —ac)y = bz. Suppose ¢ € m. Then 1 —ac is invertible and y = (1 —ac)~'bz € I, 50 (y) =1,

which is false. Therefore c is invertible and (x) = (y). O

Lemma 3.2.3. [16, Lemma 2.5] Let R be a one-dimensional Cohen-Macaulay local ring and let [

be an m-primary ideal of R. If Og(I) > O, then I is generated by a regular element.

Theorem 3.2.4. Let (R,m) be a one-dimensional Cohen-Macaulay local ring for which index(R)
is finite. Let s = index(R) and x € m' \ m'*! a nonzerodivisor, where t > 1. If the induced map
X mifl/mi N mi+t71/mi+t

is injective for 1 <i <, then

gll(R) <index(R)+1t—1.
If w1V is not a principal ideal, then m*+'~1 C (x).

Proof. By Lemma 3.2.1, (m** =1 x) /xm* = R/m* @ (m**+'~1 x) /xR, so there is a surjection

(M x) — R/m’.

Therefore, Sg((m**'~! x)) > 0. By Lemma 3.2.3, (m**~! x) is a parameter ideal of R. Let
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(ms*=1 x) = (y), where y € m is a regular element. Since m**"~! C (y), we have gf/(R) <

s+t — 1. If m**~1 is not a principal ideal, then by Lemma 3.2.2 we have m**'~! C (x). O

Corollary 3.2.5. Let (R,m) be a one-dimensional Cohen-Macaulay local ring with canonical mod-

ule @ such that m C Tg(R). Let x € m' \ m'*! such that x* € gr,,(R) is a regular element. Then
index(R) < gl¢(R) < index(R)+1t—1.

Proof. This follows from Proposition 3.1.4 and Theorem 3.2.4 [

3.3 Examples

In this section we derive a formula for the generalized Loewy length of one-dimensional hyper-
surface rings and compute the generalized Loewy lengths of several families of examples of one-
dimensional hypersurfaces. The associated graded ring of each of these hypersurface rings has a
homogeneous nonzerodivisor of degree one or two, so the index and generalized Loewy length
differ by at most one.

Using techniques from the proof of [11, Example 3.2], we prove that for several families of
hypersurfaces {R, };_,,

gll(R,) —index(R,) =1

for n > 1. This difference is positive for each n because of the absence of a regular linear form in
certain one-dimensional hypersurface rings over finite fields.

Throughout this section, S = k[x,y], where k is a field and n = (x,y)S. We say that the order
of an element f € S is r if f € n”\ n'*!, and write ordg(f) = r. Let R = S/(f), where f € n.
Let m = (x,y)R. The order of an element z € R is r if z € m" \ m""!, and we write ordg(z) = r.
Recall that index(R) = e(R). Finally, if (R, m) is any local ring of embedding dimension n, then

pr(m") < ("),
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Lemma 3.3.1. Let R =k[x,y]/(f), where ords(f) = e and g = gll(R). Let z € m such that m8 C (z)

andi> 0. If gll(R) < e+i, then ordg(z) <i+1.

Proof. Let ordg(z) = rand ¢ € n”\ n"*! such that { = z. Then n¢ C (f,{). Let M be the k-vector
space of leading forms of degree g of elements of (f,{). Since ords({) = r, we obtain leading
forms of degree g from this element by multiplying { by generators of n¥~". Similarly, we multiply

f by generators of n8¢ to obtain leading forms of degree g. Therefore,

dim M < (2+(g_e)_1)+(2+(g—r)—l

) =2g—(e+r)+2.
g—e g—r

On the other hand, the vector space of forms of degree g in n® has dimension g + 1. Therefore,

g+1<2¢—(e+r)+2 and e+r < g+ 1. The result follows from this inequality. O

Definition 3.3.2. Let (R, m) be a d-dimensional local ring. A system of parameters X = xp,...,x; €

m is a witness to g = gll(R) if m8 C (x).

If R is a one-dimensional hypersurface with a witness z to g¢¢(R) that induces a regular initial
form on gr,,,(R), then we can compute g¢¢(R) using the following formula. We see that the order

of z is uniquely determined by g¢/(R) and e(R).

Proposition 3.3.3. Let R = k[x,y]/(f), where ords(f) = e and z € m such that z* is gr,,,(R)-regular.
If z is a witness to gll(R), then

gll(R) = ordg(z) +e—1.

Proof. Recall that index(R) = e. Let g = gl¢(R) and n = g —e. Then g = e+n and by Lemma

3.3.1, ordg(z) <n+1. By Theorem 3.2.4, g < e+ordg(z) — 1 <e+n=g. O

If we cannot find an element of a one-dimensional hypersurface that is a witness to g¢/(R) and
induces a regular form on gr(R), then we can use the following lemma to estimate the generalized

Loewy length.

Lemma 3.3.4. Let R = k[x,y]/(f), where ordg(f) = e > 2. If R has no nonzerodivisors of the

form ax+ By, where a, B € k, then gll(R) > e.
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Proof. Since index(R) = e, we have e < g¢/(R) by Proposition 3.1.4. Suppose g¢/(R) = e. Let

z € m such that m¢ C (z). By Lemma 3.3.1, we have ordg(z) = 1. Let { € n\ n? be a preimage

a b
of z. Note that for each invertible matrix € GL,(k), the map ¢ : S — S defined by

c d
¢(x) =ax+by and ¢(y) = cx+dy is a k-algebra automorphism. Letting an appropriate invertible

matrix in GL;(k) act on S, we may assume without loss of generality that { = x — h for some
nonzero element 4 € S with ordg(h) > 2. Since x is a zerodivisor on R, there is an element g € ne-!
such that f = xg.

Let R = S/({). Since § is a regular local ring and ordg({) = 1, it follows that R’ is a one-
dimensional regular local ring, and thus a discrete valuation ring. Let f denote the image of f in

R'. Then

R/(z) =R'/(f).

Since g € (x,y)¢ 'R andX = h € (x,y)?R/, it follows that f € (x,y)*T'R’, so Ip/(R'/(f)) = ordg/ (f) >

e+1andIg(R/(z)) > e+ 1. Now let R := R/(z) and m; :=m/(z). Then
0=m{Cmé'C...Cm CR

is a composition series for Ry, so Ig(R/(z)) = e. This is a contradiction. O

If (R, m,k) is a one-dimensional local ring with Cohen-Macaulay associated graded ring and
infinite residue field, then gr,,(R) has a homogeneous linear nonzerodivisor. We now consider one-
dimensional hypersurface rings with finite residue field such that the associated graded ring does
not have a homogeneous linear nonzerodivisor. If the associated graded ring has a homogeneous
quadratic nonzerodivisor, then it follows from Theorem 3.2.4 and Lemma 3.3.4 that the difference

between the generalized Loewy length and index is one.

Proposition 3.3.5. Let k be a finite field and R = k[x,y]|/y( [1 (x+ &y)). Then

ack

gll(R) = index(R) + 1 = |k| +2.
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Proof. We construct a homogeneous nonzerodivisor of degree 2 in gr,, (R). Let f € k[x] be a degree

2 irreducible polynomial. Define g(x,y) € k[x,y] by g(x,y) :=y*f (i) We claim that the element

oql

= 8(x,5) € gr(R) = klx,y]/y(] [ (x+ o))

ack

is gr,. (R)-regular. Let & € k[x,y] such that gh = 0. Then there exists a polynomial p(x,y) € k[x, ]

such that

gh=py([](x+ay)).

ack
Let @ € k. Suppose (x+ ay) | g and g(x,y) € klx,y] such that (x + oy)g(x,y) = g(x,y). Then
(x+ a)g(x,1) = g(x,1) = f(x). This contradicts the irreducibility of f. It follows that (x+ cty) | h.
Clearly y1 g, so y | h as well, and y( [T (x+ ay)) | k. Therefore we have & = 0, and g is gr,,(R)-
regular. By Theorem 3.2.4 and Lemrflfk3.3.4, we have gf/(R) = index(R) + 1. O
Remark 3.3.6. When k = I, Proposition 3.3.5 is Hashimoto and Shida’s counterexample to Ding’s
conjecture: 5 [x,y] /(xy(x+y)). In the following propositions, we compute the generalized Loewy

lengths of families of one-dimensional hypersurface rings of the form k[x, y] / (xy(x" +y")), where

k is a finite field and n is a positive integer.

Proposition 3.3.7. Let n > 1 and k a field such that chark # 2 and chark t 1+ (=2)". Let R =

k[x,y]/ (xy(x" +y")). Then m"*2 = (x +2y)m"*! and
gll(R) = index(R) = n+2.

Proof. Since m™*! is generated by {x"*!=y} 1 it follows that (x+ 2y)m”™*! is generated by

zi = X" o T for 0 <P <n- 1.
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Since xy**! = —x"*1y, we have

(—2>i_12i :xn+1y+2(_2)n—1xyn+1
1

n

i
— xn+1y _ 2(_2)n71xn+1y
= (14 (=2,

Since z; € (x+2y)m™*! for 0 <i<n+1, wehave X"y € (x+2y)m" ™! and m"**2 C (x+2y)m"+1.

Therefore, g¢/(R) < n+2 = index(R) < gll(R). O

Corollary 3.3.8. Let k be a field of characteristic p > 2 and R = k[x,y]/(xy(x”" +y"")), where

n>0. Then m?” 72 = (x+2y)m”"*!, and
gll(R) = index(R) = p" +2.

Proof. Suppose p | 1+ (—2)7". Since 1+ (—2)”" =1 —27", we have 27" = 1 mod p. Since 27" =
2 mod p, it follows that 2 = 1 mod p, which is false. Therefore, p { 1+ (—2)”". The result now

follows from Proposition 3.3.7. 0

If we let p = 2 in Corollary 3.3.8, then the generalized Loewy length and index of R differ
by one. This is a special case of Proposition 3.3.12. To prove Proposition 3.3.12, we require
the following results about the reducibility of cyclotomic polynomials modulo prime integers and

primitive roots of powers of prime integers.

Lemma 3.3.9. [18, Theorem 2.47] Let K = F,, where q is prime and q { n. Let ¢ denote Euler’s
totient function and d the least positive integer such that ¢¢ = 1 mod n. Then the n'"* cyclotomic

polynomial ®, factors into ¢(n)/d distinct monic irreducible polynomials in K [x] of degree d.

Lemma 3.3.10. [18, Example 2.46] Let p be prime and m € N. Then the p™th cyclotomic polyno-

mial ®,m equals

m—1

1 +xpm_l _|_x2pm_l + .- _|_x(l7*1)17
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Lemma 3.3.11. [3, Proposition 3.4.1] Let p be a prime and g a positive integer. Then the following

three assertions are equivalent:

(1) g is a primitive root modulo p and g"~' # 1 mod p;
(2) g is a primitive root modulo p*;

(3) Foreveryi> 2, gis a primitive root modulo p'.

Proposition 3.3.12. Let R = Fy[[x,y]/(xy(x*'?" +y*'P")), where m,n > 0 and p > 3 is a prime

such that 2 is a primitive root modulo p*. Then
gll(R) =index(R)+ 1 =2"p" +3 and

m 7" C (o 4y +y7).

If m =1, then we need only assume that 2 is a primitive root modulo p.

Proof. First assume m > 0. We show that x* + xy +y? is gr,. (R)-regular. Suppose f,g € F;[x,y]

such that
(P xy+32) f = gy 437 P")) = glay (" 37, (3.3)

By Lemmas 3.3.9 through 3.3.11, @ ,(x) is an irreducible polynomial over I, of degree pi—p!

for 1 < i < m. We obtain the following factorization of x”" + 1 into irreducible polynomials over

IFs.

1=+ )P, ).
i=1
Let hi(x,y) := = yr'=p" CI> i(x/y) for i = 1,...,m. Then h;(x,y) is a homogeneous polynomial of

i—1

degree p' — p'~!, and

4y = (x+y) H (3.4)

We claim that each £;(x,y) is irreducible over [F,. Suppose p,q € F»[x,y] such that

hi(x7y) = p(x,y)q(x,y).
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Since h; is homogeneous, p and g are homogeneous. Let y = 1 in the above equation. Then

@i (x) = hi(x,1) = p(x,1)q(x,1).

Since @, is irreducible over 2, p(x,1) = ®,,i(x) or g(x,1) = @i (x). Assume p(x,1) = D,i(x).

Then p(x,y) = hi(x,y), so hi(x,y) is irreducible. By equations (3.3) and (3.4), we have
hi | (6 +xy+y?) or hi | f.
Since the degree of A; is

p=p"t=p"p-1)>p""3,

it follows that h; | f. It is clear that x, y, and x+ y divide f as well, so f € (xy(x”" +y"")?"),
and x? + xy +y? is a nonzerodivisor on gr,,(R). By Theorem 3.2.4 and Lemma 3.3.4, g//(R) =

index(R) + 1 and m?"?"+3 C (x> + xy +y?). If m = 0, then (3.3) becomes
(& +xy+7)f = gl +57)) = glay(x +)*).

It follows that f € xy(x*" +y%"), so x2 +xy+y? is a nonzerodivisor on gr,, (R). Therefore, m>'+3 C

(x> +xy+y?) and g¢/(R) = index(R) + 1. O

Remark 3.3.13. Whether there are infinitely many primes p such that 2 is a primitive root modulo
p is an open question. This is a special case of Artin’s conjecture on primitive roots [2, p.66]. A

list of the first primes p for which 2 is a primitive root modulo p is sequence A001122 in the OEIS.

3.4 Generalized Loewy length of graded algebras

We now consider positively-graded Noetherian k-algebras and a graded analogue of the generalized

Loewy length of a local ring. Throughout this section, k is an arbitrary field.
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Definition 3.4.1. Let R = @ R; be a positively-graded Noetherian k-algebra, where Ry = k and
i>0
m = @ R, is the irrelevant ideal. For n > 0, let m,, := @ R;. The generalized graded length of R,
i>1 i>n
denoted ggl(R), is the smallest positive integer n for which m,, is contained in the ideal generated

by a homogeneous system of parameters.

In this context, the generalized Loewy length, g¢¢(R), is the smallest positive integer n for
which m” is contained in the ideal generated by a homogeneous system of parameters. With
Herzog, we note that all of the above definitions can be transferred accordingly to standard graded
Gorenstein k-algebras [12, page 98]. For R = k[x,y]/(f), one can prove that index(R) = deg(f)
by using Ding’s arguments in [6] to prove the standard graded version of [6, Theorem 3.3]. By the
standard graded version of Proposition 3.3.3, the generalized Loewy length of k[x,y]/(f) is one

less than the sum of the degree of f and the degree of a witness to g¢/(R).

Proposition 3.4.2. Let R = k[x,y|/(f) be standard graded, where f € k|x,y| is a form of degree e.

Let z € (x,y)R be a witness to gll(R). Then gll(R) = degg(z) +e— 1.

Let (R, m) be a positively-graded Noetherian k-algebra. It is clear that for each n > 1, we have
m” Cm,, so gll(R) < ggl(R). We now determine upper and lower bounds for ggl(R) in terms of

gll(R) and the minimum and maximum degrees of generators of R.

Proposition 3.4.3. Let (R,m) be a positively-graded Noetherian k-algebra, where Ry = k and m
is the irrelevant ideal. Suppose x1, ...,x, € m are homogeneous elements such that R = k[x1, ..., x,].
Let

min{deg(x;)}}_| = a < b = max{deg(x;)}1_;.

Then
a(gll(R)) — (a—1)* < ggl(R) < b(gll(R)) —b+1.

Ifa=b=1, then ggl(R) = gll(R).

Proof. We claim that for n > 0, m,;;, | C m"t!, This is trivial when n = 0. Suppose the in-

n
clusion holds for some n > 0. Let x € m(,,),, | be homogeneous, and suppose x = ¥ s;x;,
i=1



35

where each s; € R is homogeneous. Then deg(s;) > (n+ 1)b+ 1 —deg(x;) > nb+ 1. Therefore,
s; € Mype; Cm" ! and x € m™*2. This proves the claim. Let n = gf¢(R) — 1. Then by the above

inclusion, ggl(R) < b(gll(R) — 1)+ 1.

Let m = ggl(R). There exists an integer ¢ > 0 and an integer 0 </ < a such that m = ac + 1.
It is clear that m’ C my, for i > 0. We claim that m"*/ C m;, ; for i, j > 0. Fix i. If the inclusion

holds for some j > 0, then

i+j+1 _ i+j
mT =mem™ Cmemyg; © My

It follows that m*™ Cm,, andc+1>n= gll(R). Since ac + al > an, we have

ggl(R) > a(gll(R)) — (a—1)! and

ggl(R) > a(gll(R)) — (a—1)*.
0

Let H = (ay,...,a,) be the numerical semigroup with unique minimal generating set 0 < a; <
ay < --- < ay, where ged(ay,...,a,) = 1. Let C denote the conductor of H, the smallest integer
n € H for which every integer larger than n is also in H. Define k[H| := k[t%1,...,1%] C k[t], where

k[H] is positively-graded via |t*| = a.
Proposition 3.4.4. Let R = k[H|, where H = (ay, ...,ay). Then ggl(R) =C +aj.

Proof. Letm = (¢“1,...,t%). It is clear that mci,, C (%), so ggl(R) < C+ay. Letn,d > 0 and
suppose mcy, C (t¢). This inclusion holds if and only if 1"+ € (¢?) for all i > 0, which is true
if and only if C+n+i—d € H for all i > 0. This is equivalent to the inequality C+n—d > C, or
n > d. Therefore, mcq,—1 £ (t9) for all d € H\ {0}. It follows that ggl(R) = C +a;. O

Corollary 3.4.5. Let R = k[t*,t"], where a < b. Then ggl(R) = ba—b+ 1.
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Proof. The conductor of (a,b) is ba—a—Db+1[21, page 201]. O

Veliche notes that for R = k[t%, "], where a < b and k is infinite, we have g¢¢(R) = index(R) = a
[24, page 3]. She then determines formulas for the generalized Loewy lengths of Gorenstein
local numerical semigroup rings of embedding dimension at least three over infinite fields. [24,
Corollary 2.4, Corollary 3.3, Proposition 3.9]. If we know the conductor of the semigroup that
determines one of these rings, then the generalized graded length of the corresponding graded ring

is easier to compute than the generalized Loewy length of this local ring.

Proposition 3.4.6. Let R = k[H|, where H = (a,b) and a < b. Suppose z is a witness to ggl(R).

Then (z) = (t'*) for some 1 <i<1+b—a.

Proof. We have R = kfx,y]/(x” — y*) = k[%,¥], where deg(X) = a, deg(y) = b, and m = (X,y). Let
z € m be a witness to ggl(R). Suppose z € (¥). By Proposition 3.4.4, X is also a witness to ggl(R), so
Map—(p—1) € (X) N (). Since a < b are coprime, we have b = as +r for some s >0 and 0 < r < b,
SO

ab—(b—1)=a(as+r)—(as+r—1)=a((a—1)s+r)—(r—1).

It follows that ¥4~ D*" € (%) N () = (7,%). Since (a— 1)s+r < b, we have X~ Vs+" = f5y for
some f € k[x,y] and yla=D)s+r — fxy = gx? — gy* for some g € k[x,y]. It follows that fxy — gy* =
xla=Dstr _ oxb_ Therefore, y| (x4~ 15+ — gx?). Since (a — 1)s+r < b, this is false. We conclude

that z ¢ (). Therefore, z = X' for some 1 < i < b. For each n > 1, we have m” C m,,, 0
b
m”Cmgy, © Mgy (p—1)-

It follows that n” C (x/,x? —y9)S = (x',y%)S, where n = (x,y)S, and S denotes k|[x,y] with the
standard grading. Let M denote the k-vector space generated by monomials of degree b in (x!,y%)S.
Then

b—i b—a

dimM < (2+(b_i)—1> N (2+(b—a)_

1) —242b— (a+i).
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On the other hand, the k-vector space generated by monomials of degree b in n” has dimension

b+ 1. It follows that b+ 1 <2+2b—(a+i)andi< 1+4+b—a. O

Definition 3.4.7. Let (R, m) be a positively-graded Noetherian k-algebra, where Ry = k and m is
the irrelevant ideal. Let I C R be a graded ideal. We say that I is a graded reduction of m of degree

d if there is a positive integer i such that /m; = m; 4.

It is clear that for a numerical semigroup ring k[t?!,...,#%], the ideal (*!) is a graded reduction
of m of degree a;. We therefore ask the following questions, which parallel a question asked by

De Stefani [4, Questions 4.5 (i1)].

Questions 3.4.8. Suppose R is a positively-graded Noetherian k-algebra. Is there a witness to
ggl(R) that generates a graded reduction of m? What can be said about the degree of such a graded

reduction?
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4 | SC,-conditions

We study criteria for when MCM modules are MCM approximations of finitely-generated modules
of some fixed codimension. Let R be a d-dimensional Cohen-Macaulay local ring with canonical
module and let M be an MCM R-module. For 0 < r < d, we say that M satisfies the SC,-condition
if M is stably isomorphic to the minimal MCM approximation of a finitely-generated R-module of
codimension r. If each MCM R-module satisfies the SC,-condition, we say R satisfies the SC,-
condition.

Yoshino, Isogawa, and Kato determined the classes of rings which satisfy the SC;- and SC,-
conditions. Ford > 3 and 3 < r < d, we prove a criterion for when an MCM R-module M satisfies
the SC,-condition when Q}e (M) satisfies the SC,_-condition. We use this criterion to prove the
equivalence of the SC4- and SC,;_-conditions for Gorenstein complete local rings of dimension
d > 3 that remain UFDs when factoring out certain regular sequences of length d — 2. Throughout

this chapter, (R, m) is a Cohen-Macaulay local ring with canonical module.

4.1 The SC;- and SC,-conditions

The minimal MCM approximation and minimal FID hull of a finitely-generated R-module are
unique up to isomorphism by Theorem 2.2.17. By restricting our attention to modules of positive

codimension, we obtain the following uniqueness result for minimal FID hulls.

Theorem 4.1.1. [15, Theorem 1.2] Let R be a Gorenstein complete local ring and M a finitely-

generated R-module with positive codimension. If N is a finitely-generated R-module such that
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XN 2 XM qnd YN 2 ¥YM then M = N.

Since MCM approximations and FID hulls are dual constructions, it is natural to ask if the
map M — Xj; from finitely-generated modules of positive codimension to isomorphism classes of

MCM modules is surjective. This leads to the following definition.

Definition 4.1.2. [15, Definition 2.1] Let R be a d-dimensional Cohen-Macaulay local ring with
canonical module and let 0 < r <d. An MCM R-module X satisfies the SC,-condition if there is
St

a finitely-generated R-module M of codimension r such that X3 = X. If every MCM R-module

satisfies the SC,-condition, we say that R satisfies the SC,-condition.
The following result also motivates our study of the SC,-condition.

Proposition 4.1.3. [15, Proposition 2.5] Let R be a Gorenstein complete local ring and let r be a
positive integer. If R satisfies the SC,-condition, then Ry, is regular for each prime ideal p of R with

heightp < r.

In the definition of the SC,-condition, it suffices to consider Cohen-Macaulay modules of codi-

mension r, instead of all finitely-generated R-modules of codimension r.

Proposition 4.1.4. [15, Proposition 2.2] Let R be a Gorenstein complete local ring and let X be an

MCM R-module. Let r be a positive integer. The following are equivalent.

(1) X satisfies the SC,-condition; there is a finitely-generated R-module M of codimension r
st
such that Xpr = X.

st
(2) There is a Cohen-Macaulay R-module C of codimension r such that X¢c = X.

Let R be a Gorenstein complete local ring and let X be an MCM R-module that satisfies the
st
SC,-condition. By Proposition 4.1.4, we have X = X¢, where C is a Cohen-Macaulay R-module of
st
codimension r. Let C¥ = Exty(C,R). Then X¢c = Homg(Q%(C"),R) and X = Homg(Qk(C"),R)

[17, Proposition 11.15].
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Since every MCM module is its own minimal MCM approximation, every Cohen-Macaulay
local ring with canonical module satisfies the SCp-condition. We next quote a characterization of
the SCi-condition. Recall that a ring R is generically Gorenstein if the ring Ry, is Gorenstein for

each minimal prime p of R [17, page 177].

Proposition 4.1.5. [17, Corollary 11.23] Let R be a Cohen-Macaulay local ring with canonical

module. Assume R is generically Gorenstein. Then the following statements are equivalent.

(1) R satisfies the SCi-condition; that is, every MCM R-module is stably isomorphic to the

minimal MCM approximation of a Cohen-Macaulay R-module of codimenion 1.
(2) R is a domain

Yoshino and Isogawa proved that a Gorenstein complete local ring satisfies the SC;-condition if
itis a domain [25, Section 2]. Kato then proved that these conditions are equivalent for a Gorenstein
complete local ring [15]. Throughout the rest of this chapter, R is a Gorenstein complete local ring.

We first note that the SC,-condition implies the SC;-condition for all i < .

Proposition 4.1.6. [15, Proposition 2.5] Let R be a Gorenstein complete local ring and let X be an
MCM R-module. Let r > 0. If X satisfies the SC,1-condition, then X satisfies the SC,-condition.

Therefore, if R satisfies the SC,.1-condition, then R satisfies the SC,-condition.

Suppose R satisfies the SC,-condition. By Proposition 4.1.6, R also satisfies the SC-condition.
Therefore, R is a domain by Proposition 4.1.4. In [15], Kato proved that R satisfies the SC,-
condition if and only if R is a UFD. Yoshino and Isogawa first proved that the following statements

are equivalent for a normal Gorenstein complete local ring R of dimension two.

(1) Ris a UFD.

(2) For any MCM R-module, there is an R-module L of finite length (hence a Cohen-Macaulay

st
R-module of codimension 2) such that M = Q%(L).

(3) R satisfies the SC,-condition.



41

Theorem 4.1.7. [15, Theorem 2.9] A Gorenstein complete local ring R satisfies the SCy-condition

if and only if R is a UFD.

4.2 SC,-conditions for MCM modules

In this section, R is a Gorenstein complete local ring. Using arguments from the proof of The-
orem 4.1.7, we prove an inductive criterion for determining when an MCM module satisfies the
SC,-condition. For r > 0, we let CM"(R) denote the class of all Cohen-Macaulay R-modules of

codimension r. We let CM(R) denote the class of MCM R-modules.

Lemma 4.2.1. [25, Theorem 1.4] Let X be a regular sequence in R, and let M be a finitely-

t
generated R /xR-module. For n > 0, we have Q5™ (M) =~ Q??(Q}Q/XR (M)).

Proposition 4.2.2. Let R be a Gorenstein complete local ring of dimensiond >3 and 3 <r <d.

Let M be an MCM R-module and suppose Q) (M) satisfies the SC,_-condition. Let L € CM'~!(R)
st

such that X; = QL(M). If there is a regular sequence x € Anng(L) of length r — 2 such that R /xR

is a UFD, then M satisfies the SC,-condition.

st
Proof. We first prove that Q;{] (L) = Qp(M). Taking minimal projective resolutions of L and Y7,

we apply the Horseshoe Lemma to the minimal MCM approximation of L and obtain the following
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diagram with exact rows, and columns that are truncated projective resolutions.

0 —— Q1) —— 7, —— QL) —— 0

0O——P , — P —P | ——0
0 > P} > Py > PY » 0
0 > 1] > X1 > L )

By the Depth Lemma (Lemma 2.1.5) we have depthg(Yz) > min{depthg(Xy),depthg(L) + 1}.
Since X, is MCM and depthgz(L) = d — (r — 1), we have depthg(Yz) > d — (r —1). By succes-
sively applying the Depth Lemma, we see that Q% ' (¥7) is an MCM R-module of finite projective
dimension. Therefore, Qf ! (1) is free by [17, Proposition 11.7]. Likewise, Q5 ' (L) is an MCM
R-module. Applying Homg(Qp (L), —) to the top row in the diagram, we obtain the following

exact sequence.
Homg(Qf (L), Z—1) — Homg(Q ' (L), Q4 (L)) — Exth(Qp (L), Q' (12))

Since Qp (L) is MCM and Q} ' (¥7) has finite projective dimension, it follows from Proposition
2.2.3 that
Exty(Q (L), Qx (1)) =0.

st st
Therefore, the top row of the diagram splits and we have QF'(X;) = Z,_; = Qi '(L). Since

st st
X = QL (M), it follows that Q' (L) = Qf(M).
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Let S = R/xR. Then L € CM!(S). Let Ass(L) = {p1,...,p} and let T':=§ — 6 p;. Since L is
a Cohen-Macaulay S-module of codimension 1, we have htp; =1 for each i by Prlo:plosition 2.1.12
and Proposition 2.1.13. Since S is a UFD, p; is a principal ideal for each i [2, Lemma 2.2.17].
Write p; = (p;), where p; € S. Let q be a nonzero prime ideal of I'"!S and let #: § — I'"1S
be the localization map. Then A~ !(q) C Lnj (pi) is a nonzero prime ideal, and by prime avoid-
ance, h~!(q) C (p;) for some (p;). Therei“lgrle, h='(q) = (p;) and q = p;T"~'S. We conclude that
every prime ideal of 'S is principal. Therefore, I'"1S is a PID. Since I'"'L is a finitely gen-

t

erated I'~'S-module, there are elements aj,...,a; € I'~'S such that 1L =2 D r-'s / aI71S as
k=1

1
'~ !S-modules. Let ¢ : T-'L — @I 'S/aI"~'S be the corresponding isomorphism. Since
k=1
L€ CM!(S), it follows that L is a torsion S-module, and T'"'L is a torsion I'"'S-module. There-

fore, a; #~ 0 for all k.

Fix k. We claim that each associated prime ideal of I = h~!(;I""'S) has height one. Since
I # 0, the associated primes of I have height at least one. Suppose / has an associated prime ¢ of
height greater than one. Then ' q # 0. Let s € I'Nq. Since q is an associated prime of /, there
exists an element x € S\ I such that ¢ = Anng(X), with X € S/I. Therefore, qx C [ and sx € I. It
follows that F € a1, so 1€ @IS and x € I, which is a contradiction. We conclude that
every associated prime of I has height one, and is therefore principal. Let Ass(I) ={(q1), .-, (gm) }-

Take an irredundant primary decomposition of /. Then

I=01N0,N...NQy,

where for each [, \/O; = (q;). We claim that each Q; is a principal ideal. Fix 1 <[ <v. We

have Q; C (g;). Since () (¢f) = 0, there is a positive integer o such that Q; C (g{*) and Q; £
o>0

(q?‘“). Since S is Noetherian, Q is finitely-generated. Write Q; = (v, ...,y,), where yi,...,y, € S.

Since Q; C (gf*), there are elements cy,...,c, in S such that y; = ¢;qf for j=1,....,r. So Q; =

(c19f,...,crqf). Since Q) (q?‘“), there is an index j such that c; € (¢;). Since c;q{ € Q;
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and Q; is a primary ideal, qf‘ € Q; or cf € Q) for some B > 0. If cl].s € Qy for some 8 > 0, then
cj € v/Or = (q1), which is false. Therefore, g/ € Q; C (g{*), whence Q; = (g{*). We conclude that
Q; is a principal ideal for / = 1,...,v. Therefore, I is an intersection of principal ideals, and since S

is a UFD, [ is also a principal ideal.

Let by € S such that I = (b;). Then @ I'"'S = b I'~1S. We claim that Ass(b;) = Ass(I) C
Ass(L) ={(p1),---,(pm)}. Suppose q € Ass(I) — Ass(L). Since q has height 1, qNI" # 0. Let
s € qNT, and let x € S — I such that q = Anng(X), with X € S/I. Then sx € I, so TE i I'~1S and
x € 1, a contradiction. We conclude that Ass(b;) C Ass(L). We may therefore assume that a; € S
and that every associated prime of a is an associated prime of L. Since there is an isomorphism of

' !S—modules

t t
I "Homg (L, S/aS) = Homp1g(T 'L, EPT 'S /a,T1S),
k=1 k=1

1
there is an S-map f: L — @ S/a;S such that ™' f = ¢. We claim that f is a monomor-
k=1
phism. Suppose not. Then ker f # 0, and Ass(ker f) # 0. Let p € Ass(ker f). Since Ass(ker f) C
Supp(ker f), we have (ker f), # 0. Also, since ker f C L, we have p € AssL = {py,...,pn}. Let

m
T =S —yp and let 7’ be the image of 7 in I'"!S. Since ' =S — |J p;, we have I' C T. Starting
=1

=

t
with our I'"!S-isomorphism I'"1f: "' — @ T1§ / a;T~1S, we localize at 7', obtaining the
k=1
T~!S-isomorphism
t
T f:T'L— BT 'S/ayT7'S.
k=1
t
But this map is just f, : Ly — @ Sp/arSp. Therefore, we have 0 = ker(f,) = (kerf), # 0, a
k=1

contradiction. Therefore, ker f = 0 and we have an exact sequence of S-modules

t
0—LL@S/as — 1 — 0. 4.1)
k=1



45

Taking minimal projective resolutions of L and L', the Horseshoe Lemma gives us the following

diagram with exact rows, and columns that are truncated projective resolutions.

0—= QL) Z Ql(L)y—-=0
0 ) P@P, P 0
t
0 L D S/aS r 0
k=1
0 0 0

st
Since pdgS/a;S = 1 for each k, we have QL(S/a,S) = S, and therefore Z; is stably isomorphic to a

st st
free S-module. Therefore, Q2(L') =2 QL(L). Since Qf ' (L) = Q4 (M), by Lemma 4.2.1 we have
Qr—z Qz L/ &[Qr—z Ql L SQthfl L &IQV M
r(Qs(L)) = Qp 7(Qg(L)) = Q (L) = Qk(M).
On the other hand,
r~2002(1 ~ or-1(oL (1 & oF (1
Qp “(Q5(L) = Qp (Qs(L)) = Qp(L).

st
Therefore, Q% (L") = Qi (M). We claim that L’ is Cohen-Macaulay. We have

t t
Supp(L') C Supp(EPS/axS) € | Supp(S/a).
k=1 k=1

Applying the Depth Lemma to 4.1, we have depthg(L’) > depth(S) —2 =d — r. Since

t
dims(EP S/aS) = dim(S) — 1 =d —r+1,
k=1

we have dimg(L') <d—r+ 1. Suppose dimg(L') =d —r+ 1. Then there is a chain of prime

ideals g0 € q1 € -+ € qg_r+1 in Supp(L’). Since qo € Supp(L’), there exists an index k such that
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qo € Supp(S/axS). Therefore, qo C q1 C -+ € qg—r+1 is a chain of prime ideals in Supp(S/a;S).
Since the Krull dimension of Supp(S/a;S) is d — r + 1, it follows that qo is a minimal prime in
Supp(S/axS). Therefore, qo = p; € Ass(L) for some 1 < i <m. Since fp, : Ly, — E]la Sp; /Sy, is
an isomorphism, we have 0 # Lj = L, = 0, a contradiction. We conclude that dir]:gl(L’ y=d—r
and

L' € CM?(S) C CM'(R).
t
Since Qf(L) =~ Qp (M), by Lemma 2.2.20, we have

st
~

St
Xp = O (QR(L) 2 0

=1
B
=z
S
lle=
S

]

Let Spec(R) denote the set of prime ideals of R and let Ug := Spec(R) \ {m} denote the punc-

tured spectrum of R. Let Pic(Ug) denote the Picard group of Ug [9, Chapter 5].

Definition 4.2.3. [9, Chapter 5] A Noetherian local ring R is parafactorial if depth(R) > 2 and
PiC(U R) =0.

This weaker notion of factoriality gives us the following criterion for determining when a ring
is a UFD. We use this criterion and Kato’s result on regular localizations of rings satisfying the
SC,-condition to study the relation between the SC,-condition and UFDs obtained by factoring

out a regular sequence.

Proposition 4.2.4. [9, Corollary 18.11] Suppose R is a Noetherian local ring such that dim(R) > 2.

Then R is a UFD if and only if R is parafactorial and Ry, is a UFD for all p € Ug.

Corollary 4.2.5. Let (R, m) be a Gorenstein complete local ring of dimension d > 3. The following

are equivalent.

(1) R satisfies the SCy_1-condition and for each M € CM(R), there is a module L € CM?~!(R)
st
such that X; = QL(M) and Anng(L) contains a regular sequence x of length d — 2 such that

R/XR is a UFD.
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(2) R satisfies the SCy-condition and for each M € CM(R), there is a module L € CM¢~!(R)
st
such that X; = QL(M) and Anng(L) contains a regular sequence x of length d —2 that

satisfies the following.

(i) X is a subset of a regular system of parameters for Ry for all prime ideals p € Ug

containing X

Proof. (1) = (2). By Proposition 4.2.2, R satisfies the SC;-condition. Let M € CM(R), and let L
and x be asin (1). Let p € Ug be a prime ideal that contains x. Let 7 : R — R/XR be the quotient
map, and let B = m(p). Then P is a prime ideal and height(3) < 2. Since height(p) < d and R
satisfies the SC,-condition, the localization Ry, is regular by Proposition 4.1.3. Since R/XR is a
Gorenstein complete local UFD, it satisfies the SC;-condition by Theorem 4.1.7. By Proposition
4.1.3, we have (R/XR)yp = R, /XRy, is a regular local ring. Thus, X is a subset of a regular system

of parameters for Ry,. Finally, we have Pic(Ug/xg) = 0 by Proposition 4.2.4.

(2) = (1) Since R satisfies the SC,-condition, R satisfies the SC,_-condition by Proposition
4.1.6. Let M € CM(R), and let L and x be as in (2). We prove that R/xR is a UFD. Let*B € Ug xz
and let p = 7~ (P). Then p is a prime ideal containing x and height(p) < d. Since R satisfies the
SCy-condition, Ry is a regular local ring. Since X is a subset of a regular system of parameters for
Ry, we have R, /XRy, = (R/XR)q is a regular local ring, and therefore a UFD [2, Theorem 2.2.19].

Therefore, R/xR is a UFD by Proposition 4.2.4. [

Corollary 4.2.6. Let R be a Gorenstein complete local ring of dimension 3. Assume that R is a
st
UFD and for each M € CM(R) there exists L € CM?(R) such that X;, = QL(M) and a nonzerodi-

visor x € Anng(L) such that R/(x) is also a UFD. Then R satisfies the SC3-condition.
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