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Abstract

Differential geometry is a diverse field which applies principles from calculus to a more
general set of objects. Endowing a smooth manifold with a Riemannian metric allows us to
measure length and angle in a way such that length is positive. This enables us to examine
measures of curvature on a manifold. The study of manifolds with such metrics is called
Riemannian geometry. Using geometric flows associated with tensors, we are able to analyze
the relationship between metrics and curvature. Examining solitons, specifically gradient

solitons, is one way we investigate this relationship.

This thesis focuses on the geometric flows associated with the Bach tensor and the ambient
obstruction tensor. The Bach tensor is realized as the gradient of the Weyl energy functional.
Consequently, the minimizers of the Weyl energy are the metrics where the Bach tensor
vanishes. There are a number of metrics that are widely considered interesting that are
known to be Bach flat. Studying the Bach flow and broadening our understanding of Bach
flat metrics could produce other such metrics. At the crux of our investigation is the fact
that the Bach tensor is divergence-free (in dimension 4) and trace-free. To generalize this
to higher dimensions and maintain these properties, we consider the ambient obstruction

tensor, O. For n = 4 the ambient obstruction tensor is the Bach tensor.

In this thesis we begin a new program of studying ambient obstruction solitons and
homogeneous gradient Bach solitons. Examining higher dimensions, we establish a number
of results for solitons to the geometric flow for a general tensor ¢ and apply these result to
the ambient obstruction flow. This method enables us to prove that any compact ambient
obstruction soliton with constant scalar curvature is trivial. For n = 4, we show that any
homogeneous gradient Bach soliton that is steady must be Bach flat, and that the only non-
Bach-flat, shrinking gradient solitons are product metrics on R? x S? and R? x H2. Moreover,

we construct a non-Bach-flat expanding homogeneous gradient Bach soliton.
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Ambient Obstruction Solitons and
Homogeneous Gradient Bach Solitons



Introduction

Research in Riemannian geometry aims to answer the question “what is the best metric?”
with the hope that the answer to this question will provide valuable insights into the universe
we inhabit. The word “best” takes on different meanings in different contexts, leading to a

variety of approaches.

Motivating Riemannian Geometry

Before discussing this notion of a “best” metric, we examine the intuition behind some of

the basic objects and tools of Riemannian geometry.

A Riemannian manifold, (M, g), is a smooth (C*) manifold M paired with a Riemannian
metric, g. Like the dot product we learn in calculus, Riemannian metrics are positive definite
inner products defined on the tangent space, T,,M: the space spanned by all tangent vectors

at a point p on M. This metric provides a way to measure length and angle on the manifold.

The idea of congruence inspires our investigation of the origins of curvature. For a more
thorough discussion, refer to [Leel8]. We know that for polygons, combinations of angles
and lengths are sufficient means to guarantee congruence. However, when examining curves
we quickly see that we need a systematic way to consider and quantify the “curviness” of a
curve. The notion of concavity that we learned in calculus seems to do this, so we will use

it as a foundation to build up a notion of curvature.

Broadly speaking, we use the concavity of a curve to identify a best fit circle. The best



fit circle of radius R at a point p is called the osculating circle. The curvature at that point

is the same as the curvature of the osculating circle:

1
K=z
This definition is actually quite intuitive. Briefly consider the case where our curve is a circle
of radius R. Since the congruence of two circles depends only on their radii, their curvatures
should depend only on their radii. Furthermore, our intuition says that the smaller a circle
is the “curvier” it is (and vice versa), so it makes sense that the curvature should have an

inverse relationship with the radius.

The last thing we need to do is distinguish between curving up and down. To do so we
need to choose a normal direction and assign a sign based on whether our curve is curving
towards or away from that direction. This is signed curvature. For example, consider a curve
with normal direction defined to be in the direction of the positive y-axis. Then our curve is
curving towards the normal direction and has, say, positive curvature when it is concave up.
It is curving away from the normal direction and has, correspondingly, negative curvature

when it is concave down.

To examine the curvature of a surface, M, at a point, p, we look at the signed curvature
of the curve formed by intersecting a plane, II, with M at p. Rotating II produces infinitely
many curves and consequently infinitely many signed curvatures. The largest and smallest
signed curvatures are the principle curvatures x; and ks, respectively. Using the principal

curvatures we can calculate the Gaussian curvature:

K = R1K2.

The Gaussian curvature, though seemingly simple, plays a huge role in our understanding

of Riemannian 2-manifolds.



Theorem (Theorema Egregium, Gauss). The Gaussian curvature is intrinsic to a surface.

That s, K 1s preserved by isometries.

This theorem is hugely influential in mathematics and in our daily lives, informing things

even as mundane as how we eat pizza.

Metrics and curvature provide a clear distinction between geometry and topology. Where
topology is focused on examining a manifold regardless of its shape, geometry is focused on
determining that shape. The Gauss-Bonnet Theorem shows that though these two subjects

are different, they are necessarily linked.

Theorem (Gauss-Bonnet Theorem). Consider a compact Riemannian 2-manifold, (M, g).

Then

f K dA = 2y (M),
M

where K is the Gaussian curvature of g and x(M) is its Euler characteristic.

A manifold’s Euler characteristic depends only on its topology (genus). So we have some
sort of constraint on Gaussian curvature given by the manifold’s topology and some con-
straint on topology from the Gaussian curvature, ultimately allowing us to classify compact

manifolds.

In Section |1.1] we will discuss the tools we use to analyze curvature for higher dimensional

manifolds.

Basics of Geometric Flow

Returning to the question of finding the best metric, limiting our scope to Riemannian
metrics allows us to use curvature as a tool to help define what “best” might mean. As
we point out above, there are many ways to measure a manifold’s curvature. We will use
curvature to mean these measures in general. The study of geometric flow evolved as a way

to use curvature to identify best metrics.



A geometric flow is a differential equation in which the metric is considered as a function
of time, g(t), and is changed over time in accordance with the curvature of the manifold.
Specifically, we define a geometric flow for a general tensor ¢ (or for a general measure of

curvature) as a one parameter family of smooth metrics such that

g = q

9(0) = h.

We call this the ¢g-flow. The geometric flow associated with a tensor enables us to use tools
from differential equations to analyze the relationship between metrics and curvature. This
shift in perspective allows us to examine the behavior of the flow itself, to better understand
how the curvature behaves, and, consequently, to refine the idea of what “best” might mean

for a specific measure of curvature.

One of the major ideas from differential equations is locating and classifying fixed points.
In the study of geometric flows, this manifests as the examination and classification of
solitons. Solitons are solutions to the flow that, over time, change only by diffeomorphism
and/or rescaling. A (normalized) soliton of the ¢-flow (where ¢ is a general-tensor) is a
metric that satisfies the equation:

1 1
“Lyqg = -
5 x4 cg+2q,

where X is a vector field and Lx g is the Lie derivative of the metric g in the direction of the
vector field X. Note, that we have normalized the equation by scaling ¢ by % This scaling

enables us to show that solitons are in fact solutions to the geometric flow in Theorem [2.1.13]

Studying the solitons of a geometric flow provides insight into the nature of the flow while
narrowing down the number of metrics that one is considering. We classify these solitons as

expanding, steady, and shrinking when ¢ < 0, ¢ = 0, and ¢ > 0, respectively.



Letting X = V f, the resulting solitons are called gradient solitons. Here f is a function
called the potential function. Thus, for a general tensor ¢, we can say a (normalized) gradient
g-soliton satisfies:

1
Hess f = cg + 2

Note that we've used the fact that Ly ;g = 2Hess f, where Hess is the Hessian (the matrix
of second derivatives). This choice of vector field serves to improve our understanding of

what we mean by “best” and to get us closer to finding a best metric.

A Quick Note on Homogeneous Manifolds

When beginning the examination of solitons, it is useful to first consider only homogeneous

manifolds. As such, we focus on examining gradient solitons on such manifolds.

A Riemannian manifold (M, g) is homogeneous if for each p and g on M there exists an
isometry, f, such that f(p) = ¢. Broadly, this means that each point of a manifold “looks
like” all of the other points on the manifold. More concretely, they share specific attributes
such as curvature. From this we see that all homogeneous manifolds have constant scalar

curvature. Classic examples include R™, S™, and H™.

An Overview of our Tensors

We will delve into the following topics more in Chapter (I} but wanted to give the reader
a more condensed overview and to show how this work contributes to the overall goals of

Riemannian geometry.

One way that something can be “best” in mathematics is that it minimizes a functional.
Indeed, we see even the shape of many objects in nature is explained by minimizing func-
tionals. The shape of soap bubbles, for example, minimizes surface area. We know from

calculus that to find the minimum of a function we need to examine its derivative.

To understand why the Bach tensor would be a helpful in our search for the best metric,



we must begin by considering the Weyl tensor. The Weyl tensor is the conformally invariant
component of the Riemannian curvature tensor. One can think of the Weyl tensor as the
obstruction to a manifold being locally conformally flat. For n = 4, the Bach tensor is the
gradient of the Weyl energy functional. The minimizers, then, are where the Bach tensor
vanishes. It is known that the Bach tensor vanishes for Einstein metrics and (anti)self-dual
metrics. These three types of metric have historically been considered as candidates for
a best metric, so studying the Bach flow and broadening our understanding of Bach flat
metrics could produce other such metrics. To do so, we investigate homogeneous gradient
Bach solitons. That is, we will look at gradient solitons on homogeneous manifolds using

the Bach tensor, B, as my measure of curvature.

The Bach tensor itself has properties that are useful in expanding the field of geometric
flow. There is an explicit representation of the Bach tensor in arbitrary dimension. Like
the Weyl tensor, the Bach tensor is trace-free for arbitrary n. Moreover, in dimension
n = 4, the Bach tensor is conformally invariant (of weight —2) and divergence-free. Since
these properties only hold in this dimension, we limit our examination of the Bach flow to

dimension n = 4.

Given the utility of the Bach flow, it would be helpful to be able to examine manifolds
where n # 4. However, because the Weyl energy is no longer conformally invariant for n # 4,
the Bach tensor loses many of its properties. We look to changing the functional to get a
better higher dimensional generalization. For even dimensions n > 4 this functional is the
(Q-energy: a similar functional to the Weyl energy that uses the ()-curvature instead of the
Weyl tensor. The gradient of the Q-energy is the ambient obstruction tensor, O. Like the
Bach tensor, the ambient obstruction tensor is trace-free, divergence-free, and conformally
invariant (of weight 2 — n). In fact, for n = 4 the ambient obstruction tensor is the Bach

tensor.



Summary of Results

My work begins a new program of studying homogeneous ambient obstruction solitons and
homogeneous gradient Bach solitons. In the subsequent sections I will explain the specific

aspects of these flows that make them ideal tools in our search for finding the best metric.

Focusing first on dimension 4, I was able to show that any homogeneous gradient Bach
soliton that is steady must be Bach flat, and that the only non-Bach-flat, shrinking gradient
solitons are product metrics on R? x S% and R? x H2. Moreover, I constructed a non-Bach-flat
expanding homogeneous gradient Bach soliton. To extend my work to higher dimensions,
I established a number of results for solitons to the geometric flow for a general tensor q.
Applying these result to the ambient obstruction flow resulted in proving that any compact

ambient obstruction soliton with constant scalar curvature is trivial.

Overview

The dissertation is organized as follows. We begin Chapter [If with a discussion of the
major curvature tensors. Proceeding, we introduce the Weyl, Bach, and ambient obstruction
tensors. We conclude with a section detailing the geometric flows we will examine and
discussing some of the results from Ricci flow that inspired our search. Next, in Chapter
we begin by establishing a number of results for a general tensor ¢ and applying them to
the ambient obstruction tensor. Then we move our focus onto the Bach tensor, beginning
to classify the gradient Bach tensors of homogeneous 4-manifolds. The results of this partial

classification are summarized in Table [2.1]



Chapter 1

Background

1.1 Riemannian Geometry

We begin the background section with a brief review of Riemannian geometry to get the

reader acquainted with the conventions used.

Recall from the introduction that a Riemannian manifold, (M, g), is a smooth (C®)
manifold M paired with a Riemannian metric, g, defined on the tangent space of the man-
ifold, T, M, at a point, p. For the duration of this thesis, manifolds can be assumed to be

Riemannian.

1.1.1 Einstein Notation

For the reader unfamiliar with Einstein notation, we provide a brief explanation of the no-
tation. Einstein notation is a notational shorthand in which we replace a sum with repeated
indices, where one is a superscript and the other is a subscript. For example, if we are

working over an n-dimensional manifold:

n

d'q =Y d'g =alq +ad’g+ -+ d'g,.
i=1



This notation serves as a useful shorthand when working with equations expressed in terms
of local coordinates. Moreover, raised indices within a tensor can be lowered using elements

of our metric:

This type of change is particularly useful in Appendix [B]

In addition to using this shorthand for summation, mathematicians will also use subscripts

of semi-colons or commas to represent derivatives such as:

Tjwx=ViTy;  and Ty, = Vi

It should be notated that this notation is not always convenient to write as proper super-
script and subscript pairs. For the sake of this thesis, any repeated indices can be understood

as being summed over.

1.1.2 Basics of Curvature

Continuing to develop an intuition behind curvature of curves and surfaces from the intro-
duction, this section will focus on the tools that we use to measure curvature in a more
general sense. One of the biggest differences in this discussion will be the use of properties
of tensors, such as type changes. For a review of tensors, we refer the reader to [Leel§),

Appendix BJ.

We know intuitively that measuring curvature means we want to see how “non-flat” a
manifold is. In order to use this intuition we will rely on the flatness criterion as discussed
in [Leel8 Chapter 7], which says a Riemannian manifold is flat if the connection, V satisfies

the following condition:

VxVyZ = VyVxZ = Vixy 2.

A manifold is flat and, in particular, satisfies this equation if it is locally isometric to Eu-



clidean space. Consequently, the first measure of curvature we will examine is the Rieman-

nain curvature tensor as a (3,1)-tensor:
R(X,Y)Z = VxVyZ - VyVxZ — Vixy 2.

Based on the flatness criterion above, it is clear that this tensor measures how much a

manifold differs from being flat. Putting this equation in terms of local coordinates:

R... = airg.k —o;T%, + F;f,;rﬁ.m - rgr;m, (1.1)

ijk

where

1
Ik = Egkl (Gigit + 09 — A7)

is the Christoffel symbol. The Riemannian curvature tensor can also be presented as a (4, 0)

tensor:

Rm(X.,Y,Z,W) = g(R(X,Y)Z,W),

with corresponding equation in local coordinates given by:
Rijri = gim (017 — 0,05 + o — INANAP

Taking the trace of the Riemannian curvature tensor we get the symmetric 2-tensor, the

Ricci curvature:

Rij = Ry = 6" Riijm- (1.2)

Taking the trace of the Ricci curvature yields the scalar curvature:
While the Ricci curvature and scalar curvature have a geometric interpretation, the tools

10



we’ve presented are not sufficient to thoroughly explain this interpretation.

These two measures of curvature have played a major role in modern mathematics. For

example, we define what it means for a metric to be an Einstein metric by:
Ric = A\g AeR.

These metrics are considered interesting for a number of reasons including their connections
to physics and their potential uses in higher dimensions. The topic of Einstein metrics for
n = 4 is something that is often researched. We discuss the impacts of the Ricci flow and
Einstein metrics further in Section [I.5] Further, Hilbert showed that Einstein metrics are

critical points of the total scalar curvature functional:

szf Sdv,.
M

This notion of examining metrics that are the critical points of functionals can be seen in

the motivation behind examining the Bach and ambient obstruction tensors.

1.2 Weyl Tensor

The Weyl tensor has been an object of interest for mathematicians and physicists for decades.
Though the work in this paper focuses on the Weyl energy, we will spend our time here
discussing the origins of the Weyl tensor, its properties, and its self-duality in dimension
n = 4. We provide reader with additional background and demonstrate the nature of
calculations using the Weyl tensor in Appendix [A] We will only consider dimensions n > 4

in our calculation, since the Weyl tensor is identically zero for n = 2, 3.

In the broadest sense, the Weyl tensor measures how close a manifold is to being con-
formally flat. More explicitly, a manifold is conformally flat if and only if its Weyl tensor

vanishes [Bes08].

11



The Weyl tensor is typically considered as a (3,1) tensor, but can be given as a (4,0)

tensor:

Wabcd = Rabcd + gachd - gadec - gbcPad + gdeaca

where P is the Schouten tensor given in terms of the Ricci and scalar curvature by:

1 S
P — P )
EA— <R” 2(n — 1)9”)

For n > 4, the Weyl tensor is also conformally invariant, so if § = e g then W =Ww.
This property has proved imperative in both the study conformal geometry and the study

of geometric flows.

1.2.1 The Cotton Tensor

Briefly moving away from the Weyl tensor, we take a moment to exam some identities of the

Cotton tensor.

We noted above that the Weyl tensor is identically 0 for n = 3. However, for n = 3,
Cijr = 0 if and only if the manifold is locally conformally flat and thus plays the role of the

Weyl tensor in this dimension. The Cotton tensor is given locally by:
Ciji = ViPj, — V; Py

For n > 4, the Cotton tensor can also be realized as the divergence of the Weyl tensor, up

to a constant [CC13]. This can be seen in the following definition of the Cotton tensor:

n

Ciip = —
1] n

-2
— Sleijkl-

Like the Weyl tensor in n > 4, for dimension n = 3 the Cotton tensor is conformally

invariant. In fact, for 3-dimensional Riemannian manifolds, any conformally invariant ir-

12



reducible natural tensors are equivalent with a multiple of the Cotton tensor, modulo a

conformally invariant natural tensor of degree at least 2 in curvature.[GHOS, Theorem 1.2].
Lemma 1.2.1 (Properties of the Cotton Tensor).
a. Cijr = —Cjix

b. g9Ck = g*Cij, = 0.

Proof. a.

Cijr = 2ViWij = VP, — Vi Py,
= —2ViWjin = V; Py, — V; Py,
= —Cjik

b.

gijCijk = gijleVijkl = Vlgijvvijkl =V,0=0

9" Cijr. = ¢V Wijn = Vig"Wij = V,0 = 0

1.2.2 The Duality of the Weyl Tensor

The Weyl tensor decomposes into self-dual and anti-self-dual components only in dimension

n = 4. As such, we limit the scope of the following section to n = 4.

In general, an object is self-dual if it equals its dual. Likewise an object is anti-self-dual

if it equals the opposite its dual.

To understand precisely what it means for a tensor to be (anti)self-dual, we consider
the Hodge * operator as presented by [JoslT, Section 1.8]. In dimension n, the Hodge =

operator maps from k forms to n — k forms. Examining n = 4, is governed by the following

13



equivalences for an orthonormal frame eq,...ey:

x(e1 A eg) = e3 A ey x(e1 A e3) =eq A ey x(e1 A eg) =€y A e

x(eg N e3) =€ A ey #(eg A ey) =e3 A e x(e3 A ey) =€ A ey

Since #* = 1, we see that = has eigenvalues +1 for corresponding eigenspaces A**. Thus,

the Hodge * operator induces the following decomposition of exterior 2-forms:
A2 _ A2,+ @AQ,f

into self-dual and anti-self-dual components, respectively. Similarly, we are able to decom-

pose the Weyl tensor into self-dual and anti-self dual components:
W=Wwrew".

Appendix [A] details how the matrix representation of the Riemannian curvature operator
formalizes this decomposition. Further, we discuss the resulting eigenbasis and use it to

prove facts about the Weyl tensor and its components.

1.3 Bach Tensor

The Bach tensor was defined by Rudolph Bach in [Bac21] in 1920 to study conformal rel-
ativity [CC13]. While the Bach tensor takes on more significance in dimension 4, we will

begin by looking at this tensor for general n > 4.

The Bach tensor is given in local coordinates in terms of the Weyl tensor by, [CC13]:

1
Bii— —

1
= — 3v’fleikﬂ - mRk’Wikﬂ. (1.4)

14



The Bach tensor can be given in terms of the Schouten tensor, P, [Hel20]:

1 S
Byj = g""Pyjaq — 9" Pujq + PMWiiji, where Py = 5 (Rij - m%) . (L5

The Bach tensor can also be given in terms of the Cotton tensor and Weyl tensor. This

will prove helpful in proving the following fact. Consider the Cotton tensor for arbitrary

dimensions, given by
n

Ciip = —
1] n

-2
— Sleijkl.
Then the Bach tensor can be given as follows.

1 1
Bi; = —3VleVVika + mRleVz‘k]‘l

n —

_ 1 k (n —3) L ok
“ g™ () ¢ g

1 1

= 5 Vi Cij + — B Wi
1

- n— 2 (chk” + Rkl ikjl) .

Proceeding, I will prove some well established properties of the Bach tensor which hold

for all dimensions n > 4.

Fact 1.3.1. The Bach tensor is a symmetric tensor, that is B;; = Bj;.

Proof. We know from the Bianchi identity that Wiy = Wiy + Wijw. (The proof of this

identity is in Appendix [A]) Thus:
1 k!l L
Bij — Bj; = mv V' Wijk + mR Wijki-
Examining each term we see that:

VA Wi = Z ViViWiin.
k=1

15



For k = [ Wi, = 0 (Appendix . Moreover, we can choose a basis such that Vg Ej, = 0.

Splitting the sum and reindexing, we see that the two sums in fact cancel out:

Z ViiViWiin = Z ViViWijn + Z ViViWiin

k=1 k<l k=1

= Z ViViWik — Z ViViWiii
k<l k>l

= Z ViViWiik — Z ViV Wi
k<l K<l

= Z ViViWiik — Z Vi ViWiik
o<l K<l

= 0.

Similarly, we see the same thing can be done to the second term using the symmetry of the

Ricci tensor:

Z RuWiim = Z RyWijn + Z RuWijn

k=1 k<l k>l
= > RuWije — > RuWijuk
k<l k>l
= Z Vkvl ijkl — Z Rk”l’Wz]k’l/
k<l k<l
= 0.
Thus B;; — Bj; = 0. Therefore the Bach tensor is symmetric. O]

Fact 1.3.2. The Bach tensor is trace-free in arbitrary dimension n = 4. That is, tr(B) = 0.
Proof. We know from above that:

1
B = 9 (ViChij + R W) .

n —

Since both the Cotton and Weyl tensors are trace-free (JCC13|, Appendix [A)), it is clear that
tr(B) = 0. O

16



Fact 1.3.3. Einstein metrics are Bach flat.

Proof. An Einstein metric is one in which R;; = \g;;. Taking the trace of both sides, we see

that S = An. Note that this forces R;; = %gij.

Examining the Schouten tensor, we see:

Using the Schouten tensor definition of the Cotton tensor, we see that:

an
Cijk = ViPj, — VP, = ()\ - F) (Vigjk — Vigix) = 0.

Examining the second term in the Bach tensor:

R S
RM*Wigje = —g"Wigj = = -0 =0.
n n
because the Weyl tensor is trace-free. Thus,
1 kl
Bij = 9 (VkC’k” + R M/z'kjl) = (.
O
Fact 1.3.4. If (M",g) is locally conformally flat, that is, if Wijp = 0, then B;; = 0.
Proof. This follows from the fact that
By = ——VFV i + RiWiin
i n—3 ikjl n—_9 kLVVikjl-
O

17



1.3.1 Dimension 4

Switching gears, we will focus only on dimension n = 4. This is, in fact, a very natural setting
for the study of the Bach tensor. As mentioned in the introduction, in dimension n = 4 the
Bach tensor is realized as the negative gradient of the conformally invariant functional given
by:

W) = | wfav,

where W, is the Weyl tensor and |W,[* = g?¢7g*" ¢ W, ;1 Wpyrs. This functional has been
studied for decades in the context of physics. This functional, known as the Weyl energy,
has been used historically to study relativity [Bes08]. One commonly referenced fact is that
the Weyl energy is only conformally invariant in dimension 4 [Der83|]. Though this fact is

well established in the literature, we prove it here for completeness.

Fact 1.3.5. The Weyl enerqgy is only conformally invariant in dimension 4.

Proof. Consider the Weyl energy:
W(g) = f Wy [*dV, = J 99" 9% 9" WapeaWopgrs AV
M M

Consider the conformal mapping such that § = e“g for some w € C*(M). We want to show

that in dimension 4, W(g) = W(g). First note that:

d‘/;} _ enwd‘/g gij — efwgij'
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Examining the Weyl energy, we see that:

.
W)= | [W5l* dv;
[ ~ ~
= J gapgbqgcrgdswabcdwpqrs d‘/};
M
) ) ) () W
= | 0" WaeaWors €V,
.
_ JMe(n—4)w|Wg|2 d%
Thus W(g) = W(g) for all g if and only if n = 4. O

Continuing our investigation of dimension n = 4, we note that the Weyl tensor is self-dual
in dimension 4. These considerations make n = 4 a natural setting in which to consider the
Bach tensor. Moreover, the four dimensional Bach tensor arises naturally when examining

Huygen’s principle in physics [Sze68].

Examining ((1.4)) in this context, we see that for n = 4 the Bach tensor is given by:

1
Byj = V"' Wi + ERMVVikjl- (1.6)

In addition to being trace-free, for n = 4 the Bach tensor is symmetric, divergence-free,
and conformally invariant of weight -2. Note, we say that a function is conformally invariant
of weight —2 if for a positive, smooth function p, § = p?g then B = p%B . Fefferman-Graham
detail why the Bach tensor is only conformally invariant for n = 4 in [FGI12, Chapter 6]. We

show below that it is divergence-free.

Fact 1.3.6. The Bach tensor is only necessarily divergence-free for n = 4.
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Proof. From [CC13] we know the divergence of the Bach tensor is given by:

n—4

leB = VjBij = m

Ciijjk;-

Clearly for n =4 divB = 0.

For n # 4, there are conditions that we can place on the manifold (such as being Ricci-
flat) that would force the Bach tensor to be divergence-free. However, the Bach tensor is

not necessarily divergence-free as in dimension 4. O]

Examining n = 4 allows us to consider self-dual and anti-self-dual metrics, as described

in Section [1.21

Proposition 1.3.1. (Anti)self-dual metrics are Bach flat.

Proof. Using [Der83, Lemma 6]. We are able to rewrite the equation for the Weyl energy

using the self-dual and anti-self-dual components:

| e = | wrwp | o

We also consider the signature formula given by:

([ e[ o).

Note that, like the Euler characteristic of a manifold, the signature of a manifold is a topo-

1
M e
T(M) = 155

logical invariant [Der83|. (In fact, the relationship between the characteristic and signature

of a manifold is given by the Thorpe inequality.)

Manipulating these equations we see that:

W(g) = f W(g)? = 12227(M) + 2 f W (g)P.
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Since the signature of a manifold is a topological invariant, 7(M) and, consequently,
12727(M) are fixed. Therefore W is minimized when W~ (g) = 0. That is, when out metric,

g, is self-dual.

By [Der83, Lemma 1], we know that a metric on a compact oriented four-manifold M is
a critical point of ¢ — W if and only if its Bach tenser vanishes identically. Since self-dual

metrics are minimizers of W, they are critical points and are therefore Bach Flat.
On the other hand, consider an anti-self-dual metric g, so W*(g) = 0. By definition,
7(M) < 0. Since
Wig) =2 [ W) - [ W) = 12e2r(a1)
is minimized when W*(g) = 0, we know by the same argument as above that g is Bach

flat. O

1.3.2 Bach Tensor on Product Manifolds

For a manifold M = Ny x Nz with product metric g = gu) + g(2) the Bach tensor acts
differently on the components depending on their dimensions. For simplicity, we will refer to
a manifold where dim (N (1)) = a and dim (N (2)) = b as an a x b product manifold. Following
the conventions set by Helliwell [Hel20], we use Greek indices for N(V) and lower case roman

indices for N, Moreover, it should be noted that indices begin at 0.

As Helliwell points out, for a general product manifold

Specifically for a 1 x 3 product manifold Ryy = 0 and S = S®).

For a 1 x 3 product manifold, we see in [DK12| and [Hel20] that the equations for the

component of the Bach tensor are:
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By = (—i(A@s@’) - i (| Ric[?)? — 1(S(”)ZD 900,

12 3
1 1 1
Bjj, =§A(2)Rﬁ) - EA@)S(Q)gjk - 68;(3.,1 — 2tr@(Ric® @Ric?),;, (1.7)
7 3o 5
+ GSORE + Z(|Rie|?)g5 - 55 gje.

Here tr(Ric®Ric);r, = ¢" R;; Rix

From [DK12], [HolS], and [Hel20], we see that the 2 x 2 product manifold breaks down

as follows:

1 1 1 1
B,, = —EV,NVS“) + agf}) [V“vasu) _ 5v’“vksw) +7 ((5(2>>2 _ (5(1))2>] ’

By — _%Ving(z) N %%2) [vkvk5(2) ~ %Vavas(l) N %1 ((S@))Z _ (5(1>)2>] . (18)

B.; = 0.

Note that we’'ve used the equations as stated in [Hel20].

We use these equations to find an explicit representation for the Bach tensor in terms of
the metric. The cases investigated in this theses use structure constants to complete this
calculation. This is discussed in more detail in Appendix [B] where we go through an example

of computing the Bach tensor of a manifold.

1.4 Ambient Obstruction Tensor

For our study of Bach solitons, it is particularly important that the Bach tensor is divergence-
free and conformally invariant of weight —2. But these properties are only guaranteed for
n = 4. Consequently, in order to find a higher dimensional equivalent we examine the first

variation of the functional for even n:

Folg) = JM Q(g) dVy,
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where (g) is Branson’s Q-curvature described in [Bra93].

The use of this functional is interesting. The () curvature is itself a scalar quantity defined
on even-dimensional manifolds. We see that () lacks some of the conformal properties of
[W|?, specifically @ is not pointwise conformally covariant. However, the functionals Fg are
conformally invariant for arbitrary even n. Moreover Branson uses the Chern-Gauss-Bonnet
theorem to show that, in dimension n = 4, F is related to W by the equation:

1
rida

fé = 872\ (M) —
where x (M) is the Euler characteristic of M. Since x(M) is a topological invariant and a

constant, the functionals have the same critical metrics.

In [FG12], Fefferman and Graham examine the gradient of 7, and introduce the resulting
symmetric 2-tensor, the ambient obstruction tensor, O, for even n > 4. This tensor can
be also characterized as the obstruction to an n-manifold having a formal power series of
asymptotically hyperbolic Einstein metric (or Poincaré metric) in dimension n + 1 [BH11],
[GHOS]. In fact, this characterization provides the relationship between the @-curvature and

obstruction tensor, as established in [GZ03], [FG02].

Like the Bach tensor in dimension 4, the ambient obstruction tensor is symmetric, trace-
free, divergence-free, and conformally invariant of weight 2 —n. (A tensor, ¢, is of weight w
if g = p?g, ¢ = p¥q, for 0 < pe C®(M).) The ambient obstruction tensor can be viewed as
a family of even dimensional tensors, where the dimension 4 ambient obstruction tensor is

the Bach tensor.

Explicitly, the ambient obstruction tensor is given by the equation found in [BH11]:

On = [ | (Aglp_ A32V23) + Tnfl

2(n—1)

1 ) 1
P = — (RIC_—Q(n—l)S‘q)7
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where P is the Schouten tensor and 7;,_; is a polynomial natural tensor of order n — 1. It
should be noted that the ambient obstruction tensor is given slightly differently in [FG12],
[GHOS], and [Lop18]:

n/2
O;; = A2 (szkk - Pkk,ij) + Z T~ (Rm)
k=2 (1.10)
T(A) = > ViAs s VEA

P14 Fig=m

The reader should note that (1.10]) uses Einstein notation to represent the same operations
on the Schouten tensors. This is detailed in Proposition below. We include (|1.10)
because it provides a representation in local coordinate and it illuminates the nature of the

lower order terms. Furthermore, using the definition of the Weyl tensor as seen in Section

[1.2] (1.10) quickly yields the following:

n/2
A2V W + Y TR (Rm).

k=2

1
3—n

Oij =

It is worthwhile to show that (1.9)) is, in fact, the same (up to a constant) as (1.10). For
readers unfamiliar with Einstein notation, this will also serve to illuminate some of the

notation used in ({1.10)).

Proposition 1.4.1. Fquation is equivalent to up to a constant.

Proof. Following the steps shown by Lopez in [Lopl8, Proposition 2.3], we first note that:

pPF = pyg*

1 ; 1 ,
=~ |¢*R.. — —— S¢7%a,.
n—2[g 5 om—1)77 9’”]

-l w|
1

:2(n—1)5'
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Using this in our equation and expanding some of the Einstein notation used by [FG12],

[GHOS], we see that:

n/2
Oy = A2 (P, — BF )+ Z Ty (Rm)
k=2
n/2
= AS2 (AP, — V,ViP}) + ) T (Rm)
k=2
n/2
= A%—lPij — A%—2VjViPkk + Z TI?_%(Rm)
k=2
AP - ARYLVS 4 g T3~ (Rm)

Note that equation [1.9|is scaled by the constant:

This constant will ultimately change how Bahuaud-Helliwell determine O and consequently

will change the way they define the ambient obstruction flow in [BH11], [BH15].

In any formulation of the equation, the lower order terms present an obstacle for working
with the ambient obstruction tensor. However, in dimension n = 4 we know that O;; = B;;

and for n = 6:
Oy = By ." = 2Wyiu BM — 4B B + 8PH Cijyng — 4C ' Ciji

+2CMCip + 4P’“k7l0(l — AWy PR, P™.

i)
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1.5 Geometric Flows

Below we will restate important definitions in the study of geometric flows, establish the
ambient obstruction and Bach flows, and discuss results from the study of Ricci flow that we
will generalize in Section Please refer to the introduction for a more detailed explanation

of the origin and motivation of geometric flows and solitons.

As stated in the introduction, a geometric flow is a differential equation in which the
metric, g(t), is changed over time in accordance with the chosen tensor. For a general

tensor, ¢, the ¢-flow is the one parameter family of smooth metrics such that:

g =q

g(0) = h.

(1.11)

Solitons are self-similar solutions to this flow, meaning they are metrics that the flow changes
by diffeomorphism and/or rescaling. More specifically, a (normalized) g-soliton is a metric
that satisfies the equation:

1 1
“Lxg= - 1.12
5Lxg9=cg+ 54 (1.12)

for vector field X and Lie derivative Lx ¢g. As in the introduction, we normalize the equation
to prove Theorem [2.1.13] We classify these solitons as expanding, steady, and shrinking when
c<0,c=0,and ¢ > 0, respectively.

Letting X = Vf, where f is the potential function, a (normalized) gradient g-soliton

satisfies:

1
Hess f = cg + 54 (1.13)

1.5.1 Ambient Obstruction Flow

As we saw in Section [I.4] the Bach tensor is the four dimensional ambient obstruction tensor.

While we will discuss the Bach flow specifically, one should remember that the definitions
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and results for the ambient obstruction flow apply to the Bach flow as well.

In the last decade Bahuaud-Helliwell, Helliwell, and Lopez have studied flowing a metric
by the ambient obstruction tensor. Bahuaud and Helliwell, in [BH11, Theorem C], consider

the flow given by:

019 = O + cu(—1)2 (A%_lS) g

(1.14)
9(0) = h,
where h is a smooth metric on a compact manifold of even dimension n > 4 and
1
Cn = —% )
2:72(2-2)l(n—2)(n—1)
For n = 4 we will call this flow the Bach flow, which is given by:
09 = B+ 15ASyg
(1.15)

g(0) = h.

In [BH11, BHI15] Bahuaud and Helliwell show short time existence and uniqueness on
compact manifolds for this flow. As Lopez explains in [Lopl8], the scalar curvature term
“counteracts the invariance of O under the action of the conformal group on the space of
metrics on M.” Moreover, the addition of this terms serves as a way to make the geometric
flow strongly parabolic, allowing the use of the first part of the DeTurk trick. In [Lopl§],
Lopez finds pointwise smoothing estimates and uses them to find an obstruction to long-time

existence and to prove a compactness theorem for the flow ([1.14]).

Since homogeneous manifolds have constant scalar curvature, the equations for the am-
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bient obstruction flow and Bach flow on homogeneous manifolds are given by:

atg = O, atg =B
and (1.16)

9(0) =h 9(0) = h,

respectively. Helliwell uses the latter equation in [Hel20] to study the Bach flow on homoge-
neous compact product manifolds of the form S! x K3.

The solitons of these flows are defined as follows.

Definition 1.5.1. An ambient obstruction soliton is a solution, (M, g), to the equation:
1 1 n n_q
§£Xg =cg+ 3 (On + cu(=1)2 (A271S) g)

where ¢, s defined as above. In dimension n = 4, the ambient obstruction soliton is the

Bach soliton, given by:
! Lxg=cg+ ! B+ ! AS
5 xg=cq 5 12 g)-

These are called gradient if X = V f, and the corresponding equations are

Hess f = cg + % (On + c(=1)% (AZ71S) g)
(1.17)

—_

1
H = —| B+ —=A )
ess f cg+2( +12 Sg)

This change comes from the following identity:

LyrgY,Z)=g9(VyVf,2)+g(Y,V;Vf)=Hess f(Y,Z) +Hess f(Z,Y) = 2Hess f(Y, Z).
Note that, like our general soliton equation, this equation has also been normalized. As

such it is slightly different than the definition in [Hol8|]. Moreover, Ho only considers a flow

that aligns with the definition in the case of constant scalar curvature. Taking this into
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account and letting ¢ = —%)\ we see that the two equations are equivalent.

B=MXg+ Lxg(f)
Lxg(f)=- g+ B

1 1 1
3 Lxg(f)= —§Ag + §B

B = cg.

S Lxalh) -~

Using these definitions, we begin by examining general solitons then focus more on ex-

amining specific Bach solitons.

1.5.2 Ricci Flow Results

Historically, analyzing gradient solitons has provided a lot of insight into the Ricci flow. The
work of Hamilton, Ivey, and Perelman combine to classify 3-dimensional shrinking gradient
Ricci solitons [PW10]. Further, in [Per02], Perelman proves that any compact Ricci soliton
is a gradient Ricci soliton. As we will briefly discuss in Appendix [B], Perelman also used
Ricci flow to prove Thurston’s geometrization theorem. Most notably, the study of Ricci

solitons was imperative in Perelman’s proof of the Poincaré Conjecture.

The popularity of the Ricci flow has lead to a great deal of results about Ricci solitons
that the author has used as a basis for generalizations in this paper. On such well known

result is as follows

Theorem 1.5.2. [PW09, Theorem 3.1] A compact Ricci soliton with constant scalar curva-

ture is Einstein.

By the (twice-contracted) second Bianchi identity, we know that:
g 1
div Ric = EVS .

Thus, the Ricci tensor is divergence-free if and only if the scalar curvature is constant.
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Moreover, for the Ricci tensor requiring constant scalar curvature is similar to the trace-free

condition. Looking to this for inspiration, we get the following result for general q.
Theorem 1.5.3. For a divergence-free, trace-free tensor q, any compact q-soliton is q-flat.

We also establish a generalization of the following theorem and apply said generalization

to the ambient obstruction tensor.

Theorem 1.5.4 (Theorem 1.1, [PW09]). A shrinking compact gradient soliton is rigid with
trivial f of

J Ric(Vf,Vf) <0.

Using this as inspiration, we investigate the implications of this for gradient ambient

obstruction solitons in Theorem which is as follows.

Theorem. For any compact gradient ambient obstruction soliton
J Ric(Vf,Vf) dvol, = 0,
M

where the integral is zero if and only if f is constant.

The study of Ricci solitons has continued to prove a bountiful source of information and is
still a very large area of research. It is reasonable to hope that the study of gradient solitons
for other flows (specifically the Bach flow and ambient obstruction flow) would prove similarly
fruitful in the understanding of the behavior of the flows and consequently the behaviors of

the tensors themselves.

For further background on Ricci flow, refer to [CLNOG, MTQ7, [Top06]. For further reading
about Ricci solitons refer to [Cao06, [CK04, [CLN0G, Der12].
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Chapter 2

Results

2.1 Results for General Tensor

In this section, we prove a number of statements for a general trace-free and/or divergence-
free tensor ¢q. Applications of the theorem to the ambient obstruction tensor will follow in
subsequent corollaries. For the sake of simplicity, full proofs of these corollaries have been

omitted, but appropriate connections will be made.

Recall from Section[I.4]that the ambient obstruction tensor, O, (n even), is trace-free and
divergence-free. However, the reader should note that the tensor affiliated with the general
flow does not possess all of these properties. That said, we will often focus on the
homogeneous case in order to define the flow as in ((1.16)) and to use these properties of the

ambient obstruction tensor.

The following proposition is useful in examining gradient solitons and will be used to

prove later results.

Proposition 2.1.1. Let g be a symmetric two tensor and (M, g, f) a gradient g-soliton
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. The potential function, f, has the property that
. ) 1
Ric(Vf) = divQ — §V(tr Q),

where @ is the dual (1,1)-tensor of q with respect to g.

Proof. Consider a gradient soliton of the ¢g-flow, given by

1
Hess f = cg;j + 5%

Type changing into (1,1) tensor
1
If we simply take the trace of each of the terms, we see that then Af = cn + %tr Q.

Taking the divergence of each term in our soliton equation we see that:

divQ = div(VV /)
= Ric(Vf) + V(Af)
— Rie(Vf) + V(en + %u@)
= Ric(V) + 5 V(11 Q).

Thus:
Ric(Vf) = div@Q — %V(tr Q).

Using this theorem, we are able to quickly generalize [Hol8, Theorem 3.4] as follows.

Corollary 2.1.2. For any constant trace, divergence-free tensor q, the gradient solitons of

its flow has that property that Ric(Vf) = 0.
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For the ambient obstruction flow on a non-homogeneous manifold, we see that a gradient
soliton is given by:

Hess f = cg + % (On + ay (A%_ls) 9),

where
~ (-1 |
2:72(2-2)I(n—2)(n—1)

Qn,
Note that a,, simply combines constant terms in our original definition to help with notation.
Examining this soliton, we get the following corollary.
Corollary 2.1.3. A gradient ambient obstruction soliton with potential function f satisfies

Ric(Vf) = a,(1 —n) V (Az719).

Proof. Consider a gradient ambient obstruction soliton with potential function f. Then

q= 0, +a, (A27'S) g and consequently

divg = a,d (A%*IS) ,
trq = na, (A%AS) ,
Vitrq =na,V (A%_IS) :

Using Proposition 2.1.1}
Ric(Vf) = a,(1 —n)V (A271S).

Remark 2.1.4. For a gradient ambient obstruction soliton with constant scalar curvature

(specifically for homogeneous manifolds) we see that A2~1S = 0, so Ric(Vf) = 0.

The following lemma appears to be well known, but we include the proof for completeness.
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Lemma 2.1.5. For any symmetric (0,2)-tensor field 1 and vector field &:

(Le g, ¥y = 2div(igyh) — 2(divy))¢,

where ig is a 1-form such that ie(-) = (&, -)

Proof. Consider a symmetric (0,2)-tensor field ¢ and a vector field . For a (0,2)-tensor A,

we know that A(z,y) = g(A(x),y), so:

(A,B) = ZQ(A(@% B(e)) = ZA(% B(e:)),

where B is a (1,1)-tensor.

Consider the Lie derivative as our (0,2)-tensor, and ¢ a (1,1)-tensor. First, examining

the type change, consider ¢ as a (0,2)-tensor:
Y(X,Y) = g((X).Y) = (X, B)) = g((X), Ey) = (X) = ) g((X), B} E;.
Next, we know that:

div(igt) = Y (V1)) (E ZVE ¥ (€, Er) ZinQ (V(E),€),

i

(divep) (€ Z 9(&, Vi, (¥ (E))).
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Then
(Leg, ) = Z Le g(Ei, v(E;))

—Zg Vi O(E +Zg Ei, Vet)
:;g(ing,g(z/J(Ei),E +Zg (B, V(50,5 5,E)
=Zg<w<E> D9V, Ej) +Zg s E)g(Ei, Vi, €)
= 229 9(VEs, Ej)

- 2;<g<ins,w(Ei>>

= 2; [VE,9(&§v(E)) — 9(X, Vi, (¥(E3)))]

— 2divigt) — 2(divep) ().

Thus, the identity holds. O]

We use this fact to prove the following lemma for compact solitons of a general ¢-flow.

Note that these solitons are not necessarily gradient solitons.

Lemma 2.1.6. Let (M,g,X) be an n-dimensional compact soliton to the g-flow, )
Then:

a. J || Lx gl|* dvol, = —QJ div(q)(X) dvol,.
M M
b. If q is divergence-free, then X is Killing.

c. If q is divergence-free and trace-free, then (M, g;;) must be g-flat.

Proof.  a. Consider the ¢-soliton, %E xg=cg+ %q. We know that for any vector field &
on M

(Le g,y = 2div(igyh) — 2(divep)(€)
where i) (-) = (&, ).
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Note that the soliton can be written as ¢ = Lx —2cg. Examining the divergence of
this equation:

leq” = le(,CX g) — QCle(g”) = le(ﬁX g)

Using Lemma [2.1.5 we see that letting ¢» = Lx g and £ = X:

(Lx g, Lx 9> = || Lx g||? = 2div(ix Ly g)—2div(Lx g)(X) = 2div(ix Ly g)—2div(g)(X).

Integrating over M we see that since M is compact and has no boundary:

J || Lx gl|* dvol, = 2J div(ix L, g) dvol, — 2[ div(q)(X) dvol,
M M M

_ JM div(q)(X)) dvol,.

b. If ¢ is divergence-free part (a) shows that §, || Lx g||* dvol, = 0. Thus, Lx g = 0 and

consequently X is Killing.

c. Suppose that g is divergence-free and trace-free. From (b), this means that ¢;; = —2cg;;.
Taking the trace of both sides we see that 0 = —2nc and thus ¢ = 0. Thus ¢;; = 0 and

subsequently (M, g;;) is ¢-flat.

Corollary 2.1.7. Let (M, g, X) be an n-dimensional compact ambient obstruction soliton

with constant scalar curvature. Then §, || Lx g||* dvoly = 0, X is Killing, and M 1is O-flat.

Proof. Since M has constant scalar curvature we know that the flow is given by ({1.16]). Thus,
we consider ¢ = O,,. Since O is divergence-free and trace-free, the conclusion follows directly

from Lemma 2.1.6] O
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In particular, Corollary shows that any homogeneous compact ambient obstruction

soliton is O-flat.

Proceeding to examine the non-homogeneous, gradient case we have the following in-
equality. This inequality was inspired by [PW09, Theorem 1.1] as mentioned in Section

LL.ol

Theorem 2.1.8. For any compact gradient ambient obstruction soliton (M, g, f)
J Ric(Vf,Vf) dvol, = 0,
M

where the integral is zero if and only if f is constant.

Proof. Consider an n-dimensional compact gradient ambient obstruction soliton, (M, g, f).

Applying Lemma [2.1.6, let ¢ = O and let X = Vf. From Corollary [2.1.3]

divQ = a,V (A2715) =

(1 - m)¥ (A3S) = 1 Rie(V ).

1—n -n

By Lemma 2.1.6}
2
0< J | Ly gl|* dvol, = —2f div(q)(Vf)) dvol, = —J Ric (Vf,Vf) dvol,.
M M n—1Jy

Thus §,, Ric(Vf,V f) dvol, = 0.
Suppose §,, Ric(V f, Vf) dvol, = 0.
Since

2
f | Ly gl|? dvol, = —f Ric(Vf,Vf) dvol,,
M n—1J)u

if the right hand side is zero then Ly(g) = 0 and consequently Hess f = 0. Since M is
compact this implies that f is constant. If f is constant V f = 0 then clearly Ric(V f) = 0.

Therefore, the integral is zero if and only if f is constant m
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Remark 2.1.9. A soliton is defined to be stationary if f is constant. Thus Theorem [2.1.8
implies that a compact gradient ambient obstruction soliton with non-positive Ricci curvature

must be stationary.

We note that in general, stationary gradient ambient obstruction solitons are characterized

by the following proposition.

Proposition 2.1.10. If (M, g, f) is a stationary gradient ambient obstruction soliton, then

(M, g) is O-flat. If (M, g) is also compact then S is constant.

Proof. Consider a stationary gradient ambient obstruction soliton, (M, g, f). Since the soli-

ton is stationary, f is constant. Consequently Hess f = 0 and thus ¢ = —2cg. Since

q=0,+a, (A%_IS) g,

Taking the trace of both sides:

Thus
0=—a, (A27'S) — 2.

This forces O,, = 0, so that soliton is O-flat. Furthermore:

Az1g = 2
Qp
is constant. If M is compact, this implies that S is constant. O]

Remark 2.1.11. The converse of Proposition|2.1.1() is true in the compact case. That is, a
compact gradient ambient obstruction soliton that is O-flat and has constant scalar curvature

is stationary. Constant scalar curvature and O-flat imply that Hess f = cg. Compactness
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forces the manifold to have a mazimum and minimum so Hess f = 0. Appealing once more

to compactness, this forces f to be constant and our soliton to be stationary.

Though the following lemma is not necessary when studying when ambient obstruction
solitons are stationary (this was taken care of in Corollary [2.1.7)), it does give another criteria

for when a g-soliton is stationary.

Proposition 2.1.12. For a trace-free tensor q, any compact gradient soliton to the q-flow

must be g-flat.

Proof. Generalizing from [Hol§]|, consider a gradient g-soliton ([1.13)). By assumption tr(q) =

0, so taking the trace of both sides yields Af = c¢n. Integrating over M:
0= J en — Af dvol, = en Vol(M, g).
M

Thus ¢ = 0. Further, Af = 0n + 0 so Af = 0, that is, f is harmonic. Since M is compact,

f must be constant.

Therefore ¢;; = 2 Hess f — 2cg;; = 0, so any compact gradient soliton is g-flat. [

Changing directions slightly, we will show that for a general tensor ¢ with certain scaling
properties that a gradient g-soliton is a self similar solution to the g-flow. This observation
appears to be made first by Lauret [Laul6]. To do so we will follow the proof from [CLNOG6),
Chapter 4] which shows that gradient Ricci solitons are self-similar solutions to the Ricci
flow. Following our proof, we will apply the theorem to the ambient obstruction flow in both
the homogeneous and non-homogeneous cases. In [Laul9] and [Laul6], Lauret shows that
the following theorem is true for general, non-gradient solitons and can be made into an if
and only if statement. We have chosen to focus on the case of gradient solitons. Our goal in

including the following proof is to motivate our choice to modify the equation for a soliton
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by including a factor of % and to show a more explicit proof of this theorem.

Theorem 2.1.13. Consider any tensor q with the property that when the metric is scaled

by a constant A € R:

wlg

g=Ag =

N
I
>

Consider a complete gradient q soliton (M", h, fy,c), that is:

1
Hessy, fo = ch + §q(h).

There exists an € > 0 such that for all t € (—¢,¢) there is a solution g, of the q flow with
go = h, diffeomorphisms ¢, with pog = Lym, and functions f(t) = f, with f(0) = fo, such
that:

1. 7 is scales the metric according to the function:

NS}

. The vector field X, := Tt%_lvhfg exists,

3. @p: M™ — M™ is the 1-parameter family of diffeomorphisms generated by X;. So:

0 w_g

g@t(ﬂﬁ) =7 (Vifo) (ge(2)),

E

. g¢ 18 the pull back by p; of h up to the scale factor ;:

gt = T h,
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5. [ is the pull back by ; of fo:

fo = foopr = o; (fo).

Moreover

c 1
Hessy, fi = —g: + = (q(g1))
Tt 2

or equivalently

2c

q(g:) = —79:5 + 2 Hessy, f;
t

and

of v
S = TE Vil

Proof. Construct a l-parameter family of diffeomorphisms ¢, : M"™ — M" generated by
vector field X; = 727!V, f; defined for all ¢ such that ¢ € (—¢,¢). Define f; = f5 0 ¢, and

gt = Tt@fhu

0

& * * a *
(Tt(pt h) = <§7—t> gptoh‘ + Tto%‘t:togpt h.

ot

0

thE

t=to

t=to

Using Remark 1.24 from [CLNO6|] we are able to assess the derivative of the pullback:

0 " * *
Tt 5 Pt h = Tto ‘CY(t) (Sptoh’) = ﬁy(t) (Ttowtoh) ’
t=to
where
P 0
Y(6) = =|  (pn owr) = (o) =| oo
ot s ( to ) to /% At ity

Note that for g = Ag:

9(Vaf, X) = df (X) = g(V5f, X) = Ag(V;f, X).
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So %ng = V3 f. Therefore:

1 1 1 1
—Vrnlty = ;Vgafohsﬂfofo = ;@Z‘O(Vhfo) = ; (;Vhfo) ~
0 0 0

Tto

Vgto fto = Vfrtogozkohfto =

Thus

0 w_ w 1
2 =Vt = (V) = 7 (e (V).
Tto

t=to

w
2

Using this, we are able to evaluate the desired derivative and find one term of our initial

suim:

0

Tio a (TtOQDth) = th ‘Cvgto Jrg Gto-

wih =T, Ly (Pih) = L y

-
t=to to

vgto fto

To evaluate the derivative of 7 we must consider each case.

Case 1. For w = 2 define 1, = ¢! 72, Then:

a * *
(an) i h = —2cTpi h
= —2cq(to)-

1

Case 2. For w # 2 define 7, = (1 —2c (1 — %) t)@. We can compute the following:

() i (-2 (- 5) )™ (2 (1) i
—2¢c <1 —2¢c (1 — %) to) fi@ (Sofoh)

%
R Y (Ttos&toh)
= o
Tto

w_q
= —2cty] g(to).

Thus we see that for any w,

0 . w_q
<§Tt> Sotoh = _207}3 g(t())-
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Returning to our original derivative, we see that for general ¢:

9.
atgt -

w (-2
—72 (—Cg(t) A A v ft> .

w_q w
— 2Ty G+ Ty Lo, 5 9(t)

Ty

Applying [CLNO06] Exercise 1.23 to ¢ we see:

q(g:) = a(repyh)
= 7791 (q(h))
= Tt%gof (—2ch + 2 Hessy, fo)

=7 ¢t (=2ch + Ly, 1, h)

—2c
- (—gﬁcvgtftg(w)

Ty

VIS

w

—2c
= 7,2 <Ttgt + 2 Hess,, ft)

_0
~ o

Hence, there exists a solution ¢; to the flow with the desired properties.

Looking at the derivative of the potential function we see that:

Era afo(%(l’))
i, Jolren(2)) = o)
n—0 n

0
=h (Vhfm §¢t>
h (Vifo, 727 Vi fo(ou(2)))
72 (Vi fi, Vi fi(z))

w 1
7_5_1 ;gt (Tvgtfta Tvgtft(x))

= T% |V!]tft|3t :
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Remark 2.1.14. If the vector field X; = Tﬁ‘lvhfo 1s complete then the flow exists for all

t such that 7 > 0.

Remark 2.1.15. One such tensor q with the necessary weighting property is a conformally
invariant tensor of weight w. That is, a tensor T such that for § = p*g, then T = p“T for

a smooth positive function p.

Corollary 2.1.16. The gradient solitons of the ambient obstruction flow are self similar

solutions to the ambient obstruction flow.

Proof. Consider the tensor provided by the ambient obstruction flow:

O, + co(—1)2 (A2719) g.

We know that the ambient obstruction tensor is of conformal weight 2 — n, and is conse-
quently a tensor ¢ described by Theorem [2.1.13] In the homogeneous case, or more generally

the constant scalar curvature case, we are able to directly apply the theorem.

To examine the non-homogeneous case we must also investigate the scaling properties

of the scalar curvature term. A simple calculation (shown in Appendix shows that for
g = \yg:
1

ASg = )\QASg.

Using induction one can show that this generalizes to:

Thusforkzg—l




That is, the scalar curvature term is scaled by a factor of 2 — n and consequently has the

same scaling properties as the ambient obstruction tensor.

Applying Theorem [2.1.13|with w = 2—n, we see that this implies that with the appropriate
choice of 7 and ¢ a gradient ambient obstruction soliton is a self-similar solution to the

ambient obstruction flow. O

As Lauret shows, Corollary [2.1.16] is also true for non-gradient solitons. Turning our
attention to noncompact, homogeneous solitons we consider recent theorem of Petersen and
Wylie [PW20]. This theorem is a key part of understanding homogeneous gradient Bach

solitons as we see in Section [2.2]

Theorem 2.1.17 (Petersen-Wylie). Let (M, g) be a homogeneous manifold and § an isom-
etry invariant symmetric two-tensor which is divergence-free. If there is a non-constant
function such that Hessf = G then (M, g) is a product metric N x R* and f is a function on

the Fuclidean factor.

For a divergence-free tensor ¢, we apply this theorem to homogeneous gradient ¢ solitons
by simply letting § = cg+ %q. Then ¢ is the sum of isometry invariant symmetric two-tensors
that are divergence-free and is itself such a tensor. Applying this theorem to homogeneous
manifolds, we are able limit the ambient obstruction flow to the flow given by . Since
O is a divergence-free, isometry invariant, symmetric two-tensor, we can let ¢ = O,, resulting

in the following corollary.

Corollary 2.1.18. If (M, g) is a homogeneous gradient ambient obstruction soliton, then
either M is stationary or it splits as a product R* x N and f is a function on the FEuclidean

factor.

This theorem informs our approach to classifying homogeneous gradient Bach solitons in

the next section.
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2.2 Gradient Bach Solitons

In order to examine and classify the gradient solitons of the Bach flow on homogeneous
4-manifolds, we consider the four configurations of homogeneous 4-manifolds that are found
by “pulling off copies of R”. More explicitly, by Theorem the solitons will be of the
form R* R® x N1, R? x N2, R x N3 or N* (where N* is necessarily homogeneous). The
first and last case we will call non-split manifolds, the others may be called the 3 x 1, 2 x 2,
and 1 x 3 cases respectively. For each of these cases (and for the remainder of the paper)
it will be assumed that the product manifolds are equipped with the appropriate product
metric g = go X gy. Table 1 summarizes our findings regarding each type and thus proves

the following general theorem.

Theorem 2.2.1. Any homogeneous gradient Bach soliton that is steady must be Bach flat

and the only non-Bach-flat shrinking solitons are product metrics on R? x S? and R? x H?.

Remark 2.2.2. There are non-trivial homogeneous 4-dimensional Bach flat metrics. For
example, Einstein metrics and (anti)self-dual metrics are Bach flat. Moreover there is a
classification of simply connected homogeneous Bach-flat 4-manifolds. (See [AGS13] and
([CnLGMGR*19].)

Remark 2.2.3. There are non-Bach-flat expanding homogeneous gradient Bach solitons.
We find one such soliton on R x S* with metric g = go X gsuz)- We show this is the only

expanding soliton on a manifold of the form R x N?® where N3 is a unimodular Lie group.

Setting up the conventions used throughout this section, recall from (1.13)) we know that

for homogeneous manifolds the equation for a gradient Bach soliton is given by:

1
Hess f = cg + §B,
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and can be represented in coordinates as:

ViV,f = cgij + %Bij.

In order to make the following proofs more clear, we will consider how the above equation
can be given by matrices. In order to do this we will establish conventions that will hold
for the remainder of the section unless otherwise noted. We will always choose a basis so
both the metric and the Bach tensor are diagonal. (This is always possible, per the spectral
theorem.) Since the metric and the Bach tensor are diagonal, Hess f must also be diagonal so
ViV,f =0fori# j. One very important statement in Theorem is that the potential
function depends on only the Euclidean factor of the product manifold. Let V;V,f = fi.

Thus, in general we see that the gradient Bach solitons can be represented by the following

equality:
foo 0 0 0 go 0 0 0 By 0 0 0
0 fll 0 0 0 g1 0 0 1 0 Bll 0 0
= C + 5
0 0 f22 0 0 0 g22 0 0 0 BQQ 0

0 0 0 f33 0 0 0 gss 0 0 0 333

To prove Theorem we will simply examine each type of manifold and assess the
solitons. The following table will summarize this investigation with one notable exception: in
the R x N3 case we are able to prove that non-Bach-flat gradient solitons must be expanding.
It should also be noted that we have not completed the classification of manifolds of type
R x N3, but this is not necessary to prove Theorem We expand on our choice of

3-manifolds in Appendix [B]
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Split Manifold Type of Soliton Permissible Metrics Potential
Function
R? Gaussian Bach flat (any) flx,y,z,w) =
A (B +y*+ 22+
N 2
w?) + ax + by +
dz + hw +k
N4 Stationary Bach flat flx,y,z,w) =
k
R3 x N* Steady Bach flat (any) flz,y,2) =
ar+by+dz+k
R? x R? Steady Bach flat (any) flz,y) =
R? 5 N? ar + by +d
R? x 52 Shrinking See [HoIS)] flx,y) =
c(z? +y?) +
ar + by +d
R? x H? Shrinking See [Hol§] flz,y) =
c(z? +y?) +
ar + by +d
R x R? Steady Bach flat (any) flx) =ax+b
R x Nil — None —
R x Solv — None —
R x §Z(2, R) — None —
R x (R x H?) — None —
R x N3
R x (R x S?) — None —
R x F(2) Steady Bach flat (g11 = ga2) f(z) =azx+0b
R x H3 Steady Bach flat f(z) =azx+b
Steady Bach flat (g11 = go2 = ¢933) | f(x) =ax +b
R x S3
Expanding g11 = go2 = 4933 f(x) =
2cx® + ax + b

Table 2.1: Summary of Results
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2.2.1 Non-split Manifolds

Theorem 2.2.4. (R, gg) is a Gaussian soliton.

Proof. We know from the equation for the Bach tensor that (R* go) is Bach flat, that is,
Bij = 0 for all i,j = 0,1,2,3, so Hess f = c¢g. By Theorem [2.1.17, f is a function on R*.

Thus for any orthonormal basis, R* is a gradient Bach soliton with potential function
Lo 9 o 2
flz,y,2,w) = 50(:10 P+ 224w vax+ by +dz+ hw+ k

for a,b,d, h,k € R.

Since there are no restrictions on ¢, we see that this is the Gaussian soliton. O

Proposition 2.2.5. Consider a non-split, homogeneous 4-manifold N* # R* with metric

gn. Then N* is a gradient Bach soliton if and only if it is Bach flat.

Proof. Consider a non-split, homogeneous 4-manifold N* with metric gy. By the converse
of Theorem [2.1.17, since N* is not a product manifold, it must have constant potential
function and is therefore stationary. Since the potential function is constant, Hess f = 0.

Consequently, any soliton has the form —%B = cg. Taking the trace of each side we see that
1
0= —§trB =trcg = 4c,

and so it is necessarily true that ¢ = 0 and the soliton is steady.

Since ¢ = 0 always, B = 0 always and thus the manifold must be Bach flat. O]

49



2.2.2 Manifolds of the form R3 x N!

Remark 2.2.6. For a homogeneous manifold of the form R® x N' with metric g = gy X gn,

we know that N' = R! or S*. Thus any manifold of this form is flat and consequently Bach
flat.

Proposition 2.2.7. Homogeneous manifolds of the form R® x N' with metric g = gy X gy

are steady gradient Bach solitons with linear potential functions.

Proof. Consider a homogeneous manifold of the form R3 x N'! with metric g = gy x gy. We
know from Remark that any manifold of this form is Bach flat. So for any gradient
Bach soliton Hess f = c¢g. By Theorem we know that f(z,y,2) : R® - R. So
V3Vsf =0 = cgs3. Since the metric is positive definite, ¢ = 0. Therefore, the gradient Bach

solitons are steady.

Consequently Hess f = 0, s0 fyr = fyy = fz. = 0. Thus f(z,y,2) =ax+by+cz+d. O

2.2.3 Manifolds of the form R2 x N2

In his 2018 paper, [Holg|, Ho finds homogeneous gradient solitons of the form R? x N2. Ho
proves that both R? x S? and R? x H? is a nontrivial soliton of the form:

1
H =B+ —
ess f —1—12g

for any function f of the form f(z,y) = (2 + y?) + k. Note the difference between Ho’s
definition of a gradient Bach soliton and that of this paper. Ho has chosen to place the
metric term on the right hand side of the equation switching the conventions of shrinking/

expanding. We will prove that Ho’s examples are the only examples of this type.

Theorem 2.2.8. If a homogeneous manifold of the form R? x N? equipped with product

metric go X gy s a non-Bach-flat gradient Bach soliton, then it is a shrinking soliton. Fur-
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thermore, the soliton is steady if and only if it is Bach flat.

Proof. Consider a homogeneous manifold of R? x N2. Using where M) =R, M® =
N2, SM = 0 and S® = Sy are the respective scalar curvatures, and gy and gy are their
respective metrics. Recall that homogeneous 2-manifolds have constant scalar curvature,
thus we see that:

(SN)2922 B33 = _1_12(SN)2933-

1 1 1
By = E(SN)QQOO By = E(SN>2911 By = _E

Since R? x N? is a gradient Bach soliton, the following system must hold.

f:mngO 0

00
0 fygu 0 0
0 0
0 0

0 0
| 0 0 i
_(2—14(SN)2 +¢) goo 0 0 0 |
_ 0 (31(Sw)* +¢) g 0 0
- 0 0 (5 (Sn)*+¢) g2 0
|0 0 0 (5H(Sw)2 + ¢) g |

Thus 0 = (51(Sn)* +¢) g for @ = 2,3. Since the metric is positive definite, we know

that ¢ = 5;(Sy)?. Thus ¢ > 0 and the soliton must be steady or shrinking.

The soliton is steady if and only if Sy = 0 which happens if and only if the manifold is

Bach flat.

If the manifold is non-Bach-flat, then ¢ > 0 and soliton must be shrinking. O
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Scaling S? and H? so that Sg2 = 1 = —Sp2, we see that ¢ = i and the potential function
is of the form f(z,y) = 5;(z +y)* + az + by + d. Again, this differs slightly from Ho because
of our initial definition of a gradient Bach soliton. This confirms that the gradient solitons

found by Ho are in fact the only gradient solitons on R? x S? and R? x H? up to scaling.

Corollary 2.2.9. The potential function of a steady gradient Bach soliton of the form R? x

N2 equipped with product metric go x gy must be linear.

Proof. Since R?* x N? must be steady, we know that f,, = f,, = 0. Recall from the beginning
of this section that the Hessian must be diagonal, and consequently f;, = f,» = 0. It follows

that f(z,y) = ax + by + k. ]

Corollary 2.2.10. The manifold R? x R? with metric ¢ = go x gn, where gy is a flat metric,

15 a steady gradient Bach soliton with linear potential function.

Proof. Consider a homogeneous manifold of R? x R?. Using (1.8)), we know that R? x R?
is Bach flat. By Theorem [2.2.8] we know that the soliton is steady. By Corollary the

potential function must be linear. O

2.2.4 Manifolds of the form R x N?

We begin by stating and proving statements that apply to all homogeneous manifolds of the

form R x N3, then we will examine specific manifolds of this form.

A few notes before stating the theorem. We will look at a potential function f: R — R.
Since we use x in later computations to mean something else, we have chosen to make f a
function of » € R. Furthermore, note that in this potential function ¢ € R is the same ¢ such
that Hess f = cg + %B . Thus, we have a steady soliton, the potential function necessarily

lacks that term.
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Lemma 2.2.11. A homogeneous gradient Bach soliton of the form R x N3 with metric

g = go x gn has potential function of the form f(r) = 2cr? + ar + b for a,b € R.

Proof. Since the manifold is a soliton, we know that Hess f = cg + %B . By Theorem [2.1.17
that f is a function on r € R and consequently tr Hess f = f”(r). Since the Bach tensor is
trace-free:

tr Hess f = tr(cg) + tr B = f"(r) = 4c.

Using calculus we see that this implies that f(r) = 2cr® + ar + b for a,b € R. O]

In order to examine specific manifolds, we will need the following theorem. This theorem

enables us to use algebra to determine which metrics will produce solitons.

Theorem 2.2.12. Consider a homogeneous manifold of the form R x N3 equipped with

metric g = go X gn. The manifold is a gradient Bach soliton if and only if

B _ Bas
g11 922

B
=2 — 9
933

for ceR. (2.1)

Proof. Consider a manifold of the form R x N3 equipped with metric ¢ = gy x gn. Suppose

that this manifold is a gradient Bach soliton. Then:

1
Hess f = cg + EB’

where f : R — R. Examining the components of the flow:
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0 000 0 g1 0 O 1 0 By 0 0
=c +§

0 000 0 0 g0 O 0 0 By O

0 000 0 0 0 gs3 0 0 0 ng




This system yields the following equalities.

1 1 1 1
1" g00 — 5300 = CGoo - §B11 = Cg11 — 5322 = CG22 — 5333 = Cg33-

It follows that:

B B B
U _ 72 _ 738 _ 9. for c € R.
g11 g22 933

Thus the desired equality holds. Furthermore, since Byg = —2¢goo + 2f”(r)goo, by Lemma

2.2.11}, Byy = 6cggp and consequently %’f = bc.

On the other hand, suppose that

B B B
H_ 22 _ 28 _ 9 for ce R.
g11 g22 g33

Then —%BH = cg11, —%ng = Cgo2, and —%ng = cg33. Taking the trace of the Bach tensor:

tI‘B = gijBij
= 9% Boo + ¢'' Bi1 + g**Bas + g% Bss
= QOOBOO - 29110911 - 29220922 - 29330933

= gOOBOO — 6c.
Since B is trace-free, we see that Byy = 6¢ggo. By Lemma [2.2.11 f"(r) = 4e, so:

1 1
f ”900 - 5300 = 4cgoo — 5(60900) = CGoo-

Thus, V;V,f — %Bij = cg;j for all 4,7 = 0,1,2,3, so Hess f = cg + %B. Therefore, R x N3 is

a gradient Bach soliton. O

This theorem enables a classification of the resulting solitons of the form R x N3. We see

o4



that we can apply it broadly to the following case to classify Bach-flat homogeneous gradient

Bach solitons.

Corollary 2.2.13. If a homogeneous manifold of the form R x N3 equipped with metric
g = go X gy 1S a non-Bach-flat gradient Bach soliton, then it is an expanding soliton. The

soliton s steady if and only if it is Bach flat.

Proof. Consider a manifold of the form R x N3 equipped with metric g = gy X gn.

From Theorem 2.2.12 we know that:

Biy By  Bss 5
= = = —2c.
g11 g22 933

Since the Bach tensor is trace-free we know that:

B B B
—Byy = $911 + ﬁgm + ﬁ933
g11 922 933

= —2¢(g11 + g22 + g33)

Boo = 2¢(g11 + g2 + g33)-

Using ((1.7]), since S is constant:

1 : 1
Bo =~ | (1 Ricl®)* = ()2 | o

By Cauchy-Schwartz, we know

tr (Ric(2)>

R‘ (2)22
[Ric®| 3

1
— Z(S?2))2
3(5 )’

and thus Byy < 0. Since the metric is positive definite, this implies ¢ < 0, where ¢ = 0 if and

only if Byg = 0. By definition a soliton is expanding if ¢ < 0.
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If ¢ =0, By = 0 then:

_f00000_ (0 0 o 0|
0 000 110 By 0 0
0 000 2 0 0 By 0
| 0 00 0 0 0 0 By

Clearly, this implies that B;; = 0 for ¢ = 1,2,3. Thus, if the soliton is steady, the manifold
is Bach flat.

If the soliton is Bach flat then Hess f = cg, so 0 = cg;; for i = 1,2,3 so ¢ = 0 and the

soliton is steady. O

Remark 2.2.14. In [Hel20, Proposition 2.2/, Helliwell notes that gy is static if and only
if the manifold is Bach flat. Moreover, if this is not the case then go is strictly decreasing.

This seems to contradict the condition that a soliton be expanding.

Recall that rescaling is a diffeomorphism of R. That s, contracting is the same as stretch-
ing after diffeomorphism. Thus, we see that though %goo < 0 under the Bach flow, our soliton

R x N3 can still be classified as expanding.

In order to use this theorem to find metrics that produce solitons, we will need explicit
representations of the Bach tensor. These can be found using with M® = R and
M® = N3. The Bach tensor for solitons of the form R x N? where N® 3-dimensional
unimodular Lie group is given in [Hel20]. In Appendix [Bf we provide more background on
the choice of manifolds and their affiliated structure constants, present the equations for
calculating the Bach tensor in terms of those structure constants, and demonstrate how one

would calculate the components of the Bach tensor.

We begin investigating manifolds of the form R x N? by examining the covering spaces

for the nine manifolds with compact quotient. The qualitative behavior of the compact
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quotients is examined in [Hel20]. The gradient solitons of the compact quotients themselves
are easily classified by Corollary 2.1.7 We, however, are interested in the solitons on the
covering spaces themselves. As such, we will examine the 9 manifolds in [Hel20] to see if
there is a metric that produces a gradient Bach solitons. The Lie groups with compact
quotient are given by the unimodular, solvable Bianchi classes. That is, Bianchi classes I,
IT, VIy, VIIy, VIII, and IX. There are three additional cases which are not Lie groups, but

have compact quotient.

By Theorem we need only show that a metric satisfies . If there are no metrics
that satisfy the string of equalities, then the manifold produces no solitons. The general
methodology is to use the explicit representation for the Bach tensor in the above equality,
then see what conditions must be placed on the metric to produce a soliton. We show how
to find an explicit representation for the Bach tensor in Appendix [Bl and work through the

example of R x Nil.

For ease of notation in calculations, we will let:

1
T =011, Y =022, <= 033 B:W.

To clarify the consequences of each example, the metric notations will be used. These proofs
heavily rely on the fact that Riemannain metrics are positive definite. That is, g; > 0 is
a strict inequality. This allows us the use the quotients in (2.1) and to rule out potential

solitons. A summary of our results is as follows. The proofs will be in subsequent sections.

Theorem 2.2.15. For a homogeneous manifold of type M = R' x N3 equipped with the

metric g = go X gy the following hold:

a. If N3 = R3, then a metric g = gy x gn, where gy s a flat metric, produces a gradient

Bach soliton with linear potential function.

b. If N3 = Nil, Solv, ﬁ(Z,]R), R x 82, R x H? then g is not a gradient Bach soliton
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c. If N3 = E(2), H?, then g produces a Bach soliton if and only if it is Bach flat.

d. If N3 = S3, then a gradient Bach soliton is produced if and only if the metric is of

the from g11 = goo = g33 or if it is isometric to g11 = goo = 4gs3. These solitons are

categorized in Theorems|2.2.26 and |2.2.28 respectively.

R x R3

Proposition 2.2.16. The manifold R x R® with metric g = gy x gy, where gy s a flat

metric, is a gradient Bach soliton with potential function f(r) = ar + b or some a € R.

Proof. We know from ((1.7)) that B;; = 0 for i = 0,1,2,3. By Corollary [2.2.13 we know that
the soliton is steady, so ¢ = 0. So by Lemma [2.2.11| f(r) = ar + b for a,b € R. O

R x Nil

We know from [Hel20]

Boo = —8(900)* (g11)* Bi1 = —58(g00)*(g911)°

Bas = 38(900)*(g11)" go2 Bss = 38(g00)*(911)" g33-

Proposition 2.2.17. The manifold R x Nil with metric g = go X gy 1S not a gradient Bach

soliton.

Proof. Proceeding by contradiction, suppose R x Nil with metric g = gg X gy is a gradient

Bach soliton. Then using (2.1]) we see that:

B B
—= === — —58(g00)*(gn1)* = 3B(g00)*(911)".
g11 922
However, this implies that —5 = 3. Thus R x Nil is not a gradient Bach soliton. O]
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R x Solv

We know from [Hel20]

Boo = —Bp(gu1, 922) (900)*  Bu = —Ba(g11, 922) (900) 911

Bay = —Bq(g22, 911)(900)* 922 Bss = 38p(911, 922)(900) 933

where

p(x,y) =2 + 2%y + 2y’ + ¢ q(z,y) = 52* + 323y — xy® — 3y*.

Proposition 2.2.18. The manifold R x Solv with metric g = gy X gsor 1S not a gradient

Bach soliton.

Proof. Proceeding by contradiction, suppose R x Solv with metric g = gy X gso 1S @ gradient

Bach soliton. Using ([2.1) we see that:

B B
“H o — B 4(g11,922)(900)? = 38 plgr1, 922) (g00)*-
g11 g33

Letting x = g1 and y = ¢oo:

—q(z,y) = 3p(z,y)
—(5z* 4 32y — 2y — 3y*) = 3(a* + 2Py + 2’ + y*)
—52t — 323y + zy® + 3yt = 321 + 323y + 329° + 3y?
—821 — 623y — 229° = 0
—2x(42® + 62°y + y°) = 0

r=0 or 4a2°+62%y+y° =0.

Then either z = 0 or 423 + 622y + 3 = 0. The first statement is not possible because the

metric is positive definite. The latter statement holds if and only if = y = 0 forcing either
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g11 = 0 or g11 = g2 = 0, contradicting positive definiteness. Thus R x Solv is not a gradient

Bach soliton. O

R x SL(2,R)

We know from [Hel20]

By = —/Bp(—9117922,933)(900)3 By = —BQ(—911,922,933)(900)2911

By = —BQ(Q% —911,933)(900)2922 Bss = —BQ(933> —911,922)(900)2933

where

p(z,y,2) =2t —23(y + 2) + 2%yz + o(—y® + Pz +y2t = ) oyt — P — gt 4
q(z,y, 2) = 50" — 323 (y + 2) + 2?yz + 2(y® — y°2 —y2? + 2%) — 3yt + 332 + 3y — 32
Proposition 2.2.19. The manifold R x ﬁ(Z,R) with metric g = gg ¥ 95L(ar) cannot be a

gradient Bach soliton.

Proof. Proceeding by contradiction, suppose R x 5/‘1(2, R) with metric g = g X 95i(2m) IS @
gradient Bach soliton. Using ([2.1)) we see that:

By _ B
g22 g33

- Q(gzz, —9117933)(900)2 = -0 Q(933, —911,922)(900)2

Q(y, -, Z) = Q(za —Z, y)
Syt — 3y3(—x + 2) — yPwz + y(—a — 22 520 — 323 (—w + 2) — 2oy + 2(—2% — 2Py
+x22 4+ 2%) — 32t — 3032 — 3wz — 324 +ay? + y3) — 32t — 323y — 3y — 3y
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32 — x%yz

4

S5yt + 3zyd — 3y — ay?r — 23y — 2%y2 524 + 3223 — 3y2® —xy® —

4

+ayz? + yz® — 32 — 3232 — 322% — 32 +xzy? + 2z — 3zt — 323y — 323 — 3y

Syt + 6y — 4y3z — 2xy%2 + 223y
+2xy2? + 4y — 2232 — 6wz — 824

2(y — 2)(2® + 3zy? + 2zyz + 3x2?
+49° + 2y%2 + 2y2? + 423)

The only potential real solution is that y = z. As above, because the metric is positive
definite, the last term in the product is nonzero. Examining the consequences of this using

the other equations in ([2.1) we see that the following must hold.

By _ B
g11 922

—f Q(—911;9227933)(900)2 = -0 Q(9227 —9117933)(900)2

Q(_xv Y, Z) = Q(y7 -, Z)

Sat 4+ 3%y + 2) + 2Pyz —x(y® —yPzr Byt =3 (—w + 2) —yPaz +y(—a® - 2?2
—y2% + 23) — 3yt + 3y32 + 3yz3 — 321 w22+ 23) — 32t — 332 — 3w23 — 324
S5zt + 323y + 3232 + 2%yz — 2y + wyPz S5yt + 3zyd — 3y — ay?r — 23y — 2%yz
+ryz? — 123 — 3yt + 3y3z + 3y — 324 +ayz? + y2® — 3zt — 323z — 3223 — 324
8zt + 4xy + 6232 + 22%yz — 4ay® + 20122 0
+222% — 8yt + 6y32 + 2y23 '
However, if y = 2z then:
8zt + 4x3y + 6232 + 22%yz — 4a9? 8zt + 4x3y + 623y + 222y — 4ay?
+22y%z + 2223 — S8yt + 6132 + 228 +2zy3 + 2xy® — 8y* + 6yt + 2y

= 8z* + 1023y + 2272

# 0.
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Therefore if y = z, then By / g11 # Baa / g2o. Thus y # z. Therefore, R x ﬁ(Q,R) is

not a gradient Bach soliton. O]

R x (R x S?)

Proposition 2.2.20. There are no gradient Bach solitons on R x (R x S%) with metric

g =90 % (gr % gs2).

Proof. Consider the manifold R x (R x S?) with metric g = go X (gr X gs2). Rescaling the

sphere to have scalar curvature Sg2 = 1, from Theorem [2.2.8] we know:

1

By = — B = — By = —— Bis = ——@a3.
00 12goo 11 12911 22 12922 33 12933

This contradicts Theorem [2.2.12, Therefore, there are no gradient Bach solitons on R x (R x

S?) with potential function on R.

R x (R x H?)

Proposition 2.2.21. There are no gradient Bach solitons on R x (R x H?) with metric

9 =90 % (gr X gn2)-
Proof. Rescaling the H? to have scalar curvature Sp2 = —1, from Theorem we know:

1 1 1 1
By = 19900 B = 1291 By = T 19922 By = 1o

and thus the proof follows exactly as in the proof for R x R x S? above. O]
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R x E(2)

We know from [Hel20]

By = —519(_911;922)(900)3 By = —5Q(_9117922)(900)2911

Bay = —Bq(g22, —911)(900)* g2 Bss = 3Bp(—g11, 922)(9o0)* 933

where p(x,y) and ¢(z,y) are as above.

Proposition 2.2.22. The manifold R x E(2) with metric g = go X gg(2) s a gradient Bach

soliton if and only if it ws Bach flat.
Proof. Consider the manifold R x F(2) with metric g = go X gg(2). Using (2.1)) we see that:

Bu _ B
g11 g22

—B (=911, 922)(900)* = =B (922, —g11) (900)*
q(=z,y) = qy, —x)
5zt — 323y + zy® — 3yt = 5yt — 3Pz + ya — 32t
8zt — dady + 4xy® — 8yt = 0
20 — 2y + oy — 291 =0

(x —1y)(z +y)(22* — 2y + 2¢°) = 0.

The only two real, nonzero solutions are that x = y or x = —y. Since our metric is positive
definite x # —y. Thus z = y is the only candidate. Proceeding, we will see that the equalities

from ([2.1)) are satisfied if and only if x = y.

Bu _ By

g11 g33
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—B q(—g11, 922)(900)* = 38 p(—g11, g22) (g00)”
—q(—z,y) = 3p(—z,y)
—(52* — 323y + 2® — 3y*) = 3(2* — 23y — 2 + )
—52* + 32%y — xy® + 3y?) = 32t — 323y — 32y® + 3y
—82% + 623y + 229° = 0

—2x(42® — 32y —*) = 0.

Since x # 0, 423 — 32%y — y® = 0. We see that = y holds.

By _ By
922 g33

—B q(ga2; —911)(900)2 =3p p(—g11,gzz)(goo)2
—q(y, —z) = 3p(—=,y)
—(5y* — 32 + ya® — 32*) = 3(2* — 2y — 2 + )
=5yt + 3ay® — 2%y + 32t = 32t — 323y — 329 + 3!
—8y* + 62y® + 223y = 0

—2y(4y® — 3xy* — 2°) = 0.

Since y # 0, 4y — 3zy? — 223 = 0. Again, we see that z = y holds.

Thus, g1 = goo. This condition is equivalent to being Bach flat by the following lemma.
Therefore, by Theorem [2.2.12 and Lemma [2.2.23] R x E(2) is a gradient Bach soliton if and

only if it is Bach flat. [

Lemma 2.2.23. The manifold R x E(2) with metric g = go X gp(2) is Bach flat if and only

if g11 = Goa-
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Proof. Factoring the components of the Bach tensor for R x E(2):

Boo = =5 (911 — 922)% ((911)* + 911922 + (922)%) (900)°,

B = =B (g11 — g22) (5(911)" + 2(911)*(922) + 2(911)(922)* + 3(922)*) (900) 911,
By = =B (922 = gu1) (3(911)" + 2(911)*(922) + 2(911)(922)° + 3(922)°) (900) g2,
Bss = 30 (911 — 922)° ((911)* + 911922 + (922)°) (900)* 911

Since our metric is positive definite B;; = 0 if and only if g;; — go2 = 0 if and only if

g11 = g22. O

R x H?

Proposition 2.2.24. The manifold R x H? with metric g = gy % ggs is the trivial gradient

Bach soliton. That is, R x H? is a Bach soliton if and only if it is Bach-flat.

Proof. Following the explanation from [Hel20], we know that H? is a one parameter family of
homogeneous metrics. Consequently all metrics are Einstein since they are scalar multiples
of the standard metric. Thus, as Helliwell concludes, the flat metric remains flat in the Bach

flow. Therefore, the Bach flat metric produces a gradient soliton. O

R x S3

Before delving into this case, it is important that the reader note that I mean S® to be
synonymous with SU(2). That is, the manifold does NOT necessarily have the round metric,
but rather has any left invariant metric on Lie group SU(2). My choice to call this S* was
motivated by wanting to maintain consistency between the cases presented by Helliwell in

[Hel20] and this paper.
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We know from [Hel20]

By = —p p(91179227933)(900)3 By =-p Q(9117922,933)(900)2911

Byy = -8 Q(922,933,911)(900)2922 B3 = —p3 Q(933,g11,922)(900)2933

where
p(a,y,2) = a' =2 (y + 2) + 2?yz + a(—y’ + Pz Tyt = 2) +yt =yt -y
q(r,y,2) = 52" = 32°(y + 2) + 2?yz + w(y’ —y’2 —y2 +2°) = 3yt + 3y’2 + 3y2® - 327

Proposition 2.2.25. The manifold R x S* with metric g = go x gsu(2) is a gradient Bach

soliton if and only if our metric is g11 = g2 = g33 or if it is isometric to g11 = goo = 4933.

Proof. Proceeding, consider R x S* with metric g = go x gsp(2). We will show that the (2.1

holdsifand onlyifx =y =2, x =y =4z, x =4y =z, ordo =y = 2.

We will first consider that case where x = y = z2:

By1 By, Bss
— — = —6 q(g11,9117911)(900)2‘
g 922 933

This clearly satisfies (2.1)).

Proceeding to examine the equalities in general we see that:
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By _ B
g11 g22

—f Q(91179227933)(900)2 = -4 CI(922,933,911)(900)2

q(z,y,2) = q(y, 2, )

Szt — 323y + 2) + 2%yz + x(y? — P2 Syt — 3y3(z + 2) + y?zx + y(2® — 22w
—y2% + 23) — 3yt + 3y3z + 3yz3 — 321 R~ 23) — 324 + 323w + 3223 — 32t
Sxt — 323y — 3232 + 2%y + 2y — wyP2 Syt — 33z — 3xy® + wyPz + y2d — 2y2?
—xyz? + 123 — 3yt + 3y32 + 3y — 324 B —x?yz + 3y — 321 + 3223 + 3232 — 3!
8zt — 4xdy — 6232 + 22%yz + 4ay® — 20122 _0
—2x2% — 8yt + 6y32 + 2y23
2(x — y) (423 + 22%y — 3222 + 2zy? 0
—2xyz + 4y — 3y?z — 23)
(2.2)
By By
g 933
—B Q(911,9227933)(900)2 =—p Q(933,g11,g22>(900)2
q9(z,y,2) = q(y, 2, )
S5zt — 323 (y + 2) + 2%yz + 2 (y? — P2 5zt — 323z +y) + 2oy + z(2® — 22y
—y2? + 23) — 3yt + 3y32 + 3yz3 — 324 - —xy? 4+ y3) — 32t + 323y + 3xy® — 3yt
Sat — 3x3y — 3232 + 22yz + 2y — w2 524 — 3x2% — 3y2® + ay® + 232 — 2%yz
—xyz? + 123 — 3yt + 3y32 + 3y — 324 - —ay?z + y32 — 32t + 323y + 3zy® — 3yt
8zt — 623y — 4232 + 22%yz — 2293 _0
—2xyz? + 4223 + 2932 + 6y2® — 8%
2(x — 2)(42® — 322y + 2272 — 2zy2 0
+222% — 1y — 3y2? + 423)
(2.3)
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By _ By
922 g33

—f Q(922,933,911)(900)2 =—f Q(9337911,922)(900)2

9y, z,%) = q(y, 2, 7)

Syt —3y3(z + x) + yPex + y(2® — 2% 524 — 323(x 4+ y) + 22ay + 2(a® — 2%y
—zz? + 2%) — 32* + 3232 + 322% — 32! —zy® + y?) — 32t + 323y + 3wy — 3yt
Syt —3yz — 3wy’ + wytr +y2d —ay2? 52t 3wz’ - 3y +ay® + 2tz — 2Pyz
—2?yz + 23y — 32* + 3w2® + 3232 — 32* —zy?z + y3z — 3at + 323y + 3wy — 3y?

Syt — 4Pz — 6zy3 + 2xy%2 + 4dy2® — 2xy2?
=223y — 824 + 6123 + 2232
—2(y — 2)(2% + 3zy® + 2wyz + 3222
—4q — 2y%2 — 2yz? — 423)

(2.4)

Case 1. Suppose that x = y. Then 1s satisfied. Moreover this means that in order for

to be satisfied:

0 =4a® — 322 + 2222 — 222 + 2022 — 2® — 32 + 423
=4z2% — 12?

= 2*(4z — 1)
Consequently x = 4z. We see that this equality not only holds in but is forced:

0 =224 32> + 2222 + 322% — 42° — 22022 — 202% — 423
= x2? — 423

= 2*(x — 42).

Thus x = y = 4z maintains all three equalities.
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Case 2. Suppose that x = z. Then 15 satisfied. Moreover this means that in order for
to be satisfied:

0 = 42° + 22%y — 3% + 229 — 222y + 4y° — 3y — 2°
= 4y3 — yzx

=y (4y — ).
Consequently v = 4y. We see that this equality not only holds in , but is forced:

0 = 2 + 3zy® + 22y + 32° — 4y® — 209® — 2%y — 42
= :1cy2 — 4y3

=y (z — 4y).

Thus x = 4y = z maintains all three equalities.
Case 3. Suppose that y = z. Then is satisfied. Moreover this means that in order for

to be satisfied:

0 = 42® + 22%y — 32y + 22y — 2xy” + 4y — 3y° — °
= 42° —y’z

= 2%(4z — y).

Consequently 4x = y. We see that this equality not only holds in , but is forced:

0 =423 — 3x2y + 2x2y — 2£Ey2 + Qny - y3 - 393 + 4?43
= 423 — 2%y

= 1*(4r — y).
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Thus 4x = y = z maintains all three equalities.

Case 4. Suppose that x # vy, x # z, y # z. Then only other permissible metric would need

to satisfy the system of equations:

r

4a3 + 22%y — 3222 + 22y — 2xyz + 4y — Yz — 23 =0,

| 423 — 322y + 22%2 — 2xyz + 2x2% — P — 3yz2? + 423 = 0,

23+ 3wy? + 2wyz + 3wz — 4y — 2972 — 2y2% — 423 = 0.

\

Subtracting the first equation from the second yields:
5%y — 5xz + 2xy® — 2w2% + 5y — 3yPz + 3yt — 522 =0
(y — 2)(52® + 2zy + 222 + 5y* + 2yz + 52°) = 0.

Thus y = z contradicting the original assertion. Moreover, the metric is positive definite.

Thus, this case yields no potential metrics.

Therefore, by Theorem [2.2.12, R x S® is a Bach soliton if and only if gi; = gos = ¢as,

911 = G22 = 4933, g11 = 4922 = 33, Or 4911 = a2 = G33. [l

Theorem 2.2.26. If g1 = ga2 = gs3 then the soliton produced by R x S3 is Bach flat and

steady.

Proof. Suppose g11 = goo = g33. We know by Theorem [2.2.25 that this is the metric of a
soliton on R x S®. Then:
By _ Byy  Bss

= =0 CI(911,911,911)(900)2 = —5(0)(900)2 = 0.
g11 g22 g33

Thus ¢ = 0, so the soliton is steady.
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Moreover, since

4

p(z,z,7) = 2* — 2*(22) + 2* + 2(—2* + 2° + 2* — 2%) + 2* — 2*

—2t+ 2t =0

q(z,z,z) = 5z* — 323 (2x) + 2* + w(2® — 2® — 2% + 2) — 32 + 32* + 32* — 32* = 0.

We know that B;; = 0 for all i = 0,1, 2,3. Therefore the metric is Bach flat. O

Remark 2.2.27. Note that in the previous proof, one could have referenced Corollary
instead of calculating the Bach tensor. The calculation was included to demonstrate an

alternate method using known components of the Bach tensor.
Theorem 2.2.28. If g11 = g2 = 433 then the soliton produced by R x S® is expanding and

immonrtal.

Proof. Without loss of generality, suppose g11 < goo < g33. Consider g1 = goo = 4g33. We
know by Theorem [2.2.25| that this is the metric of a soliton on R x S2. Then:

B B B
=2 _ 3 q(g11, 911, 4911) (go0)? = —2¢
g11 g22 g33

Observe that:
1 5 1 1 1 1
q <£L‘,.T, Zx> = 5374 - 31'3 (Zl') + 1274 +x (1’3 — 1.273 - E.Tg + 6_4:63)

15 1 1 1 1 3 3 3
=x4<5——+—+1————+——3+—+———)
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Thus 525 (g11)*(g00)* > 0. Since

—2c = 5%(911)4(90())2

we see that ¢ < 0. Recall the soliton is of the form Hess f — %B = cg. Thus, the soliton with

the given metric is expanding.
Using Theorem [2.1.13, The Bach tensor is conformally invariant of weight w = —2, so

7t = v/1 —4ct. Since ¢ < 0, we see that 7; is defined for t € (1 oo). Thus the soliton is

4¢)

immortal. O

Remark 2.2.29. This result aligns with the analysis of the Bach flow of R x S3 in [Hel20].

72



Chapter 3

Future Directions

This thesis begins the program of studying ambient obstruction solitons and there is still
much to be learned. The following research objectives outline a few of the different directions

and applications of this program of study.

Open Question 3.1. Complete classification of homogeneous gradient Bach solitons and

extend methodology to dimension n = 6.

In order to complete the classification of homogeneous gradient Bach solitons, we need
to classify expanding solitons. These solitons will be of the form R x N? where N? is
a non-unimodular Lie group, and thus can be classified using the same methodology as
in my previous work, [Gri20]. Thus, once one calculates the explicit representations of the
components of the Bach tensor using computing software (following methods used in [Hel20]),
the method used in Section 2.2] will determine the existence and nature of solitons on those
manifolds. The cases of non-gradient solitons and co-homogeneity one manifolds are also

completely open.

Extending these results to higher dimensions, we can examine homogeneous gradient
ambient obstruction solitons for n = 6. Since Theorem [2.1.17] applies to every dimension

of the ambient obstruction tensor, we can use methods similar to those used in Section
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to investigate the homogeneous 6-dimensional ambient obstruction solitons. This project
will provide additional insight into the nature of ambient obstruction solitons to inform the

understanding of the conformal invariance of solitons for n = 6.

Open Question 3.2. Continue studying the solitons of the q-flow via properties of the

general tensor q, specifically considering q with a well defined conformal transformation law.

Using similar techniques to Section we can continue examining solitons of the ¢-
flow where ¢ is a general tensor with selected properties. Specifically, we are interested in
examining the case where ¢ has a well defined transformation law under conformal change.
In the case when ¢ is conformally invariant, this question reduces to examining modified
solitons of the form %[, xg = Ag + %q where A is function. This change allows us to see
how conformal class is preserved by the flow and look towards finding conformal classes of
solitons. This work bridges the fields of conformal geometry and geometric flow, and has

proven incredibly fruitful.

Since the conformal invariance (of weight 2 — n) of the ambient obstruction tensor is well
established, we will use this tensor as a guiding example. To improve generalizations, we
look to [BH11] to guide how we account for other transformation laws when constructing

the geometric flows.

Open Question 3.3. Use the known connection between the divergence of the Ricci tensor

and scalar curvature to continue to generalize theorems from Ricci flow.

As we point out in Section , div Ric = %VS. This implies that on a manifold with
curvature the Ricci tensor is divergence-free. We note that in Section many of our
generalizations rely on one or both of these properties. Researching this equivalence could
allow us to loosen conditions, to generalize a greater number of theorems, to consider the
homogeneous non-gradient case, etcetera. One such theorem that could be generalized is as

follows.

Theorem 3.3.1 (Theorem 1.2, [PW09]). A gradient Ricci soliton is rigid if and only if it
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has constant scalar curvature and is radially flat.

(A gradient soliton is rigid if it is of type N xpR* where N is Einstein with Einstein constant

A f = %]m|2 on R* and where I" acts freely on N and by orthogonal transformations on R*.)

This theorem comments on complete non-homogeneous manifolds, something that is not
discussed in this thesis. A first step in generalizing this result would be to investigate the
condition that the soliton has constant scalar curvature. Is it a necessary attribute of the
manifold? Or, is it necessary to force the Ricci tensor to be divergence-free? Answering this

question would allow us to give a similar result for a general tensor q.

Open Question 3.4. Fxamine extrinsic analogies of the Bach flow and ambient obstruction
flow.

The Ambient obstruction tensor and, consequently, the Bach tensor are intrinsic tensors,
meaning that they do not depend on the ambient space a manifold is immersed in. Another
way to expand our work is by flowing manifolds by extrinsic tensors with similar conformal
properties. Studying the Bach flow built an understanding of how conformal properties
impact intrinsic flows and has led to a number of generalizations. Seeking to do this for
extrinsic flows, we will be led by the example of the first variation of the Willmore energy: the
Willmore invariant. Just as mean curvature flow is an extrinsic analog of Ricci flow, flowing
a surface by the Willmore invariant is the extrinsic analog of the Bach flow. This can be
extended to higher dimensions by considering the first variation of the conformally invariant
generalization of the Willmore energy, as established by Graham-Reichert in [GRI7]. This
can be thought of as the extrinsic analog of the ambient obstruction tensor. Though the
tools needed for this investigation seem to be fundamentally different from our previous
work, the connections between the Willmore invariant and Bach tensor (and that of their
higher dimensional equivalents) will allow us to draw conclusions about extrinsic geometric
flows by ¢ with conformal transformation laws, and determine the necessary considerations

for extrinsic ¢ and thus make further generalizations.
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Appendix A

Weyl Tensor

This appendix is intended to serve as a continuation of Section [I.2] We begin by proving
a number of identities and properties of the Weyl tensor in arbitrary dimension n > 4.
Then, focusing on n = 4, we expand upon the notion of self-duality to see that we can use

eigenvalues and eigenvectors to prove identities of the self-dual Weyl tensor.

Recall the following definitions from Section [I.2}
Wabcd = Rabcd + gachd - gadec - gbcPad + gbdpac (A]-)

for

1 S
Pi= =3 (RU - m%)

Equivalently, we can give the Weyl tensor directly in the terms of its Riemannian, Ricci
and scalar curvature tensors. This fact is useful in calculations and the derivation is shown

below.

S
n—1)(n—2

1
Wabcd = Rabcd + m (Rbdgac - Rbcgad - Radgbc + Racgbd) - ( ) (gacgbd - gadgbc) .

(A.2)
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Proposition A.0.1. and are equivalent.

Proof.

1 S S
Wabed = Rapea + m (gac (Rbd - mgbd) — Jad <Rbc - mgbc)
S S
—Gbe (Rad - mgad) + Gbd (Rac — mé@))

1 S S
:Rac S R ac 57/ 1\ Jdac _Rca o/ 1\ Ja c
bd+n_2( bdd 2(n—1)g 9bd bgd+2<n_1)gdgb
S S
_Ra c a7/ 1\ YbcHa Rac N ac
d9be + 2(n_1)gbgd+ 9bd 2(n_1)gbdg )

1
= Rabcd + m <Rbdgac - Rbcgad - Radgbc + Racgbd

S
YN ac — Ya c cYa + ac
2n — 1) (9acGbd — GadGbe — GocGad + Gbag ))
Rt + —— (RoaGue — Rogod — Rudghe + Ructoa) CA— )
= Llabed n—_9 bdYac beGad ad9be ac9bd (n — 1)(71 — 2) GacGvd GadYbe

A.0.1 Identities of the Weyl Tensor

In this section we will prove a number of results about the Weyl tensor. These results have
been written to include additional steps that one wouldn’t otherwise show in order to shed

light on the nature of these calculations.

Proposition A.0.2 (Symmetries of the Weyl tensor.).

Wabcd = _Wbacd = _Wabdc = chab'

Proof.

Wabcd = Rabcd + gachd - gadec - gbCPad + gdeac
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Wiacd = Rpacd + GocPad — GodPac — GacPod + GaaLoc
= —Raped + —9acPod + Jadboc + GocLad — GvaLac
= —Wabped

Wabde = Ravde + GaaPoc — GacPod — GodPac + gocFad
= —Raped + —9acPod + gadboc + GocLad — GvaLac
= —Waped

Wedab = Redab + GeaPav — 9ebPaa — GdaLev + gavLea
= Rabed + JacPra — GocPad — JaaPoe + gvaPac
= Rabed + JacPra — GaaPoc — GvePad + gvaPac

= abed

Note the following symmetries:
9ij = Gji,

Rij = " Raijp = 9" Rujia = 9" Rojia = Ry,

Lemma A.0.3 (Bianchi identity).
Wabcd + Wcabd + Wbcad = 0
Proof.

Wabcd = Rabcd + gachd - gadpbc - gbcPad + gbdpac
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Weabd = Reavd + GevPad — GedPab — GabFed + GaaLev
Wicad = Rabed + GoaLed — GoaLea — Geabod + Gedboa
Wabed + Weabd + Wicad = Rabed + JacPod — GadPoe — GocPad + GoaLac
+ Reabd + 9evPad — 9eaPab — GabFPed + JaaPes
+ Rabed + GoaLed — GpaPea — GeaPoa + Jeaboa
= Raped + Reabd + Rabed + JacPod — JadPoe
— GocPad + gpaluc + 9eb Pad — GeaPab — JabLea
+ GadLev + GpaLed — GpaPea — GeaPoa + geaboa
= 0+ GacPoa — Gaaloc — gavPea — GoePod + goaLac — GealPub

- gachd + gadec + gachd + gbcPad - gdeac + gcdpab

Lemma A.0.4. The Weyl tensor is trace-free.

Proof. We approach this proof by tracing over the different pairs of indices. First, we examine

the results of tracing over the first and fourth indices.

1
gabWacdb = gab (Racdb + (n _ 2) (gadRcb - gabRCd — ngRab —+ ngRad)
(n _ 1)<n _ 2) JadYcb Jabcd
1
= 9" Reeap + (=2 (9" 9aaRet — 9" gapRed — 9% ealap + 9% b Rad)
S ab ab
R (9" 9aager — 9 Gabged)
:RC+ 5bRc* RC*CS‘F(SGRG — 6176* .
d (n_2)(d b — NLed — Ged c d) (n—l)(n—2)(dgb ngd)
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= Rcd + ( i 2) (Rcd - chd - gcdS + Rcd) - (TL — lin — 2) (gcd ngcd)
1 S
Req + ()] ((2 = n)Reg — geaS) — = 1)(n—2) ((1 =7)gea)
1 S
Req— Req — mgcds + mgcd
= 0.

Due to the symmetry of the Ricci tensor, we see that we can switch the inner two indices

without consequence to our final calculation when we are not tracing over those two indices.

1
gabWadcb = gab (Radcb + (n ) (gaCRdb - gadec - gchab + gdbRac)
> (Gacgab — Gabg ))
- acYdb — YabYdc
(n—1)(n—2)
1
= gabRadcb + (g bgacRdb - gabgabRcd - gabgcdRab + gabgdbRac)

S ab ab

(TL — 1)(n — 2) (g Yacddb — 9 gabgcd)

— 1 b a S b
= Req + m (66Rdb nReq gcdS + 6dRac) (n — 1)(7’L — 2) (5cgdb ngcd)

1 S
Req + )] ((2—=n)Rea — geaS) — (n—1)(n—2) (1 = n)gea)
Rcd - Rcd - ﬁgcds + (n—f’2>gcd
=0.

Since Wicda = Wepad = Wades, We see that ¢®*Wiese = 0 and likewise ¢**Wigeq = 0.

Applying these calculations to different indices, it is easy to see that:

ac ac
gac abde = gacWadbc =g chda =4 chba = 07

gadWabcd = gadWacbd = gadebca = gadeCba = Oa
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gbCWbadc = gchbdac = gchcadb = gchcdab = Oa
gdebacd = gdebcad = gdedacb = gdedcab = 07
ngWcabd = QCdchad = QCdeabc = ngdeac = 0.

Thus, the trace over the first and fourth indices of the Weyl tensor is always 0.

Our method moving forward will be to use identities and symmetries to get the indices we
are tracing over in the first and fourth position, then use our previous findings. Proceeding
to take the trace over the first and second indices, we use the first Bianchi identity and the

symmetries of the Weyl tensor:

Wabcd = _Wcabd - Wbcad = _Wacdb + Wbcda-

Taking the trace we see that:

gabWabcd = _gabWacdb + gabWbcda = 0.

Using symmetries to exhaust other formations:

gab Wabdc = _gab Wabcd =0 gab Wbacd = _gab Wabcd =0 gab Wbadc = gab Wabcd = 0.

As is the case above, this generalizes, and thus the trace over the first and second indices of

the Weyl tensor is always 0.

Proceeding to take the trace over the first and third indices:

gacWabcd = _gaCWabdc =0 gacWadcb = _gacWadbC =0
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gaCchad = _gacWdea =0 gachdab = _gachdba =0

As is the case above, this generalizes and thus the trace over the first and third indices of

the Weyl tensor is always 0.

Proceeding to take the trace over the second and third indices:

gchabcd = gbCWbadc =0 gbCdeca = gchbdac =0

gbCWacbd = gbCWcadb =0 gbCWdcba = gbCchab =0

As is the case above, this generalizes and thus the trace over the second and third indices of

the Weyl tensor is always 0.

Proceeding to take the trace over the second and fourth indices:

gdeabcd = _gdebacd =0 gdecbad = _gdebcad =0

gdeadcb = _gdedacb =0 gdecdab = _gdedcab =0

As is the case above, this generalizes and thus the trace over the second and fourth indices

of the Weyl tensor is always 0.

Proceeding to take the trace over the third and fourth indices using the first Bianchi identity:

ngWabcd = QCd (_Wcabd - Wbcad) = _ngWcabd + ngchad =0.
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Using symmetries to exhaust other formations:
QCdeacd = _ngWabcd =0 ngWade = _ngWabcd =0 QCdeadc = QCdWabcd = 0.

As is the case above, this generalizes and thus the trace over the second and fourth indices

of the Weyl tensor is always 0. O

Expansion on Duality

Let n = 4. As discussed in Section [1.2] the Weyl tensor decomposes into two parts, W and
W~. In this section we detail this decomposition and examine the linear algebra to prove

useful identities for each of the components.

We begin our investigation of the Weyl tensor by noting that the Riemannian curvature
tensor defines a self-adjoint transformation % : A?> — A2, where A? is the set of exterior two

forms. This transformation is given by:

1
K(e; nej) = 52Rijklek A €
kol

As in [AHSTS], we are able to rewrite # as a block matrix relative to our decomposition of

exterior 2-forms:

A B
B* C
where B is a homomorphism from A%~ to A>*, A is a self-adjoint endomorphism of A%,

and C is a self-adjoint endomorphism of A%~.

A classic fact, pointed out in [Bes08], is that there is a natural decomposition of the cur-

vature tensor into components involving the scalar curvature, the trace-free part of its Ricci
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tensor, and the Weyl tensor. Furthermore since the Weyl component can be decomposed into
self-dual and anti-self-dual, per [ST69], this decomposition is given in terms of the matrix
by:

X — (trA,B, A — %trA,C’— %trC’),

where tr A = trC = iS, B is the trace-less Ricci tensor, and

Recall that A and C were endomorphisms of A% A%~ respectively. Thus, we see how the

Weyl tensor decomposes into self-dual and anti-self-dual parts.

Proceeding to examine the Weyl component as a matrix itself, we know from [CGY03]
and [Der83] that we can fix a point and diagonalize W*. Doing so, we get the oriented
orthogonal bases (w*,n*,0%) and (w™,n~,07) of AT and A~ respectively. The eigenvectors

of W are such that

wH =t =167 =v2 and |w7|=|p"|=10"] = V2.
Let the three corresponding eigenvalues of W* and W~ be given by A", u*, v and A\~

p~ and v, respectively. Then we can represent the Weyl tensor as:

W=-M\w ew)+utnten) +v (0" ®67))

+ N | —
—

N | —

(™ ®w) + o @) + v (6 ®67)).
Additionally, the self-dual and anti-self-dual components are given by:

WH=-(A(w@w)+u n"en")+rv " ®6")),

(A.3)

W = (A (W @ ) +u (7 @7 ) +v (07 ®07)).

N — N~
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Lemma A.0.5. [W*[2 = (A")? + (ut)? + (v1)2.

Proof. In order to avoid issues with normality, we look at each eigenvector as a unit vector

in the same direction scaled by v/2. To do so, let:

|W+|2 _ (/\+(w+ ®w+)+ﬂ+(n+ ®n+)+y+(0+®0+))

2

</\+(\@a ®+2a) + 1t (V2@ V2b) + vt (vV2e ® m)

2

N~ NI~ N~

(22X (a®a) +2u"(bRb) + 207 (c® )

=M (a®a) + pT(b®b) + y*(c®0)|2

= (AT + () + ()2

Since W is trace-free (and, consequently, so are W), this implies that At + pu™ + v =0

and A"+ pu"+v =0.

In order to use this basis of eigenvectors, we need to rewrite ngl as W+ : A2 - A%
That is we want type change from a (4,0) tensor to a (2,2) tensor. We know for an arbitrary

tensor T : A?> — A%
Tiji = T(eiej,ex,er) = g(T(e; A €j), e Ae€p).

This fact will prove invaluable in the following proofs.

Moreover, one should note that results one can quickly find mirroring results for W~
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using the same methods we use below.

Rewriting e; A e; in terms of our eigenbasis:

wh=—eg Aeg—es Aey Nt = —e; Aes—e4 N e 07 = —e; Aeqy—eq A eg

W =€ Ney—E€e3A ey N =€ A€z — €4 A € 0" =e; Aeqg—eg A es
Thus, we see that:

1
(—ofr —|—w*) =—(—(—eg Aeg—egneq)+(e1 Aea—e3Aey)) = B (2e1 A e3) = €1 A e,

(-~ ) -

N — DN =
N — N —

(—(—e1 ney—e3ney) —(e1 Aeg—e3 Aey)) = 5 (2e3 A ey) =e3 A ey.
Moreover we use the fact that w™ and w™ are eigenvectors of W, W~ to see that:

WH(wh) = ™, WH(w™) =0.

Using this process to rewrite all pairs of e; A ¢; in terms of the corresponding eigenvector

and finding the corresponding values of W*, W=, and W (when taken as (2,2)-tensors).
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e; Aej | Eigenvector | WH(e; nej) | W(e; A e) Wie; A ej)

ernes | s(—wt+w?) | —3ATw? AW S(=AMwt+ A W)
esnes | s(—wt—w?) | —3ATw? A w3 (AWt —Aw)
einey | 3(=nT+n7) | =gty s | g (=atnt )
esney | s(—nT—n7) | —sutnt —sun” | 5 (=t —pmn7)
erAey | (=07 +67) —svtot 0" S(—vtot +v707)
ex ney | 3(—0F—67) —svtot —sv 6 (vt —vo7)

Table A.1: Weyl tensors given in terms of eigenvalues and eigenvectors

Proceeding, we will use a few lemmas to eliminate cases that we need to consider. We
will do this for both the self-dual component of the Weyl tensor and the whole Weyl tensor.
It should be noted that there are parallel identities for the anti-self-dual component of the

Weyl tensor.
We focus first on the self-dual component.

Lemma A.0.6. For any i,j,k,l (not necessarily distinct):

+ ot
W/iikz—m/ijkk—o-

Proof. g(W™(e; nei),ex ne) =0=gWh(e; nej),ex A ex). O

We see this holds for the whole Weyl tensor.
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Lemma A.0.7. For any i,j,k,l (not necessarily distinct):
Wikt = Wijke = 0.

Proof. g(W(e; nei),ex ner) =0=g(W(e nej),er A ex). O

Again, focusing on the self-dual component we get the following identity.

Lemma A.0.8. If any one index is repeated, the Weyl tensor is zero. That is, for distinct

ikl W = Wi = Wi, = Wi

il ki il ak; = 0. Note, if two indices are repeated, this is not

true.

Proof. In order to use our eigenbasis, we focus on a specific set of indices that demonstrate

this desired repetition. Consider:

W1+213 = g(W+(€1 A 62)761 A 63)

1
= —Z—lﬁg(uﬁ, —n"+n7)

=0

because the eigenbasis is orthogonal. This calculation can be repeated to the same end for

all other such combinations of indices. O

Again, this holds for the entire Weyl tensor.

Lemma A.0.9. If any one index is repeated, the Weyl tensor is zero. That is, for distinct
0,9,k 00 Wiz = Wijki = Wiiii = Wijk; = 0. Note, if two indices are repeated, this is not

true.
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Proof. Again choosing a specific set of indices for ease of calculation, consider:

Wizis = g(W(e1 A e2),e1 A e3)

=] 4>|>—wJ>I»—4>I>—*

g Wt AW, T )
“Mgwr, =T+ )+ A gw T, =T +17))

glw
N (=gt ) + glwt 0 7)) + A (—g(w ) + g(w,n7)))

/\/\

As above, this is due to the orthogonality of our eigenvectors. This calculation can be

repeated to the same end for all other such combinations of indices. O

From these two lemmas, we can determine that the only nonzero values of W

ikl are those

with four distinct indices or with two pairs of indices. These are enumerated as follows.

1
Z)\+|w+|2 =g (W*(e1 A e2),e1 A €3)

+ 1t it + Ut
= Wisio = Wibgy = Wilay = Wil = Wiy = Woys = Wiz = Wiy

1
—AwtP=g (W+(62 A€1),€e1 A 62)

4
Wt Wt — Wt — Wt Wt Wt — Wt —
= Wigor = Winas = Wagys = Wiagor = Wapnp = Woigy = Wiggy = Wiy
1 T2 W+
ZM 7| —9( (61/\63),€1A63)
+
= Wiz = Wikiy = Wihio = Wihiz = Walsr = Wilay = Wajpy = Waigs
+nt|2 — +
Z,u |77 | =4 (W (61 A 63),63 7AN 61)
Wt + Wt Wt Wt — Wt — Wt
= Wiss1 = Wisas = Winay = Wingr = Wilis = Wiy = Woipo = Waiyg
g2 +
i 0717 = g (W (e1 A es),e1 A eg)

W Wt =W — W W =TV — W — T+
= Wiy = Wiz = Wagay = Wazy = Wiy = Wiizs = Wiz = Wany
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1
—Zy+]9+|2 =g (W*(e1 A €q),e4 A €1)

— + _ + _ + _ + _ + _ + _ + _ +
- W1441 - W1432 - W2332 - W2341 - W4114 - W4123 - W3223 - W3214

A sample of the calculation involved:

W1J512 =49 (W+(€1 A 62)761 A 62)

1 1
=g (—5/\+w+, 5(—w+ + w_)
Loy o Loy v -
:ZA g<w W )_Zl)\ g(w W )
1
:Z/\+|w+|2

Similarly, we find the that for the whole Weyl tensor:

Wia1a = Waazs = Flw ] + A w| )

=

¥

3

h g
I

AF — A |w %)

+

Wisis = Wagae = — (1 pIn |2)

+

TP = P)

=
w
=~
S

Wiga = Wages = +|9+|2 +v7|0” |2

(A
(
(
(
(v
(v

%IH%IH%IH%I»—‘A&IH%I»—‘

)
Wigs = = (V|07 P — v |07 )

A sample of the calculation involved:

Wiz = Q(W €1 A 62) €1 N 62)
_ 1 +, + 1 + -
= (2 AW+ AN w” ),2( w +w>

(Ag(w® — AMgwh,w?) = A glw,wh) + A g(w,w7))

90



(/\+|w+|2 + )\—|w—|2)

N

The following lemma is widely accepted as true, but an explicit proof was not given in
the literature. As such, we’ve chosen to prove it in this section for completeness. The reader
should also note that part (a) of the following Lemma has been edited to the equivalent

result in [Der83] as the statement in [CGY03] has a few small errors.
Lemma A.0.10 (Chang-Gursky-Yang, Lemma 3.4).
a. I/Vz;klezkl = — Wi

b. W, i

WiiaWpar = 24 det W

¢ AWinins W5 Wiy = 48 det W

jmsl
a. Proof. Using the symmetries of the Weyl tensor one should note that this is equivalent
to proving:

+ + +12¢5
VVz‘jlesjkl - ’W ‘ 523

Proceeding, we show by contradiction that W;;uWu = 0 if i # s. Seeking said
contradiction, suppose that there was a nonzero value of W, W;r. That is, suppose
there is a combination of 7, s, j, k, [ such that both components are nonzero. Without
loss of generality, let © = 1. From the rules above, we know that j # 1, and that one

of two cases: 1.) One of k or [ can equal 1 or 2.) j # k # 1 # 1.

Case 1. Without loss of generality, suppose k = 1. This forces j =1 and the first term
to be of the form Wijy. By our original supposition, s # 1. Consequently we see: Wjy
this means that s, j, and | must be distinct and non-one. However, our supposition

forces 7 =1, a contradiction.

Case 2. Suppose, on the other hand, that 7 # k # [ # 1. Then, when we consider
Wsjki, s = 1 (else s would equal one of j, k, or l). This contradicts our original

supposition that s # i.
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Therefore, by contradiction, for ¢ # s WiuWsjm = 0.

Proceeding, suppose i = s. Recall from our construction of the eigenbasis, |w*| =
In*| = |6*] = V2. Using (A.3) to represent the right hand side in terms of the

eigenbasis we appeal to Lemma to see that:
WP = (AF)* + (1) + (vF)?)

Proceeding to examine the left hand side by enumerating the combinations of indices

that produces a nonzero W+ we see that:

+ + + +
leklwljkl = Z leklwljkl

jkl
2
=§]UWEM)
gkl
2 2 2 2
1 1 1 1
_ Z)\+|w+|2 + Z)\-&-|W—s—|2 + _Z/\+|w+|2 + _Z)‘+|w+‘2
| | | I | | I |
1212 1234 1221 1243

2
1++2 1++2 1++2 +1,,1 2
+Zu|n| +;lu|n| + | —=p"In"| ulnl

1313 1342

2
1 +1n+12 1 +1p+|2 1 +1p+ 12 + +12
I—I
1414 1423 1441 1432

Since |wt| = [n*| = |0F| = v/2 we can simplify this:

=) + () () < ()
) () () ()
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b. Proof. In order to show that

W+

msij

note that

det W+ = AT v,

Moreover, recognize that since A* + put + vt =0,

0=\ +pt+0h)?
= (AT + () + () 4+ 3A (1) + 3T () + 3uT (W) + 3t (vF)?
+ 30T (AT + 3T ()2 + 6Tt
= AP+ (W) + ) 3T )N+ 3T + o) ()
+ 3T+ a2+ 6a Tttt
= AP+ (W) + )+ 3TN+ 3= ) (1) + 3(—v ) () + 6AT YT
= AP+ (W) + () = 30N = 3(uF)? = 3 )+ 6AT YT
= 20\T) —2(p")® =20 4 6AT LT

= =2((A)?+ ()P + (W)?) + ATttt
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Thus (AT)? + (u)? + (v1)? = 3ATutv'. Therefore, it is equivalent to show that:

W+

msij

W/i;'rkzw+skl =38 ((/\+)3 + (uh)? + (V+)3) .

m

The most straightforward way to prove this is to enumerate the possibilities and use

some simple counting arguments.
I. Consider the case where {m, s} = {1,2}, {i,j} = {1,2}, and {k, 1} = {1,2},. Then

1

W, ‘WJMWJF 64

_ + +
msij mskt = Wi21oWi1oWiae =

VP ()P = X

We get this same result when {m, s} = {3,4}, {i,j} = {1,2}, and {k,{} = {1,2}.
In fact, if we switch any of the 1’s with a 3 (and the corresponding 2 with a 4).

So we see that we have the following sets of indices that yield the above result.
o {(m,s) =(1,2), (1,5) = (1,2), (k1) = (1,2)}
o {(m,s) =(3,4), (1,5) = (1,2), (k,1) = (1,2)}
o {(m,s) =(1,2), (1,7) = 3,4), (k1) = (1,2)}
o {(m,s) = (1,2), (i,5) = (1,2), (k1) = (3,4)}
o {(m,s) =(3,4), (1,7) = 3,4), (k1) = (1,2)}
o {(m,s) =(1,2), (1,7) = 3,4), (k1) = (3,4)}
o {(m,s) =(3,4), (1)) = (1,2), (k,1) = (3,4)}
o {(m,s) =(3,4), (1,7) = 3,4), (k1) = (3,4)}

Thus, so far we have 8 sets of indices, each of which produce W'

+ ot —
VVijlemskl -
1,43
L3,

Proceeding, we will look at how we can modify these 8 sets by switching pairs of

indices.
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i. If we switch m and s we generate 8 more sets. Using the symmetries of the
Weyl tensor we see that reflecting any single pair of indices results in the
same answer:

W+

smij

I/Vi}_klwtnkl = (_W+

s mstj

)Wi}_kl (_Wn-:skl)'

There are 3 ways to reflect one pair of indices. Thus, there are a total of 24 sets

of indices with one pair switched, each set producing: W,\ ;Wi W ) = A3,

ii. If we switch m and s and then switch ¢ and j, again we generate 8 more sets.
Reflecting two pairs of indices produces the same result:

W WiV,

smji

smkl — Wrzsij (_VVJM) (_W’r—r"L_Skl)
and there are 3 ways to reflect two pairs of indices. Thus, there are a total of 24
sets of indices with two pairs switched, each set producing: W AWJMWJSM =

msij
143
IS,

iii. Lastly, reflecting all three pairs of indices still maintains the original sign:

+ + Wt — it
WeniiWinWamr = W,

smji msij

+ Y+
Wijlemskl :

There is only 1 way to do this, so there are a total of 8 sets of indices with

all three pairs switched, each set producing: W7 . W5 WI,, = X3,

msij mskl —

Therefore, there are a total of 8 + 24 + 24 + 8 = 64 sets of indices, thus we see
that we get
W, 'W'erleJrskz = 8(>\+)3-

msij ' g m

IT. We can repeat this process with pairs (1,3) and (4, 2), again producing 64 sets of
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indices yielding

W, 'Wz‘}rle:kl = 8(M+)3-

msi) m

III. Lastly, we can repeat this process with pairs (1,4) and (2, 3), producing another

64 sets of indices yielding:

W, 'Wi;'rklw+skl = 8(V+>3-

msij m
Combining all of these different options we see that indeed:

W, 'WJlerJﬁskl =8(AT)? +8(uh)? +8(vh)?,

msij

proving our revised claim. ]

. Proof. We will proceed in a similar fashion to show that:

AW onits Wi W = 48 det WH.

jmsl

Again, we begin by noting that it is equivalent to prove that

+ 1+
Woniks Wi W,

gmsl

=16 Tutv".

As in part (b), the most straightforward way to do this proof is to enumerate the
nonzero options. Recall that the norm of the eigenvectors is v/2. Moreover, from the
symmetries we know that if m # s, 1 # k, and j # [ then m # ¢ # j and s # k # .

For example, if m = 1 then ¢+ = 2 and j = 3, so:
1 o 1 1
= W1212W2§23W£31 = <Z ()\+’w+’2 + )\ ‘w ‘2)> (Zy+‘9+‘2) <Z”+‘n+‘2)
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1

1
= Attt + A utut,

8

8

The following chart enumerates all of the combinations. Taking the product of the last

last three columns of each row and adding the rows together produces 16 A" u"v", as

desired.
m | s imks | ikl | mysl Wimks Wi}rkl Wntjsl
1 2121 | 2323 | 1313 | (AT + A7) | vt | gut
1 2121 | 2424 | 1414 | (AT + A7) | gut | gt
1 3131 | 3232 | 1212 | S (u* +p7) | vt | AT
1 3131 | 3434 | 1414 | L (u" +p7) | AT | Jv7
1 4141 | 4242 | 1212 | (v +vT) | st | 3T
1 4141 | 4343 | 1313 | (T +v7) | AT | ut
2 |2 1212 | 1313 | 2323 | (AT + A7) | sut | vt
2 |2 1212 | 1414 | 2424 | $(AT+ A7) | ot | Luf
2|2 3232 | 3131 | 2121 | (v™+v7) | sut | AT
2|2 3232 [ 3434 | 2424 | S (vT+v7) | AT | iut
2 |2 4242 | 4141 | 2121 | S (ut+po) | gt | At
2 |2 4242 | 4343 | 2323 | S(ut+pm) | AT | gt
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1313 | 1212 | 3232 | 5 (ut +p7) | AT | vt
1313 | 1414 | 3434 | L (p"+p) | vt | AT
2323 | 2121 | 3131 | 3(v"+v7) | AT | ut
2323 | 2424 | 3434 | F(vT4+v7) | gut | AT
4343 | 4141 | 3131 | s (AT + A7) | vt | gut
4343 | 4242 1 3232 | s (AT + A7) | gut | v
1414 | 1212 | 4242 | s(vt+v7) | AT | sut
1414 | 1313 | 4343 | S(vt+v7) | qpt | AT
2424 | 2121 | 4141 | S (pt+pm) | AT | gt
2424 12323 | 4343 | s(ut4+p7) | vt | gAY
3434 | 3131 | 4141 | s (AT 4+ A7) | gut | St
3434 | 3232 | 4242 | (AT + A7) | vt | gt
2112 | 2314 | 1324 | —3 (AT + A7) | vt | —gut
2112 | 2413 | 1423 | —5 (A" + A7) | —gpt | v
3142 | 3241 | 1221 | =3 (™ —p7) | svt | —IAT
3142 | 3443 | 1423 | —5 (u* —p7) | —3AT | vt
4132 | 4231 | 1221 | (vt —v7) | —gut | —3AT
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4132 4334 | 1324 | S(vF—v7) | —IAT | —Luf
1221 | 1324 | 2314 | —5 (AT + A7) | —5pt | vt
1221 | 1423 | 2413 | —5 (AT + A7) | gvt | —5p7
3241 [ 3142 | 2112 | L (vt —v7) | —ipt | —dNY
3241 | 3443 | 2413 | (vt —v7) | —3AT | —ut
4231 | 4132 | 2112 | —5 (" —p7) | vt | —3AT
4231 | 4334 | 2314 | —5 (" —p7) | —3AT | v
2143 | 2341 | 1331 | (AT —=A7) | —ivt | —put
2143 | 2442 | 1432 | (AT = A7) | —3p" | —4v7
3113 | 3214 | 1234 | =3 (™ +p7) | —svF | 2AT
3113 | 3412 | 1432 | —3 (u™ +p7) | AT | —30F
4123 | 4224 | 1234 | —5 (vt —v7) | —5pt | AT
4123 | 4321 | 1331 | =3 (vT —v7) | AT | —ut
1331 [ 1234 | 3214 | =5 (" +p7) | AT | —5v7F
1331 | 1432 | 3412 | —3 (u* +p7) | =30t | AT
2341 [ 2143 | 3113 | =1 (vF —v7) | IXNT | —dput
2341 | 2442 | 3412 | =1 (vt —v7) | =ipt | INT
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4321 | 4123 | 3113 | (At —=A7) | =t | —ut
4321 | 4224 | 3214 | L (At — A7) | —dpt | Lot
2134 2332 | 1342 | =1 (At — A7) | vt | Iut
2134 | 2431 | 1441 | =2 (AT =A7) | dpt | Lot
3124 | 3223 | 1243 | L (u" —p7) | —vt | —3AT
3124 | 3421 | 1441 | S(u* —p) | =327 | —sv7
4114 | 4213 | 1243 | =3 (vT +v7) | sput | —3AT
4114 | 4312 | 1342 | =3 (vT +v7) | —3AT | Suf
1441 | 1243 | 4213 | —3 (v +v7) | =327 | 3ut
1441 | 1342 | 4312 | =5 (T +v7) | st | —3A7T
2431 | 2134 | 4114 | S (pt —p7) | —3AT | —dv7
2431 2332 | 4312 | (u"—p7) | —gvt | —3AT
3421 | 3124 | 4114 | =2 (AT = A7) | dpt | vt
3421 | 3223 | 4213 | —3 (AT = A7) | —ivt | gt
1243 [ 1342 | 2332 | =2 (AT — A7) | ipt | —iu7
1243 | 1441 | 2431 | =2 (A" = X7) | =duT | Luf
3223 | 3124 | 2134 | —3 (v  +v7) | qut | =AY
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3223 | 3421 | 2431 | =L (vt +v7) | —3AT | guf
4213 | 4114 | 2134 | L(ut —p7) | ot | I
4213 | 4312 | 2332 | L(pm—p7) | —3AT | —3uT
1342 | 1243 | 3223 | £ (put —p7) | —3AT | =207
1342 | 1441 | 3421 | L (u"—p) | —3vF | —3A7F
2332 | 2134 | 3124 | =L (vT +v7) | —3AT | guf
2332 | 2431 | 3421 | =L (vT +v7) | ut | —EAT
4312 | 4114 | 3124 | =3 (AT = A7) | =2 | gut
4312 | 4213 | 3223 | =2 (AT = A7) | sput | —ut
1234 | 1331 | 2341 | (AT —=X7) | —qut | —gv7
1234 | 1432 | 2442 | 1 (AT = A7) | —vF | —3p
3214 | 3113 | 2143 | —5 (v —v7) | —ipt | AT
3214 | 3412 | 2442 | =% (vt —v7) | AN | —Lut
4224 | 4123 | 2143 | =5 (u" +p7) | —gvt | gAY
4224 | 4321 | 2341 | —5 (T +p7) | AT | =50t
1432 | 1234 | 4224 | =L (vt —v7) | AT | —1pt
1432 | 1331 | 4321 | =3 (vT —v7) | —ipt | AT
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24| 1]3) 2442 | 2143 | 4123 | =5 (ut +p7) | AT | =3t
2043 [1| 2442 | 2341 | 4321 | —5 (" +p7) | —5v7 | AT
3111 ]3]| 3412 | 3113 | 4123 | (At = A7) | —iput | =50t
31| 2]4] 3412 [ 3214 | 4224 | (AT —X7) | =t | —Iut
1{2]2)1|1324 | 1221 | 3241 | —5 (" —p7) | =A% | vt
1243|1324 | 1423 | 3443 | =3 (u* —p) | g0t | —3AF
2011 ]2]| 2314 | 2112 | 3142 | (v —v7) | —3AT | —u®
2143|2314 | 2413 | 3443 | s (v" —v7) | —spt | —3AF
413124334 | 4132 | 3142 | =3 (AT + A7) | ot | —dut
413 |2] 14334 | 4231 | 3241 | =2 (AT +X7) | —ip™ | 207
12|21 1423 [ 1221 | 4231 | S(v" —v7) | —3AT | =37
1234|1423 | 1324 | 4334 | s (vT —v7) | —gput | —2AT
2011 [2] 2413 | 2112 | 4132 | =3 (u" —p7) | —3AT | vt
2113 [4| 2413 | 2314 [ 4334 | —5 (" —p7) | vt | —3AT
3141 [2| 3443 | 3142 | 4132 | =53 (AT + A7) | —3u | gt
31421 | 3443 | 3241 [ 4231 | =3 AT+ A7) | vt | —ut

Table A.3: Computations for proof of Theorem [A.0.10| (c)
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Appendix B

Structure Constants

In Section we use explicit representation of the Bach tensor to determine the existence
and nature of solitons. To get those representations we use structure constants. We begin
this appendix by looking at the background and meaning behind structure constants, then

we will go through an example of such a computation.

Broadly speaking, structure constants provide an n x n x n array that describes a Lie
algebra structure. Ryan and Shepley, [RS75], call these constants “structure coefficient”,
which more clearly defines their role in describing a Lie algebra structure. When examining
a Lie group with a left invariant metric, the structure constants, Cj arise when looking at

the effects of the Lie bracket on an orthonormal basis ey, ..., e,:
[61', €j] = Cl-jkek = ZCijkek.
k
As Milnor notes in [Mil76], this is equivalent to:

Cijk = <[€¢, 6]‘]7 €k>-

104



The anti-symmetry of the Lie bracket induces an anti-symmetry of the first two indices:
Cijk = —Cjik.

Note, this notation is very similar to the Cotton tensor, but the two are unrelated.

B.1 Geometries

The scope of subsection is limited to the cases where N? is 3-dimensional, unimodular,
Lie groups. The choice of manifolds is related to Thurston’s geometrization conjecture, which
is a 3-dimensional version of the uniformization conjecture in 2-dimensions. Thurston’s ge-
ometrization conjecture uses the geometries from the following classification with other tools
to classifying all 3-manifolds. We refrain from a more thorough discussion of this theorem,
but refer the reader to [Leel8, pg.77] for more information. The following classification of
a subset of 3-manifolds helps guide our choice of manifolds we investigate in Section [2.2.4]
First, define a geometry as a pair (X, G) where X is a set and G is a group acting on X, as

in [Sco83]. Then we get the following classification as stated in [Sco83].

Theorem B.1.1. Any maximal, simply connected, 3-dimensional geometry which admits

compact quotients is equivalent to one of the geometries (X, Isom X) where X is one of E3,

03, S3, R x 82, R x H2, SL(2,R), Nil, or Solv

It’s worth noting that this is equivalent to considering to the nine classes discuss by
Isenberg-Jackson in [[J92]. These classes are (nearly) equivalent to Thurston’s eight ge-
ometries, the notable difference being that the Thurston only considers metrics which have
maximal symmetry. Thus both R? and the group of isometries of the Euclidean plane, F(2),
are considered as one geometry E3. The connection between the two sets of classifications
is summarized in [IJ92, Table 1]. These classifications aid in determining the Bianchi type

of many of the manifolds we examine in subsection 2.2.4f The Bianchi type of each of the
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Lie algebras is provided in [RS75].

Proceeding, we will see how these Bianchi types enable us to determine the structure
constants of our manifolds. In [EMG9] we see that for the unimodular Lie groups that are
Bianchi types, there is a basis for the Lie algebra such that we can represent the structure
constants as:

C. ko €»L‘jsEks

)

where €;;, is the Levi-Civita symbol. The Levi-Civita symbol captures the permutations of

the indices and can be defined as follows:

1 if (4,5,k) is (1,2,3),(2,3,1),(3,1,2)
€ijk = 4 —1 if (4,5,k) is (3,2,1),(1,3,2),(2,1,3) -

0 ifi=j, j=k, k=i

The main idea being that each permutation of indices produces a —1. So if we permute an
odd number of times we get a —1, and if we permute an even number of times we get +1.
It’s worth noting that this does not permit repeated indices in the structure constants we

consider.

Proposition B.1.2. For a manifold with diagonal E, structure constants with repeated in-

dices are zero

Proof. By definition of Levi-Civita symbol,

For E diagonal we know that E% = 0 for ¢ # j. Thus:

CZ = €ijsEiS = 0

v
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While the first condition is true in general, the latter condition only holds for diagonal E.

This matrix representation of structure constants is also referenced in [RS75, Chapter 6],
where they provide a number of charts detailing the structure constants. In [Hel20], Helliwell
uses a basis that diagonalizes the initial matrix E. Per [Mil76], this is always possible for
a three-dimensional Lie algebra with structure constants of the above form. Using this, we

get [Hel20l, Figure 1]:

Type | Group | E

| Nil | diag(1,0,0)

VI Solv | diag(—1,1,0)

VI E(2) diag(—1,—1,0)

VIII | SL(2,R) | diag(—1,1,1)

IX S3 id

Table B.1: Diagonal representation of structure constants for 3-dimensional unimodular Lie
groups.

B.2 Equations

We will now present equations for the Ricci and scalar curvature tensors in terms of structure
constants as presented in [Hel20]. In order to use these in determining the Bach tensor, we

will also need to use a formula for the Laplacian of a left-invariant (2,0)-tensor. This will be
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given in terms of a general (2,0)-tensor, T;;.

1 1 1
Ry = =3 (¢ +cnt) iy + 20" Clp + 5C" (o + Coy) (B.1)

1 1
S = —Zc”fpo,kp - §Cpklclkp — o Ct (B.2)

1
(AT)y; = §qu (Ckz’pcqu + Ck]fzckqj +G; kaj i
- CkiPCij o ijpcrkqi _ Cki pCj qk

—ck P+ oo +c’“pCQ>

177k j7 i k

1
+ 7T ((C-chr+c, p’“)(ckqp ~ 0+ G5 (B.3)
+20" (C 1 —

1
+ 7% (' -t p’“)(ckq — G+ 0,

p

+20%(C,% - C,0)

pJj

We will use these equations to get the components of ((1.7) from Section . We restate

the equation here for convenience.

1

1 . 1
By = <_E(A(2)S(2)) - l(| Ric ‘(2))2 _ g(5(2))2]) 900

1 @ 1 L o2 il p(2) H2)
Bjk =§A(2)R]k - EA(Q)S@)g]k - és;jk - 2g lRij le

7 3 . 5
4 ES(Q)Rﬁ) + Z(| Ric ’(2))29]% . E(S(Q))ngk

B.3 Example

In the following example we will calculate the Bach tensor of R x Nil. It should be noted
that this is the most straightforward example and is the only example that is feasible to do

by hand. The remaining manifolds require the use of computing software.
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From the table above we see that for N/, the matrix the will yield structure constants is

given by:

1 00
E=1000
000
Again we use the fact that:
Cijk = i, E**

where £, is the Levi-Civita symbol. We know that E'! is the only nonzero entry, so we

need only consider the cases where k = s = 1:

C»-l = 5ij1E11

v

Using the Levi-Civita symbol, we work through a couple of the computations to demonstrate

a way one might approach working with the Levi-Civita symbol.

1 11
ng =931l = €931 = —€913 = €123 = 1

Cag' = 301 B = €391 = —€231 = +£213 = —gyp3 = —1

Proceeding, we see that these are in fact the only nonzero structure constants.

Cyl = 1

Oyt = —1

Ot = Cht = Cit = Oyt = Oy = Cyy' = Gy = 0

Ol =Clt==C2=Cyl =02 = Oyl =Cy2=Cy2=Cy2 =0

C(113 - C'123 - C'133 - C213 - 0223 - C(233 - 0313 - C’323 - 0333 =0
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By the spectral theory, we can pick a basis to diagonalize out metric g, so gj; = 0 for
Jj# k.

Because we are working on the manifold R x Nl we know that:

RQO =0 and S(l) =0

Proceeding to examine the components that correspond to Nil we use the equation for

the Ricei tensor defined in terms of structure constants.

1 S S S 1 S / S
Ry = =3 (9°C," + g7 Cy') gpsCiy° + ;l(gl 9" 9:1C.) (grsCip%)

1 S s S S

Using the fact that the metric is orthogonal we see that:

1 1 ;
Rj, = D) (gllczg'p + gppopjl) 9mwCy” + 1(gugppgjjczpj)(gkkczpk)

1 .
+ §g”gppguclpl (gkkcpjk + gjjcpk])

Proposition B.3.1. A 3-manifold, M, with diagonal E has a diagonal Ricci tensor.

Proof. Suppose j # k. From Proposition [B.1.2] we know that structure constants with
repeated indices are zero. In order for the first and second term to be nonzero, j, k, [, and

p need to be distinct:
e j # k by assumption
e [ # p # j else we have a repeated index
e [ # p # k for the same reason

Thus j # k # | # p. However, because M is a 3-manifold, we only have 3 available indices.

Thus, by the pigeonhole principle, one index must be repeated. The last term is zero because
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of repeated indices.

Thus, the Ricci tensor is diagonal.

Proceeding, we calculate the remaining pieces of (1.7]).

1
Ry = ) [(6%2Co° + 6%C5%) 93305 + (67Cy% + 9% Co°) 922037

[(6729% 911C4") (911Ca3") + (97972 911Csy ) (911C0') |

;_xq;“_n

+359 "9 auCy,' (911C" + g11Cy")
[(922 33911023 )(9110231) + (933 229 105, )(9110321)]
[9%26% (911)* + (%% 911 (1)) (g1 (—1))]
11 2]
[922 g33 (g12)
_ (911)2
222933

MI»—*»&I»—*%IH

1 1
Ry = — 2 (¢"Cp" + gppcml) 9" + g_l(g”gppg22clp2)(922qp2)

1
+ §9ll9ppgzqul (922C,5° + 922C,5°)

1
(gHC'123 i 9330321) 933C15° — 5 (9336'321 + 9110123) 9110321

1
;l(g”gppgeasc’ng)(gzasz’)

1
+ §9ll9ppglqul (933C,5° + g33C,5°)

1 1
= — (9110132 + 9220231) 9220132 5 (9220231 + 9110132) 9110231

2
11
75 922 g11

( “OLP + g Cp3l) 9oCi3" +

111



g1
2092

(| Ric|®)? = (Ric, Ric)
= ¢"¢"*R;; Ry
= "¢ RijR;;
it 2
= (9 Rii)
(11 2 22 2 33 2
= (9 Rn) + (g R22) + (9 R33)
11 <911)2 ? 29 911 ? 33 911 ?
=\9 ) t\—97— | +t|-9
2922933 2933 2020
g 2 g 2 g 2
11 11 11
(2922933> ( 2922933) ( 2922933)
_ (911)2 I (911)2 n (911)2
4(922)2(933)2 4(922)2(933)2 4(922)2(933)2

_ 3(911)2
4(g22)?(9g33)*

1 1
%) = = 70" Cuy = 5C™ City = C1C"

[OllpCllp + Clnglgp + ClngZLO,p]

wl»—w&l»—w&

[CPYCly + CP2Clyp + CPHChy |

—

CM Ok + CPCFy, + Olgzok:yc]
[02130213 + 03120312 + C'1230123 + 03210321 + C'1320132 + 02310231]

03120213 + 02130312 + 03210123 + 01230321 + 02310132 + 01320231]

— wlr—thl}—t

3
q

31 2 12 3 32 1 13 2 23 1
+ CPLC%, + O 0% + CHCY,, + CPC%y + CFLCYy |

[g2sglrcs7' g3tC + ggsngCs'r thC?)l + ngQQTCsr g3tC]_2

»-lklb—‘
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+g3592rosrlglt032t + 91893T03r292t013t + 92$g3rCsrlglt023t]
1
_ 5 [g3sglrcvsr293t021t + g2sgltcsr392tc31t + 935927’Csrlggt012t
+glsgzrcsr3g1t032t + g25.g3rcsr192t013t + glsgSTCSTQQUCQP)t]

1
- Z [g229110213933C213 + g339110312922C312 + g1192201239330123
+g3392203219110321 + 91193301329220132 + 92293302319110231]

1

_ 5 [93391103129330213 + 92291102139220312 + 93292203219330123

+gllg220123g110321 + 922g330231g220132 + gllg330132g110231]

1
~T 1 [ P9% g1 + 922933911]

1 l 1 1 ]
=—Z |91
2| 933 922

__9n
2922933
__9u Googu
2922933 Googi1
2
_ 900(911)
2det g

1
ARy = §qu (Cklpcmq + Ckplckql + C'1pkc1qk - Oklpokql - Ck1pckq1
_Cklpcl o= Ck1p01 ot qucﬁqk + Ckplc1 % )
1 kp k p pk q q q kp q q
+§qu ((C 1_01 "'01 )(Ckp_ckp +Cp k)+20 k(cp I_Opl ))
1
= §Rpp (Cklp Wt quckﬂ + Clpkclpk - Cklpckzpl — P 1
_Ck1p01pk - Cklpclpk + Okplclpk + Ckplclpk )
1 kp k p pk 1 1 1 kp 1 1
+ 3R ((C% = O+ GG, = Gyt + G + 205G, = G
1
= 5311 (Ckllcml +CM Gl + ot - et - ey

~ck et - oy L+ cHCy Y+ CMC Y )
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bR (CR2C7 4 CRO% + 00 - 0807 - o
—Ch2C% - CR2C% + CR e % + CR G %)

+ %R:{a (Ck130k13 +CMCP + CFCP = ORGP — CR PGP,
—C*3C %, — CM 2035 + CFC° + OGP, )

s R (0% - O+ O, - G+ L)

_ %Rm (C%2Cy2 + OO + Oy 20, % — 20°%2C,% — 2020, % + 20720, % )
n %R% (C23Cy2 + OBy + 20,3, — 20%,30,%, — 2023043, + 207,03
+ %Rll (<0231 — O+ ) (Cyly — Cog' + Cyy)

+H(C = O+ O )Gy, = Oy + Gy y))
= %Rm (9%C3°C* + 629 911 Css 97911 Cy" + 972912397 33C,5°
—28Cy 20701 Ct — 2005207 05305° + 20072011 Cil 2 053C1s7 )
n %R:ss (42052 Co® + 9726 011 Cog 02911 Ot + g C152g% 42 Cs2
2022052 4% 11Ot — 2072052 g% g Crs? + 29720 11 Cosl P 92 Cii2 )
n %Rn (626 g1.Cos — 92205 + g C152) (0193300 — Cogt + g1 g2 Clss2)
+(9%g 22911032 - 933031 +¢%Cyy° )(911922C312 - 0321 + 9119330213))
= %Rm (9797 911C35' 6911 Csy') + §R33 (972979110539 911Co3 )
+ SR (202910 (~C) + (57 90O )(—Cr)

1 1
_ §R22 (933(922)2(911)2) n §R33 (922(933)2(911>2 ) T 5311 (_ 92433 q, )

() (tor)* () Gator) () )
gi1
- (933)*(g22)?
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1
ARQ? = Equ <Ck2pck2q + Ckpzcqu + CkaCqu - Ck2pckq2 - CkaquQ

_CkzpCqu - CkzpCqu + Ckp202qk + CkgCqu )

1
+ SR (€% = O+ GG, — O + G 1) +20%(C,% — C)

1
- §Rpp

(ChrC + CHO + GGy, - O, = O ay,
—CHPCYT, — CHPCYT, + CHC + CMEy, )
+ %RQQ ((CM = P + C™) (G2, = O + G2 + 2070, = C,P))
- %RH (Ch1Ct + CRLCLY, + GGy Y, — Chy ey, — CR e,
—CR1C Y = ORI G + CRLGY L + LG, )
+ %RSZ’) (Ck23crk23 + C«k?écvk32 + 023k023k . Ck230k32 . Ck23ck32
_Ck23C23k - Ck23023k + Ck32023k + Ck32023k )
+ %Rgg ((C'% = P+ CM)(G2, - O + G4
- %Rn (C%'Cyy + CPLCyY, + G130, Y
—20%,Cyy — 20%Cy 'y + 2C°4,C, Y )
+ %Rgg (C2C° + CC % + GGy,
—207,3C %, — 207,3C,% + 20"3C,3, )
+ %Rm ((C"% = CF + C™)(CL% — O + Cy2)
H(CP = C% + G, (G — Oy + O %)
= %Rn (9%C5' Cgy' + 979" 922C51° 9™ 922C51% + ¢ Coi’ 9" g33Cy°
—29%Cyy' 9" 922C31" — 297 Ciy' 9" g33Co)° + 297 9" 922Cl' 9" 933C," )

11 33

1
+ §R33 (91101230123 +9g 922013 9 922013 + 9330231 339110231

_29110123 339220132 o 29110123 339110231 + 291193392201329339110231 )
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1
+ 5 Ro2 ((9119339220132 - 9110123 + 9330231)(9229330123 - 0132 + 9229110321)

2
+(9339119220312 o 9330321 + 9110213>(9229110321 o 0312 + 9229330123))
1 1 1
= 5311933 + 5333(933)2911 + 5322 ((6°)(=9g11) + (6°°) (=9 gn1))

() () () @(2)

1
ARz = §qu <Ck3pck3q + Ckgckqs + Ci%pkcqu - Ck3pckq3 - Ck:spckqa

—ChPCy% — CRP O + OOy + OOy )
N %ng <(Ckpg —CNP + C5"™)(C, — O+ €% + 20 (CL% — Cpgq)>
- %Rpp <Ck3ka3p + OOy + Gy CyFy, — C5P O — OOy
—C"PCyT, — CPC" + CMCyP, + CMOLT, )
. %R% ((Ck% LM OO, — G+ O + 20 (O3 — Cp33)>
- Lra (e o o
205Gy — 2081 G5 Yy + 20504, )
+ %Rﬁ (C%2Chs® + CFC %5 + G50y
00 a0k 4 200 )
- %Rslﬁ <(Ck% — O+ GM(GS, - O+ CP3k)>
_ %Rn (C21Cht + OB, + G4 12C,Y
—2C%'Cy 'y — 2C%Cy Yy + 2C%5C4 1, )
+ %R” <0132Cl32 +C0 % + G570
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SR (O = O + (G - G + G

H(C% = O% + G5 2)(Gy% — Gy + C%))

= %Rll (972055 Cog! + 979" 933051 9" 933 Cor” + 911 Ci°g " 922C)°

— 2205 g M g33Cy,3 — 29205t g1 g2 Csi? + 26729 g33C, 20 gonCi? )
+ %Rm (91101320132 + 9" 97933015 07 933015 + 977 Cay' 972 11 Clgy!

—2g1 01202 053015% — 2910120011 gt + 291 g% 033C152 07291 O )
+ %REB ((9119229330123 - 9110132 + 9220321)(9339220132 —Cyy’ + 9339110231)

(929" 9330y, — 972 Co3" + g1 C31*) (9% 911 Cog" — Cot® + 9% 922C15%))

_ % Riy (¢%) + 5322 ((622)2gn) + 5333 ((=g™)(g%g11) + (—9*2) (g% g11))
= 3 (o) () 72 () () + () () (32)

(911)2
2(922)2933

AS® =0 and S.j,=V,;ViS=0 because Nil is homogeneous.

To keep with the conventions in [Hel20], let

1

b= 6(det g)2

The component of the Bach tensor corresponding to R is as follows.

By = (—112<N2>s<2>> -3 {(! Ric|#)? — §<S<”>2D oo
1 1 3(g11)? 1/ golg)?)’
= (—E(m - 4_1 [4(922)2(933)2 o § <_ 2det g ) ]) dJoo

—1 3(9—11)2_1 __9n 2
( 4 [4(922)2(933)2 3( 2922933> ])goo
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) (‘i [4@?;5?58;)2 ) 12<g<§12><;3>2])
goo(g11)?

6(ga2)?(933)?

(900)* (g11)*
6(det g)?

= 5(900)3(911)4

For the components corresponding to Nl we use the equation:

1 @ 1 L@ _ o it p® p®
Bjk =§A(2)R]k - EA(2)S(2)gjk - és;jk - 2g Rij le
7 9 3, . 5
+ GSPRE + T Rie|®) g5 — 5 (5®)gn
The reader should note that we have dropped the (2) notation in our discussion of the

components of the Ricci tensor and their corresponding Laplacians. From context indices

1 =1,2,3 correspond to Nzul.

1 1 1 » 7 3 : D
Bu =§AR11 - EAS(Q)QH - 65;11 —2¢"Ri Ry + 65(2)RH + 4_1(| Ric |¥)%gy; — 5(5(2))2911
1 7 3,5, )
=§AR11 — 29" (Rn)* + 65(2)R11 + Z(’ Ric|)?gy; — E(S(Q))Zgll

() e (YT (o (o

3 3 2 5 2\ 2
L2 ( (9211) 2) g1 — — (_900(911) > o
4\ 4(g22)*(933) 12 2det g

(911)3 1 (911)3 7 (911)3 " 9 (911)3 5 (911)3

1

5(933)2(922)2 2 (922)%(g33)? - ﬁ(922)2(933)2 16 (922)2(g33)? B @(922)2(933)2
(1 1 7 9 5\ (gu)?

N <_§ 2 A i 16 4_8) (922)%(933)?

(911)3

(922)%(9g33)*

(900)2(911)5
(det g)?

S| Tt O] Ot
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= 55(900)2(911)5

1 7 5
Bas —§AR22 - —AS( )922 - —S 22 — 29 '‘RisRiy + 5( )Rzz + - (| RlC| ) 922 — 5(5(2))2922
1 5
=§AR22 — 29" (Rp)? + — 5(2 Ros + — (’ Ric \(2)) 922 — 12(5( )2 g2

() o (22) 50 ()
(i) =2 Galowr) 21 i) 5 (i)~ (i)
411 LT E_E)M

+ =+
2 24 16 48 go22 (933)2

(det g)?
=3ﬁ(goo>2 (911)4922

1 7 5
B3 =5 ARz — —AS(2)933 - 65 53 — 29" RisRis + 65(2)R33 + - (’ Ric |®))?gss — E(S(Q))ngz

2
1 7 5
:iAR:s?, — 2¢%*(R33)* + 5(2)R33 + - (| Ric |(2)) 933 — E(S( )2 gs3

E (ﬁ) -2 (—%) +§ () (5)
1
4

L9 5 (g911)?
16 48) (

922)2933
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 (detg?

=30(g00)*(911)" 933

120



Appendix C

Tensors Referenced

This appendix is here to serve as a list of the tensors discussed in this thesis.

e Riemannian Curvature Tensor [ (3,1) version]

R(X,Y)Z =VxVyZ —-VyVxZ —VixyZ.
Réjk = @'Fék - ajrik + Fi‘dF?k - Fé’drlz‘ik'
e Riemannian Curvature Tensor [ (4,0) version]
Rm(X,Y, 2, W) = g(R(X,Y)Z,W)

Rijk:l = Jim (airﬂ - (%-F% + kaf?}i - kaF%)

e Christoffel Symbol

L jiia
Ik = 59“ (Gigi + 09 — A1935)

e Ricci Curvature Tensor

- k _ _km
Ri; = Rkij = 9" Riijm
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e Scalar Curvature Tensor

S =g" Rij
e Weyl Tensor (n > 4)
Wabcd = Rabcd + gachd - gadpbc - gbcpad + gdeac

1
Wabcd = Rabcd + m (Rbdgac - Rbcgad - Radgbc + Racgbd)

B S
(n—1)(n—2

) (gacgbd - gadgbc)

e Schouten

1 R
M= (Rij - m%)

n—2
n—3

e Cotton Tensor

Cijk = — Vlvvijkl-

Cijk = VZF)]k - Vng

e Bach Tensor

1 1
Bi; = EV’“VIWW + mRleVikjl

Bij = g""Pjaq — 9" Pujq + PM"Whiji

1

B;; = — (V*Crij + R W)
e Divergence of Bach Tensor
. n—4
leB = VjBZ'j = mCZ]kR]k

e Bach Tensor on Product Manifold
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1x3:

By = <_i(A(2)S(2)) _ i l(| Ric |(2))2 _ %(5(2))2]) 900

1 1 1
Bj =§A(2>R§? — 5 APSg; 65}?,1 — 26 (Ric® @Ric?);;
7 3. .. 5
+ ES(Q)Rﬁ) + 7 (| Ric )28 — E(S(z))ngk

where tr(Ric® Ric);;, = gilRinlk

2 x 2:

B, = —évuvys(n 4 égg) lvavasﬂ) _ %v’kasw + 411 ((5(2))2 - (S(l))2>]
By = —éviij@) + égg) [vkka@) = %vavasm + i ((s®)” - (S<1>)2)]
Baj - 0

e AOT

—1A’5—2v23) + Ty

n/2
Oij =A7? (szkk - Pkk,ij) + Z Tigf%(Rm)

k=2

T"(A) = Z ViAs. . «V*A

i1+ +ig=m

n/2

1 n
Oij = EAf_Zvlkakijl + E Tl?_%(Rm)
k=2

Oy =By, " — 2WiiyB¥ — AP Byj + 8P Ciyey — AC*, 'Cljn

20O+ APl ~ WP P
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C.1 Rescaling Tensors

In this section we will show the effect of rescaling on a tensor. These calculations specifically
aid in the proof of Corollary [2.1.16]

Consider the rescaling given by g = Ag.

oVl X) = dF(X) = §(V,0,X) = Mg(Vof,X) = V[ =Vyf

=35 (Rie(@), )
= Z Ag (% Ric(e;), \%ej)

= %Z g (Ric(e;), e5)

1
- —R
A

o(Vol, X) = dF(X) = §(V,0,X) = Mg(Vof,X) = V[ =Vyf
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Suppose that for arbitrary n: A"R = ﬁA”R

A" = AA"R
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/1 1N 1
= Zg <erivg ()\n+1A R> s \/—Xel)
1
— Z Ag (—)\n+3 V., V4(AR), ei)

1
- )\n+2

AR

By induction A"R = ﬁA”R.

AT D> 1 n 1 n
A"Rg = ()\n+1A R) (A\g) = VA Rg.

126



Bibliography

[AGS13] Elsa Abbena, Sergio Garbiero, and Simon Salamon. Bach-flat Lie groups
in dimension 4. C. R. Math. Acad. Sci. Paris, 351(7-8):303-306, 2013.

[AHST7S] M. F. Atiyah, N. J. Hitchin, and I. M. Singer. Self-duality in four-
dimensional Riemannian geometry. Proc. Roy. Soc. London Ser. A,

362(1711):425-461, 1978.

[Bac21] Rudolf Bach. Zur Weylschen Relativitatstheorie und der Weylschen Er-

weiterung des Krimmungstensorbegriffs. Math. Z., 9(1-2):110-135, 1921.

[Bes08] Arthur L. Besse. Einstein manifolds. Classics in Mathematics. Springer-
Verlag, Berlin, 2008. Reprint of the 1987 edition.

[BH11] Eric Bahuaud and Dylan Helliwell. Short-time existence for some higher-
order geometric flows. Comm. Partial Differential Equations, 36(12):2189—
2207, 2011.

[BH15] Eric Bahuaud and Dylan Helliwell. Uniqueness for some higher-order ge-
ometric flows. Bull. Lond. Math. Soc., 47(6):980-995, 2015.

[Bra93] Thomas P. Branson. The functional determinant, volume 4 of Lecture
Notes Series. Seoul National University, Research Institute of Mathemat-

ics, Global Analysis Research Center, Seoul, 1993.

[Cao06] Huai-Dong Cao. Geometry of Ricci solitons. Chinese Ann. Math. Ser. B,

127



[CC13]

[CGY03]

[CKO4]

[CLNOG6]

[CnLGMGR*19]

[Der83]

[Der12]

[DK12]

[EM69]

[FGO02]

27(2):121-142, 2006.

Huai-Dong Cao and Qiang Chen. On Bach-flat gradient shrinking Ricci
solitons. Duke Math. J., 162(6):1149-1169, 2013.

Sun-Yung A. Chang, Matthew J. Gursky, and Paul C. Yang. A conformally
invariant sphere theorem in four dimensions. Publ. Math. Inst. Hautes

Etudes Sei., (98):105-143, 2003.

Bennett Chow and Dan Knopf. The Ricci flow: an introduction, volume
110 of Mathematical Surveys and Monographs. American Mathematical

Society, Providence, RI, 2004.

Bennett Chow, Peng Lu, and Lei Ni. Hamilton’s Ricci flow, volume 77 of
Graduate Studies in Mathematics. American Mathematical Society, Prov-

idence, RI; Science Press Beijing, New York, 2006.

E. Calvino Louzao, X. Garcia-Martinez, E. Garcia-Rio, 1. Gutiérrez-
Rodriguez, and R. Véazquez-Lorenzo. Conformally Einstein and Bach-
flat four-dimensional homogeneous manifolds. J. Math. Pures Appl. (9),
130:347-374, 2019.

Andrzej Derdzinski. Self-dual Kahler manifolds and Einstein manifolds of

dimension four. Compositio Math., 49(3):405-433, 1983.
Andrzej Derdzinski. Ricci solitons. Wiad. Mat., 48(1):1-32, 2012.

Sanjit Das and Sayan Kar. Bach flows of product manifolds. Int. J. Geom.
Methods Mod. Phys., 9(5):1250039, 18, 2012.

G. F. R. Ellis and M. A. H. MacCallum. A class of homogeneous cosmo-
logical models. Comm. Math. Phys., 12:108-141, 1969.

Charles Fefferman and C. Robin Graham. Q)-curvature and Poincaré met-

rics. Math. Res. Lett., 9(2-3):139-151, 2002.

128



[FG12]

[GHOS]

(GR17]

[Gri20]

[GZ03]

[Hel20]

[Hol8)

[1J92]

[Jos17]

[Laul6]

[Laul9]

[Leel§]

Charles Fefferman and C. Robin Graham. The ambient metric, volume 178
of Annals of Mathematics Studies. Princeton University Press, Princeton,

NJ, 2012.

C. Robin Graham and Kengo Hirachi. Inhomogeneous ambient metrics.

144:403-420, 2008.

C. Robin Graham and Nicholas Reichert. Higher-dimensional Willmore

energies via minimal submanifold asymptotics. 04 2017.

Erin Griffin. Gradient ambient obstruction solitons on homogeneous man-

ifolds. arXiv preprint arXiv:2008.09722, 2020.

C. Robin Graham and Maciej Zworski. Scattering matrix in conformal

geometry. Invent. Math., 152(1):89-118, 2003.

Dylan Helliwell. Bach flow on homogeneous products. SIGMA Symmetry
Integrability Geom. Methods Appl., 16:Paper No. 027, 35, 2020.

Pak Tung Ho. Bach flow. J. Geom. Phys., 133:1-9, 2018.

James Isenberg and Martin Jackson. Ricci flow of locally homogeneous

geometries on closed manifolds. J. Differential Geom., 35(3):723-741, 1992.

Jirgen Jost. Riemannian geometry and geometric analysis. Universitext.

Springer, Cham, seventh edition, 2017.

J. Lauret. Geometric flows and their solitons on homogeneous spaces.

Rend. Semin. Mat. Univ. Politec. Torino, 74(1):55-93, 2016.

Jorge Lauret. The search for solitons on homogeneous spaces. arXiw

preprint arXiw:1912.10117, 2019.

John M. Lee. Introduction to Riemannian manifolds, volume 176 of Grad-
uate Texts in Mathematics. Springer, Cham, 2018. Second edition of |
MR1468735].

129



[Lop18]

[Mil76]

[MTO7]

[Per02]

[PW0Y]

[PW10]

[PW20]

[RST5]

[Sco83]

[ST69]

[Sze68]

Christopher Lopez. Ambient obstruction flow. Trans. Amer. Math. Soc.,
370(6):4111-4145, 2018.

John Milnor. Curvatures of left invariant metrics on Lie groups. Advances

in Math., 21(3):293-329, 1976.

John Morgan and Gang Tian. Ricci flow and the Poincaré conjecture, vol-
ume 3 of Clay Mathematics Monographs. American Mathematical Society,

Providence, RI; Clay Mathematics Institute, Cambridge, MA, 2007.

Grisha Perelman. The entropy formula for the ricci low and its geometric

applications. arXiv preprint math/0211159, 2002.

Peter Petersen and William Wylie. Rigidity of gradient Ricci solitons.
Pacific J. Math., 241(2):329-345, 2009.

Peter Petersen and William Wylie. On the classification of gradient Ricci
solitons. Geom. Topol., 14(4):2277-2300, 2010.

Peter Petersen and William Wylie. Rigidity of homogeneous gradient soli-

ton metrics and related equations. arXiv preprint arXiw:2007.11058, 2020.

Michael P. Ryan, Jr. and Lawrence C. Shepley. Homogeneous relativistic
cosmologies. Princeton University Press, Princeton, N.J., 1975. Princeton

Series in Physics.

Peter Scott. The geometries of 3-manifolds. Bull. London Math. Soc.,

15(5):401-487, 1983.

I. M. Singer and J. A. Thorpe. The curvature of 4-dimensional Einstein
spaces. In Global Analysis (Papers in Honor of K. Kodaira), pages 355—
365. Univ. Tokyo Press, Tokyo, 1969.

P Szekeres. Conformal tensors. Proceedings of the Royal Society of Lon-
don. Series A, Mathematical and Physical Sciences, 304(1476):113-122,

130



jan 1968.

[Top06] Peter Topping. Lectures on the Ricci flow, volume 325 of London Math-

ematical Society Lecture Note Series. Cambridge University Press, Cam-

bridge, 2006.

131



Vita

Erin Griffin

Department of Mathematics 137 Fellows Ave
Syracuse University Syracuse, NY 13210
Syracuse, NY 13244 (949) 241-0425
https://sites.google.com/view/erin-griffin-math/ egriff02@syr.edu
EDUCATION

Syracuse University Expected Graduation: May 2021

PhD Candidate in Mathematics

Syracuse University August 2016 - December 2018
Masters in Mathematics

California Polytechnic State University, San Luis Obispo September 2012 - June 2016
Bachelor of Science in Mathematics, Philosophy Minor

FuTurRE EMPLOYMENT

Seattle Pacific University Start Date: September 2021
Assistant Professor of Mathematics
Tenure Track

AWARDS

Outstanding TA Award (2020) Syracuse University, University wide award presented to 4% of TAs an-
nually.

AWM Poster Session Winner (2021) Joint Mathematics Meeting, Award presented to two graduate stu-
dents for the AWM national graduate student poster session.

Teaching Mentor (2020) Syracuse University, One of less than ten new mentors selected across the uni-
versity after competitive application process.

NSF Grant Research Assistanship (2018-2020) Syracuse University, One of two students to receive
summer funding under Prof. Will Wylie’s NSF research grant.

RESEARCH

Interests

Riemannian Geometry and Geometric Analysis. Particularly geometric flows, their solitons, and the
relation of both to conformal geometry. My recent work has focused on the ambient obstruction flow and
Bach flow.

Papers
“Gradient Ambient Obstruction Solitons on Homogeneous Manifolds.” (submitted) arXiv:2008.09722

132



Talks
Research

Online Topology Geometry Seminar: “Homogeneous Gradient Ambient Ob-

struction Solitons.” March 31, 2021

AMS Special Session, Recent developments in Differential Geometry: “Gradient

Ambient Obstruction Solitons on Homogeneous Manifolds.” March 21, 2021

Joint Mathematics Meeting, AWM Workshop: Poster Presentations by Women

Graduate Students January 8, 2021

Syracuse Geometry and Topology Seminar, “Homogeneous Gradient Solitons of
the Ambient Obstruction Flow”

45th ANYSRGMC, “Gradient Bach Solitons on 4-dimensional Homogeneous
Manifolds”

July 3, 2020

March 28, 2020

Math For All Conference in New Orleans, “Gradient Bach Solitons on 4-
. . . ” March 7, 2020
dimensional Homogeneous Manifolds

Expository

Mathematics Continued Conference at University of Connecticut, “Eating

Pizza Like a Geometer” November 9, 2019

Worcester Polytechnic Institution Graduate Seminar, “The Volume Compari-

son Theorem” November 8, 2019

Syracuse University Math Graduate Organization Seminar, “The Volume

Comparison Theorem” November 1, 2019

44th ANYSRGMC, “A brief look at the Volume Comparison Theorem” March 23, 2018

Syracuse Geometry and Topology Graduate Seminar, “Volume Comparison

Theorem” November 7, 2018

Syracuse University Math Graduate Organization Colloquium, “Eating Pizza

Like a Geometer” October 19, 2018

42nd ANYSRGMC, “Isometric Immersion of Euclidean Plane in Hyperbolic

Space” April 8, 2017

EMPLOYMENT

Research Assistant Syracuse University Summer 2018- Summer 2020

Three Summer Semesters. Supported by Prof. Will Wylie’s NSF research grant NSF-
#1654034.

Teaching Mentor Syracuse University May 2020 - May 2021

Created hour-long interactive seminar on developing strategies to motivate students;
managed small group of incoming teaching assistants (TAs) during University TA Ori-
entation; facilitated discussions to increase understanding of seminars and find practical
ways to implement that knowledge; provided constructive feedback on students’ sub-
mitted miniature lectures to improve their teaching and equip them with skills to be
successful.

Academic Excellence Workshop Curriculum Developer Syracuse University

133



Trained and supervised approximately 50 undergraduate workshop facilitators, ensur-
ing they understood the material well, could teach concepts effectively, and were able
manage a classroom; developed and maintained worksheets for the workshop partici-
pants; coordinated with course instructors to ensure the worksheets are on track with
the course. Transitioned program online for Fall 2020 semester, holding curriculum de-
velopment meetings virtually and training the facilitators to effectively use technology
in their workshops.

« Math 193/194 Precalculus Fall 2019
» Math 295 Calculus I Fall 2019
» Math 296 Calculus IT Fall 2019
» Math 331 First Course in Linear Algebra

» Math 397 Calculus IIT Fall 2019
» Math 485 Differential Equations and Matrix Algebra for Engineers Spring 2020

Instructor of Record Syracuse University

Gave original lectures; created midterms, quizzes, and worksheets; assigned final grades.

« Math 285 Calculus for the Life Sciences I (Online)
« Math 285 Calculus for the Life Sciences I

» Math 286 Calculus for the Life Sciences II

» Math 285 Calculus for the Life Sciences I

« Math 285 Calculus for the Life Sciences I

« Math 121 Statistics for the Liberal Arts

Teaching Assistant

Administered and graded weekly quizzes, graded exams.

e Math 295 Calculus I
o Math 284 Business Calculus
o Math 121 Statistics for the Liberal Arts

SERVICE

- Spring 2021
- Spring 2021
- Spring 2021

Spring 2021
- Spring 2021
- Spring 2021

Fall 2020
Fall 2019
Spring 2019
Fall 2018
Spring 2018
Summer 2017

Fall 2017
Spring 2017
Fall 2016

Conference Organizer

Organizer, 45th Annual New York State Regional Graduate Mathematics Conference (ANYSRGMC)

2019 - 2020

Organized the longest running graduate student mathematics conference in the
United States. Managed NSF conference grant and additional funding from AMS
and the Graduate Student Organization. Delegated travel funding to participants.
Orchestrated our first ever undergraduate poster session during the conference.
(This conference was moved online due to COVID-19.)

Successfully transitioned the conference online within three weeks of the confer-
ence date, making it the nation’s first entirely remote graduate student conference.
The conference included keynote addresses, parallel sessions, and a poster session.
Facilitated participant travel reimbursement in spite of cancelled travel.

Co-Organizer, 43rd ANYSRGMC and 44th ANYSRGMC

Help with various tasks relating to running a conference including: coordinating
catering, helping with registration, and preparing conference materials.

134

2017 - 2019



Math Graduate Organization

President 2019 -

Responsible for managing the budget and applying for funding. Organized events for
graduate students, including the departmental picnic. Served as graduate student
representative to department focused on advocating for graduate student needs.

Vice President 2020 -

Mentored current president through navigating the planning the 46th ANYSRGMC.
Responsible for managing the budget; applying for funding; organizing the 45th
ANYSRGMC;

Treasurer 2017 -

Apply for funding for various events throughout the year; help maintain budget;
co-organized the ANYSRGMC.

Association for Women in Mathematics, Syracuse University Chapter

Vice President 2019 -

Helped plan and apply for funding for various events to promote community and
uplift minorities in mathematics; advertised events throughout the department.

Secretary 2018 -

Founding board member of Syracuse University AWM Chapter; helped plan events
for academic year.

Contributed Talk Session Moderator
Math for All Conference, Tulane University
48rd ANYSRGMC, Syracuse University

Prospective Student Coordinator 2017 -

Act as the graduate representative for prospective students; answer questions via
emails; plan events with other graduate students during propspective student visits;
help plan and lead prospective student weekend.

First Year Help Session Leader 2017 -

Lead first year students through old preliminary exam problems to prepare the students
for their exams. Secured funding and helped organize sessions.

FuNDING AND CERTIFICATES

2020

2021

2019

2020

2019

2020
2018

2021

2018

Travel Funding

received grant to attend conference.

2020 Math for All Travel Funding, Tulane University, Partial funding to speak at conference

2021 Joint Mathematics Meeting, Association for Women in Mathematics, Selected as presenter and

GSO Travel Grant, Syracuse University, Graduate Student Organization grant to attend conference

Northeast Analysis Network, University of Connecticut, Funding to travel to conference

2019 Mathematics Continued Conference, University of Connecticut, Funding to travel to conference

Women and Mathematics Conference, Institute for Advance Study, Selected as participant and

received grant to attend WAM Conference.

135



RTG Conference on Geometric Analysis and Diversity in Mathematics, Princeton University,

Grant to attend conference.

Certificates

2020 Women in Science and Engineering Future Professionals Program Certificate

(Pending) Certificate in Undergraduate Teaching

CONFERENCES ATTENDED

Joint Mathematics Meeting

45th ANYSRGMC, Syracuse University

Math for All, Tulane University

Joint Mathematics Meeting

Mathematics Continued Conference, University of Connecticut
Northeast Analysis Network, University of Connecticut

RTG Conference on Geometric Analysis and Diversity in Mathematics,
Princeton University

Women and Mathematics Conference, Institute for Advanced Study

44th ANYSRGMC, Syracuse University

Geometric Analysis Conference at Rutgers University, Rutgers University
43rd ANYSRGMC, Syracuse University

Mini School on Mean Curvature and Ricci Flow, Fields Institute

Temple University Graduate Student Conference in Algebra, Geometry,
and Topology, Temple University

42nd ANYSRGMC, Syracuse University

PROFESSIONAL M EMBERSHIPS

January 6-9, 2021
March 28, 2020

March 6-7, 2020
January 15-18, 2020
November 9, 2019
September 21- 22, 2019
June 19-22; 2019

May 18- 24, 2019
March 23, 2019
November 14-16, 2018
March 24, 2018
November 4-5, 2017
June 3-4, 2017

April 8, 2017

« Association for Women in Mathematics 2015-Present
» American Mathematical Society 2017- Present
o Mathematical Association of America 2017- Present

136



	Ambient Obstruction Solitons And Homogeneous Gradient Bach Solitons
	Recommended Citation

	Introduction
	Background
	Riemannian Geometry
	Einstein Notation
	Basics of Curvature

	Weyl Tensor
	The Cotton Tensor
	The Duality of the Weyl Tensor

	Bach Tensor
	Dimension 4
	Bach Tensor on Product Manifolds

	Ambient Obstruction Tensor
	Geometric Flows
	Ambient Obstruction Flow
	Ricci Flow Results


	Results
	Results for General Tensor
	Gradient Bach Solitons
	Non-split Manifolds
	Manifolds of the form R3 N1
	Manifolds of the form R2N2
	Manifolds of the form RN3


	Future Directions
	Weyl Tensor
	Identities of the Weyl Tensor

	Structure Constants
	Geometries
	Equations
	Example

	Tensors Referenced
	Rescaling Tensors

	Bibliography
	Vita

