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Abstract

This project concerns the classification and study of a group of Koszul algebras coming
from the toric ideals of a chordal bipartite infinite family of graphs (alternately, these rings
may be interpreted as coming from determinants of certain ladder-like structures). We
determine a linear system of parameters for each ring and explicitly determine the Hilbert
series for the resulting Artinian reduction. As corollaries, we obtain the multiplicity and
regularity of the original rings. This work extends results known for a subfamily coming
from a two-sided ladder and includes constructive proofs which may be useful in future
study of these rings and others. We also develop explicit elements in the Priddy complex
which correspond via known isomorphisms to Tate variables in the acyclic closure of the

residue field over the localization of our rings at their homogeneous maximal ideals.
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1 Introduction

1.1 Road Map

Toric ideals and toric rings are algebraic objects which are studied across various math-
ematical fields, including algebraic geometry, algebra, and graph theory. The goal of
this work is to study the properties of the toric rings of a particular family of graphs
which generalizes a family of two-sided ladder determinantal rings. We hope that this
non-traditional approach to exploring toric rings will lead to new techniques in studying
similar properties for related rings and graphs.

In Chapter 2, we provide the necessary background information to understand the
work in this dissertation, including information about rings in general and toric rings in
particular, as well as basic graph theory. We include definitions that will be relevant for
understanding some of the algebraic properties of these rings, which include dimension,
Hilbert series for each ring modulo a linear regular sequence, and regularity. We also
include background on Lie algebras and free resolutions, which will be necessary for
understanding the work we have done to construct explicit Tate variables for these rings.

Chapter 3 introduces a family F of chordal bipartite graphs coming from generalized
determinantal ideals of a particular family of ladder-like structures. This is a generaliza-
tion of a family F; C F of two-sided ladder determinantal ideals (for large 7), introduced
in Example 3.1.3. While the rings coming from F; come from a distributive lattice and
have well-known properties, we show that the rings associated to F do not come from a
lattice at all in general, and merit closer study.

Chapter 4 covers some algebraic properties of F, particularly dimension, multiplicity,
and regularity. We prove our generators are a Grobner basis to work with initial ideals,
and we develop a system of parameters that allows us to work with Artinian rings in part

of our treatment.



In Chapter 5, we explicitly construct the variables in a Tate resolution for a localiza-
tion of each of the rings in our families, using the associated homotopy Lie algebra for
a localization of each ring and its universal enveloping algebra, the Koszul dual algebra.
To do this, we first construct the Priddy complex for each ring and then use a Grobner
basis argument to establish basis elements for the Lie algebra embedded in the dual of
the Priddy complex. It is our hope that this explicit construction will yield further homo-
logical results for these rings and others.

We conclude with a brief chapter of unanswered questions and suggested future work

on these and related rings.

1.2 Motivation

This project was sparked by a paper by Jennifer Biermann, Augustine O’Keefe, and Adam
Van Tuyl titled Bounds on the regqularity of toric ideals of graphs. We had already been study-
ing toric ideals, and doing so from the perspective of graph theory was appealing. A
project was inspired from this point, not only to understand the regularity of toric rings
coming from basic graphs, but also to understand other algebraic properties of these
rings, through the study of iterated families of graphs.

In this work, to begin an understanding of toric rings coming from graphs, we begin
with the most basic graph with a non-trivial toric ideal, a square, and construct an iterated
tamily with toric ideals that get progressively larger but which are still tractable. We
aim to create the "simplest" family of graphs that have interesting toric ideals. There are
natural benefits to the construction we use, namely that each graph is a subgraph of the
next, and that all of the graphs are chordal bipartite. These properties are relevant to the
proofs concerning regularity.

A subfamily constructed turns out to be a well-known family that has been studied



from various perspectives different from our approach. Our goal in Chapter 3 is to under-
stand the general family and then to extend our understanding in Chapter 4 to algebraic

properties of this family.

1.3 Results

We establish the dimension and multiplicity of the toric rings R(t,e) developed in this
thesis, associated to a family F of graphs GS. We also establish the Hilbert series of
R(t,e)/(X7), the quotient of R(7,e) by a linear regular sequence. We show in Chapter 5
that a particular subset of R(T,e)*, the quadratic dual algebra of R(7, e), is a basis within
the Priddy complex which corresponds to the Tate variables in a minimal resolution of k
over a localization of R(T,e).

First, we establish that the dimension of the toric rings associated to this family de-

pends only on T (as is true of the remaining results in Chapter 4).

Theorem 1.3.1 (Theorem 4.2.1). The Krull dimension of R(7, e) is
. T
dimR(7,e) = 5T 3.

As a corollary, we obtain the projective dimension of the rings R(7,e).

Corollary 1.3.2 (Corollary 4.2.2). The projective dimension of R(t,e) over Q(T) is
pd Q(T)R(T’ €) = T/2 + 1.

We then develop a linear system of parameters for the rings R(7, ).



Proposition 1.3.3 (Proposition 4.2.8). Let R(T,e) = S(7)/Ige, let

Xt = X0,X2 — X3,X4 — X5,...,X7 — Xg41, X142 — X143, X144

so that X+, the image of X in S(7)/(in> Ige), is the system of parameters from Remark 4.2.3.

Then the image of X+ in R(7, e) is a system of parameters for R(T,e).

Since the rings R(7,e) are proved to be Cohen-Macaulay, the linear system of param-
eters above is actually a regular sequence (Corollary 4.2.9). We proceed to show the coef-
ficients of the Hilbert series for R(7, ¢). We note that in the below, R/(T,\e) does not denote
the completion, but rather is isomorphic to the quotient of R(7,e) by the linear regular

sequence X.. We explain the choice of notation in Notation 4.2.4.

Theorem 1.3.4 (Theorem 4.3.4). If R(7,e) = S(7)/Ige and @) = R(t,e)/(Xz), we have

e

1 n=20
o o—n n
dimi(R(T,e))n = { — [[(x+2j—4(n—-1)) 1<n<rt/4+1
L
0 else.

\

As a corollary, we obtain the regularity of R(t,e).

Corollary 1.3.5 (Corollary 4.3.7). For G% € F,

reg R(t,e) = |7/4]| + 1.

We go on to establish a Fibonacci relationship between the lengths of the Artinian

rings above, and obtain the multiplicity of R(t, e) as a corollary.



Proposition 1.3.6 (Proposition 4.3.8). The lengths of the rings R(t,e) satisfy the recursive

formula (where we drop e for convenience)

— e~ e~

/(R(t)) =4(R(T—2))+4(R(T—4))

for T > 4. Consequently, if F(n) is the Fibonacci sequence, with F(0) = 0 and F(1) = 1, then

o %3_ o %3
6 (5 OB 08

Corollary 1.3.7 (Corollary 4.3.10). For even T > 4, there is an equality of multiplicities
e(R(1)) =e(R(t—2))+e(R(t—4)).

In particular,

) VB 1 Vi
o 2%—&-3\/3 )

In Chapter 5, we find an explicit Tate resolution of k over R(T,¢e)n (i.e., the minimal

¢(R(7)) = F (% +3

model for R(7, ¢)) in the following way: Since it is a minimal resolution, it must be isomor-
phic to the localization of the dual Priddy resolution (R(t,e) ® R(t,e)s,d), so it suffices
to identify images of the Tate variables under this isomorphism. The following results do
SO.

In the following, Qx, is a particular generating set for the defining ideal of the Koszul

dual algebra R(T,e)".

Theorem 1.3.8 (Theorem 5.5.1). The elements of Q%e are a Grobner-Shirshov basis for the ideal

they generate.

As a corollary, we obtain



Corollary 1.3.9 (Corollary 5.5.2). The images of the Qi ,-reduced super-Lyndon-Shirshov Lie

monomials form a basis for
_ Lie(X")

QL)

the dual of which may be taken to be the set of Tate variables in a minimal Tate resolution of k over

L(7)

R(T,€)m.

1.4 Main Techniques

One technique that proves to be useful in this dissertation is the computation of special
bases, of Grobner bases in Chapter 4 and a Grobner-Shirshov basis in Chapter 5. We use
initial ideals throughout Chapter 4 to establish properties for our rings. Other techniques
include the use of a Fibonacci relationship naturally arising between the lengths of re-
lated Artinian rings, graph theoretic properties for an alternate proof of regularity, and
homological isomorphisms relating our constructions through the Priddy complex to a

minimal resolution of k over R(7,e) in Chapter 5.

1.5 Contribution

The theoretical contributions of this thesis are:
e This work gives rare examples of an explicit computation of the Tate variables.

e The proofs are often constructive and may prove useful in proving properties about

similar families.

e The graphs introduced are basic enough that they may often show up as subgraphs
of larger graphs. It is possible that some properties may be traceable between these

graphs and graphs that contain them.



2 Background

This section covers the necessary details for understanding the mathematics in Chap-
ters 3, 4, and 5. We begin with basic algebra and graph theory and conclude with Lie
algebras and more advanced homological algebra. We include forays into various sub-
disciplines of algebra as prove useful to the work herein.

In the following, we assume basic knowledge about the following;:

e set theory (including the concept of an ordered set)

group theory

e matrices and determinants

vector spaces (including duals)

e rings and modules

2.1 Basic Algebra, Graph Theory, and Lattice Theory

The following definitions outline basic notions in algebra and graph theory that are nec-
essary for understanding the content of this dissertation. We begin with some algebraic
definitions. For further treatment, see [Mat87] and [AM69]; for graded items in particular

see [Peell].

2.1.1 Algebra

This work will involve both commutative and noncommutative rings with unity. All
rings in Chapters 3 and 4 will be commutative rings with unity; we will encounter non-
commutative rings in Chapter 5 when we get into the Priddy complex, and an associated

Lie algebra. The field k will be a field of characteristic zero throughout.



Definition 2.1.1. A (commutative) polynomial ring k[x1, . .., x,] in variables x1, . .., x, over
a field k is the set of polynomials in variables xi,...,x, over a field k with the usual
addition and multiplication. A polynomial where all of the terms are linear is called a

linear form, and a monic polynomial with a single term is called a monomial.

This work will deal with both commutative and noncommutative polynomial rings

with degree one variables; we introduce the noncommutative version in Definition 2.5.5.

Definition 2.1.2. A graded ring R is a ring R = @5 R;, such thatif s € Ry and r; € Ry,
thenrsr; € Reyy. If r € R, then v is a homogeneous element of R; we say that the degree of
ris |r] = s. A homogeneous or graded ideal I of R is an ideal generated by homogeneous
elements or equivalently, an ideal I = ©72 I, that is a direct sum of its graded pieces. A
connected graded ring R is a commutative graded ring R such that Ry is a field. A graded
R-module N is N = &2 N;, where R;N; € N;y;.

Definition 2.1.3. A graded k-algebra A is a k-algebra A = @2 A; such that k C Ap and
such that A is both an algebra and a graded ring. We say that A is standard graded if
k = Ap and A is generated by A; as a k-algebra.

We note that the polynomial ring k[x1, ..., x,] is a standard graded algebra over k, as
isk[xq,...,x,]/I for a graded ideal I.

We now introduce the general notions of dimension, system of parameters, regular
sequence, and depth, which allows us to define a Cohen-Macaulay ring. The rings defined

in Chapter 3 are shown to be Cohen-Macaulay in Corollary 3.2.2.

Definition 2.1.4. The (Krull) dimension of a ring R is equal to the length n of the longest

chain of the form Py C P; C --- C P,, where the P; are prime ideals in R.

Definition 2.1.5. A system of parameters for a local (or graded) ring R is a minimal set of
(homogeneous) elements 7y, ..., 7, such that the quotient ring R/ (rq,...,r,) has dimen-
sion zero. It is a well-known result that n = dim R. When R is graded, a system of

parameters is called linear if it consists of linear homogeneous elements.



Definition 2.1.6. A reqular sequence for a ring R is a sequence of elements mq,my, ..., my,

such that
e R/(my,...,my) #0

e m; is a nonzerodivisor on R/ (my,...,m;_1) # 0for1 < i < n, where by convention,

when i = 1, the quotient is R.

Definition 2.1.7. The depth of a graded ring R is the length of the longest regular sequence

of homogeneous elements in R
Definition 2.1.8. A ring R is Cohen-Macaulay if depth R = dim R

In a Cohen-Macaulay ring, a system of parameters is a regular sequence.
We now review Hilbert functions, which we use to prove results about multiplicity

and regularity in Chapter 4. For a full treatment, see [AM69], [Peell], or [Mat87].

Definition 2.1.9. For a graded ring R, the Hilbert function Hg(n) is the vector space di-

mension dimy R,,. The Hilbert series Hilbg (#) is
Hilbg(t) = Y " Hg(n)t".
n

Definition 2.1.10. The length of a graded ring R is /(R) := Hilbg(1).

We include a well-known result which we use in the manner of [Peell, Th 16.7] to

define the multiplicity of a standard graded ring R.



Theorem 2.1.11. Let R be a quotient of a polynomial ring in n variables of degree one, with

d = dim R. Then we have

Hile 1) = - 1f_(t2)n

for some polynomial f(t). Furthermore, if we cancel all possible factors of (1 — t), we get a reduced

polynomial hg(t) such that (1 —t) { hr(t) and

Hilbg(t) =

Definition 2.1.12. When R satisfies the hypotheses of Theorem 2.1.11, we define the mul-
tiplicity of R to be ¢(R) = hg(1), and note that when d = 0 (when R is Artinian),
hr(1) = Hilbg(1) = ((R).

Multiplicity is also (more traditionally) defined to be the leading coefficient of the
Hilbert-Samuel polynomial of R for d > 0, or as the leading coefficient of the Hilbert
polynomial when d > 0 and the length ¢(R) when d = 0. The definition given is equiva-

lent.

2.1.2 Graph Theory

We move on to some graph theory, establishing a few basic notions and then defining the
toric ideal of a graph. For the graph theory, see [Tuc95]; particularly for toric ideals of
graphs, see [HHO18], Section 5.3.

Definition 2.1.13. A graph G is a set of vertices V together with a set of edges of the form
{u,v}, where u,v € V. The vertices u and v are called the endpoints of the edge {u,v}.

The degree of a vertex v in a graph G is the number of edges that have v as an endpoint.

This work will only consider simple graphs, that is, graphs which do not contain any mul-

tiple edges (an edge {u, v} appearing twice in the set of edges) or loops (edges {v, v}).

10



Definition 2.1.14. An induced matching on a graph G is a set of edges who do not share
endpoints and whose set of endpoints S has the following property: no edge in G has

both its endpoints in S unless it is part of the induced matching.

Definition 2.1.15. A graph G is said to be bipartite if the set of vertices of G can be split
into two sets V and W (a bipartition) such that every edge of G has exactly one endpoint

in V and onein W.

Definition 2.1.16. If a graph G has edge set E and vertex set V, an (n-)cycle in G is a

subgraph of G with vertex set {vy,...,v9 = v,} C V and edge set

{{UO/ Ul}/ {01/02}/ R {Un—zi Ui’l—l}/ {Ui’l—]_/vn} | 0o = Un} C E.

A cycle is called odd if n is odd, and even if n is even.
A closed walk (of length n) in a graph G may be defined the same way as an (n-)cycle,
but allows repeated edges and vertices. A closed walk is also called odd if 7 is odd and

even if n is even.

We note that an n-cycle is a closed loop containing n vertices and n edges. We further

note that in a bipartite graph, there are no odd cycles.

Definition 2.1.17. We say that a cycle C with edge set E and vertex set V in a graph G has

a chord if there is an additional edge ¢ in the edge set of G with the following properties:
e ¢ ¢ E,and
e the endpoints of e arein V.

Definition 2.1.18. A bipartite graph is said to be chordal bipartite if every n-cycle with

n > 6 has a chord.

Essentially, if a graph is chordal bipartite, all of its cycles are even and can be split up into

4-cycles. All of the graphs considered in this work will be chordal bipartite.

11



We now introduce the toric ideal of a graph, which ties some of the algebraic and

graph theoretic notions together.

Definition 2.1.19. Let V be the set of vertices of a graph G and E the set of edges. Let k[E]
be the polynomial ring in the edges over k and k[V] the polynomial ring in the vertices
over k. Let 77 : k[E] — k[V] be the ring map induced by assigning to each edge the product
of its endpoints. Then the kernel of 7t is denoted I and is called the toric ideal of G. We

use notation k[G] for the image of 7t in k[V]. The edge ring of G is

k[E
k[G] = im 7T = I[ ]
G
In this dissertation, we study % and call it the toric ring of G (not uncommon in the

literature).
It is known that a set of generators for I; comes from closed even walks in G in the

following way: If a closed even walk in G has edge set

{61 = {00,01},62 = {01,02}, e, e = {Ut—1,vt}}

(where some edges and vertices may repeat), then

e1e3---ep_36p_1 — exey---e;_oer € kerm = Ig;

see for example [HHO18], Lemma 5.9.

Example 2.1.20. The graph G below has toric ideal I = (ad — bc).

12



The toric ideal of a graph is a special case of the general notion of toric ideals, particularly
the classical notion in algebraic geometry. We focus in this dissertation on properties of

the toric rings of a particular family of graphs.

2.1.3 Lattice Theory

We spend a bit of time developing some lattice theory for the development of our family
in Chapter 3. One subfamily of ideals we work with comes from a two-sided ladder and
hence from a lattice; we show that not every ideal in the general family comes from a
lattice in a natural way, so that results from lattice theory do not obviously apply to the
general family.

For the treatment below on join-meet ideals, we adopt notation found in [HHO18]. We
note that in this source, a lattice of indexed variables is defined from an underlying poset

of indices, but we combine these notions to simplify the treatment in this dissertation.

Definition 2.1.21. A (classical) lattice L is a partially ordered set of elements x1, . . ., x, with
the property that any two elements in L share a common upper bound and a common
lower bound. The join of two elements x; and x; in a lattice L is their least upper bound
in L. We denote this by x; V x;. The meet of two elements x; and x; in a lattice L is their
greatest lower bound in L. We denote this by x; A x;.

Suppose L is a lattice on the variables xq, ..., x,. Then the join-meet ideal of L is the
ideal of k[xy, ..., x,]| generated by the elements x;x; — (x; V x;)(x; A x;). We note that for

comparable x; and x;, one has x;x; — (x; V x;) (x; A x;) = 0.

Definition 2.1.22. Given a, b in a lattice L, we say that {a, b} is a comparable pair if a < b or

b < ain L, and we say {a, b} is an incomparable pair if a and b are not comparable in L.

13



2.2 Grobner Bases and Initial Ideals

The following definitions and notes provide the background necessary to understand
Grobner bases, initial ideals, and a criterion used to find Grobner bases. We use this
information in Chapters 3 and 4. For more information on Groébner bases and initial

ideals, see [KROO].

Definition 2.2.1. A monomial order on a polynomial ring Q is a total order on the mono-

mials m; in Q that have a k-coefficient of 1 such that:
o If m; < mj, then mym; < mym; for all £.

We define the degree reverse lexicographic order, which we use throughout Chap-
ters 3 and 4. In Section 2.5.2, we define the noncommutative version of the lexicographic

monomial order for use in Chapter 5.

Definition 2.2.2. Let x; > ... > x;,,. To a monomial m = H?:lx;", we associate the n-tuple
im = (rq,...,rn). The exponent r; is called the multiplicity of the variable x;. We define the
degree of m tobe degm = Y’ ; ;. We define the degree reverse lexicographic order as follows:

we have m > n if
e degm > degn or if
e degm = degn and the last nonzero entry in /1 — 71 is negative.

Definition 2.2.3. The leading term of a polynomial is the term whose monomial (it may
have a coefficient) is largest in the monomial ordering. We denote the leading term of a

polynomial f by LT(f).

Theorem 2.2.4. (Macaulay’s Basis Theorem) Let Q = k[x1,...,x,| and let I be an ideal of Q.
Let B be the set of (monic) monomials b in Q such that LT (f) 1 b for any f in I. Then the residue

classes of the elements of B are a k-vector space basis for Q/ 1.

14



This is actually a less general version; for the original theorem see [KR00], Theorem
1.5.7. To apply the above result, we need to find a way to characterize the leading terms

of an ideal I.

Definition 2.2.5. The initial ideal of an ideal I in a polynomial ring Q is denoted in- (I)

and is equal to the ideal generated by the leading terms of all polynomials in I.

By Proposition 9.3.4 and Proposition 9.3.12 of [CLO07], an ideal I and its initial ideal
in- (I) of a polynomial ring Q have the same Hilbert function, and in particular, the
quotients by them have the same dimension and multiplicity. By Theorem 4.1.3 of [BH93],
the Krull dimension of the quotient of a ring by an ideal may be established from its
Hilbert polynomial. Since Q/in~ I and Q/I have the same Hilbert polynomial, we have

the following proposition.

Proposition 2.2.6. For a polynomial ring Q and an ideal I of Q, the quotient ring Q/ (in~ I) has

the same Krull dimension as Q/ 1.
We use this information in Chapter 4.

Definition 2.2.7. A Grobner basis of an ideal I is a generating set for I whose leading terms

generate the initial ideal in~. (I).

Grobner bases are very helpful when one wishes to work with the initial ideal. Below
is a criterion for finding a Grobner basis from an existing generating set; we first introduce

some helpful definitions.

Definition 2.2.8. Let G = {g1,...,¢m}- The S-polynomial of g; and gjis

o LT(g;) N LT(g:) ,
% = (T (g,), LT(g,) &)~ ged(LT(g:), LT(g;)) "

We note that fori =j, S;; = 0.
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Definition 2.2.9. Let f € k[xy,...,x,] and G = (g1,...,9m) be an ordered m-tuple of
polynomials. The remainder on division of f by G is denoted TG (or f when G is understood)

and is defined as follows in the case when f and g; are monic:

e Let i be the first index such that LT(g;) | LT(f). Then replace f with the reduction

LT
- B3

e Repeat until there is no longer any such i.
e The final reduction is called the remainder on division of f by G.

See for example [CLO07, Th 2.3.3]. We note that this algorithm terminates, since each
successive leading term is less than the previous one and monomial orderings satisfy the
descending chain condition. When G is a Grobner basis, the remainder of f € k[xy, ..., x,]

is unique regardless of the ordering on G.

Theorem 2.2.10 (Buchberger’s Criterion). Let G = {g1,...,9m} be a generating set for an
ideal I € k[x1,...,xy). If the remainder on division of S; j by G (where the elements of G are listed

in some order) is 0 for all i, j, then G is a Grobner basis for I.

For this theorem, see for example [CLO07, Th 2.6.6]. We note that the ordering of
the generators of G may differ for each pair {i,j}. In this dissertation, we denote the
remainder on division of S; ; by G as E and call it the reduced form of S; ;.

There are some shortcuts that may be used when applying the Buchberger’s criterion.
For instance, if gcd(LT(g;), LT(g;)) = 0, then the reduced S-polynomial of g; and g; is

zero. Also, the (reduced) S-polynomial of two monomials is zero.

2.3 Homological Algebra

First, we begin with definitions pertaining to resolutions, especially in the graded setting,

and the numerical invariant regularity, which will be used in Chapter 4. Then we recall
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the definition of the Tate resolution (in the local setting), which will be used in Chapter 5.

For more information on chain complexes and the Tate resolution, see [Avr98].
Definition 2.3.1. A chain complex of modules is a sequence of modules M; and module

homomorphisms f; of the following form:

et I fr A

M, M, v

such that f;_jo0f; = 0 fori € Z. We say that a chain complex is exact if in addition
ker f; 1 =im f; for all i.

Definition 2.3.2. A free resolution of a module M over a ring R is an exact chain complex

with free R-modules F; of the following truncated form:
AR A Moo,

where 7 is surjective. The maps f; may be represented with matrices A;. A resolution is
minimal if the entries in A; are not units. A resolution is graded if R and M are graded and

the entries in the A; are homogeneous.

Definition 2.3.3. One can decompose each F; as F; = ®;R(— j)Pii. The exponent Bij is
called the (i, j)-th graded Betti number of M.

We will be looking at resolutions of a field k as an R = k[xy, ..., x,]/I-module, where I is

a homogeneous ideal of k[x1, ..., xy].

Definition 2.3.4. The Castelnuovo-Mumford reqularity of an ideal I in a ring R is

reg I = reg I = max{j —i| B;;(I) # 0},

where B,  is the (i, j)-th graded Betti number in a graded minimal free resolution of I over

R. The regularity of R/Iisreg I — 1.
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The regularity of a standard graded ring R = Q/I for a polynomial ring Q and graded
ideal I is reg R = reg R. It is well-known that this is independent of the choice of Q and
I

We use a result in Chapter 4 relating the top nonzero degree of an Artinian quotient of
a polynomial ring with its regularity over the polynomial ring; see for example [Peell],

Theorem 18.4.

Theorem 2.3.5. If Q is a polynomial ring with an ideal B such that Q/B is Artinian, then
reg oQ/ B is equal to
max{n | (Q/B)n # 0},

the top nonzero degree of Q/ B.
We now move on to the construction of a differential graded algebra resolution.

Definition 2.3.6. A differential graded k-algebra is a graded k-algebra

A= A,

n>0

equipped with a map d : A — A of degree —1 such that > = 0 and the Leibniz rule
d(ab) = d(a)b + (—1)l?lad(b) holds. When k is understood, we will sometimes refer to
a differential graded k-algebra as a dg-algebra. Notice that the set ({ A, }n>0,d) forms a
complex, which we will again call A. A resolution that is also a dg-algebra is called a

dg-algebra resolution.

We recall the classic construction by Tate [Tat57] of a dg-algebra resolution, but focus
on the setting of resolutions of the residue field k over a graded k-algebra localized at the
homogeneous maximal ideal. We introduce some preliminary definitions and then move

to the acyclic closure of k over R.
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Definition 2.3.7. Given an odd cycle z in the complex A (i.e., |z| is odd and 9(z) = 0), one
adjoins a divided powers variable x of even degree |z| + 1 to obtain a complex A(x) with

d(x) = z in the following way:

e The graded algebra A(x) is generated as a free module over A by the set
2@+ D] = d]x]}izo

with x(© = 1 and x(V) = x

e The divided power x(!) commutes with all other variables and we have

L) (i ﬂ) i)

i
fori,j > 0.

e The new (compatible) differential is d(Xa;x() = £a(a;)x® + £(—1)lilzx(=1 for

a; € A homogeneous.

Definition 2.3.8. Given an even cycle z in the complex A, one adjoins an exterior variable

y of odd degree |z| + 1 to obtain a complex A(y) with d(y) = z in the following way:
e The graded algebra A(y) is generated as a free module over A by the set {1, y}.

e The variable y commutes with divided powers variables and anticommutes with

exterior variables.

e The new (compatible) differential is d(ay) = d(a)y + (—1)l%lz for 2 € A homoge-

neous.

19



Definition 2.3.9. Let R be a local ring with maximal ideal m and residue field R/m = k.
The acyclic closure of k over R involves a very specific iterative construction of a differential
graded k-algebra that is a resolution of k over R. This construction was first introduced

by John Tate:
e We begin with the natural surjective ring map 7t from R to k.

e Let x1,...,x, be a set of minimal generators of m = ker 7r. Adjoin a set of Y7 =

{y1,...,yn} variables of degree one to obtain R(Y7) := R(y1, ..., yn) withd(y;) = x;.

e [Iteratively, we find the ith homology of R(Y1, ..., Y;) and adjoin a minimal set Y; 1 of
polynomial or divided powers variables that map under the differential to elements

whose images minimally generate the ith homology.
Theorem 2.3.10. The acyclic closure of k over R is a minimal resolution.

This was proved independently by Gulliksen [Gul68] and Schoeller [Sch67].

2.4 The Priddy Complex

The following definitions will aid in understanding the construction of the Priddy com-
plex, which is a chain complex constructed by Stewart Priddy that yields a resolution of
the residue field of certain k-algebras that is much smaller than the one given by the bar
construction: He showed its dual gives an R-free resolution of k in the case when R is a
Koszul k-algebra (see Definition 2.4.3); it was in fact Priddy who developed the notion of
a Koszul algebra [Pri70]. The dual of the Priddy complex will be the minimal graded free

resolution of k over R. For further reading on the Priddy complex, see [PP05].

Definition 2.4.1. Let V be a vector space. The tensor algebra of Vis T(V) = & V', where
V®0 is taken to be k. It is an algebra with formal addition and concatenary multiplication.

One calls T(V*) the dual tensor algebra of V.
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Note that the tensor algebra is not commutative when dimy V' > 2. If V is the vector space
generated by vy, ...,y then T(V) is isomorphic to k(y1, . .., yn), the ring of polynomials
in noncommutative variables vy, ..., y;.

Now we develop the notion of a quadratic algebra and its quadratic dual algebra.

Definition 2.4.2. Suppose Q is a linearly independent set of degree 2 elements in the
tensor algebra of V which is a basis for the subspace (Q). The quadratic algebra defined by
Qis T(V)/(Q), where (Q) is the two-sided ideal generated by Q in T(V).

Definition 2.4.3. A quadratic algebra R is said to be Koszul if the minimal graded resolu-
tion of k over R is linear, that is, if the entries of the matrices describing the maps in the

resolution are zero or homogeneous of degree one.

Definition 2.4.4. We define Q" to be a basis of the perpendicular subspace (Q)* defined by
(Q)F = {f € V**2|f(v) = 0 for all v € Q}, where one identifies (V*)®2 = (V#2)*,

Definition 2.4.5. Using the above notation, one calls T(V*)/(Q") the quadratic dual alge-
bra to the quadratic algebra T(V)/(Q). When R = T(V)/(Q), the quadratic dual algebra
T(V*)/{(Q") is denoted by R* or by R".

In the below, we write the quadratic dual algebras R and R+ = R' as quotients of
the noncommutative polynomial rings k(z1, ..., z,) and k(z}, ..., z};), instead of using the
tensor algebras T(V) and T(V*), where zy,...,z, and zj, ..., z;, are bases for the vector
space V and its dual V*, respectively. We may do this because the tensor algebra in a set of
variables X over the field k is isomorphic to the noncommutative polynomial ring in the
variables X over the field k. We use the same notation for the two-sided ideal generated

by an ideal in the noncommutative ring as we do in the tensor algebra. We have

k{zj,...,z})

) 7

12

RJ_
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when

Both R and R+ are quadratic algebras.
We now define the Priddy complex, the dual of which gives us a resolution of k over

R when R is Koszul.

Definition 2.4.6. Suppose that V is a vector space with basis xy,...,x, and dual basis
Xi,...,X; € V*. Then

R=T(V)/(Q)

and

R+ =T(V")/{Q")

are quadratic k-algebras, and the Priddy complex of R (which Priddy called the Koszul

complex of R) is
P(R)=R - R®V* - R®Ry = - =+ Rt Ry — ---
where the maps are multiplication on the right by

n
t=) x®xf;
i=1

see [Eis89].

Definition 2.4.7. The dual complex of a chain complex of free R-modules

...fglpnﬂ)]:n_lf"_;l...ﬂﬂ:oﬁ)...,
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where each f; is represented by a matrix M;, is the chain complex

* *

&pgipf%&p; e

where f7 is represented by the matrix M]. We use the notation F; = Homg(F;, R) to

denote the set of all R-module maps from F; to R. This is again isomorphic to F;.

Theorem 2.4.8. If R is a Koszul graded k-algebra, then the dual of the Priddy complex gives a

(minimal graded) resolution of k over R.

2.5 Graded Lie Algebras and Grobner-Shirshov Bases

Here we define Lie algebras, their universal enveloping algebras, and Grébner-Shirshov

bases, which will be used in Chapter 5. For the following, we use [Avr98] and [BKLM99].

2.5.1 Lie Algebras and Their Universal Enveloping Algebras

Definition 2.5.1. A graded Lie algebra over k is a k-module L = {L, },cz with a k-bilinear

pairing, called the Lie bracket
[—, —] : L X L] — LiJrj for l,] eZ, (06, IB) = [06, IB], (2.1)

such that forall«, 8,y € L
o [0, ] = —(=1)"IFIB,a]
o ([ Bl 7] = [, [B,7]] = (=D)IPI[B, [, 7],

Definition 2.5.2. For every graded associative algebra A, we get a graded Lie algebra

Lie(A) by forgetting some of the associative structure and using the graded commutator

[x,y] = xy — (—1)Fyx (2.2)
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for x,y € A.

Definition 2.5.3. The ring k(X) becomes a graded Lie (super)algebra Lie(k(X)) by intro-
ducing the (super)bracket
[a,b] = ab — (—1)llltlpg

for a,b € k(X). The free Lie (super)algebra generated by X, Lie(X), is the (graded/super) Lie
subalgebra of Lie(k(X)) generated by X.

Definition 2.5.4. For a Lie algebra L, there is a unique universal enveloping algebra U(L),
given by allowing associative multiplication between all elements of L and identifying

[a, b] with ab — (—1)!21PIpg in U(L).

The universal enveloping algebra U(L) has a universal property and is unique up to iso-
morphism of associative algebras, and L is embedded in U(L) by the Poincaré-Birkhoff-
Witt Theorem. In some cases, we may begin with an associative algebra A and obtain a

lie algebra L such that A = U(L); see [MM65].

2.5.2 Grobner-Shirshov bases

The following definitions and notes provide the background necessary to understand
Grobner-Shirshov bases. We provide further background in Chapter 5. For more infor-

mation on Grobner-Shirshov bases, see [BKL.M99].

Definition 2.5.5. We use the notation k(X) to denote the noncommutative polynomial
ring in a set of variables X. It has the obvious noncommutative multiplication. We note

that k(X) is the free associative algebra generated by X.

Definition 2.5.6. A monomial (or word) in k(X) is a monic noncommutative polynomial
with a single term, and a (noncommutative) polynomial is a linear combination of mono-

mials in k(X) with coefficients in k. If u = xj,xp, - - - X5, is @ monomial in k(X) with
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Xnys Xnys -, Xn, € X, we say u has length (or degree) t and write |u| = t. The monomial

w = 1is called the empty word, and its degree is 0.

The lexicographic monomial order defined below is a “dictionary" ordering, where
larger variables come earlier in the alphabet. For a commutative ring, it is merely the
multiplicity of each x; that counts, while in a noncommutative ring, it is also the order
that counts. When we are in the noncommutative setting in Chapter 5, we will use this

monomial order.

Definition 2.5.7. Let X = {x1,...,x,} with x; > ... > x,,. The lexicographic ordering is

defined as follows: For any nonempty words v and w in k(X),
e1>0

e v > w if there are (possibly empty) words u,v’, and w’ in k(X) and variables

Xny, Xn, € X such that v = ux,, v’ and w = ux,,w’ with x,,;, > x,.

Definition 2.5.8. The leading term of a polynomial in k(X) is the term whose monomial
(it may have a nonzero coefficient) is largest in the monomial ordering. We denote the

leading term of a polynomial f by LT(f).
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2.6 Notation

We provide for the reader’s reference a list of notations which will be defined in later

chapters.

e M is a ladder-like structure depending on even T and e € ]FE/ 2

e The graph G is defined from the ladder-like structure M? and has edge set

E= {x0/ X2,X3,---, xT+4}'
e The family of graphs G for even T and e € F; /2+1 s denoted F.

* The subfamily where all entries of e are one is denoted F;. In this family, M¢ is

a two-sided ladder for even T > 10.

* The subfamily where all entries of e are zero is denoted F».

e S(7) :=k[xg,x2,X3,...,Xr+4], where T is even, will denote the polynomial ring over

the field k on variables xg, x2, X3, ..., Xr14.
e Ige is the toric ideal associated with the graph G7.
e R(7,e) := S(1)/Ige is the toric ring of G%, isomorphic to the edge ring k[GS].
e We use X to denote a particular linear set in S(7)

— Theimage X of X;in S(7)/in Ige is proven to be a linear system of parameters

for the quotient.

The image X; of X; in R(t,e) is proven to be a linear system of parameters for

R(7t,e).

e We use notation z, := x;; in Chapter 2.3.6, and use k(zg, z3, 23, . . ., Zr+4) to denote the

noncommutative polynomial ring in the variables zg, zp, z3, . . . , Zr4 over the field k.

e R(t,e)t =k(X*)/(Q%,) is the quadratic dual algebra of R(7,e) = k(X)/(Qx.).

26



3 The Family of Toric Rings

In the following, we define a family of toric rings coming from an iterative chordal bipar-
tite family of graphs, /. We show that although one subfamily of these rings comes from
join-meet ideals of a (distributive) lattice and has many known results, this is not true in

general. Throughout, k is a field with characteristic zero, and T and i are even indices.

3.1 The Family F of Graphs

Below, we define the family F of graphs iteratively from a family of ladder-like structures
M. We note that the quantities involved in the following definition follow patterns as

follows:

T /241 | [T/4] +2 | [t/4] +2
1 2 2

N &~ N O
=~ W N

2 3
3 3
3 4

Definition 3.1.1. For each even T > 0 and for each ¢ & IF‘E/ 2“, we construct a ladder-
like structure M¢ with (|7/4] 4+ 2) rows and ([t/4] + 2) columns and nonzero entries
in the set X = {xg,x2,x3,...,Xr14}. To do so, we use the notation ¢ € IFE/ 2 for the first
T/2 entries of ¢, that is, all except the last entry. The construction is as follows, where
throughout, indices of entries in M are strictly increasing from left to right in each row
and from top to bottom in each column. We note that M? does not depend on e for T < 2,

but does for T > 4.
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e For T = 0, the ladder-like structure M8 = Mfl) is

Xo X2

X3 X4

e For T = 2, to create M5 (regardless of what e is in ]F%), we add another column with

the entries x5 and xg to the right of My to obtain

Xp X2 X5

X3 X4 Xp

e For4 < 7 =0 mod 4, to create M?, we add another row with the entries X3, X714

below Mi_z in the following way:

o The entry x;;4 is in the new row (row |[t/4| 4 2) and the rightmost column

(column [T/4] + 2).

o The entry x.,3 is in the new row (row |7/4] 4 2) in a position directly below
another nonzero entry in M.
* If the last entry of e is 0, x;3 is directly beneath the first nonzero entry in
the previous row.

 If the last entry of e is 1, x4 3 is directly beneath the second nonzero entry

in the previous row.

e For 2 < 7 = 2 mod 4, to create M4, we add another column with the entries

X143, Xr4+4 to the right of Mf_z in the following way:

o The entry x4 is in the new column (column ([7/4] 4 2)) and the bottom row

(row [T/4]| +2).
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o The entry x;3 is in the new column (column ([7/4] +2)) in a position directly
to the right of another nonzero entry of M.
* If the last entry of e is 0, x43 is directly to the right of the first nonzero
entry in the previous column.

* If the last entry of e is 1, x;3 is directly to the right of the second nonzero

entry in the previous column.

In this way, the entries in e determine the choice at each stage for the placement of
X—r_|_3

Remark 3.1.2. We note a few things about this construction:

e We note that x4 is in row |7/4] + 2 and column [7/4] 4+ 2 for T > 0, and in
particular, that x4 is directly beneath x;1» for T = 0 mod 4 and that x4 is

directly to the right of x;, for T =2 mod 4.

e We note that for T = 0 mod 4 (= 2 mod 4) the only entries in row |7/4] + 2
(column [7/4] + 2) are x;_1, X7, and x;, so that the choices listed for placement
of x;43 are the only cases. In particular, e;/, 1 = 0 if and only if x,3 is directly
beneath (to the right of) x;_1, and e; 1 = 1 if and only if x5 is directly beneath

(to the right of) x.

Example 3.1.3. For example, we have

Xp X2 X5
1,1,1)

(
M4 X3 X4 X¢

X7 X8

Xp X2 X5
(0,0,0)
M4 — X3 X4 Xg

X7 X8
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In either of the above cases, we could go on to construct Mg and Mg in the following
way: For T = 6, add xp¢ to the right of xg and add x9 to the right of either x5 or xg,
depending whether the last entry of e is 0 or 1, respectively. Then for T = 8, add x1»
below x3p and add x;; below either x7 or xg, depending whether the last entry of e is 0 or
1, respectively.

(11,...,1)

In fact, when the entries of e are all ones, we see that M7~ has a ladder shape (is a

two-sided ladder for T > 6), shown below in the case when 4 < 7 =0 mod 4:

Xp X2 X5
X3 X4 X6 X9
X7 Xg X10 X13
X11 X12 X14 X17
X15 X16 X18 X21
X19 X20 X22 X25
X23 X24 X26
Xo7 Xog - Xpi
X142

Xt+3 Xt44-

We denote the subfamily of graphs coming frome = (1,1,...,1) by ;3 C F.
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When the entries of e are all zeros, MSO'O'""O) has the following structure, shown below

in the case when4 < T =0 mod 4:

Xo X2 X5 X9 X13 X17 X21 X325 - X741
X3 X4 Xg
X7 Xg  X10
X11 X12 X14
X15 X16 X18
X19 X20 X22
X23 X24 X26
X27 X28
Xr42

X143 XT+4-

We denote the subfamily of graphs coming from e = (0,0,...,0) by F» C F.
(1,0,1,01,1,0,0,1,1,1,0,0,0,1,0,0)

For a more varied example, we have M, equal to
X0 X2 X5 X9
X3 X4 Xp
X7 X8 X110 X13 X17
X11 X12 X114
X15 X16 X18 X21 X25 X29 X33
X19 X20 X22
X23  X24 X26
X27 X28 X30
X31 X32 X34

X35 X36-
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Remark 3.1.4. If we associate a vertex to each row and each column and an edge to each
nonzero entry of M$, we have a finite simple connected bipartite graph G%. The set V; of
vertices corresponding to rows and the set V; of vertices corresponding to columns form

a bipartition of the vertices of G¢, of cardinalities

vi= 1)
Vol =[] +2.

We note that by construction G% has no vertices of degree one, since each row and each
column of M has more than one nonzero entry. We also note that the vertex that is an
endpoint of both x.3 and x4 has degree two, since the row or column containing these

has no other nonzero entries.
Definition 3.1.5. We say a graph G is in F if G = Gf for some even T > 0 and some
e € Fy/2H

Example 3.1.6. When 7 = 10, G%’l""’l) € Fiis
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When 7 = 10, Gl ¢ 7, is

We develop properties of M¢ which allow us to show in Section 3.2 that certain minors

of M¢ are generators for the toric ring of G%.

Definition 3.1.7. For this dissertation, a distinguished minor of M is a 2-minor involving

only (nonzero) entries of the ladder-like structure M¢%, coming from a 2x2 subarray of M%.

Proposition 3.1.8. For each even i > 2 and each f & lFé/ 2T the entry x;, 5 and the entry x;4
each appear in exactly two distinguished minors in M{ . Fori =0 mod 4(= 2 mod 4), these

minors are of the form

tii= Xip1Xi43 — Xj;Xiq4

coming from the subarray

Xj, o Xig1 Xj,  Xi+3

Xi+3 Xit4 Xi+1 Xit4
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for some j; € {0,2,3,...,i — 2} and the other of the form

tiv1 i= XiyoXip3 — Xji, 1 Xita

coming from the subarray

Yjir  Xit2 Yji1 Xi+3

Xi+3 Xita Xit2 Xitd

or some j;i 1 € {i — 1,1}, and the only distinguished minor of M% with indices all less than 5 is
Ji+ Y 8 T

t1 = XoXx3 — XpX4.

Proof. The last statement is clear; we prove the remaining statements by induction on
eveni. For i = 2, we have the distinguished minors t, = x3x5 — xox and t3 = x4x5 — x2X¢
coming from the subarrays

X0 X5

X3 Xg

and

X2 X5

X4 Xg

where j, = 0 € {0} and j3 = 2 € {1,2}, so we have our base case. Now suppose the
statement is true for even i with 2 < i < 7, and let T = 0 mod 4(= 2 mod 4) and
e € Fy/2H
Case 1: If e; /11 = 0, then by Remark 3.1.2, x5 is in the same column (row) as x;_;.
By induction, we have the distinguished minor t; > = x:_1x 41 — Xj,_,X7 42 coming from
the subarray
Xir o X141 Xjiep X1-1

Xt—1 Xt42 Xt41 Xt42
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Then in fact we have a subarray of the form

ij—Z X141
Xjrp Xr—1 X743
X1 X742 ’
X141 Xt42 X4
X143 Xr44

so that we have the distinguished minors

tr = Xrp1Xe43 = Xj_, X144

tr41 = XogoXt43 — Xr_1X744

with

jT :].sz (~ {0,2,3,...,T_4} C {0/2/3/--~/T_2}

by induction and with

jrri=1—le{rt—-1,1}

Since the only entries in row |7/4| + 2 (column [7/4] + 2) of M$ are x43 and x4 and

since the only entries in column [7/4] + 2 (row |7/4| +2) of M$ are x;11, Xr42, and x4

by Remark 3.1.2, these are the only distinguished minors of M¢ containing either x,3 or

XT4+4-

Case 2: If ez /11 = 1, then by Remark 3.1.2, x;3 is in the same column (row) as x;. By

induction, we have the distinguished minor £y 1 = X¢Xr41 — Xj,_, Xr42 coming from the

subarray
Yjep X4l Yjr Xt

Xt Xr42 X141 X742
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Then in fact we have a subarray of the form

x].Tfl x7+1
x]-Fl Xt X143
Xt X142 ’
X141 Xt42 X4
X143 Xr44

so that we have the distinguished minors

tr = Xrp1Xe43 — Xj_ X144

try1 = XoyoXr43 — XtXry4
with
jT:jT_lG{T—3,T—2}C{0,2,3,...,T_2}

by induction and with

jrrn=te{r—1,1}

Since the only entries in row |7/4| + 2 (column [7/4] + 2) of M$ are x;3 and x;4 and
since the only entries in column [7/4] + 2 (row |7/4| +2) of M$ are x¢11, Xr42, and x4
by Remark 3.1.2, these are the only distinguished minors of M¢ containing either x,3 or

X744, as desired. [

Definition 3.1.9. For even i, define the integers j;, ji+1 for ji,..., jr4+1 as in the statement

of Lemma 3.1.8. We note in the remark below some properties of the j,.

Remark 3.1.10. From the proof of Lemma 3.1.8, we note that j, = 0, j3 = 2, and that for

eveni > 4, we have the following;:

eijpr1 =0 — ji=jia & jinn=1i-1

eippp1 =1 <= ji=jii1 < Ji1 =1
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For the sake of later proofs, we extend the notion of j, naturally to t; = xpx3 — xpx4 and

say that j; = 0, and note the following properties of the j, for1 <n <7+ 1:

e Foreveni,j; € {ji_o,ji-1}and j; <i—2.Fori=2,j, = j; =0, and for i > 4, this is

clear from Proposition 3.1.8 and the above statement, since ¢; /5.1 € {0,1}.

e Foreveni, wehaveji,q € {i—1,i}. Fori =0,j; =0 € {—1,0}, and for i > 2, this

follows from Proposition 3.1.8.
e Foreveni,j; < ji;1. Indeed, j; <i1—2 < jjqq.

e The j;;1 form an increasing sequence for even i. This is clear by the fact that j;;; €

{i—1,i} fori > 0.

e The j; form a non-decreasing sequence for even i. Indeed, for i > 4, either j; = j;_»

orji:ji,lzi—3>i—42ji,2.

Remark 3.1.11. We also note from the above proof that the following is a subarray of M%

foralleveni =0 mod 4(=2 mod 4) such that2 <i < T

Xj Xit1

i X Xit3
Xjir  Xig2

Xit1 Xiy2 Xitd
Xi+3 Xit4

Proposition 3.1.12. For even T > 0, each graph G € F is chordal bipartite with vertex biparti-

tion V1 U V; of cardinalities

1| = EJ +2
Vo| = m +2.

Proof. We prove this by induction on the even subscript. We already know by Remark

3.1.4 that every graph G¢ is bipartite for T > 0, with the above bipartition. Let f € lFé/ 2+
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It is clear for i = 0 and i = 2 that Glf is chordal bipartite, since these graphs have fewer
than six vertices. Now suppose Glf is chordal bipartite for even i with2 < i < 7 =0
mod 4(= 2 mod 4), and consider G¢ for e € Fi/?>"1. We know that the following array
(or its transpose) is a subarray of M3 by Remark 3.1.11, and we include for reference the

corresponding subgraph of G with vertices labeled as in the argument below.

ij+1 X142
X143 X144

We know the only difference between G¢ and G¢_, is one vertex r3 corresponding to row
| T/4] + 2 (column [7/4] + 2) and two edges {r3,c2} = x4 and {r3,c1} = x¢43, where
cp corresponds to column [t/4]| + 2 (row |7/4] 4+ 2) and ¢; corresponds to the column
containing x,,3. Any even cycle containing r3 must also contain x;;4 and x.,3, since
degrz = 2 by Remark 3.1.4. By Remark 3.1.2, the only other edges with endpoint c, are
Xr+1 and x,42, the entries added to make M;_», so we know that any even cycle contain-
ing x;44 and x;43 must contain either x;; or x;>. We see that any even cycle containing
r3 and x4 is either a 4-cycle or has x;_as a chord, and any even cycle containing r3 and
X742 is either a 4-cycle or has x; _, as a chord. Thus every graph Gf is chordal bipartite

for T > 0, with the above bipartition. O
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3.2 Toric Rings for F

In this section, we develop the toric ring R(7,e) for each of the graphs G¢ in the family
F. We first show that the toric ideal Ige of the graph Gf is the same as the ideal I(7,¢)
generated by the distinguished minors of M%. We then demonstrate that for some 7 and
e, these ideals do not arise from the join-meet ideals of lattices in a natural way, so that

results in lattice theory do not apply to the general family F in an obvious way.

3.2.1 From Toric Ideals of Graphs

Let S(t) = k[xo,x2,x3,...,%Xr14]. The edge ring for G¢ € F is denoted by k[G] and is

isomorphic to the following toric ring, which we call R(7,e).

5(r)

R(Te) = 7,

where I is the toric ideal of G7. Our goal is to show that
Ige = I(7,e) = ({distinguished minors of M?}).

Proposition 3.2.1. Let S(7) = k[xo, x2, X3, ..., Xz14]. For G& € F, we have

where

I(7,e) = ({distinguished minors of M%}).

Proof. To prove this, we need only show that I(7, ) is the toric ideal I5e of the graph Gf.
It is clear that the distinguished minors of M7 are in Ige, corresponding to the 4-cycles of
G¢. Since G is chordal bipartite, these are the only generators of I ([HHO18], Corollary
5.15). O
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Corollary 3.2.2. The rings R(7, e) are Cohen Macaulay.

Proof. By Remark 3.1.4 and Proposition 3.2.1, the ring R(7,¢) is the toric ring of a finite
simple connected bipartite graph, and hence by Corollary 5.26 in [HHO18], R(7,e) is

Cohen Macaulay for each T and e. O

Because we know the distinguished minors of M%, we are now able to characterize the

generators for the toric ideal R(7,e) of G§.

Remark 3.2.3. By Proposition 3.1.8 and Remark 3.1.10 that the generators ¢4, ..., for

Ige may be summarized as follows. For even integers i such that 2 <i < T, set

t1 = XoX3 —XjX4
ti = Xip1Xiy3 — X Xita
tiy1 = Xit2Xiys — Xj Xita,

where the nonnegative integers j, are as in Remark 3.1.10, that s, j; = j» = 0, j3 = 2, and

for eveni > 4, we have

ijp1=0 < ji=jia = jin=1i-1

€i/o41 = 1 <— ji = ji—l < ji+1 =1.

We note that the number of generators depends on T and that the j, depend on e, but
we may ignore dependence on ¢ when working with general j,. We sometimes call
t1, ..., try1 the standard generators of Ige, and show in Section 3.2.2 that for certain T and

e, they are not equal to the usual generators for the join-meet ideal of any lattice L.

Example 3.2.4. We first look at the toric ideal of a graph in ;. For T = 10 and e =

(1,1,...,1), by Remark 3.1.10 we have j; = j, =0, j3 = 2, j; = ji_1 and j;11 = i for even
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i >4, so that
k[xo,x2, ..., x14]

R(t,e) = i ,
G¢
where I-¢ is generated b
Ge1s g y

1 = XoXx3 — XpX tr = Xx3Xx5 — XpX
1 3 — XoX4 3X5 — XpX¢
t3 = x4X5 — XoX ty = X5x7 — XoX
3 4X5 6 4 5 8
t5 = XeX7 — X4X§ te = X7X9 — X4X10
t7 = XgX9 — XgX10 fg = X9X11 — XgX12
tg = X10X11 — X8X12 t10 = X11X13 — X8X14

f11 = X12X13 — X10X14-

We now consider a graph in ;. For t = 10 and e = (0,0, ...,0), by Remark 3.1.10 we

haveji =j» =0,j3=2,ji =ji_p and ji;1 =1 — 1 for eveni > 4, so that

k[XQ, X2,... ,X14]

R(T,e) = 7 ,
Gt
where Ig. is generated by
f1 = XpX3 — XoX4 tr = X3X5 — XpX¢
t3 = x4X5 — X2 Xg ty = x5Xx7 — XgXg
3 4X5
t5 = XeX7 — X3X§ te = XyX9 — X9X10
t7 = XgX9 — X5X10 tg = X9X11 — X0X12
tg = X10X11 — X7X12 f10 = X11X13 — X0X14

f11 = X12X13 — X9X14.
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3.2.2 Distinction From Join-Meet Ideals of Lattices

We saw in Example 3.1.3 and Proposition 3.2.1 that if G; € F; C F, then I¢ is a ladder
determinantal ideal for T > 4. It is known that a ladder determinantal ideal is equal
to the join-meet ideal of a (distributive) lattice (indeed, with a natural partial ordering
which decreases along rows and columns of M¢ we obtain such a lattice), so much is
known about R(7, e) via distributive lattice theory and the theory of ladder determinantal
ideals. We spend some time in this section establishing that not all rings R(t,e) € F arise
from a lattice in a natural way (see Remark 3.2.6), and so there does not seem to be any
obvious way to obtain our results in Chapter 4 from the literature on join-meet ideals
of distributive lattices or on ladder determinantal ideals. The results in Chapter 4 may
be viewed as an extension of what is already known for the family /; from the existing
literature.

The following five lemmas serve to provide machinery to show that there is at least
one ring in the family F, namely k[Gﬁ’l’l’l’l’O)], whose toric ideal does not come from a
lattice on the set {x,...,x14} in any obvious way. That is, we show that the standard
generators of I , the t, from Remark 3.2.3, are not equal to the standard generators (see
Definition 3.2.5) for any lattice L on {xo, ..., X14}.

Before we begin, we introduce some definitions and notation that we will use exten-

sively throughout:

Definition 3.2.5. In this dissertation, a standard generator of the join-meet ideal of a lattice

L is a nonzero element of one of the following four forms:

XaXp — (xtl \ xb)(xa A\ xb) = XgXp — (Xa AN Xb)(xa V xb)

(xg Vxp)(xa Axp) —xaxp = (xg Axp)(xa V Xp) — XaXp

for x4, x;, € L. We will sometimes refer to such an element as a standard generator of L. We

note that for a standard generator, the pair {x,, x; } is an incomparable pair, and the pair
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{(xa V x3), (x4 A xp) } is a comparable pair.

Though we are in a commutative ring, we provide all possible orderings for factors
within the terms of a standard generator to emphasize that either factor of the monomial

(x2 V xp) (xa A xp) = (x4 A Xxp) (X, V Xxp,) may be the join or the meet of x, and x;,.

Remark 3.2.6. We give an explanation of why it makes sense to focus only on the stan-
dard generators of a join-meet ideal. We recall that the standard generators ¢, for I from
Remark 3.2.3 come from distinct 2 x 2 arrays within the ladder-like structure M¢ and rec-
ognize that either monomial of ¢, determines its 2 x 2 array. Then an element of the form
ab — cd in IGi; witha,b,c,d € {xo,x2,x3,...,x14} must be equal to £¢; for some s, since a
nontrivial sum of ¢, with coefficients in {—1, 1} either has more than two terms or is equal
to ts for some s, and other coefficients would be extraneous. Then any generating set for
IG§4 where each element has the form ab — cd in IG& with a,b,¢c,d € {xg,x2,%3,...,%X14}
must consist of all the ¢, (up to sign). We conclude that it is natural to check whether the

t, are standard generators of a lattice L, instead of non-standard generators.

For the next definition, we note that for a standard generator coming from x,,x;, € L,

{x4, xp} is an incomparable pair and {(x; V xp), (xz A xp) } is a comparable pair.

Definition 3.2.7. Given a standard generator s = uz — wv of a lattice L, let F; € IF, be

defined as follows:

If F; = 0O, the elements in the first monomial of s are not comparable in L (so

the elements in the second monomial of s are comparable in L).

If F; = 1, the elements in the second monomial of s are not comparable in L

(so the elements in the first monomial of s are comparable in L).

For a given list s1, s, ..., s, of standard generators of a lattice L, we will use
F=(F,...,F,) € F3,
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where F; = F;, to encode the comparability of the variables in these generators.

We note that exactly one of F; = 0 or F; = 1 happens for each j; we are merely encoding
which monomial in each relation corresponds to x,x,, and which to (x; V x3)(xs A xp) =

(xg A xp) (% V xp).

Notation 3.2.8. We will use the notation u > {w,v} if u > w and u > v in a lattice L, and

{w,v} >zifw >zandv > zin L.

In the first lemma, we begin by showing what restrictions we must have on a lattice
whose join-meet ideal contains the 2-minors of the following array as standard genera-

tors:

a b e

cd f

Lemma 3.2.9. Suppose

s1 = bc—ad
s = ce—af
s3 = de—Dbf

are standard generators of a lattice L. Let F € TF3 be defined for these three elements as in 3.2.7.

Then up to relabeling of variables,

F € {{0,0,0},{0,0,1},{0,1,1}}.

Proof. We first note that some of the cases we consider are equivalent. If we relabel vari-

ables according to the permutation (ac)(bd)(ef), we see that

F={ijkl={1—-i1-j1—k}
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This limits the cases we need to consider to

F € {{0,0,0},{0,0,1},{0,1,0},{0,1,1}}.

That is, we only need to show that the case F = {0,1,0} is impossible.

Let F; = 0. Then without loss of generality, up to reversing the order in the lattice
(which does not affect the join-meet ideal), we have a > {b,c} > d. If F, = 1, we have
e>{a, f}>csoe>{b f} >dandhence F; = 1. We conclude that the case F = {0,1,0}

is impossible. O

In the second lemma, we show what restrictions we must have on a lattice whose
join-meet ideal contains the 2-minors of the following ladder as standard generators, and

which meets certain comparability conditions.

a b e

c d f

g h

Lemma 3.2.10. Suppose

s1 = bc—ad
s = ce—af
s3 = de—bf
sS4 = eg—Dbh
ss = fg—dh

are standard generators of a lattice L, and that {a, g} {a,h},{c, g}, and {c,h} are comparable
pairs in L. Let F € T3 be defined for these five elements as in 3.2.7. Then up to relabeling of
variables, F = {0,0,0,0,0}.
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Proof. We first note that with natural relabeling, both {s1,s5,s3} and {s3, 54, 55} satisfy the
hypotheses of Lemma 3.2.9, so if we let F be defined as in 3.2.7, this limits the cases we
need to consider to 5-tuples whose first three elements and whose last three elements
satisfy the conclusion of Lemma 3.2.9. We note that some of the cases we consider are
equivalent. If we relabel variables according to the permutation (ac)(bd)(ef), we see that
F={ijklmy={1—-1i1—j1—km,l}, and if we relabel the variables according to
the permutation (be)(df)(gh), we have F = {i,j, k,I,m} = {j,i,1—k,1—1,1—m}. The
permutation (ah)(cg)(bf) yields F = {i,j, k,I,m} = {m,1,k,j,i}. Then by Lemma 3.2.9

we have the eighteen cases

{0,0,0,0,0} ={1,1,1,0,0} = {1,1,0,1,1} = {0,0,1,1,1}

{0,0,0,0,1} = {1,1,1,1,0} = {1,1,0,0,1} = {0,0,1,1,0}

{0,1,1,0,0}

{1,0,0,0,0}

{0,1,1,1,1}

{1,0,0,1,1}

{0,0,0,1,1} = {1,1,1,1,1} = {1,1,0,0,0} = {0,0,1,0,0}
{0,1,1,1,0} = {1,0,0,0,1}

We need only show that the cases {0,0,0,0,1}, {0,1,1,1,0}, and {0,0,0,1,1} are impos-
sible.

Case 1: F = {0,0,0,0,1}. Since F; = 0, without loss of generality (reversing the order on

the entire lattice if needed) we have a > {b,c} > d. Then F, = F; =F, =0and F5 = 1,
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with the ordering chosen, yield

a>{ce}>f
b>{de}>f
b>{eg}>h

g > {dh} > f.

If c > g, thena > {b,c} > g > d, but then bc — ad is not a standard generator of L, and
this is a contradiction. If ¢ < g, then ¢ < ¢ < b so that both {b,c} and {a,d} from s;
are comparable pairs, but this is a contradiction. We conclude that the case {0,0,0,0,1} is

impossible.

Case 2: F ={0,1,1,1,0}. Since F; = 0, without loss of generality we have a > {b,c} > d.

Then F, = F3 = F; = 1 and F5 = 0, with the ordering chosen, yield

e>{a,f}>c
e>{b,f}>d
e>{bh}>g

h>{f g} >d.

If c > g, then f > ¢ > g so thatboth {f,g} and {d, h} from s5 are comparable pairs, but
this is a contradiction. If ¢ < g, then ¢ < ¢ < b so that both {b,c} and {a,d} from s;
are comparable pairs, but this is a contradiction. We conclude that the case {0,1,1,1,0} is

impossible.
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Case 3: F = {0,0,0,1,1}. Since F; = 0, without loss of generality we have a > {b,c} > d.

Then F, = F3 = 0 and F; = F5 = 1, with the ordering chosen, yield

a>{ce}t>f
b>{de}>f
g>{bh} >e

g >{dh} > f.

If c > g, thenc > ¢ > b so that both {b,c} and {a,d} from s; are comparable pairs, but
this is a contradiction. Then ¢ < g withd < {b,c} < a < g, since bc — ad is a standard

generator of L.

Case 3a: If a < h, then b < a < h so that both {b,h} and {e, g} from s, are

comparable pairs, but this is a contradiction.

Case 3b: If a > h, then ¢ > a > {d,h} > f, so that fg — dh is not a stan-
dard generator of L, but this is a contradiction. We conclude that the case

{0,0,0,1,1} is impossible.

We note that these cases are compatible with all three possible relabelings. Then up to

relabeling, F = {0,0,0,0,0}. 0

In the third lemma, we show what restrictions we must have on a lattice whose join-
meet ideal contains the 2-minors of the following ladder as standard generators and

which meets certain comparability conditions.

a b e
c d f i
g hj
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Lemma 3.2.11. Suppose

s = bc—ad
s = ce—af
s3 = de—Dbf
s4 = eg—Dbh
ss = fg—dh
S¢ = gi—dj
s; = hi—fj

are standard generators of a lattice L, and that {a, g}, {a,h}, {c, ¢}, {c, h}, {b,i}, {b,j}, {e i},
and {e, j} are comparable pairs in L. Let F € F5 be defined for these seven elements as in 3.2.7.

Then up to relabeling of variables, F = {0,0,0,0,0,0,0}.

Proof. We first note that with natural relabeling, both {s1, s, 53,54, 55} and {s3, 54, 55, ¢, 57}
satisfy the hypotheses of Lemma 3.2.10, so if we let F be defined as in 3.2.7, this limits
the cases we need to consider to 7-tuples whose first five elements and whose last five
elements satisfy the conclusion of Lemma 3.2.10, so the only possible cases are

{0,0,0,0,0,0,0} and {0,0,1,1,1,0,0}. If we relabel variables according to the permuta-
tion (be)(df)(gh), we see that F = {i,j, k,I,m,n,0} ={j,i,1—k,1—1,1—m,o,n}, so that
these two cases are equivalent. Then up to relabeling of variables, F = {0,0,0,0,0,0,0}.

]
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In the fourth lemma, we show what restrictions we must have on a lattice whose
join-meet ideal contains the 2-minors of the following ladder as standard generators, and

which meets certain comparability conditions.

a b e
c d f i
§ I j
k1
Lemma 3.2.12. Suppose
s = bc—ad
s = ce—af
s3 = de—bf
s4 = eg—Dbh
ss = fg—dh
s = gi—dj
s; = hi—fj
sg = ik— fl
s9 = jk—hl

are standard generators of a lattice L, and that {a, g}, {a,h}, {c, g}, {c,h}, {b,i}, {b,j}, {e, i},
{e,j}, {d, k}, {d,1}, {g k}, and {g,1} are comparable pairs in L. Let F € T, be defined for these
nine elements as in 3.2.7. Then F = {0,0,0,0,0,0,0,0,0}.

Proof. We first note that with natural relabeling, both {s1, s2, 53, 54, 55, 56, 57} and

{s3,54,55,56,57,58,59} satisfy the hypotheses of Lemma 3.2.11, so if we let F be defined as
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in 3.2.7, this limits the cases we need to consider to 9-tuples whose first seven entries and
whose last seven entries satisfy the conclusion of Lemma 3.2.11. We see by Lemma 3.2.11

that F = {0,0,0,0,0,0,0,0,0}. 0

We now have the machinery necessary to show that fore = (1,1,1,1,1,0), Ige, does
not come from a lattice. In our proof, we use the previous four lemmas and the fact that

Ig:, is generated by the 2-minors of the following ladder-like structure:

X0 X2 X5
X3 X4 X6 X9 X13
X7 X8 X10

X11 X12 X14

Proposition 3.2.13. Let T = 10and e = (1,1,1,1,1,0). Then the set of standard generators for
Ige,, as given in 3.2.3, is not equal to the complete set of standard generators (up to sign) of any

(classical) lattice.

Proof. By choice of T =10and e = (1,1,1,1,1,0), the generators of Ig;, are

t1 = xpX3 — XoX4 tr = X3X5 — XpXg
t3 = x4X5 — X2 Xg ty = x5Xx7 — XoXg
t5 = XeX7 — X4Xg te = X7X9 — X4X10
t7 = XgX9 — XeX10 tg = X9X11 — XeX12
tg = X10X11 — X8X12 f10 = X11X13 — X6X14

f11 = X12X13 — X9X14

Suppose a lattice L exists whose complete set of standard generators (up to sign)

equals {t1,...,t11}. We note that if the monomial x;x; does not appear in any of the t,,
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then {x;, x;} is a comparable pair, since otherwise +(x;x; — (x; V xj)(x; A x;)) would be
in the set of standard generators of L. Thus the pairs {xo, x7}, {x0, xs}, {x3,x7}, {x3,x3},
{x2, %9}, {x2,x10}, {x5,x9}, {x5, x10}, {xa, x11}, {xa, x12}, {x7, %11}, and {x7, x12} are com-
parable pairs in L. Let F € FF}! be defined as in 3.2.7. Then with natural relabeling of the
tirst nine relations, this lattice satisfies the hypotheses of Lemma 3.2.12, so the only cases
we need to consider are F = {0,0,0,0,0,0,0,0,0,a,b}.

Since F; = 0, without loss of generality, we have xo > {x2,x3} > x4. Then F3 = F5 =

F; = Fy = 0, with the ordering chosen, yields

Xy > {X4,X5} > Xg
X4 > {x6,x7} > Xg
Xg > {Xg,Xg} > X10

xg > {x10,X11} > X12

Case 1: Suppose b = Fj; = 0. With the ordering chosen, this yields xg > {x12, x13} > x14.
If {x10, x13} is an incomparable pair, we would have %+ (x19x13 — (¥10 V x13) (X109 A X13) ) in

our set of standard generators, so {19, X13} must be a comparable pair.

Case la: If x19 > x13, then x9 > x19 > {Xlz, Xlg} > X14, SO that x1px13 — X9x14

is not a standard generator of L, but this is a contradiction.

Case 1b: If x1p < x13, then x15 < x79 < X33 so that both {x15, x13} and {x9, x14}

from tq; are comparable pairs, but this is a contradiction.

Case 2: Suppose b = Fj; = 1. With the ordering chosen, this yields x13 > {x9, x14} > x12,
since x9 > x19 > x12. If {x70,x14} is an incomparable pair, we would have =+ (x19x14 —
(%10 V x14) (x10 A X14) ) in our set of standard generators, so {x10, ¥14 } must be a compara-

ble pair.
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Case 2a: If x19 < x14, then x13 > {x9, x14} > x10 > X12, so that x1px13 — X9x14

is not a standard generator of L, but this is a contradiction.

Case 2b: If x19 > x14, then x14 < x19 < X9 so that both {X9, X14} and {xlg,xlg}

from t;1 are comparable pairs, but this is a contradiction.

We conclude that there is no lattice whose complete set of standard generators (up to sign)

equals the set of standard generators of I, . O
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4 Properties of the Family of Toric Rings

In Chapter 3, we defined a family of toric rings, the toric rings R(7,e) coming from the
family F; we demonstrated some context for these rings in the area of graph theory.
Now we investigate some of the algebraic properties of R(7,e). We develop proofs for
properties such as dimension and regularity and build a short exact sequence associated

with the family F.

4,1 Grobner Basis and Initial Ideal

We use the the degree reverse lexicographic monomial ordering with xg > x, > x3 > ...
throughout this chapter, and denote it by >. We show that the standard generators ¢;

given in Remark 3.2.3 are a Grobner basis for Ige with respect to >.

Lemma4.1.1. Ifty,...,t 41 are as in Remark 3.2.3, then G = {t1,...,tr11} is a Grobner basis

for Ige with respect to >.

Remark 4.1.2. We recall parts of Remark 3.2.3 verbatim here for use in the proof below.
The generators tq,...,tr41 for Ige may be summarized as follows. For even integers i

such that2 <i < T, set

t1 = XoXx3— X]'1X4
ti = Xiy1Xiy3 — Xj;Xit4
tiv1i = XiyaXiy3 — Xj , Xit4,

where the nonnegative integers j, are as in Remark 3.1.10, thatis, j; = j» =0, j3 = 2, and

for eveni > 4, we have

ijpt1 =0 = ji=Jio &= jip1=1-1
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eipr1=1 < ji=ji1 < jin1 =1

Proof. We use Buchberger’s criterion, as described in Theorem 2.2.10 and show that in
each case, the reduced form of the S-polynomial §; ; is zero. We look at the various cases

for
_ LT LT(t)
W ed(LT(t;, t,-)( i)~ qcd(LT(t;, tj)( i)

and denote the reduced form of S; ; by §] We note that S;; = S; ; up to sign, that S;; =0,
and that if t; and ; have no shared variables in their leading terms, then TJ =0.
As the even- and odd-indexed generators follow a different pattern, we consider just

eveniand i with 0 < {i, ?} < 7, obtaining odd indices as i + 1 and T4 1.

Case 1: First we consider S l.,?for eveniwith0 < {i,i} < 7. Wehavet; = x;,1X;43 — Xj,Xi14
and t; = x7, X7, 5 — x;.x;7, ;. The only case where t; and t; have shared variables in their

leading terms, without loss of generality, is wheni =i+ 2, for 2 <i < 7 — 2. We have
Si7=Siit2 = Xit5(Xip1Xir3 — Xj,Xiya) — Xip1 (Xi13Xi5 — Xj;,, Xite)
XjipoXit1Xit6 — Xj; XitaXiy5.
Case 1.1: If e(jy9) /p41 = 0, then ji1» = jiand ji,3 =i+ 1,50
Siit2 = Xj;Xit1Xiy6 — XjXit4Xit5

and t; 13 = Xj14Xiy5 — Xj+1Xit6. Adding Xjtivs yields S; ;12 = 0.
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Case 1.2: If e(j 1 5) /241 = 1, then ji1» = jit1 and ji 3 =1+ 2,50
Siit2 = Xj;, Xif1Xite — Xj;Xi14Xi15
Ji+1 Ji
and fi13 = Xj14Xi15 — Xit2Xit6-
Casel.2a:Ifi > 4ande;/p;1 =0, thenj; =ji_rand ji;1 =i—1,s0
Siit2 = Xi—1Xi41Xir6 — Xj,_,Xi14Xi15
and t; o = x; 1Xi41 — X}, ,Xiy2. Adding x;, ,t;,3 yields
Xi—1Xit1Xit6 — Xj;_, Xi+2Xi16s

and adding —x;¢t;_» yields S; ;15 = 0.

Case1.2b:Ifi =2,0ri > 4ande;/p,1 = 1,thenj; = j,_jand ji;1 =1,
SO

Siji+2 = XiXit1Xit+6 — Xj;_ Xi+4Xit5
and ti1= XiXit1 — inile_z. Adding xjH ti_|_3 yields
XiXit1Xit6 — Xj; 1 Xi42Xit6,
]
and adding —x;,¢t;_1 yields S;;1» = 0.

Case 2: Now we consider S, i We have t; 11 = xj 12X 13 — Xj,,, Xi+4 and

~

P = XX~ XX The only cases where #;1 and t- have shared variables in their

leading terms are when i=iand wheni=i+2.
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Case 2.1: Suppose i =i for even i such that 2 < i < 7. We have
Si17=Si+1i = Xixa(Xip1Xigs — XjXita) — Xip1 (Xip2Xits — Xj, Xita)
Xji g1 Xit1Xita — Xj Xi42Xi44.
Case2.1.1:Ifi > 4and ej/p11 =0, thenj; =j;_rand ji4; =i —1,s0
Sit1i = Xi—1Xi41Xi+4 — Xj,_,Xi12Xi14
and ti_z = Xi1Xi+1 — le.fleurz. Addil’lg —xi+4t1~_2 yields m = 0.

Case 2.1.2: If i = 2, ori > 4and ¢;;41 = 1, then j; = j;_; and
ji+1 = Z'/ SO

Sit1i = XiXip1Xita — Xj;_ Xi42Xip4
and t; 1 = xjxj11 — Xj,_q Xit2- Adding —x;4t;_1 yields S;11; = 0.

Case 2.2: Suppose i=i+2forevenisuchthat0 < i< T—2. Wehave

Si17=Sitriv2 = Xips5(Xip2Xits — Xj, Xita) — Xit2(Xi13Xit5 — Xj, Xit6)

Xji o Xit2Xite — Xj  Xi+4Xiyt5.

Case2.2.1: If i > 2 and e(i+2)/2+1 =0, thenji» =jiand ji3 =i+1,
SO

Sit1,i+2 = Xj;Xiy2Xite — Xj,  Xi14Xit5

and tj 13 = Xj14Xi15 — Xit1%Xite-
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Case 2.2.1a: If i > 4 and ¢;/5,1 = O, then j; = j;_» and

jiv1 =1—1,s0

Sit1i+2 = Xj,_,Xit2Xive — Xi-1Xi4+4Xiy5

and t; » = X; 1Xi11 — Xj, ,X;y2. Adding x; 1t;,3 yields

Xji_pXi42Xit6 — Xi—1Xi+1Xi+6s

and adding x;¢t;_» yields S; ;1 ;42 = 0.

Case2.2.1b: If i = 2,0ri > 4and e;/p,1 = 1, then j; = ji_4

and ji+1 = i, SO

Sit1i+2 = Xji_ Xit2Xit6 — XiXi14Xi15

and f; 1 = X;X;j11 — Xj,_, Xi12. Adding x;t; 3 yields

Xji 1 Xit2Xit6 — XiXi+1Xi+6/

and adding x; ¢t;_1 yields S; 1142 = 0.

Case222:Ifi=0,0ori > 2and e(i+2)/2+1 = 1, then j;1p» = ji;1 and

jita3 =1+2,50

Sit1i+2 = Xji Xit2Xite — Xji, Xit+aXit5

and ti+3 = Xi44Xiy5 — Xi42Xi16- Addmg JC]'I,+1 ti+3 yields Si+1,i+2 = 0.

Case 3: There is nothing to consider for S

i11741- Since the leading terms of

tit1 = Xip2Xips — Xj, X4 and o = X5 0¥ g — Xj- X4 have no shared variables for i
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distinct from .

Thus, G is a Grobner basis for Ige with respect to >. O

Corollary 4.1.3. The initial ideal for 1 with respect to the degree reverse lexicographic monomial
order > is

ins Ige = (x2x3, {Xj11Xi43, XiyoXipa | ieven, 2 < i < T}).

We also obtain the following corollary, establishing that R(7,e) is Koszul, which be-

comes useful in Chapter 5.

Corollary 4.1.4. Since Ige has a quadratic Grobner basis, the ring R(, e) is Koszul for all T due

to [HHO18, Th 2.28]. This becomes relevant in Chapter 5.

Proof. This is clear; these are the leading terms of the standard generators for Ige from

Remark 4.1.2, established as a Grobner basis in Lemma 4.1.1. O

Remark 4.1.5. We note that in.. Ige does not depend on e, which will be important for the

following sections.

4.2 Dimension and System of Parameters

We use the initial ideal in> Ige found in Corollary 4.1.3 and direct computation to show
that the Krull dimension dim R(7,e) = 7/2 4 3. As a corollary, we obtain the projective
dimension of R(t,e). We note that the Krull dimension, like the initial ideal, does not
depend on e. We refer the reader to Proposition 3.2.1 and Remark 4.1.2 for a reminder of

how to think of the toric ring

in the context of this dissertation.
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Theorem 4.2.1. The Krull dimension of R(t,e) is

dimR(7,e) = t/2+3.

Proof. Let > be the degree reverse lexicographic monomial ordering with

X0 > Xp > X3 > 0 > Xpyd.

By Corollary 4.1.3, the initial ideal of Ige with respect to > is

in> IG% = (XZX3, {xi+1xi+3,xi+2xi+3 | ieven, 2<i< T})

Since S(7)/(ins> Ige) and S(7)/Ige have the same Krull dimension by Proposition

2.2.6, it suffices to prove that

dimS(T)/(in> IG%) =T1/2+3.

To see that the dimension is at least 7/2 + 3, we construct a chain of prime ideals in
S(T) containing in.. Ige. Since every monomial generator of in. Ige contains a variable
of odd index, we begin with Pr = ({x; | kodd, 2 < k < T +4}), a prime ideal containing

in.. Ige. Then we have the chain of prime ideals Pr C Pr + (x9) € Pr + (xo,x2) € Pr +

=

(x0,%2,x4) € -+ C Pr+ ({x; | ieven, 0 <i < T+4}). Since the list

X0, X2(1)r X2(2)7 + + - 7 X2(7/242)
contains 7/2 + 3 variables of even index, this chain has length 7/2 + 3, so that

dim S(7)/(in> Ige) > 7/2 + 3.
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To see that the dimension is at most 7/2 + 3, we find a sequence X of /2 + 3 elements

(1)/(in> Ige)

S
in S(7)/(in> Ige) such that € has dimension zero. Let

Xt = X0,X2 — X3,X4 — X5,...,X7 — Xo41, X142 — X143, X144

in (1), and take the quotient of S(7)/(in> Ige) by (X), where X; is the image of X; in
S(t)/(in> Ige), to obtain the following. In the last step, we rewrite the quotient of 5(7)
and (ins Ige) + (X¢) by (X¢) by setting xg and x4 equal to 0 and replacing x; by x4

foreveniwith2 <i<t+42:

S(T)/(in> IG%) ~ S(T)
(X7)  ((ins Ige) + (X))
o 5(7)/(Xz)
((in> Ige) + (X7))/ (Xe)
~ klxs, x5,..., Xe 1, X4 3)

(xé, {xz'+1x1'+3,x1-2+3 | ieven,2 <i< r})

Now let

3= (23, (23, {xip1Xi13, xiz+3 ieven,2 <i<T})).

We show that
S(T) / (1n> IG?[_) ~ k[x3/ x5/ e ey xT+1/ xT+3]

(%) B J

has dimension zero by showing that k[x3, x5, ..., Xr11, Xr43]/ v/J has dimension zero,
since dimR/I = dim R/+/I for an ideal I of a ring R. Since xiz+1 € J for even i with

2 <i<1t+2,wehave

(x31 X5,y X141, xT—|—3) g \/3 g (x3/ X5,y X141, xT+3)/
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so that v/J = (x3,Xs,...,X¢11,¥r43). Then

dimk[xa,x&---,xr+1,xr+3] _ dimk[xa,x&---,xr+1,xr+3]

J V3
— dim k[.X3, X5,y X141, x’l’+3]
(x3l x5/ ceey xT+1/ xT+3)

= 0.
Thus,
dim S(7)/(ins Ige) < 1/243.
We conclude that dim R(7,e) = dim S(7)/(in> Ige) = /24 3. O

Corollary 4.2.2. The projective dimension of R(t,e) over Q(T) is
pd Q(T)R(T’ 6) — T/2 + 1

Proof. We know the Krull dimension of the polynomial ring Q(7) is T + 4. The result
follows from the fact that R(7,e) is Cohen-Macaulay and from the graded version of the

Auslander-Buchsbaum formula. O]

Remark 4.2.3. The proof of the previous theorem shows that the image of

Xt = X0,X2 — X3,X4 — X5,..., X7 — Xr41, X142 — X143, X144

in 5(7)/(in> Ige) (which we call X;) is a system of parameters for S(7)/(in> Ige). We
prove in the next theorem that the image of X; in R(7,e) (which we call X;) is also a
system of parameters for R(7,e). Before doing so, we introduce some notation and a

definition which will allow us to better grapple with the quotient ring R(t, )/ (X¢).

Notation 4.2.4. In this dissertation, we have already seen some different quotient rings,

and we are about to extensively work with a quotient of a quotient ring. We use mathfrak
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notation X and J when we take the quotient by in-. I and we use overline notation X,

for the image of

Xt =X0,X2 — X3,X4 — X5,...,X7 — Xp41, X142 — X143, X144

from Remark 4.2.3 in the quotient R(7,e) = S(7)/Ice. When we take the quotient of
R(t,e) by (X¢), we introduce widehat notation for a ring 1@) described below that
is isomorphic to R(t,e)/X;. We find this notation natural since it is often used for the
removal of variables, and the quotient by X; may be viewed as identifying and removing
variables. Since this dissertation has no completions in it, there should be no conflict of

notation.

Definition 4.2.5. Here we define a ring R/(T,\e) which is isomorphic to the ring

where X is the image of X; from Remark 4.2.9 in R(t,e). We use this ring extensively,
for the following theorem as well as throughout Section 4.3. To motivate the definition of
R(7,e), note the following isomorphism:

Rire)/(060) 2 5(6)/ e+ (50) = [0 ey

We will define a ring S/(T\) = S(7)/(X~r) with an ideal I/G\% = (Ige + (X¢))/(X7) and set

—

R(t,e) := S(1)/Ice.
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To define S/(T\) and I/G\g , we view taking the quotient by (X;) as setting xo and x; equal

to 0 and replacing x; with x; 1 for even i. Then we obtain

o~

S(t) = klx3,x5,...,Xc11, Xr13] = S(71)/(Xo).

To define IG/\g , we recall the standard generators of Ige and introduce notation to de-
scribe the generators of I/G\g & (Ige + (X1))/(X¢). By Remark 4.1.2, the standard genera-

tors of e are
T

1T = Xox3— Xj, X4
ti = Xiy1Xiy3 — Xj;Xit4
tiv1 = Xip2Xip3 — Xj Xit4,

for 2 <i < 1, where the nonnegative integers j, are as in Remark 3.1.10.
Let 7 be the largest even index such that j? = 0. By Remark 3.1.10, we see that for even

i, the j; are defined recursively and form a non-decreasing sequence. Then
j2 :j4:j6: LRI :]’?:0,

and since we view taking the quotient as setting xo(= xj, = x;,) and x¢(= xj, = xj_,,)

equal to 0 in our system of parameters, we define I/G\g by replacing x;, with xj,, where

0 if nisevenand n < i, orifn e {1,t,7+1}
n =\ Xj, 11 ifi < jn < T and j, is even
Xj, if j, is odd
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To define the generators for I/G\; , we set xg and x; equal to 0 and replace x; with x;; for

even i to obtain

o 2
1 = X3 — X} X5
ti = Xit1Xiy3 — XJ;Xit+5
t/‘\ = x~2 — X X
i+l — 443 Jiy1Ai+5

for2<i<rT.

By properties of the original j, from Remark 3.1.10, we have the following:
& Xjp =X, =Xy = X[ & 0, ]3 =3, and
e foreveni > 4,

* ei/2+1:O — X, = Xj,_, <= ]i+1:i_1
*eip =1 Xp =X, <= Jiyi=1+1.

Example 4.2.6. For the graph Gio,o,o) € Fo C F, we have the toric ring

k[x()/ X2,X3,-.., x8]
(x2x3 — XpX4,X3X5 — X0X6, X4X5 — X2X6, X5X7 — X0X8, X6 X7 — xsxs)

R(4,e) =

coming from the ladder-like structure

Xp X2 X5

(0,00)
M4 — X3 X4 X¢
X7 X8

from Example 3.1.3. We know

X4 = X0,X2 — X3,X4 — X5,...,X4 — X5,X6 — X7, X8,
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so that % is isomorphic to
4

k[x0, X2, X3, X4, X5, X6, X7, xs]
(x2x3 — X0X4,X3X5 — X0X6, X4X5 — X2X6, X5X7 — X0X8, X6 X7 — X3X8, X0, X2 — X3,..., xs)

k|x3, x5, x —
~~ 5 [23/ 5/ 7] = R(4, 6).
(x5, X3X5, X5 — X3X7, X5X7, X5)

Remark 4.2.7. We may summarize the information in Definition 4.2.5 by saying that

—

R(t,e)/(Xx) = R(t,) = 5() /I,

where

—_—

S(T) = k[x3l X5,y X141, xT—|—3]/

and where I/G\g is generated by

~ 2

1 = X3 — X} X5

ti = Xit1Xiy3 — XJ;Xit+5
fiol = X0 —Xp X
i+1 = X3 Jiz1i+5

for even i with 2 < i < 1, such that
° Xh = ,’X']z = XIT = x]'r+1 — 0’ ]3 — 3, and
e foreveni > 4,

* €i/2+1 =0 <= Xj, = Xj,_, < ]i+l =i—1

“epp=1<—= x,=x,, < Ji1=1i+1L
In particular, we note that for T = 0 we obtain

— —_— k[X3]

R(0,¢)/(X0) = R(0,¢) = Q(0)/ Ig; =
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and that for T = 2 we obtain
R(2,¢)/(%2) = R(2,¢) = Q2)/Ig; =
Proposition 4.2.8. Let R(t,e) = S(1)/Ige, let

Xt = X0,X2 — X3,X4 — X5,..., Xt — X741, X142 — X143, X744

so that X+, the image of X in S(7)/(in> Ige), is the system of parameters from Remark 4.2.3.
Then the image of X+ in R(7, e) is a system of parameters for R(T,e).

Proof. Let X; be defined as above. Then by Theorem 4.2.1 and Definition 4.2.5 we need

—

only show that dim R(7,e) = 0. By Remark 4.2.7, we have for T = 0

BRI
fort =2
R/(Z,\e _ k[x3, x5] ,
(x3, x3x5, x2)
and for even T > 2
Y 5/(?) _ k[x3,x5,. .., Xr41, Xr43]

R(t,e) = — = ———"— , ,
Ige ({1, ti, tiz1 |ieven, 2 <i < T})

where

T = x% — XJ, X5
ti = Xiy1Xiy3 — X Xit5
tiy1 = Xips — Xj, Xigs-
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We know dim l@)) = dimS/(T\)/I/G\g = dim S/(T\)/ I/G\g We claim that

\/ IG% = (X3, X5, X141, XT+3) .

This is clear for T € {0,2}. For T > 2, we will prove this by induction. Since #; = x3 and

tri1 = x%+3 are in Ige, we have x3 € /Ige and x5 € |/ Ige. Since
~ _ —
t3 = X5 — X3X7 € IG% - Icg

and x3 € I/G\;, we get x% € I/\Gg, so that x5 € I/G\; Now suppose x;_1, Xj+1 € I/G\g for

someeveni, 4 <i <t —2. Then

—— 2 —~ —~
tit1 = Xijs — X Xivs € log © /Lo

But xj,,, € {xj_1,xi11} by Remark 4.2.7 and {x;_q,xi11} C I/G\g by induction, so that

x;?- 13 € I/G\g , and hence we get x;,3 € I/\Gg . We conclude that

—

(x3, %5, ., Xrq1,X743) € \/Ige € (x3,X5,..., X041, X¢43) ,

- . — -, < - . .
so \/Ige = (x3,%5,..., X141, Xr43). Since R(7,e) = S(1)/4/Ige = k has dimension zero,

so does R(t,e)/(X¢). Thus, X; is a system of parameters for R(T,e). O

Corollary 4.2.9. With the same hypotheses as in Proposition 4.2.8, the image of

Xt = X0,X2 — X3,X4 — X5,...,X7 — Xr41, X142 — X143, X144

in R(7,e) is a reqular sequence on R(7,e).

Proof. We know by Proposition 4.2.8 that the image of X, in R(7,e) is a linear system of

parameters. Since the rings R(7,e) are Cohen-Macaulay (Corollary 3.2.2), we are done.
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4.3 Length, Multiplicity, and Regularity

In this section, we determine the multiplicity and Castelnuovo-Mumford regularity of
the toric rings R(7, e) coming from graphs G € F by computing the length of the rings
@) = @) / Xz. We know by Proposition 4.2.8 that these rings are Artinian and by
Corollary 4.2.9 that X is a linear regular sequence, which allows us to compute the mul-
tiplicity of the rings R(7,e). As a corollary of Theorem 4.3.4, which establishes the Hilbert
function for 1@), we obtain the multiplicity and regularity of R(t,e). We also develop
an alternate graph-theoretic proof for the regularity of R(t,e), which is included at the
end of this section. We refer the reader to the background for definitions of multiplicity

and regularity.

We begin with a lemma establishing a vector space basis for the ring

—

R(t,e) = R(t,e)/(X5)

from Remark 4.2.7, which we use extensively for our results.

Lemma 4.3.1. The image of all squarefree monomials with only odd indices whose indices are at

least four apart, together with the image of 1y, forms a vector space basis of R(7, e) over k.

—

Proof. We remind the reader of the definition of R(7,e) and then find the initial ideal of
I/G\; and use Macaulay’s Basis Theorem to show that the desired representatives form a

basis of R(7,e) as a vector space over k.

We recall for the reader that from Remark 4.2.7, we have

—

R(t,e)/(X7) = R(t,¢) = 5(7)/ Iz,
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where

S(T) = k[X3, X5,y X141, xT+3]/

and where I/G\; is generated by

o~ 2

th = X3— X} X5

ti = Xiy1Xiy3 — X Xit5
fil = X2, —Xp X
i+1 — 443 Jir1ti+5

for i even with 2 < i < 1, such that

® Xh = x]2 = x]T = x]r+1 = O/ ]3 - 3/ and
e foreveni > 4,

*einy1 =0 < X, =Xj,_, < Jivg=1i—-1

“eipn=1<= x;=x;,, &= in=1i+1

We first find a set of monomials with the desired property whose image is a basis in

the quotient - S@_ ) by the initial ideal. By Macaulay’s Basis Theorem, which is Theorem

>

1.5.7 in [KRO00], the image of these monomials in R/(T,\e) is also a basis.

To find the initial ideal of I/G\g , we show that the given generators f, are a Grobner
basis for I/G\; with respect to the degree reverse lexicographic order >. We do this by
applying Buchberger’s algorithm, and note cases where xj, = 0 affects the application of
the algorithm.

We use the notation LT (f,) to denote the leading term of a generator f,. We show that

in each case, the reduced form Sy, , of Sy, is zero, where

) - LT(6)
S = (LT (), LT ™ ged(LT(6), L)) ™
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We need not consider cases where gcd(LT (f,), LT(t,)) = 1, as Sy, = 0 in these cases.

Then the only interesting cases involve S, ,4+1 and 52, 2,,42.
Case (i,i +1): When 2 < i < T and i is even, we have

_ 2
Siit1 = Xiy3(Xip1Xip3 — x]ixi+5) - xi+1(xz’+3 - x]i+1xi+5)

XJi1 Xi+1Xi45 — X[, Xi43Xi45-
Case (i,i +1).1: If i = 2, then xj, = 0 and xj,,, = 3, so we have
Sp3 = x§x7.
Since f; = x%, adding —x7h yields % =0.
Case (i,i +1).2: Ifi = 7, then x, = xp,, =0 and we are done.

Case (1,i +1).3: If2 <i < tand ¢;;41 = 0, thenx;, = x;,_,and [;;1 =i -1,
so we have

Sii+1 = Xi—1Xi41Xi+5 — XJ,_,Xi+3X45.
Since f; , = Xi_1Xi+1 — XJ, ,Xi+3, adding —xi+5ﬁ_\2 yields S; ;11 = 0.
Case ({,i+1)4: If2 <i<tandejp;g =1, thenx, = x;, ,and [ =i+1,

so we have

2
Siji+1 = Xi{1Xi+5 — XJ_  Xi43Xi45.

Since ti 1= x1.2+1 — XJ;_1Xi+3, adding —xi+5t,-,1 yields Si,i+1 =0.
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Case (i —1,i): When 2 < i < T and i is even, we have

_ 2
Si1i = Xiya(Xip — X Xiys) — Xip1 (Xip1Xi43 — X, Xi45)

= XJXip1Xi45 — X)X
Case (i — 1,7).1: If i = 2, then xj, = xj, , = 0 and we are done.
Case (i — 1,7).2: If i = 7, then x;. = 0, so we have
St-1r = —X),_ X1y
Since 7,1 = x2 13, adding x]T_ltT/:l yields S; 1 = 0.

Case (i—1,i).3: If2 <i < tandejp;1 =0, thenx;, =x;, ,and [;;1 =i—1,

sotiy1 = xl-2+3 — Xj_1X;j+5 and we have
— . . J— 2
Si—1,i = XJ;_,Xit1Xi45 — X, Xi 3.
Adding x, ,t;4 yields

Si—1,i = XJ;_,Xit1Xi45 — XJ,_; Xi—1Xi}5.

Case (i — 1,7).3.1: If in addition 4 < i < T and e(;_3)/541 = 0, then

xj, , =Xxj,_,and J;_; =i—3,s0 we have

Si1,i = XJ,_,Xit1Xi45 — Xj_3Xi_1Xi}5.

Since ti_q = Xi_3Xj_1— XJi_gXit1s adding xl'_|_5t1'_4 yields Si—l,z' =0.

72



Case (i —1,1).3.2: Ifinadditioni = 4,0or4 <i < tande;_5),5,1 =1,

then x;, , = x;, , and J;_; =i—1,s0 we have

2
Si—1,i = XJ;_3Xit1Xiy5 — Xi_1Xiy5.

Since t;_3 = x?f1 — XJ, ,Xiy1, adding x;5t;_3 yields S5;_q; = 0.

Case (i—1,i)4: If2 <i<tandejp; =1, thenx, =x;, ,and J;;1 =i+1,

—_— o 2
sO ti1 = X;

3 — Xiy+1X;y5 and we have

2
Si—1i = X, Xiy1Xiy5 — XJ,_ Xiy3-
Adding x]HE; yields S;_1; = 0.

Case (i,1 4+ 2): When2 < i < T —2and i is even, we have

Siivr = Xiys5(Xip1Xips — X1, Xiy5) — Xip1 (Xip3Xies — XJ,,Xit7)

XJy o Xit1Xi47 — X[ XDy 5.
Case (i,1 +2).1: If i = 2, then xj, = 0, so we have
Sp4 = X],X3X9.
If [ = ] =0, we are done. If not, J; = J3 = 3, so we have
Sp4 = x%xg.

Since f; = x%, adding — X9k yields E =0.
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Case (i,i +2).2: If i = T — 2, then Xfip = 0, so we have
ST*Z/T - _x]T—Zx%+3'

If J._» = 0, we are done. If not, since tT/+\1 = x% 43, adding x]T_ZtT/;l yields

ST—Z,T = 0.

Case (1,i +2).3: If 2 < i < t—2and ¢9)/211 = 0, then x;,,, = xj, and

1

— T .2
Jiva =i+1,80ti43 = x5 — Xi11X;17 and we have
Siita = XJXip1Xipy — X, X7
i,i+2 Jirti+1Ai47 Jiti+5:
If x;, = 0, we are done. If not, adding x;.t;,3 yields S; ;,» = 0.

Case (i,i+2)4: If 2 < i < T—2and ¢ 041 = 1, thenx,, = xj,,, and

Jiszz=143,s0ti13 = xl.2+5 — Xij+3X;17 and we have
[ Jp— o 2
ii+2 = X Xit1Xi7 — X[ X 5

Case (i,i + 2).4.1: If in addition ¢;/41 = 0, then x;; = x;,, and

Jir1 =i—1,sowe have
S h = x; . e 2
ii+2 = Xi-1Xi+1Xi+7 — XJ;, ,Xi 5.
Since t;_p = x;_1Xj+1 — XJ, ,Xi+3, adding —x;, 7t;_» yields
S = . e 2
Li4+2 = X[ o Xi43Xi47 — XJ; 5 Xi45-

If J;_» = 0, we are done. If not, adding x L'-z@ yields S; ;12 = 0.
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Case (i,i + 2).4.2: If in addition ¢;/,1 = 1, then x;; = x;, | and

-1

Jir1 =i+ 1,sowe have
42 . 2
Sijit2 = Xij1Xit7 — XJ,_ Xi 5.

Since t;_1 = xiz+1 — Xj,_,Xi+3, adding —x;, 7t; 1 yields

2
Siji+2 = XJ_1Xit3Xit7 — XJ,_; Xi}5-
Adding xj._ f;y5 yields S; ;15 = 0.

Then the given generators f, are a Grobner Basis for I/G\; with respect to the degree

reverse lexicographic monomial order >, so that
. 2 2 2 . .
ins (Ige) = (x3, {Xip1%i43, X7, 3 | ieven, 2 <i < T})

in the ring S/(T\) = k[x3,Xs5,...,Xr11, Xr43]). Since in>, (f(-;\g[ ) consists precisely of all squares
of variables in S/(T\) and all degree two products of variables whose indices differ by ex-

actly two, it follows that the image of the squarefree monomials whose indices are at least

—

S(t)

four apart, together with the image of 1;, forms a basis for PN Then by Macaulay’s
> G?l_
Basis Theorem, the image of these monomials in R(7,¢e) = % is also a basis. N
Gt

We first use the lemma above to establish facts about the vector space dimensions

of degree n pieces of R(7,e), which are applied further below to establish length and

multiplicity.

Notation 4.3.2. Throughout this section, we use d, := dimy(R(7,e)), for the vector
space dimension of the degree n piece of R(7,e), that is, for the nth coefficient in the

—

Hilbert series of R(7,¢). By Lemma 4.3.1, these are independent of e.
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We establish a recursive relationship on these dimensions by introducing a short exact

sequence of vector spaces.

L —

Lemma 4.3.3. For T > 4 and n > 1, the vector space dimension d. , = dimy(R(7,e)), satisfies
the recursive relationship

dT,TZ - dT—Z,n + dT—4,n—1-

Proof. We use the vector space bases defined in Lemma 4.3.1. We note that the basis
elements described are actually monomial representatives (which do not depend on e) of
equivalence classes (which do depend on ¢), but we suppress this and speak as if they
are monomials, not depending on e. We then take the liberty of suppressing e in what

follows, for convenience. We recall for the reader that

S(T) = k[X3, X5/, X3, X171, xT+1/xT+3]
—_—
Q(t—2) = klxz,x5,...,Xr-3,Xr_1, Xr41]
—_—
Q(t—4) = klxz,x5,...,x7-3,X¢_1]

Let xr13: (R(T—4))y-1 — (1?(?)% be multiplication by x4 3, and let

—_—
o~

Xr+3 : (R(7))n = (R(T —2)), be defined by

b ifxrzfb

o~

xT-|—3(b) =
0 if X143 | b.

for a basis element b. We note that these vector space maps are well-defined, since 15 or a
squarefree monomial with odd indices at least four apart will have an output of 0, 1, or

a monomial with the same properties. We show that the following sequence is exact.
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L ——

Clearly, multiplication by x3 is injective. Any element in (R(T — 2)), is not divisible
by X3, S0 is its own preimage under X 3. Then the map X3 is surjective. It is easy to
see that im x.,3 C kerX;,3. Now let b € kerX;;3. Then either b = 0 or b is a nonzero
monomial such that x,y3|b. Since b is squarefree, it follows that b is in im xr;3. We

conclude that the above sequence is exact, and in particular, that

dT,n - dT—Z,n + drf4,n71-

]

Applying Lemma 4.3.3 and induction, we achieve the following closed formula for the

coefficients of the Hilbert series of R(7,e).

—

Theorem 4.3.4. If R(7,¢) = S(1)/Ige and R(t,e) = R(7,¢)/(X), we have

1 n=20
I p—n 1
dimg(R(t,e))n = " (t4+2j—4(n—1)) 1<n<7t/4+1
b
0 else.

\

Proof. We show this by induction, using Notation 4.3.2. We begin with the base cases
n < 2and T € {0,2}, then proceed by induction. It is clear that d, = 0 forn < 0. Itis
also clear that d; o = 1, generated by 1;. By Lemma 4.3.1 and by the fact that @) is a
graded quotient, every nonzero element of positive degree n can be represented uniquely
as a sum of degree n squarefree monomials with odd indices whose indices are at least

—

four apart. Then (R(7,¢)); is generated by the images of all the odd variables

X3, X2(1)+37 -+ -7 X2(%)+3
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in 5(7), so that

T 211
dTJ:E (T+2 _1—||T+2] 1—1))
j=1

I\JI»—\

+1=

matches the given formula.

Now we establish the base cases T = 0 and T = 2 and use a preliminary induction
to establish the last base case n = 2. We obtain dy, and d; , by recognizing that the first
monomial of degree two with odd indices at least four apart is x3x7, which does not exist

until T = 4, so that

1 n=0,1
dO,n —
0 else
and )
1 n=0

0 else

\

We recall by Lemma 4.3.3 that we have the recursive relationship

dT,n - dT—Z,n + dT—4,n—1

fort >4andn > 1.
We use a preliminary induction and the above relationship to establish our last base
case, when T > 4 and n = 2. Suppose that T > 4 and the desired formula holds for T < T.

Then we have
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as desired.

= dr_op+dr_4,
272 2 _ T—4

= 7j:l((T—z)+2]—4(1))+T+1
1 1
S(T=4)(T-2)+ (T -2)
1

= (T=2)(T)

= 2T +2-4)),

This gives us the following table of base cases for d; ,, which match the given formula:

[
[
S| O N
(e}

(e}

(e}

(e}

(e}

[0 oI e ) U N~ N I \S I N e R g
—

—_
1 | = | W | N

Given our base cases and the above recursion, this establishes d. , for all T and for all

n. It remains to show that this inductive relationship yields the formula

1 n=20

2—7’[ n

p (t4+2j—4(n—1)) 1<n<7t/4+1
b

0 else
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in general. Suppose that T > 4 and N > 2, and that we have established the formula for
T<Tandn < N.
f2<N<T+lLthen2< N<I+1l=T24land1<N-1<f=L2+1 By

induction, we have

drn = draN+dr_4n-1
>~N N . 5—(N-1) N=1
= Wj:1(T—2+2]—4(N—1))+m]I—[ (T—4+42j—4(N-2))
7—(N-1) [p-1 N _ N—1 )
- (N_1)|<N]H(T+2(]—1)— +]]1 T+2j—4(N - )))
7—(N-1) [ 1 N=1 ' N-1
- m<2—j_0(T+2]— +]11 T+2j— —1))>
~(N-1) [N-1
_ (ZN—l)'< (T+2j—4(N—1))) (21\](1“ 4(N—1))+1)
C\j=1
2—N N-1 ]
_ W( (T+2]—4(N—1))> (T—4(N—1) +2N)
=1
2-N ]

as desired.

For the special case where N = I + 1, there is only one possible unique representation
T/4+1
of an element of degree % +1, 1—{ X4j-1, SO dT, Ty = 1. We show that this matches the
]:
formula
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o—(T/4+1) T/4+1

d = T+2j—4((T/4+1) -1
T,T/4+1 (T/4+1)' ]I}( +2j—-4((T/4+1) - 1))
2—(T/4+1) T/4+1
2j

(T/4+1)'

)
)!

._\

=

o—(T/4+1
2T+ )Y (T /4 4+ 1)!

(T/4-|—1 !
= 1

The remaining case is N > T + 1. In this case, we have N —1 > I = T2 4+ 1 and

N> T2 = 22 4 1 so that dpy = dr_p N + d7—4n—1 = 0 by induction. O

Remark 4.3.5. We note from the proof of the above theorem a few facts for future refer-
ence. For T = 0 mod 4, we have in the above proof that d(7, f + 1) = 1, and by our base
cases, we have K(R/(O,\e)) =1+1=2and E(R/(Z,\e)) = 1+ 2 = 3. Taking the Fibonacci
sequence F(n) with F(0) = 0and F(1) =1, wehave F(2) =1, F(3) = 2,and F(4) = 3, so

that

These facts become useful in the following corollary as well as in coming results concern-
ing the lengths of the @)

—

We have now established the dimension of every graded piece of R(7,e). We use the

following fact in the proof of our next result.

Remark 4.3.6. If S is a polynomial ring with an ideal B such that S/B is Artinian, then
reg S/ B over S is equal to
N =max{n | (§/B), # 0},
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the top nonzero degree of S/ B; see for example [Peell], Theorem 18.4. We use this below
to determine reg m) Furthermore, if an ideal | in a standard graded ring R = S/I is
generated by a linear regular sequence, then reg R = reg R/] over S. Indeed, this may
be seen from iterated graded short exact sequences coming from regular elements; see for
example Corollary 18.7 (2) and (3) and Exercise 18.8 (1) from [Peell]. Then reg R(t,¢) =

—

reg R(7,e), which we use below.

Corollary 4.3.7. For G¢ € F,
reg R(t,e) = [t/4] + 1.

Proof. We first find reg ﬁ’t’,\e) by determining the top nonzero degree of @) By Theo-
rem 4.3.4, we know the top nonzero degree is N for some N < i +1,sothat N < Lﬂ +1.
In fact, the top nonzero degree is |%| + 1, provided de|c/aj+1 7 0. By Remark 4.3.5,
d(t,7+1) =1#0whent =0 mod 4, so suppose T =2 mod 4. We have

-2

2—(%2"‘1) 7 11 . T—2
vtz - B T (52 0)

1

[
N

T

- (241 Tl
BN 3j+2)
# 0

“;‘

]

for 0 < T =2 mod 4. We conclude by Remark 4.3.6 that

reg R(7,e) = regR/(\T,e) = |7/4| +1.
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—

We see from the previous proof that the top nonzero degree of the ring R(7,e) is
| 7/4| + 1, which was used to establish the regularity of R(7,e). For an alternate proof of
the regularity of R(7,e) which uses different machinery and more graph-theoretic prop-
erties, see the end of this section.

In the following, we first compute the lengths of the dimension zero rings 1@),
and then show a closed form for the multiplicity of our original rings R(7,e) by using

a Fibonacci relationship between the lengths of the rings @) and applying Binet’s

formula for F(n), the nth number in the Fibonacci sequence:

(1+V5) - (1-V5)"

F(n) = 5

In the theorem and corollaries which follow, we suppress e for convenience, since the
statements are independent of e. We warn the reader that e will also be used for multi-

plicity in the corollaries; we trust that context and placement will minimize confusion.
Proposition 4.3.8. The lengths of the rings R(T) satisfy the recursive formula

—_——

/(R(t)) =4(R(T—2))+{4(R(T—4))

for T > 4. Consequently, if F(n) is the Fibonacci sequence, with F(0) = 0 and F(1) = 1, then

_ T43 _ (1 _ /5)5+3
- () - B 05
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Proof. Again, we use Notation 4.3.2. By our iterative formula, since dp = 1 in general,

and since d,, = 0 in general for n > |7/4] + 1 by Theorem 4.3.4, we have

|t/4|+1

((R(7)) = Z drn

|T/4]+1
- dT,O+ Z dT,n

n=1
|T/4]+1
= dro+ Z (de—2n +dran-1)

Z T2n+2dr4n

|T/4]+1 |T/4]
d
n=0

(/4 L(T 4)/4J

|+1
= Z dT—Z,n + Z de4,n
n=0 n=0

—

= U(R(t—2)) +L(R(T — 4)),

where the third equality follows from Lemma 4.3.3.
Now we will show the second statement. For our base cases, we see from Remark 4.3.5

that £(R(0)) = F(3) = F(Y +3) and that £(R(2)) = F(4) = F(% +3).

Now suppose that K(R(/T——\Z)) =F ( 2 ) and E(R(/T_—\AL)) =F (T;4 —i—3).
Then we have
UR(T)) = ((R(t—2)+UR(x—4))
- F( ) ()
R
<)

as desired. The closed form for ¢ (R/(T\) ) follows directly from Binet’s formula for the

Fibonacci sequence. O



—_——

Corollary 4.3.9. For even T > 4, there is an equality of multiplicities e(R(7)) = e(R(T —2)) +
e(R(t —4)).

Proof. We have established the length of the Artinian rings R/(T\) , and hence the multiplic-
ity e(R(7)). m

Corollary 4.3.10. For even T > 4, there is an equality of multiplicities
e(R(t)) = e(R(t—2)) +e(R(t —4)).

In particular,
(1+ \/§)§+3 —(1— \/§)§+3
2%—&-3\/5 ’

Proof. To obtain the multiplicity of R(7), we look at R/(T\) = R(t)/(Xz), which by Propo-

e(R(7)) = F (g +3) =

sition 4.2.8 and Corollary 4.2.9 is the Artinian quotient of R(7) by a linear regular se-
quence. By a standard result, we may calculate length along the obvious short exact
sequences coming from multiplication by elements of our regular sequence to obtain the
equality

Hilbg () (1 — t) = Hilby (),

where d is the Krull dimension of R(7). We refer the reader to Definition 2.1.12 for the

definition of multiplicity we use in this dissertation. It follows immediately that

e(R(r)) = Hilbg(o) (1) (1 = )] _, = Hilb (1) = 0(R(7)).

We are done by Proposition 4.3.8. O

We reintroduce e and spend the remainder of this section providing an alternate

L —

graph-theoretic proof for the regularity reg R(7,e).
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Alternate proof of Corollary 4.3.7. We first show that
reg Ice < |T/4] +2.

By Proposition 3.1.12, we recall that the graph G¢ is chordal bipartite with vertex biparti-

tion V; U V; of cardinalities

il = L

vl = || +2

and that G} does not have any vertices of degree 1. Then by Theorem 4.9 of [BOVT17],

we have
reg Ige < min { LEJ +2, [EW + 2} = u—[J + 2.

We now show that reg Ige > | 7/4| + 2. Since I is homogeneous and in~. Ie consists
of squarefree monomials, Corollary 2.7 of [CV18] states that reg in> Ige = reg Ige, so it
suffices to prove that regin. Ige > |7/4| + 2. The ideal in. Ige can be viewed as the
edge ideal of a simple graph, a “comb” with 7/2 41 tines, with consecutive odd variables
corresponding to vertices along the spine, as pictured below:

X2 X4 X6 Xg X10 Xt Xt42

X3 X5 X7 X9 X111 -er Xr41l —— X143

We know from Theorem 6.5 of [HVTO08] that the regularity of an edge ideal is bounded
below by the number of edges in any induced matching plus one, so we choose | t/4| +1

edges (tines) corresponding to certain odd variables that create an induced matching. By
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beginning with the x3-tine and choosing every other tine corresponding to the variables

X3, X3+4(1)r -+ 1 X344(|7/4))

we obtain | 7/4] + 1 edges that are an induced matching, so we have

regins Ige > |T/4] +2,

as desired.

We conclude that reg Ige = |7/4] + 2, and hence that reg R(7,e) = [1/4] + 1. O
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5 DG-Algebra Resolution of k

In the local setting, a minimal Tate resolution, or acyclic closure, of the residue field k
is constructed abstractly and is generally difficult to find explicitly, but has advantages
when it is explicit, in that it is useful for constructing the cotangent complex, which plays
a central role in derived algebraic geometry in characteristic zero. In the graded setting,
the dual of the Priddy complex is more concrete and provides a minimal graded reso-
lution of k over a Koszul k-algebra, but does not have the same connections to derived
algebraic geometry. This can be localized to provide a minimal resolution of k over the
local ring. Since these two complexes are minimal, they are known to be isomorphic, so
are both dg-algebra resolutions of k over the local ring. Our goal is to find the Tate resolu-
tion by identifying elements inside the dual of the Priddy complex that correspond under
such an isomorphism to variables in a minimal Tate resolution, in hopes that their explicit
nature might be useful for analysis and future computations, such as the construction of
the cotangent complex.

To do this, we compare two minimal resolutions of k over the localization R(7,e)n of
the rings R(7, ¢), an acyclic closure and the localization of the dual of the Priddy complex,

which is a resolution since R(7, e) is Koszul (Corollary 4.1.4) via the algebra

EXtR(T,e) (k, k) = EXtR(T,e)m (k, k).

We use known isomorphisms to identify R(T,e)*, constructed in the formation of the
Priddy complex, with the universal enveloping algebra Extg (k, k) of the homotopy
Lie algebra 7m(R(7,e)m) of R(T,e)m, which we call 77(7,e). A basis of 7(7,e) is known to
correspond to the Tate variables in a minimal resolution of k over R(7, ). We explicitly
construct such a basis.

In Section 5.1, we explain the connection between the Tate resolution and the Priddy
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complex by connecting them through isomorphisms to Extg . (k, k) = U(7(7,e)). We
make the connection explicit by recalling how 7(7,e) corresponds to the vector space
generated by the Tate variables within the second set of isomorphisms in Section 5.1.
In Section 5.2, we explicitly compute the Koszul dual R(T,e)* and the Priddy complex
for R(t,e). In Section 5.3, we define a Lie algebra L(7,e) in R(t,e)* and show in Re-
mark 5.3.1 that it is isomorpic to 77(7,e). In Section 5.4, we provide the necessary back-
ground for Section 5.5, where we find an explicit basis for L(t,e) which corresponds to
the Tate variables in an acyclic closure of k over R(7,¢)n, in Corollary 5.5.2. Throughout
this section, char k = 0, and we order monomials in the dual associative algebra k(X*) =

k{zo,22,23,...,2r+4) using the lexicographic ordering with zy > zp > z3 > -+ - > z144.

5.1 Isomorphisms

In this section, we recall the isomorphisms between Extg(. ) (k, k) and R(t,e)" as alge-
bras (see for example [Eis89], Exercise 17.22.f), then between Extg . (k k) and the k-
vector space generated by all monomials in the Tate variables. The associative algebra
Extg(r) (k, k) is known to be the universal enveloping algebra of (7, e), the homotopy
Lie algebra of R(7,e)m. For ease of notation, we replace R(7,¢) with R and 7(7,e) with
7(Rm) throughout, where m is the homogeneous maximal ideal of R.

We recall for the reader the notion of a universal enveloping algebra for a Lie alge-
bra. For a Lie algebra L, there is a unique universal enveloping algebra U(L), given by
allowing associative multiplication between all elements of L and identifying [a, b] with
ab — (—1)l7lltlpg in U(L). Going from U(L) to L is more subtle; we describe it in partic-
ular for U(L) = Extg(k, k) and L = 7(Ry) in the third set of isomorphisms below. For
further exposition, see [Avr98, Ch 10]. The Lie algebra L is embedded in U(L) by the
Poincaré-Birkhoff-Witt Theorem; see, for example, [Bre14, Th 7.1].
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We use explicit isomorphisms from [Avr98] to demonstrate the known fact that the
homotopy Lie algebra 71(Ry,) is isomorphic as a vector space to the vector space generated
over k by the Tate variables in a natural way.

Let P = R ®; R+ be the Priddy complex of R; for background on Koszul algebras and
the Priddy complex, see Section 2.4. Since R is Koszul ( 4.1.4), the dual of the Priddy com-
plex, P*&, is a minimal resolution of k over R, the R-basis of which is given by the k-basis
of the quadratic dual algebra R+; see, for example, [Eis89, Ex 17.22]. Then we have the fol-
lowing known string of algebra isomorphisms between the associative algebras Extg (k, k)
and R+, since there is an algebra structure on P = R ®; R+, or equivalently, since there
is a coalgebra structure on P*k. Then we can understand Extg (k, k) by investigating R+,

and will spend most of this chapter working with R1. We have

Extx(k,k) = H(Homg(P,R,k))

I

Hompg (PR, k)

I

Hompg (Hompg (P, R), k)

I

Hompg (Homg (R & Ry, R), k)

I

I

Hompg (Homy (RS, R), k)

12

HomR R Rk Homk(Rf,k),k)

12

(
(
(
Hompg (Homy (RS, Homg(R, R)), k)
(
(
(

Hompg (R &y (Ry)*, k)

1%

Homy((R1)sF, Homg (R, k))

1%

Homk((RL)f", k)

1%

RJ_

where the seventh isomorphism comes from the fact that R is flat over k and that Ry is
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finitely generated as a k-module. Since a minimal Tate resolution Ry, (Y) of k over Ry, with

set of Tate variables Y is also a minimal resolution of k over R,;,, we have

I

RY Ext% (k, k)

I

H(Hompg_(Rm(Y)e, k))

I

Hompg_ (R (Y)e, k)

I

HomRm (Rm Ok k<Y>., k)

I

Homy (k(Y)e, Hompg, (Rm, k))

I

Homy (k(Y)e, k)

I

k(Y)eF,

so that R* is isomorphic as a k-vector space to that generated by all monomials in Y, the
set of Tate variables. We note that these isomorphisms are not algebra isomorphisms,
since there is not an algebra structure on k(Y)*k.

Within the above set of isomorphisms, 77(Ry,) is isomorphic as a vector space to that
generated by the Tate variables. For a reference, we use the proof of Theorem 10.2.1 parts

(1) and (2) in [Avr98]; we have

m(Rw)e = HDery (Ru(Y)e, Ru(Y))
= HDery (Run(Y)e, k)
= HDer] (k(Y)e, k)
= Der] (k(Y)s,k)
= Homy(kY,, k)

= (kY)J,
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where Der!(S(Y), B), the set of S-linear I'-derivations from the S-algebra S(Y) to the
S(Y)f-module B, naturally sits inside Homg(S(Y), B), so that this set of isomorphisms

sits naturally inside the previous set. For more information on I'-derivations, see [Avr98],

Remark 6.2.2.

Remark 5.1.1. We are free to make whatever choice we wish for the acyclic closure Ry, (Y)
in the above sets of isomorphisms. We exploit this in Remark 5.3.1 to show that the Lie
algebra L(7,e) that we will define is isomorphic to the homotopy Lie algebra 77(7,e) of

R(7,e).

We see then that the duals of the Tate variables are identified with a vector space basis
of 71(Ry) inside R*. Dualizing, the Tate variables correspond to the dual of this basis for
7(Ry), which sits inside of (R+)*. In this way, we identify within the Priddy complex

elements corresponding to the Tate variables in a minimal Tate resolution.

5.2 The Priddy Complex

In this section, we construct the Priddy complex P = R(t,e) ®; R(T,e)"* for R(t,e). We
first construct R(t,e)" and then state the minimal resolution of k over R(T,e) obtained

from it. For background on Koszul algebras and the Priddy complex, see Section 2.4.

5.2.1 Construction of the Quadratic Dual Algebra

We recall for the reader from Remark 3.2.3 that for2 <i < T,

tp = XoX3—XjX4
ti = Xip1Xiy3 — X Xita
tiv1 = Xit2Xiy3 — Xj,  Xita
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are the standard generators for the ideal Ige.

We rewrite the quadratic algebra R(7,¢e) = % as a quotient of the noncommutative
polynomial ring k(X) in the set of variables X = {x¢, x2,..., X414}, so that we may define

R(t,e)*. Let Qr, C k(X) be defined by

Qre = {ab—ba,dg —ef |fora,b,d,e, f,g € X as below},

wherea > bandd > e > f > gwithd*g* —e*f* = t, forsomel < n < 74 1. These
elements are linearly independent. Indeed, beginning with a basis {ab,ba | a > b} for
k(X), we easily obtain a basis {ab,ab — ba,dg —ef,dg —gd | a > b,ab # dg}, of which
Q< is a subset. Then we have

kIX] _ KX)

R(w.e) = Ige " (Qre)

and

|Qr,e| = (7‘54) + (T+1)‘

We are now going to find a basis Q7, C k(X*) for the perpendicular subspace (Qr)*

to define the quadratic dual algebra R(T,e)". Let Q; be defined as follows:
Qr = {ab+ba,c?,dg+gd +ef + fe|a,b,c,d,e, f,g € X* are as below}

where
ea>bandd>e>f > g,
e ab # dgand ab # ef for any t, = d*¢g* — e* f*, and

o d*'g* —e*f* =t,forsomel <n < T+1.
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Then all of the elements of (); are orthogonal to all of the elements of Q¢,, and so we
have a containment of subspaces () C (QT,@)L, and we now argue by cardinality to

show they are equal, since both sets consist of linearly independent elements. We have

Q| = ((T;%) —2(r+1)) +(t+4)+ (t+1).

dimy (k(X))z = (T +4)

with

|Qre

2 2
- 2(T+4>+(r+4)

+10] = (T+4> +(tH1)+ <(T+4) —2(r+1)) +(T+4) + (T+1),

2
= (t4+4)(t+3)+(t+4)

= (1+4)

= dimy (k(X))o.

Since (Qr) C (Qre)*, we conclude that () = (Qr.)", so that Q; may be taken to be

Qx,, a basis for the perpendicular subspace (Qre)*. Then

where Q%e = () above.

Example 5.2.1. We show a basis Qg for the defining ideal of R(0, (0))*, the quadratic

dual of

o k[X(), X2, X3, x4]
R(0,(0)) = (213 — x0%7)
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Then by the above construction, Qg contains the elements
XoX2 — X2X0, X0X3 — X3X0, X0X4 — X4X0, X2X3 — X3X2, X2X4 — X4X2, X3X4 — X4X3,X2X3 — X0X4
and QOL/O contains the elements
2022 + Z2Z(, 2023 + Z3Z(, 2024 + 2422, 2324 + 2423, z%, z%, z%, zﬁ, 2024 + 2420 + 2223 + 232).

We return to this ring in Example 5.5.4.

5.2.2 Minimal Resolution

We replace R(7,e) with R in the display for simplicity, and let x}; = z, for n = 0 and
2 < n < T+ 4. Then the Priddy complex P = R(7,e) ®; R(T,e)* is

P=R - R kX* > R®;Ry — -+ —= Rk Ry — -
where the maps are multiplication on the right by

t=) X, ®zp.
n

Since R is Koszul, the R-dual of this complex is a minimal resolution of k over R.

5.3 Explicit Correspondence with Tate Variables

We now develop an explicit correspondence with the Tate variables by using what is
known about Lie algebras and their universal enveloping algebras in this setting.
We first note that there is a natural Lie algebra L embedded in R(7, e)* = k(X*)/(Qz%,)

since the generators of Q7, from Section 5.2.1 may all be written as elements in Lie(X*),
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where we recall that the Lie bracket [u,v] in Lie(X*) embeds as uv — (—1)*/Ploy (still

denoted by [, v]) in the associative algebra k(X*) and that char k = 0. Then we have

Q%,e = {ab+ ba,cz,dg+gd+ef+fe | a,b,c,d,e, f,g € X* are as below }

1
= {l[a,b], E[C' cl,ld, gl +1e f]|ab,cde f,g € X" are as below}
where
ea>bandd>e> f > g,
e ab # dgandab # ef forany t, = d*g"* —e*f*, and
o d'g* —e*f* =t,forsomel <n <T+1

It is easy to check that these bracket generators are written in terms of the basis for Lie( X*)

of super-Lyndon-Shirshov monomials given in Remark 5.4.7. The bracket version of Q%e

then generates an ideal of Lie(X*), which we denote by (Qi,). We see that the Lie algebra

_ Lie(X™)

M) =755

where Lie(X*) is the free Lie algebra generated by the set X*, is naturally embedded in

the associative algebra

=

(X*)
(Qze)

In fact, it is known that with this setup, R(7, ¢) L is the universal enveloping algebra of

R(t,e)*t =

L(t,e); see for example Theorem 2.8 of [BKLM99]. We show in the following remark that
a dual basis for L(7, ) can be taken to be the Tate variables in an acyclic closure of R(7, ¢),
and via the isomorphisms in Section 5.1 and Remark 5.1.1, that L(t,e) is the homotopy

Lie algebra of R(T,€)m.
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Remark 5.3.1. We show that L(7,e) is isomorphic to the homotopy Lie algebra (7, e)
of R(7,e)m. That is, we show that a dual basis for L(7,e) may be taken to be the Tate
variables in an acyclic closure, and by Remark 5.1.1 and the preceding isomorphisms,
this shows that L(t, e) is indeed the homotopy Lie algebra 77(7,e).

We know that as the universal enveloping algebra of a Lie algebra,

R(t,e)" = (U(L(t,e))

is known to be a Hopf algebra, so that its dual U(L(7t, e))* has an algebra structure. Let Y
be a dual k-vector space basis for L(7,¢). By a dual version of the Poincaré-Birkhoff-Witt

Theorem [Blo85, Th 4.9, Prop 4.10], we have an isomorphism of algebras

U(L(t, €)™ = k(Y),

where k(Y) is the free I'-algebra on Y. We now show that Y may be taken to be the Tate
variables in an acyclic closure of R(T,e)m, where we replace R(7,e) with R and L(t,e)

with L below for simplicity. Let P be the Priddy complex of R. We have

I

P*R R®(RJ‘)*"

1%

R® (U(L))™*

1%

R @ k(Y)

I

R(Y).

By Lemma 13 of [Bri18], the free product on R(Y) is compatible with the differential on
the dual Priddy complex under these isomorphisms, making this an isomorphism of dg-
algebras. Then the localization of R(Y’) at m is in fact an acyclic closure of Ry, since P* is

a minimal graded resolution.
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Noting Remark 5.1.1, we see that with the choice of Tate resolution R, (Y) as above,
we have L(t,e) = 7(7,e), the homotopy Lie algebra of R(7,e)n. These isomorphisms
also show that the Lie basis (which we determine in Corollary 5.5.2), sits very naturally
inside the dual of the Priddy complex given in Section 5.2.2. In this way, when we localize,

Corollary 5.5.2 gives an explicit Tate resolution.

5.4 Necessary Background for Lie Basis

We use a Grobner-Shirshov basis (generating set) for the defining ideal of L(7,e) to de-
velop an explicit k-vector space basis for L(7, ). The following definitions and notes pro-
vide the background necessary to understand Grobner-Shirshov bases and one method
that may be used to verify such a basis, which we use in Section 5.5. We particularly
refer the reader to [Oha], which we used extensively when compiling this information,
and where much of the following may be found. We explain what a Grobner-Shirshov
basis of a defining ideal of an associative algebra is, but do not go into detail for what a
Grobner-Shirshov basis of a defining ideal of a Lie algebra is, as we do not need it in our
treatment. For more elementary background, see Section 2.5, and for further details, see

[BKLM99].

Definition 5.4.1. Let G be a generating set for an ideal | in Lie(X) and ¢ a monomial in
k(X). Thenwesay f =0 mod (G,c) if f — Y ! ; a;a;¢;b; = 0 and LT (a;g;b;) < c for each

i, where g; € G, where a;, b;, ¢ are monomials in k(X), and where «; € k.

There are two kinds of composition which apply to g;, ¢ € G when certain conditions
are met. We note that c is unique for some (i, j)-pairs, but that others may have multiple
possibilities for ¢ (for example, g; = yx? and g = x?y could have ¢ = yx?y or ¢ = yxy in

the first type of composition below).
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Definition 5.4.2. If
LT(gi)a = bLT(g;) = ¢

for some monomials a,b in k(X) with |[LT(g;)| > |b|, then the composition of intersection
(8i,8j)c is gia — bgj. That is, c characterizes an overlap ¢’ between g; and g; such that
bc'a = c.
If
LT(gi) = aLT(gj)b =c

for some monomials 4, b, then the composition of inclusion (g;, g;)c is gi — ag;b.

In other cases, these compositions are not defined.
We note that in both cases, LT(g;, gj)c < ¢

Definition 5.4.3. We say that G = {g1,...,¢m} is closed under associative composition if

(8i/gj)c =0 mod (G,c) forevery i,j, and c.

Definition 5.4.4. A Grobner-Shirshov basis for an ideal I in k(X) generated by elements in
Lie(X) is a generating set G = {g1,...,¢m} for I that is closed under associative compo-

sition.

Such a generating set will give us particular results about the algebra Lie(X) /], where
] is the Lie ideal generated by G, but before stating them it would be prudent to define
a particular k-vector space basis for the free Lie algebra Lie(X) and the notion of an G-

reduced (Lie) monomial.

Definition 5.4.5. We define below a basis for Lie(X) consisting of Lie monomials coming
from nonassociative monomials of k(X), that is, noncommutative monomials in k(X) that
are grouped pairwise. For example, a(bc) # (ab)c as nonassociative monomials for vari-
ables a, b, and c. We say u > v or u = v as nonassociative monomials if this is true in the
lexicographic ordering in k(X) when we forget the nonassociative structure (remove the

parentheses).
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Definition 5.4.6 involves an iterative construction of such monomials, and Remark

5.4.7 shows how this creates a basis of Lie monomials with a unique bracket structure.

Definition 5.4.6. A nonassociative monomial w of k(X) with |w| > 1 is a Lyndon-Shirshov

monomial if w € X, or

e if w = uv, then u and v are Lyndon-Shirshov monomials with u > v,

o ifw = (xy)v, theny < v.

A nonempty, nonassociative monomial w is a super-Lyndon Shirshov monomial if w is a
Lyndon-Shirshov monomial or if w = vv for a Lyndon-Shirshov monomial v of odd

length.

Remark 5.4.7. There is a unique bracket arrangement for each super-Lyndon-Shirshov
monomial w which yields a correspondence between super-Lyndon-Shirshov monomials
and a basis of Lie monomials for Lie(X), which we call super-Lyndon-Shirshov Lie monomi-
als. One forms such a basis for Lie(X) via the following inductive process (see [BMPZ92,

Lemma 1.8]):
e If w € X, then w corresponds to the Lie monomial w in Lie(X).

e If w = uv for u > v Lyndon-Shirshov monomials, where u corresponds to the Lie
monomial U and v corresponds to the Lie monomial V, then w = uv corresponds to

the Lie monomial [U, V].

e If w = vv for a Lyndon-Shirshov monomial v of odd length, and v corresponds to

the Lie monomial V, then w corresponds to the Lie monomial %[V, V].

The conditions in the definition of a Lyndon-Shirshov monomial ensure that such bracket

arrangements form a basis.
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Definition 5.4.8. We say a monomial m in k(X) is G-reduced if m # aLT(s)b forany g € G
and for any monomials a,b € k(X). We say the same for a Lie monomial if it corresponds

to an G-reduced monomial via the above correspondence.
We combine results from Theorem 2.8 and 2.10 of [BKLM99] to obtain the following;:

Theorem 5.4.9. If G is a monic generating set for an ideal | of Lie(X) and G is a Grobner-
Shirshov basis for the ideal it generates in k(X), then the residue classes of Lie monomials which

correspond to G-reduced super-Lyndon-Shirshov monomials form a k-basis for Lie(X)/].

In their treatment, the authors use the notion of a Grobner-Shirshov basis for an ideal
in the Lie algebra as well as one for an ideal in the universal enveloping algebra. We do

not define or explain the Lie version since it is not central to this dissertation.

5.5 Explicit Lie basis

We now go about constructing a basis for L(7,e) using the theory of Grobner-Shirshov
bases. By Theorem 5.4.9 from [BKLM99], since Q7, has generators in Lie(X*), if it is a
Grobner-Shirshov basis for the ideal it generates in the associative algebra k(X*), then
the images of Q¢ ,-reduced super-Lyndon-Shirshov Lie monomials form a k-vector space

basis for
L(t,e) = @,
(Qze)
which we know corresponds to the Tate variables in the acyclic closure by the isomor-
phisms in Section 5.1 and by Remark 5.3.1.

Our strategy, then, is to show that the set Q7 is closed under associative composition,
since this will show that it is a Grobner-Shirshov basis for the ideal (Q7,) defining the
associative algebra R(T,e)". In our case, every leading term of the associative version of
Q%’e has degree two and is distinct, so there are no compositions of inclusion to check;

it suffices to check that each composition of intersection is equivalent to zero modulo
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(Qz,,c) for every monomial ¢ in k(X*), which we will do in the proof of the theorem

below, which follows at the end of this section.

Theorem 5.5.1. The elements of Qf, are a Grobner-Shirshov basis for the ideal they generate in

k(X*).
As a corollary, we obtain

Corollary 5.5.2. The images of the Qv ,-reduced super-Lyndon-Shirshov Lie monomials form a

basis for
_ Lie(X*)

QL)

the dual of which may be taken to be the set of Tate variables in a minimal Tate resolution of k over

L(7)

R(T,€)m.

Proof. This follows immediately by direct application of Theorem 5.4.9 from [BKLM99],

by the isomorphisms in Section 5.1, and by Remark 5.3.1. O

Applying the noncommutative version of Macaulay’s Basis Theorem (see, for exam-
ple, Proposition 14.1.11 in [BFKR15]), we also obtain a basis for the universal enveloping

algebra R.

Corollary 5.5.3. The images of elements of k(X*) that are Qr ,-reduced super-Lyndon-Shirshov

monomials form a k-basis for R(t,e)"*.
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Example 5.5.4. We find explicit Tate variables within the dual Priddy complex for the

acyclic closure of k over the ring

R(Z e) = k[-xO/ X2, X3, X4, X5, x6]
(X2X3 — X0X4, X3X5 — X0X6, X4X5 — X2X6)

Using bracket notation [a,b] = ab — (—1)%l1’lpa, the set Q3 consists of the following

elements:

20, 20], [20, 22], [20, 23], [20, 25], [22, 22], [22, 24], [22, 25], [23, 23]
(23, 24], (23, 26), (24, 24], [24, 26), [25, 25], [25, 26) [ 26, Z6]

20, 4] + [22, 23], [20, 26] + [23, 25], [22, 26] + [24, 25].
We then obtain the Qz%e-reduced super-Lyndon-Shirshov Lie monomials

Z0,22,23,24, 25,26
22, 23], [23, 25, 24, Z5]
(22, [23,25]], [[23, 25, Z4]

(2223, z5]], 23], [22, [[23, 25], 24], [[23, 25, [24, 25]]

which form a basis for L(2,e). The dual basis corresponds to the Tate variables in an

acyclic closure by Corollary 5.5.2.

We now note some things that are useful in the proof of Theorem 5.5.1, where we
show that the set Q7 is a Grobner-Shirshov basis for the ideal it generates in k(X*). We
carefully examine the elements of Q1 by relating them to previously stated information

about the t,, and the indices j, which appear in the ¢t,.

We recall for easy reference information about Q7 , in the following remark.
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Remark 5.5.5. We recall that

Qi, = {ab+ba,c?dg+gd+ef+felab,cdef g€ X" areasbelow}
= {[a,b], %[c, c|,[d,¢g]+ e f]|ab,cde,f, g€ X" are as below}
where
ea>bandd>e> f > g,
e ab # dgand ab # ef forany t, = d*g* — e*f*, and
o d*¢g* —e*f* =t,forsomel <n < T41.

We use z, = x};, so that k(X*) = k(zo,22,23,...,2r+4). Then more particularly, since

t1 = XoX3 —XjX4
ti = Xip1Xiy3 — X Xita
tiy1 = Xiv2Xiys — Xj Xita,

foreveni,2 <i < T, we see that

{a,b} ¢ {{zj, zira} {ziv1, zivs b {zj o 2ivab {Ziv2, Zins

and

{d,e, f,8} € {121 Zit1,2i43, Ziva A Zji 1 Ziv2, Zig 3, Ziga ) )

Remark 5.5.6. We sometimes refer to pairs {a, b} above as anticommuting pairs or say that
a anticommutes with b (or vice versa), since the image of ab + ba is 0 in R(t,e)*. For the
purpose of the proof, the reader should understand that for a > b, {a,b} is an anticom-

muting pair if and only if [a, b] is an element of Q<.
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We recall and expand upon properties the j, below, for use in the proof of Theo-

rem 5.5.1.

Remark 5.5.7 (Remark 3.1.10 recalled). We recall Remark 3.1.10 verbatim here for use in
the remarks below. From the proof of Lemma 3.1.8, we note that j, = 0, j3 = 2, and that

for even i > 4, we have the following;:

i1 =0 < ji=jio <= jinn=1i—1

i1 =1 = ji=ji1 < jiq1 =1

For the sake of later proofs, we extend the notion of j, naturally to t; = xpx3 — xpx4 and

say that j; = 0, and note the following properties of the j, for1 <n <7+ 1:

e Foreveni, j; € {ji_o,ji-1}and j; <i—2.Fori=2,j, =j; =0,and for i > 4, this is

clear from Proposition 3.1.8 and the above statement, since e;/,1 € {0,1}.

e For even i, we have ji;1 € {i —1,i}. Fori =0,j; =0 € {—1,0}, and for i > 2, this

follows from Proposition 3.1.8.
e Foreveni,j; < jit1. Indeed, j; <i—2 < jii;.

e The j;;1 form an increasing sequence for even i. This is clear since ji;1 € {i —1,i}

fori > 0.

e The j; form a non-decreasing sequence for even i. Indeed, for i > 4, either j; = j;_»

orji:ji,lzi—3>i—42ji,2.
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Remark 5.5.8. We note a few anticommutativity properties illuminated by Remark 5.5.5,
which will aid in the following proof. We recall for the reader that {4,b} is an anticom-
muting pair (2 anticommutes with b) if and only if [4,b] is an element of Q7,. See Re-

mark 5.5.6.

o Ifm <i+1foreveni > 2,then {z,,z;1} is an anticommuting pair unless we have
m € {i—1,i}. Inparticular, z;, , never anticommutes with z; 1, since 11 € {i—1,i}

by Remark 3.1.10.

e If m < iforeveni > 2, then z, anticommutes with z; unless m € {j;_4,ji_3}. This
is true for i > 4 and vacuously true for i = 2. In particular z;, never anticommutes
with z;,5, since for i = 2 we have z;, = zy does not anticommute with z4 and for

i > 4wehave j; € {ji_»,ji_1} by Remark 3.1.10, neither of which anticommute with

Zi+2-

e The variable zj, always anticommutes with Zjy- Indeed, zj, = zo anticommutes
with z;, = z; by the above statement. Fori > 4,if jj;; =i—1,thenj; =j; » <i—4
by Remark 3.1.10, so that z;, anticommutes with z; 1 = zj, ,. On the other hand, if
Jiv1 = i, then j; = ji_1 > ji_3 > ji_4 by the same remark, so that z;, anticommutes

with z; = z;, .

e For [d, g] + [e, f] described in Remark 5.5.5, d and ¢ always anticommute with e and
f, but neither of the pairs {d, g} or {e, f} is an anticommuting pair. Indeed, when
d=zj,weknowj; <i—2,50j; & {i—1,i,i+1,i+2}. Thend = zj, anticommutes
with e = z; 1 and f = z;3. Similarly, when d = z;, , we know j;;1 € {i —1,i} and
Ji2,ji-1 <i—1,s0d =z , anticommutes with e = z; 5 and f = z;,3. Lastly, since

JirJiv1 <i+1, g = z;4 anticommutes with e € {z;,1,z;15} and f = z; 3.
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Remark 5.5.9. We also note a few further properties of the j, which will be useful in the

following proof.

e If ji 0,11 € {i—1,i}, then n = 0. This is clear due to Remark 3.1.10.

e If ji o, € {i—1,i}, then ji,1 = ji1o and for even subscripts,

ji+2 = fi+4 == ji+2n-

Indeed, because 0 = j; = j, and for even m > 4 all j,, are defined recursively in
a nondecreasing sequence by Remark 3.1.10, we see that each j,, for even m comes
from an earlier (odd-indexed) j,,_x+1 for some k. Such a j,,_p¢41 is unique by the

previous statement.

e Forn > 2,if ji 19, € {ji, jiz1}, then

ji+2 = fi+4 == ji+2n-

Indeed, if ji12, = ji+1, this follows directly from the previous statement, since we
know jiy1 € {i —1,i} by Remark 3.1.10. If j; 5, = j;, we have what we need by the

nondecreasing nature of the even-indexed j’s.

o If jiioyi1 € {ji, jir1} for some n > 0, then n = 0. This is clear due to the fact that for

n >0, wehave j; < ji+1 < jiyont+1 by Remark 3.1.10.

e Ford € {zj,z; ,}and e € {z;1,zi;2} such that [d, g] + [e, f] is one of our generators,
we haved = z;, , ifand only if e = z;, ,. Indeed, fori = 0 we haved = z; = z;, =0
and e = Zj, = 2 by Remark 3.1.10. For i > 2, this follows directly from the same
remark, since z;, , = z;, if and only if z;, , = z; 1 and since z;, , = z;,,, if and only if
zj,., = Zit2. We have what we need because d = z;, if and only if ¢ = z;,1, and also

d =zj,  ifand onlyif e = z;,.
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Proof of Theorem 5.5.1. As stated before, we need only concern ourselves with showing
that compositions of intersection between elements of QZ, are equivalent to zero mod-
ulo (Qz,,¢) for all noncommutative monomials ¢ in k(X*) = k(zo,22,23,...,27r+4). We
note that there is no ambiguity for what c is in our case, since our generators overlap
nontrivially in only one way, so we choose to use (noncommutative) S-polynomial no-
tation S, := (u,v). and omit notation for c. We show that for each S,,, we have
Sup = Sup — Lagib; = 0 for q; € Qr, and a;,b; monomials in k(zg, 2, 23,...,Z7+4).
Since we reduce by leading terms of the g;, in each case the leading term of a;q;b; is less
than c, so that we obtain S, = 0 mod (Qz,, c), as desired.

We arrange cases 1-5 by noncommutative S-polynomials arising from pairs of different
types of generators for our ideal. We only need to consider pairs whose leading terms /;
and I, have lju = vl with |LT(l1)| > |v|. Since the leading terms of our generators all
have degree two, we see |u| = |v| = 1 in each case. Cases that are split into "a" and "b"
are non-symmetric. For the sake of space and readability, we do not do a lead-reduction
(though at each step we reduce by leading terms of the g;) but show nonetheless that each
S-polynomial reduces to S, , = 0 as stated above, and hence, that the generators given

are a Grobner-Shirshov basis.

Case la: We show that S|, ;) ;5] = 0, where a > b are variables such that 2 and b anticom-

mute, so that [a,a] and [a, b] are two of our generators for Qf,. We use the generators

> = %[a,a]
ab+ba = |a,b]
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in our reduction. We have

b
Siaa)fay) = (2, a])i —a([a,b]) = —aba.

Adding (ab + ba)a yields ba?, and adding —b(a?) yields Siaa)fap) = 0-

Case 1b: We show that S, 5 5 = 0, where a > b are variables such that 4 and b anticom-

mute, so that [a,b] and [b, b] are two of our generators for Qf,. We use the generators

ab+ba = [a,b]

¥ = Z[bb]
in our reduction. We have

a
Sia bl o) = (2, 8])b — >([b,b]) = bab.

Adding —b(ab + ba) yields —b%a, and adding (b?)a yields S (a5, [b,5] = O-

Case 2a: We show that Sy 5 13 ¢)+(e,f) = 0, whered > e > f > ¢ are variables such that
[d,g] + [e, f] is one of our generators for Q,. Since d anticommutes with e and f by

Remark 5.5.8, we use the generators

1
@ = Zldd]

de+ed = [d,e]

df +fd = d,f]

dg+gd+ef +fe = [d,g]+ e f]
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in our reduction. We have

Sl ries) = (1 d)5 —d([d,g] +[e, f]) = —def — dgd — dfe.

Adding (de + ed) f yields
—dfe —dgd + edf,

adding (df + fd)e yields
—dgd +edf + fde,

adding (dg + gd + ef + fe)d yields
edf + fde + gd* + efd + fed,

and finally, adding — e(df + fd) — f(de + ed) — g(d®) yields Si4 ) (4 ¢]+[e,/] = O-

Case 2b: We show that Sy ¢] [ ] [¢,q] = 0, Whered > e > f > ¢ are variables such that
[d,g] + [e, f] is one of our generators for Q7,. Since g anticommutes with e and f by

Remark 5.5.8, we use the generators

1
g = 5838l
eg+ge = [eg]

fs+gf = [f.g
dg+gd+ef +fe = [d,gl+]e f]

in our reduction. We have

d
Sugl+lefliss = (4.8l +[e fllg —5(lg,8]) = gdg +efg + feg.
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Adding —e(fg + gf) yields
—egf +gdg + feg,

adding —f(eg + ge) yields
—egf +gdg — fge,

adding —g(dg + gd +ef + fe) yields
—egf — fge —g*d —gef — gfe,

and finally, adding (eg + ge) f + g%d + (fg + gf e yields Sidgl+[e.flle.g = 0-

Case 3: We show that S, 5 5, = 0, where a > b > ¢ are variables such that 2 anticom-
mutes with b and b anticommutes with ¢, so that [4,b] and [b, c| are two of our generators

for Qf,.

Claim: If a does not anticommute with ¢, then a = d and ¢ = g for one of our generators

d,g] + [e, f] withd > e > f > g and either

e b c {e, f} for the same generator, or

e b > e and b anticommutes with both e and f.

Proof of claim:

Suppose a does not anticommute with c. Then

{a/ C} S {{Zji’ Zi+4}/ {Zi—‘rlr Zi—|—3}/ {Zji+1/ Zi—|-4}/ {Zi—I—ZI Zi+3}}

for some even i, so that
{a/ b/ C} € {{Zji’ Zim, Zi+4}/ {Zji+1’ Zn, Zi+4}/
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since a > b > c and z;, does not anticommute with z;, 3. This proves the first part of the
claim, that (# =d and ¢ = g).

We first show that either z,,, € {z;,1,z;.3} orbothm < i+1(so z;, > z;y1) and zy,
anticommutes with z;,1 and z;;3, which proves the claim for {a,b,c} = {zji,zm,zi+4}.
Suppose m ¢ {i+1,i+ 3}. If z, does not anticommute with one of z;,1 or z;,3, then
since m < i+4, we have m € {i —1,i,i + 2} by Remark 5.5.8. By the same remark, we
have m # i + 2, since z; 5 does not anticommute with z;, and z,, does.

If m =i—1, theni > 4, and since z,, anticommutes with z;,4 but Zj does not
for jiv1 € {i—1,i}, we must have j;;; = i and j; = j;_1, which is in {i — 3,i — 2} by
Remark 3.1.10. This is a contradiction since a = zj, anticommutes with b = z,, but neither
Z;_3 NOT Z;_» anticommutes with z;_4.

If m = i, then either i = 2 or i > 4. It is impossible to have m = i = 2, since zp = Zj,
and does not anticommute with z¢. If i > 4, then since b = z,,, anticommutes with c = z; 4
and z;, , does not, we must have ji;; = i—1and j; = j;_» by Remark 3.1.10, but this is
a contradiction since a = z;, anticommutes with b = z;, but z;, , does not anticommute
with with z; by Remark 5.5.8.

Since m < i+ 4, we conclude that if m ¢ {i +1,i + 3}, then z,, anticommutes with
both z;,1and z;;3and m < i+ 1.

Now we show that either z, € {z;,,2z;13} or both n < i+ 2 and z, anticommutes
with z;,, and z;, 3, which proves the claim for {a,b,c} = {z]-l. 1 Zn Zit4}. Suppose
n ¢ {i+2,i+ 3}. If z, does not anticommute with one of z;  , or z;, 3, then since n < i +4,
we have n € {ji_»,ji_1,2i+1} by Remark 5.5.8. By the same remark, we have n # i+ 1,
since z; 1 does not anticommute with z;, , and b = z, does. By Remark 3.1.10, we also
have j; » <i—4 < jiy1 <nandji_1 < jir1 <mn,sothatn ¢ {ji_p ji_1}. Since n < i+4,
We conclude that if n ¢ {i + 2,i + 3}, then z,, anticommutes with both z;; and z;, 3 and

n<i+2.
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Case 3.1: In this subcase, we show that S|, ;] = 0 when 4 anticommutes

with c. We use the generators

ab+ba = Ja,b]
ac+ca = |[a,c]

bc+cb = [b,c]
in our reduction. We have
S[a,b],[b,c] = ([a,b])c —a([b,c]) = —acb + bac.

Adding (ac + ca)b yields

bac + cab,
adding —b(ac + ca) yields
—bca + cab,
adding (bc + cb)a yields
cab + cba,

and finally, adding —c(ab + ba) yields Sy, ) 5, = 0.

Case 3.2: In this subcase, we show that S, ;) = 0 when 4 and ¢ do not
anticommute, that is, by the claim, when a = d and ¢ = g for one of our
generators [d,g] + [e, f] withd > e > f > g and either b € {e, f} for the

same generator or b > e and b anticommutes with both e and f. We use the
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generators

ab+ba = [a,b]
bc+cb = [b,c]
ac+ca+ef +fe = [ac]+ e f]

to begin our reduction.
S(ap)[b,c] = ([a,b])c —a([b, c]) = bac — acb.
Adding (ac + ca +ef + fe)b yields
bac + cab+efb + feb,
adding —b(ac + ca + ef + fe) yields
cab+efb+ feb — bca — bef — bfe,
adding (bc + cb)a yields
cab+efb+ feb —bef —bfe+ cba,
and adding —c(ab + ba) yields
efb+ feb —bef — bfe.

Case 3.2.1: If b = ¢, we use the generator
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to continue our reduction. We have

efb+ feb —bef —bfe = fe* — e*f,
so that adding — f(e?) and (e?) f yields Sj, 4] p,] = 0
Case 3.2.2: If b = f, we use the generator
P=3lff
to continue our reduction. We have
efb+ feb —bef —bfe = ef* — f2e,
so that adding —e(f?) and (f?)e yields Sj, 4] 5, = 0

Case 3.2.3: If b > e and b anticommutes with e and f, we use the

generators

be+eb = [b,e]

bf +fb = b, f]
to continue our reduction. We have
efb+ feb —bef — bfe.
Adding (be + eb) f yields

efb+ feb—bfe+ebf,

115



adding (bf + fb)e yields

efb+ feb+ebf + fbe,

and finally, adding —e(bf + fb) and —f(be + eb) yields S|, 4 5, = 0.

Case 4a: We show that Sj, 4 (4] 1[e,/] = 0, wherea > d > e > f > g are variables such

that a anticommutes with d so that [a,d] and [d, g] + [e, f] are two of our generators for

1
Qe

Claim: If 2 does not anticommute with at least one of ¢, f, and g, then for some even i,

{d/ e/f/ g} - {Zji+1lzi+21 Zi4+3, Zi+4}

and a = Zj-
1

Proof of claim: If we have {d,e, f, g} = {zji,zi+1,zi+3,zi+4} for some even i, we know
that j; <i—2 < ji;1 by Remark 3.1.10. Then if a = z,, with n < j;, Remark 5.5.8 tells us
that z, anticommutes with ¢, f, and g. Then suppose {d, ¢, f, g} = {zj,,,,Zi12,Zi+3,Zi 4}
We know ji11 < i by Remark 3.1.10, so if n < j;;1 such that z, does not anticommute
with at least one of ¢, f, and g, we must have n € {j;_»,j;_1,ji} by Remark 5.5.8. If i = 2,
n=j =j»=0anda = zj, sosuppose i > 4. We know then that j; € {ji 2,ji-1}. If
d = zj,, =z, thena = z; = z; , by Remark 3.1.10, since z;, , does not anticommute
with d = z; | by Remark 5.5.8. If d = z;,,, = z;, thena = z;, = z;, | by Remark 3.1.10,

since zj, , does not anticommute with d = z; by Remark 5.5.8.
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Case 4a.1: In this subcase, we show that 5, 5 14 ¢ +[,f] = 0 when a4 anticom-

mutes with e, f, and g. We use the generators

ae+ea = [a,c]

af +fa = [af]

ag+ga = [ag]
dg+gd+ef +fe = [d gl +e f]

in our reduction. We have
Siad)ldgl+lef) = ([a,d))g —a([d, g] + [e, f]) = dag — agd — aef — afe.

Adding (af + fa)e yields

dag — agd — aef + fae,
adding (ag + ga)d yields

dag + gad — aef + fae,
adding —d(ag + ga) yields

—dga + gad — aef + fae,
adding (ae + ea) f yields

—dga + gad + eaf + fae,
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adding (dg + gd + ef + fe)a yields
gad +eaf + fae + gda +efa + fea,
and finally, adding —g(ad +da) —e(af + fa) — f(ae + ea) yields

Sad) d,g)+le.f] = O-

Case 4a.2: We show that S, ) (4,6 +[e,/] = 0 when

{d,e, f,8} = 2,1/ Zit2 Zis3, Ziva)

and a = Zj,- Then we have

a = zj

d = Zjin1
€ = Ziy2
f = zis
8 = Zita

Since 2 = j; < i —2 by Remark 3.1.10, a anticommutes with z;;3 = f by
Remark 5.5.8. By the same remark, since ji;1 € {i —1,i}, d anticommutes
with f. We know a anticommutes with d by assumption. Whena = z;, = z;, ,,

d::z]'i+1 =1i—1,s0 that

ae+ea+dzi 1+ ziqd
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is one of our generators. When a = Zj, = 2zj,_,, d =2z; =1, so that
i i—1 Ji+1

ae+ea+dzi 1+ ziqd

is one of our generators. In either case, we have the same generator, so we use

the generators

af + fa = [a,f]

df +fd = ld, f]

ad+da = |[a,d|
ae+ea+dziy +zipd = [a,e]+[d zi]
ag+ga+zip1f + fzimr = [a,8] + [zit1, f]

dg+gd+ef+fe = [d,gl+]e f]

in our reduction. We have

Siaddgl+lef) = ([a,d]))g —a([d, g] + [e, f]) = dag — agd — aef — afe.

Adding (af + fa)e yields

dag —agd — aef + fae,

adding (ae + ea + dz; 1 + z;1d) f yields

dag —agd + fae +eaf +dz;1f + zj11df,
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adding (ag + ga + zi41f + fziy1)d yields
dag + fae+eaf +dzii1f +zi1df +gad + zip 1 fd + fzi11d,
adding —e(af + fa) yields
dag + fae —efa+dzj1f +zipdf +gad +zj 1 fd + fziqd,
adding —z; 1 (df + fd) yields
dag + fae —efa+dzi i f +gad + fz;11d,
adding —g(ad + da) yields
dag + fae —efa+dzi 1 f — gda+ fz;11d,
adding —d(ag + ga +zj11f + fzi1) yields
fae —efa—gda+ fzj1d —dga —dfzq,
adding — f(ae + ea + dz; 1 + z;1d) yields
—efa—gda —dga—dfz; .1 — fea— fdz; 1,
and finally, adding (dg + gd +ef + fe)a+ (df + fd)z; 1 yields

Sad] [dg)+le.f] = O-
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Case 4b: We show that Sg o [ 7] [¢p) = 0, Wwhered > e > f > ¢ > b are variables such
that ¢ anticommutes with b so that [g,b] and [d, g] + [e, f] are two of our generators for

L
7o Let

{d,e, f,8} € {121 Zit1,2i43, Ziva A Zji s Ziv2, Zig3, Ziva ) |

for some even i.

Claim: If b does not anticommute with at least one of 4, ¢, and f, then at least one of 4, ¢,
and f is in the set {z;,, ,, } for some n > 2. Furthermore, then b = x;,,, and

d # Zji+2n73 :

Z].i+2nf3

Proof of claim: If b = z;, 5,11 for some n > 1 such that b does not anticommute with at
least one of d, ¢, and f, then b = z; ;5 by Remark 5.5.8, but then b does not anticommute
with ¢ = z;,4, and this is a contradiction. We conclude since ¢ > b that b = z;,,, for
some n > 2, and hence that at least one of d,e, and f is in the set {z]'l, onar Zj; +2;173} by
Remark 5.5.8. If d = Zj; onar then by Remark 5.5.9, since d € {xji, Xjiy }, we have n = 2,

but this is a contradiction.

Case 4b.1: We show that Sy o141 f] (¢b) = 0 when b anticommutes with 4, e,

and f. We use the generators

db+bd = [d,b]
eb+be = [eb]
fo+bf = [f.b]
gh+bg = [g ]

dg+gd+ef+fe = [dg]+ e f]
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in our reduction. We have

Siagl+lefligbl = (4,81 +[e, f1)b —d([g, b]),

which expands to

gdb +efb + feb — dbg.

Adding —g(db + bd) yields

efb+ feb —dbg — gbd,
adding —e(fb + bf) yields

feb —dbg — gbd — ebf,
adding —f(eb + be) yields

—fbe —dbg — gbd — ebf,
adding (db + bd)g yields

—fbe + bdg — gbd — ebf,
adding (gb + bg)d yields

—fbe 4 bdg + bgd — ebf,
adding (eb + be) f yields

—fbe + bdg + bgd + bef,
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adding (fb + bf)e yields
bfe+bdg + bgd + bef,

and finally, adding —b(dg + gd +ef + fe) yields Sy o1 1(c, £, [g5] = O-

For the next four subcases, we assume b does not anticommute with at least

one of d, ¢, and f, which by the claim is in the set {le. onar Xji +21173}

Case 4b.2: In this subcase, we show that Sy o)1 (o 7)[¢p] = O Whene =z, , .
Since
e € {zi11,zZit2},
writing i +2n —4 = (i +2) 4+ 2(n — 3) gives
e = Ji43 = Jita = Ji+6 =~ * = Jiton—4

by Remark 5.5.9. Since ji14 = jit3, ji+s = i + 4, so that z;,», # z;;s, since
zi+g does not anticommute with j;,5 by Remark 5.5.8, but b = z;,5, does
anticommute with ¢ = z;;4 by assumption. Then in fact n > 5, so that

Jivon—a = Jiton—e and jiro,—3 = i +2n —5. We have ¢ > z;,7,_5 > b with

d e {Zji’zji+1}

€ = Zjis T Zjia T Zjie — T T Zivona
f = ziy
§ = Zitd = Zjigs
Zit2n—5 = Zjiig3
b = ziiom
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Then the only two variables with indices smaller than i + 27 that b does not
anticommute with are e and z;.,, 5 for n > 5, so b anticommutes with 4 and
f. Furthermore, since n > 4, we have that i +3 < i + 2n — 5, which means

that f = z;,3 anticommutes with both z; 5, 3 and z; 5, 1. We then use the

generators
db+bd = |[d,Db]
fo+bf = [f,b]
gb+bg = [gb]
fzivon—3+zivon—sf = [f zivon—3)
fzivon-1+ziton1f = [f Zivon-1]
eb+be+ziion 3Ziton-1+ Ziyan1Zivn-3 = [&b]+ [ziton-3,Ziyon-1]

dg+gd+ef+fe = [dg]+]e f]

in our reduction. We have

Siagl+lefligbl = (14,81 +le f1)b —d([g, b]),

which expands to

gdb +efb + feb — dbg.

Adding —g(db + bd) yields
efb+ feb —dbg — gbd,
adding —e(fb + bf) yields

feb —dbg — gbd — ebf,
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adding —f(@b +be+ziio, 3Ziton 1+ Zi+2nflzi+2n73) yields

—dbg — gbd —ebf — fbe — fz; 9y _3Ziyon—1— fZiton—1Zi+2n—3s

adding (db + bd)g yields

—gbd —ebf — fbe — fzi 0n 3Ziyou—1 — fZiton-1Zit2n—3 + bdg,

adding (gb + bg)d yields

—ebf — fbe — fzi10y_3Ziyon—1 — fZiyon—1Ziton—3 + bdg + bgd,

adding (fb+ bf)e yields

—ebf +bfe— fziion-3Zivon—1 — fZiyon—1Ziyon—3 + bdg + bgd,

adding (fzi+2n—3 + zi+2n_3f)zi+2n_1 yields

—ebf +bfe+ziion 3fZivon—1— fZiton—1Ziton—3 + bdg + bgd,

adding (fzi—i—Zn—l + zi+2n_1f)zi+2n_3 yields

—ebf +bfe+zijon 3fZivon—1+ Zivon-1fZiyon—3 + bdg + bgd,

adding —b(dg + gd + ef + fe) yields

—ebf +ziyon-3fZivon-1+ Ziyon—1fZiyon—3 — bef,
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adding (eb +be+ziioy 3Zivon_1+ Zi+2nflzi+2n73)f yields
Ziton—3fZiton—1 + Ziton—1fZivon—3 + Zivon—3Ziyon—1f + Zivon—1Zivon—3f,

and finally, adding
—Zivon—3(fzizon—1 + Ziton-1f) — Zivon—1(fZiton—3 + Ziton—3f)

yields Si ) +(e,f,[g.6] = 0-

Case 4b.3 : We show that S ¢ (¢ 7],[¢,p] = 0 When e = Since

Zjiton—3
e € {zit1,2i12}

for some even i, writing i +2n —3 = i+2+2(n —3) + 1 gives n = 3 and
e = xj,, by Remark 5.5.9, so that b = z;,4 by the claim at the beginning of
Case 4b. Thend = z;, , by Remark 5.5.9. We have

d = zj,
€ = Zj,
f = zits
8§ = Zita
b = zie

We see that b anticommutes with f = z;;3 by Remark 5.5.8. We recall by
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assumption that ¢ anticommutes with b and by Remark 5.5.8 that f anticom-

mutes with g. We use the generators

fo+bf = [f,b]

gb+bg = [gb]

fe+sf = ¢
db+bd + fziys5 +zipsf = [d,b]+[f,zits)
eb+be+gziys5+zi58 = [eb]+ g zits]

dg+gd—+ef +fe = [d,g]+]e f]

in our reduction. We have

Siagl+leflizbl = ([4,8] +le fI)b —d([g, b]),

which expands to

gdb +efb + feb — dbg.

Adding —e(fb + bf) yields
gdb + feb — dbg — ebf,
adding —g(db + bd + fz; 15+ ziy5f) yields
feb —dbg —ebf — ¢bd — ¢fziy5 — 9ziv5f,
adding —f(eb + be + gz 5 + zi45g) yields

—dbg —ebf — gbd — gfzi\5 — gziysf — fbe — f8zir5 — fziys58,
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adding (gb + bg)d yields
—dbg —ebf +bgd — gfzit5 — gziysf — fbe — fgzii5 — fzii58,
adding (fb+ bf)e yields
—dbg —ebf 4 bgd — gfzii5 — §ziysf +bfe— f8zit5 — fziys8,
adding (fg + gf)zi+s yields
—dbg —ebf +bgd — gziis5f +bfe — fzi154,
adding (db+ bd + fzi5+ zi15f)g yields
—ebf +bgd — gz; 5f +bfe+bdg +z5fg,
adding (eb + be + gz 5 + ziy5g) f yields
bgd +bfe+bdg +zi 5fg + bef +zi158f,
and finally, adding —z;5(fg + gf) — b(dg + gd + ef + fe) yields

Siagl+lefllgb] = O-

Case 4b.4: We show that Sig o1 (e f),(qp) = 0 When f = zj13 = Then

Z]'i+2n74'

writing i +2n —4 = (i+4+2(n — 4), we get

i+3=jit5=Jire = Jits = = Jiton-4
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for n > 5 by Remark 5.5.9. We have

d =z,

€ = Zjis

f = 243 = 2 T 2 T Zis = T Zjian
8 = Zit4

b = zijou

The only two variables with indices smaller than i + 2n that b does not an-
ticommute with are z; 13 and zj,, . € {zij24-5,Zit2n—4} for n > 5 by Re-
mark 5.5.8, so that b anticommutes with 4 and e. We know g anticommutes
with b by assumption, and since n > 5, we have thati +1,i +2 < i+ 2n -5,

which means e anticommutes with both z;5,_3 and z;;5,_1. We use the gen-

erators
db+bd = [d,b]
eb+be = |[eD]
gb+bg = [gb]
€Ziton-1+ Zivon-1€ = [€Ziyon-1]
€zZiton-3+ Zitan-3¢ = € Ziton-3]
fo+bf +ziyon3zZiton—1+ Zivan—1Ziv2n—3 = [f, 0] + [Zivan—3,Ziv2u-1]

dg+gd—+ef +fe = [d,gl+]e f]

in our reduction. We have

Siagl+lefligbl = (14,81 +[e, f1)b —d([g, b]),
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which expands to

gdb +efb + feb — dbg.

Adding —g(db + bd) yields

efb+ feb —dbg — gbd,

adding —f(eb + be) yields

efb —dbg — gbd — fbe,

adding —e(fb+bf + ziy2n3Zivon-1 + Ziton-1Zit2n—3) yields

—dbg — gbd — fbe —ebf — ez 2,_3Ziyon—1 — €Zit2n—1Zi+2n—3,

adding (db + bd)g yields

bdg — gbd — fbe — ebf — ezi oy 3Zit2n—1 — €Zit2n-1Zi+2n-3,

adding (gb + bg)d yields

bdg +bgd — fbe — ebf — ezi 2 3Zit2n—1 — €Zit2n-1Zi+2n-3,

adding (eb + be) f yields

bdg + bgd — fbe + bef — ezj on 3Ziton—1 — €Zit2n-1Zi+2u—3,

adding (ez;j 2,3 + Ziton—3€)Zit12n—1 yields

bdg + bgd — fbe + bef + zi 21 3€Zi12n 1 — €Zit2n—1Zi+2u—3,
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adding (ezjy2y-1 + Ziton—1€)Ziton—3 yields
bdg + bgd — fbe + bef + ziy2n-3€Zi 1201 + Zit2n-1€Zit2u—3,
adding —b(dg + gd +ef + fe) yields
—fbe +ziyon_3€Ziton—1 + Zit2n-1€Zi12n—3 — bfe,
adding (fb+bf + zi1on_3Zivon—1 + Ziton—1Ziton—3)e yields
Zi42n—3€Zi+2n—1 1 Zi42n—1€Zi+2n—3 1T Zi+2n—3Zi+2n—1€ 1 Zi42n—1Zi+2n—36,
and finally, adding
—Ziton-3(€Ziyon—1+ Zivon-1€) — Ziton-1(€Ziyon—3 + Ziy2n-3€)

yields S[d,g]+[e,f},[g,b} =0.

Case 4b.5: We show that Sig o (o7 (¢p) = O When f = zj.3 = 2z, .. By
Remark 5.5.9, writing i +2n —3 = (i+4) +2(n —4) + 1, one has n = 4 and
Zi+3 = Zj,,5, 80 by the claim at the beginning of Case 4b, one has b = z; .

Then by Remark 3.1.10 (since ji15 = i+ 3), zj, ,

= Zjisn-
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Case 4b.5.1: If z;, , # d, we have by Remark 5.5.9 thate # z;, ., so

that

d # zj,=2Zj,
"]

€ Zjiys
f = Zi43 T Zjiygs
8 = Zita
b = ziys.

Then the only two variables with indices smaller than i + 8 that b
does not anticommute with are f and z;, , and the only two variables
with indices smaller than i + 6 that z; 4 does not anticommute with
are zj, , and zj,,,. Since zj,, ,, e € {zi11,2i12} and zj,,.d € {zji.,z]-iﬂ},
and j, jiy1 < i by Remark 3.1.10, we see that e # z;, , = z;,, and
d # zj,,, so that both d and e anticommute with both b and z; .
We also know ¢ = z;;4 anticommutes with b by assumption, and
e € {zj11,2i12} and g anticommute with z;,7 by Remark 5.5.8. We

use the generators

eb+be = |[eD]

db+bd = [d,b]

gb+bg = |[gb]
eZiye +ziree = [€ Zite
eziy7 +zipze = [e,zi17]
fo+bf +zir6zivy + zigvziee = [f,b] + [zite, 2it7]

dg+gd+ef+fe = [dg]+]ef]
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in our reduction. We have

Siagl+lefligbl = (14,81 +[e, f1)b —d([g, b]),

which expands to

gdb +efb + feb — dbg.

Adding —f(eb + be) yields
gdb+efb — fbe — dbg,
adding —g(db + bd) yields
—gbd +-efb — fbe — dbg,
adding —e(fb+bf + zj162i17 + Zi172i16) yields
—gbd — fbe —dbg — ebf — ezj¢zi17 — €zi17Zi16,
adding (gb + bg)d yields
bgd — fbe —dbg —ebf — ez ¢zit7 — €zi17Zit6,
adding (db + bd)g yields
bgd — fbe +bdg — ebf — ez ¢zi17 — €zi17Zite,
adding (eb + be) f yields
bgd — fbe + bdg + bef — ez; ¢zit7 — €zi17Zite,
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adding (ez;j¢ + zi16€)zi17 yields

bgd — fbe 4+ bdg + bef + z; ¢ezi17 — €zi17Zie,
adding (ezj 7 + zi17€)zi1¢ yields

bgd — fbe 4+ bdg + bef + zi ¢ezi17 + ZityezZiie,
adding —b(dg + gd +ef + fe) yields

—fbe+zieezi17+ziy70zi 16 — bfe,

adding (fb+ bf + zj 1 6zi17 + zi17zire)e yields

Zi+6€Zit+7 t Zi47€Zi+6 T Zi+6Zi+7€ T Zit7Zi166,
and finally, adding

—Ziy6(€2Zit7 + Ziy7e) — Zit7(€Zive + Zitee)

yields Sa )1 e,f)[g.6] = O-
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Case 4b.5.2: If d = Zj 0 WE have by Remark 5.5.9 that e = Zjiar and

by Remark 3.1.10 (since j;15 =i + 3), zj,,, = 2;,,,, S0 that

d = zj,, = zj,
€ = Zjis
f = zipz= Zjits
8 = Zita
b = zjys.

Then the only two variables with indices smaller than i + 8 that b

does not anticommute with are f and d, so that b anticommutes with

e. We know ¢ = z;,4 anticommutes with b by assumption, and g and

e € {zi11,2i42} anticommute with z; 7 by Remark 5.5.8. We use the

generators
eb + be
gb+bg
8Ziy7 + Zi+78
ezZjy7 + zjt7€
db+bd +ziy5ziv7 + ziy7Ziys
fo+bf +ziv6ziy7 + Zit7Zive

€Zit6 T Zi+6€ T §Zi4+5 t Zi458

dg+gd+ef + fe
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in our reduction. We have

Siagl+lefligbl = (14,81 +[e, f1)b —d([g, b]),

which expands to

gdb +efb + feb — dbg.

Adding (db+ bd + z; 5217 + zi172i15)g yields
gdb+efb+ feb +bdg + zi152i178 + Zi172i4+58,
adding — f (eb + be) yields
gdb +efb — fbe +bdg + z;52i, 78 + Ziy7Zi158,
adding —b(dg + gd +ef + fe) yields
gdb +efb — fbe + zi152;178 + Ziy7Ziy5§ — bgd — bef — bfe,
adding (fb+ bf + zj 1 6zi17 + zi17zire)e yields

gdb +efb+ zi15zi1 79 + i1 72458

—bgd — bef + zj¢zir7e + i1 7Zi1 66,
adding —g(db + bd + z;5zi 17 + zi17zi15) yields

efb+ zi15zi1 79 + zi172i159 — bgd — bef 4 zi ¢z ye

+2i17zi6€ — bd — 2i152iy7 — §Zi17Ziy5,
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adding (gb + bg)d yields

efb+zi15zi178 + ziy7ziy 5§ — bef +ziyeziy7e

+2i17Zi16€ — 8Zi15Zi+7 — 8Zi+7Zi+5,

adding (8z;y7 + zi178)zi4s5 yields

efb+zi15zi178 + ziy7ziy 5§ — bef +ziy6ziy7e

+Zi172i16€ — §2i+5Zi+7 + Zi178Zi15,

adding —e(fb+bf + zj162i17 + zi172i16) yields

Ziy52i+78 + Ziy7Zi158 — bef + zi16ziiye + ziy72; 1 6e

—8Zi+5Zi+7 + 2i478Ziy5 — ebf —eziy6ziy7 — €ziy7Ziye,

adding (ez;ji7 + zj17€)zi1¢ yields

Zi+5Zi+78 + Ziy7Ziy58 — bef + ziyeZiy7e + Ziy7Zi g€

—8Zi+5Ziv7 + 2iy78Ziy5 — ebf —eziy6ziy7 + Ziy7€Ziy6,

adding —z;,7(eziy¢ + zite€ + §2it5 + zi+58) yields

Ziy52i478 — bef + ziy6zi 76 — §Ziy5Zi17 — ebf —eziy6Ziy7,

adding (eb + be) f yields

Zi45Zi+78 T Zi+6Zi+7€ — §Zi4+5Zi+7 — €Zi+6Zi+7,
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adding (ez;j1¢ + zit6€ + §Zit5 + 2i158)Zi+7 yields
Zi452i+78 T Zi+6Zi+7€ + Zi+6€Zi+7 T+ Zi+58Zi+7,

and finally, adding —z;5(8zi1+7 + zi17g) — Zive(€zir7 + ziy7e) yields

Siagl+lefllgb] = O-

Case 4b.6: In this subcase, we show that Sy ¢ [ 7] [¢p) = O whend =z ,
for somen > 3. If n = 3, we have d = Zjis and e = zj, , by Remark 5.5.9,
so we are done by Case 4b.3. If n = 4, sinced = z;,, € {zj,z;,,} we have
d = zj,, = zj,,, by Remark 5.5.9, so that z; ;3 = z;, . by Remark 3.1.10, and
then we are done by Case 4b.5. For n > 5, since d = zj,,, and de {x]-l., x]'iH},

Remark 5.5.9, we have d = zj,, Thus by the same

= Zjigs = 0 T Zijona
remark, e = Zji s Since n > 5, we also know by Remark 3.1.10 that (since

Jiton—a = Jiton—6)s Jivon—3 = i +2n —5with ¢ > z;,5,_5 > b. Then we have

d = Zjiva = Zjiva = 7 T Zjivon-a
€ = Zjys
f = zis
8§ = Zit4
Zi+2n—5 = Zjip, 5
b = ziyon

by Remark 5.5.9. Then b = z; 5, does not anticommute with d or with z; 5,5,
but does anticommute with ¢, f, and ¢ by Remark 5.5.8. Since n > 5, we have

i+4 < i+ 2n -5, so that g anticommutes with z;,,,_3 and z;,5,_1 by the
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same remark. We use the generators

fo+bf = [f,b]
eb+be = |[eD]
gb+bg = [g,b]
8Zivon-3+ Ziton-38 = [§ Zit2n-3]
8Ziyon-1 1 Zivam18 = [& Zit2n—1]
db +bd + ziy2n3Zivon-1 + Zivan-1Zivan—3 = [d,b] + [Ziy2n—3,Ziv2n-1]

dg+gd+ef +fe = [d,gl+]e f]
in our reduction. We have

Siagl+lefligp) = (4,81 + [e, f1)b —d[g, b],

which expands to

gdb+efb+ feb — dbg.

Adding —e(fb+ bf) yields
gdb —ebf + feb — dbg,
adding —f(eb + be) yields
gdb —ebf — fbe — dbg,
adding —g(db + bd + zi 12y —3Zi1on—1 + Ziton—1Zit2n—3) yields

—ebf — fbe —dbg — gbd — §zi 1 9y_3Ziton—1 — §Zit2n—1Zit2n—3s
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adding (eb + be) f yields

+bef — fbe —dbg — gbd — §z; 19y _3Zi12n—1 — §Zi+2n—1Zi+2n—3s

adding (fb+ bf)e yields

bef +bfe—dbg — gbd — ¢z; 10y 3Zi1on—1 — §Zit2n-1Zi+2n-3,

adding (gb + bg)d yields

bef +bfe—dbg +bgd — 8ziy2n—3Ziton—1 — §Zit2n—1Zi+2n—3/

adding (gzi+2n—3 + zi+2n_3g)zi+2n_1 yields

bef +bfe—dbg +bgd + zi\21-38Zit2n—1 — §Zi+2n—1Zi+2n—3/

adding (gzi—i—Zn—l + zi+2n_1g)z,-+2n_3 yields

bef +bfe —dbg +bgd + ziy2n38Zit2n—1 + Zit2n—18Zit 203/

adding _Zi+2n—3(gzi+2n—1 + Z,‘+2n_1g) yields

bef +bfe —dbg +bgd — zi 2n 3Ziv2n-1§ + Zit2n-18%i+2n—3/

adding —z; 7,1 (gZi+2n_3 + Zi—i—Zn—Bg) yields

bef +bfe —dbg +bgd — zi 2n3Ziv2n-1§ — Zit2n—1Zi+2n—38s
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adding (db + bd + Zitvon—3Zi+oan—1+ Zi+2nflzi+2n73)g yields
bef +bfe+ bgd + bdg,

and finally, adding —b(dg + gd +ef + fe) yields Sy o1 [e,f),(g,0] = O-

Case 5: We show that Sig | (7] (¢ m]+[n1] = 0, Whered > e > f > ¢ >h > 1> mare

variables such that [g,m] + [i, 1] and [d, g] + [e, f] are two of our generators for QZ,.

Claim: If d does not anticommute with at least one of 1, [, and m or if m does not anticom-

mute with at least one of e and f then

{d/ e, f/ g, h/ l/ m} — {dz elfl Zivq = Zji+5rzi+6/ Zit7, Zi—l-S}/
d=zj,ande =z, .

Proof of Claim: Without loss of generality, by the form of the generators for Q7 ,, we have
S = Zitd € {Zjip, 4rZjiion 5} a0d m = z; o, for some n > 4, since i +4 < i+2n —4 by

Remark 3.1.10. If § = zj44 = since jiyo—4 < Jiton—3 by Remark 3.1.10, we have

Zjivon-ar
de, f ¢ {z]-l. onar Zji +271_3}, so that d, e, and f anticommute with m by Remark 5.5.8. Also,
i+3 < i+ 2n — 5 so that d anticommutes with h = z;,5, 3 and | = z;;,,,_1 by the same
remark.

On the other hand, if z; 4 = zj, , ,, then n = 4 by Remark 5.5.9 and we are in the
case above. Since z;14 = zj_,, it follows that z; , = z;, , by Remark 3.1.10. We know
d=z; ,ifand onlyife =z , = z; , by Remark 5.5.9, so suppose d # z;, , and e # z;, ,.
Since ji, jiy1 < i < jiy3, we see that d # x;, , and that d anticommutes with h = z;,¢

and | = z;;7 by Remark 5.5.8. Furthermore, since z;,,, € {zj,,,2;,} by Remark 3.1.10

and d ¢ {zji+2,zji+3}, we see d # Zj,,,- In addition, we have e # Zj;\y by assumption and
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f = ziy3 # zj,,, since ji14 <i+2 <i+3byRemark 3.1.10. Then since ¢ = z;, ,, d, e and

f all anticommute with m by Remark 5.5.8.

Case 5.1: When d anticommutes with #, [, and m and when e and f anticom-

mute with m, we use the generators

dh+hd = [d,h]

dl+1d = [d,1]
dm +md = [d,m)]
em+me = [e,m]
fmt+mf = [f,m]

dg+gd+ef+fe = [d,gl+ e f]
gm-+mg+hl+1h = [g,m]+[hI]

in our reduction. We have

Stugllefligm+my = (4.8l +le flym —d([g,m] + [k 1])
= —dhl+gdm+efm+ fem —dmg — dlh.

Adding (dh + hd)l yields
—dlh+gdm+efm+ fem —dmg + hdl,
adding (dl + Id)h yields

—dmg + gdm +efm+ fem + hdl + ldh,
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adding (dm + md)g yields

efm+ gdm + fem + hdl + Idh + mdg,

adding —e(fm + mf) yields

—emf + gdm + fem + hdl + Idh + mdg,

adding —g(dm + md) yields

—emf — gmd + fem + hdl + 1dh + mdg,

adding — f (em + me) yields

—emf — gmd — fme + hdl + ldh + mdg,

adding —h(dl + 1d) yields

—emf — gmd — fme — hld + ldh + mdg,

adding —I(dh + hd) yields

—emf — gmd — fme — hld — lhd + mdg,

adding —m(dg + gd +ef + fe) yields

—emf — gmd — fme — hld — lhd — mgd — mef — mfe,
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and finally, adding (em + me) f + (fm + mf)e + (gm + mg + hl + Ih)d yields

Sdgl+le 1, lgm+ 1] = O-

Case 5.2: When d does not anticommute with one of 4, I, and m, or one of ¢, f

does not anticommute with m, the claim yields that

{d/ e/f/ g/ h/ l/ m} - {d/ e/f/ Zi+4 - Zji+5lzi+6l Zi+7/ Zi+8}l

d= Zj; o0 and e = Zj,,4- By Remark 5.5.9, we have e = Zj;.\ and so

d =z,
€ = Zjys = Zji
f= ziys
§ = Zina =z
h = zi
I = zjy
m = Zi8
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Since d € {zj,zj,,,} with ji,ji;1 < i by Remark 3.1.10, we see that d and f

anticommute with [ and m by Remark 5.5.8. We use the generators

d+1d = [4]]
dm+md = [d,m]
Atif = @)
fm4mf = [f,m]
dh+hd + fzii5+zivsf = [dh]+ [f, ziss]
em+me+zi5l +1ziy5 = [e,m] + [ziys,1]

dg+gd+ef+fe = [d,g]+]ef]
gm+mg+hl+1h = [g,m]+[hI]

in our reduction. We have

Stugl+lefligm+my = (&l + e flym—d([g,m]+ [k 1])
= —dhl+gdm+efm+ fem —dmg — dlh.

Adding —g(dm + md) yields
—dhl — gmd +efm+ fem —dmg — dlh,
adding —e(fm + mf) yields

—dhl — gmd —emf + fem —dmg — dlh,
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adding — f (em + me + z; 51 4+ 1z;, 5) yields

—dhl — gmd —emf —dmg — dlh — fme — fz; 5l — flz; s,

adding (dm + md)g yields

—dhl — gmd —emf + mdg — dlh — fme — fz;, 5] — flz; s,

adding (dI 4 Id)h yields

—dhl — gmd — emf +mdg + ldh — fme — fz; sl — flz;y5,

adding (fm + mf)e yields

—dhl — gmd —emf +mdg + ldh +mfe — fz; sl — flz;ys,

adding (f1+1f)z; 5 yields

—dhl — gmd —emf +mdg +1dh+mfe — fzi 5l +1fzi,s,

adding (dh + hd + fzi 5+ zi,5f)l yields

—gmd —emf +mdg+I1dh+mfe+1fzi 5+ hdl 4z 5fl,

adding (gm + mg + hl + lh)d yields

—emf +mdg+I1dh+mfe+1fzi 5+ hdl + z; 5fl +mgd + hld 4 [hd,
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adding —m(dg + gd + ef + fe) yields

—emf +1dh+1fzi 5+ hdl 4+ zi5f1 + hld + Ihd — mef,

adding (em + me + z; 5l + 1z;15) f yields

1dh + 1fzips + hdl + ziosf1+ hld + Ihd + ziys1f + 1ziysf,

and finally, adding —h(dl + 1d) — z;.s5(fl + 1f) — I(dh + hd + fz; 5 + zii5f)

yields S [d,g)+e.fllgm]+ 1] = 0.

This concludes our cases, so we see that our set is a stable set for all 7.
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6 Future Work

The work in this dissertation naturally leads to two sets of questions:

1) Could the family of toric rings from Chapter 3 be extended further, or could other

families be considered, to achieve results similar to those in Chapter 4?

e Could this family be extended to a larger family of chordal bipartite graphs,
perhaps coming from similar graphs joined by an edge or a single vertex, or

more generally, graphs that contain these graphs as subgraphs?

e Can we characterize the structures within a matrix (such as the ladder-like
structures M$ introduced in Definition 3.1.1) that correspond to any chordal

bipartite graph in a way that extends our results?

e Does this family of chordal bipartite graphs generalize to a broader category
of graphs that are not necessarily chordal bipartite, but which have similar

properties?

e Are there other families of graphs that generalize in this way, to allow for a

broader categorization of some algebraic results?

2) What are the implications of the work done in Chapter 5 to obtain a correspondence

to the Tate variables?

e [s there a meaningful way to work with the Tate variables from Corollary 5.5.2

in the construction of the cotangent complex?

e Is there a way to generalize the work done in Chapter 5 to apply it to other

families of rings or graphs?
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