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ABSTRACT

Let R be a complete local Gorenstein ring of dimension one, with maximal ideal m.
We show that if M is a maximal Cohen-Macaulay R-module which begins an Auslander-
Reiten sequence, then this sequence is produced by an endomorphism of m, which we call a
Frobenius element, corresponding to a minimal prime ideal. We also observe that Frobenius
elements can be easier to identify when R is a graded ring, instead of complete local. We
give an example application, determining the shape of some components of Auslander-Reiten
quivers, in Section 5.3. (An Auslander-Reiten quiver organizes the indecomposable maximal
Cohen-Macaulay R-modules into a directed graph, with arrows corresponding to irreducible
R-homomorphisms.)

In Chapter 4, we adapt results due to Zacharia and others, from the setting of Artin
algebras. This allows us to list the potential shapes of the components of AR quivers in our
setting. It also has an application to special cases of a well-known conjecture in commutative
algebra (Section 4.2). The appendix contains some lemmas concerning connected graded

rings of Krull dimension one, used in Chapters 2 and 5.
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Chapter 1

Introduction

Notation 1.0.1. Throughout this thesis, all rings are assumed noetherian. A ring which
is described with any subset of the words {reduced, Cohen-Macaulay, Gorenstein, regular}
is implicitly a commutative ring. By a graded ring we shall mean a Z-graded ring, that
is, a ring A = @,., A; satisfying A;A; € Ay ;. If A has not been referred to as a graded
ring, J(A) will denote the Jacobson radical of A; but if we have introduced A as a graded
ring, then J(A) will denote the intersection of all maximal graded left ideals of A (in our
situations this will always coincide with the intersection of all maximal graded right ideals).
Similarly, but when A is commutative, if A is not given a grading then Q(A) will denote the
localization A[nonzerodivisors|™" (the total quotient ring of A), whereas if A is graded then
we will set Q(A) = A[homogeneous nonzerodivisors| ™. If A is any commutative ring, min A
will denote its set of minimal primes.

If A/J(A) is a division ring, we will say that A is local, unless A is graded, in which case
we will say that A is graded-local. By a connected graded ring we shall mean a commutative
N-graded ring R = €P,. [; such that Ry is a field. In this case R will denote the m-adic
completion of R, where m = @i>1 R;. If we introduce a local or graded-local ring as a pair
(R, m) this will indicate that m = J(R), the unique maximal (graded) ideal of R.

We will say that an R-module M has rank (specifically, rank n), if M @z Q(R) is a free
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Q(R)-module (of rank n). We write R for the integral closure of R in Q(R).
When R is Gorenstein (defined next section), and M is an R-module, we will use M* to

denote Hompg(M, R).

1.1 The Basic Objects

Now we give a brief introduction to the objects studied in this thesis, namely maximal

Cohen-Macaulay modules and Auslander-Reiten (AR) sequences of such.

1.1.1 Cohen-Macaulay modules and Gorenstein rings

Let (R, m) be a commutative local ring and M a finitely generated R-module. A sequence
of elements x...,x, € mis called an M-reqular sequence provided x; is a nonzerodivisor
on M and for each i > 2, x; is a nonzerodivisor on M/(x1,...,x;_1)M. The length of the
longest M-regular sequence is independent of choice of sequence and is called the depth of
M denoted depthy M. A finitely generated module M is called mazimal Cohen-Macaulay
if depth, M = dim R, the Krull dimension of R. A ring R is called Cohen-Macaulay if it is
maximal Cohen-Macaulay as a module over itself.

If (R,m) is a Cohen-Macaulay local ring, let CM(R) denote the category of finitely
generated maximal Cohen-Macaulay R-modules, and (following [3]|) let L,(R) denote the
full subcategory of CM(R) whose objects M have the property that M, is R,-free for all
prime ideals p # m. If R is instead a Cohen-Macaulay connected graded ring, we define
CM(R) and L,(R) in the same way except we restrict to graded modules.

Assume (R, m) is a commutative ring which is either local or connected graded. Then
R is Gorenstein if and only if it is Cohen-Macaulay and dim(Exta™f(k, R)) = 1. If R is
Gorenstein, and M € CM(R), then ([7, Theorem 3.3.10]): Ext% (M, R) = 0 for all i > 1,
and the map M — Hompg(Hompg(M, R), R) given by m +— (f +— f(m)) is a natural
isomorphism. We will denote Hom (M, R) by M*.
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We will have occasion to use the following basic lemma.

Lemma 1.1.1. Let (R,m) be a Gorenstein local ring of dimension one. Let k = R/m. Then

the cokernel of the natural inclusion R—m™* is isomorphic to k.

Proof. 'To begin with, we have a natural short exact sequence 0 — m — R — k — 0.
Applying (_)*, we get an exact sequence 0 — k* — R* — m* — Exth(k, R) —
Exty(R, R). Since depthy R = 1, k* = 0, so this exact sequence can viewed as 0 —
0 — R — m* — Extp(k, R) — 0. Moreover, dim(Exty(k, R)) = 1 since R is one-

dimensional Gorenstein. O

1.1.2 Auslander-Reiten sequences

In this subsection, assume that (R, m) is a complete (or graded-) local Cohen-Macaulay ring.

Definition 1.1.2. Let N be an indecomposable in CM(R). Then (cf. [27, Lemma 2.9']) we

may define an Auslander-Reiten (AR) sequence starting from N to be a short exact sequence

0 NLt-pE—1sM 0 (1.1.1)

in CM(R) such that M is indecomposable and the following property is satisfied: Any map
N — Lin CM(R) which is not a split monomorphism factors through p. Equivalently, N is
indecomposable and any map L — M in CM(R) which is not a split epimorphism factors
through ¢. The sequence (1.1.1) is unique (up to isomorphism of short exact sequences) if it
exists, and is also called the AR sequence ending in M. Given an AR sequence (1.1.1), N is

called the Auslander-Reiten translate of M, written 7(M); and 77 () denotes M.

Definition 1.1.3. A morphism f: X — Y in CM(R) is called an irreducible morphism if
(1) f is neither a split monomorphism nor a split epimorphism, and (2) given any pair of
morphisms g and h in CM(R) satisfying f = gh, either g is a split epimorphism or A is a

split monomorphism.
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Irreducible maps are closely related to AR sequences: see Lemma 3.2.5.

Theorem 1.1.4. (|27, Theorem 3.4], [3, Theorem 3|) Let M 2 R be an indecomposable in
CM(R). Then M € L,(R) if and only if there exists an AR sequence ending in M.

Notice also that if R is Gorenstein, applying (_)* shows that there exists an AR sequence
ending in M if and only if there exists an AR sequence starting from M. The appendix of [1]
contains a nice proof of Theorem 1.1.4 in a slightly different setting, but one which includes

Gorenstein rings of dimension one.

Lemma 1.1.5. Assume dim R = 1, and let N € CM(R). Then N € L,(R) if and only if

N ®r Q is a projective Q-module, where @ = Q(R).

Proof. The prime ideals of () correspond to the prime ideals of R not equal to m. Now use
the fact that, since () is noetherian, a ()-module is projective precisely when it is free at all

maximal ideals of @ (cf. [10, Exercise 4.11]). O

1.1.6. For the remainder of this section assume furthermore that R is Gorenstein of dimen-
sion one, and M 2 R is an indecomposable in L,(R). Then (ignoring a graded shift, in
the graded case; it will not concern us) 7(M) = syzg(M) (cf. |27, 3.11]), where syzgz (M)
denotes the syzygy module of M, which is defined to be the kernel of a minimal surjection
onto M by a free R-module. The module 771(M) = syz;' (M) € L,(R) is determined by

syzp(syzp' (M)) =2 M, and can be computed via syz,' M = (syzp(M*))*.

Definition 1.1.7. Given a ring A, and A-modules X and Y, Hom ,(X,Y’) denotes
Hom 4 (X, Y')/{maps factoring through projective A-modules}, and End ,(X) denotes Hom , (X, X).

An A-homomorphism is said to be stably zero if it factors through a projective A-module.

Lemma 1.1.8. [27, Lemma 3.8| Let A be a commutative ring, and let X and Y be finitely

generated A-modules. The sequence

Hom (X, A) ®4 Y —> Hom4(X,Y) — Hom ,(X,Y) —0
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is exact, where p: Homy (X, A) ®4 Y — Homu(X,Y) is given by f @ y — (x — f(z)y).
Lemma 1.1.9. End (M) = Extp(syzg (M), M) as left Endg(M)-modules.

Proof. Let N = syzp' (M). By applying Homg(_, M) to a short exact sequence 0 —
M — F — N — 0 where F is free, we have an exact sequence Hompg(F, M) —
Homp(M, M) — Extp(N, M) — Extp(F, M) = 0. Tt only remains to observe that the
image of Hompg(F, M) — Hompg(M, M) consists of all endomorphisms factoring through

projectives, which simply follows from the definition of projective. O

Remark 1.1.10. Let M € L,(R) be a nonfree indecomposable. Then Endg M is a (graded-)
local ring (cf. |3, Proposition §8]), and therefore so is End,M. It follows from Lemma 1.1.9
and Theorem 1.1.4 that the ring End, M has a simple socle when considered as a left module
over itself, and that if h : M — M generates this socle then the AR sequence starting
from M is obtained as the pushout via h of the short exact sequence 0 — M — F —
syzp' (M) — 0 where F is free. In particular, if : denotes the given injective map M — F,
and 0 — M — X — N — 0 is the AR sequence starting from M, then X =

(M @ F)/{(=h(m),(m))|m € M}.

1.2 Summary of Results

This thesis consists of five chapters, and an appendix. Our main setting has R as a complete
local Gorenstein ring of dimension one, but R can be connected graded instead of complete
local. The main goal of Chapter 2 is to show that there exists a set of elements (we call them
Frobenius elements) of Endgz m, corresponding to the minimal primes of R, which produce
the Auslander-Reiten (AR) sequences in a concrete way. In Section 2.3 we observe some
added conveniences that arise when R is graded. In Chapter 3 we provide background about
AR quivers. The AR quiver of R is essentially the directed graph with vertices the inde-
composables in L,(R), and arrows corresponding to the irreducible maps. We also establish

criteria for confirming that AR components have certain desirable properties— for example,
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properties which are hypotheses in classical theorems such as Riedtmann’s Structure Theo-
rem and the Brauer-Thrall Theorem. The main ideas in Chapter 3 come from [1], but we
provide more details and correct an error.

In Section 4.1, we adapt results from Green-Zacharia [12] and Kerner-Zacharia [19], from
the context of selfinjective Artin algebras, to our context of Gorenstein rings of dimension
one. This allows us to list the potential shapes of the components of AR quivers in our
setting, when we specialize slightly to assume that R is a complete intersection ring. We
do not know if any result such as this had been previously known for nonartinian rings.
The results of 4.1 also have applications to special cases of the Huneke-Wiegand conjecture,
which we describe in 4.2.

In Chapter 5, we compute some ‘Frobenius elements’ (a pivotal concept in Chapter 2). In
5.3, we give an application of Theorem 2.2.14, to establish the shapes of some AR components
(namely, so-called “tubes") over a graded hypersurface of the form k[z, y]/((bxz?+y?) f) where

f € k[z,y] is an arbitrary homogeneous polynomial.



Chapter 2

AR sequences and Frobenius Elements

The main goal of this chapter is to prove Theorem 2.2.14, which gives a concrete description
of how to compute AR sequences in the setting of a Gorenstein ring (R, m) of dimension
one, using an element of Endg m. In the case when R is reduced, we get a succinct definition
of such an element, and we call it a Frobenius element for R (Definition 2.2.15). There are

nice equivalent definitions when R is furthermore connected graded (Section 2.3).

Notation 2.0.1. In this chapter, an unadorned () will only be used when we have introduced

some ring R, and @ will always denote Q(R), defined in Notation 1.0.1.

2.0.1 Trace lemmas

We establish some preliminary lemmas regarding trace. Observations of this general type
have certainly been made before; see |2, Proposition 5.4]. First, we define the trace of an

endomorphism of an arbitrary finitely generated projective module, as in [15].

Definition 2.0.2. Let A be a commutative ring, and let P be a finitely generated projective
A-module. Then the map pp: Homy(P, A)®4 P — Endy P given by f@z — (y — f(y)z)
is an isomorphism, by Lemma 1.1.8. Let e¢: Homu(P, A) ®4 P — A denote the map given
by f ®x — f(x). For h € Ends P, we define trace(h) = e(up'(h)). If e1,...,e, and

©1,- ., € Homy (P, A) are such that up(d> ;. , ¢; ® e;) = idp, then trace(h) furthermore

7
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equals > " ;(h(e;)). From this, and using that P = ). Ae;, it follows that trace is

symmetric, in the sense that trace(gh) = trace(hg) for all g, h € End4 P.

Remark 2.0.3. We can see that the above definition of trace specializes to the usual one
when P is free, by taking the aforementioned {e;, ¢; }; to be a free basis and the corresponding
projection maps. If A = k; X ... X ks is a product of fields k;, then by a similar argument

we see that for any h € Endy P, we have trace(h) = (trace(h ®4 k1), ..., trace(h ®4 ks)).

Recall that if R is an ungraded reduced ring, then () is the product of fields R, = Q(R/p)

where p ranges over min R. In particular, each R, is an ideal of @), and a Q-algebra.

Lemma 2.0.4. Let R be a reduced ring (possibly graded), let M a finitely generated R-module
such that M ®r Q is Q-projective, and let h € Endg M. Then trace(h ®p Q) € R. (In the
ungraded case, the condition that M Qg Q) is Q-projective is automatically satisfied, since Q)

is semisimple.)

Proof. First suppose the graded case. Let Q' = R[nonzerodivisors]~!; thus Q' is a localization
of Q) is a localization of R, and R C QQ C Q'. As M ®p @ is Q-projective, there exists a
finite set {e; € M ®r Q}; and corresponding {¢;: M ®rQ — Q}; such that y = > . ¢;(y)e;
for all y € M ®r Q. Then the images of the e; in M ®gz Q" have the property that y =
Y il ®0 Q) (y)e; for all y € M ®p Q. Therefore trace(h ®r Q) = >, wi((h ®r Q)(e;)) =
> i(pi @0 Q) ((h®@r Q') (e;)) = trace(h @ Q'). Since R is equal to the integral closure of R
in Q' by [17, Corollary 2.3.6], we are thus reduced to the ungraded case.

Since R = HpEminRR_/p, we see by Remark 2.0.3 that it suffices to show trace(h®gR,) €
R/p, for each p € minR. As h ®z R, = (h ®g R/p) ®r/p Ry, we may assume R is a
domain. By [23, Theorem 2.1|, h satisfies a monic polynomial with coefficients in R, say
f(X) € RIX]. Let H=h®gQ, and let u(X) € Q[X] denote the minimal polynomial of
H. Let x(X) € Q[X] denote the characteristic polynomial of H, and take a field extension
L O @ over which x(X) splits, say x(X) = (X —a1)(X —asg) -+ (X —ay), a; € L. Each o

is also a root of (X)), and therefore of f(X). Therefore R[ay, ..., as] is an integral extension
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of R. Thus R O Q N R[oy, ..., a,), which contains the coefficients of x(X). This proves the

lemma, since trace(H) is the degree-(s — 1) coefficient of x. O

Lemma 2.0.5. In the situation of the previous lemma, assume that dim R = 1 and that
(R,m) is either a complete local ring or a connected graded ring. If some power of h lies in

mEndg M, then trace(h @z Q) € J(R).

Proof. As J(R) = [ocminr I (R/p), we may again assume R is a domain. In the connected
graded case, we have j(E) N R = J(R) by Lemma 6.0.4, and we can therefore assume the
complete local case. We can also assume M C M ®p Q, i.e., replace M by its image in
M ®p Q. Now let MR denote the R-module of M ®z Q generated by M. Note that MR is
a free R-module, since all torsion-free R-modules are free. Since R is local, we can choose a
basis for M R which consists of elements of M, say ey, ..., e,. (Indeed, setting n = rank(MR),
Nakayama’s lemma allows us to find a set {ei,...,e,} C M such that MR = 3, Re;. Then
we have a surjective endomorphism of M R, equivalently an automorphism, mapping a basis
onto {ey,...,e,}.) By fixing this basis, we can identify Endg M as an R-subalgebra of the
ring of n x n matrices Mat,,,,(R), in the obvious way. By assumption on h, some power
of h lies in mMat,,(R) € J(R)Mat,x,(R). Thus the image of h in Mat,.,(R/J(R)) is
nilpotent. The lemma now follows from the fact that over a field, any nilpotent matrix has

zero trace. O

2.1 Testing stable-vanishing with trace

In this section, let R simply be a commutative ring, and let M be a finitely generated

R-module such that M ®r @ is a projective )-module. Let (_)* denote Hompg(_, R).

Notation 2.1.1. Given an R-algebra B, let Dg( ) denote Hompg( , B). Let vp denote

Dp((_)*) = Dpo Dg(_), and let Ag denote the Hom-Tensor adjoint isomorphism

)\BZ DB(]\4>|< Xr _) — HOIHR(_, I/BM).
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We also let uy; denote the natural transformation gy : M* ®zr ~ — Hompg(M, ) given
by f ® xz+— (m+— f(m)z). For future reference, we note that for a given R-module X, the

map Ag o (Dppy): DpHompg(M, X) — Hompg(X,vgM) is given by the rule

(A o Dpunl(0)(x)(f) = o(pm(f ® x)), for all 0 € DgHomg(M, X), x € X, f € M".
(2.1.1)

Let E = Q/R. The exact sequence 0 R—=Q-—1+F 0 induces the exact

commutative diagram

0 —= DrHomg(M, ) ——= Do Homg(M, )= DgHomp(M, )
l)\RODR,U«M lAQODQuM l)\EoDEuM . (2.1.2)

0 — Homp(_ ,vgM) —"=Hompg(_,vgM) ——— Hompg(_ ,vgM)

We now show that Dgpuas is an isomorphism on the category of finitely generated R-

modules, so that the second map in the composable pair

DrHomp(M, ) —25PE _ygomp( wph) S0Py Homp(M, ) (2.1.3)

is well-defined.

Lemma 2.1.2. |1, Appendix|

(1) The map Doy is an isomorphism on finitely generated R-modules, and the sequence 2.1.3

18 ezact.

(2) If R is Gorenstein of dimension one, and both M and the input module X lie in CM(R),

then the image of A\g o Drups consists of the stably zero maps X — vgM.

Proof. Note that iy ®rQ can be identified with ppygo: Homg(M@rQ, Q)®o(_®rQ) —
Homg(M ®rQ, _®rQ), which is an isomorphism because M ®x () is a projective ()-module.
Thus Dgups is an isomorphism, since it can be viewed as Dg(py ®@r Q). The exactness

of 2.1.3 is seen by chasing the diagram 2.1.2.
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Now we assume the hypotheses of (2). Take a short exact sequence

0 —syzg(M) F—LsM 0,

where F'is a free R-module. Consider the commutative diagram

(Hompg(F, X))* (F* ®r X)* Hompg(X, F**) Hompg(X, F)

| | | |

(Homp (M, X))* 222 (M* @5 X)* —22+ Homp (X, M*) Homp(X, M)
(2.1.4)

where the vertical maps are induced by p: F' — M, and the horizontal maps on the right
are the isomorphisms induced by M = M** and F = F**. It is easy to see that the image
of the rightmost vertical map consists of the stably zero maps X — M, and it follows
that the third vertical map consists of the stably zero maps X — M*™*. Let H denote
the map Homp(M, X) — Hompg(F, X) induced by p. Since the top row of diagram 2.1.4
consists of isomorphisms, establishing surjectivity of the leftmost vertical map, namely Dr H,
is sufficient for proving (2). Let N = cok H. By left-exactness of Hom, we have a left-exact

sequence
0 — Homp(M, X) > Homp(F, X ) — Homp(syzp(M), X)

and therefore N embeds into Homg(syzgz(M), X). Thus N € CM(R), so Extp(N, R) = 0.
Therefore the sequence 0 —— N* —— Hompg(F, X)* Lrl Hompg(M, X)*——0 is exact,

so (2) is proved. O

Lemma 2.1.3. Assume R is Gorenstein of dimension one, and M € CM(R). Then a
given endomorphism h: M — M s stably zero if and only if trace(hg ® Q) € R for all
g: M — M. (Recall the definition of trace, Definition 2.0.2.)

Proof. Let n denote the isomorphism Endg M — Hompg(M, M**) induced by M = M**,
and let § = (A\g o Dgunr) ™! ot : Homg(M, M**) — Hompg(Endg M, Q). It follows from

Lemma 2.1.2 that h is stably zero if and only if [0(nh)](g) € R for all g: M — M. So
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we aim to show that [#(nh)](g) = trace(hg ® Q). Let o : Endg M — (@ denote the
map sending g € Endg M to trace(hg). Thus, we wish to show 6(nh) = o; equivalently,
ti(nh) = (Aq © Dopar)(0).

Take a finite collection of maps {p; : M ®r Q — Q}; and elements {e;}; € M ®p Q,
such that w = >, ;(w)e; for all w € M @z Q; thus trace(h@ Q) = >, pi((h®Q)(e;)), as we
mentioned in Definition 2.0.2. Given m € M, and f € M*, let g denote the endomorphism
o (f @ m). By equation 2.1.1, (Aq o Dopur)(0)(m)(f) = o(g) = trace(hg) = >_, 0i((h ®
Q)((g®Q)(e;))). Now using firstly that ¢ ® @Q is given by w — (f ® Q)(w)m, and then that

f ® @ and the ;’s have output in (), we have

(A © Dopar)(@)(m)(f) = 22 wi((h @ Q)((f @ @)(e)m)) = 22,(f ® Q)(es)pi(h(m))
= (f @ Q)(XZ; pi(h(m))ei) = f(h(m)) = t.(nh)(m)(f).

2.2 Main Result

In this section we prove Theorem 2.2.14, which is really a formula for the AR sequence ending
in M, cf. Remark 1.1.10. For this section, let (R, m) be a one-dimensional Cohen-Macaulay
ring which is either a complete local ring or a connected graded ring. (We will assume R is

Gorenstein from 2.2.6 onwards.) Throughout this section, (_)* will denote Hompg(, R).

Notation 2.2.1. For a commutative ring A, and A-modules N C M, we will sometimes use

the standard notation (N :4 M) to denote the ideal {a € AlaM C N} = Anny(M/N).

Recall that for a commutative ring A, if M and N are finitely generated A-submodules of
Q(A), and M contains a faithful element w, i.e. (0:4 w) = 0, then Hom4 (M, N) is naturally

identified with (N :ga) M).

Notation 2.2.2. If R is reduced, let F(R) denote (R :o J(R)) = J(R)*. Let I°® denote

the conductor ideal, I = (R :p R).
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Lemma 2.2.3. We have Endgm C R. Moreover, Endgm = m* if R is not regular.

Proof. Tt follows from [23, Theorem 2.1] that Endgm C R. For m* = Endpm, it suffices
to show that every homomorphism m — R has image in m, equivalently m has no free
summand (since any epimorphism onto R must split). But any proper direct summand of
an ideal has nonzero annihilator; and if m itself were free, then m = R and R would be

regular. [
Lemma 2.2.4. Assume R is reduced. Then
(1) F(R) Cw*. If R is not regular, then §(R) C Endg m.

(2) Assume R is not reqular, and further that either (a) R is a domain, or (b) R is

Gorenstein. Then §(R) € R.

Proof. As m C J(R), we have F(R) C m*, so we get (1) by Lemma 2.2.3.

Case 2a: R is a domain. Then (R, mgp) is a discrete valuation ring in the complete local
case, and a polynomial ring over a field in the connected graded case (Lemma 6.0.5). Let 7
denote a generator for mg, and let n denote the positive integer such that I° = 7" R. Then
™~ 1R C §(R), while 7" 'R ¢ R.

Case 2b: R is Gorenstein. Consider the family of finitely generated R-submodules X C @)
such that X contains a faithful element. It is well-known and readily-checked that the
application of (_ )* to such modules X is an inclusion reversing operation satisfying X** = X.

So, the observation that R ¢ J(R) implies §(R) € R. O

Lemma 2.2.5. Let I C R be a (homogeneous) radical ideal of height zero. Then we have
an R-algebra isomorphism Q/I1Q = Q(R/I).

Proof. If x € R is a (homogeneous) nonzerodivisor, we have R, = ). To see this, it suffices
to check that a given (homogeneous) nonzerodivisor y € R becomes a unit in R,. As Ry is
m-primary, we have 2° = ry for some ¢ > 1 and some r € R. Therefore y is a unit in R,;

hence R, = Q. As R/I is reduced, its associated primes are all minimal; namely they are
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the images of those minimal primes of R which contain /. So z remains a nonzerodivisor
modulo I, since in general the set of zerodivisors equals the union of the associated primes.

Therefore Q(R/I) = (R/I), = R, ®r (R/I) = Q ®r (R/I) = Q/1Q. O

2.2.6. For the remainder of this section, adopt the further assumption on R that it is
Gorenstein and not regular. Let I C R be a radical ideal of height zero, and assume [
is homogeneous in the case that R is connected graded. Let R = R/I, and Q" = Q(R'),
which we identify with /1@ by Lemma 2.2.5. After the upcoming Proposition 2.2.8, we
will assume the following condition, which is automatically satisfied if I is prime or R’ is

Gorenstein; see Proposition 2.2.8 and Remark 2.2.9.
Condition 2.2.7. There exist (homogeneous) elements z € R and ' € F(R') \ R’ such that
(1) I = Anng(z), and
(2) For some (equivalently, every) o' € Q such that ' + 1Q = ', we have v'z ¢ R.
Proposition 2.2.8. If I € min R, then Condition 2.2.7 is satisfied.

Proof. By Lemma 2.2.4, we can pick (homogeneous) ' € §F(R')\ R’; any such + will do. Let w
denote the ideal Anng(I). Now w = Hompg(R', R) is, up to a graded shift, a canonical module
for R’ (|7, Theorem 3.3.7| and |7, Proposition 3.6.12]), and therefore we have Endp w = R’
(cf. |7, Theorem 3.3.4] and the proof of |7, Proposition 3.6.9b]). We will also use that
I = Anng(w) = Anng(z) for each nonzero z € w, which is true because all associated
primes of R are minimal (since R is Cohen-Macaulay), so that any ideal strictly larger than
I contains a nonzerodivisor.

Now let :yv’ be a lift of 7' to ). Regarding w as a subset of Q) via w C R C @, suppose
that ;’w C w. Then the action of 7~’ on w agrees with the multiplication on w by some r € R,
s0 7' —r € Anng(w) = IQ. But then 4/ € R is a contradiction. So there must exist z € w

such that 'z ¢ w; any such z will do. As Anng(/) N R = w, we thus have vz ¢ R. O]
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Remark 2.2.9. In Proposition 2.2.8, the hypothesis I € min R can replaced by the assump-
tion that R’ is Gorenstein; the proof is similar. In this case zR = Anng([), and one may
obtain part (1) of Condition 2.2.7 by observing that, since R" € CM(R) and R is Gorenstein,

Anng(Hompg (R, R)) = Anng(R') = I.

Notation 2.2.10. For the remainder of this section we assume Condition 2.2.7, and fix such

z, +, and v; and we set v = 27
Lemma 2.2.11. We have v € Endgm.

Proof. From Lemma 2.2.4 we have YmR' C R'. Since zR = R/, it follows that 7/zm C zR,

thus v € m* = Endg m (Lemma 2.2.3). O
Lemma 2.2.12. Let M € L,(R), and h € Endg M. Then trace(h® Q') = trace(h®Q)+1Q.

Proof. Take {¢; : M @r Q — Q}; and {e;}; € M ®r @ such that w = ), p;(w)e; for all
weMrQ. If i =p@pR: M®rQ — @ and €, denotes the image of ¢; in M Qg @',
then w' = . pi(w')e] for all w' € M @p Q'. Now trace(h ® Q') = >, pi((h ® Q') (€))) =
Yoipi((h®Q)(e)) + 1Q = trace(h ® Q) + 1Q). O

Notation 2.2.13. Assume M € L,(R) has no free direct summands. Then there exists no
surjection M — R, so M* = Hompg(M,m), hence M = Hompg(M,m)* is a module over the
ring Endg m. Therefore v induces an endomorphism of M, by Lemma 2.2.11. Denote this

endomorphism by 7,,. Denote by [ya/] the class of v, in the stable endomorphism ring.

Theorem 2.2.14. Assume M € L,(R) is a nonfree indecomposable. Then [yyr] € soc(Endp M),

for v as in Notation 2.2.10. Let M' = M ®gr R’', and suppose that either
(1) M’ has rank (that is, M @ Q' is Q'-free), and rank(M') is a unit in R; or
(2) For some minimal prime p of R, dimp, (M ®g R}) is a unit in R, and py' = 0.

Then, [yu| generates soc(EndzM). Thus, it produces the AR sequence beginning in M, in
light of Remark 1.1.10.
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Proof. First we show [yy] € soc(End,p M), which by Lemma 2.1.3 is equivalent to having
trace(yh ® Q) € R for an arbitrary nonisomorphism h: M — M. As Endg M/(m Endg M)
is an artinian local ring, there exists some 7 > 1 such that h* € mEndy M, and thus h'®@zrR’ €
mEndp (M'). So trace(h ® Q') € J(R'), by Lemma 2.0.5. Now using Lemma 2.2.12,
v trace(h ® Q) + IQ € ¥ J(R') C R+ IQ, whence ytrace(h ® Q) € zR+ 2IQ = zR C R.
It remains to show that v, is not stably zero. By Lemma 2.1.3, it suffices to show
trace(yy ® Q) ¢ R. Assume condition (1). Then the desired statement is a consequence
of Lemma 2.2.12 together with the observation that v/Q) = 0 (since zI = 0). Namely, we
have trace(yy ® Q) = v trace(lygg) € v(rank(M') + 1Q) = yrank(M') ¢ R. Now, assume
condition (2). Let n = dimp (M ®g R;), and let P = p N R (standard notation for the
preimage of p with respect to R — R’). Since py’ = 0 by assumption, we have VB C IQ,

and therefore 3 = Z’;"B C zIQ = 0. The argument is finished as in the first case. O]

Definition 2.2.15. If (R, m) is a reduced one-dimensional Gorenstein ring which is either
a complete local ring or a connected graded ring, we will say that an element v € Q(R) is a

Frobenius element for R if v € F(R) \ R.
Note that a Frobenius element satisfies Notation 2.2.10, by Remark 2.2.9 (setting I = 0).

Example 2.2.16. Let k be a field and let R be a numerical semigroup ring, R = k[t ..., t"]
(or R = Kk[|t",...,t"]]). Let F denote the Frobenius number of the numerical semigroup
Niy + - -+ + Ni,, which means F' = max{j € N|j ¢ Ni; + - -+ Ni, }. (This definition is from

the numerical semigroup literature.) Then ¢! is a Frobenius element for R.

2.3 Frobenius elements in the graded case

In this section, assume (R, m) is a reduced connected graded Gorenstein (but not regular)

ring of dimension one, and set k = R.

Lemma 2.3.1. The set {i|R; # R;} is finite.
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Proof. It is enough to check that length(R/R) < oco. Equivalently, R/R is a finitely generated
R-module annihilated by some power of m. We know that R (and thus R/R) is finitely
generated by Lemma 6.0.3; let {r1/s1,...,7,/$,} be generators (with r; and s; € R, and
each s; a nonzerodivisor). Then s = s;s,--- s, is a nonzerodivisor such that s(R/R) = 0.

But as R is one-dimensional, we have m’ C sR for some i > 1, and thus m*(R/R) =0. [

Recall the notion of the graded-shift of a graded module M: For ¢ € Z, the i-th shift
M]i] has M[i); = M,; for all j € Z.
Definition 2.3.2. The a-invariant of R, denoted a(R), is the integer such that Ext},(k, R[a(R)]) =
k (sitting in degree zero). (See Section 3.6 of [7].)
Proposition 2.3.3. The a-invariant a(R) equals sup{i|R; # R;}.

Proof. Let s = sup{i|R; # R;}. As in Lemma 1.1.1, we have that m*/R = k[i] for some
i € Z, and from the short exact sequence 0 — R — m* — k[i{] — 0 we get that

i = —a(R). Since R,m C .. R; C R, we have R, C m*. In particular, (m*/R), # 0, and

1>8

therefore s = —i = a(R). O
Recall that min R denotes the set of minimal primes of R.
Proposition 2.3.4. Let v be a homogeneous element in R. The following are equivalent:

(1) 7 is a Frobenius element for R;

(2) 7 € Rar) \ Ra(r);

(3) v € m*\ R.
Proof. The implication (1) = (3) is immediate, since m C J(R) implies §(R) € m*. We
have (3) = (2) because m* C R (see Lemma 2.2.3) and (m*/R); = 0 for i # a(R). Finally, for
(2) = (1), we wish to show R,r) C §(R), i.e. Ryr)J(R) C R. In view of Proposition 2.3.3,
it suffices to show J(R) € @,.; R (In fact this holds with equality.) In the domain

case, this follows immediately from Lemma 6.0.4 (a). The general case follows, since R =

HpEminRR_/p and j(ﬁ) = HpEminRJ(R_/p)' 0
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Remark 2.3.5. Proposition 2.3.4, together with Proposition 2.3.3, gives a criterion for
determining the Frobenius number of a symmetric numerical semigroup > ;_, d;N, though
it is presumably already known in some formulation. Namely, F'is the Frobenius number of
oo diNif and only if ¥ € m*\ R for (R, m) = (k[t™, ... t%], (¢t*, ... t%)), where k is any
field.

Proposition 2.3.6. Assume R is generated, as a k-algebra, by graded nonzerodivisors. Then

R is a semigroup ring k[t", ... t"] if (and only if) Ryr) = 0.

Proof. Let a = a(R), and assume R, = 0. We may assume ged({i|R; # 0}) = 1. Let
x1,...,%s be graded nonzerodivisors generating R as a k-algebra, and let d; = degx;, i =
1,...,s. Then {i|R;, # 0} = Nd; + --- + Nd; = {i|(R/p); # 0}) = 1 for each minimal
prime p, and in particular ged({i|(R/p); # 0}) = 1. Therefore, we can apply Lemma 6.0.4
to each R/p, to see that the k-vector spaces (R/p); are nonzero for each p and each i > 0,
and so dimy R, is at least | min R|, since R = HpEminRW. But when R, = 0, we have
dimy(R,) = 1 since R,/R, C m*/R = k[—i], so |min R| = 1, i.e. R is a domain. Moreover,
R is isomorphic to the standard-graded polynomial ring over Ry (see Lemma 6.0.4), so that

the condition dimy(R,) = 1 implies that Ry = k. Thus R is a graded k-subalgebra of a

polynomial ring, i.e., is a semigroup ring over k.

Corollary 2.3.7. Assume k s algebraically closed, and that R is generated, as a k-algebra,
by graded nonzerodivisors. Then R is a semigroup ring over k < Ryr) = 0 & R is a

domain.

Proof. Since k is algebraically closed, R is a domain if and only if it is a semigroup ring over

k (see Remark 6.0.6). So the result is immediate from Proposition 2.3.6.
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2.4 Syzygy of [yy]

In this section, assume R is a reduced complete local Gorenstein (but not regular) ring of
dimension one, and fix a Frobenius element 7, and a module M satisfying the hypothesis
of Theorem 2.2.14. Notice that syzp gives us a well-defined isomorphism of R-algebras
syz : EndpM — Endp(syzp M). So in view of Theorem 2.2.14, it may be natural to ask
how exactly syz([ya]) relates to [ysys ). We give an answer in Proposition 2.4.7. Let MR
denote that R-submodule of M ®z @ generated by M, and assume the following: MR is a
free R-module which possesses a basis consisting of elements in M. This is true if R is a

domain, since R is in that case a DVR, and MR is a torsion-free R-module.

Notation 2.4.1. Fix v € F(R)\ R, and fix elements ey, ..., e, € M forming a free R-basis for
MR. Given h € Endg M, let h denote the unique R-linear endomorphism of MR extending
h. We regard h is an n-by-n matrix with entries in R. Recall that 1°¢ denotes the conductor

ideal, (R :g R).
Lemma 2.4.2. We have YMR C M, and I*“(MR) C €D, Re;.

Proof. As vJ(R) is an ideal of both R and R, we have 7J(R) C I°’. Therefore (Ry)m C
(RY)J(R) C I** C m, which says that Ry C Endgm. Since M = Homp(M,m)* is an
Endgr m-module (cf. Notation 2.2.13), we obtain (Ry)M C M, equivalently yMR C M.

That I“/(MR) C €, Re; is clear, since I°/Re; = I*%e; C Re;. O
We have the following immediate consequence.

Lemma 2.4.3. Let A € Endz(MR), i.e. A is an n X n matriz with entries in R (recall that
we have a fized basis, {e1,...,e,}). If each entry of A lies in YR, then A sends M into M.

If each entry of A lies in I°?, then A|p : M — M is stably zero.

Lemma 2.4.4. There exists f € Endg M satisfying the following conditions:
(i) [f] generates soc(EndM);

(ii) all nonzero entries of f lie in Ry.
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(iii) the first column of f is its only nonzero column.
(iv) 71,1 =7

Proof. If we take an n x n matrix A with A;; = v and all other entries zero, then by
Lemma 2.4.3, A = h for some endomorphism h € Endz M. As trace(h ® Q) = trace(h) =
v ¢ R, h is stably nonzero by Lemma 2.1.3. Therefore by essentiality of the socle of End, M,
there exists ¢ € Endg M such that [gh] generates soc(End,M). By Lemma 2.1.3, there exists
h' € Endg M such that trace(ghh’ ®r Q) ¢ R, i.e. trace(h'gh ®r Q) ¢ R. As h/gh is stably
nonzero by Lemma 2.1.3 once more, [h'gh] generates soc(End,M). TLet f = h'gh. Now
trace(f @ Q) = trace(f) = fi; € (YR) \ R. Therefore f,; = wy for some unit v € R.

Finally, replacing f by u~'f, the result still sends M into M, by Lemma 2.4.3. [

For the remainder, assume R is a domain, and assume k = R/m is algebraically closed.

Proposition 2.4.5. If f € Endg M and g € Endg(syzy M) are given such that [f] €

soc(Endg M) and [g] = syzp([f]), then trace f + traceg € R.

Proof. By Lemma 2.1.3, trace induces well-defined maps End, M — R/R and Endg(syzp M) —
R/R. As syzp gives an isomorphism of R-algebras End,M — Endp(syzp M), it restricts to
an isomorphism on socles, which are R-simple due to k being algebraically closed. Because
of these remarks, we can take our pick of f and g, as long as [f] # 0 and [g] = syzg([f]); we
will choose f as in Proposition 2.4.4. Let n = rank(M ), and v > n be the minimal number of
generators of M. Let &, ...,&, be a set of generators for M, such that {e; =&, ....e, = &, }
is an R-basis for MR. For each ¢; we have an equation & = Y. w; je;, for w;; € R.
Since R = R+ J(R) (due to k being algebraically closed), we may assume (after possibly
modifying some of &,,11,...,&,) that for each j > n, and for each ¢, we have w;, ; € J(R) and
therefore w; ;v € R.

Take a free cover m : F' — M sending i-th basis element to &;. Since f € Endg M is
as in Proposition 2.4.4, there is a v X v matrix A : F — F such that 7A = fr, with the

following properties:
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e Columns 2 through n of A are zero;
o Ay =wyf; for (i,7) € {1,...,n} x {n+1,...,v}; and
o A =0for (i,j) e{n+1,.,v}x{n+1, .. v}

Set N = ker(r), and let ¥ = [ry,....,7,|]T € N, that is, Z;le r;&; = 0. Recalling that

MR is free, and projecting onto the basis element e, we get 71 + > rjwy; = 0. If

j=n+1
we set f;; = 0 for i > n, then by definition of A we have that the i-th entry of A7 is
Apr + Z;:nﬂ wljfﬂrj = Agr + [y Z;:nﬂ rjw; j, and by the above equation this equals
(Ai1 — f;1)r1. In other words, A7 = r,¥ where ¥ = [vy, ...,v,]T € F is given by v; = Ay — f,;.
So if we let ¢ € Endg N be the restriction of A, we see that the image of g has rank
1 (e, img® Q = Q). We also see that the A*F = A(r;0) = ryv,0, so that vy, which
equals A;; — 7, is an eigenvalue for g. Our goal is to show that trace(g) + v € R. Since

trace(g) = trace(g ®g Q) and im(g ®r Q) = Q, the following lemma finishes the proof. [

Lemma 2.4.6. If p: F — F is an endomorphism of a free module over a domain D, with

im(p) = D, and X is an eigenvalue for ¢, then \ = trace(p).

Proof. Let T = [z1,..., 2,7 € F generate the image of (. It is easily checked that ¢(Z) = \7.
Let y1,...,ys € D such that ¢ ; = y;7. Then AT = ¢(Z) = Y27, 7905 = >_j_, 7;y;7. So

A=) Ty = D0 iy = trace(p). O
Proposition 2.4.7. We have rank(syzy M) - syz([yu]) + rank(M) - [ysyzns] = 0.

Proof. Since soc Endp(M) is R-simple, the map soc End,(M) — R/R, induced by trace,
is injective. We also know that [yy/] € soc End,(M), by Theorem 2.2.14. Therefore [yy] =
rank(M) - [f] if we take f € Endg M as in Lemma 2.4.4; and Proposition 2.4.5 implies
(Yeyz ] = —rank(syzg M) - syz([f]). The result follows. O

rank (M)

Corollary 2.4.8. If rank(syz M) is a unit, then syz([yu]) = —W[%yzm.



Chapter 3

Background on AR Quivers

In this chapter we collect results on stable AR quivers of Cohen-Macaulay rings. Throughout
this chapter, (R, m) will be assumed to be a Cohen-Macaulay complete local ring. But in
the first section there will be no mention of rings, as we provide definitions and the classical
background on stable translation quivers more generally. Then, largely following [1], we
provide criteria for confirming that stable AR components are infinite (Lemma 3.2.22), and
that there are no loops (Lemma 3.2.18). In Section 3.3 we give criteria for confirming that a
component is a tube. This chapter is in general more detailed than [1], and in Lemma 3.2.18

we give a corrected version of |1, Lemma 1.23|, the proof of which contained an error.

3.1 Stable translation quivers

The following definitions generally agree with [1] and [6], although the meaning of “valued”

is different in [6].

Definition 3.1.1. A quiver is a directed graph I' = (I'g, I';), where 'y is the set of vertices
and T'; is the set of arrows. A morphism of quivers ¢ : I' — I" is a pair (po : g — I, ¢1 ¢
I’y — I'}) such that ¢; applied to an arrow = — y is an arrow ¢(z) — ¢(y). For xz € Ty, x~

denotes the set {y € T'g|Jarrow y — 2z in I'1}; and 2+ = {y € Ty|Farrow = — y in T'1}. T is

22
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locally finite if x™ and 2~ are finite sets for each € T'y. A loop is an arrow from a vertex to
itself. A multiple arrow is a set of at least two arrows from a given vertex to another given
vertex.

A wvalued quiver is a quiver I' together with a map v: I'y — Z>1 X Z>;. By a graph we
mean an undirected graph. A walued graph is a graph G together with specified integers

dyy > 1 and d,, > 1 for each edge z—vy .

Definition 3.1.2. A stable translation quiver is a locally finite quiver together with a quiver

automorphism 7 called the translation, such that:

e [' has no loops and no multiple arrows.

e Forz €Ty, 2~ =7(x)".

Given a stable translation quiver (I', 7) and a map v : I'y — Z>o X Zxy, the triple (I', v, 7)
is called a valued stable translation quiver if v(z — y) = (a,b) < v(7(y) = x) = (b, a).
A stable translation quiver is connected if it is non-empty and cannot be written as

disjoint union of two subquivers each stable under the translation.

Definition 3.1.3. Let C' be a full subquiver of a quiver I' which satisfies Definition 3.1.2
except possibly for the no-loop condition. We call C' a component of I if:

(1) For all vertices = € C, we have 7z € C and 7'z € C' .

(2) C'is a union of connected components of the underlying undirected graph of T'.

(3) There is no proper subquiver of C' that satisfies (1) and (2).

Definition 3.1.4. By a directed tree we shall mean a quiver T, with no loops or multiple
arrows, stuch that the underlying undirected graph of T' is a tree, and for each = € T, the set
2~ has at most one element.

Given a directed tree T', there is an associated stable translation quiver ZT' defined as
follows. The vertices of ZT are the pairs (n,x) with n € Z and x a vertex of T'. The arrows

of ZT are determined by the following rules: Given vertices x,y € T, and n € Z,
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o (n,x) = (ny) €eZT <z —yeT < (ny) = (n—1,2) € ZT;
e If n' ¢ {n,n — 1}, there is no arrow (n,z) — (n',y).

Remark 3.1.5. Let T" be a valued quiver which is also a directed tree. Then there is a unique
extension of v to ZT such that the latter becomes a valued stable translation quiver. Namely,

if v(x — y) = (a,b), then v((n,z) = (n,y)) = (a,b), and v((n,y) = (n — 1,2)) = (b, a).

Lemma 3.1.6. Let T and T" be (valued) directed trees. Then ZT = ZT' as (valued) stable

translation quivers if and only T = T" as (valued) graphs.
Proof. See |6, Proposition 4.15.3]. O

A group II of automorphisms (commuting with the translation) of a stable translation
quiver I' is said to be admaissible if no orbit of II on the vertices of I' intersects a set of the
form {z} Uz™ or {x} Uz~ in more than one point. The quotient quiver I'/TI, with vertices
the II-orbits of I'y, and with the induced arrows and translation, is also a stable translation
quiver. A surjective morphism of stable translation quivers ¢ : I' — I" is called a covering
if, for each x € Ty, the induced maps = — ()~ and 27 — ¢(x)* are bijective. Note that

if IT is an admissible group of automorphisms of I,

the canonical projection I' — I'/II is a covering. (3.1.1)

Theorem 3.1.7. (Riedtmann Structure Theorem; see |6, Theorem 4.15.6] ) Given a con-
nected stable translation quiver I, there is a directed tree T and an admissible group of auto-
morphisms 11 C Aut(ZT) such that T' = ZT /1. In particular, we have a covering ZT — T.

The underlying undirected graph of T is uniquely determined by I', up to isomorphism.
The underlying undirected graph of T is called the tree class of T'.

Remark 3.1.8. Formally, the tree class T of T" is constructed as follows (as in the proof of
Theorem 3.1.7, which we will not reproduce here). Choose any vertex x € I', and define the

vertices of T to be the set of paths
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(@=yo >y = —yn) (n=0)
for which no y; = 7(y;+2). The arrows of T" are
@=yo—=y1—= Y1) — (T=Yo Y1 = = Yn) -

Remark 3.1.9. Suppose I is a valued stable translation quiver, and let ¢ : ZT — I be a
covering, which exists by the Theorem. Now ZT becomes a valued stable translation quiver,

by setting v(x — y) = v(p(x — y)). In particular, T becomes a valued quiver.

Definition 3.1.10. The valued tree class of a stable translation quiver I' is a valued graph
(T,v) where T denotes the tree class of T', and v: {edges of T} — Z>o X Z>¢ is given as in

Remark 3.1.9.

Definition 3.1.11. Let (I',v) be a valued, locally finite quiver without multiple arrows. For
r — yin I', we write v(z — y) = (duy, dy,). If there is no arrow between z and y, we set
dyy = dyy = 0. Let Qs be the set of positive rational numbers.

(i) A subadditive function on (I',v) is a Qsg-valued function f on the set of vertices of T
such that 2f(z) > > cr dy. f(y), for each vertex x.

(ii) An additive function on (I',v) is a Qsg-valued function f on the set of vertices of T’

such that 2f(z) = > p dy. f(y), for each vertex z.

Definition 3.1.12. The following valued graphs are called the infinite Dynkin diagrams:

A, & ——o— - Boo¢<:-—o—o—o—---
>—o—o—o—

Coou:>o—o—o—o— D,

AOO e —9—O0—O0—0— - -

In these pictures, the plain edges x—y indicate d,, = d,, = 1, and the edges = y indicate

that d;y, = 2 and d, = 1.
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Lemma 3.1.13. [6, Theorem 4.5.8| Let (I',v) be a connected valued quiver without loops or
multiple arrows. Suppose f is a subadditive function on I, and assume I" has infinitely many

vertices. Then:
(1) The underlying valued graph of T' is an infinite Dynkin diagram.

(2) If [ is unbounded, or if f is not additive, then the underlying valued graph of T is Aw.

3.2 The Cohen-Macaulay setting

For the remainder of this chapter, we assume (R, m) is a Cohen-Macaulay complete local

ring. (But the same results hold when R is connected graded instead of complete local.)

Definition 3.2.1. If M and N are indecomposables in CM(R), let Irr(M, N) denote the
module of nonisomorphisms M — N modulo those which are not irreducible. Let kj;
denote the division ring (Endg M)/ J (Endg M). Thus Irr(M, N) is a right kj/-space, and a

left ky-space.

Definition 3.2.2. The Auslander-Reiten quiver of R is the valued quiver defined as follows:
e Vertices are isoclasses of indecomposables in CM(R).

e There is an arrow M — N if and only if there exists an irreducible morphism M — N,
ie. Irr(M, N) # 0. The value v(M — N) of the arrow M — N is (a,b) where a is the
dimension of Irr(M, N) as a right kj/-space, and b is the dimension of Irr(M, N) as a

left kn-space.

Recall that we use 7 to denote the AR-translate (defined at the end of Definition 1.1.2).

Lemma 3.2.3. Let M and N be indecomposables in L,(R).

(1) If0 - TN — E — N — 0 is an AR sequence, the number of copies of M appearing

in a decomposition of E equals the dimension of Irr(M, N) as a right ky-space.
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(2) If0 = M — E' — 7'M — 0 is an AR sequence, then the number of copies of N

appearing in a decomposition of E' equals the dimension of Irr(M, N) as a left ky-space.
Proof. See [27, Lemmas 5.5 and 5.6]. O

Remark 3.2.4. Suppose that £ = R/m is algebraically closed. Then in the notation of
Lemma 3.2.3, we have k = ky; = ky, and it therefore follows from Lemma 3.2.3 that the
number of copies of N appearing in a decomposition of £’ equals the number of copies of M
appearing in a decomposition of E.

f

Lemma 3.2.5. Let M, N be indecomposables in L,(R), and let 0 M X—ZsrM—50

and 0 TN-lsy *FoN 0 be AR sequences. Given 0 € Homg(M, N), the fol-

lowing are equivalent:
e 0 is irreducible;
e there exists a split epimorphism p € Homg(X, N) such that 0 = pf;
e there exists a split monomorphism q € Homg(M,Y') such that 0 = kq.
Proof. See [27, Lemma 2.13|. O

Notationally, we allow 7 to be a partially-defined morphism on the AR quiver of R; 7x
is defined precisely when the vertex x corresponds to a non-projective module in L,(R), by
[27, Theorem 3.4]. The following fact is used in [1], and the proof essentially follows that of
[4, VIT 1.4].

Lemma 3.2.6. Let v — y be an arrow in the AR quiver of R, and let (a,b) = v(z — y). If
Ty is defined, then v(ty — x) = (b,a). If Tz and Ty are both defined, then v(tx — 1Y) =
v(x = y).

Proof. We need not prove the last sentence, as it follows from the previous. Let M and

N € CM(R) be the modules corresponding to = and y respectively. We first show ky and
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k.n are isomorphic k-algebras, where k = R/m. Let 0 TNL2-F- LN 0 bean AR

sequence. Given h € Endg NV, there exists a commutative diagram

0 TNL-~E2=N 0 (3.2.1)

oLk

0 TN-L2-p 2. N 0

Indeed, note that hg is not a split epimorphism, because if h is surjective, then h is an
isomorphism, and thus hq is not a split epimorphism because ¢ is not. Therefore, by Defini-
tion 1.1.2, there exists u : F — E such that hq = qu, and the existence of A’ follows.

By the dual argument, any given h’ € Endg(7N) can be fit into a commutative diagram
of the same form.

We wish to show that A — A’ induces a well-defined map ky — k,;n. If so then it is
a surjective ring map from a division ring, hence an isomorphism, so we will be done. It
suffices to show that, given any commutative diagram 3.2.1 such that A is a nonisomorphism,
it follows that A’ is also a nonisomorphism. Suppose, to the contrary, that h is an noniso-
morphism and A’ is an isomorphism. We may assume b’ is the identity map, since we could
certainly compose the diagram 3.2.1 with a similar diagram which has (h')~! on the left.
As h is not a split epimorphism, it factors through ¢. But then the top sequence in 3.2.1
splits, cf. [21, Ch. III, Lemma 3.3|; and this of course is a contradiction. Thus ky = k,y as
k-algebras.

In particular, dimg(ky) = dimg(k,n). As dimy,, Irr(M, N) = dimy,, Irr(7N, M) is an im-
mediate consequence of Lemma 3.2.3, our aim is to show dimy,, Irr(M, N) = dimy,_,, Irr(7N, M).
By the former, we have dimy, Irr(M, N) = dimy, Irr(7 N, M). Thus, dimg, Irr(M, N)
= dimy, Irr(M, N)/ dimy,(ky) = dimy, Irr(7N, M)/ dimy (k. ) = dimy,_, Irr (7N, M). O

Definition 3.2.7. If R is Gorenstein, the stable Auslander-Reiten (AR) quiver of R is the
valued quiver defined as in Definition 3.2.2, except that the vertices are only the isoclasses

of nonfree indecomposable modules M € L,(R). By a stable AR component, we shall mean
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a component (Definition 3.1.3) of the stable AR quiver.

Definition 3.2.8. Let (I', 7) be a translation quiver, and z a vertex of I'. If z = 7"(z) for
some n > 0, we say that x is 7-periodic. A module M € CM(R) is said to be 7-periodic
if it corresponds to a T-periodic vertex in the AR quiver of R, i.e., M = 7"M. When R is
Gorenstein of dimension one, we will omit the prefix “7-” and just say M is periodic.

The following is well-known.

Lemma 3.2.9. If (I',7) is a connected translation quiver containing a T-periodic verter,

then all of its vertices are T-periodic.

Proof. 1f x is a vertex in I' and 7"z = x, then 7" induces a permutation on the finite set
x~, and so some power of 7" stabilizes x~ pointwise. Thus each vertex in x~ is 7-periodic;

likewise for T, so every vertex in I' is T-periodic by induction. O

Definition 3.2.10. We say that a connected translation quiver is periodic if one, equivalently

all, of its vertices is T-periodic.
A so-called “tube" is a common example of a periodic translation quiver:

Definition 3.2.11. A valued stable translation quiver T" is called a tube if ' = ZA, /{T™)

for some n > 1. If n =1, I' is called a homogeneous tube.

Remark 3.2.12. Let I' be a connected periodic stable translation quiver, and suppose the
valued tree class of I' is A,,. Then I" is a tube. To see this, let II be an admissible group of
automorphisms of Z A, such that I' =2 Z A /Il. Note that every automorphism of the stable
translation quiver ZA., is of the form 7" for some n > 0. Thus II = (7") for some n > 0;

and the periodicity implies n > 1.

Notation 3.2.13. If R is Gorenstein of dimension one, and M is an indecomposable in
L,(R), define an R-module push(M) as follows. If M is free, let push(M) = 0. Otherwise

let push(M) denote the unique module (up to isomorphism) such that there exists an AR
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sequence 0 — M — push(M) — syzp' (M) — 0. More generally, if M = @ | M;
with each M; in L,(R), then we set push(M) = @, push(M;).

Notation 3.2.14. (See, e.g., [23, 14.1-14.6].) For an R-module M, let e(M) denote the
multiplicity of M. This can be defined as e(M) = lim, o % length(M/m"M), where d =

dim R, but the reader may ignore this definition; we use only the following properties:
o If0— M — M — M" — 0 is exact, then e(M) = e(M') + e(M").

e For all M € CM(R), e(M) is a positive integer.

Notation 3.2.15. Define a function e, from 7-periodic maximal Cohen-Macaulay R-

modules to Qs as follows: If M is T-periodic of period n, let eqg (M) = 2 S0 e(r5(M)).

n

Lemma 3.2.16. Assume R is Gorenstein of dimension one, and M € L,(R) is indecom-
posable and periodic. If push M = X & F where X has no free direct summands and F is a

(possibly zero) free module, then X is periodic, and eayg(push M) < 2e,y,(M).

Proof. We know X is periodic from Lemma 3.2.9. Note that if N € CM(R) is periodic, then
for any j € Z, and n € N a multiple of the period of N, Z?:f_l e(T"N) = neayg(N). For
each integer i, we have by Lemma 3.2.6 an AR sequence 0 — 7"'M — F; @ 7'X —
7'M — 0, where F} is a (possibly zero) free module. So e(7'X) < e(7""'M) + e(7'M),
hence >0 e(7'X) < Y0 e(7IM) + 377 e(7"M) for each n € N. This inequality gives
the desired result by taking n to be a common multiple of the periods of M and X, and

dividing both sides by n. O]

The following goes back at least to [14] (in a slightly different setting).

Lemma 3.2.17. Let C be a connected T-periodic valued stable translation quiver which is a
(not necessarily full) subquiver of the stable AR quiver of R. Then the valued tree class of C

admits a subadditive function (Definition 3.1.11).
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Proof. Let T denote the valued tree class (Definition 3.1.10) of I". By definition of 7', we
have a value-preserving covering ¢: ZT — C'. Define a function f: ZT — Q¢ by the rule
f(x) = eavg((x)). We claim that the restriction of f to 7' is a subadditive function. That
is, 2f(z) 2 > ,cr dya f(y), for each vertex z of T. By Lemma 3.2.6, dy, = d(;-1,), for all
z,y € C, hence for all z,y € ZT. In what follows, for any x € T, the sets z~ and 2+ will
always be taken with respect to ZT'; to signify the predecessors of x with respect to T" we
can use x~ NT. If z € T, then 2™ equals the disjoint union of z+N7T and 7~!(2~NT). Now,

we have

Sdpf)= > dpf@)+ DY dufy)

yeT yex—NT yextNT
= Y AT+ Y duf) =Y df ().
yex—NT yextNT yext

So subadditivity of f is equivalent to 2f(x) > > .+ dyf(y). Since ¢ is a covering,

> yeat Ay f(y) = Zy€¢(x)+ dyp(z)€avg (y), wWhich is bounded by 2e,.s(¢(x)) by Lemma 3.2.16.
So f is subadditive. O]

Lemma 3.2.18. Assume R is Gorenstein, let M € L,(R) be a nonfree indecomposable, and
suppose there exists an irreducible map from M to itself. Let C' denote the component of the
stable AR quiver containing M, and assume C' is infinite. Then C is a homogeneous tube

with a loop at the end:
C T M=X, X Xy X

In particular, TX; = X; for all X; € C.

Proof. First we show that M = 7M. If not, then the AR sequence ending in M is 0 —
TM — M&TM &N — M — 0 for some N € CM(R). Then e(N) = 0, hence N = 0.
Now Miyata’s Theorem [24, Theorem 1| says that the given AR sequence splits, which is a
contradiction. So 7M = M.

Since C has a loop, it does not satisfy the definition of stable translation quiver (Definition

3.1.2). But removing the loops in C' (and keeping all vertices and all non-loop arrows), we
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get a T-periodic connected stable translation quiver; call it I, and let T" denote valued tree
class of I'. Now T admits a subadditive function given by e,y,, as in the proof of 3.2.17.
From the fact that I' is not a full subquiver of the AR quiver of R, it follows that e,y is
strictly subadditive (i.e., not additive). As I is infinite and 7-periodic, 7' must be infinite.
Therefore T' = A, by Lemma 3.1.13, and I' = A, /(7), by Remark 3.2.12. So I has the

form

Xo X1 Xo X3

Suppose M = X, for some 7 > 0. Then we have an AR sequence 0 — X; — X; ® X;_1 D
Xip1 ® F — X; — 0, for some free module F. Then e(X;) > e(X; 1) + e(X;41). But
consideration of the AR sequences ending in X;_; and X, ; yields 2e(X;y1) > e(X;) and

2e(X;_1) = e(X;). These inequalities contradict the previous one, so M = X,. O

The following “Maranda-type result” corresponds to Lemma 1.24 in [1]. In our setting,
namely that of a Cohen-Macaulay complete local ring, this result is well-known (but possibly
has only been stated for the case when the ring is an isolated singularity). The following

proof can be found, for example, in [20, Proposition 15.8| and its corollaries.

Lemma 3.2.19. Let M and N be nonisomorphic indecomposables in L,(R), and let x € m be
a nonzerodivisor. Then there exists i > 1 such that M/x'M and N/z'N are nonisomorphic

indecomposable modules.

Proof. Since M lies in L,(R), Ext,(M, N) has finite length (since for any nonmaximal prime
p, we have 0 = Ext}%p(Mp, N,) = Extp(M, N),). Therefore we may assume, after replacing
x by a suitable power of itself, that x Exti(M, N) = 0. By applying Homg(M, ) to the

commutative exact diagram

2

0 N2+ N—— N/2’2N —=0
0 N—Z-N N/zN —=0
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we obtain a commutative exact diagram

Homp(M, N) — Homg(M, N/2*M) — Extp(M, N)

H j j . (3.2.2)

Homp(M, N) — Homp(M, N/xM) — Extp(M, N)

Consider the maps #: Homg(M, N) — Homg(M/xM, N/xN) and 05: Homp(M/2x?>M, N/2*N) —
Hompg(M/xM, N/zN) given by tensoring all maps with R/(z). Notice that in diagram 3.2.2,
the horizontal and vertical maps into Homg(M, N/xM) can be identified with 6 and 65 re-

spectively, while the rightmost vertical map is zero. Therefore a diagram chase yields
im(0) = im(6,). (3.2.3)

We claim i = 2 will suffice. Suppose M/2*M is not indecomposable. Then there exists a
nontrivial idempotent e € Endg(M/x?M). Consider the equation 3.2.3 in the case M = N
now 6 and 6, are of course ring homomorphisms. Since Endg M is (noncommutative-) local,
so is im 6, and therefore 6;(e) is either 0 or 1. Since 1 — e € Endg(M/z*>M) is also a
nontrivial idempotent, we may assume 6y(e) = 0, i.e. ime C xM/x?>M. But then e* = 0 is
a contradiction.

Now suppose p: M/x*M — N/x?N is an isomorphism, with inverse ¢: N/z?N —
M/x?>M. By 3.2.3, there exist ¢: M — N such that ¢ ®p (R/z) = ¢ ®g (R/z), and
¢: M —» N such that ¢ @ (R/z) = ¢ @x (R/z). By Nakayama’s Lemma, @ and ¢ are
surjective. Thus J@ is a surjective endomorphism, equivalently, an isomorphism; and thus

¢ is an isomorphism. O

Lemma 3.2.20. Assume dim R = 1, and let M be an arbitrary indecomposable in CM(R).
Then there exists an irreducible morphism M — R if and only if M is isomorphic to a direct
summand of m. If R is Gorenstein, then there exists an irreducible morphism R — M if

and only if M is isomorphic to a direct summand of m*.
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Proof. Write m as a direct sum of indecomposables, m = €, m;. Let ¢; denote the inclusion
map m;—R. To see that ¢; is irreducible, take a factorization ¢; = hg in CM(R), where h
is not a split epimorphism. Then A is not onto, so imh C m. Then if A’ denotes the map
into m given by z — h(x), and p; denotes the projection m — m;, we have that p;h'g = 1y,
so ¢ is a split monomorphism; hence ¢; is irreducible. Now let M be an indecomposable in
CM(R) and let f : M — R be an irreducible morphism. Let ¢ denote the inclusion map
m—R. Since f is not a split epimorphism, im f C m, hence f = g for some g : M — m.
As ¢ is certainly not a split epimorphism, ¢ is a split monomorphism.

For the last sentence of the statement, note that the irreducible maps from R are obtained

by dualizing the irreducible maps into R. O]

We recall the Harada-Sai Lemma;

Lemma 3.2.21. [4, VI. Cor. 1.3] Let A be an artin algebra (e.g. a commutative artinian
ring). If fi: M; — My, are nonisomorphisms between indecomposable modules M; for

i=1,...,2" — 1 and length(M;) < n for all i, then fon_y--- f1 =0.

Lemma 3.2.22. [1, Proposition 1.26] Assume R is Gorenstein of dimension one, and m
s indecomposable; and suppose R has a stable AR component C' which is finite. Then C

consists of all isoclasses of non-projective indecomposables in CM(R).

Proof. As C'is finite, Lemma 3.2.19 implies that we can take z € m such that for each pair
M 2 N in C, M/xzM and N/zN are nonisomorphic indecomposable modules.

We may assume R is not regular, and therefore m is not free. Now first we show m € C.
Suppose not; then there are no irreducible maps to R from any module in C' (Lemma 3.2.20).
Therefore if N € C' and N — N’ is any irreducible map in CM(R), N’ must lie in C' (since
L,(R) is closed under syz.', and therefore under irreducible maps by consideration of AR
sequences). Pick a module M € C. By replacing = by a power of itself if necessary, we
can choose f: M — R such that f(M) € xR, i.e. f®g (R/x) # 0. Since f is not a split

monomorphism, and there exists an AR sequence beginning in M, f equals a sum of maps
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of the form gh, where h is an irreducible map between modules in C'. Since g € Homg(N, R)
for some N € C, gis not a split monomorphism, and can in turn be written as a sum of maps
of the form kl where [ is an irreducible map in C; now f = >  klh. Continue this process
until we have written f as a sum ZZ gilon—1 ;- - - hi; where each h;; is an irreducible map in
C, and n = max{length(N/xN)|N € C}. Note that each h;; ®p (R/z) is a nonisomorphism
by our assumption on z together with Lemma 3.2.18. Therefore, Lemma 3.2.21 implies
f ®g (R/x) = 0, contradiction. Thus m € C.

Now just suppose C' omits some indecomposable nonfree M € CM(R). Again choose
f: M — R such that f ®g (R/x) # 0. Note that any map to R which is not a split epimor-
phism factors through m. Whereas in the previous paragraph we reached a contradiction
via Lemma 3.2.21, by “stacking irreducible maps while moving forwards through C”, we

now obtain a contradiction by “stacking irreducible maps while moving backwards through

CU{R}" O

Remark 3.2.23. Assume R is Gorenstein and let C' be a stable AR component without
loops. Then C' is a valued stable translation quiver (by Lemma 3.2.6) and therefore has
a valued tree class T (Definition 3.1.10). Then T carries the information of how many
nonfree direct summands push(M) and push(push(M)) (in general, push’(M)) have for
modules M € C. Let us explain further. Let x be the vertex in C' corresponding to M,

and let n = Z dy;. Then n is the number of nonfree summands in push(M/); that is,

(z—y)eC
push(M) = F & @], X; where F is a (possibly zero) free module, and the X; are (not

necessarily nonisomorphic) nonfree indecomposables in L,(R). We have a value-preserving

covering ¢: ZT — C, and after possibly composing ¢ with a power of 7, we have = € ¢(T),

say * = ¢(u). Since ¢: ZT — C'is a covering, Z dye = Z dywyu, and by definition
(z—y)eC (u—w)EZT

of ZT this equals Z dyy. Thusn = Z do- Likewise, Z d 1wy 18 the number of nonfree

weT weT w,z€T
direct summands in push(push(M)).

Proposition 3.2.24. (¢f. |1, Lemma 1.23 and Theorem 1.27]) Assume that R is Goren-
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stein of dimension one, m is indecomposable, and CM(R) has infinitely many isoclasses of
indecomposables. Let C be a periodic component of the stable AR quiver of R, and suppose
that either R is a reduced hypersurface and C' has no loops, or that there exists some M € C
such that push(push(M)) = X @ Y @ F for some indecomposables X and Y, and some

possibly-zero free module F'. Then, C' is a tube.

Proof. It C has a loop, then by Lemma 3.2.18, for every M € C', the module push M has
two nonfree indecomposable summands, and therefore push(push(A/)) has four. So we may
assume C' has no loops. Thus C'is a valued stable translation quiver, and we have a valued
directed tree T and a value-preserving covering ¢: ZT — C. Let the function f: ZT — Q¢
be given by f(x) = eavg((x)). Asseenin Lemma 3.2.17, f restricts to a subadditive function
on T'. Since ¢ is surjective, every vertex of C' lies in the 7-orbit of a vertex in ¢(7'). Note
also that C' has infinitely many vertices, by Lemma 3.2.22. Therefore 7' is infinite, so it
is an infinite Dynkin diagram by Lemma 3.1.13. If R is a reduced then {e(M)|M € C}
is unbounded (see [27, Theorem 6.2]); and so if R is a reduced hypersurface (and thus all
modules in C' have period 2) then f is unbounded. Then T'= A, by Lemma 3.1.13. If the
alternate condition holds, we get T'= A, by eliminating the other infinite Dynkin diagrams
(which are pictured in Definition 3.1.12), in light of Remark 3.2.23. Thus C' is a tube, by

Remark 3.2.12. O



Chapter 4

AR Quivers over C.I. rings of dimension

one

In this chapter we assume that (R, m) is a complete (or graded-) local complete intersection
ring of dimension one, and let £ = R/m. (Recall that complete intersection implies Goren-

stein.) The unadorned symbols syz and syz~! will stand for syz, and syz}}l, respectively.

4.1 AR quivers and syz- and cosyz-perfect modules

In this section, we adapt results from Green-Zacharia [12] and Kerner-Zacharia [19]. In
particular, we will see that the tree class of any stable AR component must be Dynkin or
Euclidean, and further prune down this list of possibilities when the modules in a given

component are “eventually cosyz-perfect" (Definition 4.1.11).

Definition 4.1.1. Let --- F5, — F} — Fy — M — 0 be a minimal free resolution of a
finitely generated R-module M. Then the i-th Betti number (;(M) denotes the rank of F;.
We say that the complexity of M is at most n, and write cx M < n, if there exists b € Q+g
such that 3;(M) < bi"! for all + > 0. We say that the complexity of M is n, and write

oxM=n,ifcxM <nandcxM £n—1.

37



CHAPTER 4. AR QUIVERS OVER C.I. RINGS OF DIMENSION ONE 38

Remark 4.1.2. Several of the lemmas in this section do not require that R be a com-
plete intersection, but we use it to prove the main statements. The properties of complete
intersections which we use are as follows: If M is a finitely generated R-module, then

(a) (M) < Braa(M) for all n. > 0 (see |9, 3.1]);

(b) {B.(M)}n>0 is unbounded, provided M is not eventually periodic (|9, 4.1]);

(c) ex M < oo (|5, Theorem 8.1.2]).

Notation 4.1.3. (1) Let M be an indecomposable in L,(R), and consider the AR sequence
ending in M, 0 — syzM — @ | X; & F — M — 0 where F is free, and each X; is
indecomposable and nonfree. Then we define a(M) to be n.

(2) If C'is a component of the stable AR quiver of R, define
a(C) = sup{a(M)|M € C}.

Notation 4.1.4. Let M, N € CM(R), and f € Homg(M, N). By extending f to a map
between the minimal free resolutions of M and N, we get induced maps syz" f: syz" M —
syz" N. These are not uniquely determined, but in the stable category they are; i.e.,

[syz™ f] € Homp(syz" M,syz" N) is well-defined.
Definition 4.1.5. We say that a module M is stable if M has no free direct summands.

Lemma 4.1.6. |25, Proposition 2.8| Let M and N be R-modules, and assume M is stable.
Let A = Endgp M.

(a) If f: M — N is stably zero, then f(M) C mN.

(b) If g € Endg M satisfies g(M) C mM, then g € rad A.

Proof. (a) Since M is stable, any homomorphism h: M — F must satisfy h(M) C mF if
F is free. Part (a) follows.

(b) Given such g, together with any h € Endg(M ), we have that (idy; —hg) gk = idyek,
and therefore idy; —hg is surjective by Nakayama’s Lemma, and therefore it is in fact an

isomorphism. This proves (b). O
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The following proof is essentially from [25, Theorem 3.1], but we give a simpler and more

direct version.

Lemma 4.1.7. Let M and N be stable modules in CM(R), and let f € Homg(M,N). If f

15 wrreducible, then so is any choice of syz f.

Proof. Tt suffices to show that a map g € Homg(M, N) is split mono (resp. epi) if and only
if every choice of syz g is split mono (resp. epi). By Gorenstein duality it is therefore enough
to show that g being split mono implies every choice of syz g is split mono. Take p: N — M
such that pg = idys. Let ¢’ and p’ be choices for syz g and syz p, respectively. Then, as idsy, p/
and p'g’ are valid choices of syzid,;, we have that ids, s —p'¢’ is stably zero, and therefore
lies in rad Endg(syz M), by Lemma 4.1.6. Therefore p’g’ is an isomorphism, and ¢’ is split

mono. O

Lemma 4.1.8. If f: M — N s an irreducible map in CM(R), then f must be either a

monomorphism or an epimorphism.

Proof. Since dim R = 1, a submodule of a Cohen-Macaulay R-module is again Cohen-
Macaulay. If f: M — N is neither a monomorphism nor an epimorphism, then the

factorization M — im f< N shows that f is not irreducible. O]

T
Lemma 4.1.9. If 0 —— X[fl’—fQL YieY, lorgg) Z —0 1s any short exact sequence of abelian

groups, then fi is an epimorphism if and only if go is an epimorphism. If it is an AR sequence

in CM(R), then fi is a monomorphism if and only if g2 is a monomorphism.

Proof. The first statement is straightforward, and the second statement then follows from

Lemma 4.1.8. O

The following is an important notion in [12] and [19], where it is called Q-perfect.

Definition 4.1.10. Given M, N € L,(R), an irreducible map f: M — N is said to be
syz-perfect it M and N are stable and syz” f, for n > 0, are either all monomorphisms or

all epimorphisms. If M is a nonfree indecomposable in L,(R), then M is called syz-perfect
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if every irreducible map X — M and every irreducible map syz M — Y are syz-perfect.

M is called eventually syz-perfect if syz" M is syz-perfect, for some n > 0.
We will also use the dual notion:

Definition 4.1.11. Given M, N € L,(R), an irreducible map f: M — N is cosyz-perfect
if M and N are stable and syz"” f, for n < 0, are either all monomorphisms or all epimor-
phisms. If M is a nonfree indecomposable in L,(R), then say that M is cosyz-perfect if every
irreducible map M — X and every irreducible map Y — syz~! M are cosyz-perfect. Call

M eventually cosyz-perfect if syz™ M is cosyz-perfect, for some n < 0.

Our arguments in this section are essentially those given in [12] and [19]; the adjustments
are relatively minor, Lemma 4.1.14 being an exception. The notion of cosyz-perfect seems
better suited to proving results about possible shapes of AR components; see Theorem 4.1.30,
which we do not have a proof for if we assume syz-perfect instead. (Although most of our
arguments remain valid when dualized, Lemma 4.1.29 does not.) In Section 4.2 we use the
notion of syz-perfect as well.

Our first goal here is to prove Proposition 4.1.12. We will later address the case when all

modules in a given stable AR component are eventually cosyz-perfect.

Proposition 4.1.12. (¢f. [19, Theorem 2.11]) Assume M € L,(R) is a nonfree, nonperiodic
indecomposable which either fails to be eventually syz-perfect, or fails to be eventually cosyz-
perfect. Then the stable AR component containing M admits an additive function, and R

has some tdeal which is a periodic module.

Lemma 4.1.13. Let 0 X e 0 be a short exact sequence in CM(R).

Then syz g is an epimorphism if and only if dimg(Y/mY") = dimy(X/mX) + dimy(Z/mZ2).

Proof. By taking free modules F and H of ranks dim (X /mX) and dimy(Z/mZ) respectively,

the Horseshoe Lemma gives a commutative exact diagram
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0 0 0 (4.1.1)

0 F FoH H 0
0 X Y g Z 0
0 0 0

for some (possibly zero) free module P. Note, furthermore, that the map ¢': P ®syzY —
syz Z has the form ¢’ = [l syzg] for some | € Homp(P,syz Z). Write f' = [f] f3]* for some
fi: syzX — P and f}: syzX — syzY. Now suppose syzg is an epimorphism. Then by
Lemma 4.1.9 f] is also an epimorphism, so that P is isomorphic to a summand of syz X, and
therefore P = 0, which implies dimg(Y/mY’) = dimy(X/mX) + dimg(Z/mZ). Conversely, if
dimg(Y/mY") = dimy(X/mX) + dimy(Z/mZ) then P = 0 and syzg = ¢’ is onto. O

Lemma 4.1.14. (¢f. |12, Lemma 2.1]) Let

l—~X—Joy 2.7 .0

be a short exact sequence in CM(R) with g irreducible, and suppose that syzg is a mono-

morphism. Then X is isomorphic to an ideal of R.

Proof. Tt is part of the general (Auslander-Reiten) folklore that if f: X — Y’ is any map

in CM(R), then either f factors through f" or f’ factors through f. To see this, assume that

f!" does not factor through f. This says that the pushout of 0 xJt.y 4.y 0

by f’ does not split. Therefore, the irreducibility of ¢ implies that the middle map in the

diagram
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is a split monomorphism, and it follows that f factors through f’.

Now assume that X is not isomorphic to an ideal. Then if f’ € Homg(X, m*), f’ cannot
be injective (since m* may be viewed as a finitely generated submodule of Q(R), and therefore
embeds into R), and therefore f does not factor through f’. So any f': X — m* factors
through f, by the above. In other words, Homg(f,m*): Homg(Y,m*) — Hompg(X, m*)
is surjective. Using the surjection m* — k from the exact sequence 0 — R — m* —

k — 0 (Lemma 1.1.1), we have a commutative square

HOIIIR(Y, m*) ﬁ-HOHlR(K ]ﬁ) . (412)

| |

Homp (X, m*) — Hompg(X, k)

Note that the horizontal maps in 4.1.2 are surjective since Exty(Y, R) = Exty(X, R) = 0.
Therefore, the right-hand vertical map is surjective since the left-hand map is. Therefore
dimy(Hompg (Y, k)) = dimg(Hompg(X, k)) + dimg(Homg(Z, k)). But for any R-module M,
we have Hompg(M, k) = Homy(M/mM, k) and dim,(M/mM, k) = dimg(M/mM). Now

Lemma 4.1.13 finishes the proof. O

Recall that multiplicity, e(_), is additive along short exact sequences.

Lemma 4.1.15. For M € CM(R), we have u(M) < e(M) < p(M)e(R), where u(_) denotes

minimal number of generators.

Proof. The inequality pu(M) < e(M) is well-known. For e(M) < u(M)e(R), note that the
short exact sequence 0 — syz M — RWM) — M — 0 implies e(M) = u(M)e(R) —

e(syz M). O

Lemma 4.1.16. (cf. |20, 15.25|) For any irreducible map X — Y between indecomposable
modules, we have that e(X)e(R) = e(Y) and e(Y)e(R) > e(X).

Proof. By consideration of the AR sequence ending in Y, we have e(X) < e(Y) + e(syzY),

which in turn equals u(Y)e(R) < e(Y)e(R). To get the other direction, we may dualize
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X — Y to get an irreducible map Y* — X* and use that e¢(X) = e(X*) and e(Y) =

e(Y™). O

Lemma 4.1.17. (c¢f. [12, Proposition 2.4|) Let 0 X y 2>z 0 be a short

exact sequence in CM(R), such that g is irreducible.

(a)If g is not eventually cosyz-perfect, there exists n < 0 such that ker(syz™ g) is isomor-
phic to a periodic ideal.

(b)If g is not eventually syz-perfect, there exists n > 0 such that ker(syz" g) is isomorphic

to a periodic ideal.

Proof. (a) For each ¢ < 0 we can apply a dualized Horseshoe Lemma to obtain a short exact
sequence 0 ——=syz' X — P! @ syz’ Y[l’sy—Ziﬁ]syzi 7 —=0 for some free module P?, and
| € Homp(P',syz' Z). When syz' g is surjective, we see as in the proof of Lemma 4.1.13 that
P? must be zero. Now since ¢ is not eventually cosyz-perfect, Lemma 4.1.14 shows that there
exist infinitely many negative values of i such that syz’ g is surjective and ker(syz’ g) = syz' X
is isomorphic to an ideal. For each such i, we have f;(X) < e(R) by Lemma 4.1.15, and
therefore 3;11(X) < (e(R))® by Lemma 4.1.16. Noting that 5;(M) = 8_;(M*) for all i € Z,
we see that {3;(X*)}i>0 is bounded, by Remark 4.1.2 (a). Therefore X* is eventually periodic,
by Remark 4.1.2 (b). But in the setting of Cohen-Macaulay modules over a Gorenstein ring,
this is the same as saying that X* is periodic, and the same as saying that X is periodic.
Part (a) follows.

(b) By making the dual argument, we see that there exist infinitely many positive values
of i such that syz'g is surjective and ker(syz'g) = syz' X is isomorphic to an ideal; and

{Bi;(X)}iz0 is bounded, and X is periodic. O
For W € CM(R), define dy: CM(R) — N by dw (M) = dimy Hompy(M,W). The
following lemma is dual to |11, Lemma 3.2]. As the proof is also simply the dual, we omit it.

Lemma 4.1.18. Let 0 — syzM — E — M — 0 be an AR sequence.

(a) If M is not a summand of W then dw (M) + dw (syz M) > dw(E).
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(b) If in addition syz M is not a direct summand of W, then equality holds in (a).

Proof of Proposition 4.1.12. Let C' denote the stable AR component containing M. In order
to show that the tree class of C' admits an additive function, it now suffices to find W €
CM(R) such that: (1) dw (M) = dw(syz M) for all M € C, (2) no direct summand of W
occurs in C, and (3) dy is not zero on C.

By Lemma 4.1.17 and the assumption that C' contains a module which is either not
eventually syz-perfect, or not eventually cosyz-perfect, we can find an irreducible epimor-
phism g: Y — Z such that kerg is a periodic ideal and either Y or Z lies in C' (the
other then being a direct sum of modules in C'). Now let W = @ syz'(kerg) where
n is the period of kerg (actually n = 2 since R is a complete intersection). Recall that
Hom g (X" Y’") =2 Homp(syz X/, syzY’) for all X' Y’ € CM(R). Therefore W satisfies (1),
since W = syzW. Note that W satisfies (2) since we are assuming C' is not periodic. Lastly,
(3) follows from the identity Homp (X', V") = Exty(X’,syzY’) and the nonsplit extension

0 — kerg —Y — Z — 0. O]

In Theorem 4.1.30 we will address the case when all modules in a given stable AR com-

ponent are eventually cosyz-perfect. We first set about proving Lemmas 4.1.20 and 4.1.21.

Notation 4.1.19. In order to avoid some repetitious verbiage, let us for the remainder of
this section use C' to denote a nonperiodic stable AR component such that every module in
C' is eventually syz-perfect, and use C’ to denote a nonperiodic stable AR component such

that every module in C” is eventually cosyz-perfect.
Lemma 4.1.20. (cf. [19, Proposition 2.2|) Assume M € C" is cosyz-perfect. (a) If (M) =
1 or 2, then the AR sequence beginning in M has one of the following shapes:
X X X
— — \
M/ syz L M M/ syz ' M M< syz ' M

(1) (2a) (2b')



CHAPTER 4. AR QUIVERS OVER C.I. RINGS OF DIMENSION ONE 45

(b) If «(M) = 3 or 4, then the AR sequence beginning in M has one of the following

shapes:
X X\ w
MZ Y ssyz ' M M‘Z»Y<—>syz—1M =X
Z(/ \ Z/ M—ssY——s Syz 1 M
(3a) (3b') (4)
Dually,

Lemma 4.1.21. Assume M € C is syz-perfect. (a) If a(M) =1 or 2, then the AR sequence

ending in M has one of the following shapes:

X X X
C/ /
syz M \M syz M \M syz M >M
(1) (2a) (2b)
(b) If «(M) = 3 or 4, then the AR sequence beginning in M has one of the following
shapes:
X X w
/7 /
ssz—»Y>>M sz M Y Z;X§
T T sy M —=Y——= M
T Z(/
(3a) (3b) (4)

These will be proven via 4.1.15- 4.1.28.

Remark 4.1.22. We mentioned earlier, but re-emphasize, that not all statements in CM(R)

“are dualizable"; see Lemma 4.1.29, for example.

Lemma 4.1.23. (c¢f. [12, Proposition 3.2] and [12, Lemma 3.4|) Assume that M € C’ is

T
cosyz-perfect, and let 0 g Yol D, E; M>syz‘1 M 0 be an

AR sequence where each E; is nonzero but not necessarily indecomposable. Suppose r > 3.
Then
(a) At most one of the f;’s is mono.

(b) If fi; is mono, then g; is mono.
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Proof. (a) Suppose f; and fs are both monomorphisms. Since f; is mono, sois [gs, . . ., g-]: Fao®
-+ @® E, — syz ' M, by Lemma 4.1.9. Therefore e(syz~* M) > e(Fy) + -+ + e(E,) >
e(E2) +e(E3) = e(M) + ﬁe(M), using Lemma 4.1.16. Then since M is cosyz-perfect,

induction gives e(syz " M) > e(M)(1 + ——)" for all n > 1. This implies cx M* = oo (in

1
(R
view of Lemma 4.1.15), which is a contradiction to the assumption that R is a complete
intersection.

(b) By considering the AR sequences beginning at M and syz~' M, we see that >"_, (e(£;)+
e(syz P E;)) = e(M) + 2e(syz~' M) + e(syz~2 M). On the other hand, consideration of the
AR sequence beginning at the summands of the E,’s gives inequalities e(E;) +e(syz ' E;) >
e(syz~! M) for each j, so we have Y ' ,(e(E;) + e(syz ' E;)) = (r — De(syz ' M) >
2¢e(syz' M). Therefore, e(Ey)+e(syz™! Ey) < e(M)+e(syz=2 M). This implies e(syz~! E;) <
e(syz=2 M), provided f,: M — E; is mono. But then syz~!g;: syz ' B} — syz~2 M can-

not be epi, so syz~! g; is mono, and therefore g, is mono (since g is cosyz-perfect).

]
Lemma 4.1.24. Assume that M € C' is syz-perfect, and let
1T ceesgr

0 sszM b, E: rg20r] gy 0 be an AR sequence where
each E; is nonzero but not necessarily indecomposable. Suppose r > 3. Then

(a) At most one of the g;’s is epi.

(b) If g; is epi, then f; is epi.
Proof. Dual to the proof of Lemma 4.1.23. n

Lemma 4.1.25. (¢f. [12, Lemmas 3.4 and 3.5|) Assume that M € C' is cosyz-perfect,

T
and let 0 g Loz bD._, E lor9200] syz ' M

0 be an AR sequence

where each E; is nonzero but not necessarily indecomposable. If r > 4, then each f; is epi.

Proof. Let B = E; @ --- ® E,, and let f7 = [fy,....f]": M — B and ¢: B —

syz~! M be the induced irreducible maps. Suppose that f; is a monomorphism. Then so is
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(f1, fo]F: M — Ey @ Ey. Then [g1, 2] Ey ® Ey — syz~' M is a mono by Lemma 4.1.23
(b), which in turn implies that [f3, f/]T is mono (Lemma 4.1.9). So e(M) < e(F3) + e(B).
But on the other hand, since f; is mono, so is [g2, g3, ¢'], so that e(Es) + e(E3) + e(B) <

e(syz~! M). Putting these inequalities together, and employing Lemma 4.1.16, we get (1 +

E(E))e(M) < e(syz~! M). Then induction gives (14—?%))"(3(]\/[) < e(syz ™ M) for each n > 1,

which (in view of Lemma 4.1.15) implies cx M* = oo, contradiction. O

Lemma 4.1.26. Assume that M € C' is syz-perfect, and let

T
0 sszM b, E: 1.92097] M 0 be an AR sequence where

each E; is nonzero but not necessarily indecomposable. If r > 4, then each g; is mono.
Proof. Dual to the proof of Lemma 4.1.25. ]
Proposition 4.1.27. (¢f. |12, Lemmas 3.4 and 3.5|) For M € C, we have a(M) < 4.

Proof. We may assume M € C' is syz-perfect. Let

1T ceesJr
0 SyZM[fhh ----- fr] 69221 E, [91,92;--,9r] syzL M 0

be the AR sequence ending in M, each E; # 0, and assume to the contrary that » > 5. Let

By =F1 & FEy and By = FE3&® --- @ E, and rewrite the AR sequence as

[h1,ha]” (k1,k2]

M 0

0 B ® By

syz M

where hy = [f1, f2], ha = [f3, .-, fr], k1 = |91, 92] and ko = [g3, ..., ¢,]. Since By has at least
3 direct summands, Lemma 4.1.26 implies that k; is a mono. If ks is also mono then so is
h¥, which we can compose with k; to get a monomorphism syz M« M. Therefore we get an
infinite chain of monomorphisms ... syz? M < syz MM, implying e(M) > e(syz M) >
e(syz2 M) > .... Then Lemma 4.1.15 implies that cx M < 1, contrary to assumption. So ko
must be epi. But since k; is a mono, so is hl, and we get a contradiction to Lemma 4.1.24,

since B; has at least 2 direct summands. O

Proposition 4.1.28. For M € C’', we have a(M) < 4.
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Proof. May be proved as the dual of the proof of Proposition 4.1.28. (One has the option of
slightly shortening the argument by using Lemma 4.1.29 instead of appealing to complexity.)
[

Proof of Lemma 4.1.21. Let us write the AR sequence as

0

r T r 3925y -
syz M [f1,f250 0 fr] @Z:I E, [91,92;--9r] M 0,

where the E;’s are nonzero indecomposables, and » < 4 by Proposition 4.1.27. There is
nothing to prove if » = 1. Assume r = 2. By Lemma 4.1.9, it suffices to show that
the maps f; and g; cannot both be mono. But if they were, we would have an infinite
chain of monomorphisms . .. < syz? M syz MM, and a contradiction as in the proof of
Proposition 4.1.27.

Now assume r = 3. By Lemma 4.1.24 (a), at most one of the g;’s is epi. Note that f; is
epi whenever g; is mono, as we saw in case r = 2. So the classification of the r = 3 case is
finished by Lemma 4.1.24 (b). In the case r = 4, all g;’s are mono by Lemma 4.1.26, and

therefore all f;’s epi. O
Proof of Lemma 4.1.20. May be proved as the dual of the proof of Lemma 4.1.21. O

Note that the dual of the following lemma does not hold. (The dual proof fails because,

while CM(R) is closed under kernels, it is not closed under cokernels.)

Lemma 4.1.29. Any chain of epimorphisms X° — X1 — ... — X" — ... in CM(R) must

eventually terminate.

Proof. Recall e(X) > 0 for every X € CM(R). Therefore, the additivity of e() along short
exact sequences implies that any epi X — Y in CM(R) which is not an isomorphism must

satisfy e(X) > e(Y). O

Our next goal is the following.
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Theorem 4.1.30. (c¢f. [19, Theorem 2.1]) Let C' be a nonperiodic stable AR component of
R such that every module in C' is eventually cosyz-perfect, assume also that k is algebraically
closed. Then C' is of type ZA, where A is either a Euclidean diagram of type ﬁn, ﬁn, EZ-
(i =6,7,8) or a Dynkin diagram of type FE; (i =6,7,8), As, AZ or Dy.

Lemma 4.1.31. (¢f. [12, Lemma 2.6]) Let f: X — Y be an irreducible epimorphism,

where X and Y are indecomposables in L,(R). If X is cosyz-perfect, then so is Y.

Proof. Let 0 ——=Y A syz ' X @ Z—2>syz7'Y —=0 be the AR sequence beginning
at Y. If Z =0, then f and ¢ are cosyz-perfect since X is; and then Y is cosyz-perfect. So
assume Z # 0, and write f = [f; fo]7 and g = [g1 ¢2]. As syz"g; is epi for each n < 0,
so is syz" fo (Lemma 4.1.9). If f; were epi, then the compositions (syz™ ¢;)(syz" f1) would
give an infinite sequence Y — syz 'Y —» ... = syz"Y —» syz" 'Y — ... of epimorphisms,
contradicting Lemma 4.1.29. So f; is a mono, and therefore g, is a mono, by Lemma 4.1.9.
Let Z' be a direct summand of Z. Then since go: Z — syz~!Y is mono, so is the induced
map Z' — syz 'Y. Likewise, since f5 is epi, so is the induced map ¥ — Z’. Since
our hypotheses are preserved by syz—!, the maps Z’ — syz~'Y and Y — Z’ are thus
cosyz-perfect. It remains to consider irreducible maps involving syz=' X @ Z’. Now since
gi: syz ' X — syz~!'Y is not mono, the map syz ' X & 7/ — syz~'Y induced by g¢
must also not be mono; so it is epi, and thus cosyz-perfect (again, because our hypotheses
are preserved by syz1). Since f;: Y — syz~! X is not epi, the map Y — syz ' X & 7’
induced by f must also not be epi; it is mono, and cosyz-perfect. O

[f1,f2]T [91,92]

Lemma 4.1.32. (¢f. [19, Lemma 2.3|) Let 0 —= M ——>X @Y —>syz ' M —=0 be
the AR sequence beginning at a cosyz-perfect module M, and assume that the module X is
indecomposable and fy is an epimorphism. Then X is cosyz-perfect, and either a(X) = 1,

or a(X) =2 and the AR sequence beginning with X is of type (2a).

Proof. X is cosyz-perfect by Lemma 4.1.31, and we have an irreducible epimorphism syz~! M —»

syz~' X. So we are done by consideration of the list in Lemma 4.1.20. n
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Lemma 4.1.33. (c¢f. [19, Cor. 2.4]) If the AR sequence beginning at a cosyz-perfect module

T
M has the form 0—— M[fl’—fQL Xi18Y love] syz ' M ——=0 with X, indecomposable, and
f1 an eptmorphism, then there exists a finite chain of irreducible epimorphisms X1 — Xy —

o X, withr > 1, a(X,) =1, and a(X;) =2 forall 1 <i <.

Proof. The existence of the chain X; - X5 — ... follows from Lemma 4.1.32, and it

terminates by Lemma 4.1.29. O

Recall that if k is algebraically closed, the AR quiver of R is symmetric in the sense of
Remark 3.2.4.

Proposition 4.1.34. (c¢f. [19, Prop. 2.5|) Assume k is algebraically closed, and let

1,2 fr]T ]

0 M D, Xi M>Syz*1 M 0 be the AR sequence be-

ginning at module M € C', where each X; is a nonfree indecomposable (which is automatic

if M is cosyz-perfect). Then, for all i # j, X; 2 X;, unless r =2 and C" is of type Z.A,.

Proof. For simplicity, assume X; = X5, and call it simply X. By multiplicity considerations,
either f; and f, are both mono or they are both epi. But we may also assume that syz X is
cosyz-perfect. Then by consideration of the AR sequence beginning at syz X, in the context
of Lemma 4.1.20, we see that f; and fy are both mono. But we can also assume M is cosyz-
perfect, and therefore the AR sequence beginning at M must be of type (2b), and r = 2.
Since we have irreducible maps ¢;: X — syz ! M and go: X — syz ' M, X satisfies
exactly what we assumed of M at the outset of this proof, so these are the only irreducible
maps coming from X. Therefore the tree class (recall Remark 3.1.8) of C” is just a single
arrow connecting two vertices, i.e. As. Then C' = ZA; when we ignore multiple arrows;
and if we take multiple arrows into account then we clearly just need to double all arrows in

Z.A,, which gives ZA;. O

Lemma 4.1.35. (¢f. |19, Lemma 2.7|) Assume k is algebraically closed, and o(C") = 2. If

there exists a cosyz-perfect module M € C" with a(M) =2 and AR sequence
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0—— M[fl’—fQL X1 lovg] syz ' M ——=0 such that f, is an epimorphism, then C' is

of type ZA. If there does not exist such M, then C" is of type ZAZ or ZZH for somen > 1.

Proof. Assume there exists such M. By Lemma 4.1.33, we have a finite chain of irreducible
epimorphisms Y; — Y5, — ... - Y,, where a(Y;) =1 and «(Y;) =2 for all 1 <7 < r. Since
there is an irreducible mono M« X7, we must have a(X7) > 2, and therefore a(X;) = 2 since
we are assuming «(C’) = 2. Since syz" g;: syz" X; — syz" "1 M is an epimorphism for all
n < 0, the AR sequence beginning in syz™ X is of type (2a) for all n << 0 (namely those n for
which syz" X is cosyz-perfect). Therefore if 0 — X; — Xy @syz ! M — syz ' X — 0
is the AR sequence beginning at X, we must have a(X5) = 2, and the AR sequence beginning

in syz"™ X, is of type (2a) for all n << 0. By induction, we obtain an infinite chain of

hi=f1 ho hs

X5 X5

irreducible maps M X; ... (where each h; is “eventually mono"
in the sense of syz"(h;) being mono for all n << 0). Therefore the tree class of C' is A.
Since any proper admissible quotient of Z A, is periodic (namely a tube), C" is of type ZA..

Now assume there does not exist M as above, but take M € C’ such that o(M) = 2.
We may take M to be cosyz-perfect, and the sequence beginning at M is of type (2b’). So
we have irreducible monomorphisms M<—X; and M<—Y; and a(X;) = a(Y;) = 2, and the
AR sequences beginning at X; and Y; are also of type (2b’) (after sufficient application of
syz~1). Arguing as above, we therefore get infinite chains M — X; — X, — ... and
M — Y, — Yy — ..., and the tree class of C" is AZ. Now, C’ has the form ZAY/G
where G is an admissible group of automorphisms of ZA%. Note that any automorphism
p: LAY — ZAZ is determined by the image of a vertex and one of its immediate successors,
and it follows that p is either a translation or a translation followed by a reflection.

To finish the proof, it suffices to rule out the latter case. Suppose to the contrary
that G contains p = rt where r is a reflection and t is a translation. We naturally
draw ZAZ so that syz-orbits form horizontal lines extending infinitely in both directions,

and the immediate successors y and z of a vertex = lie on horizontal lines immediately

(let us say “by one unit") above and below that of . So we might write height(y) =
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height(z) + 1 and height(z) = height(z) — 1. Since we can choose where height = 0,
we can assume that r simply “negates heights". Now if ¢ has vertical component v,, we
have height(p(x)) = —(height(x) + v;), hence height(z) — height(p(x)) = 2height(x) + v,.
So we can choose x such that height(x) — height(p(z)) € {0,1}. Now it follows that z
is a successor of 7'z in ZAX/(p) and thus that there is a chain of irreducible maps
syz 'M — ... — M in C’, for M in C’ corresponding to z. However, we may assume M is
cosyz-perfect, and therefore that we have an infinite sequence of irreducible monomorphisms
coosyZ" M o syz" T s o syz P M ..M. Then e(M) > e(syz ' M) > ...,
which implies that cx M* = 1 (in view of Lemma 4.1.15). But then M* is periodic, and then

M is periodic, contrary to assumption. O

Lemma 4.1.36. (c¢f. [19, Lemma 2.8|) Assume k is algebraically closed, and a(C") = 3. Let
M € C'" be cosyz-perfect with AR sequence

[f1.f2, /3] l91,92,93]

0 M XOY @722 gyt M 0.

(a) If f1, f2, f3 are epimorphisms, then C' is of type ZE; or ZE, i€46,7,8}.

(b) If f1 is a mono, then C' is either of type ZD, or of type 7D, for some n > 5.

Proof. (a) By Lemmas 4.1.20 and 4.1.33, the tree class of C” is a rooted tree 7" with three
finite branches. It is either Dynkin or Euclidean: see Section 1 of [19]. Now it only remains
to remark that if G is a nontrivial group of automorphisms of ZT', then ZT /G is periodic.
Let p be a nontrivial automorphism and let = € T" be the root of T', i.e., take x corresponding
to M. Clearly, p(x) = 7"« for some integer n, and since C” is nonperiodic we may therefore
assume that p(zr) = z. But it is easy to check that any admissible automorphism fixing a
vertex is the identity map.

(b) Now the AR sequence beginning in M is of type (3b’). Applying Lemma 4.1.33 to
Y: =Y and Z; = Z, we obtain chains of irreducible epimorphisms Y; — Y, — ... = Y, and
Zy = Zy — ... > Zg, with o(Y;) = a(Z;) =1, and a(Y;) = a(Z;) =2 for 1 <i < r and

1 < j < s. First we show that r = s = 1. We may assume that X is cosyz-perfect. Let
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0—X —syz ' MV —syz7 1 X — 0,
0—Y —Yo®syz ! M — syz 'Y, — 0,

and
0— 2, — Zy®syz ' M —syz ' 7, — 0

be AR sequences, and let us show that Zs = 0. By consideration of these AR sequences as

well as those beginning at M and syz~! M, we can obtain e(M)+e(syz=2 M) = e(syz~! M)+

e(V) + e(Ys) + e(Z5) and in particular
e(M) +e(syz 2 M) > e(syz " M) + e(V) + e(Z,). (4.1.3)

Note that X — V is a monomorphism since syz=* M — syz~! X is such. So we have
monomorphisms M« X<V and M— X< syz~! M (since the AR sequence beginning in M
is of type (3b’)), and therefore e(M) < e(V) and e(M) < e(syz ' M). Now the inequal-
ity 4.1.3 gives e(syz 2 M) > e(M) + e(Z;). Then we have e(syz =2 M) > e(M)(1 + (TE)V)

by Lemma 4.1.16. But then e(syz=>" M) > e(M)(1 + (eéz))z)” for all n > 1, by induction.

Then cx M™* = oo, which is a contradiction. So we have r = s = 1.

Let X; = X andlet 0 — X; — syz ' M @ Xy, — syz~ ' X; — 0 be the AR sequence
beginning at X;. If a(X;) = 3 then both summands of X, have o = 1, by the above. In this
case the tree class T of " is Ds (six vertices). Now assume the other case: a(X;) = 2. We
may assume that X; and X, are cosyz-perfect. Lemma 4.1.20 implies that the AR sequence
beginning in X is of type (2b’), and that the AR sequence beginning in X5 is either of type
(2b') or (3b'). If the latter then T is Dg. By continuing this process, we see that T is either
D, or l~)n for some n > 5. If T'= D, then we see that C' = ZT for the same reasons used
in part (a). If T'= ﬁn, then we may argue as follows. If 7" has an even number of vertices,
then there are two vertices, x and y, which are closest to the center of T' (as opposed to the

ends of T', where the vertices have o = 1). Now any automorphism p of ZT must send z
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to 7"z or "y for some integer n. But if p # 1 and ZT/{p) is not periodic, then we must

n=1(x), and

have p(z) = 7"y (some n). We may assume that x — y € T. Then p(y) = 7
p*(z) = 71z implies that ZT/(p) is periodic, since 2n — 1 # 0. So C" = ZT. If T has an

odd number of vertices then we have the easier argument as in (a). O

Lemma 4.1.37. (|19, Lemma 2.9|) Assume that k is algebraically closed, and that C" con-

tains a module M such that o(M) = 4. Then C' is of type Z.D,.

Proof. By Lemmas 4.1.20 and 4.1.33, the tree class T of C" is a finite rooted tree with four
arms. But it is either Dynkin or Euclidean, by Section 1 of [19], so it must be D,. Thus
C' = ZD,. O

Proof of Theorem 4.1.30. The theorem follows from Lemmas 4.1.35, 4.1.36, and 4.1.37.
m

4.2 Application to the Huneke-Wiegand Conjecture

Conjecture 4.2.1. (|18|) Let D be a Gorenstein local domain of dimension one and M
a nonzero finitely generated torsionfree D-module, that is not free. Then M ®p M* has a

nonzero torsion submodule.

As shown in [16, Theorem 5.9], the above condition on M ®p M* may be replaced by
the condition that Ext (M, M) # 0. In turn, this is equivalent to Homp,(syz, M, M) # 0.
We continue to assume R is a complete (or graded-) local complete intersection ring

dimension one. We can confirm special cases of the conjecture, as follows.

Proposition 4.2.2. Let M € L,(R) be a nonfree indecomposable with o(M) > 3, which is

either eventually syz-perfect or eventually cosyz-perfect. Then Extp(M, M) # 0.

Proof. Recall that Extj, (M, M) = Hompg(syz M, M) = Homp(syz'*! M, syz' M) for all i € Z.

In particular, we may replace M by some syz™ M to assume that M is syz- or cosyz-perfect.
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By Lemma 4.1.6 (a), it suffices to find a map M — syz~! M whose image is not contained

in msyz~' M. Suppose first that M is cosyz-perfect, and let

T
O M[.flz.f?rnvf'r] @::1 EZ [917927--‘797”] SyzilM O
be the AR sequence beginning in M. Since [g1, go, - .., g, is surjective, there exists some i

such that im(g;) € msyz~* M. Therefore if each f; is an epimorphism, some composition
gifi: M — syz~! M has the desired property. Therefore we are done if M has AR sequence
of type (3a) or (4). Similarly, we are done if M is syz-perfect and has AR sequence of type
(3a), (3b), or (4).

To finish this proposition, it remains to consider the case when M is cosyz-perfect with
AR sequence of type (3b’); now r = 3, and f5 and f;5 are epimorphisms. As we saw in
Lemma 4.1.36, we have in this case a(E;) = a(FEs) = 1. Now we have an AR sequence
0—> By —2>syz ' M —2>syz ' B, —=0. By applying syz ! if necessary, we may as-
sume m 2 syz Fs, so that the free module does not occur in the AR sequence beginning in
syz F», and therefore the application of syz to the latter sequence yields again an AR se-
quence. In particular, syzp is epi, and Lemma 4.1.13 thus implies that go(E») € msyz* M.

The map gofo: M — syz~ M satisfies the desired property gof2(M) € msyz~' M. O

Proposition 4.2.3. Let M be nonfree indecomposable in L,(R), with o(M) = 2. Suppose
that either M ends an AR sequence of type (2b) or that M is cosyz-perfect and begins an
AR sequence of type (2a). Then Extp(M, M) # 0.

Proof. In case (2b) we have a surjection syz M — M, which is stably nonzero by Lemma 4.1.6,
so we are done.
Let

[fo,90] [91,£%]
—_— —_—

0—M XieY syz ' M ——=0

be the AR sequence beginning in M, with f; an epimorphism. By Lemma 4.1.33 there exists

a finite chain of irreducible epimorphisms Xo = M — X; - Xy — ... > X, with r > 1,
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a(X,) =1, and a(X;) = 2 for all 0 < i < r. In fact we can take irreducible epimorphisms
fit Xi » X0, 0< i <, and fl:osyz7' X; 1 — syz7 ' X; (1 < i < r), together with
irreducible monomorphisms ¢g;: X; — syz ' X;_1, to form AR sequences

41T X /
0 Xz [fi,9:] Xi+1 ® SyZ_l Xi_l[g +17fz}syz_1 XZ 0 ’
for 1 < i < r. (Given such an AR sequence for a given 7, we know that we have an AR

- . T
sequence beginning with 0 Xi+1[fz+1,gz+1] '

-+ for some f;;1 by Lemma 3.2.5.)
As argued in case (3b'), ¢,(X,) € msyz ™' X,_1. As f._y isepiand ¢,f,—1 = —f/_1Gr-1,
we get g,—1 € syz~! X,_5. Continuing in this way, we see that g;(X;) € msyz~' M, and by

composing with the epi f, we get a stably nonzero map g1 fo: M — syz~' M, as desired. [J



Chapter 5

Examples

The basic example of a Frobenius element is Example 2.2.16. In the following two sections,
we compute some other examples. Then we calculate the shape of some components of AR

quivers.

5.1 Frobenius elements for hypersurfaces

In this section, let (R,m) be a domain hypersurface ring R = kl|x,y|]/(f) over an alge-
braically closed field k. We assume f is an irreducible power series lying in (z,y)% Let
S = k[|z,yl|], and let mg denote the maximal ideal of S. Let m and n denote the integers

such that f is regular in x (see below) of order m and regular in y of order n.

Definition 5.1.1. For f € S, we say that “f is regular in x of order m” if m is the smallest
among those integers j satisfying: f has a term of the form ax’ where a € k*. We have the

analagous definition for y.

Note 5.1.2. We will use without proof (|13, Theorem 3.3|, or [8]), the following facts: the
integral closure of R is a power series ring k[|t|], and v(x) = n, v(y) = m, where v denotes

the valuation (on k[|¢]]).

The following lemma does not require that f be irreducible, only that y 1 f.

o7
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Lemma 5.1.3. We have 2™ '/y € R\ R.

Proof. We can write f = ux™ + yg, for some unit v € S and some g € mg (since we assume
fem?). In R we have (z™ ' /y)z = 2™/y = —gu™! € m and (2™ '/y)y = 2™ ! € m, so
2™ 1/y € Endg(m) C R. That 2™ 1/y ¢ R is also clear (that is, there exists no h € S such

that 2™ 1 — hy € f9).

Proposition 5.1.4. Assume ged(m,n) = 1. Then the conductor ideal (R :p R) equals

tm=D=DR using the notation of Note 5.1.2.

Proof. 1t is well known (see for instance, [17, Example 12.1.1]) that (m — 1)(n — 1) = 1 =
max{i € Z|i ¢ Nm + Nn} is the Frobenius number of the semigroup Nm + Nn. Let v(R)
denote the value semigroup of R, that is, v(R) = {v(r)|r € R\ 0}. Since m = v(y) and
n = v(x) are elements of v(R) , we have that v(R) D {i € Z|i > (m — 1)(n — 1)}, and it
follows that t(»~ V"~V R C R. Tt remains to check that (m — 1)(n — 1) — 1 & v(R).

Fix g € R and an expression for g, g = >, . gij2'y’ where g;; € k. Note that v(z'y’) =
in + jm. Notice also that if in + jm = n + j'm < mn, then ¢ = i’ and j = j'; to see
this, use the equation (i — i')n = (j' — j)m, and recall that gcd(m,n) = 1 by assumption.
Therefore if g; ; # 0 for some pair (i, j) satisfying in + jm < (m —1)(n — 1) — 1, then among
the nonzero terms g, ;z'y’ of g, there is a unique term of minimal valuation. In this case,
v(g) = min{v(z'y?)|g;; # 0} < (m —1)(n — 1) — 1. On the other hand, if g;; = 0 for all

pairs (i,7) satisfying v(z'y?) < (m — 1)(n — 1) — 1, then v(g) > (m — 1)(n — 1).

Corollary 5.1.5. Assume gcd(m,n) = 1 for f. Then x™ ')y and y"~1/x are Frobenius

elements for R.

Proof. For z € J(R), we have v(z) > 1, and therefore v(z2™ '/y) > 1+ (m — 1)n —m =
(m —1)(n—1), and therefore 2z™!/y is contained in the conductor ideal, and in particular
in R. So 2™ '/y € J(R)* = F(R). Moreover, 2™ '/y ¢ R by Lemma 5.1.3. Of course the

same reasoning applies to y"~!/z. O
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Remark 5.1.6. In Corollary 5.1.5, the condition that ged(m,n) = 1 cannot be ommitted.
Consider the map ¢ : k[|z, y|| — k[[t] sending z > t* + !, y — t° and let R = im ¢. We
know from Note 5.1.2 that the generator f of ker ¢ has m = 6, n = 4, hence v(z™ ! /y) = 14.

If v = 2™~ /y, then the conductor ideal would be t'°R. But clearly t'° ¢ R.

5.2 Frobenius elements for some binomial rings

Next we consider some graded reduced complete intersections. For some n > 2, choose
integers ao, ..., a, and by, ..., b,, such that a; > 2 and b; > 2 for each i. Let k be a field of
characteristic zero, and let A = k[ty, ..., t,] /(52 — t52, ..., 19" — tb»). Let dy, ..., d, be positive
integers such that setting deg(¢;) = d; results in each binomial {* — tf being homogeneous;

this choice is unique if we insist that ged{i|A; # 0} = 1.
Lemma 5.2.1. A is a complete intersection, and each t; is a nonzerodivisor on A.

Proof. Let s denote the sequence #52 —t%, ..., t{" —t’». Recall that the sum of a nonzerodivisor
and a nilpotent is a nonzerodivisor (since the nonzerodivisors are precisely the elements
contained in no associated primes, and the nilpotent elements are precisely the element
contained in all associated primes). From this it is easy to see that t1, s is a regular sequence,
and that for each j € {2,...,n} there is a shuffling s} of s (namely, move ¢}’ — t?j to the
beginning) such that the sequence t;, s is a regular sequence. The desired results follow

from permutability of regular sequences.

Lemma 5.2.2. A is reduced.
Proof. Let I = (t$* — %, ...,t{" — t'). Since I is a binomial ideal such that each t; is a
nonzerodivisor on the quotient k[ty,...,t,]/I = A, I is a so-called lattice ideal (|26, Theo-

rem 8.2.8). Futhermore, in characteristic zero, every lattice ideal is radical (|26, Theorem

8.2.27]). 0

n ,bi—1
Proposition 5.2.3. The element lei—fz € Q(A) is a Frobenius element for A.
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n b;—1

_ et oy . . _
Proof. Let v = Brra— By Proposition 2.3.4, it suffices to show that v € m* \ R. It is
clear that v¢; € R for ¢ = 1,...,n, which says that v € m*. If we work in the polynomial
ring k[ty, ..., t,], the monomial []}_, ¢ ~! does not appear in any polynomial of the form ¢, f

or S0 (14 — 1) f;, and it follows that [[[_,t7 ' ¢ t,R, i.e. v ¢ R. ]

Corollary 5.2.4. A is a semigroup ring over k if and only if —dy + Y . ,di(b; — 1) ¢
> v Nd;. (These conditions are equivalent to A being a domain if k is algebraically closed,
see Remark 6.0.6.)

Proof. We have a(A) = —d; + Y, d;(b; — 1) by Propositions 2.3.3 and 5.2.3. Since {i|A; #
0} = > | Nd;, the result follows from Proposition 2.3.6. O

Here is another example. Let aq, ..., a,_1 and (s, ..., 5, be integers > 2 such that «; > [;
for all i € {2,...,m — 1} . Let I be the ideal of S = k[t ...,t,] generated by {t" — tf}jl ot
and set B = S/I. Arguing as before (and keeping the assumption char k£ = 0), B is a reduced

complete intersection of dimension 1.
Proposition 5.2.5. The element W= 2 Lo’ E Q(B) is a Frobenius element for B, and B is

a semigroup ring if and only if —d| + ZZ Z (B — 1) ¢ >°r | Ndj, where d; = deg(t;).

Proof. Similar to the previous proposition and corollary. O

5.3 A quiver computation

In this section, we apply Theorem 2.2.14 and Proposition 3.2.24 to determine the shape
(namely, a tube) of some components of the Auslander-Reiten quiver of the hypersurface

ring R defined in 5.3.4, below.

5.3.1. Let S be a regular (graded-) local ring, and f € S a nonzero element. Let R = S/fS.

A matriz factorization of f is a pair of matrices (p, ), with entries in S, such that oy =
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Y = fid;y; for some [ > 0. As consequences of the definition, we have cok ¢ = cok(p®g R),
and (|27, 7.2.2])

im(¢ ®g R) = ker(¢¥ ®s R) and im(y ®g R) = ker(¢p ®g R). (5.3.1)

In particular, cok ¢ and cok ) are periodic R-modules, of period two.

Remark 5.3.2. Let (p,) and (¢,9') be matrix factorizations of f. Let n; and ny be the
integers such that ¢ is ni-by-n; and ¢’ is no-by-ns. Given h: cokp — cok¢’, there of

course exist a: S(™) — §2) and B: ™) — §(2) making the diagram

Slm) 2o glm) cok ¢ 0 (5.3.2)

ok

!

Sn2) 2, G(n2) cok o/ ——0

¢ —a VB

commute. Then ( , ) is a matrix factorization of f.
U 0
If (¢,1) is a matrix factorization such that ¢ and v each contains no unit entry, then

it is called a reduced matrix factorization. If (p,%) is a reduced matrix factorization, then
neither cok ¢ nor cok ¢ contains a free summand (cf. [27, 7.5.1]).
Let us from now on assume, furthermore, that dim R = 1, and that R is either a complete

local ring or a connected graded ring.

5.3.3. Let (p, 1) be a reduced matrix factorization for f, and let v be as in Notation 2.2.10.
Let M = cok ¢, and pick o and 3 lifting vy, € Endg M in the sense of Remark 5.3.2. One may
check that the valid choices for a are precisely those choices such that va = 1) after passing
to R. Now assume M satisfies the conclusion of Theorem 2.2.14, namely that [v,/] generates
the socle of End,M. By Remark 1.1.10, push(M) = (im(¢ ®s R) @ R™)/{(—vc,c)|c €

im(¢¥ ®g R)}, where n denotes the side length of the matrices ¢ and 1. Then we see that
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—

0 ¢

5.3.4. Let k£ be a field, of characteristic not equal to 2, and let us set up a connected

push(M) = cok

graded hypersurface (R, m) as follows. Let p and ¢ be relatively prime integers > 3, and let
S = k[x,y] be the graded polynomial ring such that Sy = k, degz = ¢, and degy = p. Let
f € S be a homogeneous polynomial which is not divisible by z. Let g = (bz? 4+ y?) f, where
b € k, and b is allowed to be zero. Now, let R = k[x,y]/(g). The m-adic completion of R
is R = k[|z,y|]/(g). Let v = deg(f)/p, which is an integer because x t f. We assume that
f—y" € axS. Lastly, assume that there are infinitely many isoclasses of indecomposables in
CM(R).

Now fix an ideal of R of the form I = (2™,y"), where l <m <p—1and 2 <n <q. We
will show that stable AR component containing I is a tube, by showing that push(push(/))
has only two indecomposable summands, and applying Proposition 3.2.24. However, we will

work over R:

Remark 5.3.5. Let C be a component of the stable AR quiver of R. Now consider the valued
translation quiver C’ obtained from C by identifying vertices x and y when they correspond
to modules which are merely graded-shifts of one another. (We defined “graded-shift" above
Definition 2.3.2.) By |3, Theorem 3|, C’ is naturally identified with a component of the
stable AR quiver of R. Therefore we might as well work over R, and just not try to keep

track of the grading on M and the grading on push(M) simultaneously.

Notation 5.3.6. Let v =y 1f/x € Q. If b # 0, set R' = S/(ba? + y9)S; if b = 0, set

R = S/yS = k[x]. In either case, R is a domain:
Lemma 5.3.7. If b # 0, then S/(bx? + y?)S is a domain.
Proof. As S is factorial, it suffices to show bx? + 37 is irreducible. Since a product ss’ fails to

be homogeneous if either s or s’ does, bz? + y? is either irreducible or equal to a product of

homogeneous nonunits. Let s and s’ be homogeneous elements satisfying ss’ = bx? + y?, and



CHAPTER 5. EXAMPLES 63

s a nonunit. Then s has a term of the form az' for a € k \ {0}, so that ¢|degs. Likewise

p| deg s, and thus deg s = deg(bx? + y?), hence deg s’ = 0, so s is a unit. O
We will use the following piece of arithmetic several times. We omit the easy proof.
Lemma 5.3.8. If by < q and by <0, or if by < 0 and by < p, then bip + baq ¢ pN + ¢N.

Lemma 5.3.9. Let (¢,v) be a reduced matriz factorization of g and such that each indecom-
posable direct summand of cok ¢ has rank, and char k does not divide any of these ranks. Let
Y —«
0 ¥

Proof. By 5.3.3 we only need to check that ~ satisfies agrees with Notation 2.2.10, and the

a be a matriz such that Yo = v after passing to R. Then, push(cok ¢) = cok

indecomposable summands of cok ¢ satisfy the hypotheses in Theorem 2.2.14. If b # 0 then
R' = S/(bx? + y?)S and we set z = f (see Remark 2.2.9 and 7/ = 397! /x, which lies in
Homp (mp, R'). As deg(y?'/z) = p(¢ — 1) — ¢ ¢ pN + ¢N by Lemma 5.3.8, we have 7/ is a
Frobenius element for R’ by Proposition 2.3.4. So v = y7~! f /x agrees with Notation 2.2.10.
If b =0, then R = S/yS and we set z = y?~ ! f and v/ = 1/x € (R :o J(R'))\ R'. Again
v = y?~ ! f/z agrees with Notation 2.2.10. It only remains to note that M ®p Q' is a free

(Q-module of rank equal to that of M ®g @, by Lemma 2.2.5. n

In preparation for what immediately follows, let us observe that g —y?™" € 2™S. Indeed,
we have by assumption f —y” € 25, and deg f = deg(y’) = pv. So if z'y’ is a monomial
occurring in f — y”, then we have ¢ > 0, and ¢i + pj = pv. Since ged(p, q) = 1, @ is therefore
a positive multiple of p; in particular, ¢ > m. Thus, if = denotes congruence modulo 2™, we
have f —y" =0, and g — y?™" = (ba? 4+ y9) f — yI™° = y4(f — y*) = 0.

Let
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then I = cok ¢, and (¢, ) is a matrix factorization of g. Let

0 _bxp—m—l n—1
o= Al (5.3.4)
xm—lyq—n—lf 0
. . v - .
and note that o = vy after passing to R. Therefore if we let ¢ = , it follows

0 ¢
from Lemma 5.3.9 that cok & = push([).

By Remark 5.3.2, we can pick a matrix 3, with entries in S, such that

ap = @p. (5.3.5)

In fact
Yy =) /e —zm Tyt
y T o y f  (f =y ) (g =yt [T =yt -y e
We will never need to refer to the actual entries of 3, though we will use that S has no unit
entries. By equation 5.3.5, the pair

v —« v B

(¢,7n) forms a matrix factorization of g, where & = ,and n = . (5.3.6)
U 0 ¢

Furthermore, (£,7) is a reduced matrix factorization.
—Regarding all of these matrices, and all other matrices to be introduced in this section,

we from now on abuse notation: we will always take the entries as living in R rather than

S, unless stated otherwise!!—
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The reader can check directly that ap = —vy¢. In other words,

of = —vp. (5.3.7)

Definition 5.3.10. We choose a matrix W such that nWW = «n. Such W exists by 5.3.3.
a A4

0 —B+yZ
We explain why W can be chosen to be of this form. To begin with, let W be an

Let Z and Z’' be 2-by-2 matrices such that W =

arbitrary matrix such that n\WW = ~n, and let A, B, C' and D be 2-by-2 matrices such that

gy (A B g
W = . The equation = o implies D = vy, which
C D 0 ¢ C D 0 ¢
equals —pf (equation 5.3.7). Therefore (D + ) = 0, and this implies D + § = ¢ Z for
!
some matrix Z. That we may choose to be follows from the equation Yo = .
C 0
& —W
Now, let 6 denote the 8-by-8 matrix 0 = . As rank(cokn) = rank(cok§) =
0 7

rank(push(/)) = 2, Lemma 5.3.9 gives cok # = push(cok &) = push(push(7)). By Proposi-
tion 3.2.24, in order to show the stable AR component containing [ is a tube, it suffices to
show that cokf = X ® Y @ F, for some indecomposables X and Y and some possibly-zero
free module F'. It suffices to do this for im 6 instead of cok #. The term “indecomposable” is

unambiguous:

Lemma 5.3.11. |3, Lemma 1| Given an indecomposable N in L,(R) (i.e., N has no proper
graded direct summand), we have that N s indecomposable in Lp(]%). In particular, N is

indecomposable as an R-module.
We state the above discussion as a lemma.

Lemma 5.3.12. In order to establish that the component of the AR quiver containing I is
a tube, it suffices to show that im0 = X @Y for some graded modules X and Y each having

no proper graded direct summand.
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We begin by multiplying 6 on the left and on the right by invertible matrices. Let id

denote the 2-by-2 identity matrix, and let H =

1
5 0
2 . Let P’ denote the 8-by-8 matrix

01
0 id —id 0 0 id
id 0 0 0 lid 0
P = , which is invertible with inverse
0O H H 0 —3id 0
0 0 0 id 0 0
let

0 id 0 0 0
Lid 0 id 0 id

P = , which is invertible with inverse P~ =
~1id 0 id -7 0
0 0 0 id 0
0 id —id 0 v —a —a =7 0 ¥
ew prg_ |10 0 0o w0 goyz o —a

AU — =
o H H of]lo o v 3 0 Hy
0 0 0 id 0 O 0 %) 0 O
and

0 v —v -7z 0 id 0 0 W
pop_ | ¢ o @ ~Z' tid 0 id 0 0
0 Hy Hy HQ2B8—-v¢Z)||—-3id 0 id —-Z 0
0 0 0 %) 0 0 0 id 0

0 0
%H‘l 0
; and
%Hfl 0
0 id
id —id —Z
0 0
zid 3id 1Z
0 0 id
v —Z
— -7
Hy H(26-yZ)
0 p
0 0 0
v —2a aZ-7
0 2HY 2H(B—vZ)
0 0 %

Let ¢; denote the j-th column of P'OP, j =1,...,8. and let M = 2523 Re;. It remains

to show that M is an indecomposable module.

The module M is graded if we take the following degrees for its generators. We omit the

slightly tedious justification.

deg(cz) = (v —n)p — mgq, deg(cs)

—pg, deg(cs) = (v —n —1)p—q,

deg(cs) = (v —1)p — (m + 1)q, deg(cr) = (2v —n — 2)p — (M + 2)q + pq,

deg(cg) = (v —2)p — 2q.




CHAPTER 5. EXAMPLES 67

Assume M = M’ @& M” for some nonzero graded summands M’ and M”; now, by
Lemma 5.3.12, producing a contradiction will complete our overall argument. Note that
degcy < degc; for all j > 3 different from 4. Since R is connected, it follows that ¢4 lies in
either M’ or M"; let us assume ¢y € M'. Let m: M @(Rc1+ Res) — M” denote the projection
map onto M”, with the goal of showing that 7 = 0. We have 7(¢;) = 7(c2) = 7(cq) = 0.
Also immediate is 7(c3) = 0 since 2™c3 = y97™ "¢y and z is a nonzerodivisor.

Let rs,...,rs € R be homogeneous elements such that Z§:3 rjc; = m(cs) and deg(r;) =
deg(cs) —deg(c;). Then each of deg(rg) = —np+mg, deg(r7) = (—v+1)p+(m+1—p)q, and
deg(rg) = (—n + 1)p + ¢ does not lie in Np + Ng by Lemma 5.3.8, and so r¢ = r; = rg = 0.

For a brief moment let us consider matrices with entries in S. Namely let W denote a

N SO Y
“lift to S” of the matrix W, and let 0 be the lift of 0, 0 = . By the same reasoning
0 n
used for the matrix factorization (£,7n), we know that 0 is part of a matrix factorization
-~ ~ n W — ~
(0,0") where ¢ = for some 4-by-4 matrix W’. Let ' = 0’ ®g R.
0 ¢

As 09’ = 0, each column of matrix P~1¢’ is a syzygy relation for the columns of P'0P. We
can compute that the last four entries of the column P*16’f74 are, in order, —%y”, %xm, 0, 0.
Therefore 2™cg € %y"c5+2§:1 Re;. Then, m(cg) = Lom(cs) = 2523(3/”/33”1)7”]'6]'. In partic-
ular R must contain the fourth entry of this column: £ (rsy?" =" 2™ —2rsa™ Lyt 1 f) €
R. Therefore, since y7™ /2™ € R, we have 2rsy?~' f/x € R. Since r5 € k and we are assum-
ing char k # 2, this implies that either r5 = 0 or y9~' f/x € R. If the latter were true, then
rae = yi~ 1 f for some r € R, and lifting r to a preimage s € S we would have sx —y?~ 1 f € ¢S.
But sz — y?1 f has nonzero y97"~!-term, whereas deg g = degy?™" > degy?t"~!, so this is a
contradiction. Hence r5 = 0. Therefore m(c5) = r3c3 4+ rycq € ker(w), hence 7(cs) = 0 as 7 is
idempotent; and w(cs) = (y"/2™)7(c5) = 0.

Now we simply repeat the argument in order to show that m(cs) = m(c;) = 0. For
rh,...,r5 € R homogeneous such that 2?13 ric; = m(cg) and deg(r}) = deg(cg) — deg(cy),

each of deg(rg) = (n—1)p—gq, deg(rg) = —p+ (m —1)q, and deg(r7) = (—v+n)p+(m—p)q
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/

does not lie in Np + Ng by Lemma 5.3.8, so r; = r; = 15, = 0. The last two entries
of P70, are 2™ and —y?""™", so we obtain 2™c; € YT g + >_j<¢ Iicj, and therefore
m(er) = (Yt /2™ w(cg) = (y? =" Ja™) (rhes + rics + rics), whose fifth entry is
—rg(y?T "/ x™) Wy If rg = 0 then 7(c;) € ker m whence 0 = 7(c¢;7) = w(cs); so, showing
ry = 0 is the last step. If 7§ # 0 then it is a unit, and therefore (y9T"~"/2™)Ws34 € R. Then

the lemma below would imply 497! /z € R, and the reader can check that this is false.

Lemma 5.3.13. Way, the (3,4)-th entry of the matriz W, lies in kx™ 1y~ 1\ {0}.

Proof. Recall that nWW = vn by definition of W. As 044 = 2™, we get ya™ =y, W.4 =
Yyt Way + 2™ Wy As x is a nonzerodivisor and v ¢ R, we have W3, # 0. We naturally
choose W so that degn;; + deg W;;; = deg(yn;;7) for each 4, j, j'. Setting i =4, j =3, j' =4,
we have deg(Wsy) = deg(ynu4) — degmas = deg(yaz™) — deg(y?™") = deg(y?~" fa™ ') —
deg(y?™™") = (n — 1)p + (m — 1)q. Since p and ¢ are coprime, it follows that W3, €

kxm—lyn—l. O

Thus ©# = 0, so that M is indecomposable and the given AR component is a tube by

Lemma 5.3.12.



Chapter 6

Appendix

In this appendix we record some lemmas for reduced connected graded rings of dimension

one. The following theorem is well-known.

Theorem 6.0.1. Let B be one-dimensional, noetherian, local domain with integral closure
B and mp-adic completion B. Then the following are equivalent.

(1) B is a domain. (“B is analytically irreducible.”)

(2) B is local and B is reduced. (“B is unibranched and analytically unramified.”)

(3) B is local and finitely generated as a B-module.

Notation 6.0.2. If R is a connected graded ring, let R denote the completion of R with

respect to its graded maximal ideal, m.

Lemma 6.0.3. Let R be a reduced connected graded ring. Then:

1

(1) The integral closure of R in R[nonzerodivisors|~' coincides with the integral closure of

R in Q = R[graded nonzerodivisors|™, our definition of R. Moreover, R = D=0 R; is

an N-graded subring of Q.
(2) We have R = [I;s0 Ri-

(8) The completion, fi, s also reduced. If R is a domain, then R is a domain.

69
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(4) The integral closure, R, is finitely generated as an R-module.

(5) The integral closure of the completion, fTZ, 18 finitely generated as an R-module.

Proof. Statement (1) is [17, Corollary 2.3.6]. Statement (2) can be checked by noting that

{m'}; is cofinal with {@D,., R, }:, and checking that the completion of R with respect to the

Jj=i
latter filtration is isomorphic to [[;., Ri. From (2) we see that R is reduced, resp. a domain,
if R is such. As R is a finitely generated algebra over the field Ry, (4) is a consequence

of [22, Theorem 72|. The last assertion is a consequence of Theorem 6.0.1 (alternatively, it

follows from (4)). O

Lemma 6.0.4. Let D be a connected graded domain of dimension one, and let q = @i>1 Dy,
and n =@, D;. Then
(a) Dy is a field, and

n q -

(b) Hi}OEi =D =D =

Proof. The notation D; means (D);, and makes sense due to Lemma 6.0.3, as does D. Since
D is an N-graded domain, n is a prime ideal, and is thus maximal since dim D = dim D = 1.
So Dy is a field. Now H@o D; = ﬁn by Lemma 6.0.3. Note that X, # 0 for all graded
D-modules X # 0. Now D,/(qD,) is an artinian local ring, so there exists i > 1 such
that ((n' + qD)/qD), = 0, hence (v’ + qD)/qD = 0. Thus {n’}; and {q'D}; are cofinal,
SO ﬁn = ﬁq. Lastly we show ﬁq = 5 Note that ﬁ<—>5, and since 5 is complete by

= 2 q A 2 q
Lemma 6.0.3, we have D 2 D DO D. It remains to observe that D is normal. But any

I-adic completion of an excellent, normal ring, such as D, is normal ([22, Theorem 79]). [

Lemma 6.0.5. Let D be a connected graded domain of dimension one , and let | = min{i >
0|D; # 0}. Let t be any nonzero element of D;. Then D = Do Dot' is the polynomial ring

over the field Dy in the variable t; and D = Hi20 D;t' is the power series ring.

Proof. By the previous lemmas, D is connected graded, so we may assume D = D to improve

notation. Then the previous lemma also shows that D = 1,50 Di is a normal domain. Thus
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it is a DVR; let m € D be a uniformizing parameter. So D = HZ.21 D;. Then t = ur® for
some unit u € H¢>o D;, and it follows that ¢ = 1, hence ¢ is a uniformizing parameter for D.

It follows that D; = 0 for ¢ ¢ NI, and D; = Dottt for i € NI. The lemma follows. O

Remark 6.0.6. Note that if Dy is algebraically closed, Lemma 6.0.4 shows that D is just a

semigroup ring k[t", ..., t™].

Lemma 6.0.7. Let R be a reduced connected graded ring which is integrally closed. Then R

15 1somorphic to a polynomial ring over Ry.

Proof. As R=R = Hp R/p, where p ranges over the minimal primes of R, the assumption
that R is connected implies that R has only one minimal prime, and therefore R is a domain

(since we are assuming it is reduced). Now apply Lemma 6.0.5. O
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