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Abstract
This thesis summarizes a novel steady-state 3D throughflow method to analyze aircraft
nacelle/fan systems. The method adopts the body force concept using source terms to
model the effects of fan blades. The method is designed to capture interaction effects
between bypass fan and nacelle at off-design conditions, especially for circumferential
inlet distortions. The unique feature of this body force model compared to conventional
throughflow methods is that it requires no information about the fan blade geometry.
Instead, fan performance data is fed into the body force model, and the resulting body
force model can predict both nacelle and fan performance under inlet distortion. This
method was validated with both axisymmetric calculations and inlet distortion
calculations to demonstrate its capability in off-design analysis.
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1 Introduction
In many applications, aircraft manufacturers design the engine housing system, or the
nacelle, to integrate the engine onto it (e.g. pylon, inlet cowl, fan cowl, thrust reverser,
and exhaust nozzle; c.f. Figure 1.1).

Figure 1.1: Integration of Turbo Fan Engine to Aircrafts [Becene, 2012]
To ensure optimal engine stability and performance, aircraft designers design the inlet
and fan duct such that they are compatible with the bypass fan blades and outlet guide
vanes (OGV) provided by engine manufacturers. Note that for commercial transport
applications where the turbofan has bypass ratio approaching 10, the bypass fan system
(not the core engine) is most sensitive to the engine housing design. In practice, 1) the
1

geometry information of fan blades and OGV’s are not provided to the aircraft
manufacturers by the engine suppliers; and 2) the process of engine housing design by the
aircraft manufacturers and the engine design by the engine suppliers are in parallel, that
is, the detailed fan geometry is not settled while the engine housing design is ongoing.
These two restrictions deny engine housing designers access to fan blade geometries.
Finally, with the advance of turbofan engine designs with ultra-high bypass ratio (e.g.
Pratt & Whitney Geared Turbo Fan or GTF technology) to improve propulsive
efficiency, short nacelle is desired to reduce weight and drag. In this case, interaction
between the nacelle design and the bypass fan becomes important, especially at offdesign conditions where fan inlet distortion becomes important. Therefore, it becomes
crucial to have a capability to accurately model the nacelle-fan system under design and
off-design conditions using minimal fan geometrical information.

1.1 Background and Motivation: Current Nacelle-Fan System
Simulator and Limitations
The current method of modeling inlet fan system in a full airplane CFD simulation on
nacelle designers’ end is to exclude the fan system from the computational domain and
model its upstream and downstream effects by specifying mass flow at the computational
domain outflow boundary corresponding to the engine bypass fan inlet face, and by
specifying the stagnation temperature, the stagnation pressure and flow angles at the
computational domain inflow boundary corresponding to the fan OGV exit plane as
shown in Figure 1.2.

2

Figure 1.2: Current Engine Modeling in Full Aircraft CFD Simulation
Using the present engine simulator model and the fan performance data provided by engine
suppliers (e.g. Figure 1.3), the flow entering the bypass fan and exiting the OGV’s is
assumed to be circumferentially and radially uniform and purely axial. Although this
simplified approach has proven to be sufficient in past aircraft design cycles, the trend
toward more fuel-efficient aircraft in modern aircraft development along with the
development of computing hardware has prompted the need/desire for more accurate
engine modeling methods. For example, short nacelle, thoroughly studied by Peters [2013],
is attaining increasing attentions in aircraft design. Short nacelles will compromise the
conventional assumption of uniform flow at the fan face since the flow interaction between
the fan and the nacelle become more intense, as shown in Figure 1.4 [Hsiao et al., 2001].
Figure 1.4 is the result from simulating short nacelle fan system running at high AoA, and
it showed that the flow separated on the nacelle lip and the separation reaches the fan face.
Researches have shown that when separation occurs, the presence of the fan can suppress/
delay the separation that is reaching the fan face as shown in Figure 1.5 [Hodder, 1981].
Figure 1.5 is a comparison of total pressure at the fan face between cases with blades (left)
and without blades (right), and it clearly shows that separation is reduced due to the
presence of the fan. Current fan simulator cannot predict such a phenomenon and therefore
it is not an adequate engine simulator for short nacelle design. In addition, even for
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contemporary nacelle design, an accurate method of predicting certain critical off-design
operations of the nacelle/engine propulsion system is also needed, e.g. cross-wind at the
take-off conditions along with high AoA climbing operations.

Figure 1.3: Typical modern fan engine performance data

Figure 1.4: Influence of Nacelle upon Flow Entering Rotor [Hsiao et al., 2001].
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Figure 1.5: Total Pressure at Fan Face [Hodder, 1981].
(left) with the fan; (right) without the fan

1.2 Goals and Challenges
Clearly, the most accurate fan model is the full 3D unsteady “sliding mesh” or URANS
approach. However, such simulations would require the knowledge of the fan geometry,
which is not available to nacelle designers from aircraft manufacturers. Also, even if an
engine supplier has its own nacelle development group, such unsteady simulations are
prohibitively computationally expensive as it would require mesh with cell count on the
order of 50 - 100 million (typically the smallest characteristic length scale that needs to
be resolved is that of the clearance gaps between the fan tip and the casing), along with
the use of very small time steps (on the order of 1/30 of the fan blade passing period).
Hence, accurate and efficient bypass fan/OGV models must be developed.
To obtain such a model, one approach that is compatible with existing CFD codes used at
aircraft manufacturers is the throughflow method via “body force” terms [Marble, 1964],
which treats blade regions as part of the computational domain and adds source terms
into the equations of motion in these regions in place of the physical blade geometries
(shadowed region in Figure 1.6). Though the blade geometry is not provided, fan
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performance data is available to nacelle designers at aircraft manufactureres. These
performance data are likely in the following forms:
(1) Performance maps of bypass fan similar to the one shown in Figure 1.3.
(2) Radial profiles at the inlet and outlet of the bypass fan/OGV blade rows. These
data, if available, are likely to be very limited with respect to the number of
operating points. Also, conventionally, these data are for steady state
performance. Most of the transient quantities will be averaged with proper time
scales.
(3) Some “post-processing” forms of the CFD results (e.g. throughflow or URANS
results) of the bypass fan and OGV blades performed by engine suppliers. The
requested CFD results will contain no blade geometry information.

Figure 1.6: Advanced engine bypass fan modeling in full aircraft CFD simulation
In summary, the proposed fan model is subjected to the following constraints:
(1) No knowledge of fan geometry.
(2) Steady-state model.
(3) Low computational cost when compared to 3D URANS.
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The goal of the present work is that even with these constraints, the method should be
able to achieve 1) performance map prediction, 2) inlet distortion prediction with limited
amount of input information about fan performance. With respect to model accuracy, it is
important to point out that, the detailed flow field in the fan/OGV and inter-blade region
is not of interest to nacelle designers (i.e. red/blue/green regions in Figure 1.7). On the
other hand, it is very crucial that the proposed model is capable of accurately capturing
the influence of the fan system on the flow field in the nacelle inlet and inside the nozzle.

Figure 1.7: Body Force Model of Bypass Fan (red region) and OGV (green region)
This thesis is organized as follows. In chapter 1, the problem of interest is described. In
chapter 2, a literature review is given. In chapter 3, a thorough derivation of the timeaveraged governing equations describing the flow in the bypass fan system is presented.
Chapter 4 summarizes the development of an in-house Euler code that is used to evaluate
the different approximations used in the fan model. In chapter 5, the proposed fan model
is validated against test data for several fans in the axisymmetric limit, and the validation
with test data for a 3D inlet distortion case is presented in chapter 6. In chapter 7, a
generic fan nacelle/nozzle system is used to illustrate the capability of the proposed
method. Finally, chapter 8 summarizes the work presented in the thesis along with
recommendations for future work.
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2 Literature Review
2.1 Throughflow Methods
The origin of throughflow methods can be traced back to 1940’s [Cumpsty, 1989], when
the method of radial equilibrium was widely used. Radial equilibrium method was a
relatively crude method in that it neglects the streamline curvature in the flow field (e.g.
blade regions). In 1950’s, a quasi-steady 3D stream surface theory was developed [Wu,
1952]. In this theory, the idea of stream surfaces, known as S1 and S2 surfaces, which
afterward became the key concept in turbomachinery analysis, was formulated and utilized
to describe the flow between blades. This theory is a milestone in the development of
turbomachinery analysis in that it greatly simplified the theoretical analysis of 3D flow
inside turbomachines. In the original theory developed by Wu [Wu, 1952], though being
theoretically thorough, the full 3D stream surface theory was not directly applicable to
solve for 3D flow field at its time due to the limitation of computational resource. Instead,
in 1960’s, a simple but powerful method was developed, known as the streamline curvature
method (SLC) [Smith, 1966]. SLC reduces, by certain assumptions, five primitive
governing equations to a single equation that solves for the swirl velocity. Due to the
physical importance of the swirl velocity in turbomachinery principles, SLC method soon
became one of the most popular throughflow methods for the coming decades [Frost, 1972;
Barger 1975] and still remains quite active in the area of turbomachinery design and
analysis [Boyer, 2001; Casey, 2010].
On the other hand, the application of SLC has also been limited in recent years due to the
fact that it failed to capture the transonic flow features properly since the discontinuities
introduced by shock waves are incompatible with the idea of continuous streamline
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curvature. Though some techniques were developed [Denton, 1978] to address this
problem, it remains an unsatisfactory method when confronted with transonic flows.
A throughflow method based on Euler Equation and time-marching scheme was then
presented [Spurr, 1980]. Time marching method was employed to solve the Euler equations
in the conservative form using finite volume integration schemes [McDonald, 1971]. It
operated well in the transonic flow regime in terms of shock wave capturing. In the
throughflow method from Spurr, a time-marching scheme was implemented via the
opposed difference technique [Denton, 1975]. Spurr’s work had its uniqueness in that it
applied the philosophy of time marching into the blade body force model, i.e.
∆𝐹𝑏,𝜃 =

𝐴𝜃 ∆(𝑝𝑝 − 𝑝𝒮 )
∆(𝜌𝑉𝜃 )
=
∆∀
∆𝑡

( 2.1)

where ∆(𝜌𝑉𝜃 ) is defined as the difference between local 𝜌𝑉𝜃 and the target swirl velocity,
denoted as 𝜌𝑉𝜃∗. The variable 𝜌𝑉𝜃∗ was calculated from the local velocity and the prescribed
flow angle, which consists of the blade metal-angle and deviations. In other words, Spurr’s
method required the fan blade geometry and thus can only be utilized in the analysis mode.
An extension of the method was also presented, named the combined blade-to-blade and
throughflow method, which coupled Spurr’s throughflow method with Denton’s method
of calculating blade-to-blade flow [Denton, 1976]. The method attempted to obtain a flow
solution on both S2 and S1 surfaces simultaneously via an iterative process. The combined
blade-to-blade and throughflow method is a very early version of quasi-3D method in
throughflow analyses.
Adamczyk released his throughflow work based on the full 3D Navier-Stokes equations.
The basic philosophy of this work is to analyze the flow field in an averaged sense
[Adamczyk, 1984]. Three averaging operators were introduced in his work. By
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consecutively applying these averaging operators onto the unsteady compressible N-S
equations, Adamczyk obtained averaged flow equations with body force terms and
perturbation terms. The average equations require extra models and inputs to reach closure.
Further studies regarding the closure problems were also carried out [Adamczyk et al.,
1986; Adamczyk, 1989, 2000]. Adamczyk’s work is of great importance in that it
rigorously generalized the theory behind the average flow field within turbomachinery.
More specifically, it quantified the effects such as blade force, rotor-stator interaction and
provided successors the scope of the flow within blade rows.
Jennions and Stow’ work about quasi-3D turbomachinery designs [Jennions & Stow,
1985a; 1985b] carried out detailed and theoretical analyses using throughflow methods.
The concept of quasi-3D originates from the Wu’s stream surfaces theory mentioned above.
It represented a method of obtaining a 3D solution in the blade passages via an iterative
process between throughflow calculation and blade-to-blade calculation under certain
assumptions on the S1 or S2 surfaces. As an example, Spurr’s work of combined blade-toblade and throughflow method above mentioned was also a quasi-3D method with the
assumption that the S1 surfaces were surfaces of revolution. In Jennions’ work, two
average procedures were at first introduced. One was the passage average, which was
similar to the one used by Hirsh and Warzee [1976]. The other was the density weighted
average which is basically a circumferential average weighted to the local mass. Then these
two average procedures were applied onto 3D steady N-S equations and then a set of
passage averaged equations were obtained. From the idea of SLC, Jennions and Stow
utilized the passage averaged radial momentum equations and formed the iterative process
for quasi-3D calculation. One remark of Jennions and Stow’s work was that it combined
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the concepts of SLC and body force. The blade body force terms obtained in this work
were theoretically grounded and can be connected to later developed body force
expressions, including the one used in the present work. It coupled the pressure difference
between the pressure surface and the suction surface with their geometries.
Later, throughflow based on Euler equations retained increasing amount of attention thanks
to the boost of computer technologies. Various researches were conducted addressing
problems from these two areas. The following publications were reviewed in author’s
knowledge and/or interest. The detailed Euler throughflow review was published by
Sturmayr in the thesis [Sturmayr, 2004].
Damle et al. presented a Euler throughflow method that was applicable in all flow regimes
[Damle et al., 1997]. This throughflow method was based on the axisymmetric Euler
equations with blade effects being accounted by body force terms. Conceptually, this work
was similar to Spurr’s Euler throughflow method reviewed above in that the blade body
force term was related to the change in angular momentum across a blade row. This work
adopted the S2 surface concept from Wu and used it as the description of blade geometry.
To this extent, this throughflow method became available in both design mode (specify
performance and calculate blade geometry) and analysis mode (specify blade geometry and
calculate performance). Another remark about this throughflow method is that, though it
was a Euler throughflow method, it accounted for viscous effects such as boundary layer
and shock wave loss via a body force term as well and related this loss body force term to
the entropy generation throughout blade rows via the Crocco’s equation [Bosman & Marsh,
1974].
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Baralon et al. presented their work on loss modelling and shock capture in Euler
throughflow analysis [Baralon, 1997; 1998; 2000]. Baralon’s work can be regarded as an
integrated and so far the most complete form of Euler-based viscous throughflow method.
The governing equations of this method were passage averaged equations with blade body
force terms. Furthermore, to account for viscous effect and transonic/supersonic flow,
viscous modelling and shock capture capability were also included in this method. The
body force terms were interpreted as work input to the flow, introducing change in total
enthalpy along streamlines. Viscous modelling involved 1) spanwise mixing [Gallimore,
1985; 1986; 1993], 2) secondary flow loss modelling similar to Damle’s work, and 3)
endwall viscous effects modelling via skin friction coefficient. Shock capture was achieved
by the implementation of blockage model which accounts for the thickness effect of the
blades. Besides the models mentioned, deviation was also taken into account to obtain the
correct flow angles. All the models mentioned above required experimental correlations
and very thorough information about the blade geometry.
Sturmayr and Hirsh carried out their work on the implementation of Euler throughflow into
a Navier-Stokes solver [Sturmayr & Hirsh, 1999a]. This method adopted the same
philosophy of the time-marching technique from Spurr’s work and was built upon the
averaged 3D Euler equations. Its emphasis was mainly upon the shock capturing via
throughflow analysis in the limit of axisymmetric flow. On the theoretical base, Sturmayr
also showed that shocks predicted by the throughflow method in the design mode
represented axisymmetric shocks, while shocks captured in the analysis mode
corresponded to normal shocks (Figure 2.1 – [Sturmayr & Hirsh, 1999b]). This method
was also validated on NASA Rotor 67 Transonic blade row [Strazisar, 1989]. The results
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were compared to passage averaged 3D Navier-Stokes results. The comparison showed
that for this transonic rotor, the design mode gave more accurate shock capturing than the
analysis mode. In this method, the blade geometry was not available except at the trailing
edge, therefore the target swirl velocity was assumed to vary arbitrarily but smoothly from
the LE value to the TE value, calculated from the incoming flow conditions and the
prescribed blade geometry at the TE, respectively. The way of constructing the target swirl
distribution in this work was adopted in this thesis work.

(a)

(b)

Figure 2.1: (a) Normal Shock; (b) Axisymmetric Shock [Sturmayr & Hirsh, 1999b].
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2.2 Inlet Distortion Problems
Inlet distortion has been of great interest for quite a long time among turbomachinery
researchers in that it widely occurs in practice and it has significant impact on machine
performance, especially on the stall margin [Sanderock and Sanger, 1974; Spakovszky et
al., 1999]. Recently, due to the development of ultra-high bypass turbofan engines with
short nacelles and boundary layer injection (BLI) engines, inlet distortion also becomes of
great significance at cruise in addition to off-design conditions. In terms of distortion
patterns, inlet distortion can be categorized into radial distortion [Schmidt & Ruggeri,
1978], circumferential distortion and mixed distortion. In terms of distorted quantities,
there exists total pressure distortion, total temperature distortion [Mehalic, 1988], and flowangle distortion.
In terms of modelling, the radial distortion is less difficult in that the axisymmetric-flow
assumption can still be adopted. The resultant 2-D axisymmetric calculation is
computationally cheap to resolve. Even if under certain circumstances where the
instantaneous flow field is of interest, such flow pattern can still be represented by singlepassage quasi-3-D model, which is relatively computationally efficient. On the contrary,
circumferential distortion is a fully 3-D flow. This dictates that the characteristic of such
flow pattern can only be predicted by 3-D modelling. Currently, the most accurate methods
of studying circumferential distortion problems are experiments and full 3-D and unsteady
RANS (or URANS) CFD simulations.
Yet models have been developed to address circumferential distortion. The most
commonly known model is the parallel compressor model. The basic assumption of parallel
compressor is that the full annulus consists of independent clean and distorted regions.
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These two regions have the same clean flow performance map. Also, the discharge static
pressure is assumed to be circumferentially uniform.
A more complete form of parallel compressor model is by Mazzawy [1977] who treats the
full annulus as multiple segments that are independent of each other. When under
circumferential distortion, each segment is subjected to different inlet stagnation conditions
and the same back pressure, yielding different mass flow rate in each strip. From the local
mass flow rate, the performance (total pressure ratio, efficiency, etc.) of each segment can
be obtained from overall rotor performance map. All these segments together provide the
prediction of the entire stage.
Parallel compressor model is widely used in distortion studies in that it is simple, robust
and easy to implement. Its limitations, however, are also quite obvious. The segments in
parallel compressor are independent components. That is, the flow coupling between each
two segments is neglected and flow is regarded as axisymmetric (clean) within each
segment. Also, though static pressure tends to be less distorted across rotor [Soeder &
Bobula, 1979], assuming that it is completely uniform after rotor is not strictly rigorous.
A thorough overview of inlet distortion is within the work of Longley and Greitzer [1992].
Their work addresses the impact of inlet distortion upon the stability boundary of fan
systems. All the analysis in this work started with a target fan system which was subjected
to circumferential total pressure distortion (Figure 2.2 – [Longley & Greitzer, 1992]). This
type of distortion imposed at the inlet would bring in a total pressure deficit in the spoiled
part of the annulus with static pressure remaining undistorted. Circumferential distortion is
the most common inlet distortion in real operating condition and therefore studies on this
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ideal case of circumferential distortion could give us an insight on how distortion can
influence the fan system.
In Longley and Greitzer’s work, they discussed how distortion would evolve from the far
inlet to the fan face. Two important characteristic phenomena were presented. The first one
is that the shape of distortion (total pressure distribution) will be preserved in the upstream
flow (c.f. Figure 2.3 – [Longley & Greitzer, 1992]). The second phenomenon is the
upstream redistribution of velocity and static quantities. This phenomenon can be observed
in Figure 2.3 as well and two previous researches were referenced by Longley and Greitzer
to present this phenomenon in terms of static pressure redistribution, as shown in Figure
2.4 [Soeder & Bobula, 1979] and Figure 2.5 [Stenning, 1980]. From these figures, one can
easily observe that for the axial velocity, it was originally non-uniform pitch-wise and its
degree of distortion was reduced when it approached the fan face, while the static pressure
posed an opposite trend. This redistribution can be qualitatively explained by the parallel
compressor model [Mazzawy, 1977]. These two phenomena are expected to show up in
the present body force method in that the capability of capturing the fan upstream effects
is one of the main purpose of present body force model.

Figure 2.2: Circumferential Total Pressure Distortion [Longley & Greitzer, 1992].
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Following the study on the upstream, Longley and Greitzer also addressed 1) the
influence of inlet distortions upon the stability using a parallel compressor model, 2)
correlations for inlet distortions and stability reductions, 3) the inlet distortion tolerance
and 4) other types of inlet distortions. These topics are currently not in the prior interest
of the present work and thus are not reviewed in details.

Figure 2.3: Circumferential Distribution of Total Pressure, Static Pressure and Axial
Velocity [Longley & Greitzer, 1992].

Figure 2.4: Axial Variation of Static Pressure before Compressor under 180 Degree of
Circumferential Inlet Total Pressure Distortion [Soeder & Bobula, 1979].
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Figure 2.5:Axial Variation of Static Pressure and Total Pressure [Stenning, 1980].
Fidalgo et al. published their work on validating an inlet distortion problem using URANS
CFD [Fidalgo et al., 2012]. This work was essentially a detailed CFD study on
circumferential inlet distortion similar to that introduced in the Longley and Greitzer’s
work reviewed above. Specifically, it focused on a duct flow case where the NASA Stage
67 transonic blade rows were subjected to an inflow with inlet total pressure distortion that
occupied one third of the annulus surface. To analyze the URANS results, Fidalgo et al.
applied time-average procedure [Adamczyk, 1985] onto the unsteady results and thus
obtained the results with no time dependency. From the results, the two upstream
phenomena mentioned in Longley and Greitzer’s work, namely the preservation of total
pressure and the redistributions of velocity and static pressure were observed. The preswirls at the inlet of compressor were also captured. Furthermore, this work also studied
the influence of inlet distortion upon the performance by comparing the results with that
from a single passage clean flow CFD at the same rotational speed and mass flow rate. The
global performance indicate that the distortion lower the efficiency of the fan compared to
clean flow at the same mass flow rate. Fan performance across streamtubes was also
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investigated by the streamline tracing technique. Two sets of streamtubes were looked into.
One set contained the streamtubes constructed by tracking radial surfaces at half diameter
upstream of the fan towards the rotor trailing edge. The other set was the ones starting from
rotor leading edge toward rotor trailing edge. The total pressure ratio across each
streamtube versus local mass flow rate was plotted in the same figure with fan performance
map (Figure 2.6 [Fidalgo et al., 2012]). From the figure, one can observe that curve
corresponding to streamtubes from upstream of fan to fan trailing edge (Orbit 1) partly
operates outside the stability boundary while the curve corresponding to streamtubes from
fan LE to TE (Orbit LE) operates inside the stability boundary. This observation indicates
that the upstream redistribution of the distorted flow enabled the fan to work under such
aggressive distorted inflow condition.

Figure 2.6: Rotor 67 Performance under Inlet Distortion [Fidalgo et al., 2012].
In all, this work provided great insights in the analyses of inlet distortion. Note that the
blade row studied by Fidalgo et al., i.e. NASA Rotor 67, is a one of very a few blades in
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the public domain that has been designed for CFD validation purpose. This offered a
perfect validation case for the body force model in the present work.

2.3 State of the Art
Starting from the beginning of 21st century, many work have been conducted trying to
combine inlet distortion and throughflow method [Hsiao et al., 2001; Hale et al., 2006]. As
reviewed above, conventional throughflow methods posed a difficulty in implementing the
capability of inlet distortion prediction due to the axisymmetry assumption that has been
used in most throughflow analysis. Therefore, another method is required to address this
problem.
A research work addressing the modelling on non-uniform inlet flow was published [Gong,
1998]. More specifically, it focused on the modelling of how the instability originates
inside compressor when subjected to short wave-length disturbance. In Gong’s method,
several key assumptions were made to proceed the work:
1) For calculation with body force, each blade row was assumed to have an infinite
number of blades. This assumption was justified by Gong via inertia balance
referenced to other related work [Hynes & Greitzer, 1987].
2) Flow in the relative frame can be regarded as axisymmetric (local axisymmetry). It
was an extension of the first assumption where the blade passage width approached
infinitesimal and it was conceptually similar to the idea of parallel compressor in
that blade passages were de-coupled from each other in terms of circumferential
interactions.
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3) Streamlines inside blade row are straight and two-dimensional in the blade-to-blade
planes. This assumption originated from the characteristic of the test compressor
used by Gong. The hub-to-tip ratio of the test compressor in Gong’s work was close
to 1 and thus radial velocity inside blade rows can be neglected.
Following the three assumptions, Gong introduced the formulation of body force terms:
The body force was projected onto streamwise direction and stream-normal direction
(Figure 2.7 – [Gong, 1998]). The detailed expressions for the body force terms are:
2

⃗⃗⃗⃗ |
|𝑊
1 𝜕𝑝
𝐹𝑛 = 𝐶𝑛
+
sin 𝑎
𝑑
𝜌 𝜕𝑥
⃗⃗⃗⃗ |
|𝑊
𝐹𝑠 = 𝐶𝑠
𝑑

( 2.2)

2

𝐹𝑟 = 0

( 2.3)
( 2.4)

The inputs for the body force model are 𝐶𝑠 , 𝐶𝑛 and ℎ. 𝐶𝑠 and 𝐶𝑛 are coefficients for
streamwise body force and stream-normal body force respectively. These two
coefficients were empirically determined by running target fan system at all operating
points according to fan performance map to extract the corresponding body force and
then obtaining polynomial curve-fits for the 𝐶𝑠 and 𝐶𝑛 as functions of Mach number and
relative flow angle. 𝑑 and 𝑎were defined in Figure 2.7.
This method depended heavily on the geometry of the blade as information about
geometry was implicitly embedded in 𝐶𝑠 and 𝐶𝑛 .
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Figure 2.7: Velocity and Body Force in x- Plane [Gong, 1998]
In 2001, Hisao et al. adopted Gong’s method and applied it onto NASA 22’ [Hisao et al,
2001]. In this work, CFD calculations of NASA 22’ with full a geometry including the
compressor, the inlet nacelle and t nozzle integrated were conducted on a 3D NavierStokes solver. This calculation provided the data for curve-fitting 𝐶𝑠 and 𝐶𝑛 in the body
force expression. The body force model was then used to replace the real blade in the
compressor and run in Navier-Stokes solver to obtain the flow field when running at high
AoA’s. The results from body force calculation qualitatively capture certain
characteristics of the flow field when compared to the experimental measurements for the
same fan system operating at the same condition.
Later, two publications adopted and extended Gong’s body force method to their own
use. Brand focused on the enhancement and extension of the Gong’s work in order to
patch up certain disadvantages of the original body force method [Brand, 2013] while
Peters’ work involved applying Gong’s body force model in the area of short nacelle
design [Peters, 2013]. In Brand’s work, two limitations of Gong’s body force model were
discussed with referencing to work from other researchers [Kottapalli, 2013; Peters,
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2013]. The first limitation was that Gong’s model had no capability of capture streamline
curvature in the flow field. The second limitation was that this method provided poor
predictions at near stall or choking conditions due to the oversimplified form of
streamwise body force term. The first limitation was addressed by Brand with an
improved body force model derived from axisymmetric steady Euler througflow
equation. In this body-force form, deviation angle and blade metal angle were
incorporated as model inputs to account for streamline curvature. The second limitation
was addressed by Peters via the modification to the streamwise body force [Peters, 2013].
Brand’s work aimed at improving the capability of the body force model at off-design in
term of performance prediction. This means there were no inlet distortion problems
studied in Brand’s work. Following Brand’s work, Peters adopted the Brand’s idea of
introducing deviation angle into body force formulation and made modifications, above
mentioned, to Gong’s body force model to achieve accurate performance map prediction.
Peters’ body force model was applied in calculation with nacelle integrated. This
provided validation in inlet distortion problems and the results showed that body force
model gave accurate prediction at both fan upstream and downstream with key flow
features captured when compared to URANS results.
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3 Theoretical Background
Body force modelling has been an important branch of turbomachine throughflow
analysis. The idea of replacing real blade with a distributed body force field was first
suggested by Marble [1964]. Afterwards, a great many researches have been conducted to
apply and improve upon this idea [Hirsh & Warzee, 1976; Denton, 1978; Spurr, 1980;
Damle et al., 1997; Baralon, 1998; Stumayr & Hirsh, 1999a, 1999b]. Nowadays, the idea
is taken and extended from 2D to 3D, more specifically in the area of inlet distortion
studies [Gong, 1998; Peters, 2013].
The mechanisms behind body force model are also discussed in several papers and
researches. The most thorough and comprehensive work is from Adamczyk [1985]. In
this work, Adamczyk arrived at the average equations that include body force terms via
averaging processes using a minimum number of assumptions, that is, the equations from
Adamczyk’s work are suitable for general flow field inside blade rows (i.e. viscous 3D
turbulent flows). In the final form of the equations, the body force accounting for blade
effects are decomposed into three components: 1) pressure force, 2) viscous force and 3)
inter-blade-row interactions. Adamczyk’s body force model in practical use as requires
extra equations to meet the closure.
Besides Adamczyk’s work, most other theoretical researches on body force can be
divided into two major groups: 1) studies on pressure force modelling (or blade loading)
and 2) studies on viscous force modelling (viscous effects that must be modelled in the
absence of real blade surfaces, e.g. skin friction on blade surfaces and endwall flows). A
representative work in terms of pressure force modelling was from Jennions [1985a;
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1985b]. This work related body forces to circumferential pressure disturbance and
provided an applicable body force model to replicate blade effects. Eventhough other
researchers related body forces to angular momentum and developed other
implementation-friendly models [Spurr, 1980; Dang & Wang, 1992; Sturmayr & Hirsh,
1999a], Jennions’ work still provides a great insight into the mechanism behind the
pressure force modelling. As for viscous modelling, studies related to loss model can be
traced back to 60s when entropy rise in viscous flow was of great interest. Smith [1966],
Novak [1967] and Marsh [1968] provide rigorous studies on entropy generation from
different points of view at that time. Later a great amount of studies focused on building
up different models accounting for viscous effect [Bosman & Marsh, 1974; Damle et al.,
1997].
All these researches mentioned in above paragraphs cannot fulfill the purpose of this
thesis in that an applicable body force model based on thoroughly derived 3D averaged
equations was never achieved before. Therefore, in this chapter, a thorough derivation of
3D averaged equations will be presented and the body force model, including pressure
force model and viscous force model, will be developed based on those equations. After
that, discussions will come along addressing assumptions, limitations and potential issues
regarding the proposed body force model.

3.1 Concept of Replacing a Blade Row with Body Force Field
Before embarking into the derivation of the complete governing equations for the fan
system model, it is worthwhile to introduce the concept of replacing a blade row with a
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body force field. In the turbomachine world, the job of a blade row is to impart a change
in angular momentum of a fluid stream, i.e. there is a change in (rV) across a blade row
– see Figure 3.1. If the blade row is moving, a change in energy also occurs according to
the principle of conservation of Rothalpy, i.e.
𝜔[(𝑟𝑉𝜃∗ )2 − (𝑟𝑉𝜃 )1 ] = 𝑐𝑝 𝑇01 [(

𝑇02
) − 1]
𝑇01

( 3.1)

Figure 3.1: Change of Angular Momentum
Consider a region enclosing a blade row shown in Figure 3.2 as the control volume. In
the simplest form, let’s assume that a uniform body force field (force per unit volume),
denoted by 𝐹⃗𝑏 , is used to replace the blade row. Furthermore, the flow is assumed
axisymmetric. Applying the integral form of the angular momentum equation, we have

∭ (𝑟𝐹𝑏,𝜃 )𝑑∀= ∬ (𝑟𝑉𝜃∗ )𝑑𝑚̇
𝐶𝑉

𝐶𝑆
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( 3.2)

Figure 3.2: Blade Region
At this point, it is useful to point out that the term on the right-hand-side of equation
( 3.2) (i.e. the flux of angular momentum) can be related to the blade loading by
considering the control volume enclosing the actual flow passage between two blades and
apply the principle of angular momentum. In this case, neglecting viscous effects, we
have

∬ (𝑟𝑉𝜃∗ )𝑑𝑚̇ = ∬𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑟𝑝+ (− 𝑛⃗⃗+ . 𝑒⃗𝜃 ) dA − ∬
𝐶𝑆

𝑠𝑢𝑐𝑡𝑖𝑜𝑛
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝑟𝑝− (− 𝑛⃗⃗− . 𝑒⃗𝜃 )dA

( 3.3)

where 𝑛⃗⃗+ and 𝑛⃗⃗− are unit vectors normal to the blade pressure and suction surfaces,
respectively. Hence, it is common to find in the literature that the blade body force is
either related to the change in angular momentum or the blade loading.
If we further assume that the blade design is free-vortex (i.e. the overall change in (rV)
across the blade row is independent of spanwise location), then equation ( 3.3) reduces to

𝑟𝐹𝑏,𝜃 =

𝑚̇
[(𝑟𝑉𝜃∗ )2 − (𝑟𝑉𝜃 )1 ]
∀

( 3.4)

The above expression relates the magnitude of the body-force field in the -direction that
is required to impart a change in angular momentum [(rV)2 – [(rV)1] across a blade row.
Clearly, if the change in angular momentum across a blade row is known, then a body27

force field can be constructed. For a bypass fan system, the change in angular momentum
across the fan rotor is related to its pressure ratio, i.e. for isentropic flow

𝑇02
𝑃02
=( )
𝑇01
𝑃01

𝛾−1
𝛾

( 3.5)

Upon using the principle of conservation of Rothalpy, the change in angular momentum
across the fan rotor can be calculated and the fan rotor body-force field in the -direction
is obtained. Finally, across the OGV, as its function is to de-swirl the flow, one can
assume that the angular momentum of the flow exiting the OGV is zero and hence the
body-force field in the OGV region can be approximated as

𝑟𝐹𝑏,𝜃 =

𝑚̇
(𝑟𝑉𝜃∗ )2
∀

( 3.6)

If we further assume that the flow is inviscid, then the blade body force must be normal
to the local relative flow, i.e.
⃗⃗⃗⃗ = 0
𝐹⃗𝑏 . 𝑊

( 3.7)

One can use the above constraint to determine the other components of the inviscid blade
body force field, i.e.

𝐹𝑏,𝑚 = −

𝑉𝜃 − 𝜔𝑟
𝐹𝑏,𝜃
𝑉𝑚

( 3.8)

where the subscript m refers to the meridional direction. In practice, it is taken to be the
“streamwise-direction” grid line. In chapter 5, axisymmetric results based on this simple
body force model will be discussed.
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3.2 Basic Philosophy
Before further derivations, one needs to determine what form of the governing equations
should be used. When every blade passage in a blade row sees the same incoming flow at
different time, the flow in the relative frame can be approximated as steady. Steady
modelling reduces the computational cost by an order of magnitude compared to
unsteady modelling. This is why most previous turbomachine studies used steady
equations in relative frame. However, the steady relative flow approximation implies a
precondition, that is, to have time independent inflow condition for each and every blade
passage, the incoming flow field must be axisymmetric. In other words, for general 3D
non-axisymmetric inflow, the flow inside a rotating blade row is unsteady regardless of
which frame of reference it is in.
Hence, to obtain a set of steady equations governing general 3D non-axisymmetric flow,
one needs to turn to different governed quantities instead of the instantaneous ones. This
involves different time scales inside a turbomachine. Once a proper time scale is selected,
quantities associated with the selected time scale can be approximated as steady since
time dependency associated with smaller time scales can be filtered out via average
process. The most intuitive choice of time scale is the period of one blade revolution (true
for an isolated blade row if turbulence is filtered out, e.g. RANS type of filtering). The
flow can be approximated as periodic over one revolution since each point in the absolute
frame inside the rotor region will be subjected to the same inlet condition and swept over
by the same blade at time t and t+T. Therefore, quantities associated with T can be
approximated as steady.
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Regarding the equations, most throughflow studies work with the steady equation set in
the relative frame since it is in steady form [Jennions, 1984a; Denton, 1977; Sturmayr &
Hirsh, 1999]. However, as reasoned above, this equation set loses its advantage of being
steady once the fan system is subjected to non-axisymmetric inflow. On the other hand,
the existence of inlet distortion dictates that each blade passage will differ from one and
the other and therefore a single blade passage is no longer representative of the entire
blade row. Hence it is more intuitive to focus on the entire blade row instead of one or
several blade passages. As a result, the equation set in the absolute frame becomes the
selection of this thesis.
In summary, based on above reasoning, the widely used steady equations in the relative
frame is not a proper selection when dealing with general 3D non-axisymmetric
problems. Instead, the governing equations in the absolute frame are selected and from
these equation, a time averaged steady equation set will be derived as the theoretical basis
of further body force analysis.

3.3 Time Averaged Equations
The concept of averaging is not new in the field of throughflow analysis. Averaging
process is to transform the effect of blades, generally a step function and discontinuous at
blade-flow interface, into a continuously distributed force field that occupies the entire
blade region. The most commonly used averaging operator is known as passage average,
which was applied in Jennions work [Jennions, 1985a; 1985b] under two assumptions: 1)
inflow being axisymmetric in absolute frame; 2) flow inside blade row being steady in
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relative frame. More generally, Adamczyk introduced three averaging operators
[Adamczyk, 1985] that are applicable to 3D flow equations. These averaging operators
are known as ensemble average, time average and passage-to-passage average. Each
average operator takes account for one type of flow mechanism. The ensemble average is
similar to the most well-known Reynold’s average, accounting for turbulence effect; time
average is to isolate the unsteadiness due to the existence of blades; the passage-topassage average is to take care of the interactions between blade row. By using the three
averaging operators, Adamczyk was able to arrive at quantified body force terms related
to different flow quantities. These body force terms, however, are too complicated in
practical use and thus another set of averaged equations are needed in order to obtain
more applicable body force terms.
In this section, starting with the Reynold Averaged Navier-Stokes (RANS) equations,
applying the time average operator used in Adamczcyk’s work [1984], a set of time
averaged equations will be derived and the body force terms will be revealed in
expressions that can be easily applied in practical use.
Before performing time averaging process on equations, two averaging operators need to
be introduced at first.
̅ for any arbitrary quantity 𝛷. The
The first one is time average operator, denoted as 𝛷
̅ is
definition of 𝛷

̅=
𝛷

1 𝜏+𝔗
∫ 𝛷𝑑𝑡
𝔗 𝜏
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( 3.9)

For rotor blade row, in the general case, the existence of blades need to be taken into
account while performing the time-average. Following the trace of Adamczyk [1984], a
modified time-average operator is defined as

̅=
𝛷

1 𝜏+𝔗
∫ 𝐻𝛷𝑑𝑡
𝔗𝐵 𝜏

( 3.10)

In equation ( 3.10), 𝔗 is the period of one revolution; 𝐵 is the blockage factor accounting
for the blade thickness and it is defined in equation ( 3.11); 𝐻 is a gate function defined
as equation ( 3.12).

𝐵 = 1−

(𝜃1 − 𝜃2 )𝑁
2𝜋

𝑁−1

𝐻 = 𝑈(𝑡 − 𝜏) + ∑ 𝑈 (𝑡 − 𝜏 −
𝑛=0

( 3.11)

1
2𝜋𝑛
(𝜃 − 𝜃2 +
))
𝜔
𝑁
( 3.12)

𝑁−1

− ∑ 𝑈 (𝑡 − 𝜏 −
𝑛=0

1
2𝜋𝑛
(𝜃 − 𝜃1 +
))
𝜔
𝑁

Figure 3.3: Geometrical Parameters
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In equation ( 3.12), 𝑈(𝑡 − 𝜏) is a step function where 𝜏 is the reference starting time of
the averaging process; 𝜃1 and 𝜃2 are blade geometry defined in Figure 3.3; 𝑁 is the
number of blades in a rotor blade row. The physical interpretation of equation is that the
product of function 𝐻 and a certain quantity indicates the quantity exists inside blade
passages and it becomes zero when in region occupied by blades. With this gate function,
the time-average defined in equation ( 3.10) filters out the region occupied by blades.
When outside rotor blade row, function 𝐻 and blockage 𝐵 both equal to 1 and equation
( 3.10) reduces to equation ( 3.9).
̃ , the definition
The second operator is density-weighted averaged operator, denoted as 𝛷
̃ is
of 𝛷
𝜏+𝔗

̃=
𝛷

∫𝜏

𝜌𝐻𝛷𝑑𝑡

𝜏+𝔗

∫𝜏

𝜌𝐻𝑑𝑡

( 3.13)

From the definitions of the two operators, one can deduct that
̅̅̅̅ = 𝜌̅ 𝛷
̃
𝜌𝛷

( 3.14)

After introducing the two operators, one can decompose every quantity in flow field as
̅ + 𝛷′ = 𝛷
̃ + 𝛷 ′′
𝛷=𝛷

( 3.15)

̅̅̅
̃′′ = 0
𝛷′ = 𝛷

( 3.16)

where

Before further operations on equations, an assumption needs to be made:
Assumption:
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All the quantities in the flow field is assumed to be periodic according to the revolution
of rotor blade row, i.e.,

𝛷 (𝑡 ) = 𝛷 (𝑡 + 𝔗 )

( 3.17)

where 𝑇 is the period of one blade revolution.
As stated in the previous section, in most fan system analysis, the two commonly used
time scale are 1) blade passing period and 2) one revolution period. The first one is
widely used in most axisymmetric analysis where flow is assumed to be steady in each
blade passage and flow is periodic from one passage to the others. This thesis, however,
eventually aims at inlet distortion problems, which are generally three-dimensional, and
thus a larger time scale associated with blade revolution is used when analyzing the flow
field. This is why the above assumption is adopted. However, this assumption is flawed
in the most general sense due to several factors:
1) Existence of turbulence. The non-deterministic nature of turbulence indicates that
statistically the flow in side blade rows shall never be exactly periodic over one
revolution.
2) Interaction between blade row and outside objects. The most commonly known rotorstator interaction falls into this category. If the numbers of blades do not match between
rotor and stator, the blade passing frequency for rotor and stator would be different,
resulting a different period over which the flow is periodic. This is also one of the sources
of noise in fan systems.
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However, at high speed flow, the turbulence effect is typically small enough compared to
blade pressure force to neglect the its effect. As for the second factor, though it is
generally true, it can be properly addressed and it will not hinder us adopting equation
( 3.17) and thus the results and conclusion of the following derivation will not be
influenced. The details regarding rotor-stator system will be discussed in Section 3.7.3.
In all, after the assumption is adopted, some basic operations of the time-average operator
need to be derived.
1) Interchanging between time-average and time derivative:
For any quantity 𝛷,
̅̅̅̅
𝜕𝛷
1 𝜏+𝔗 𝜕𝛷
1 𝜏+𝔗 𝜕𝐻𝛷
1 𝜏+𝔗 𝜕𝐻
∫
∫
∫
=
𝐻
𝑑𝑡 =
𝑑𝑡 −
𝛷
𝑑𝑡
𝜕𝑡
𝔗𝐵 𝜏
𝜕𝑡
𝔗𝐵 𝜏
𝜕𝑡
𝔗𝐵 𝜏
𝜕𝑡

( 3.18)

The first underscored term equals to zero due to the first assumption, i.e., equation
( 3.17). As for the second underscored term,
𝜕𝐻
= 𝛿 (𝑡 − 𝜏 )
𝜕𝑡
𝑁−1

+ ∑ [𝛿 (𝑡 − 𝜏 −
𝑛=0

− 𝛿 (𝑡 − 𝜏 −

1
2𝜋𝑛
(𝜃 − 𝜃2 +
))
𝜔
𝑁

1
2𝜋𝑛
(𝜃 − 𝜃1 +
))]
𝜔
𝑁

Then it can be obtained that
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( 3.19)

𝑁−1

̅̅̅̅
𝜕𝛷
1
1
2𝜋𝑛
{∑ [𝛷 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃1 +
))
=
𝜕𝑡
𝑇𝐵
𝜔
𝑁
𝑛=0

− 𝛷 (𝑥, 𝑟, 𝜃, 𝜏 +

1
2𝜋𝑛
(𝜃 − 𝜃2 +
))]}
𝜔
𝑁

( 3.20)

2) Interchanging between time-average and spatial derivatives:
For any quantity 𝐴,
̅̅̅̅
𝜕𝛷
1 𝜏+𝔗 𝜕𝛷
1 𝜏+𝔗 𝜕𝐻𝛷
1 𝜏+𝔗 𝜕𝐻
∫
∫
∫
=
𝐻
𝑑𝑡 =
𝑑𝑡 −
𝛷
𝑑𝑡
𝜕𝑟 𝔗𝐵 𝜏
𝜕𝑟
𝔗𝐵 𝜏
𝜕𝑟
𝔗𝐵 𝜏
𝜕𝑟

( 3.21)

For the first underscored term, the radial derivative is interchangeable with time integral,
and thus
̅
1 𝜏+𝔗 𝜕𝐻𝛷
1 𝜕
1 𝜏+𝔗
1 𝜕𝐵𝛷
∫
∫ 𝐻𝛷𝑑𝑡 =
𝑑𝑡 =
𝐵
𝔗𝐵 𝜏
𝜕𝑟
𝐵 𝜕𝑟 𝔗𝐵 𝜏
𝐵 𝜕𝑟

( 3.22)

As for the second underscored term,
𝑁−1

𝜕𝐻 1
1
2𝜋𝑛 𝜕𝜃2
))
= ∑ [𝛿 (𝑡 − 𝜏 − (𝜃 − 𝜃2 +
𝜕𝑟 𝜔
𝜔
𝑁
𝜕𝑟
𝑛=0

− 𝛿 (𝑡 − 𝜏 −

1
2𝜋𝑛 𝜕𝜃1
(𝜃 − 𝜃1 +
))
]
𝜔
𝑁
𝜕𝑟

Then then second underscored term in equation ( 3.21) becomes
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( 3.23)

1 𝜏+𝔗 𝜕𝐻
∫
𝛷
𝑑𝑡
𝔗𝐵 𝜏
𝜕𝑟
𝑁−1

1
1
2𝜋𝑛 𝜕𝜃2
∑ [𝛷 (𝜏 + (𝜃 − 𝜃2 +
))
=
𝜔𝔗𝐵
𝜔
𝑁
𝜕𝑟
𝑛=0

− 𝛷 (𝜏 +

1
2𝜋𝑛 𝜕𝜃1
(𝜃 − 𝜃1 +
))
]
𝜔
𝑁
𝜕𝑟

( 3.24)

Therefore, when interchange the time-average and radial derivative, one can have
𝑁−1

̅̅̅̅
̅
𝜕𝛷 1 𝜕𝐵𝛷
1
1
2𝜋𝑛 𝜕𝜃1
∑ [𝛷 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃1 +
))
=
+
𝜕𝑟 𝐵 𝜕𝑟
𝜔𝔗𝐵
𝜔
𝑁
𝜕𝑟
𝑛=0

− 𝛷 (𝑥, 𝑟, 𝜃, 𝜏 +

1
2𝜋𝑛 𝜕𝜃2
(𝜃 − 𝜃2 +
))
]
𝜔
𝑁
𝜕𝑟

( 3.25)

Similarly, for axial and circumferential derivatives, one can have
𝑁−1

̅̅̅̅
̅
𝜕𝛷 1 𝜕𝐵𝛷
1
1
2𝜋𝑛 𝜕𝜃1
∑ [𝛷 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃1 +
))
=
+
𝜕𝑥 𝐵 𝜕𝑥
𝜔𝔗𝐵
𝜔
𝑁
𝜕𝑥
𝑛=0

− 𝛷 (𝑥, 𝑟, 𝜃, 𝜏 +

1
2𝜋𝑛 𝜕𝜃2
(𝜃 − 𝜃2 +
))
]
𝜔
𝑁
𝜕𝑥

( 3.26)

𝑁−1

̅̅̅̅
̅
𝜕𝛷 1 𝜕𝐵𝛷
1
1
2𝜋𝑛
∑ [𝛷 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃2 +
))
=
+
𝜕𝜃 𝐵 𝜕𝜃
𝜔𝔗𝐵
𝜔
𝑁
𝑛=0

− 𝛷 (𝑥, 𝑟, 𝜃, 𝜏 +

1
2𝜋𝑛
(𝜃 − 𝜃1 +
))]
𝜔
𝑁

1) Time-average over conservative variables
For any quantity 𝛷,
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( 3.27)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
𝜕𝜌𝛷 𝜕𝜌𝛷𝑉𝑥 1 𝜕𝑟𝜌𝛷𝑉𝑟 1 𝜕𝜌𝛷𝑉𝜃
+
+
+
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
=

̅̅̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌𝛷𝑉
̅̅̅̅̅̅̅𝑟 1 𝜕𝐵𝜌𝛷𝑉
̅̅̅̅̅̅̅𝜃
1 𝜕𝐵𝜌𝛷𝑉
(
+
+
)
𝐵
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝑁−1

1
𝜕𝜃1
𝜕𝜃1 𝑉𝜃 − 𝜔𝑟
∑ [(𝜌𝛷)|𝜃1 (𝑉𝑥
)|
+
+ 𝑉𝑟
−
𝜔𝔗𝐵
𝜕𝑥
𝜕𝑟
𝑟
𝜃1
𝑛=0

− (𝜌𝛷 )|𝜃2 (𝑉𝑥

𝜕𝜃2
𝜕𝜃2 𝑉𝜃 − 𝜔𝑟
)| ]
+ 𝑉𝑟
−
𝜕𝑥
𝜕𝑟
𝑟
𝜃2

( 3.28)

The last two terms in equation ( 3.28) are zero according to flow tangency condition, i.e.,

(𝑉𝑥

𝜕𝜃1,2
𝜕𝜃1,2 𝑉𝜃 − 𝜔𝑟
)|
+ 𝑉𝑟
−
=0
𝜕𝑥
𝜕𝑟
𝑟
𝜃1.2

( 3.29a)

For further derivation, equation ( 3.29a) can also be decomposed in terms of time
averaged velocity and its unsteady component, i.e.,
𝜕𝜃1,2
𝜕𝜃1,2 𝑉̃𝜃 − 𝜔𝑟
+ 𝑉̃𝑟
−
=0
𝜕𝑥
𝜕𝑟
𝑟
𝜕𝜃1,2
𝜕𝜃1,2 𝑉𝜃′′ − 𝜔𝑟
(𝑉𝑥′′
+ 𝑉𝑟′′
−
)|
=0
𝜕𝑥
𝜕𝑟
𝑟
𝜃1.2
}
𝑉̃𝑥

( 3.29b)

From the flow tangency condition, one can obtain that
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
𝜕𝜌𝛷 𝜕𝜌𝛷𝑉𝑥 1 𝜕𝑟𝜌𝛷𝑉𝑟 1 𝜕𝜌𝛷𝑉𝜃
+
+
+
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
( 3.30)
=

̅̅̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌𝛷𝑉
̅̅̅̅̅̅̅𝑟 1 𝜕𝐵𝜌𝛷𝑉
̅̅̅̅̅̅̅
1 𝜕𝐵𝜌𝛷𝑉
𝜃
(
+
+
)
𝐵
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃

( 3.30a)

Now, recalling the continuity equation ( 3.31a), equation ( 3.30a) can also be written as
̅̅̅̅̅̅̅
̅̅̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌𝛷𝑉
̅̅̅̅̅̅̅𝑟 1 𝜕𝐵𝜌𝛷𝑉
̅̅̅̅̅̅̅𝜃
𝐷𝛷 1 𝜕𝐵𝜌𝛷𝑉
𝜌
= (
+
+
)
𝐷𝑡 𝐵
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
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( 3.30b)

Now, after the basic operations are introduced, the time average process can be
performed on RANS equations. At first, the unsteady RANS equations are written as
Continuity:
𝜕𝜌 𝜕𝜌𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑟 1 𝜕𝜌𝑉𝜃
+
+
+
=0
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.31)

( 3.31a)

X-momentum:
𝜕𝜌𝑉𝑥 𝜕𝜌𝑉𝑥 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑥 𝑉𝑟 1 𝜕𝜌𝑉𝑥 𝑉𝜃
𝜕𝑝
+
+
+
=−
+ 𝐹𝜏𝑥
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥

( 3.31b)

R-momentum:
𝜕𝜌𝑉𝑟 𝜕𝜌𝑉𝑟 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑟 𝑉𝑟 1 𝜕𝜌𝑉𝑟 𝑉𝜃 𝜌𝑉𝜃 𝑉𝜃
𝜕𝑝
+
+
+
−
=−
+ 𝐹𝜏𝑟
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝑟
𝜕𝑟

( 3.31c)

-momentum:
𝜕𝜌𝑉𝜃 𝜕𝜌𝑉𝜃 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝜃 𝑉𝑟 1 𝜕𝜌𝑉𝜃 𝑉𝜃 𝜌𝑉𝑟 𝑉𝜃
1 𝜕𝑝
+
+
+
+
=−
+ 𝐹𝜏𝜃
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝑟
𝑟 𝜕𝜃

( 3.31d)

Energy:
𝜕𝜌ℎ0 𝜕𝜌ℎ0 𝑉𝑥 1 𝜕𝑟𝜌ℎ0 𝑉𝑟 1 𝜕𝜌ℎ0 𝑉𝜃 𝜕𝑝
⃗⃗ + 𝐷 + 𝑄
+
+
+
=
+ 𝐹⃗𝜏 ∙ 𝑉
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑡

( 3.31e)

In equation set ( 3.31), 𝐹⃗𝜏 represents the viscous force; 𝔇 represents the viscous
dissipation and 𝑄 represents the heat transfer. In a more specific way, these three terms
can be written as
𝐹⃗𝜏 = ∇ ∙ ξ̿
⃗⃗ }
𝔇 = ξ̿: ∇𝑉
𝑄 = −∇ ∙ 𝑞⃗
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( 3.32)

And ξ̿ in equation ( 3.32) stands for the viscous stress tensor and it is the product of
dynamic viscosity and the gradient of velocity vector for Newtonian flow.
Then, the time average operator defined in equation ( 3.10) is applied onto equation set
( 3.31). Taking continuity equation for example, according to equation ( 3.30a),
averaging over equation ( 3.31a) yields
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌𝑉
̅̅̅̅𝑟 1 𝜕𝐵𝜌𝑉
̅̅̅̅̅𝜃
𝜕𝜌 𝜕𝜌𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑟 1 𝜕𝜌𝑉𝜃 1 𝜕𝐵𝜌𝑉
+
+
+
= (
+
+
)=0
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝐵
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.33)

According to the definition of density-weighted time average (Eqn. ( 3.13) and ( 3.14)),
equation ( 3.33) can be written as
Continuity:
𝜕𝐵𝜌̅ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝑉̃𝜃
+
+
=0
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.34)

( 3.34a)

Similar procedures can be followed for momentum equations. The time averaged
momentum equations are
X-momentum:
𝜕𝐵𝜌̅ 𝑉̃𝑥 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝑉̃𝑥 𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝑉̃𝑥 𝑉̃𝜃
𝜕𝐵𝑝̅
+
+
=−
+ 𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥

( 3.34b)

R-momentum:
𝜕𝐵𝜌̅ 𝑉̃𝑟 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝑉̃𝑟 𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝑉̃𝑟 𝑉̃𝜃 𝐵𝜌̅ 𝑉̃𝜃 𝑉̃𝜃
+
+
−
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝑟
=−

𝜕𝐵𝑝̅
+ 𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟
𝜕𝑟

-momentum:
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( 3.34c)

𝜕𝐵𝜌̅ 𝑉̃𝜃 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝑉̃𝜃 𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝑉̃𝜃 𝑉̃𝜃 𝐵𝜌̅ 𝑉̃𝑟 𝑉̃𝜃
+
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝑟
=−

1 𝜕𝐵𝑝̅
+ 𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃
𝑟 𝜕𝜃

( 3.34d)

The terms 𝐹𝑏𝑥 , 𝐹𝑏𝑟 and 𝐹𝑏𝜃 are the components of the body force vector 𝐹⃗𝑏 . The terms
𝑃𝑥 , 𝑃𝑟 and 𝑃𝜃 are the perturbation terms for each momentum equation. The expressions
for these terms are
𝑁−1

𝐹𝑏𝑥

1
1
2𝜋𝑛 𝜕𝜃2
∑ [𝑝 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃2 +
))
=
𝜔𝔗
𝜔
𝑁
𝜕𝑥
𝑛=0

− 𝑝 (𝑥, 𝑟, 𝜃, 𝜏 +

( 3.35)

1
2𝜋𝑛 𝜕𝜃1
(𝜃 − 𝜃1 +
))
]
𝜔
𝑁
𝜕𝑥

( 3.35a)

𝑁−1

𝐹𝑏𝑟

1
1
2𝜋𝑛 𝜕𝜃2
∑ [𝑝 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃2 +
))
=
𝜔𝔗
𝜔
𝑁
𝜕𝑟
𝑛=0

− 𝑝 (𝑥, 𝑟, 𝜃, 𝜏 +

1
2𝜋𝑛 𝜕𝜃1
(𝜃 − 𝜃1 +
))
]
𝜔
𝑁
𝜕𝑟

( 3.35b)

𝑁−1

𝐹𝑏𝜃

1
1
2𝜋𝑛
∑ [𝑝 (𝑥, 𝑟, 𝜃, 𝜏 + (𝜃 − 𝜃1 +
))
=
𝜔𝑟𝔗
𝜔
𝑁
𝑛=0

− 𝑝 (𝑥, 𝑟, 𝜃, 𝜏 +

𝑃𝑖 =

+ 𝛿𝑖𝜃

1
2𝜋𝑛
(𝜃 − 𝜃2 +
))]
𝜔
𝑁

( 3.35c)

′′ ′′
′′ ′′
′′ ′′
′′ ′′
𝜕𝐵𝜌̅ 𝑉̃
1 𝜕𝑟𝐵𝜌̅ 𝑉̃
1 𝜕𝐵𝜌̅ 𝑉̃
𝐵𝜌̅ 𝑉̃
𝑖 𝑉𝑥
𝑖 𝑉𝑟
𝑖 𝑉𝜃
𝜃 𝑉𝜃
+
+
− 𝛿𝑖𝑟
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝑟

′′ ′′
𝐵𝜌̅ 𝑉̃
𝑟 𝑉𝜃
𝑟

( 3.36)
(𝑖 = 𝑥, 𝑟, 𝜃)
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𝐹⃗𝑏 comes from averaging over pressure gradient. The time average process turns a
surface force field (pressure gradient) into a distributed body force field. As for the
perturbations, they come from the averaging over convective terms in equations ( 3.31b)
to ( 3.31d). The nonlinearity of convective terms introduces these perturbations terms in
the similar fashion of how Reynold Stress is introduced in turbulence analysis.
As for the energy equation, extra attention needs to be paid when performing timeaverage. The reason is that the ℎ0 is a nonlinear term. From the definition of
decomposition in equation ( 3.15), one can have

( 3.37)

1
1
ℎ0 = ℎ̃0 + ℎ0′′ = ℎ̃ + ℎ′′ + 𝑉̃𝑖 𝑉̃𝑖 + 𝑉̃𝑖 𝑉𝑖′′ + 𝑉𝑖′′ 𝑉𝑖′′
2
2

( 3.37a)

By equation ( 3.16), the time averaged total enthalpy bears the form
1
1 ′′ ′′
ℎ̃0 = ℎ̃ + 𝑉̃𝑖 𝑉̃𝑖 + 𝑉̃
𝑉
2
2 𝑖 𝑖

( 3.37b)

1
ℎ0′′ = ℎ′′ + 𝑉̃𝑖 𝑉𝑖′′ + (𝑉𝑖′′ 𝑉𝑖′′)′′
2

( 3.37c)

However, in all the CFD solvers, when equation ( 3.34a) – ( 3.34d) are implemented, the
corresponding total enthalpy is defined as
1
ℎ̃0+ = ℎ̃ + 𝑉̃𝑖 𝑉̃𝑖
2

( 3.38)

This indicates that the resulting equation from averaging equation ( 3.31e) governs
quantity ℎ̃0 while the energy equation in a CFD solver governs quantity ℎ̃0+ . In other
words, by directly averaging equation ( 3.31e), the obtained energy source is not
theoretically correct to be implemented in CFD solver. Hence, an energy equation that
governs ℎ̃0+ needs to be developed to keep consistency with CFD solver.
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Now, if the averaged total enthalpy is in the form of ℎ̃0+ , it will result in
ℎ0 = ℎ̃0+ + ℎ02 + ℎ03 + ℎ′′
1
ℎ̃0+ = ℎ̃ + 𝑉̃𝑖 𝑉̃𝑖
2
ℎ02 = 𝑉̃𝑖 𝑉𝑖′′
1
ℎ03 = 𝑉𝑖′′ 𝑉𝑖′′
}
2

( 3.39)

Substituting equation ( 3.39) into equation ( 3.31e) and applying the time average
operator onto the equation, it yields
𝜕𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃0+𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
= −(

′′
′′
′′
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
02 𝑉𝑥
02 𝑉𝑟
02 𝑉𝜃
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

−(

𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
03 𝑉𝑥
03 𝑉𝑟
03 𝑉𝜃
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

−(

′′ 𝑉 ′′
′′ 𝑉 ′′
′′ 𝑉 ′′
̅̅̅̅
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
𝜕𝑝
𝑥
𝑟
𝜃
+
+
)+𝐵
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝜕𝑡

̅̅̅̅̅̅̅
⃗𝜏 ∙ 𝑉
⃗⃗ + 𝐵𝔇
̅ + 𝐵𝑄̅
+𝐵𝐹

( 3.40)

On the other hand, kinetic energy equation can be obtained by 𝑉𝑥 ∙ ( 3.31𝑏) + 𝑉𝑟 ∙
1

⋕

( 3.31𝑐) + 𝑉𝜃 ∙ ( 3.31𝑑), with the kinetic energy defined as 𝐸 = 2 𝑉𝑖2 ,
𝜕𝜌𝐸 𝜕𝜌𝐸𝑉𝑥 1 𝜕𝑟𝜌𝐸𝑉𝑟 1 𝜕𝜌𝐸𝑉𝜃
𝜕𝑝
𝜕𝑝 𝑉𝜃 𝜕𝑝
⃗⃗
+
+
+
= −𝑉𝑥
− 𝑉𝑟
−
+ 𝐹⃗𝜏 ∙ 𝑉
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.41)

Applying time average operator on equation ( 3.41), due to the nonlinearity of 𝐸, by
1
defining 𝐸̃ = 2 𝑉̃𝑖 𝑉̃𝑖 , one can obtain
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𝜕𝐵𝜌̅ 𝐸̃ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝐸̃𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝐸̃𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
′′
′′
′′
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
02 𝑉𝑥
02 𝑉𝑟
02 𝑉𝜃
= −(
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

−(

̅̅̅̅̅̅̅
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
𝜕𝑝
03 𝑉𝑥
03 𝑉𝑟
03 𝑉𝜃
+
+
) − 𝐵(𝑉𝑥
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝜕𝑥

̅̅̅̅̅̅̅
𝜕𝑝 ̅̅̅̅̅̅̅
𝑉𝜃 𝜕𝑝 ̅̅̅̅̅̅̅
⃗⃗ )
− 𝑉𝑟
−
+ 𝐹⃗𝜏 ∙ 𝑉
𝜕𝑟
𝑟 𝜕𝜃

( 3.42)

Expanding the left hand side (LHS) of the equation ( 3.42), and comparing it with
equation ( 3.34a) – ( 3.34d), one can have
𝜕𝐵𝜌̅ 𝐸̃ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ 𝐸̃ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ 𝐸̃𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
= 𝑉̃𝑥 ∙ [𝐿𝐻𝑆 𝑜𝑓 (25𝑏)] + 𝑉̃𝑟 ∙ [𝐿𝐻𝑆 𝑜𝑓 (25𝑐 )] + 𝑉̃𝜃
∙ [𝐿𝐻𝑆 𝑜𝑓 (25𝑑 )]
= 𝑉̃𝑥 (𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥 ) + 𝑉̃𝑟 (𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟 )
+ 𝑉̃𝜃 (𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃 ) − (𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.43)

Combining equation ( 3.40), ( 3.42) and ( 3.43), the governing energy equation for ℎ̃0+
can be obtained as
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𝜕𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃0+𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
= 𝐵(

̅̅̅̅
𝐷𝑝
̅ + 𝑄̅ )
+𝔇
𝐷𝑡

′′ 𝑉 ′′
′′ 𝑉 ′′
′′ 𝑉 ′′
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
𝑥
𝑟
𝜃
−(
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

− (𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
) + 𝑉̃𝑥 (𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥 )
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

+ 𝑉̃𝑟 (𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟 ) + 𝑉̃𝜃 (𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃 )

( 3.44)

Equation ( 3.44) can be further simplified. At first, from thermodynamics,
𝐷𝑝
𝐷ℎ
𝐷𝑠
=𝜌
− 𝜌𝑇
𝐷𝑡
𝐷𝑡
𝐷𝑡

( 3.45)

𝐷𝑠

Then, the term 𝜌𝑇 𝐷𝑡 can be related to 𝐷 and 𝑄 via equation ( 3.46) [Liepmann and
Roshko, 1957].
⃗⃗ − ∇ ∙ 𝑞⃗ = 𝜌𝑇
𝔇 + 𝑄 = ξ̿: ∇𝑉

𝐷𝑠
𝐷𝑡

( 3.46)

Then, one can have
𝐷𝑝
𝐷ℎ
+𝔇+𝑄 =𝜌
𝐷𝑡
𝐷𝑡

( 3.47)

Substituting equation ( 3.47) into equation ( 3.44) and using equation ( 3.30b) at the same
time, the resulting equation becomes
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𝜕𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃0+𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
=

̅̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌ℎ𝑉
̅̅̅̅̅̅𝑟 1 𝜕𝐵𝜌ℎ𝑉
̅̅̅̅̅̅̅𝜃
𝜕𝐵𝜌ℎ𝑉
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃

′′ 𝑉 ′′
′′ 𝑉 ′′
′′ 𝑉 ′′
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
𝑥
𝑟
𝜃
−(
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

− (𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
) + 𝑉̃𝑥 (𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥 )
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

+ 𝑉̃𝑟 (𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟 ) + 𝑉̃𝜃 (𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃 )

( 3.48)

On the right hand side (RHS) of equation ( 3.48), the first six terms can be simplified
following equation ( 3.49);
̅̅̅̅̅̅𝑥 1 𝜕𝐵𝑟𝜌ℎ𝑉
̅̅̅̅̅̅𝑟 1 𝜕𝐵𝜌ℎ𝑉
̅̅̅̅̅̅̅
𝜕𝐵𝜌ℎ𝑉
𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
−(

=

′′ 𝑉 ′′
′′ 𝑉 ′′
′′ 𝑉 ′′
𝜕𝐵𝜌̅ ℎ̃
1 𝜕𝑟𝐵𝜌̅ ℎ̃
1 𝜕𝐵𝜌̅ ℎ̃
𝑥
𝑟
𝜃
+
+
)
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃

𝜕𝐵𝜌̅ ℎ̃𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃

( 3.49)

Then, equation ( 3.48) becomes
𝜕𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃0+𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
=

𝜕𝐵𝜌̅ ℎ̃𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃

− (𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
) + 𝑉̃𝑥 (𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥 )
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

+ 𝑉̃𝑟 (𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟 ) + 𝑉̃𝜃 (𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃 )
In equation ( 3.50), the underscored terms can be expanded as following:
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( 3.50)

𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
= 𝐵 (𝑉̃𝑥

𝜕𝑝̅
𝜕𝑝̅ 𝑉̃𝜃 𝜕𝑝̅
𝜕𝐵
𝜕𝐵 𝑉̃𝜃 𝜕𝐵
+ 𝑉̃𝑟
+
) + 𝑝̅ (𝑉̃𝑥
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.51)

From equation ( 3.29b), the underscored terms in equation ( 3.51) become

𝑝̅ (𝑉̃𝑥

𝜕𝐵
𝜕𝐵 𝑉̃𝜃 𝜕𝐵
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
= 𝑝̅ [(𝑉̃𝑥

̃𝜃
̃𝜃
𝜕𝜃1
𝜕𝜃1 𝑊
𝜕𝜃2
𝜕𝜃2 𝑊
+ 𝑉̃𝑟
−
) − (𝑉̃𝑥
+ 𝑉̃𝑟
−
)]
𝜕𝑥
𝜕𝑟
𝑟
𝜕𝑥
𝜕𝑟
𝑟

=0

( 3.52)

Therefore, equation ( 3.51) turns into

𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
𝜕𝑝̅
𝜕𝑝̅ 𝑉̃𝜃 𝜕𝑝̅
+ 𝑉̃𝑟
+
= 𝐵 (𝑉̃𝑥
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.53)

Further, the RHS of equation ( 3.53) can be operated using equation ( 3.54)
𝑝̅ = 𝜌̅ 𝑅𝑇̃
Substituting equation ( 3.54) into equation ( 3.53), it yields

47

( 3.54)

𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
𝜕𝜌̅ 𝑅𝑇̃
𝜕𝜌̅ 𝑅𝑇̃ 𝑉̃𝜃 𝜕𝜌̅ 𝑅𝑇̃
+ 𝑉̃𝑟
+
= 𝐵 (𝑉̃𝑥
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
= 𝐵𝑅 [𝑇̃ (𝑉̃𝑥

+ 𝜌̅ (𝑉̃𝑥

𝜕𝜌̅
𝜕𝜌̅ 𝑉̃𝜃 𝜕𝜌̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

𝜕𝑇̃
𝜕𝑇̃ 𝑉̃𝜃 𝜕𝑇̃
+ 𝑉̃𝑟
+
)]
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝜌̅
𝜕𝜌̅ 𝑉̃𝜃 𝜕𝜌̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

= 𝐵𝑅𝑇̃ (𝑉̃𝑥

+ 𝐵𝜌̅ (𝑐𝑝 − 𝑐𝑣 ) (𝑉̃𝑥

= 𝐵𝜌̅ (𝑉̃𝑥

𝜕𝑇̃
𝜕𝑇̃ 𝑉̃𝜃 𝜕𝑇̃
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

𝜕ℎ̅
𝜕ℎ̅ 𝑉̃𝜃 𝜕ℎ̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

+ 𝐵𝑅𝑇̃ (𝑉̃𝑥

𝜕𝜌̅
𝜕𝜌̅ 𝑉̃𝜃 𝜕𝜌̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

− 𝐵𝑐𝑣 𝜌̅ (𝑉̃𝑥

𝜕𝑇̃
𝜕𝑇̃ 𝑉̃𝜃 𝜕𝑇̃
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.55)

The two underscored terms in equation ( 3.55) are similar to the expression of entropy.
We can define an averaged entropy for ideal gas:

( 3.56)

𝑑𝑠̃ + = 𝑐𝑣

𝑑𝑇̃
𝑑𝜌̅
−𝑅
𝜌̅
𝑇̃

∇𝑠̃ + = 𝑐𝑣

∇𝑇̃
∇𝜌̅
−𝑅
𝜌̅
𝑇̃

( 3.56a)

or

Then, by substituting equation ( 3.56) into equation ( 3.55), one can have
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( 3.56b)

𝑉̃𝑥

𝜕𝐵𝑝̅
𝜕𝐵𝑝̅ 𝑉̃𝜃 𝜕𝐵𝑝̅
+ 𝑉̃𝑟
+
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃
= 𝐵𝜌̅ (𝑉̃𝑥

𝜕ℎ̅
𝜕ℎ̅ 𝑉̃𝜃 𝜕ℎ̅
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

− 𝜌̅ 𝐵𝑇̃ (𝑉̃𝑥

𝜕𝑠̃ +
𝜕𝑠̃ + 𝑉̃𝜃 𝜕𝑠̃ +
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.57)

Substituting equation ( 3.57) into equation ( 3.50), it yields
𝜕𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑥 1 𝜕𝑟𝐵𝜌̅ ℎ̃0+ 𝑉̃𝑟 1 𝜕𝐵𝜌̅ ℎ̃0+𝑉̃𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
= +𝑉̃𝑥 (𝐹𝑏𝑥 + 𝐵𝐹̅𝜏𝑥 + 𝑃𝑥 ) + 𝑉̃𝑟 (𝐹𝑏𝑟 + 𝐵𝐹̅𝜏𝑟 + 𝑃𝑟 )
+ 𝑉̃𝜃 (𝐹𝑏𝜃 + 𝐵𝐹̅𝜏𝜃 + 𝑃𝜃 )
+ 𝜌̅ 𝐵𝑇̃ (𝑉̃𝑥

𝜕𝑠̃ +
𝜕𝑠̃ + 𝑉̃𝜃 𝜕𝑠̃ +
+ 𝑉̃𝑟
+
)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.58)

One thing worth mentioning is that 𝑠̃ + in equation is not the result of direct time
averaging over instantaneous entropy. That is,
𝑁−1

1
∇𝐵
∇𝐵
1
̃ − 𝑠̃
∑[𝑠(𝜃1 )∇𝜃1 − 𝑠(𝜃2 )∇𝜃2]
∇𝑠̃ = ∇𝐵𝑠̃ − 𝑠̃
= ∇𝑠
−
𝐵
𝐵
𝐵
𝜔𝑇𝐵
𝑛=0

≠ 𝑐𝑣

∇𝑇̃
∇𝜌̅
−𝑅
𝜌̅
𝑇̃

( 3.59)

It also comes from the nonlinearity of entropy. However, similar as it is for enthalpy,
when the equations were implemented into CFD solver, the entropy corresponding to the
time averaged quantities becomes 𝑠̃ +. This indicates that to implement body force model
into a CFD solver, the consistent entropy term used in energy equation for ℎ̃0+ should be
𝑠̃ +.
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Nonetheless, equation ( 3.58) is the energy equation used, combined with equation set
( 3.34), to perform further analysis and implementation of body force model.
Before going further towards the development of body force model, one extra issue needs
to be addressed. In equation set ( 3.34), the last term on the RHS of each momentum
equation is the perturbation term. This term is 1) not available in most test/experimental
data and 2) small compared to the contribution of pressure force and viscous force
[Jennions, 1985b]. Hence for further derivation and analysis, the perturbation term is
neglected.

3.4 Body Force Model
Considering the nature of a turbomachine, for a compressor, the rotating blades are to
impart angular momentum and energy into the flow and static blades are designed such
that the flow can be d-swirled to achieve further pressure rise and vice versa for the
turbine. From this perspective, the body force terms should contain two parts:
1) Terms accounting for pressure force.
2) Terms accounting for work input by rotor.
Also, since the existence of blades posed wall boundary conditions in the flow, viscosity
will generate entropy when flow go past the blade “walls”. In body force method, the
blades are replaced by source terms, which means that the viscous effects on blades will
not exist in body force calculation. Therefore, third type of terms should be included in
the body force method:
3) Terms modelling viscous effects.
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Following this reasoning, the coming sections will be discussing how to formulate these
terms according the physics in the flow through turbomachinery. This strategy of
formulating body force model was also adopted in Damle’s work [Damle et al., 1997]
and hence the present work can be regarded as extension of Damle’s work to 3D.

3.4.1 Pressure Force Modelling: Blade Body Force
This section aims at formulating the model accounting for pressure force. Starting from
the governing equations, since the perturbation terms are neglected in equation set ( 3.34)
and equation ( 3.58), the resulting equation set regarding continuity, momentum and
energy along with the equation of state becomes
Continuity:
𝜕𝐵𝜌𝑉𝑥 1 𝜕𝑟𝐵𝜌𝑉𝑟 1 𝜕𝐵𝜌𝑉𝜃
+
+
=0
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.60)

( 3.60a)

X-momentum:
𝜕𝐵𝜌𝑉𝑥 𝑉𝑥 1 𝜕𝑟𝐵𝜌𝑉𝑥 𝑉𝑟 1 𝜕𝐵𝜌𝑉𝑥 𝑉𝜃
𝜕𝐵𝑝
+
+
=−
+ 𝐹𝑏𝑥 + 𝐵𝐹𝜏𝑥
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥

( 3.60b)

R-momentum:
𝜕𝐵𝜌𝑉𝑟 𝑉𝑥 1 𝜕𝑟𝐵𝜌𝑉𝑟 𝑉𝑟 1 𝜕𝐵𝜌𝑉𝑟 𝑉𝜃 𝐵𝜌𝑉𝜃 𝑉𝜃
𝜕𝐵𝑝
+
+
−
=−
+ 𝐹𝑏𝑟 + 𝐵𝐹𝜏𝑟
𝜕𝑥
𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝑟
𝜕𝑟

( 3.60c)

-momentum:
𝜕𝐵𝜌𝑉𝜃 𝑉𝑥 1 𝜕𝑟𝐵𝜌𝑉𝜃 𝑉𝑟 1 𝜕𝐵𝜌𝑉𝜃 𝑉𝜃 𝐵𝜌𝑉𝑟 𝑉𝜃
1 𝜕𝐵𝑝
+
+
+
=−
+ 𝐹𝑏𝜃 + 𝐵𝐹𝜏𝜃
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝑟
𝑟 𝜕𝜃
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( 3.60d)

Energy:
𝜕𝐵𝜌ℎ0 𝑉𝑥 1 𝜕𝑟𝐵𝜌ℎ0 𝑉𝑟 1 𝜕𝐵𝜌ℎ0 𝑉𝜃
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
= 𝑉𝑥 (𝐹𝑏𝑥 + 𝐵𝐹𝜏𝑥 ) + 𝑉𝑟 (𝐹𝑏𝑟 + 𝐵𝐹𝜏𝑟 ) + 𝑉𝜃 (𝐹𝑏𝜃 + 𝐵𝐹𝜏𝜃 )
+ 𝜌𝐵𝑇 (𝑉𝑥

𝜕𝑠
𝜕𝑠 𝑉𝜃 𝜕𝑠
)
+ 𝑉𝑟
+
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃

( 3.60e)

Equation of State:

𝑝 = 𝜌𝑅𝑇

( 3.60f)

In equation set ( 3.60), by default, 𝜌, 𝑝, 𝐹𝜏𝑥 , 𝐹𝜏𝑟 and 𝐹𝜏𝜃 are time averaged quantities and
the rest are density-weighted averaged quantities. And for convenience, all the quantities
used in further analysis stand by this convention if not additionally addressed. As a result,
total enthalpy and entropy are defined as

( 3.61)

ℎ0 = ℎ +
𝑑𝑠 = 𝑐𝑝

𝑉𝑖2
𝑉𝑖2
= 𝑐𝑝 𝑇 +
2
2

𝑑𝑇
𝑑𝑝
−𝑅
𝑇
𝑝

( 3.61a)

( 3.61b)

According to equation set ( 3.35), the pressure force components correspond to the terms
𝐹𝑏𝑥 , 𝐹𝑏𝑟 and 𝐹𝑏𝜃 in equation ( 3.60b), ( 3.60c)and ( 3.60d), respectively. Pressure force is
essentially the inviscid effect that the blade row performs upon the flow field. Hence,
these corresponding terms are noted as blade body force. Noting that the pressure loading
distribution on the blade is not available, one major part of developing the BF model is to
formulate expressions for these BF terms instead of directly using expressions that are
related to surface pressure loading as equation set ( 3.35) suggests.
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To formulate these expressions, we need to look into the concept of body force.
Essentially, equation ( 3.4) states that the body force is to impart angular momentum into
the flow, as the blade row does. Hence it is intuitive to relate the body force to the change
of angular moment. To extend equation ( 3.4) to differential form, noting that equation
set ( 3.60) is essentially the 3D version of the governing equation in Damle’s work
[Damle et al., 1997], the circumferential components of the blade body force and the
viscous force can be related to angular momentum via equation ( 3.62).
𝜌
1 𝜕𝐵𝑝
⃗⃗ ∙ ∇𝑟𝑉𝜃∗ +
𝐹𝑏𝜃 + 𝐵𝐹𝜏𝜃 = 𝐵 𝑉
𝑟
𝑟 𝜕𝜃

( 3.62)

In equation ( 3.62), the term 𝑟𝑉𝜃∗ represents the desired angular momentum field through
blade region. There are two ways to interpret equation ( 3.62):
1) In the target flow field where 𝑟𝑉𝜃 = 𝑟𝑉𝜃∗, the corresponding angular momentum
equation can be written as
𝜕𝐵𝜌𝑟𝑉𝜃∗ 𝑉𝑥 1 𝜕𝑟𝐵𝜌𝑟𝑉𝜃∗ 𝑉𝑟 1 𝜕𝐵𝜌𝑟𝑉𝜃∗ 𝑉𝜃
𝜕𝐵𝑝
+
+
=−
+ 𝑟𝐹𝑏𝜃 + 𝑟𝐵𝐹𝜏𝜃
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
𝜕𝜃

( 3.63)

Equation ( 3.63) is essentially equation ( 3.62). This indicates that if the
circumferential body force is to recover the target angular momentum field, it must
follow equation ( 3.62). Or in other words, the circumferential body force extracted
from a target flow field can be related to its angular momentum via equation ( 3.62).
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Figure 3.4: Control Volume Analysis in Blade Passage
2) Recalling the original expression for 𝐹𝑏𝜃 in equation ( 3.35c). One can perform a
control volume analysis on instantaneous quantities, the control volume is as Figure
3.4 illustrated.
The control volume analysis shows that the pressure difference between 𝜃1 and 𝜃2
surfaces along with the circumferential viscous force equals to the change of angular
momentum, i.e.,
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⃗⃗ ) ∙ 𝑑𝑉 = (𝑝23 − 𝑝41 )𝑆23 + ∫
𝛻 ∙ (𝜌𝑟𝑉𝜃 𝑉

∫

1234

( 3.64)

𝑟𝐹𝜏𝜃 𝑑𝑉

1234

⃗⃗ ) ∙ 𝑑𝑉 = (𝑝67 − 𝑝85 )𝑆23 + ∫
𝛻 ∙ (𝜌𝑟𝑉𝜃 𝑉

∫

5678

𝑟𝐹𝜏𝜃 𝑑𝑉

5678

( 3.64a)
}

Add up two equations, one can have
⃗⃗ ) ∙ 𝑑𝑉
𝛻 ∙ (𝐻𝜌𝑟𝑉𝜃 𝑉

∫

5238

= (𝑝67 − 𝑝41 )𝑆23 + (𝑝23. − 𝑝85 )𝑆𝜃 + ∫

𝐻𝑟𝐹𝜏𝜃 𝑑𝑉

5238

⃗⃗ ) ∙ 𝑑𝑉
𝛻 ∙ (𝐻𝜌𝑟𝑉𝜃 𝑉

=∫

5238

= (𝑝67 − 𝑝41 )𝑆23 − ∫

(

5238

= 𝜔∫

𝜕𝐻𝑝
)𝑑𝑉 + ∫ 𝐻𝑟𝐹𝜏𝜃 𝑑𝑉
𝜕𝜃
5238

⃗⃗ ) ∙ 𝑑𝑡
𝛻 ∙ (𝐻𝜌𝑟𝑉𝜃 𝑉

5238

= (𝑝67 − 𝑝41 ) − 𝜔 ∫

(

5238

𝜕𝐻𝑝
) 𝑑𝑡 + 𝜔 ∫ 𝐻𝑟𝐹𝜏𝜃 𝑑𝑡
𝜕𝜃
5238

( 3.64b)

1

Considering the similar processing in all blade passages, (𝐵 𝜔𝑇𝐵) ∙ ( 3.64b) yields
𝑁−1

𝑟𝐹𝑏𝜃 + 𝐵𝑟𝐹̅𝜏𝜃 = 𝐵

1
⃗̃⃗ (𝑟𝑉̃ ) + 𝜕𝐵𝑝̅
∑(𝑝67 − 𝑝41 ) + 𝐵𝑟𝐹̅𝜏𝜃 = 𝛻 ∙ 𝐵𝜌̅ 𝑉
𝜃
𝜔𝑇𝐵
𝜕𝜃

( 3.64c)

𝑛=0

Equation ( 3.64c) is the relation between the change of angular momentum at a spatial
location and the effect of blades passing through it. If the averaging time interval is
set to one revolution, then the effect of every blade on a single spatial location is
accumulated, i.e., the summation in equation ( 3.35c). The average of this summation
thus represents the average contribution of all the blades passing through one spatial
point over one revolution period towards the change of time averaged angular
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momentum at that point. i.e. equation ( 3.62). Particularly, equation ( 3.64c) and
( 3.62) can be simplified by taking out the summation sign if all the blade passages
have the same contribution to the change of angular momentum, i.e., all the blade
passages are identical.
Equation ( 3.62) can be applied to construct circumferential body force as long as a 𝑟𝑉𝜃∗
is prescribed. But it only built up the circumferential body force, how about the other two
components in axial direction and radial direction? From equation ( 3.29b), it can be
deduced that

𝑉𝑥 𝐹𝑏𝑥 + 𝑉𝑟 𝐹𝑏𝑟 + (𝑉𝜃 − 𝜔𝑟)𝐹𝑏𝜃 = 0

( 3.65)

Then, axial blade body force and radial blade body force can be expressed as

( 3.66)

𝐹𝑏𝑥 = −𝑟
𝐹𝑏𝑟 = −𝑟

𝜕𝑓
𝐹
𝜕𝑥 𝑏𝜃

𝜕𝑓
𝐹
𝜕𝑟 𝑏𝜃

( 3.66a)

( 3.66b)

𝑓 in equation ( 3.66) is the mean 𝑆2 surface [Wu, 1953; Damle et al. 1997]. It is defined
as

𝑉𝑥

𝜕𝑓
𝜕𝑓 𝑉𝜃 − 𝜔𝑟
+ 𝑉𝑟
−
=0
𝜕𝑥
𝜕𝑟
𝑟

( 3.67)

𝑓 is a characteristic description of the blade shape, similar to 𝜃1 and 𝜃2 . But 𝜃1 and 𝜃2
are purely geometrical, meaning that they are fixed as long as the blades are
manufactured, regardless of change in operating condition. 𝑓, on the other hand, is
combination of both geometry and kinematics. That is, at different operating conditions,
𝑓 could vary and differ from that at the design point, especially at the TE of a blade row
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where flow is no longer attached to the blade surface due to flow separations. This is
essentially how the concept of deviation is introduced. More specifically, the deviation
angle is defined at the TE of a blade row as the difference between the relative flow angle
and the blade metal angle:

Λ = 𝛽𝑇𝐸 − 𝜅𝑇𝐸

( 3.68)

Deviation angle depends heavily on the blade geometry and the flow incidence. Hence
the typical of addressing it is to express it as correlations to incidence. The well-known
Lieblein’s cascade model involves how to model deviations [Lieblein, 1960].
Back to body force, by now, the expressions for blade body force are formulated. These
expressions, however, are not complete in the sense that the term 𝐵𝐹𝜏𝜃 in equation ( 3.62)
is not properly modelled. To obtain complete expressions for blade body force, we need
to move on to the next part of body force model development: viscous force modelling.

3.4.2 Viscous Force Modelling: Loss Body Force
Viscous force modelling has been of great interest of quite long time. Back to 60’s, Smith
[1966], Novak [1967] and Marsh [1968] came up with their own idea regarding entropy
and viscous effect in turbomachinery. Smith, in his work about radial equilibrium, used
the concept of total pressure loss coefficient to represent entropy rise; Novak
characterized entropy generation by Q function defined in his work; Marsh then related
entropy rise to total pressure and total temperature via ideal gas assumption. Then,
Horlock [1971] reviewed and summarized the work above mentioned and applied similar
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procedures onto the derivation of dissipative force, which is, by Horlock’s work, related
to the entropy rise. However, all the work above mentioned adopted the assumption of
conservation of rothalpy [Wu, 1953] without considering the validity of this assumption
under different circumstances such as viscous and/or distorted flow.
Later, Bosman and Marsh [1974] and Hirsh and Warzee [1977] also came up with loss
models that relate dissipative force to entropy change. Bosman and Marsh’s work
presented derivation for dissipative force by assuming that it is parallel to relative
streamline, in the opposite direction of the flow. The derivation is from Crocco’s
equation combined with rothalpy conservation, to reach an expression for the dissipative
force in terms of entropy generation throughout the blade rows. This method was then
adopted by Damle et al. [1997] in their throughflow work. In Hirsh and Warzee’s work, a
very similar procedure is applied to obtain the expression for loss model, which is
identical to that from Bosman and Marsh’s work.
By looking into all the studies mentioned in the above paragraph, one can discover that
the conservation of rothaply plays an important role in viscous modelling. Therefore, it is
very necessary to at first review the concept of rothalpy.

3.4.2.1 Equation about Rothalpy
The concept of rothalpy was brought up in 50’s in last century [Wu, 1953]. Rothalpy is of
great importance in turbomachinery analysis in that it is more intuitive in describing the
potential energy in relative frame than total enthalpy and the resulting energy equation in
terms of rothalpy is in a fairly neat form comparable to that of total enthalpy in absolute
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frame. Conservation of rothalpy in relative frame is analogous to the conservation of total
enthalpy in absolute frame and it has been widely adopted in turbomachinery analysis for
several decades. The thorough and rigorous analysis, however, was not carried out until
early 90’s [Lyman, 1993]. This section is to firstly review the work done by Lyman and
then discuss how rothalpy evolves in the flow field.
In the following sections, all the quantities are instantaneous. This convention is only true
in Section 3.4.2.1 and Section 3.4.2.2.
Before working on equations, noting that Lyman’s work deals with quantities in rotating
frame, therefore, the corresponding coordinate transformation from absolute frame to
relative frame needs to be introduced. The cylindrical coordinates in absolute frame
(𝑥, 𝑟, 𝜃, 𝑡) and those in relative (rotating) frame (𝑥 ′ , 𝑟 ′, 𝜃 ′, 𝑡 ′ ) have relations as following
𝑥 (𝑟) = x
𝑟 (𝑟) = 𝑟
( 3.69)

𝜃 (𝑟) = 𝜃 − ∫ 𝜔𝑑𝑡
}

𝑡 (𝑟) = 𝑡
In differential form

𝑑𝑥 (𝑟) = 𝑑𝑥
𝑑𝑟 (𝑟) = 𝑑𝑟
}
(𝑟)
𝑑𝜃 = 𝑑𝜃 − 𝜔𝑑𝑡
𝑑𝑡 (𝑟) = 𝑑𝑡

( 3.70)

For an arbitrary scalar quantity 𝛷 in absolute frame

𝑑𝛷 =

𝜕𝛷
𝜕𝛷
𝜕𝛷
𝜕𝛷
𝑑𝑡 +
𝑑𝑥 +
𝑑𝑟 +
𝑑𝜃
𝜕𝑡
𝜕𝑥
𝜕𝑟
𝜕𝜃

From the equation ( 3.70) and ( 3.71), one can have
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( 3.71)

𝑑𝛷 = (

𝜕𝛷
𝜕𝛷
𝜕𝛷 (𝑟) 𝜕𝛷 (𝑟) 𝜕𝛷 (𝑟)
) 𝑑𝑡 (𝑟) +
+𝜔
𝑑𝑥 +
𝑑𝑟 +
𝑑𝜃
𝜕𝑡
𝜕𝜃
𝜕𝑥
𝜕𝑟
𝜕𝜃

( 3.72)

On the other hand, for 𝛷 in relative frame

𝑑𝛷 =

𝜕𝛷 (𝑟) 𝜕𝛷 (𝑟) 𝜕𝛷 (𝑟) 𝜕𝛷
𝑑𝑡 + ′ 𝑑𝑥 + ′ 𝑑𝑟 + ′ 𝑑𝜃 (𝑟)
𝜕𝑡 ′
𝜕𝑥
𝜕𝑟
𝜕𝜃

( 3.73)

Comparing equation ( 3.72) and ( 3.73) and it can be obtained that
𝜕𝛷
𝜕𝛷
= (𝑟)
𝜕𝑥 𝜕𝑥
𝜕𝛷
𝜕𝛷
= (𝑟)
𝜕𝑟 𝜕𝑟
𝜕𝛷
𝜕𝛷
= (𝑟)
𝜕𝜃 𝜕𝜃
𝜕𝛷
𝜕𝛷
𝜕𝛷
= (𝑟) − 𝜔 (𝑟) }
𝜕𝑡
𝜕𝑡
𝜕𝜃

( 3.73)

( 3.73a)

or in intrinsic notation
∇= ∇(𝑟)
𝜕𝛷
𝜕𝛷
𝜕𝛷 }
= (𝑟) − 𝜔 (𝑟)
𝜕𝑡
𝜕𝑡
𝜕𝜃

( 3.73b)

Further, based on equation ( 3.73), the relation between the material derivatives of 𝛷 in
absolute frame and that in relative frame can also be deduced
𝐷𝛷 𝜕𝛷
𝜕𝛷
𝜕𝛷
⃗⃗ ∙ ∇𝛷 =
⃗⃗⃗⃗ + 𝜔𝑟𝑒⃗𝜃 ) ∙ ∇(𝑟) 𝛷
=
+𝑉
− 𝜔 (𝑟) + (𝑊
(𝑟)
𝐷𝑡
𝜕𝑡
𝜕𝑡
𝜕𝜃
𝜕𝛷
𝐷𝛷
⃗⃗⃗⃗ ∙ ∇(𝑟) 𝛷 =
= (𝑟) + 𝑊
𝜕𝑡
𝐷𝑡 (𝑟)

( 3.74)

which states that the material derivative of a scalar field in absolute frame equals to that
in the relative frame.
Besides the coordinates transformation, the definition of relative velocity is also given as
following for further derivation
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⃗⃗⃗⃗ = 𝑉
⃗⃗ − 𝜔𝑟𝑒⃗𝜃
𝑊

( 3.75)

( 3.75a)

or in components
𝑊𝑥 = 𝑉𝑥
𝑊𝑟 = 𝑉𝑟 }
𝑊𝜃 = 𝑉𝜃 − 𝜔𝑟

( 3.75b)

Lyman’s work starts with the unsteady 3D compressible viscous energy equation in
absoulute frame [Liepmann and Roshko, 1957]:

𝜌

𝐷ℎ0 𝜕𝑝
⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑉
⃗⃗ − ∇ ∙ 𝑞⃗
=
+ ∇ ∙ (ξ̿ ∙ 𝑉
𝐷𝑡
𝜕𝑡

( 3.76)

Equation ( 3.76) indicates that the sources contributing to the change of total enthalpy
are:
1) unsteadiness;
2) viscous effects (viscous work and viscous dissipation)；
3) body force work;
4) heat transfer.
If flow is assumed to be 1) steady in absolute frame, 2) inviscid, 3) free of body force and
4) adiabatic, then equation ( 3.76) reduces to the conservation of total enthalpy, i.e. ℎ0 =
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 along streamline. Conservation of total enthalpy greatly simplifies the analysis
on the flow field in that it turns a differential energy equation into an algebraic energy
equation. As a matter of fact, in practice, conservation of total enthalpy is adopted in
many aerodynamic studies such as nozzle design. In nozzle, flow is usually approximated
as steady and the main stream flow usually has very high Reynold number so that the
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flow can be regarded as inviscid except for boundary layer which is very thin due to flow
acceleration; the effect of body force, usually gravity, and heat conduction are also
negligible relative to the kinetic effect under high speed. As a result, the four assumptions
and therefore the conservation of total enthalpy are adopted in most nozzle analysis
which can be seen in many aeronautical and propulsion textbooks. When it comes to
turbomachine, however, the existence of rotating blades indicates that the flow inside
rotor will never be steady in the absolute frame and thus conservation of total enthalpy is
compromised in rotating blade rows. As a matter of fact, unsteadiness is the main source
that contributes the energy change throughout rotor blade rows. Therefore, a new quantity
is needed to replace total enthalpy to so that a similar conservation law can be reach for
flow in rotor.
As mentioned earlier, the flow inside the blade rows can be assumed to be steady in the
relative frame when subjected to axisymmetric inflow. Therefore, the energy equation in
the relative frame is required in order to seek for such a quantity in replacement of total
enthalpy.
Following equation ( 3.76), combined with equation ( 3.74) and ( 3.73), the energy
equation in the relative frame can be written as

𝜌

𝐷ℎ0
𝜕𝑝
𝜕𝑝
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ + ∇ ∙ (𝜏̿ ∙ 𝜔𝑟𝑒⃗𝜃 ) + 𝜌𝑓⃗
=
−
𝜔
+ ∇ ∙ (ξ̿ ∙ 𝑊
𝐷𝑡 (𝑟) 𝜕𝑡 (𝑟)
𝜕𝜃 (𝑟)
∙ 𝜔𝑟𝑒⃗𝜃 − ∇ ∙ 𝑞⃗

( 3.77)

Comparing equation ( 3.77) and equation ( 3.76), one can see that energy equation in the
relative frame bears a similar form as that in the absolute frame, except for the fourth
term and fifth term on the RHS of equation ( 3.77). This means, if these two terms can be
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taken care of properly, an alternative energy equation of the same form as equation
( 3.76) governing a different quantity can be carried out.
For the fourth term on the RHS, following tensor operations, one can have

∇ ∙ (ξ̿ ∙ 𝜔𝑟𝑒⃗𝜃 ) = (∇ ∙ ξ̿) ∙ 𝜔𝑟𝑒⃗𝜃 + ξ̿: ∇(𝜔𝑟𝑒⃗𝜃 )

( 3.78)

One can prove that for Newtonian fluid

ξ̿: ∇(𝜔𝑟𝑒⃗𝜃 ) = 0

( 3.79)

Therefore, equation ( 3.78) becomes

∇ ∙ (ξ̿ ∙ 𝜔𝑟𝑒⃗𝜃 ) = (∇ ∙ ξ̿) ∙ 𝜔𝑟𝑒⃗𝜃

( 3.80)

Also, the circumferential pressure gradient can be rewritten as following

𝜔

𝜕𝑝
1 𝜕𝑝
(
) = 𝜔𝑟(∇𝑝) ∙ 𝑒⃗𝜃
=
𝜔𝑟
𝜕𝜃 ′
𝑟 𝜕𝜃

( 3.81)

Then, equation ( 3.77) becomes

𝜌

𝐷ℎ0 𝜕𝑝
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗ + 𝜔𝑟(−∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑓⃗) ∙ 𝑒⃗𝜃
=
+ ∇ ∙ (ξ̿ ∙ 𝑊
𝐷𝑡 ′ 𝜕𝑡 ′

( 3.82)

Now equation ( 3.82) has more resemblance to equation ( 3.76), except for the
underscored term. This term, however, can be related to momentum equation governing
unsteady, compressible, viscous flow, i.e.,

𝜌

⃗⃗
𝐷𝑉
= −∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑓⃗
𝐷𝑡

The underscored term in equation ( 3.82) thus becomes
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( 3.83)

𝜔𝑟(−∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑓⃗) ∙ 𝑒⃗𝜃 = 𝜔𝑟 (𝜌

𝐷𝑉𝜃
𝜕𝑉𝜃
⃗⃗ ∙ ∇𝑉𝜃 )
) = 𝜔𝑟𝜌 (
+𝑉
𝐷𝑡
𝜕𝑡

= 𝜔𝑟𝜌 (

𝜕𝑉𝜃
𝜕𝑉𝜃
𝜕𝑉𝜃 𝑉𝜃
𝑉𝜃 𝜕𝑉𝜃
)
+ 𝑉𝑥
+ 𝑉𝑟 (
+ )+
𝜕𝑡
𝜕𝑥
𝜕𝑟
𝑟
𝑟 𝜕𝜃

= 𝜔𝑟𝜌 (

𝜕𝑉𝜃
𝜕𝑉𝜃
𝜕𝑉𝜃
𝑉𝜃
𝑊𝜃 𝜕𝑉𝜃
)
+ 𝑉𝑥 (𝑟) + 𝑉𝑟 ( (𝑟) + ) +
(𝑟)
𝜕𝑡
𝜕𝑥
𝜕𝑟
𝑟
𝑟 𝜕𝜃 (𝑟)

1 𝜕𝑟𝑉𝜃
𝜕𝑟𝑉𝜃
𝜕𝑉𝜃
𝑊𝜃 𝜕𝑟𝑉𝜃
= 𝜔𝑟𝜌 [ ( (𝑟) + 𝑉𝑥 (𝑟) + 𝑉𝑟 𝑟 (𝑟) +
+ 𝑉𝑟 𝑉𝜃 )]
𝑟 𝜕𝑡
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃 (𝑟)
1 𝜕𝑟𝑉𝜃
𝜕𝑟𝑉𝜃
𝜕𝑟𝑉𝜃 𝑊𝜃 𝜕𝑟𝑉𝜃
)]
= 𝜔𝑟𝜌 [ ( (𝑟) + 𝑉𝑥 (𝑟) + 𝑉𝑟 (𝑟) +
𝑟 𝜕𝑡
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃 (𝑟)
= 𝜔𝑟𝜌 (

1 𝐷𝑟𝑉𝜃
)
𝑟 𝐷𝑡 (𝑟)

( 3.84)

By assuming rotational speed is constant and substituting equation ( 3.84) into equation
( 3.82), one can obtain

𝜌

𝐷ℎ0
𝜕𝑝
𝐷(𝜔𝑟𝑉𝜃 )
̿∙𝑊
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗ + 𝜌
(ξ
=
+
∇
∙
𝐷𝑡 (𝑟) 𝜕𝑡 ′
𝐷𝑡 (𝑟)

( 3.85)

Equation ( 3.85) can be rearranged into

𝜌

𝐷(ℎ0 − 𝜔𝑟𝑉𝜃 )
𝜕𝑝
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗
= (𝑟) + ∇ ∙ (ξ̿ ∙ 𝑊
(𝑟)
𝐷𝑡
𝜕𝑡

( 3.86)

Recalling the definition of Rothalpy [Wu, 1953] and applying vector operations

𝜌

𝐷(ℎ0 − 𝜔𝑟𝑉𝜃 )
𝜕𝑝
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗
= (𝑟) + ∇ ∙ (ξ̿ ∙ 𝑊
(𝑟)
𝐷𝑡
𝜕𝑡

( 3.87)

Substituting equation ( 3.87) into equation ( 3.86), it yields

𝜌

𝐷𝐼
𝜕𝐼
𝜕𝑝
⃗⃗⃗⃗ ∙ ∇(𝑟) 𝐼 =
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗
=
𝜌
+
𝜌𝑊
+ ∇ ∙ (ξ̿ ∙ 𝑊
𝐷𝑡 (𝑟)
𝜕𝑡 (𝑟)
𝜕𝑡 (𝑟)
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( 3.88)

Equation ( 3.88) is the rothalpy equation in relative frame. By comparing equation ( 3.76)
and equation ( 3.88), one can see that these two equations are in the same shape.
Actually, if the rotation speed equals to 0, i.e. if the flow is inside a stator, then equation
( 3.88) reduces to equation ( 3.76). Essentially, for flow inside rotor, instead of total
enthalpy, rothalpy becomes the measurement of potential energy. That is, similar to the
analysis on equation ( 3.76), if one can assume flow inside rotor blade rows is 1) steady
in relative frame, 2) inviscid, 3) free of body force and 4) adiabatic, then rothalpy of the
flow is conserved along relative streamline, i.e.,

⃗⃗⃗⃗ ∙ ∇(𝑟) 𝐼 = 0
𝑊

( 3.89)

As mentioned earlier, flow being inviscid is not an appropriate assumption when studying
viscous model. Therefore, instead of the inviscid assumption, equation ( 3.89) is arrived
at by adopting assumption that the viscous effects (work and dissipation) in relative
frame are carried away by heat transfer [Denton, 1986], i.e.,

⃗⃗⃗⃗ ) − ∇ ∙ 𝑞⃗ = 0
∇ ∙ (ξ̿ ∙ 𝑊

( 3.90)

Equation ( 3.89) is the famous rothalpy conservation equation. It is widely used in
turbomachinery analysis. The commonly known Euler Turbomachine equation comes
from equation ( 3.89). To our interest, most loss model studies adopted equation ( 3.89)
as a precondition in the model development process. The following sections aim at
recovering the processing of loss model development [Bosman & Marsh, 1974].
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3.4.2.2 Classic Loss Model [Bosman & Marsh, 1974]

The loss model developed by Bosman and Marsh comes from rothalpy equation and
Crocco’s equation. Hence, Crocco’s equation in relative frame is also needed for further
analysis.
Derivation of Crocco’s equation in relative frame starts with 3D unsteady compressible
viscous momentum equations in absolute frame:

𝜌

⃗⃗
𝜕𝑉
⃗⃗ ∙ ∇)𝑉
⃗⃗ = −∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑓⃗
+ 𝜌(𝑉
𝜕𝑡

( 3.91)

By using vector identity

⃗⃗) = 𝐴⃗ × (∇ × 𝐵
⃗⃗) + 𝐵
⃗⃗ × (∇ × 𝐴⃗) + (𝐴⃗ ∙ ∇)𝐵
⃗⃗ + (𝐵
⃗⃗ ∙ ∇)𝐴⃗
∇(𝐴⃗ ∙ 𝐵

( 3.92)

equation ( 3.91) becomes
2

⃗⃗ |
⃗⃗
|𝑉
𝜕𝑉
⃗⃗ × (∇ × 𝑉
⃗⃗ )] = −∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑓⃗
)− 𝑉
𝜌
+ 𝜌 [∇ (
𝜕𝑡
2

( 3.93)

On the other hand, from thermodynamics

( 3.94)

𝑑ℎ = 𝑣𝑑𝑝 + 𝑇𝑑𝑠

( 3.94a)

or in intrinsic form

∇ℎ =

1
∇𝑝 + 𝑇∇𝑠
𝜌

Substituting equation ( 3.94) into equation ( 3.93), it yields

66

( 3.94b)

𝜌

⃗⃗
𝜕𝑉
⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) = −𝜌∇ℎ0 + 𝜌𝑇∇𝑠 + 𝛻 ∙ ξ̿ + 𝜌𝑓⃗
− 𝜌𝑉
𝜕𝑡

( 3.95)

Equation ( 3.95) is Crocco’s equation in absolute frame. It can also be written in relative
frame by manipulating the two terms on the LHS of equation ( 3.95). The first term can
be written as

𝜌

⃗⃗
⃗⃗
⃗⃗
𝜕𝑉
𝜕𝑉
𝜕𝑉
= 𝜌 (𝑟) − 𝜌𝜔 (𝑟)
𝜕𝑡
𝜕𝑡
𝜕𝜃

( 3.96)

The second term can be written as
⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) = 𝜌𝑊
⃗⃗⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) + 𝜌𝜔𝑟𝑒⃗𝜃 × (𝛻 × 𝑉
⃗⃗ )
𝜌𝑉
⃗⃗⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) + 𝜌 (𝜔
= 𝜌𝑊
+ 𝜌 (𝜔

𝜕𝑟𝑉𝜃
𝜕𝑉𝑥
) 𝑒⃗
−𝜔
𝜕𝑥
𝜕𝜃 𝑥

𝜕𝑟𝑉𝜃
𝜕𝑉𝑟
) 𝑒⃗
−𝜔
𝜕𝑟
𝜕𝜃 𝑟

( 3.97)

Equation ( 3.96) and ( 3.97) yield

𝜌

⃗⃗
𝜕𝑉
⃗⃗ × (𝛻 × 𝑉
⃗⃗ )
− 𝜌𝑉
𝜕𝑡
=𝜌

⃗⃗
𝜕𝑉
𝜕𝑉𝑥
𝜕𝑉𝑟
1 𝜕𝑟𝑉𝜃
− 𝜌𝜔
𝑒⃗𝑥 − 𝜌𝜔
𝑒⃗𝑟 − 𝜌𝜔
𝑒⃗
(𝑟)
𝜕𝑡
𝜕𝜃
𝜕𝜃
𝑟 𝜕𝜃 𝜃

+ 𝜌𝜔

𝜕𝑉𝑥
𝜕𝑉𝑟
𝜕𝑟𝑉𝜃
𝜕𝑟𝑉𝜃
⃗⃗⃗⃗
𝑒⃗𝑥 + 𝜌𝜔
𝑒⃗𝑟 − 𝜌𝜔
𝑒⃗𝑥 − ρ𝜔
𝑒⃗ − 𝜌𝑊
𝜕𝜃
𝜕𝜃
𝜕𝑥
𝜕𝑟 𝑟

⃗⃗ )
× (𝛻 × 𝑉
= 𝜌

⃗⃗
𝜕𝑉
𝜕𝑟𝑉𝜃
𝜕𝑟𝑉𝜃
1 𝜕𝑟𝑉𝜃
⃗⃗⃗⃗
−
𝜌𝜔
𝑒
⃗
−
ρ𝜔
𝑒
⃗
−
𝜌𝜔
𝑒⃗ − 𝜌𝑊
𝑥
𝑟
𝜕𝑡 (𝑟)
𝜕𝑥
𝜕𝑟
𝑟 𝜕𝜃 𝜃

⃗⃗ ) = 𝜌
× (𝛻 × 𝑉

⃗⃗
𝜕𝑉
⃗⃗⃗⃗ × (𝛻 × 𝑉
⃗⃗ )
− 𝜌∇ω𝑟𝑉𝜃 − 𝜌𝑊
𝜕𝑡 (𝑟)
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( 3.98)

Substituting equation ( 3.98) into equation ( 3.95) and applying equation ( 3.73b), one can
obtain

𝜌

⃗⃗⃗⃗
𝜕𝑊
⃗⃗⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) = −𝜌∇(𝑟) 𝐼 + 𝜌𝑇∇(𝑟) 𝑠 + 𝛻 ∙ ξ̿ + 𝜌𝑓⃗
− 𝜌𝑊
(𝑟)
𝜕𝑡

( 3.99)

Equation ( 3.99) is the Crocco’s equation in relative frame. To further use equation ( 3.99)
in later loss model development, as flow is assumed to be steady in relative frame. Equation
( 3.99) then reduces to

⃗⃗⃗⃗ × (𝛻 × 𝑉
⃗⃗ ) = −𝜌∇(𝑟) 𝐼 + 𝜌𝑇∇(𝑟) 𝑠 + 𝛻 ∙ ξ̿ + 𝜌𝑓⃗
−𝜌𝑊

( 3.100)

Crocco’s equation is essentially still a momentum equation, the remark it makes is that it
relates momentum to potential energy and entropy change. From equation ( 3.100) and
( 3.89), one can obtain loss model in Bosman and Marsh’s work under certain
manipulations.
⃗⃗⃗⃗ ∙ ( 3.100) yields
Firstly, for equation ( 3.100), 𝑊

⃗⃗⃗⃗ ∙ ∇(𝑟) 𝐼 = 𝜌𝑇 𝑊
⃗⃗⃗⃗ ∙ ∇(𝑟) 𝑠 + 𝑊
⃗⃗⃗⃗ ∙ 𝛻 ∙ ξ̿ + 𝜌 𝑊
⃗⃗⃗⃗ ∙ 𝑓⃗
𝜌𝑊

( 3.101)

As for equation( 3.89), we take one step back by using equation ( 3.88) only assuming
steadiness in relative frame. Hence, the resultant equation is now

⃗⃗⃗⃗ ∙ 𝛻 (𝑟) 𝐼 = 𝛻 ∙ (𝜉 ̿ ∙ 𝑊
⃗⃗⃗⃗ ) + 𝜌𝑓⃗ ∙ 𝑊
⃗⃗⃗⃗ − 𝛻 ∙ 𝑞⃗
𝜌𝑊
Then with equation ( 3.90), equation ( 3.101) minus ( 3.102) yields
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( 3.102)

⃗⃗⃗⃗ ∙ 𝛻 (𝑟) 𝑠 + 𝑊
⃗⃗⃗⃗ ∙ 𝛻 ∙ 𝜉 ̿ = 0
𝜌𝑇 𝑊

( 3.103)

If we denote viscous force 𝛻 ∙ ξ̿ as 𝐹⃗𝑙 , then equation ( 3.103) is essentially the model for
viscous force. More specifically, if 𝐹⃗𝑙 is in the opposite direction of relative flow, as shown
in equation ( 3.104), then the expressions for 𝐹⃗𝑙 in terms of components can be obtained as
equation set ( 3.105).

𝐹⃗𝑙 = −ℒ

𝐹𝑙𝑥 = −𝜌
𝐹𝑙𝑟 = −𝜌
𝐹𝑙𝜃 = −𝜌

⃗⃗⃗⃗
𝑊
⃗⃗⃗⃗ |
|𝑊

⃗⃗⃗⃗ ∙ ∇(𝑟) 𝑠
𝑇𝑊
2

𝑊𝑥

2

𝑊𝜃

2

𝑊𝜃

⃗⃗⃗⃗ |
|𝑊
⃗⃗⃗⃗ ∙ ∇(𝑟) 𝑠
𝑇𝑊
⃗⃗⃗⃗ |
|𝑊
⃗⃗⃗⃗ ∙ ∇(𝑟) 𝑠
𝑇𝑊
⃗⃗⃗⃗ |
|𝑊

( 3.104)

( 3.105)

}

Equation set ( 3.105) is the specific expression for viscous force from Bosman & Marsh.
This model relates the viscous force to the entropy rise along relative streamline. If the
entropy rise through blade row can be obtained or prescribed, then the viscous force can
be estimated without calculating viscous stress tensor ξ.
This loss model, however, is valid under two assumptions made or implied in earlier
analysis:
1) flow is steady in relative frame;
⃗⃗⃗⃗ ) − 𝛻 ∙ 𝑞⃗ = 0.
2) 𝛻 ∙ (𝜉 ̿ ∙ 𝑊
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As discussed earlier, assumption 1) is compromised under non-axisymmetric inflow
condition. This indicates that this loss model is not a proper one for inlet distortion
problems and hence our body force model must not use equation ( 3.105) to estimate
viscous force.
As for the second assumption, it indicates that the viscous effects are drained by the heat
conduction. Denton [1986] stated that it is not an inappropriate assumption to make when
Prandtl number is close to 1. On the extra, this assumption implies the relation in equation
( 3.103) if entropy equation ( 3.106) is adopted [Liepmann & Roshko, 1957]:

⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗ = 𝜌𝑇
ξ̿: ∇𝑊

𝐷𝑠
𝐷𝑡 (𝑟)

( 3.106)

Substituting equation ( 3.106) into equation ( 3.90), one can have
⃗⃗⃗⃗ ) − 𝛻 ∙ 𝑞⃗ = 𝑊
⃗⃗⃗⃗ ∙ 𝛻 ∙ 𝜉 ̿ + (ξ̿: ∇𝑊
⃗⃗⃗⃗ − ∇ ∙ 𝑞⃗)
𝛻 ∙ (𝜉 ̿ ∙ 𝑊
⃗⃗⃗⃗ ∙ 𝛻 ∙ 𝜉 ̿ + 𝜌𝑇 𝑊
⃗⃗⃗⃗ ∙ 𝛻 (𝑟) 𝑠 = 0
=𝑊

( 3.107)

Equation ( 3.106) indicates that equation ( 3.101) and ( 3.102) are equivalent and it is trivial
trying to make comparison between these two equations. Therefore, the only way to avoid
such trivial situation is by adopting equation ( 3.90),. However, ( 3.107) shows that
equation ( 3.90) has already implied the expression for viscous force in terms of entropy.
In other words, the second assumption is where the loss body force relation( 3.103) comes
from.
In summary, the two assumptions made take care of the two significant barriers in loss
model development: unsteadiness and triviality comparing energy equation and Crocco’s
equation. In inlet distortion problems, the first assumption of steadiness in relative frame
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is compromised and therefore a new proper loss model is needed for the proposed body
force model.

3.4.2.3 Proposed Loss Model

Even though the loss model from Bosman & Marsh cannot be applied onto inlet distortion
problem, the philosophy in its development can still be adopted in developing our own loss
model. That is, to develop a loss model, one needs to at first take care of two issues:
1) the unsteadiness inside rotor;
2) triviality comparing energy equation and Crocco’s equation.
The first issue is well addressed if Equation set ( 3.60) is used to develop loss model. It
means that, if the loss model is developed based on time average flow field instead of
instantaneous flow field, then the problem due to existence of unsteadiness is automatically
resolved as the equation set itself is already in steady form.
The second issue, on the other hand, needs to be addressed during the derivation of loss
model.
By convention, in the following analysis, 𝜌, 𝑝 and 𝐹⃗𝜏 are time averaged quantities and the
rest are density weighted averaged quantities
To construct loss model, firstly let’s write out equation set ( 3.60) in intrinsic notation:
Continuity:
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⃗⃗ ) = 0
𝛻 ∙ (𝐵𝜌𝑉

( 3.108)

( 3.108a)

Momentum:
1
𝐹⃗𝑏
∇(𝐵𝑝) = + 𝐹⃗𝜏
𝐵
𝐵

( 3.108b)

⃗⃗ ∙ 𝐹⃗𝑏
𝑉
⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠
+𝑉
𝐵

( 3.108c)

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉
Energy:

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉
Equation of State:

𝑝 = 𝜌𝑅𝑇

( 3.108d)

Loss model is basically an alternative expression for the term 𝐹⃗𝜏 to replace its original
definition in equation ( 3.32).

The loss model can be constructed following same

philosophy and similar procedures in Section 3.4.2.2. To achieve that, two equations are
needed:
1) Energy equation;
2) Crocco’s equation.
Since the loss model development can directly start with equation set ( 3.108), it means
that all derivation should stay in absolute frame. Therefore, instead of rothalpy, total
enthalpy is selected as measurement of potential energy and equation ( 3.108c) can be
directly used in loss model construction.
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As for Crocco’s equation, from equation ( 3.108b), following analogous procedures in
Section 3.4.2.2, one can obtain the corresponding Crocco’s equation based on time
averaged quantities in absolute frame as following:

⃗⃗ × (∇ × 𝑉
⃗⃗ ) = −𝜌∇ℎ0 + 𝜌𝑇∇𝑠 − 𝑝
−𝑉

1
𝐹⃗𝑏
∇(𝐵) + + 𝐹⃗𝜏
𝐵
𝐵

( 3.109)

⃗⃗ ∙ ( 3.109) , combining with equation ( 3.52), yields equation ( 3.108c). This
Then, 𝑉
indicates that equation ( 3.108c) and equation ( 3.109) are essentially the same equation.
This is where the second issue, triviality, shows up. Therefore, similar as in Section 3.4.2.2,
the only way to construct loss model is to adopted equation ( 3.110), which is identical to
equation ( 3.107).

⃗⃗⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠 = 0
𝑊

( 3.110)

The physical interpretation of equation ( 3.110) is that, in time averaged flow field, the
entropy change along streamline is due to the work done by viscous force. However, as
discussed earlier, average quantities defined in CFD solver are not the direct result of time
averaging over their corresponding instantaneous quantities if they are not linear. Entropy,
total enthalpy and heat transfer all fall into this category. Hence, validity of equation ( 3.90)
cannot theoretically guarantee that equation ( 3.110) is correct. However, if the
perturbations introduced by nonlinearity of instantaneous quantities, such as the
perturbation terms in equation set ( 3.34), are generally small, then equation ( 3.110) can
be approximately regarded as a proper assumption given that equation ( 3.90) is valid.
From equation ( 3.110), assuming viscous force is in the opposite direction of relative flow,
then the loss model based on time averaged quantities comes out as
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𝐹𝜏𝑥 = −𝜌
𝐹𝜏𝑟 = −𝜌
𝐹𝜏𝜃 = −𝜌

⃗⃗ ∙ ∇𝑠
𝑇𝑉
2

𝑊𝑥

2

𝑊𝜃

2

𝑊𝜃

⃗⃗⃗⃗ |
|𝑊
⃗⃗ ∙ ∇𝑠
𝑇𝑉
⃗⃗⃗⃗ |
|𝑊
⃗⃗ ∙ ∇𝑠
𝑇𝑉
⃗⃗⃗⃗ |
|𝑊

( 3.111)

}

Comparing equation set ( 3.105) and ( 3.111), one can see that the only difference is the
expression for the magnitude of viscous force. As a matter of fact, if the flow is
axisymmetric, equation set ( 3.111) reduces to the same as equation ( 3.105), except the
former one is for time averaged field and the latter one is for instantaneous flow field.
In closing, equation set ( 3.111) is the finalized form of loss model for 3D nonaxisymmetric flow in time averaged flow field. It relates viscous force to entropy rise
through blade row. As along as the entropy change is known or prescribed, this model can
be used to estimate the viscous force induced by the existence of blades.

3.4.3 Energy Source Modelling and Finalized Body Force Model
After pressure force and viscous force are properly modelled, the last part would be to
model the energy input due to blade rotation. This part is quite straightforward. Starting
from energy equation ( 3.108c), it can be further simplified by using equation ( 3.65) and
( 3.110). The resultant energy equation becomes

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉

𝜔𝑟𝐹𝑏𝜃
+ 𝜔𝑟𝐹𝜏𝜃
𝐵

( 3.112)

Noting that the RHS of equation ( 3.112) can be related to prescribed angular momentum
via equation ( 3.62), the energy equation can be rewritten as
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⃗⃗ ∙ 𝛻ℎ0 = 𝜌𝑉
⃗⃗ ∙ 𝛻𝜔𝑟𝑉𝜃∗ +
𝜌𝑉

𝜔 𝜕𝐵𝑝
𝐵 𝜕𝜃

( 3.113)

Then, the finalized body force model can be summarized as following

𝜕𝐵[𝐸]
1 𝜕𝑟𝐵[𝐹]
1 𝜕𝐵[𝐺]
+
+
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.114)

( 3.114a)

= 𝐵([𝑆] + [𝑆]𝑏 + [𝑆]𝑙 )
𝜌𝑉𝜃
𝜌𝑉𝑥
𝜌𝑉𝑟
𝜌𝑉𝑥 𝑉𝜃
𝜌𝑉𝑥 𝑉𝑥 + 𝑝
𝜌𝑉𝑥 𝑉𝑟
𝜌𝑉𝑟 𝑉𝜃
𝜌𝑉𝑟 𝑉𝑥
[𝐸] =
, [𝐹 ] = 𝜌𝑉𝑟 𝑉𝑟 + 𝑝 , [𝐺] =
𝜌𝑟𝑉𝜃 𝑉𝑥
𝜌𝑟𝑉𝜃 𝑉𝑟
𝑟(𝜌𝑉𝜃 𝑉𝜃 + 𝑝)
[(𝐸𝑡 + 𝑝)𝑉𝑥 ]
[(𝐸𝑡 + 𝑝)𝑉𝑟 ]
[ (𝐸𝑡 + 𝑝)𝑉𝜃 ]
0
0
0
0
𝐹
𝐹𝜏,𝑥
𝑏,𝑥
𝜌𝑉𝜃2 + 𝑝
𝐹
[𝑆 ] =
[
]
, 𝑆𝑏=
𝑏,𝑟 , [𝑆]𝑙 = 𝐹𝜏,𝑟
𝑟
𝑟𝐹𝑏,𝜃
𝑟𝐹𝜏,𝜃
0
[ 0 ]
[ 𝐸𝑠 ]
[ 0 ]
𝜕𝑓
− 𝐹𝑏,𝜃
𝐹𝑏,𝑥
𝜕𝑥
𝜕𝑓
𝐹⃗𝑏 = [𝐹𝑏,𝑟 ] =
−
𝐹
𝐹𝑏,𝜃
𝜕𝑟 𝑏,𝜃
[ 𝐹𝑏,𝜃 ]
𝐹𝑏,𝜃 =

⃗⃗⃗⃗
1
𝑊
⃗⃗ ∙ 𝛻 (𝑟𝑉𝜃∗ ) + 𝛻𝐵𝑝 ∙ 𝑒⃗𝜃 ] + 𝜌ℒ(𝑥, 𝑟, 𝜃 )
[ 𝐵𝜌𝑉
∙ 𝑒⃗
𝑟𝐵
⃗⃗⃗⃗ | 𝜃
|𝑊
−𝜌ℒ(𝑥, 𝑟, 𝜃 )

( 3.114c)

⃗⃗⃗⃗
𝑊
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝑥
|𝑊

𝐹𝜏,𝑥
⃗⃗⃗⃗
𝑊
⃗
𝐹𝜏 = [ 𝐹𝜏,𝑟 ] = −𝜌ℒ(𝑥, 𝑟, 𝜃 )
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝑟
|𝑊
𝐹𝜏,𝜃
⃗⃗⃗⃗
𝑊
−𝜌ℒ(𝑥, 𝑟, 𝜃 )
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝜃 ]
|𝑊
[
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( 3.114b)

( 3.114d)

ℒ(𝑥, 𝑟, 𝜃 ) =

𝑇
⃗⃗ ∙ ∇𝑠
𝑉
⃗⃗⃗⃗ |
|𝑊

⃗⃗ ∙ 𝛻𝜔𝑟𝑉𝜃∗ + 𝜔
𝐸𝑠 = 𝐵𝜌𝑉

𝜕𝐵𝑝
𝜕𝜃

( 3.114e)

( 3.114f)

Equation set ( 3.114) is the finalized body force model. It is written in conservative form
in that most CFD solvers deal with conservative equations. This equation set helps when
implementing the body force model into CFD solver.

3.5 Body Force inside OGV/Stator
All the previous sections in this chapter deal with time averaged flow field. The time
average process aims at obtaining steady governing equation with blade forces for flow
inside rotating blade row. What if blade row is not rotating? Would the time average still
be able to obtain such steady equations?
From previous analysis, one can clear see that the blade body force (pressure force) terms
in equation set ( 3.34) comes from time averaging over pressure gradients. Physically, the
blade body force appears because that fan blades pass through the given spatial location
within the time interval. Time average simply quantifies this effect of blades passing
through. In stationary blade row, however, at a given spatial point, there will be no blades
passing through no matter how much time goes by. This indicates that time averaging on
equation inside stator will not yield equations with blade body force. This conclusion can
also be reached at mathematically. From the previous analysis, it can be seen that it is the
effect of gate function (equation ( 3.12)) defined in time average operator upon pressure
gradients that introduces the blade body force in equation set ( 3.35). However, noting
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that the gate function equals to 1 outside rotor, thus time averaging over pressure
gradients inside stator will not result in blade body force. Therefore, to reach blade body
force inside stator, another average operator is needed.
Moving average is a statistical method in data analysis. It generates series of quantities
from averaging over subsets of the original full data set [Hyndman, 2009]. In signal
process, moving average also serves as a finite impulse filter that smooth out noise and
oscillations based on selected time scale [Smith, 1999]. Moving average is usually
applied in stocks, marketing and economic analysis to help filter out the high frequency
noise and obtain long term trend indicated by data set. To postulate the concept of
moving average into the body force model, one needs only change the variable of average
from time to circumferential distance. That is, the moving average used for flow
quantities is defined as

̂=
𝛷

1 𝜗+∆𝜃
∫
𝛷𝑑𝜃
∆𝜃 𝜗

( 3.115)

In equation ( 3.115), 𝜗 is the reference circumferential location where the average
process starts; ∆𝜃 is the circumferential distance over which flow quantities are averaged.
Moving average is essentially a convolution of a given quantity on the circumferential
direction. It physically represents the effect of neighboring flow within the spatial
interval of 𝜗 + ∆𝜃 upon the flow at the point of interest located at 𝜗.
To further use this operator, the circumferential length scales, i.e., ∆𝜃, needs to be
determined. The largest circumferential length scale is 2𝜋 since the flow field is periodic
over 2𝜋. However, if ∆𝜃 is set to 2𝜋, then the circumferential variation of flow quantities
will be lost. This is because of the filtering nature of moving average, which dictates that
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any circumferential variation on the length scale smaller than ∆𝜃 will be smoothed out by
moving average. Therefore, to maintain the circumferential variation as much as possible,
∆𝜃 should be as small as possible. On the other hand, during average process, for an
arbitrary starting point 𝜗, the correspond average interval (𝜗, 𝜗 + ∆𝜃) is expected to
contain at least one stator blade. To meet this requirement, ∆𝜃 should satisfy

∆𝜃 ∈ [

2𝜋
, 2𝜋)
𝑁𝑠

( 3.116)

𝑁𝑠 in equation ( 3.116) represents the number of blades inside stator. Combining with the
reasoning before, we can have

∆𝜃 =

2𝜋
𝑁𝑠

( 3.117)

The next step is to apply moving average onto stator flow. Inside stator, however,
( 3.115) is not valid due to the existence of blades. Therefore, a gate function is needed to
further perform averaging inside stator. The gate function 𝐺(𝜃) is defined as

𝐺 = 𝑈(𝜃 − 𝜗) + 𝑈(𝜃 − 𝜗 − 𝜃4 ) − 𝑈(𝜃 − 𝜗 − 𝜃3 )
𝜃3 and 𝜃4 are blade geometrical parameter defined in Figure 3.5.
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( 3.118)

Figure 3.5: Geometrical Parameters in Stator
Then moving average can be defined as
2𝜋

𝜗+
𝑁𝑠
𝑁
̂= 𝑠 ∫
𝛷
𝐺𝛷𝑑𝜃
2𝜋𝐵𝑠 𝜗

( 3.119)

Some basic operations of moving average need to be introduced:
1) interchanging with radial and axial derivative.
For any quantity 𝛷,
2𝜋

2𝜋

2𝜋

𝜗+
𝜗+
̂
𝑁𝑠 𝜕𝛷
𝑁𝑠
𝜕𝛷
𝑁𝑠
𝑁𝑠 𝜕 𝜗+𝑁𝑠
𝜕𝐺
∫
[ ∫
=
𝐺
𝑑𝜃 =
𝐺𝛷𝑑𝜃 − ∫
𝛷
𝑑𝜃 ]
𝜕𝑟 2𝜋𝐵𝑠 𝜗
𝜕𝑟
2𝜋𝐵𝑠 𝜕𝑟 𝜗
𝜕𝑟
𝜗

=

̂
1 𝜕𝐵𝑠 𝛷
𝑁𝑠
𝜕𝜃3
𝜕𝜃4
[𝛷(𝑥, 𝑟, 𝜗 + 𝜃3 )
]
−
− 𝛷 (𝑥, 𝑟, 𝜗 + 𝜃4 )
𝐵𝑠 𝜕𝑟
2𝜋𝐵𝑠
𝜕𝑟
𝜕𝑟

( 3.120)

In equation ( 3.120), 𝐵𝑠 represents the blockage of stator. The definition of 𝐵𝑠 is as
following
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𝐵 = 1−

(𝜃3 − 𝜃4 )𝑁
2𝜋

( 3.121)

Similarly, for axial derivative,
2𝜋

2𝜋

2𝜋

𝜗+
𝜗+
̂
𝑁𝑠 𝜕𝛷
𝑁𝑠
𝜕𝛷
𝑁𝑠
𝑁𝑠 𝜕 𝜗+𝑁𝑠
𝜕𝐺
∫
[ ∫
=
𝐺
𝑑𝜃 =
𝐺𝛷𝑑𝜃 − ∫
𝛷
𝑑𝜃 ]
𝜕𝑥 2𝜋𝐵𝑠 𝜗
𝜕𝑥
2𝜋𝐵𝑠 𝜕𝑟 𝜗
𝜕𝑥
𝜗

=

̂
1 𝜕𝐵𝑠 𝛷
𝑁𝑠
𝜕𝜃3
𝜕𝜃4
[𝛷(𝑥, 𝑟, 𝜗 + 𝜃3 )
]
−
− 𝛷 (𝑥, 𝑟, 𝜗 + 𝜃4 )
𝐵𝑠 𝜕𝑥
2𝜋𝐵𝑠
𝜕𝑥
𝜕𝑥
( 3.122)

2) Interchanging with circumferential derivative:
For an arbitrary quantity A in flow field,
2𝜋

2𝜋

2𝜋

𝜗+
𝜗+
𝜗+
̂
𝑁𝑠 𝜕𝛷
𝑁𝑠 𝜕𝐺𝛷
𝑁𝑠
𝜕𝛷
𝑁𝑠
𝑁𝑠
𝜕𝐺
∫
[∫
=
𝐺
𝑑𝜃 =
𝑑𝜃 − ∫
𝛷
𝑑𝜃 ]
𝜕𝜃 2𝜋𝐵𝑠 𝜗
𝜕𝜃
2𝜋𝐵𝑠 𝜗
𝜕𝜃
𝜕𝜃
𝜗

( 3.123)

Using Leibniz rule, the first underscored term in equation ( 3.123) can be written as
2𝜋
𝜗+
𝑁𝑠 𝜕𝐺𝛷

∫

𝜗

𝜕𝜃

𝑑𝜃 = 𝐺𝛷 |𝜗+2𝜋 − 𝐺𝛷 |𝜗
𝑁𝑠

2𝜋

2𝜋

2𝜋

𝜗+
𝑁𝑠 𝜕𝐺𝛷
𝜕 𝜗+𝑁𝑠
𝜕 𝜗+𝑁𝑠
∫
∫
=
𝐺𝛷𝑑𝜃 − ∫
𝑑𝜃 =
𝐺𝛷𝑑𝜃
𝜕𝜗 𝜗
𝜕𝜗
𝜕𝜗 𝜗
𝜗

( 3.124)

As for the second underscored term in equation ( 3.123), it can be expanded as
2𝜋
𝜗+
𝑁𝑠

∫

𝜗

𝛷

𝜕𝐺
𝑑𝜃 = 𝛷(𝑥, 𝑟, 𝜗 + 𝜃4 ) − 𝛷 (𝑥, 𝑟, 𝜗 + 𝜃3 )
𝜕𝜃

Substituting equation ( 3.124) and ( 3.125) into equation ( 3.123), it yields
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( 3.125)

2𝜋

̂
𝜕𝛷
𝑁𝑠 𝜕 𝜗+𝑁𝑠
𝑁𝑠
[𝛷(𝑥, 𝑟, 𝜗 + 𝜃4 ) − 𝛷 (𝑥, 𝑟, 𝜗 + 𝜃3 )]
∫
=
𝐺𝛷𝑑𝜃 −
𝜕𝜃 2𝜋𝐵𝑠 𝜕𝜗 𝜗
2𝜋𝐵𝑠
=

̂
1 𝜕𝐵𝑠 𝛷
𝑁𝑠
[𝛷 (𝑥, 𝑟, 𝜗 + 𝜃4 ) − 𝛷 (𝑥, 𝑟, 𝜗 + 𝜃3 )]
−
𝐵𝑠 𝜕𝜗
2𝜋𝐵𝑠

( 3.126)

The underscored term in equation ( 3.126) is the circumferential variation of moving
average quantities. It indicates for general non-axisymmetric flow, moving average at
different circumferential location will result in different averaged quantities. In other
words, the circumferential variation associated with length scale larger than

2𝜋
𝑁𝑠

is

maintained after moving average.
3) Average over conservative terms:
For any flow quantity 𝛷,
̂𝑥 1 𝜕𝑟𝜌𝛷𝑉
̂ 𝑟 1 𝜕𝜌𝛷𝑉
̂𝜃
𝜕𝜌𝛷𝑉
+
+
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
=

̂𝑥
̂𝑟 1 𝜕𝐵𝑠 𝜌𝛷𝑉
̂𝜃
1 𝜕𝐵𝑠 𝜌𝛷𝑉
1 𝜕𝑟𝐵𝑠 𝜌𝛷𝑉
+
+
𝐵𝑠
𝜕𝑥
𝑟𝐵𝑠
𝜕𝑟
𝐵𝑠
𝜕𝜗
𝑁−1

𝑁𝑠
𝜕𝜃3
𝜕𝜃3 𝑉𝜃
∑ [(𝜌𝛷)|𝜃3 (𝑉𝑥
−
+ 𝑉𝑟
− )|
2𝜋𝐵𝑠
𝜕𝑥
𝜕𝑟
𝑟 𝜃3
𝑛=0

− (𝜌𝛷 )|𝜃4 (𝑉𝑥

𝜕𝜃4
𝜕𝜃4 𝑉𝜃
+ 𝑉𝑟
− )| ]
𝜕𝑥
𝜕𝑟
𝑟 𝜃4

( 3.127)

The terms inside the bracket in equation ( 3.127) equal to zero due to the flow
tangency condition inside stator:

(𝑉𝑥

𝜕𝜃3,4
𝜕𝜃3,4 𝑉𝜃
+ 𝑉𝑟
− )|
=0
𝜕𝑥
𝜕𝑟
𝑟 𝜃3,4

Then equation ( 3.127) becomes
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( 3.128)

̂𝑥 1 𝜕𝑟𝜌𝛷𝑉
̂ 𝑟 1 𝜕𝜌𝛷𝑉
̂𝜃
𝜕𝜌𝛷𝑉
+
+
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
=

̂𝑥
̂𝑟 1 𝜕𝐵𝑠 𝜌𝛷𝑉
̂𝜃
1 𝜕𝐵𝑠 𝜌𝛷𝑉
1 𝜕𝑟𝐵𝑠 𝜌𝛷𝑉
+
+
𝐵𝑠
𝜕𝑥
𝑟𝐵𝑠
𝜕𝑟
𝐵𝑠
𝜕𝜗

( 3.129)

Beside these basic operations, a density weighted moving average is defined, analogous
to that defined in time average:

̆=
𝛷

2𝜋
𝜗+
𝑁
∫𝜗 𝑠 𝜌𝐺𝛷𝑑𝜃
2𝜋
𝜗+
𝑁
∫𝜗 𝑠 𝜌𝐺𝑑𝜃

( 3.130)

Therefore

̂ = 𝜌̂𝛷
̆
𝜌𝛷

( 3.131)

Similar as it is in time average analysis, decompositions can be defined as

( 3.132)

̂ + 𝛷 ′′′ = 𝛷
̆ + 𝛷 ′′′′
𝛷=𝛷

( 3.132a)

The oscillation terms in equation ( 3.132a) must satisfy
′′′′ = 0
̆
𝛷̂′′′ = 𝛷

( 3.132b)

When the moving average is well defined. The next step would be to determine the target
equation set. Noting that the flow inside stator has been assumed to be steady, then
further analysis can start with equation set ( 3.31) eliminating the time derivatives. This
will yield
Continuity:
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𝜕𝜌𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑟 1 𝜕𝜌𝑉𝜃
+
+
=0
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 3.133a)

𝜕𝜌𝑉𝑥 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑥 𝑉𝑟 1 𝜕𝜌𝑉𝑥 𝑉𝜃
𝜕𝑝
+
+
=−
+ 𝐹𝜏𝑥
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑥

( 3.133b)

𝜕𝜌𝑉𝑟 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝑟 𝑉𝑟 1 𝜕𝜌𝑉𝑟 𝑉𝜃 𝜌𝑉𝜃 𝑉𝜃
𝜕𝑝
+
+
−
=−
+ 𝐹𝜏𝑟
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝑟
𝜕𝑟

( 3.133c)

( 3.133)
X-momentum:

R-momentum:

-momentum:
𝜕𝜌𝑉𝜃 𝑉𝑥 1 𝜕𝑟𝜌𝑉𝜃 𝑉𝑟 1 𝜕𝜌𝑉𝜃 𝑉𝜃 𝜌𝑉𝑟 𝑉𝜃
1 𝜕𝑝
+
+
+
=−
+ 𝐹𝜏𝜃
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝑟
𝑟 𝜕𝜃

( 3.133d)

𝜕𝜌ℎ0 𝑉𝑥 1 𝜕𝑟𝜌ℎ0 𝑉𝑟 1 𝜕𝜌ℎ0 𝑉𝜃 𝜕𝑝
⃗⃗ + 𝐷 + 𝑄
+
+
=
+ 𝐹⃗𝜏 ∙ 𝑉
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑡

( 3.133e)

Energy:

Equation set ( 3.133) can be regarded as governing equation set for both instantaneous
flow field and time average flow field. This is because steadiness inside stator is adopted.
From this equation set, following analogous procedures in time average analysis,
applying moving average upon equation set ( 3.133) yields
Continuity:

( 3.134)

𝜕𝐵𝑠 𝜌̂𝑉̆𝑥 1 𝜕𝑟𝐵𝑠 𝜌̂𝑉̆𝑟 1 𝜕𝐵𝑠 𝜌̂𝑉̆𝜃
+
+
=0
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜗

( 3.134a)

X-momentum:
𝜕𝐵𝑠 𝜌̂𝑉̆𝑥 𝑉̆𝑥 1 𝜕𝑟𝐵𝑠 𝜌̂𝑉̆𝑥 𝑉̆𝑟 1 𝜕𝐵𝑠 𝜌̂𝑉̆𝑥 𝑉̆𝜃
𝜕𝐵𝑠 𝑝̂
+
+
=−
+ 𝐹𝑏𝑠𝑥 + 𝐵𝑠 𝐹̂𝜏𝑥
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜗
𝜕𝑥
R-momentum:
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( 3.134b)

𝜕𝐵𝑠 𝜌̂𝑉̆𝑟 𝑉̆𝑥 1 𝜕𝑟𝐵𝑠 𝜌̂𝑉̆𝑟 𝑉̆𝑟 1 𝜕𝐵𝑠 𝜌̂𝑉̆𝑟 𝑉̆𝜃 𝐵𝑠 𝜌̂𝑉̆𝜃 𝑉̆𝜃
+
+
−
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜗
𝑟
=−

𝜕𝐵𝑠 𝑝̂
+ 𝐹𝑏𝑠𝑟 + 𝐵𝑠 𝐹̂𝜏𝑟
𝜕𝑟

( 3.134c)

-momentum:
𝜕𝐵𝑠 𝜌̂𝑉̆𝜃 𝑉̆𝑥 1 𝜕𝑟𝐵𝑠 𝜌̂𝑉̆𝜃 𝑉̆𝑟 1 𝜕𝐵𝑠 𝜌̂𝑉̆𝜃 𝑉̆𝜃 𝐵𝑠 𝜌̂𝑉̆𝑟 𝑉̆𝜃
+
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜗
𝑟
=−

1 𝜕𝐵𝑠 𝑝̂
+ 𝐹𝑏𝑠𝜃 + 𝐵𝑠 𝐹̂𝜏𝜃
𝑟 𝜕𝜗

( 3.134d)

Energy:
𝜕𝐵𝑠 𝜌̂ℎ̆0 𝑉̆𝑥 1 𝜕𝑟𝐵𝑠 𝜌̂ℎ̆0 𝑉̆𝑟 1 𝜕𝐵𝑠 𝜌̂ℎ̆0 𝑉̆𝜃
+
+
=0
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜗

( 3.134e)

Equation of State:
𝑝̂ = 𝜌̂𝑅𝑇̆

( 3.134f)

Stagnation enthalpy and entropy:

ℎ̆0 = ℎ̆ +

𝑉̆𝑖2
𝑉̆𝑖2
̆
= 𝑐𝑝 𝑇 +
2
2

( 3.134g)

𝑑𝑇̆
𝑑𝑝̂
−𝑅
𝑝̂
𝑇̆

( 3.133h)

𝐹𝑏𝑠𝑥 =

𝑁𝑠
𝜕𝜃3
𝜕𝜃4
[𝑝(𝑥, 𝑟, 𝜗 + 𝜃3 )
]
− 𝑝(𝑥, 𝑟, 𝜗 + 𝜃4 )
2𝜋
𝜕𝑥
𝜕𝑥

( 3.134i)

𝐹𝑏𝑠𝑟 =

𝑁𝑠
𝜕𝜃3
𝜕𝜃4
[𝑝(𝑥, 𝑟, 𝜗 + 𝜃3 )
]
− 𝑝(𝑥, 𝑟, 𝜗 + 𝜃4 )
2𝜋
𝜕𝑟
𝜕𝑟

( 3.134j)

𝑑𝑠̆ = 𝑐𝑝
Body forces and perturbations:
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𝐹𝑏𝑠𝜃 =

𝑃𝑠𝑖 =

𝑁𝑠
[𝑝(𝑥, 𝑟, 𝜗 + 𝜃4 ) − 𝑝(𝑥, 𝑟, 𝜗 + 𝜃3 )]
2𝜋𝑟

( 3.134k)

̆
̆
̆
𝜕𝐵𝑠 𝜌̂𝑉𝑖 ′′′′
𝑉𝑥′′′′ 1 𝜕𝑟𝐵𝑠 𝜌̂𝑉𝑖 ′′′′
𝑉𝑟′′′′ 1 𝜕𝐵𝑠 𝜌̂𝑉𝑖 ′′′′
𝑉𝜃′′′′
+
+
𝜕𝑥
𝑟
𝜕𝑟
𝑟
𝜕𝜃
̆
̆
𝐵𝑠 𝜌̂𝑉𝜃′′′′
𝑉𝜃′′′′
𝐵𝑠 𝜌̂𝑉𝑟′′′′
𝑉𝜃′′′′
− 𝛿𝑖𝑟
+ 𝛿𝑖𝜃
𝑟
𝑟

( 3.134l)

(𝑖 = 𝑥, 𝑟, 𝜃)
By looking at equation set ( 3.134) and comparing it to equation set ( 3.34), they have
analogously similar form with only difference being the body force. Unlike rotor passage
where circumferential body force equals to the pressure at PS – pressure at SS,
circumferential body force of stator equals to pressure at SS – pressure at PS. It is
reasonable as rotor impart angular momentum into flow and stator take angular
momentum out from flow and hence the circumferential body forces in rotor and stator
should have opposite signs.
Also, to relate body force terms to angular momentum, one can apply analogous control
volume analysis on stator blade row. Results similar to equation set ( 3.64) will be
obtained except all the averaged quantities are replaced with moving averaged and
density-weighted moving averaged ones.
Back to the form of the equations, one can conclude that for flow field inside rotor and
stator, as long as the proper averaging processes are used, the governing equations for
averaged flow field (time averaged in rotor and moving averaged in stator) can be
combined and written in the form of equation set ( 3.60). Noting that the loss model
developed in the previous section adopted equation set ( 3.60), therefore the developed
loss mode is valid for moving averaged flow field inside stator as well. The finalized
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body force model for both rotor and stator is equation set ( 3.114), except the energy
source equals to zero when it is in stator.
For convenience, further use of the term “averaged quantities/flow field/equations…” by
default implies time average for rotor/fan/rotating blade rows and moving average for
stator/OGV/stationary blade rows.

3.6 Implementation of Body Force Model
Now that the finalized equations for body model is obtained, the next step is to
implement equation set ( 3.114) into CFD solver. Noting that the proposed body force
model is not supposed to work near choking or stall, therefore, blockage, which is the
mechanism for fan choking, is not modelled in current work. Another reason to skip
blockage modelling is that the proposed body force model cannot have available blade
geometry as input, therefore blockage is not available anyway. A convenient way to
address blockage is to set it to unity. By doing so, it implies the assumption that blades
are infinitesimally small. Further, the proposed body force model aims at predicting flow
field upstream and downstream of blade row and thus flow inside blade region is not of
interest. Therefore, it is not necessary to use the concept of mean 𝑆2 surface throughout
the blade region. Instead, blade bode force components are constructed using equation
( 3.65) while assuming
𝐹𝑏,𝑟 = 0
Then equation ( 3.114b) becomes
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( 3.135)

𝐹𝑏,𝑥
−
⃗
𝐹𝑏 = [ 𝐹𝑏,𝑟 ] =
𝐹𝑏,𝜃
[

𝑉𝜃 − 𝜔𝑟
𝐹𝑏,𝜃
𝑉𝑥
0
𝐹𝑏,𝜃
]

( 3.136)

Equation ( 3.135) implies that the blades modelled by proposed body force is assumed to
be straight blades with no twisting in the radial direction. This is of course not true for
most high-speed blade rows and as a result, the averaged flow field inside blade regions
predicted by the model is generally different from that obtained from experimental data.
However, as stated earlier, prediction of flow field inside blade rows is not the primary
purposed of the proposed body force model. Therefore, it is not a mistake adopting
equation ( 3.135) as long as the flow field upstream and downstream can be accurately
predicted. In other words, the proposed model is essentially designed to mimic the
upstream and downstream effect of real blade rows by modelling infinitesimally thin
straight blades that have the same performance characteristics as the real blades. The
equation set used for implementation based on above reasoning thus becomes
( 3.137)

𝜕[𝐸]
1 𝜕𝑟[𝐹]
1 𝜕[𝐺]
+
+
= [𝑆] + [𝑆]𝑏 + [𝑆]𝑙
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃
𝜌𝑉𝜃
𝜌𝑉𝑥
𝜌𝑉𝑟
𝜌𝑉𝑥 𝑉𝜃
𝜌𝑉𝑥 𝑉𝑥 + 𝑝
𝜌𝑉𝑥 𝑉𝑟
𝜌𝑉𝑟 𝑉𝜃
𝜌𝑉
𝑉
𝜌𝑉
𝑉
+
𝑝
[𝐸] =
, [𝐹 ] =
, [𝐺] =
𝑟 𝑥
𝑟 𝑟
𝜌𝑟𝑉𝜃 𝑉𝑥
𝜌𝑟𝑉𝜃 𝑉𝑟
𝑟(𝜌𝑉𝜃 𝑉𝜃 + 𝑝)
[(𝐸𝑡 + 𝑝)𝑉𝑥 ]
[(𝐸𝑡 + 𝑝)𝑉𝑟 ]
[ (𝐸𝑡 + 𝑝)𝑉𝜃 ]
0
0
0
0
𝐹
𝐹𝜏,𝑥
𝑏,𝑥
𝜌𝑉𝜃2 + 𝑝
[𝑆 ] =
, [𝑆]𝑏 = 𝐹𝑏,𝑟 , [𝑆]𝑙 = 𝐹𝜏,𝑟
𝑟
𝑟𝐹𝑏,𝜃
𝑟𝐹𝜏,𝜃
0
[
[ 𝐸𝑠 ]
0 ]
[ 0 ]

87

( 3.137a)

𝐹𝑏,𝑥
−
⃗
𝐹𝑏 = [ 𝐹𝑏,𝑟 ] =
𝐹𝑏,𝜃
[

𝑉𝜃 − 𝜔𝑟
𝐹𝑏,𝜃
𝑉𝑥
0
𝐹𝑏,𝜃
]

⃗⃗⃗⃗
1
𝑊
⃗⃗ ∙ 𝛻 (𝑟𝑉𝜃∗ ) + 𝛻𝑝 ∙ 𝑒⃗𝜃 ] + 𝜌ℒ(𝑥, 𝑟, 𝜃 )
𝐹𝑏,𝜃 = [ 𝜌𝑉
∙ 𝑒⃗
𝑟
⃗⃗⃗⃗ | 𝜃
|𝑊
−𝜌ℒ(𝑥, 𝑟, 𝜃 )

𝑇
⃗⃗ ∙ ∇𝑠
𝑉
⃗⃗⃗⃗ |
|𝑊

⃗⃗ ∙ 𝛻𝜔𝑟𝑉𝜃∗ + 𝜔
𝐸𝑠 = 𝜌𝑉

𝜕𝑝
(𝑟𝑜𝑡𝑜𝑟)
𝜕𝜃

𝐸𝑠 = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)

( 3.137c)

⃗⃗⃗⃗
𝑊
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝑥
|𝑊

𝐹𝜏,𝑥
⃗⃗⃗⃗
𝑊
⃗
𝐹𝜏 = [ 𝐹𝜏,𝑟 ] = −𝜌ℒ(𝑥, 𝑟, 𝜃 )
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝑟
|𝑊
𝐹𝜏,𝜃
⃗⃗⃗⃗
𝑊
−𝜌ℒ(𝑥, 𝑟, 𝜃 )
∙ 𝑒⃗
⃗⃗⃗⃗ | 𝜃 ]
|𝑊
[

ℒ(𝑥, 𝑟, 𝜃 ) =

( 3.137b)

( 3.137d)

( 3.137e)

( 3.137f)

( 3.137g)

Equation set ( 3.137) is what to be used in implementation. Noting that the body force
terms in this equation set are related to desired angular momentum (𝑟𝑉𝜃∗ ), the next step
would be to construct the 𝑟𝑉𝜃∗ field.
𝑟𝑉𝜃∗ field can be determined by flow rate and blade geometry given flow tangency
condition. However, as stated in the beginning, the blade geometry is not available in this
thesis. Therefore, the concept of mean 𝑆2 surface [Wu, 1953] is adopted to characterize
the existence of blades. The key assumption for the proposed body force model is that 𝑆2
surface is invariant under different operating conditions. From this assumption, given
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performance data at BEP, body force model can generate a corresponding 𝑆2 surface at
design point and use it at off-design condition.
The invariant 𝑆2 surface, however, is not theoretically rigorous in that deviations are
observed between 𝑆2 surface at BEP and that at off-design. But given that 𝑆2 surface is
also tightly related to blades geometry, the deviations at off-design are not unacceptably
significant as long as it is away from choking and stall ends on fan characteristics. And
deviations can be properly modelled based on sufficient experimental data. Therefore, in
terms of modelling, assuming 𝑆2 surface is invariant can greatly simplify the model
without losing much accuracy.
Based on above reasoning, the proposed body force model contains two major parts:
1) Inverse mode. Generating 𝑆2 surface at BEP based on available fan performance data.
2) Analysis mode. Predicting flow field and fan performance at off-design using 𝑆2
surface generated in inverse mode.
One thing worth emphasis here is that the quantities in equation set ( 3.137) are averaged
quantities. Therefore, all the data used in inverse mode and analysis mode must be
averaged quantities. That is, if fan performance data is from experiment, then it must be
time/moving averaged; if validation data is from URANS CFD calculation, then the
URANS results also must be time/moving averaged.
Inverse mode
Typically, an inverse mode refers to a design process where the geometry of fan blades is
determined based on performance requirements. In this process, the performance
characteristics are “translated” into information about blade geometry. The analogous
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idea adopted by the present body force model is to translate performance data into 1) S2
surface or 2) relative flow angle. This translation is achieved via following process:
1)

Pick an operating point in the performance map (usually design point or BEP). From
the map, one can obtain total pressure rise, efficiency, and therefore the total
temperature rise, across the blade row.

2)

From the above three quantities, one can obtain change of angular momentum across
the blade row, denoted as ∆(𝑟𝑉𝜃∗) and entropy rise across the blade row, denoted as
∆𝑠 ∗. If the upstream swirl velocity and entropy are assumed to be zero, then 𝑟𝑉𝜃∗
and 𝑠 ∗ at trailing edge can be obtained.

3)

The respective distributions are set as arbitrary smooth functions for 𝑟𝑉𝜃∗ and 𝑠 ∗
varying from LE value toward TE value due to lack of blade information. This
strategy was also utilized by Sturmayr and Hirsh in their Euler throughflow method
[Sturmayr & Hirsh, 1999a].

4)

From the 𝑟𝑉𝜃∗ and 𝑠 ∗ fields constructed, body force terms in equation set ( 3.137)
can be calculated.

5)

From the converged solution, either S2 surface can be extracted using equation
( 3.67) or TE relative flow angle can be extracted using its definition:
𝛽𝑇𝐸 = arctan(−

𝑊𝜃
)
𝑊𝑚

( 3.138)

The above process translates fan performance data in to S2 surface or relative flow angle.
The former one can be regarded as a “virtual” blade shape with zero thickness and
infinite number of blades in fan region; the latter one could provide information about
blade turning of the “virtual” blade.
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Analysis mode
Based on the S2 surface or relative flow angle extracted from inverse mode, an analysis
mode calculation can be performed as if a blade geometry is obtained (though it is not a
real blade). The assumption for analysis mode is either S2 surface or 𝛽𝑇𝐸 obtained from
BEP would remain unchanged when the system operates at different operating points,
including inlet distortion. In experimental data, the relative flow angle at TE remain
unchanged in a certain range near design point and start to deviate when approaching stall
side or choking side [Sturmayr & Hirsh, 1999b].
Under the assumption, 𝑟𝑉𝜃∗ inside blade row can be constructed via either one of the
following procedures:
1) From the obtained S2 surface, 𝑟𝑉𝜃∗ is calculated using following equation:
𝑟𝑉𝜃∗ = 𝑟 2 (𝑊𝑥

𝜕𝑓
𝜕𝑓
+ 𝑊𝑟
+ 𝜔)
𝜕𝑥
𝜕𝑟

( 3.139)

2) From obtained relative flow angle at TE:
∗
𝑟𝑉𝜃,𝑇𝐸
= 𝑟(𝜔𝑟 − 𝑊𝑚 𝑡𝑎𝑛𝛽𝑇𝐸 )

( 3.140)

∗
𝑟𝑉𝜃,𝐿𝐸
can be updated from inflow condition. Then, the 𝑟𝑉𝜃∗ field can be generated by

assuming an arbitrary smooth distribution vary from LE value to TE value, same as the
idea used in inverse mode. Unlike the inverse mode where 𝑟𝑉𝜃∗ field is frozen during
calculation, in analysis mode, 𝑟𝑉𝜃∗ get updated while the calculation goes on.
In terms of implementation, the model of constant 𝛽𝑇𝐸 is adopted. And further validations
are based on this method.
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3.7 Discussions
3.7.1 Different Averaging Operators
In the above analysis, three averaging operators were mentioned: time average, moving
average and passage average. In this thesis, the first two were used in derivation and the
third one is referenced to Jennions’ work. Now the question is: are there any connections
between these averaging operators?
Recalling the definition of time average, it is defined on every spatial point in the flow
domain in absolute frame. It is essentially a convolution of certain quantities in time. if
one defines the average time interval as

𝔗=

2𝜋
𝜔𝑁

( 3.141)

and the reference time 𝜏 is the time when the suction surface, 𝜃2 , coincides with the
starting point of average, then the time average can be written as
𝜃2

1 𝜔 +𝔗
̅=
∫
𝛷
𝐻𝛷𝑑𝑡
𝔗𝐵 𝜃2

( 3.142)

𝜔

Noting that the gate function rules out the part occupied by the blade, then the shadowed
region in Figure 3.6 (b) is the effective part swept by the starting point within the time
2𝜋

interval of 𝜔𝑁
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Figure 3.6: Time Average
(left) at reference time; (b) at 𝔗
Since time average is defined in absolute frame, translating the average data in relative
frame, by definition of gate function and above reasoning, it yields
𝜃2

2𝜋

𝜃2 +
𝑁
1 𝜔 +𝔗
1
∫
∫
𝐻𝛷𝑑𝑡 =
𝛷𝑑𝜃
2𝜋
𝔗𝐵 𝜃2
𝜃1
𝜃
+
−
𝜃
𝜔
2
1
𝑁

( 3.143)

Recalling the definition of geometrical parameters in Jennions’s work [Jennions, 1985], if
one defines

( 3.144)

𝜃2 +

2𝜋
= 𝜃𝒮
𝑁

𝜃1 = 𝜃𝑝

( 3.144a)

( 3.144b)

then equation ( 3.143) becomes
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𝜃1

𝜃𝒮
1 𝜔 +𝔗
1
∫
∫ 𝛷𝑑𝜃
𝐻𝛷𝑑𝑡 =
𝔗𝐵 𝜃1
𝜃𝒮 − 𝜃𝑝 𝜃𝑝

( 3.145)

𝜔

RHS of equation ( 3.145) is the passage average operator used in Jennions’ work.
Equation ( 3.145) shows that time average can be reduced to passage average. All the
above reasoning indicates that this connection between time average and passage average
holds under one explicit condition: average time interval equals to one blade passing
period.
To physically interpret this connection, one needs to go back to the definition of time
average. The definition of time average contains a reference starting time. The indication
of reference starting time is twofold:
1) For a given blade passage, reference starting time represents the location in absolute
frame it passes through;
2) For a given spatial location, reference starting time represents the blade passage
passing by this location, which is denoted as reference starting point.
Basically, it depends on what subject is of interest or in which frame problems are
studied. If the problems are posed in relative frame and flow in a given passage is of
interest, then the first indication is adopted; if problems are studied in absolute frame and
flow at a given spatial point is of interest, then the second indication is adopted. When it
comes to time average, according to the meaning of reference starting time, time average
in equation ( 3.142) can be interpreted as the averaging process over one blade passing
period during which
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1) the given blade passage containing target instantaneous data passes through
corresponding starting points (if problems are posed in relative frame);
2) through a given spatial location, a blade passage passes and the data it contains will
be time averaged (if problems are posed in absolute frame).
For instance, if reference starting time is when Blade 2 is at the location as in
Figure 3.6 (a), according to the first interpretation, time average ( 3.142) is on the data
contained in the shadowed passage in Figure 3.6 (b) when it passes through starting
points in Figure 3.6 (a); according to the second interpretation, the reference starting time
indicates that the blade passage passing through starting points is blade passage 2-3 and
hence the data in blade passage 2-3 will be averaged.
As a matter of fact, the second interpretation of time average is equivalent to the
definition of passage average and hence the time average operator is essential equivalent
to passage average operator if average time interval is set to one blade passing period.
Though equivalent by definition, these two operators still have difference when in
practical use. As was discussed earlier, different selections of reference starting time
represent different locations in absolute frame for a given blade passage. It means in
general that the given blade passage can be subjected to different inflow and hence the
averaged flow field inside this blade passage is variant. Considering the connection
between time average and passage average, it indicates that passage averaging on a given
blade passage can generally result in different numbers based on what circumferential
location this blade passage is at. However, noting that passage average was applied only
once on one blade passage to obtain corresponding averaged equation set in Jennions’
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work, it implies that a given blade passage is subjected to the same inflow condition
regardless of its circumferential location. This is consistent with the fact that passage
averaged equations in Jennions’s work are obtained under the precondition of
axisymmetric inflow. In other words, passage average is useful when inflow is
axisymmetric. Time average, on the other hand, is effective regardless whether inflow is
clean or distorted. In this sense, passage average can be regarded as a special case of time
average under the conditions:
1) inflow is axisymmetric;
2𝜋

2) time interval equals to one blade passing period (𝔗 = 𝑁𝜔).
As for moving average, noting that it is analogous to time average, a similar analysis can
be carried out to reach the conclusion that passage average in Jennions’ work is a special
case of moving average for stator in this thesis under the condition of axisymmetric flow
field.

3.7.2 The Time Interval in Time Average
In the previous section, to reduce time average to passage average, the time interval was
set to one blade passing period to achieve this goal. On the other hand, the derivation of
body for in Section 3.3 adopted the time interval of one blade row revolution. This brings
up a question: what is a proper time interval for time average?
Noting that the final goal of this thesis is to develop a steady body force model, the time
interval should be selected such that the time average operator eliminates the unsteady
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term in equation set ( 3.31). This indicates that the time interval must be the period of
periodic activities inside flow field according to the properties of time average. For single
rotor, the most intuitive and commonly known period is the period of one rotor revolution
(𝔗 =

2𝜋
𝜔

) and this why the derivation in Section 3.3 adopted it as averaging time interval.

Of course, ideally, if the blade row has identical blades and incoming flow is perfectly
steady, each blade of the blade row would put the exactly same effect on a given spatial
point. This means in this scenarios the period of flow activities becomes one blade
2𝜋

passing period (𝔗 = 𝑁𝜔) and the time interval for time average can thus be set to one
blade passing period. Therefore, ideally, for single rotor, time intervals of 𝔗 =
𝔗=

2𝜋
𝑁𝜔

2𝜋
𝜔

and

will lead to the same averaged equation set. Combining this with the conclusion

of Section 3.6.1, one can conclude that under axisymmetric steady inflow, neglecting the
structural difference between one and another blade and the perturbation terms from
average process, equation set ( 3.34) is equivalent to the averaged equation set presented
in Jennions’ work.
However, all the previous reasoning regarding time interval is under the condition of
single rotor. What if the problem for a stage, i.e., rotor and stator?
In the previous derivation, an assumption was adopted that flow inside rotor and stator is
periodic over one blade row revolution. This statement is true when rotor and stator have
matching blade number, i.e.,

𝑁 = 𝑛𝑁𝑠
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( 3.146)

𝑁 is the number of blades in rotor; 𝑁𝑠 is the number of blades in stator and 𝑛 is an
integer.
However, in most practical stages, equation ( 3.146) is not satisfied. That means in
general the characteristic time scales of rotor and stator are not one blade revolution. This
indicates that to generalize this proposed body force model, a proper time interval needs
to be determined so that a steady state equation set can be reached.
Once the time scale is determined, apply the similar derivation in Section 3.3, one can
obtain the similar steady equation set as equation set ( 3.34) for rotor. As for stator, as
discussed earlier, time average will not yield blade body force in averaged equation set in
stator, further procedures are needed to reach blade body force for stage.

3.7.3 Body Force Model for Stage
In Section 3.5, the body force model for stationary blade row were developed by using
moving average. The starting equation set was the steady equation set ( 3.133). However,
assuming flow inside stator being steady is not rigorous in general sense. Inside stage, for
instance, unsteady wake from trailing edge of rotor will propagate down to stator. And in
most aerodynamic design, the distance between rotor and stator is not enough for the
rotor induced wake to die out before it reaches stator leading edge. As a result, flow
inside stator is generally unsteady. Therefore, equations set ( 3.134) is not proper for flow
inside stage stator. As for rotor, it was discussed earlier that the assumption that flow
being periodic over one blade revolution is generally flawed due to the existence of stator
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and thus equation set ( 3.34) is also not theoretically proper describing flow inside the
rotor of a fan stage.
Another issue regarding stage body force model is about implementation. When
implementing the model into a steady solver, the flow quantities inside rotor and stator
must be the same in terms of average procedures. That is, if the quantities inside rotors
are implemented as time averaged quantities, then those inside stators must also be time
averaged quantities. One cannot have time averaged quantities inside rotor and others
types of quantities inside stator. That being said, equation set ( 3.34) and ( 3.134) must
not be implemented respectively for rotor and stator simultaneously since equation set
( 3.34) is for time averaged quantities and equation set ( 3.134) is for moving averaged
quantities. Then the problem becomes: how to obtain a general steady governing equation
set for both rotor and stator?
The idea is again from the Adamczyk’s work. One can simply apply time average
operator and moving average operator in order onto the quantities inside the entire flow
domain. Applying time average by setting the proper averaging time interval, it yields:
Continuity:

( 3.147)

⃗⃗ ) = 0 (𝑟𝑜𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝜌𝑉

( 3.147a)

⃗⃗ ) = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝛻 ∙ (𝜌𝑉

( 3.147b)

1
𝐹⃗𝑏
∇(𝐵𝑝) = + 𝐹⃗𝜏 + 𝑃⃗⃗𝑡 (𝑟𝑜𝑡𝑜𝑟)
𝐵
𝐵

( 3.147c)

Momentum:

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉
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⃗⃗ ∙ 𝛻𝑉
⃗⃗ + ∇𝑝 = 𝐹⃗𝜏 + 𝑃⃗⃗𝑡 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.147d)

Energy:

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉

⃗⃗ ∙ 𝐹⃗𝑏
𝑉
⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠 (𝑟𝑜𝑡𝑜𝑟)
+𝑉
𝐵

( 3.147e)

⃗⃗ ∙ 𝛻ℎ0 = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.147f)

𝑃⃗⃗𝑡 represents the perturbation terms in momentum equations. All the quantities in
equation set ( 3.147) are time averaged quantities. If the perturbation terms introduced by
time average are neglected, then equation set ( 3.147) becomes
Continuity:

( 3.148)

⃗⃗ ) = 0 (𝑟𝑜𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝜌𝑉

( 3.148a)

⃗⃗ ) = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝛻 ∙ (𝜌𝑉

( 3.148b)

Momentum:

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉

1
𝐹⃗𝑏
∇(𝐵𝑝) = + 𝐹⃗𝜏 (𝑟𝑜𝑡𝑜𝑟)
𝐵
𝐵

⃗⃗ ∙ 𝛻𝑉
⃗⃗ + ∇𝑝 = 𝐹⃗𝜏 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.148c)

( 3.148d)

Energy:

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉

⃗⃗ ∙ 𝐹⃗𝑏
𝑉
⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠 (𝑟𝑜𝑡𝑜𝑟)
+𝑉
𝐵

( 3.148e)

⃗⃗ ∙ 𝛻ℎ0 = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.148f)
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Noting that there are no body force terms in equations governing flow inside stator,
moving average is then applied onto equation set ( 3.148). It yields
Continuity:
⃗⃗ ) = 0 (𝑟𝑜𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝜌𝑉

( 3.149a)

⃗⃗ ) = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝑠 𝜌𝑉

( 3.149b)

( 3.149)

Momentum:
1
𝐹⃗𝑏
∇(𝐵𝑝) = + 𝐹⃗𝜏 + 𝑃⃗⃗𝑚 (𝑟𝑜𝑡𝑜𝑟)
𝐵
𝐵

( 3.149c)

1
𝐹⃗𝑏
∇(𝐵𝑠 𝑝) = + 𝐹⃗𝜏 + 𝑃⃗⃗𝑚 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝐵
𝐵𝑠

( 3.149d)

⃗⃗ ∙ 𝐹⃗𝑏
𝑉
⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠 (𝑟𝑜𝑡𝑜𝑟)
+𝑉
𝐵

( 3.149e)

⃗⃗ ∙ 𝛻ℎ0 = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.149f)

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉
Energy:

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉

𝑃⃗⃗𝑚 represents the perturbation terms in momentum equations introduced by moving
average. All the quantities in equation set ( 3.149) are time and moving averaged
quantities. Neglecting perturbation terms in equation set ( 3.149), it yields
Continuity:

( 3.150)

⃗⃗ ) = 0 (𝑟𝑜𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝜌𝑉

( 3.150a)

⃗⃗ ) = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝛻 ∙ (𝐵𝑠 𝜌𝑉

( 3.150b)
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Momentum:
1
𝐹⃗𝑏
∇(𝐵𝑝) = + 𝐹⃗𝜏 (𝑟𝑜𝑡𝑜𝑟)
𝐵
𝐵

( 3.150c)

1
𝐹⃗𝑏
∇(𝐵𝑠 𝑝) = + 𝐹⃗𝜏 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝐵
𝐵𝑠

( 3.150d)

⃗⃗ ∙ 𝐹⃗𝑏
𝑉
⃗⃗ ∙ 𝐹⃗𝜏 + 𝜌𝑇𝑉
⃗⃗ ∙ ∇𝑠 (𝑟𝑜𝑡𝑜𝑟)
+𝑉
𝐵

( 3.150e)

⃗⃗ ∙ 𝛻ℎ0 = 0 (𝑠𝑡𝑎𝑡𝑜𝑟)
𝜌𝑉

( 3.150f)

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉

⃗⃗ ∙ 𝛻𝑉
⃗⃗ +
𝜌𝑉
Energy:

⃗⃗ ∙ 𝛻ℎ0 =
𝜌𝑉

Equation set ( 3.150) shows that after time average and moving average, the governing
equations for rotor and stator are identical except for the energy source term. Comparing
equation set ( 3.150) and equation set ( 3.34) and ( 3.134), one can see that the finalized
governing equation set for stage flow will have exactly the same form as equation set
( 3.137). The only difference is that the quantities now are time and moving averaged
quantities. Hence, equation set ( 3.137) remains a proper equation set for proposed body
force model. And the implementation of body force model for stage is the same as that in
Section 3.6. The only difference here is that now all the reference data used in inverse
mode and analysis mode must be time averaged and then moving averaged.
To physically interpret the stage body force model, one needs to look at the meaning of
setting time average interval according to equation ( 3.137). For single rotor, the period
of flow activities is one blade revolution; for single stator, flow field is steady as long as
inflow is steady. Now, for flow inside stage, the interaction between rotor and stator
results in different period of flow activities in rotor and unsteady flow field inside stator.
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Selecting proper time interval to reach steady governing equations containing body force
terms essentially accounted the interaction between rotor and stator via the average
process. Of course, even proper time scale is selected, certain unsteadiness would remain
as the perturbation terms in equation set ( 3.148). But considering the magnitudes of these
terms are small relative to that of averaged quantities, they are usually neglected in
practical use.
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4 Preliminary Results for Body Force Model Testing
To qualitatively demonstrate the concept of body force model, an in-house Euler solver
was developed. The most important feature of this solver is self-explanatory by its name:
it is an inviscid solver. In the preliminary phase of model development, an inviscid solver
provides several important advantages:
1. It is computationally cheap and thus preliminary results can be efficiently generated for
model demonstration.
2. Development of inviscid solver is less time consuming compared to Navier-Stokes solver
since models such as turbulence model and boundary layer treatment are eliminated in
the inviscid solver which greatly simplifies the solver configuration.
3. The inviscid assumption is consistent with the throughflow approximation in that viscous
effects in the blade row regions are modeled, as they cannot be computed directly in the
body force model frame work.
Hence, though it is not a validation oriented solver, this in-house Euler solver provides a
useful tool to achieve the implementation of the body force model and provides an insight
into the model with preliminary results. Also, such an in-house solver provides
accessibility to source code which can be quite useful in future problem resolutions.
The software language selected for the solver development is Fortran 77 for its high
efficiency in calculation and simplicity in coding structure. All inputs are embedded in
the solver and can only be modified from source code. Results and solution are output in
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the format of matrices. For post-processing, Matlab script was adopted for its matrix
related functionality and solution visualization.

4.1 Numerical Method
A pivotal factor in a Euler solver are the choice of the numerical scheme and the artificial
viscosity model. The numerical scheme determines how quantities are discretized and
iterated while artificial viscosity is necessary and critical in term of Euler solver stability.
Noting that the solver must be able to handle the flow regime where inlet fan system
operates, it implies that the solver should have the capability of addressing transonic
flows. Along with the requirement of no viscosity, the governing equations of the solver
are as follow:

𝜕 [𝑈 ] 𝜕 [𝐸 ]
1 𝜕𝑟[𝐹 ]
1 𝜕 [𝐺 ]
+
+
+
= [𝑆 ]
𝜕𝑡
𝜕𝑥
𝑟 𝜕𝑟
𝑟 𝜕𝜃

( 4.1)

𝜌
𝜌𝑉𝑥
𝜌𝑉𝑟
𝜌𝑉𝑥
𝜌𝑉𝑥 𝑉𝑥 + 𝑝
𝜌𝑉𝑥 𝑉𝑟
𝜌𝑉𝑟 𝑉𝑥
[𝑈] = 𝜌𝑉𝑟 , [𝐸] =
, [𝐹 ] = 𝜌𝑉𝑟 𝑉𝑟 + 𝑝 ,
𝜌𝑟𝑉𝜃
𝜌𝑟𝑉𝜃 𝑉𝑥
𝜌𝑟𝑉𝜃 𝑉𝑟
[ 𝐸𝑡 ]
(
)
(
[ 𝐸𝑡 + 𝑝 𝑉𝑥 ]
[ 𝐸𝑡 + 𝑝)𝑉𝑟 ]

0
𝜌𝑉𝜃
0
𝜌𝑉𝑥 𝑉𝜃
2
𝜌𝑉
𝜃 +𝑝
𝜌𝑉𝑟 𝑉𝜃
[𝐺 ] =
, [𝑆] =
𝑟
𝑟(𝜌𝑉𝜃 𝑉𝜃 + 𝑝)
0
[ (𝐸𝑡 + 𝑝)𝑉𝜃 ]
[ 0 ]
Equation set ( 4.1) is the compressible Euler Equation coupled with the continuity and the
energy balance. The equation set, and thus the solver, is in 3-D cylindrical coordinate
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since it is intuitive for typical turbomachinery studies. Noting that the body force model
was for steady flow, the time derivatives should be eliminated from equation set ( 4.1).
However, the time-marching JST scheme [Jameson, Schmidt & Turkel, 1981] was
selected to resolve equation set ( 4.1). Referring to Figure 4.1,

Figure 4.1: illustration of cell (i,j,k) and its faces’ indices (index of a face lies at its
center)
1) all primary data are stored in cell center;
2) even though the final goal is steady flow, the solver is coded in time marching frame i.e.

𝑛
[𝑈]𝑛+1
𝑖,𝑗,𝑘 = [𝑈]𝑖,𝑗,𝑘 + 𝑅𝐸𝑆 ∙ ∆𝑡

( 4.2)

Hence, the governing equation is still in unsteady form. However, once the convergence
𝑛
is reached, i.e., [𝑈]𝑛+1
𝑖,𝑗,𝑘 = [𝑈]𝑖,𝑗,𝑘 , and it implies a steady state solution;
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3) The solver is coded using finite volume approach. For simplicity, all terms are center
differenced in second order except at boundaries. That is

𝑅𝐸𝑆 = −

1
⃗⃗ )𝑑𝑛⃗⃗ + [S]
∭([𝐸]𝑖⃗ + [𝐹 ]𝑗⃗ + [𝐺 ]𝑘
𝒱𝐶𝑉
𝐶𝑉

= − ([𝐸]𝑛

𝑛 1
1
𝑖+2,𝑗,𝑘 𝑥,𝑖+2,𝑗,𝑘

+ [𝐸]𝑛

𝑛 1
1
𝑖−2,𝑗,𝑘 𝑥,𝑖−2,𝑗,𝑘

+ [𝐸]𝑛

+ [𝐸]𝑛

+ [𝐸]𝑛

+ [𝐸]𝑛

+ [𝐹 ]𝑛

+ [𝐹 ]𝑛

+ [𝐹 ]𝑛

+ [𝐹 ]𝑛

+ [𝐹 ]𝑛

+ [𝐹 ]𝑛

+ [𝐺 ]𝑛

+ [𝐺 ]𝑛

+ [𝐺 ]𝑛

+ [𝐺 ]𝑛

+ [𝐺 ]𝑛

+ [𝐺 ]𝑛

1
1 𝑛
𝑖,𝑗+2,𝑘 𝑥,𝑖,𝑗+2,𝑘
1
1𝑛
𝑖,𝑗,𝑘−2 𝑥,𝑖,𝑗,𝑘−2

1
1 𝑛
𝑖,𝑗+2,𝑘 𝑟,𝑖,𝑗+2,𝑘
1
1𝑛
𝑖,𝑗,𝑘−2 𝑟,𝑖,𝑗,𝑘−2
1
1 𝑛
𝑖,𝑗+2,𝑘 𝜃,𝑖,𝑗+2,𝑘

1
1𝑛
𝑖,𝑗,𝑘+2 𝜃,𝑖,𝑗,𝑘+2

1
1 𝑛
𝑖,𝑗−2,𝑘 𝑥,𝑖,𝑗−2,𝑘

𝑛 1
1
𝑖+2,𝑗,𝑘 𝑟,𝑖+2,𝑗,𝑘

1
1 𝑛
𝑖,𝑗−2,𝑘 𝑟,𝑖,𝑗−2,𝑘

1
1𝑛
𝑖,𝑗,𝑘+2 𝑥,𝑖,𝑗,𝑘+2

𝑛 1
1
𝑖−2,𝑗,𝑘 𝑟,𝑖−2,𝑗,𝑘

1
1𝑛
𝑖,𝑗,𝑘+2 𝑟,𝑖,𝑗,𝑘+2

𝑛 1
1
𝑖+2,𝑗,𝑘 𝜃,𝑖+2,𝑗,𝑘

𝑛 1
1
𝑖−2,𝑗,𝑘 𝜃,𝑖−2,𝑗,𝑘

1
1 𝑛
𝑖,𝑗−2,𝑘 𝜃,𝑖,𝑗−2,𝑘

1)
1𝑛
𝑖,𝑗,𝑘−2 𝜃,𝑖,𝑗,𝑘−2

+ [𝑆]𝑛𝑖,𝑗,𝑘
( 4.3)

For an arbitrary quantity 𝛷 whereas 𝛷 could be [E], [F], [G] or [S],

𝛷𝑛 1

1
1
𝑖±2,𝑗±2,𝑘±2

1 𝑛
𝑛
)
= (𝛷𝑖±1,𝑗±1,𝑘±1
+ 𝛷𝑖,𝑗,𝑘
2

( 4.4)

4) Artificial viscosity model is selected from the reference about JST scheme as well. It is
defined as

artificial viscous term =

𝜕𝒟𝑥 1 𝜕𝑟𝒟𝑟 𝜕𝒟𝜃
+
+
𝜕𝑥
𝑟 𝜕𝑟
𝑟𝜕𝜃

where
𝒟𝑥 =

𝜕[𝑈]
(2)
(𝜀𝑥 |𝜆𝑚𝑎𝑥 |∆𝑥)
𝜕𝑥

−

3[

𝑈]
𝜕𝑥 3

𝜕
(4)
(𝜀𝑥 |𝜆𝑚𝑎𝑥 |∆𝑥 3 )
107

( 4.5)

𝒟𝑟 =

𝜕[𝑈]
(2)
(𝜀𝑟 |𝜆𝑚𝑎𝑥 |∆𝑟)

𝒟𝜃 =

𝜕𝑟

−

𝜕
(4)
(𝜀𝑟 |𝜆𝑚𝑎𝑥 |∆𝑟 3 )

1 𝜕[𝑈]
(2)
(𝜀𝜃 |𝜆𝑚𝑎𝑥 |∆𝑟𝜃)
𝑟 𝜕𝜃

3

[𝑈]
𝜕𝑟 3

−

1 𝜕 3 [𝑈 ]
(4)
3
(𝜀𝜃 |𝜆𝑚𝑎𝑥 |∆(𝑟𝜃) ) 3
𝑟 𝜕𝜃 3

( 4.6)

A quick note that this artificial viscosity model was tuned specifically for transonic flow.
Detailed analyses on JST scheme can be found in the reference mentioned before.
As for the BF model, it is implemented as momentum and energy source terms. In terms
of solver coding, one simply needs to add source terms to the RHS of equation ( 4.1).
These source terms are related to local flow quantities according to equation set ( 3.137).
The source terms are iterated explicitly, i.e. they are computed using local quantities from
the previous time step. For example, the circumferential body force component in the
solver takes on the form:
⃗⃗⃗⃗ (𝑛−1)
1
𝑊
(𝑛)
⃗⃗ (𝑛−1) ∙ 𝛻(𝑟𝑉𝜃∗ ) + 𝛻𝑝(𝑛−1) ∙ 𝑒̂𝜃 ] + 𝜌ℒ(𝑥, 𝑟, 𝜃 )
𝐹𝑏,𝜃 = [ 𝜌 (𝑛−1) 𝑉
∙ 𝑒̂
𝑟
⃗⃗⃗⃗ (𝑛−1) | 𝜃
|𝑊

( 4.7)

where the superscript (n) indicates the time step level.

4.2 Mesh and Computational Domain
Another topic worth mentioning is the mesh for the in-house Euler solver. Unlike NavierStokes solver, Euler solver requires merely a coarse mesh to proceed with the CFD
calculation. As equation ( 4.1) indicates, the solver is coded in cylindrical coordinates. As
a results, mesh is simply a rotational extrusion of meridional mesh, illustrated in Figure
4.2. Mesh qualities are listed in Table 4.1.
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Figure 4.2: Mesh for Euler Solver
(top) meridional view; (bottom) 3-D view
Cell Count

164,000

y+

>> 100

Maximum Volume Ratio

1.13

Minimum Jacobian

0.6

Table 4.1: Mesh Quality
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4.3 Preliminary Body Force Model Results
The first goal of Euler solver is to test the feasibility of the proposed model. That is, to
demonstrate how well the implementation of the body force method converges, and
whether the source terms in the computational domain can reproduce expected flow field
upstream and downstream of the blade row. The case being tested has the following setup
(Table 4.2).
Flow Path

NASA Rotor 67 [Straizer, 1989]

Input (inverse)

Total temperature ratio across rotor: 1.159
(corresponding to an isentropic pressure
ratio of 1.676)

Mass Flow Rate

32 kg/s

Loss (specific entropy)

0

Output (inverse)

Relative flow angle at rotor TE

Table 4.2: Euler Solver Calculation Setups and Inputs
Note that this is not a standard validation practice but merely a test of
1) whether the inverse mode can recover the input;
2) whether the flow field around blade row is reasonable.
The model will be run in the inverse mode. That is, the desired total temperature at rotor
trailing edge, which in this case is a radially uniform total temperature profile equivalent
to total temperature ratio of 1.159, is prescribed. This total temperature ratio is used to
∗
calculate the desired angular momentum 𝑟𝑉𝜃,𝑇𝐸
at trailing edge using the Euler
∗
Turbomachine Equation. After the trailing edge 𝑟𝑉𝜃,𝑇𝐸
is specified, one can simply

assume a linear distribution of 𝑟𝑉𝜃∗ varying from the leading edge value of zero to the
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∗
trailing edge value of 𝑟𝑉𝜃.𝑇𝐸
. The validity of such way of constructing 𝑟𝑉𝜃∗ was addressed

in the work of Sturmayr and Hirsh [1999a]. In their work, they found that with different
distributions of 𝑟𝑉𝜃∗ within the blade region, as long as the LE and TE values are
unchanged, the resultant downstream stagnation condition will remain the same for all
the distributions. Furthermore, this method is very suitable for us since the flow within
the bladed region is not of our primary interest and the detailed blade geometry and
loading information are not available anyway. After the 𝑟𝑉𝜃∗ distribution in the blade
region is constructed, the body force components can be obtained using equation set
( 3.137). The flow field obtained from the Euler solution is summarized below.

Figure 4.3: Total Temperature Meridional View
Figure 4.3 shows the total temperature contour. It shows a rise in total temperature across
the rotor region due to the energy addition. The radial profile of total temperature at the
rotor exit is shown in Figure 4.4; the trailing edge value is almost a constant with a value
of 333.9 K, equivalent to a total temperature ratio of 1.159, which is exactly the input
value. One can also look at the contour plot and the radial profile of total pressure (cf.
Figure 4.5 and Figure 4.6). Total pressure is supposed to be the isentropic value as the
flow is inviscid and loss model is not yet implemented in this example.
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0.25

Radius (m)

0.22
0.19
0.16
0.13
0.1
310

320
330
340
Total temperature (K)

350

Figure 4.4: Total Temperature at Rotor TE

Figure 4.5: Total Pressure Field
In Figure 4.5, one can see that the total pressure rises across the blade, which is consistent
with total temperature. Also, according to Figure 4.6 the total pressure at the rotor
trailing edge equals to approximately 170 kPa, equivalent to pressure ratio of about
1.678. By isentropic relation, the pressure ratio corresponds to total temperature ratio of
1.159 is 1.676.
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Total Pressure at Rotor TE
0.25

Radius (m)

0.22
0.19
0.16
0.13
0.1
140 150 160 170 180 190 200
Total Pressure (kPa)
Figure 4.6: Total Pressure at Rotor TE
Hence, from this proof-of-concept test, one can conclude that the body force
implementation via source terms achieved the goal of adding angular momentum and
energy into the flow. Hence we can bring this methodology to the next level of
complexity.

4.4 Mean Stream Surface Approach and 𝜷𝟐 Approach
Previous derivations and calculations assumed that the radial body force is zero. In the
physical sense, when the radial body force is small or zero, it is equivalent to having
“straight blades”. Then questions might rise: why is this the case? Is it valid to use such
“straight blades”? Hence the second goal we try to achieve with the in-house Euler solver
is to test the assumption that the radial body force is not of significance in the prediction
of the flow field outside the blade region.
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To proceed, basic knowledge of blade design needs to be introduced at first. One can
reasonably state that for a given blade performance and meridional flow path, there exists
infinite number of blade designs that can deliver the specified performance requirements.
The difference is how the blade operates at off-design conditions. That is, different blade
designs with the same performance at the design point can have different stall margins,
choking conditions and other off-design performance parameters such as efficiency,
pressure ratio and power etc. Physically, all these quantities are related to the detailed
blade geometry such as camber angle, thickness distributions and stacking. In other
words, physically, to accurately predict off-design performance, precise blade geometry
data is seemingly a necessary input for any models.
However, from the perspective of throughflow, off-design performances are closely
related to two quantities: the loss and the blockage. The former one determines the
efficiency and pressure ratio given flow turning (𝛽1 − 𝛽2 ); the latter is necessary for
choking prediction. These two parameters depend heavily on the geometry yet neither of
the them are geometrical. But why are these two quantities introduced? It is because in
the proposed body force approach both of these quantities are modelled instead of
physically calculated. Therefore, ideally, at the design point, one can select any qualified
design, say, straight blades. Then, at off-design, as long as proper loss and blockage
model are applied, the selected “straight blade” can still yield corresponding off-design
performance. This characteristic perfectly meets the model constraint of blade geometry
unavailability and the fact that accurate prediction of the flow field within the blade
region is not of interest here.
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For instance, for the case run in the previous section, the results proved that fan pressure
ratio and temperature ratio satisfy the isentropic relation. This is because 1) solver is
inviscid and 2) there is no loss across the blade region. However, if one were to input loss
in the form of entropy rise across the rotor (e.g.

∆𝑆 ∗
𝑅

= 0.1), then the corresponding loss

body force (equation ( 3.137d)) can be formulated and applied into computational
domain, yielding total pressure ratio at rotor TE equal to 1.517. This entire process is
irrelevant to which type of blades, straight or twisted, is used in constructing the body
force.
In all, in theory, it is valid to neglect the radial body force as long as the flow field
outside the blade region is not sensitive to this assumption. However, tests still need to be
conducted to validate this assumption before bringing in the “straight blade” body force
to the next level of complexity.
Based on the previous discussion, the goal of the calculations in this section is to
demonstrate that with the same loss and blockage, different radial body forces
corresponding to different blade geometries produce similar flow field in the regions
outside the blade row. The operating conditions (inputs) are listed in Table 4.3.
Flow Path

NASA Rotor 67 [Straizer, 1989]

Total Temperature Ratio

Total temperature ratio across rotor: 1.125

Mass Flow Rate

32 kg/s

Loss (specific entropy)

0

Blockage

1.0

Table 4.3: Operating Condition of Radial Body Force Test
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Here for simplicity, the loss is set to 0 and blockage factor is set to 1 (i.e. zero blade
thickness). The calculation was run in inverse mode as a design process. The outputs of
the calculation are:
1) total temperature ratio and pressure ratio across rotor;
2) flow quantities upstream and downstream of rotor.
To obtain different radial body forces, equation ( 3.114b) is adopted, introducing
variations in the 𝑆2𝑚 surface into the calculations. The 𝑆2𝑚 surface is characterized by
𝛼 = 𝜃−𝑓
}
⃗⃗⃗⃗ ∙ ∇𝛼 = 0
𝑊

( 4.8)

Equation ( 4.8) [Damle et al., 1997] is essentially equation( 3.67). Notice that equation
( 4.8) depends on the local velocity vector and hence it needs to be solved simultaneously
with each iteration. Here, the Crank-Nicolson scheme [Crank & Nicolson, 1947] was
used to calculate the 𝑆2𝑚 surface at the end of every iteration step.
To adjust the shape of the 𝑆2𝑚 surfaces, one can modify the location and shape of the
virtual “stacking line” of the virtual blade represented by the surface 𝑆2𝑚 . Three
“stacking lines” were chosen to perform radial body force calculation, as illustrated in
Figure 4.7.
Figure 4.7 displayed the view of 𝑆2𝑚 surface from the axial direction at different axial
location.
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Figure 4.7: Different Stacking and Stream Surfaces
In Figure 4.7, the plot in the middle is the virtual “stacking line” as well as the shape of
𝑆2𝑚 surfaces. The blue curve represents that 𝑆2𝑚 surface stacking radially at mid-chord;
red curve and green curve represents 𝑆2𝑚 surfaces with a negative lean and a positive
lean, respectively. Plot on the left illustrates the shape of 𝑆2𝑚 surfaces at the LE and plot
on the right shows shape of 𝑆2𝑚 surface at the TE.
From the previous reasoning, this calculation is to make two points:
1. Different shapes of 𝑆2𝑚 surface, and thus radial body forces, result in the same
performance (i.e. flow conditions at the blade TE) if the same loss and blockage are
implemented.
2. Different shapes of 𝑆2𝑚 surfaces have limited influence on the flow field around
blade row.
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Hence, two sets of comparisons were made. One is at the upstream of the rotor and the
other is at the downstream of the rotor.

4.4.1 Rotor Downstream Results and Discussion
Noting that the all the discussions were based on the assumption that the radial
component of BF varies according to different 𝑆2𝑚 , the first quantity to look at is the
radial body force.

Figure 4.8: Radial Body Force at TE
From Figure 4.8, one can see that different stacking types yield different radial body
forces.
Next step is to compare total temperature and total pressure profiles at the rotor TE. This
is to demonstrate that with different 𝑆2𝑚 surfaces, the rotor performance is not effected.
The results are shown in Figure 4.9 and Figure 4.10.
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From Figure 4.9 and Figure 4.10, one can see that the different radial body forces yield
very similar stagnation conditions at the blade TE.

Figure 4.9: Total Temperature Ratio at TE

Figure 4.10: Total Pressure Ratio at TE
After comparisons on stagnation quantities, next step would be to evaluate the influence
of S2m surface on static quantities. Here the static pressure plots from the four test cases
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are compared at different axial locations downstream of the rotor. The comparisons are
displayed in Figure 4.11.

(a)

(b)

(c)

(d)

Figure 4.11: Downstream Static Pressure Distribution
(a) at 1% diameter downstream; (b) at 12% diameter downstream;
(c) at 25% diameter downstream; (d) at 50% diameter downstream.
From Figure 4.11, one can clearly see that the S2m surface does have an impact on the
flow field near the rotor. But as the distance increases, such a effect decreases. At about
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half of a rotor diameter downstream, the static pressure fields from four cases merge into
one. This is consistent with the radial equilibrium theory that at location infinitely far
away for rotor, the radial component of flow velocity will be mixed, resulting in an axial
flow field. The pressure field will then satisfy the radial equilibrium equation. Noting that
this is an inviscid solver, the radial flow effect dies out at half fan diameter. With a
viscous solver, one can expect this length scale to be even shorter due to the viscous
mixing.

4.4.2 Rotor Upstream Results and Discussion
After the downstream comparison, one needs to evaluate the effects from different body
forces on the upstream flow field. In the region upstream of the blade row, it is not
meaningful to compare stagnation conditions. Total temperature and total pressure will be
conserved along streamlines from the inlet to the fan face as a result of the inviscid flow.
Hence the comparison is performed for static quantities.
Figure 4.12 shows the upstream static pressure. One can see that at 50% fan diameter and
25% fan diameter upstream, different S2m surfaces yield very close static pressure
distributions. At 12% diameter upstream, minor differences in static pressure
distributions start to show up. Near the fan LE, the four S2m surfaces produced different
static pressure radial distributions. This is expected as the existence of radial body force
will change the radial momentum equilibrium and thus the velocity field. More
specifically, negative lean angle (red-circled curve) yield high loading at the tip and
lower loading at the hub and vice versa for the positive lean. This is consistent with the
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theory regarding lean angle in the work of Denton and Xu [1999]. Corresponding to the
static pressure, the Mach number at upstream, displayed in Figure 4.13, shows consistent
behavior when the flow approaches the fan LE. Noting that the nacelle design typically
requires flow field predictions at 10% fan diameter or longer distance upstream of the fan
LE, differences in the flow field at the fan LE are acceptable for the nacelle designers.

(a)

(b)

(c)

(d)

Figure 4.12: Upstream Static Pressure Distribution
(a) at 50% diameter upstream; (b) at 25% diameter upstream;
(c) at 12% diameter upstream; (d) at 1% diameter upstream.
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(a)

(b)

(c)

(d)

Figure 4.13: Upstream Mach Number Distribution
(a) at 50% diameter upstream; (b) at 25% diameter upstream;
(c) at 12% diameter upstream; (d) at 1% diameter upstream.
Combining the observations of the flow field from both upstream and downstream of the
blade row, the following conclusions can be drawn:
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1) For the same prescribed rise in total pressure and total temperature across a rotor, the
shape of the S2m surface has little influence on the total quantities’ distributions at the
TE of the fan.
2) For the upstream region, the differences in static pressure and Mach number due to
different S2m surfaces are negligible beyond 12% fan diameter upstream.
3) Near the fan LE, the static pressure and Mach number distributions resulted from
different S2m surfaces, and thus radial body forces, are different. It is due to the fact
that different radial body forces yield different radial equilibrium conditions that
governs the velocity field and thus the static pressure field.
4) Since the purpose of the proposed model is to accurately predict the flow field
upstream and downstream of the blade row, the static pressure and Mach number
differences near the fan LE due to radial body forces are not critical. Hence, it is
reasonable to adopt the assumption that the radial body force can be neglected when
modelling fan blade rows, i.e., equation set ( 3.137) will be used for further
validations in Chapter 5 and Chapter 6.
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5 Clean Inflow Validation using N-S Solver
Clean inflow, as opposed to inlet distortion, means that the flow far upstream of the fan
face is axial and uniform in both span-wise and pitch-wise directions. Such inflow
condition is usually utilized in fan blade performance tests. Typical testing of aircraft fan
system is to install the blade rows with an inlet duct. The rotor is fully contained in the
duct and the mass flow rate is controlled by the back pressure of the duct. Resistance is
usually placed at the inlet to ensure uniform inflow [Standard A.M.C.A, 1999].
Many axisymmetric BF models were developed for clean inflows in the area of
throughflow analysis. Several studies presented in the literature review section regarding
throughflow in Chapter 2 involve axisymmetric calculations [Damle, 1997; Baralon et al.,
1997; Sturmayr & Hirsh, 1999a]. Though they had different focus on the fan modelling,
these methods are all based on the axisymmetric equations of motion. The flow being
axisymmetric greatly simplifies the equations of motion by neglecting terms related to
circumferential variation. For a rotor, the clean inflow condition allows for the use of the
steady equations of motion in the rotating (relative) frame. Based on the discussion in
Chapter 3, it avails the method of passage average, which in the end can lead to averaged
quantities based on governing equations that contain body force terms [Jennions, 1985].
Different from these work, the BF model proposed here is applicable for general 3-D
flow. However, prior to discussing the general 3-D calculation (e.g. inlet distortion), the
proposed model is first validated under axisymmetric conditions.
As mentioned earlier, the mass flow rate for such setup can be manually controlled by
adjusting the inlet stagnation condition and the exit static pressure. For future reference,
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this type of configuration will be referred to as duct flow, as opposed to the flow in
Chapter 7 where the nacelle is also integrated with a fan system and becomes part of the
computational domain. An illustration of a duct flow is shown in Figure 5.1.

Figure 5.1: illustration of duct flow (axisymmetric)
Three different fan systems and their test data were used in the validation process. They
are NASA Rotor 67, NASA Stage 35 and NASA ADP Fan. There are two reasons why
these fan geometries were selected:
1) They are some of the very few fan geometries and complete test data available in
public domain;
The first reason, or restriction in terms of availability of blade information, comes from
the IP policy for most turbomachine companies. This determines that the available fan
test data is very limited in public domain, not to mention if one wishes to find test data
addressing radial survey of quantities in fan tests. Also, for the three selected fan systems,
only NASA Rotor 67 and its data are actually widely used in computational fluid
dynamics (CFD) as this NASA rotor test program was designed for CFD validation use.
The other two fan systems were designed and tested for other purposes, i.e. not for CFD
validation purpose (hence the test data are not as accurate as NASA Rotor 67). This will
be introduced in more details in the following sections.
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2) These three fan systems have very different geometries and hence the characteristic of
each fan system is different from one another.
The second reason comes from the need to evaluate the capability of the proposed BF
model in different fan systems. For example, Stage 35 is a fan system with high hub-totip ratio (~ 0.7) and thus the radial profiles in Stage 35 are nearly constant, but with a
very high overall pressure ratio of 1.82. NASA ADP and Stage 67 are of lower hub-to-tip
ratio (~ 0.4). Stage 67, however, is close to a free-vortex design while NASA ADP is tip
loaded. In terms of performance, on the other hand, Stage 67 and ADP are of high
efficiency (> 90%) near the design point while Stage 35 is of low efficiency (< 85%). The
important point here is that by using these three fan systems as validation cases, one can
see how the BF model performs when faced with different types of fans. Summary and
comparison of these three fan characteristics are listed in Table 5.1.
NASA Stage 67

NASA Stage 35

NASA ADP Fan

Design Efficiency (%)

92

83

93

Design Pressure Ratio

1.63

1.82

1.29

Hub-Tip ratio

0.43

0.7

0.43

Rotational Speed (rpm)

16043

17189

8400

Tip Speed (m/s)

429

455

246

By Pass Ratio

N/A

N/A

13.3

Number of Blades
(rotor/stator)

22/34

36/46

18/45

Mass Flow Rate (kg/s)

33.25

20.13

41.37

Table 5.1: Design Parameters of the Three Selected Fans/Compressors
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5.1 Validation Setup
Chapter 3 (Section 3.6) introduced the equations and methods that can be used in the
implementation of the proposed BF model, and Chapter 4 demonstrated the
implementation of the BF model into an in-house Euler solver. However, noting that the
final goal of the proposed BF model is to predict the flow field in components upstream
and downstream of the fan system for nacelle and potentially nozzle designers, viscous
effects must be included. Hence, the model needs to be implemented into N-S solvers.
Further, to generalize the use of the proposed BF model, the model needs to be
implemented into a commonly used commercial CFD solvers and validated in such a
framework.
The commercial code to be used must satisfy the requirement of allowing users to
implement customized source terms into the governing equations, as those in Section 3.6
indicate. CFD softwares such as Overflow and ANSYS Fluent all satisfy this
requirement. ANSYS Fluent is used in this thesis as it is the only software that was
available to the author.

5.1.1 Introduction to Fluent Navier-Stokes Solver
The solver used for BF calculation is the steady compressible NS solver in ANSYS
Fluent. The solver provides multiple options in terms of discretization scheme and
turbulence model. Detailed introduction to this solver is referred to the software manual.
To the author’s interest, the governing equations used in this RANS solver are
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⃗⃗ ) = 𝑆𝑚
∇ ∙ (𝜌𝑉
⃗⃗ 𝑉
⃗⃗ ) = −∇𝑝 + ∇ ∙ ξ̿ + 𝜌𝑔⃗ + 𝐹⃗
∇ ∙ (𝜌𝑉

( 5.1)

⃗⃗ (𝜌𝐸 + 𝑝)) = ∇ ∙ [𝑘𝑒𝑓𝑓 ∇𝑇 − ∑ ℎ𝑗 𝑞𝑗 + (ξ̿𝑒𝑓𝑓 ∙ 𝑉
⃗⃗ )] + 𝑆ℎ
∇ ∙ (𝑉
𝑗

}

Equation set ( 5.1) bears the same form as equation set ( 3.150). The differences are that
the blockage coefficient is set to 1 and that the heat transfer related terms are included in
equation set ( 5.1). It indicates that the solver can be used to model the averaged flow
field as the BF model requires. The available user interface in Fluent, User Defined
Functions (UDF), grants users access to source terms on the RHS of the equation set
( 5.1). UDF allows users to load external customized data, models or setups into the
solver via code files. The corresponding external code is required to be written in the C
language with UDF macro defined in the operating system. Detailed information about
UDF coding and other specific instructions can be found in the corresponding user
manuals of ANSYS Fluent.

5.1.2 Body Force Calculation Procedures
From the calculation procedures described in Chapter 4, one can have an insight of how
the BF model works. But to comprehensively understand how the BF model works, a
more thorough introduction on the BF model calculation procedures is necessary.
As introduced in Chapter 3, the inverse mode requires performance data, preferably radial
profiles as well, at one operating point denoted as the inverse point (BEP is usually
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selected as the inverse point if available). From the performance data, one can obtain the
total temperature at the TE, denoted as 𝑇0,𝑇𝐸 , and total pressure at the TE, denoted as
𝑝0,𝑇𝐸 . From these two radial profiles, one can generate the desired radial distributions of
∗
∗
angular momentum 𝑟𝑉𝜃,𝑇𝐸
and entropy 𝑠𝑇𝐸
radial distributions via the following

equations
∗
∗
𝑤(𝑟𝑉𝜃,𝑇𝐸
− 𝑟𝑉𝜃,𝐿𝐸
) = 𝑇0,𝑇𝐸 − 𝑇0,𝐿𝐸

𝑇0,𝑇𝐸
𝑝0,𝑇𝐸
𝛾
∗
∗
𝑠𝑇𝐸
− 𝑠𝐿𝐸
= 𝑅𝑎𝑖𝑟 (
ln (
) − ln (
))
𝛾−1
𝑇0,𝐿𝐸
𝑝0,𝐿𝐸

( 5.2)
( 5.3)

∗
∗
In equations ( 5.2) and equation ( 5.3), 𝑟𝑉𝜃,𝐿𝐸
and 𝑠𝐿𝐸
for clean flow equal to 0 (unit). Sea

level condition dictates 𝑇0,𝐿𝐸 = 288.15 K and 𝑝0,𝐿𝐸 = 101325 𝑃𝑎.
∗
∗
Once 𝑟𝑉𝜃,𝑇𝐸
and 𝑠𝑇𝐸
are obtained, by adopting an arbitrary smooth distribution from the

LE to the TE, one can generate 𝑟𝑉𝜃∗ and 𝑠 ∗ field across blade region. Note that the
distribution of 𝑟𝑉𝜃∗ in the blade region is related to the blade loading, and the distribution
of 𝑠 ∗ in the blade region is related to how loss is generated inside the blade row. Without
the blade geometry, the streamwise distributions of these quantities inside the blade
region cannot be quantified precisely, but the overall change in the radial distributions of
these quantities across the blade row are enforced. With these two fields, one can
construct the corresponding BF model source terms using equations set ( 3.137).
Calculations can be conducted with these source terms and proper boundary conditions.
Then, from the BF calculation results from inverse mode, one can obtain radial
distributions of 𝛽𝑇𝐸 or 𝛼 𝑇𝐸 for the rotor and the stator, respectively.
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With the inverse generated 𝛽𝑇𝐸 and/or 𝜁𝑇𝐸 radial distributions, one can assume it remains
unchanged for any other operating points and proceed to the analysis mode. Note that a
correction to these flow angle distributions can be implemented with ease if the change in
flow deviation between operating points can be estimated (engine suppliers may have a
good handle of this correction). For every operating point other than the inverse point,
one can obtain the desired angular momentum at the TE using the following equation

∗
𝑟𝑉𝜃,𝑇𝐸,𝑎𝑛
= 𝑟(𝑉𝑚,𝑇𝐸 𝑡𝑎𝑛𝛽𝑇𝐸 + 𝜔𝑟)

( 5.4)

(For stator, with 𝛽𝑇𝐸 = 𝜁𝑇𝐸 and 𝜔 = 0, above equation still holds.)
∗
Then a similar philosophy is used to generate a smooth 𝑟𝑉𝜃,𝑎𝑛
field across the blade

region. And with the angular momentum field in the analysis mode, one can proceed with
the calculation to evaluate the fan performance at any given mass flow rate. The flow
chart of this process is illustrated in Figure 5.2.
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Figure 5.2: Body Force Model Calculation Procedures
A few things need to be addressed regarding the calculation procedure.
1) The inputs to a BF calculation are
a) Rotor TE total temperature (overall number and/or radial surveys) at the inverse
point. If it is a radial survey, it will be curve fitted using polynomial function in
terms of radius or span fraction (0.0 – 1.0), according to available input data.
b) Mass flow rate(s) of the target operating point(s) in analysis mode.
∗
c) Target entropy rise(s) across blade row at the target operating point(s), 𝑠𝑇𝐸,
𝑎𝑛 . If

it is radial profile, it will be curve fitted using polynomial function in terms of
∗
radius or span fraction (0.0 – 1.0), according to available data. Overall 𝑠𝑇𝐸,
𝑎𝑛

can be obtained from the performance map. Yet for inlet distortion, some extra
operations are necessary. It would be introduced in Chapter 6.
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2) The outputs of BF calculation are flow quantities outside the blade rows. Typically,
performance quantities such as discharge total pressure and total temperature are of
interest.
3) In the inverse mode, the desired angular momentum field (𝑟𝑉𝜃∗) is fixed once the
performance data of the inverse point is specified. In the analysis mode, however,
∗
𝑟𝑉𝜃,𝑎𝑛
is iteratively updated during iterations as the term 𝑉𝑚,𝑇𝐸 in equation ( 5.4) is

one of the solution quantities and it will not stop updating until the calculation
converges. This could potentially raise numerical stability issues and thus the initial
condition in the analysis mode can sometimes be crucial.
4) In Chapter 4, 𝑟𝑉𝜃∗ is assumed to vary linearly from the LE to the TE along the quasistreamwise grid lines, i.e.,
∗
∗
− 𝑟𝑉𝜃,𝐿𝐸
𝜕𝑟𝑉𝜃∗ 𝑟𝑉𝜃,𝑇𝐸
=
𝜕𝑚∗
𝑙𝑚 ∗

( 5.5)

∗
Similar idea holds for 𝑟𝑉𝜃,𝑎𝑛
. But when implementing the BF model in Fluent,

unstructured mesh makes such simple linear distribution difficult to implement.
Hence, another idea is to use the User-Defined Scalar function in Fluent to solve a
Laplace Equation for 𝑟𝑉𝜃∗ specifying the LE value, the TE value and Neumann
boundary conditions at the tip and hub walls. That is
𝛻 2 (𝑟𝑉𝜃∗ ) = 0
B.C:

∗
∗
𝑟𝑉𝜃,𝑖𝑛𝑙𝑒𝑡
= 𝑟𝑉𝜃,𝐿𝐸
∗
∗
𝑟𝑉𝜃,𝑜𝑢𝑡𝑙𝑒𝑡
= 𝑟𝑉𝜃,𝑇𝐸

𝜕𝑟𝑉𝜃∗
𝜕𝑟𝑉𝜃∗
| =
|
=0
𝜕𝑛 𝑡𝑖𝑝
𝜕𝑛 ℎ𝑢𝑏
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( 5.6)

∗
Even equation ( 5.6) is for 𝑟𝑉𝜃∗, similar philosophy can be applied to 𝑟𝑉𝜃,𝑎𝑛
, 𝑠 ∗ and
∗
𝑠𝑎𝑛
.

5.1.3 Solver Setup
The solver setups of these axisymmetric calculations are shown in Figure 5.3.
The working fluid is ideal gas with properties of air at standard sea level condition. SemiImplicit Method for Pressure Linked Equations (SIMPLE) is used to solve equations set
( 5.1). The pressure term in equation ( 5.1) is discretized using a weighted center
differencing. The remaining terms are discretized using the second order upwind scheme.
High order term relaxation is checked to enhance calculation stability. Turbulence model
is the standard k- model with enhanced wall treatment (for y+<1). The parameters of the
turbulence model are set by software default.
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(a)

(b)
Figure 5.3: Solver Setups
(a) Scheme and Discretization; (b) Turbulence Model Settings.

5.2 On NASA Stage 67 Fan
NASA Rotor 67 is a rotor designed at NASA GRC (Glenn Research Center). It is the first
stage rotor of a two-stage fan. The geometry of NASA Rotor 67 is display in Figure 5.4.
This rotor is originally designed to provide test cases for CFD validation studies. Detailed
geometrical and design parameters can be found in multiple references [Strasizar 1984;
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Strazisar et al., 1989; Hathaway, 1986]; those quantities of our interest are listed in Table
5.1:

Figure 5.4: NASA Rotor 67 Geometry
As far as our BF model is concerned, Rotor 67 has two key characteristics:
1) transonic blade row;
2) nearly free-vortex design.
The first characteristic is from Table 5.1 and the second characteristic can be observed in
the results displayed in Figure 5.18, where the total temperature profile from experimental
data is almost constant along the span-wise direction away from the tip endwall region.
This is a well-designed fan, and this is important as the BF model is not expected to work
under massive separations, as discussed in Chapter 3. In other words, Rotor 67 provides a
fairly mild validation case where the BF model is expected to work without any problems.

5.2.1 Test Data for NASA Rotor 67
The work of Strazisar et al. [1989] is a single-rotor test. The detailed flow field was
measured and recorded in their work. As the proposed BF model is developed to predict
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the flow field outside the blade row accurately, the useful data for our work is the radial
profiles after the rotor trailing edge and the overall performance map.
The fan in the test was run at the design rotational speed. Thirteen OP’s were tested from
stall to choking. Radial profiles are available at only two OP’s, denoted as near stall and
near choking, respectively. The radial profiles consist of nineteen span-wise data points at
upstream of rotor blades and nine span-wise data points at downstream of rotor blades. All
the instantaneous quantities were corrected to standard sea level condition ( 𝑇0 =
298 𝐾, 𝑝0 = 101.325 𝑘𝑃𝑎) and time averaged to obtained steady averaged performance.
Figure 5.5 shows a sample of experimental data from the work of Strazisar et al.

Figure 5.5: Sample of Experimental Data [Strazisar et al., 1989]
(left) radial distributions of quantities; (right) performance map

5.2.2 Proof-of-Concept Test
The first axisymmetric calculation is a proof-of-concept test. Compared to the proof-ofconcept test ran in Chapter 4, this one is more quantitative and the inputs for the model is
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from real test data. It is demonstrated that the BF concept can yield very accurate results
even in its simplest form.

5.2.2.1 Simplified BF Model

As introduced in Chapter 3, the concept of a blade body force is to replace a blade row
with a proper body force field of which angular momentum and energy are imparted into
the flow. The BF concept is qualitatively tested in Chapter 4 using the in-house Euler
solver. Here, in this section, this simple BF concept will be tested and validated against
practical experimental data to demonstrate that the BF approach is not only feasible but
also accurate.
As a proof-of-concept test, for simplicity, the model takes equation ( 3.6) through
equation ( 3.8) to construct the body force source terms when performing BF
calculations. As for the energy source, it can be expressed as

⃗⃗ = 𝜔𝑟𝐹𝑏,𝜃 = 𝜔
𝐸𝑠 = 𝐹⃗𝑏 ∙ 𝑉

𝑚̇
(𝑟𝑉𝜃∗ )2
∀

( 5.7)

Based on these simple algebraic relations, one can see that this test can only be run in
inverse mode as the integral (𝑟𝑉𝜃∗ )2 is an input for the model which is obtained from the
total temperature ratio from performance maps.
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5.2.2.2 Computational Domain and Mesh

The calculation was conducted in a duct flow configuration. The flow path used for the
calculations is that of NASA Rotor 67. The computational domain and the corresponding
boundaries are illustrated in Figure 5.6. For simplicity, the BF model was only
implemented for rotor.

Figure 5.6: Computational Domain for Simplified BF Calculation
The mesh used for this calculation is displayed in Figure 5.7.

Figure 5.7: Mesh Used in the Calculation
This is a fairly coarse mesh since the first layer of cells closest to endwall has relatively
large cell size. The mesh properties are listed in Table 5.2.
17,600
Cell Count
>> 100
y+
1.14
Maximum Area Ratio
0.4
Maximum Skewness
Table 5.2: Mesh Properties for the Proof-of-Concept Test
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5.2.2.3 Model Inputs

The data introduced in Section 5.2.1 can be used as inputs for the calculation. From the
radial distributions illustrated in Figure 5.5, one can extract the total temperature ratio of
the rotor. Here only the data at BEP is used. Using equation ( 3.1), one can obtain the
inputs for the simplified BF model, namely the (𝑟𝑉𝜃∗ )2 in equation ( 3.6) and equation
( 5.7). Also, the loss is set to zero for now as it is not critical in term of the demonstration
of the BF concept.
The resultant radial profile of (𝑟𝑉𝜃∗ )2 is shown in Figure 5.8. In order to analytically
input this profile into the ANSYS Fluent solver via UDF, the radial profile is curve-fitted
as a function of the span fraction using polynomial function. The analytical expression of
the polynomial function is displayed in the same figure as 𝑦 = 𝑓(𝑥), where 𝑦 represent
the variable along the vertical axis and 𝑥 represents the variable along the horizontal axis,
which, in this case, are rV,2 and span fraction, respectively.

Figure 5.8: Input (𝑟𝑉𝜃∗ )2 as a Function of Span Fraction
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5.2.2.4 Results and Discussion

The goal is to compare the output total temperature at rotor TE with the total temperature
and if the BF model accurately recovers the input. The comparison is shown in Figure
5.9.

Total Temperature Ratio at BEP

Fraction of Span

1
0.8
0.6
0.4
0.2
0
1.1

1.14

1.18
1.22
T0 Ratio

Test Data

1.26

Overall BF

Figure 5.9: Comparison between BF Results and Test Data
One can clearly see that the total temperature radial profile from this simplified BF
calculation differs greatly from that from test data; the test data contains a total
temperature ratio profile that is nearly uniformly distributed radially around the value of
1.164 while the BF calculation produces total temperature profile that is highly distorted
radially with high work near the hub and low work near the tip. This is due to the fact that
the work input to the flow using a constant-magnitude body force depends on the size of
the body force region. The torque (r×BF) obtained using equation ( 3.6) through ( 3.8) is
approximately uniform inside the rotor region due to the nearly radially constant total
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temperature profile at the TE. Therefore, because Rotor 67 has longer chord near hub and
shorter chord near tip, the accumulative torque acting upon the flow at the hub section is
much stronger than that at the tip section, yielding high work near the hub and low work
near the tip. On the other hand, from the test data, it is seen that the real torque in Rotor
67 should be higher at the tip and lower at the hub. To achieve a more accurate total
temperature profile from BF calculation, there exist two approaches:
1) Improve the method of how BF such that he angular torque is corrected to account
for the fact that torque is not uniform inside the rotor region.
The key is to replace equation ( 3.6) with a more proper equation. Noting that the
mass flow rate in equation ( 3.6) can be expanded as following:

𝑚̇ = 𝜌𝑉𝑥,𝑚𝑒𝑎𝑛 𝐴

( 5.8)

Substitute equation ( 5.8) into equation ( 3.6), one can have

𝑟𝐹𝑏,𝜃 ≈

𝑐𝑝 𝜌𝑉𝑥,𝑚𝑒𝑎𝑛
𝜌𝑉𝑥,𝑚𝑒𝑎𝑛
𝑚̇
∆(𝑟𝑉𝜃∗ ) =
∆(𝑟𝑉𝜃∗ ) =
∆(𝑇0∗ )
∀
𝐶
𝜔𝐶

( 5.9)

where C is the local chord. So essentially, one can see that the magnitude of the
angular torque scales with the 1/chord. This is consistent with the analyses earlier
that the angular torque being high at the hub and low at the tip. Implement
equation ( 5.9) at body force terms and the resultant comparisons of results are
displayed in Figure 5.10.
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Figure 5.10: Comparison between Results from BF with Chord Correction and Test Data
From the comparison, one can see that with a chord-length correction, the BF
model accurately recovered the input total temperature at the rotor TE. More
specifically, the agreement between the BF results and test data are good near the
hub and start to decrease slightly approaching the tip.
2) If one does not wish to modify equation ( 3.6), then knowing that the angular
torque scales with 1/chord, the second method is to replace the original rotor
region with a nominal rotor region with constant chord, as illustrated in
3) Figure 5.11.
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Figure 5.11: Change The Original Flow Path to A Constant-Chord Flow Path
This way, with the input radial profile of total temperature and equation ( 3.6)
through ( 3.8), one still constructs the same BF field acting on a different region.
The resultant comparison of results is shown in Figure 5.12.
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Figure 5.12: Comparison between Results from BF with Constant Chord and Test Data
From this comparison, one can see that it showed similar accuracy as the first
method in recovering the input profile. The accuracy decreases a little
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approaching the tip. This is due to the assumption that axial velocity term in
equation ( 3.6) being a constant number, which is not true for the real rotor where
the axial velocity is slightly higher than the average value.
To achieve higher accuracy, one needs to turn to the BF formulation in equation set
( 3.137). Unlike the equation ( 3.6) through equation ( 3.8), equation set ( 3.137)
constructs the BF sources with minimum number of assumptions on the flow field and
thus yields the most accurate BF calculation. The comparison between different BF
formulations is displayed in Figure 5.13.

Total Temperature Ratio at BEP
1

Proposed BF

Overall BF
Overall BF with
Chord Correction
Constant Chord

Fraction of Span

Test Data
0.8
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0.4
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1.18
T0 Ratio

1.22

1.26

Figure 5.13: Comparison between Results from Different Body Force Formulations
One can see that the proposed body force model in complete form has the most accurate
total temperature output. This is expected as the simplified BF model assumes radially
uniform velocity, which is not true near the blade tip. This can lead to errors near the tip,
which is consistent with the observation that the simplified BF models with both
corrections has worse accuracy at locations above 80% span. But in general, the concept
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of BF model is well tested and justified. Even the simplest integral form of body force
can still accurately recover the input total temperature. Noting that the simplified BF
models are formulated using non-iterative parameters, which greatly enhanced the
stability of the calculation, this framework of the simplified body force can be
implemented as an initialization tool for further thorough calculation using the complete
body force model, especially if the target turbomachine system is of multiple stages.

5.2.3 Validations against Test Data
After the proof-of-concept test, the next step is to validate the model thoroughly. This
validation includes comparisons between BF prediction and experimental data at both the
design point and off-design points. The results will demonstrate that the BF model can
yield accurate predictions at off-design conditions with the assumption of constant 𝛽2 .
5.2.3.1 Computational Domain and Mesh

The computational domain was illustrated in Figure 5.14. It is a duct flow configuration.
Both the rotor and the stator are divided as separate zone in the domain. But for this
calculation, consistent with the rotor-alone experimental data, the stator zone is free of
BF source terms.
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Figure 5.14: Computational Domain for Rotor-Alone Calculation
The locations of data measurements are designated as Station 1 for the upstream and
Station 2 for the rotor downstream, illustrated in Figure 5.15 [Strazisar, 1989].

Figure 5.15: Flow path and Station 2
The computational domain is meshed in structured mesh (quadrilateral mesh), as
displayed in Figure 5.16.

Figure 5.16: Mesh for NASA Stage 67 BF Calculation
The mesh properties are listed in Table 5.3.
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NASA Stage 67
Cell Count

100,000

Y+

<1

Max Growth Ratio

1.21

Max Skewness

0.53

Table 5.3: Properties of the Mesh for NASA Stage 67 BF Calculation
Here a mesh of y+ < 1 is used. Noting that most aerodynamic commercial solvers require
mesh of y+<1, this is essentially also a test of how compatible the proposed model is with
common commercial CFD solvers.

5.2.3.2 Model Inputs

The experimental data is taken from the rotor-alone test. The test was conducted at 100%
design rotational speed. The available operating points are listed in Table 5.4. Among
these data points, only point 2 and point 5 (both underscored) have radial profile data at
Station 2. Here point 2 is denoted as Near Stall and point 5 is denoted as BEP for rotor
alone validation. Also, for future reference, all the mass flow rates are normalized to the
choked mass flow rate of 34.96 kg/s.
100% speed

1

2

3

4

5

6

7

8

𝐤𝐠
𝐦̇ ( ⁄𝐬)
𝛑𝓻
𝛈𝓻 (%)

32.21

32.30

33.16

34.13

34.57

34.65

34.89

34.96

1.743
1.728
1.718
1.681
1.642
1.611
1.546
90.0
90.1
91.0
91.3
93.0
90.8
88.7
Table 5.4: Available Operating Points from Test Data

1.385
84.2

Among all the OP’s, BEP (point 5, in red) is selected as the inverse point. In inverse
mode, the input radial profiles are displayed in Figure 5.17. The radial profiles were
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curve-fitted using polynomial functions. The corresponding analytical expressions are
also shown in the same figures.

T0 Ratio across Rotor
1.2
1.19
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Figure 5.17: Input Radial Profiles for Inverse Mode
(left) total temperature ratio; (right) entropy rise
The for analysis mode, the off-design calculations require radial distributions of entropy
as inputs. Since only point 2 and point 5 has available radial entropy profiles, it is
assumed that all the other points have entropy radial profiles of the same shape as that at
point 5 (BEP), but the overall magnitude is corrected according to πr and ηr from Table
5.4 via equation ( 5.10).

∆𝑠 ∗ = 𝑅𝑎𝑖𝑟 (

𝛾
ln (1 +
𝛾−1

((π𝓇 )

𝛾−1
𝛾

η𝓇

− 1)
) − ln( π𝓇 ))

( 5.10)

As for the boundary conditions, according to Figure 5.14, the inputs for the boundary
conditions are listed in Table 5.5. Noting that even though, by definition, the outlet
boundary requires input of exit static pressure, ANSYS Fluent allows users to set a target
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mass flow rate leaving the outlet boundary. Once the target mass flow rate is set, the
solver continuously and automatically adjusts the exit static pressure until the target mass
flow rate is reached. The target mass flow rates imposed at outlet boundary can be
obtained from Table 5.4 for each corresponding OP.
T0 = 288.15 K. P0 = 101.325 kPa. Flow Direction = Axial.
Turbulence Intensity: 2%.

Inlet

Turbulence Length Scale: ~1% of duct inlet height.
Imposing mass flow rates by varying back pressure
Turbulence Intensity: 2%.

Outlet

Turbulence Length Scale: ~1% of duct outlet height
Tip

No slip wall

Hub

No slip wall
Table 5.5: Boundary Conditions

5.2.3.3 Results and Discussion

The first pair of cases in validation is experimental data versus inverse mode results from
the proposed model at the BEP. The comparisons in terms of overall quantities are
displayed in Table 5.6. The comparison clearly shows that the total pressure ratio of the
blade row is very well recovered by the BF model. The isentropic efficiency from BF
model calculation is also very close to that from experimental data. This is expected as
the total temperature and total pressure input into the BF model are directly taken from
experimental data and therefore the output should recover it precisely.
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Test Data

BF Results

Isentropic Efficiency (%)

93

92.6

Rotor Pressure Ratio

1.642

1.638

Table 5.6: Comparison of overall numbers for inverse calculation
Figure 5.18 shows the radial profile comparisons of the total temperature ratio and total
pressure ratio at station 2. Again, the radial profile comparisons for total temperature and
total pressure showed very good agreement. The BF model in the inverse mode is thus
proven to be accurate.

P0 ratio peak efficiency

0.26
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1.7
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Figure 5.18: Radial profile at Rotor TE in Inverse Mode
From the inverse mode, one can extract the relative flow angle at the rotor TE () so that
these data can be input into the BF model to predict Rotor 67 performance at off-design
points.
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Figure 5.19:  from Inverse Mode and the Inputs for Analysis Mode
We note that  obtained from the inverse mode (blue dash curve in Figure 5.19) has an
abrupt overshoot in value near tip and hub. This is, first of all, due to the fact that the
meridional velocity decreases to zero near the wall. Such reduction in meridional velocity
will increase the relative flow angle by its definition in Equation ( 3.138). Also, near the
endwall, the actual total temperature would be very high due to the low mass flow.
Theoretically, if one were to input the total temperature exactly as the real situation, the
resultant high V would bring down the relative flow angle in Figure 5.19 (left).
However, such total temperature profile was not recorded in the test data where radial
profiles of quantities are available only from 10% span to 90% span (c.f. Figure 5.18).
The total temperature was extrapolated near endwall and thus it should be much lower
than the physical value. Therefore, the high  near end walls is expectedNoting that the
test data near endwall is not available anyway, the distribution overshoot near endwall
is filtered out and extrapolated smoothly from the mainstream part. The resulting
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radial profile, along with the analytical expression of the curve-fitted polynomial
function, is shown in Figure 5.19.
Now, after the inverse mode calculations, we need to move on to the analysis mode. The
analysis mode is to predict fan off-design performance as well as nearby flow field given
the blade exit flow angle, which in our case is the relative flow angle at rotor trailing edge
obtained from the inverse mode. The detailed procedures are also displayed in the flow
chart in Figure 5.2. The analysis mode validation includes comparisons regarding overall
quantities and radial profiles. The overall comparisons for analysis mode are given in the
form of performance maps. Figure 5.20 shows performance map comparisons between

1.8

94

1.7

92

Isentropic Efficiency

Total Pressure Ratio

body force results and the experimental data.
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1
Normalized Mass Flow Rate
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Figure 5.20: Performance Map Comparison
(left) P0 ratio vs. 𝑚̇; (right)r vs. 𝑚̇
The performance map comparison indicates that the body force prediction is different
away from the BEP point. To understand such error, one can recall that the isentropic
efficiency of the rotor for ideal gas is defined as
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∆ℎ0,𝑖𝑠𝑒𝑛𝑡𝑟𝑜𝑝𝑖𝑐
𝜂𝑟 =
=
∆ℎ0

𝛾−1
𝑐𝑝 (𝜋𝑟 𝛾

− 1) 𝑇01

𝑐𝑝 (𝜏𝑟 − 1)𝑇01

(𝜏𝑟 𝑒
=

∆𝑠 𝛾−1
−( )(
)
𝑅𝑔
𝛾

− 1)

(𝜏𝑟 − 1)

( 5.11)

Apparently, it is a function of both entropy and total temperature ratio. In this case, even
the entropy input is exactly the same as that from test data, the error in total temperature
still results in discrepancies in isentropic efficiency. Similar reasoning applies to total
pressure as well. Such a total temperature deficit comes from the lack of deviation angle
model (or change in deviation relative to BEP). According to Lieblein’s cascade model
[1960], the deviation becomes significant when the rotor operates away from the design
point. Hence, the assumption of unchanged  2 is no longer valid at near stall and near
choking. This is consistent with the BF performance map prediction where near BEP
(inverse point) the BF model showed fairly accurate predictions and it lost its accuracy
operating at OP’s away from the BEP (near stall and near choking). At this point, it is
important to note that in practice, if the fan performance map is provided by the engine
supplier, then information about change in flow deviation angle for operating point away
from BEP can be extracted from the data.
After the performance map comparison, we then focused on the radial profile
comparison. Figure 5.21 and Figure 5.22 are the radial profile comparisons of total
temperature and total pressure at near stall and BEP, respectively.
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Figure 5.21: Radial profile comparisons (Analysis Mode; Near Stall)
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Figure 5.22: Radial profile comparisons (Analysis Mode; BEP)
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The radial profile comparisons show that at BEP, the total temperature and the total
pressure predicted by the BF model matches the experimental data. At near stall, the
predicted total pressure profile and total temperature profile maintained the same shapes
as those from experimental data with slightly lower magnitude. The radial profile
comparisons are consistent with the expectation that accuracy of the model is the best at
the inverse point and decreases at OP’s farther away from it. The proposed model can be
extended to account for these operating conditions if proper deviation models and
blockage models are incorporated.
In summary, the validation against experimental data shows that the proposed BF model
properly predicts the fan performance at most OP’s for Rotor 67 running single rotor in
duct flow. Both radial profiles and overall numbers predicted by BF model show good
agreement with those from experimental data. Though some discrepancies remain at near
stall and near choking, they are expected given that the model is designed under the
assumption of constant 𝛽2 .

5.2.4 Comparisons against CFD Simulation Data for NASA Rotor 67
Besides the rotor-only experimental work of Strazisar et al. (1989), a single-passage CFD
calculation using the NASA Stage 67 geometries (rotor + stator) was conducted by N.
Spotts in the Department of Mechanical Engineering at CSU [Spotts, 2015]. This
calculation was firstly validated with experimental data. After its own validation, it
provides passage-averaged data for the proposed BF model for validation purpose. The
single-passage calculation runs the rotor at 90% of design rotational speed. Thirteen
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operating points were calculated. Both overall data and radial profiles of averaged flow
quantities are available. This set of CFD data can provide a more detailed scope on how
the BF model works at off-design, meaning that the comparisons at off-design are not only
for overall numbers but also the radial profiles at trailing edge of the blade rows at all the
OP’s. Further, it provides available data for us to perform corrections on the constant 𝛽2
and evaluate the improvement on the model from these corrections.

5.2.4.1 Model Inputs

According to the setup in single-passage calculation, the BF model calculation should
satisfy
1) stage calculation
2) duct flow, which indicates that the boundary conditions are same as Table 5.5
describes;
3) running at 90% of design speed.
The operating points used in the validation are listed in Table 5.7. Among them, point 5
(red) is the BEP and it is selected as the inverse point. Both rotor performance and stage
performance are included. All operating points have radial data along the rotor TE and
the stator TE. But for demonstration purpose, radial profile comparisons are only
presented at point 2, 4 and 6 (all underscored), representing near stall, intermediate and
near choking points. Similarly, all the mass flow rates are normalized to the maximum
mass flow rate of 32.61 kg/s in future validations.
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Table 5.7: Operating Points from CFD Single-Passage Simulation Used in BF Validation
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Figure 5.23: Inputs for NASA Stage 67 BF Calculations in Inverse Mode
Among all the OP’s, the BEP (point 5, in red) is selected as the inverse point. The inputs
for the inverse mode are radial profiles at the BEP, as illustrated in Figure 5.23. The
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radial profiles are curve-fitted using polynomial functions. The analytical expressions of
these radial profiles are display in the same figures. The total temperature ratio across
rotor and swirl velocity at stator TE are for the blade BF’s in rotor and stator,
respectively. The entropy rises are for viscous BF’s within the rotor region and the stator
region.
As for analysis mode, besides the 𝛽2 profile from inverse mode, entropy radial profiles at
all the off-design OP’s are taken as inputs. As an example, the entropy radial profiles at
point 2 is shown here. The analytical curve-fit functions for these radial profiles are also
displayed in the same figures. Similar inputs can be formulated in the same manner for all
the other OP’s listed in Table 5.7.
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Figure 5.24: Entropy Inputs for Analysis Mode at Point 2.
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5.2.4.2 Results and Discussion

Note that the flow path for this part of the calculation is the same as that for the rotoralone validation. Hence it is also a duct flow setup with the same boundary conditions as
those in Figure 5.14. As for mesh, the same mesh displayed in Figure 5.16 was used for
the stage calculation. The only modification here is that now the BF model is turned on in
the stator region as well. Also, since the stator is now of importance, extra locations of
interest are introduced for data post-processing. The locations and their notations are
illustrated in Figure 5.25.

Figure 5.25: Illustration of Locations in Computational Domain
The procedures for running the BF calculation are displayed in Figure 5.2. One thing
worth mentioning, though, is that for the fan stage calculation, the outputs from inverse
mode are two radial profiles. One is for the relative flow angle at rotor trailing edge and
the other is for the absolute flow angle at stator trailing edge.
The operating point chosen to perform the inverse calculation is the BEP at 90%
rotational speed. At this operating point, both overall numbers and radial profiles were
compared between single-passage results and body force results. The results of overall
comparisons are listed in Table 5.8.
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CSU

BF Results

𝐤𝐠⁄
𝐬)

31.41

31.41

𝝅𝓻

1.490

1.485

𝜼𝓻 (%)

92.1

92.0

𝝅𝒔

1.471

1.466

𝜼𝒔 (%)

89.1

89.0

𝒎̇ (

Table 5.8: Overall Number Comparison for Inverse Mode at 90% Speed BEP
The overall number comparison shows that the BF model recovers the rotor performance
quantities (total temperature, total pressure) accurately.

Figure 5.26: Radial Comparison at Inverse Point
After the overall number comparison, the radial profile comparison is examined. Figure
5.26 shows the radial profile comparisons of total temperature, total pressure at station 2
and station 4. Radial profile comparisons show fairly good agreement with CSU data,
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indicating that the inverse mode shows a good capability of the BF model in executing
stage calculation and the flow angles obtained in inverse mode are accurate enough to
proceed with further analysis mode calculations.
From the inverse mode, one can extract the flow angles at the rotor TE and the stator TE.
The extracted flow angles are displayed in Figure 5.27.

Relative Flow Angle at Rotor TE
80

Absolute Flow Angle at Stator TE
12
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Figure 5.27: Flow Angles from Inverse Mode
Noting that the extracted flow angles is cut-off near the endwalls. This has been
discussed in the corresponding sections for the NASA Rotor 67 rotor-alone calculations.
The resultant curves are the inputs for the analysis mode. These curves along with the
analytical expressions of the corresponding curve-fitted polynomial functions are also
displayed in Figure 5.27.
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Figure 5.28: Performance Map Comparisons for Stage 67
(a) Rotor Pressure Ratio; (b) Rotor Isentropic Efficiency;
(c) Stage Pressure Ratio; (d) Stage Isentropic Efficiency
Figure 5.28 is the performance map comparison between BF results and single-passage
results. It includes both rotor performance and stage performance.
The performance map comparison shows that the BF model predicts the rotor
performance fairly close to the single passage results. The difference lies in the stage
performance where the BF model predicted stage efficiency is lower than that in single
passage results.
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As for radial profile comparison, here we only present the radial profiles at point 2, 4 and
6 from Table 5.7.
Figure 5.29 through Figure 5.31 show the radial profile comparisons regarding total
temperature and total pressure at station 2 and station 4 and swirl velocity at station 4 for
the three cases.

Figure 5.29: Radial Profile Comparisons for Point 2 (Analysis Mode)

Figure 5.30: Radial Profile Comparisons for Point 4 (Analysis Mode)
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Figure 5.31: Radial Profile Comparisons for Point 6 (Analysis Mode)
The radial profile comparisons clearly show that the model predicts the fan performance
more accurately the closer it is to the BEP. This is consistent with the performance map
comparison and it is expected due to the fact that the model does not account for the
deviations at different OP’s. Also, radial profile comparisons demonstrate similar trend
that BF model has less accuracy in stage predictions than in rotor predictions.
One of the reasons to such discrepancies in the total pressure is that the data used to
construct the loss body force is not taken precisely at the rotor TE and the stator LE. Due
to the rotation of rotor, data is typically record at a certain distance downstream of the
rotor TE. And this is true for both experiment and CFD simulation. This can lead to a
discrepancy in loss model. For example, if the data is recorded at middle location
between the rotor TE and the stator LE, then input entropy rise obtained should account
for region (1) and half of region (2), as illustrated in Figure 5.32. In the BF model,
however, this entropy rise is taken to account for entropy rise only through rotor, i.e.,
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region (1) as no experimental data can be recorded precisely at the rotor TE. This means
that the loss between the rotor TE and middle location of inter-blade region is doublecounted and thus the loss input for rotor is higher than the actual value. Similar reasoning
can be applied for the stator entropy rise. As a result, the entropy through region (2) is
double-counted and thus the total pressure of the flow at the stator TE is supposed to be
lower than the real value. This is consistent with the results that stage total pressure ratio
is lower than the experimental data.
As for efficiency discrepancies, they are the results of the total pressure deficits discussed
in the previous paragraph and the total temperature discrepancies due to deviations
discussed in the rotor-alone validation section.

Figure 5.32: Regions with Entropy Rise
In the comparisons against the NASA Stage 67 CFD results, such discrepancies are still
contained within an acceptable level since it is merely a single-stage simulation.
However, the discrepancies can accumulate and become quite significant should the
proposed BF model be applied onto multi-stage fan modelling.
To resolve such an error, theoretically there are three ways:
1) the data used to construct body forces must be taken right at trailing edges at rotor
and at stator;
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However, this is not a practical way as most experimental data, which will be the main
type of available fan performance data that can be used in our BF model, is taken at a
certain distance after the trailing edges of blade rows due to the limitation of
experimental instrument and thus this way can only remain a theoretical solution to this
problem.
2) run BF model in a Euler solver.
This is somehow a practical solution to this problem as it removes the over-count of
entropy rise by setting flow to be inviscid. However, it can still be commercially limited
at certain level as most commercial solvers nowadays are based on Navier-Stokes
equations instead of Euler equations.
3) Adjust the magnitude of loss profiles at the rotor TE and the stator TE.
On can maintain the shapes of the input loss radial profiles and adjust the magnitude until
the entropy coming out of the BF calculation matches with the expected values. This is
the most accurate and convenient approach. However, such adjustments are iterative and
can be time-consuming in some scenarios.
Another possible reason that could be responsible to the error in overall numbers is the
interaction between rotor and stator. This comes from the assumption that flow is
periodic over one blade revolution when deriving the time averaged equations. The
details have been discussed in Chapter 3. However, it remains unidentifiable whether this
could lead to significant errors due to the lack of proper data. This could provide a scope
of expected future work in the development and enhancement of the BF model.
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5.3 On NASA ADP Fan
The ADP Fan, short for Advanced Ducted Propulsor Fan, was designed by NASA and
United Technology Corporation, Pratt & Whitney. The primary goal of this test was noise
measurements. Table 5.1 lists the design parameters of the ADP Fan. The flow path and
the locations of blade rows are displayed in Figure 5.33.

(a)

(b)
Figure 5.33: NASA ADP Fan
(a) Flow Path (b) Blade Row
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From the design parameters and the flow path, we can conclude the following
characteristics of this fan system:
1) bypass fan system with high bypass ratio;
2) low pressure ratio with high efficiency;
The low hub-to-tip ratio determines that free vortex is not a feasible design to achieve
high efficiency. Hence, the total temperature and total pressure after the fan system
should have large radial variations. This deduced characteristic about radial profile will
later be proved in the results shown in the validation section.
With these characteristics, NASA ADP Fan provides our model a completely different
type of validation case from Rotor 67 and Stage 35. Recalling the purpose of developing
the BF model is to supplement the modern nacelle and potentially nozzle designs, the
NASA ADP Fan is a very practical validation geometry as it is a more realistic
representation of nowadays fan systems (e.g. P&W Geared Turbo Fan). Also, the flow
bifurcation shown in Figure 5.33 is different from the flow paths of Rotor 67 for which
the duct flow contains only one pressure outlet.
At last, the highly non-uniform radial profiles indicate that the loading on the blades is
not constant in the radial direction which could lead to convergence problems if the
calculation is not initialized properly.
In summary, NASA ADP Fan provides a realistic validation case in that its flow pattern
(high bypass ratio, flow bifurcation, highly radially distorted profiles) is what we
eventually expect our BF model to encounter in practice.
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5.3.1 Available data for NASA ADP Fan
There are two sets of data available for the ADP Fan. One is the experimental data
recorded in Jeracki’s work [Jeracki, 2006]; the other is from CFD simulations [Tweedt,
2014]. The first piece of work is aiming at studying performance properties of this high
bypass ratio fan with different blade materials at different operating conditions. The
second one is to recover the experimental data from Jeracki’s work using RANS solver.
The detailed setups collecting the experimental data and CFD data were included in the
two reports from Jeracki and Tweedt, respectively. These two sets of data focused on the
same three operating points:
1) SLTO, short for Sea Level Take Off;
2) Approach;
3) Cutback.
These three operating points are from three different rotational speeds. They represent
operating conditions away from cruise and the flow across fan system under these
conditions is not as mild as that under cruise. In other words, these data can be used to
test whether the proposed model can handle realistic off-design conditions of the high
bypass ratio fan system. The data available are the overall performance numbers and
radial surveys at these operating points.
However, both data sets only have radial surveys before the stator LE whereas for us, the
flow quantities after the rotor TE are required. Therefore, we conducted an in-house
single passage CFD calculation with mixing planes using NASA ADP Fan to obtain the
flow quantities after fan TE. This calculation is merely to replicate Tweedt’s work and
170

recover the flow field at these three operating points. By doing so, the quantities at any
desired locations can be extracted from the results and used to validate our BF model.
Detailed introduction of the in-house CFD simulation work can be found in the referred
report [Antoine, 2015]. The useful data to us are the radial profiles after the rotor trailing
edge. The quantities of interest are radial profiles of flow angle, total temperature and
total pressure at the axial locations where data are available for comparison. The
locations are illustrated in Figure 5.34.

Figure 5.34: Locations for Data Comparison

5.3.2 Computational Domain and Mesh
The computational domain for the BF calculations for NASA ADP Fan is display in
Figure 5.35. This duct flow configuration has one stagnation inlet boundary and two
static pressure outlet boundaries: the bypass outlet boundary and the core outlet
boundary. The static pressures at both outlet boundaries are simultaneously adjusted
during iterations to reach the desired total mass flow rate and the target bypass ratio. The
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BF model was effective in both rotor and OGV. Also, the spinner contour is included as
solid wall boundary into the computational domain to keep consistence with the test data
and the reference CFD results.

Figure 5.35: Computational Domain for NASA ADP BF Calculations
The corresponding mesh is displayed in Figure 5.36. The mesh qualities are listed in
Table 5.9

Figure 5.36: Mesh for NASA ADP BF Calculations
NASA ADP Fan
Cell Count

55,000

y+

<1

Max Growth Ratio

1.2

Max Skewness

0.6

Table 5.9: Mesh Qualities for NASA ADP BF Mesh
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5.3.3 Model Inputs
The three available OP’s are listed in Table 5.10.

Operating
point

Rotational
speed (rpm)

Experimental
Flow rate
(lbm/sec)

CFD Flow
rate
(lbm/sec)

Experimental
By-pass ratio

CFD Bypass ratio

SLTO

8750.00

79.20

79.42

11.50

11.54

Cutback

7525.00

68.10

68.17

10.70

10.73

Approach

5425.00
49.10
49.06
9.90
Table 5.10: NASA ADP Fan validation operating points

9.93

Among the three OP’s, the OP “Approach” was taken as the inverse point. The inverse
mode requires radial profiles of total temperature ratios, entropy rises across the rotor and
the OGV as inputs. These radial profiles are displayed in Figure 5.37.

Figure 5.37: Inputs for NASA ADP Inverse Mode BF Calculations in Inverse Mode
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Supposedly, the swirl velocity radial profiles at OGV TE should also be included as an
input. But as the test data after stator is not available, the predictions after stator TE are
thus not of interest for the this set of validations. Hence for simplicity, considering the
fact that the OGV is to de-swirl the incoming flow, the swirl velocity at OGV TE is set to
zero, i.e. the flow leaving the OGV is fully forwarding without spiraling.
These curves were, as those of NASA Stage 67, curve-fitted using polynomial functions.
The expressions are also display in the form of 𝑦 = 𝑓(𝑥) in the same figures.
For analysis mode, the inputs are the entropy rises the across the rotor and the stator. The
curves and their analytical expressions are displayed in Figure 5.38.

Figure 5.38: Inputs for NASA ADP Fan BF Calculations in Analysis Mode
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As for boundary conditions, since NASA ADP Fan flow path has two static pressure
outlet boundaries, the inputs for the boundary conditions are listed in Table 5.11. Note
that the bypass outlet and the core outlet have separate exit mass flow rate. The two target
mass flow rates can be determined from the total mass flow rate and the bypass ratio from
Table 5.10 for each corresponding OP.
T0 = 288.15 K. P0 = 101.325 kPa. Flow Direction = Axial.
Turbulence Intensity: 2%.

Inlet

Turbulence Length Scale: ~1% of duct inlet height.
Bypass Outlet

Imposing mass flow rates by varying back pressure
Turbulence Intensity: 2%.

Core Outlet

Turbulence Length Scale: ~1% of duct outlet height

Tip

No slip wall

Hub

No slip wall

Table 5.11: Boundary Conditions for NASA ADP Fan BF Calculations

5.3.4 Results and Discussion
Following the procedures in previous validations, the inverse mode is at first examined.
Total pressure ratio and total temperature ratio were compared at the TE, as shown in
Figure 5.39.

175

100

90

90

80

80

70

70

Span Percentage

Span Percentage

100

60
50
40

60
50
40

30

30

20

20

10

10

0

0

1

1.01
1.02
1.03
Rotor Total Temperature Ratio

1.04

1

1.02

1.04 1.06 1.08 1.1 1.12
Rotor Total Pressure Ratio

1.14

Figure 5.39: Radial Profile Comparisons After Rotor TE in Inverse Mode
The inverse comparison shows good agreement between BF results and the input radial
profile. Hence, one can move to the next step of analysis mode. The  extracted from
inverse mode are shown in Figure 5.40. The blue dash curve is the actual relative flow
angle distribution from hub to tip. One can see that above 95% and below 3% span,

distribution experiences abrupt overshoots which poses difficulties in curve fitting this
distribution. This phenomenon was addressed in the corresponding section in the Stage
67 validation. To obtain usable inputs for analysis mode,  distribution is trimmed
above 95% span and below 3% span. The modified data points of  will be extrapolated
from the mainstream value, yielding the red solid plot in Figure 5.40. The analytical
expression for the curve-fitting polynomial function is also displayed in Figure 5.40.
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Figure 5.40: Relative Flow Angle Obtained from Inverse Mode
The radial profile will be input to analysis mode for BF calculations at other OP’s. In
the analysis mode, the radial profiles at the rotor TE and the stator LE are compared
between the test data, NASA CFD results [Tweedt, 2014] and BF model predictions. The
quantities compared are total temperature and total pressure.
Figure 5.41 displays the radial comparisons against in-house single passage CFD results
after the rotor TE. Overall, the agreement between BF prediction and the CFD results is
good. One can observe that the difference between the BF results and CFD results is the
smallest at Approach. It increases at Cutback and SLTO conditions. Such difference
appeared in both total temperature and total pressure.

177

100

80

80

Span Percentage

Span Percentage

100

60

40

20

60

40

20

0

0

1

1.03
1.06
1.09
Rotor Total Temperature Ratio

1.12

1

1.1
1.2
1.3
Rotor Total Pressure Ratio

Figure 5.41: Radial Comparisons after Rotor TE
More specifically, by looking at the comparison between 20% span to 50% span in
Figure 5.41, one can see that the difference in total pressure is consistent with that in total
temperature. This indicates that at Cutback and SLTO,   obtained from inverse point
(Approach) is cannot precisely reflect the real flow field at the rotor TE. Though the
overall trend is captured, deviation starts to become noticeable yielding difference in the
total temperature comparison. To testify this judgement, relative flow angles at different
operating points were compared (c.f. Figure 5.42).
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Figure 5.42:  at Three Operating Points
These flow angles were obtained by running inverse mode for all the three OP’s and
extracting  The comparison of shows that at 10% span through 40% span and 80%
span through 100% span, the Approach OP has a larger  compared to the Cutback and
the SLTO. According to equation ( 5.4), a larger  results in a lower total temperature.
This is consistent with the observation in Figure 5.41, where BF model predicts lower
total temperatures, and thus lower total pressures, at 20% span through 40% span and
80% span through 90% span.
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Figure 5.43: Radial Comparisons before Stator LE
Figure 5.43 demonstrates the radial comparison of total temperature and total pressure
before the OGV LE. At this location, experimental data and CFD simulation results from
NASA [Tweedt, 2014] are also available. The comparisons indicate
1) Overall, the in-house simulation and BF model produce accurate prediction compared
to experimental data and NASA CFD simulation.
2) The agreement at the Approach is the best amongst all the three operating points. As
discussed before, deviations are the smallest at inverse point, in this case, Approach.
Hence, the most accurate prediction is expected to be at Approach.
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1.4

3) The in-house CFD simulations predict lower total pressures between 60% span and
90% span at both Cutback and SLTO. This difference is inherited by the BF model as
the loss inputs for BF model are from the in-house simulation.
In conclusion, the validation on NASA ADP Fan indicates that proposed model can
accurately predict performance of the fan with highly distorted radial profiles at common
off-design OP’s

5.4 On NASA Stage 35 Fan
NASA Stage 35 is a fan stage designed and tested at NASA Glenn Research Center. The
geometry of Stage 35 is illustrated in Figure 5.44. NASA Stage 35 is designed to
investigate the performance of high pressure ratio compressors. Detailed geometrical
parameters of Stage 35 can be found in Reid and Moore’s work [1978a, 1978b]. Table
5.1 listed the geometrical and performance parameters of our interest.

Figure 5.44: NASA Stage 35
From Table 5.1, we can summarize some characteristics of NASA Stage 35:
1) high hub-to-tip ratio;
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2) high overall pressure rise.
The first characteristic leads to a nearly free-vortex design. As to the second
characteristic, due to the high pressure ratio value, the isentropic efficiency of Stage 35 is
relatively low compared to the Stage 67 and the ADP Fan. In other words, this stage is
not designed for optimum efficiency and instead it targets for maximum pressure ratio.
This implies that the flow may separate at operating conditions away from the BEP.
Therefore, unlike Stage 67 and ADP Fan, Stage 35 provides validation cases for our BF
model under low efficiency and existence of flow separation. Such a validation could
avail the proposed BF model to more types of fan systems instead of being limited to
those with clean and mild flow conditions like Stage 67.

5.4.1 Test data for NASA Stage 35
The available data set for NASA Stage 35 is the experimental data recorded by Lonnie
Reid and Royce D. Moore from NASA Lewis Research Center [Reid & Moore, 1978a;
1978b]. The data set includes both overall numbers and radial profiles. Due to the small
distance between the rotor and the stator, there are no measurements in the inter-blade
region and thus all the performance quantities are for the entire stage and radial profiles
are available only after the stator TE, denoted as Station 3 (c.f. Figure 5.45). All the
quantities in this data set are density-weighted circumferential averaged based on
experiment measurements. This meets the requirements of data post-processing for the
BF model.
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Figure 5.45: NASA Stage 35 Flow Path and Data Measuring Locations
The overall quantities are available on speed lines for 50%, 60%, 70%, 80%, 90% and
100% of designed rotational speed. For the 70%, 90% and 100% speed lines, overall
quantities are presented at six OP’s from near stall to BEP. For the other speed lines,
overall numbers are only presented at the near stall point. Radial profiles are available
for all the OP’s at 70%, 90% and 100% speed. Each radial profile contains 9 points from
hub to tip. Figure 5.46 is a sample of data for Stage 35.

(a)
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(b)
Figure 5.46: Samples of NASA Stage 35 Test Data
(a) overall numbers (b) radial survey
The data for Stage 35 is more than sufficient. The validation can be conducted for
different rotational speeds at different operating conditions. However, there still is a
shortcoming for this set of data. As introduced in the previous section, unlike Rotor 67
for CFD validation purpose, Stage 35 was designed to investigate high-loading fans. This
indicates that the quality of the test data for Stage 35 is not of CFD validation standard.
For instance, as in Figure 5.46(a), the mass flow rates at near choking condition at
different axial locations are different, with a biggest difference of almost 1 kg/s.
Considering the range of the mass flow rate change from BEP to near stall at 100 percent
speed is only 1.5 kg/s, this level of difference is quite significant. Apparently, there is
mass leakage in the inter-blade region. But the BF model calculation will not be able to
account for this effect as the detailed flow field in the inter-blade region is not measured
in the test. Hence, we can only assume mass is conserved from rotor inlet to stator outlet.
By doing so, error between the BF model results and experimental data is inevitable.
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5.4.2 Computational Domain and Mesh
For NASA Stage 35, the computational domain is displayed in Figure 5.47. It is also a
duct flow configuration, which indicates that the boundary conditions are similar to those
displayed in Table 5.5. The stagnation inlet and the static pressure outlet determine the
mass flow entering this duct. The BF model is effective in both rotor and stator regions.

Figure 5.47: Computational Domain for NASA Stage 35 BF Calculations
The locations for data comparisons between test data and BF results are displayed in
Figure 5.48.

Figure 5.48: Locations of Validation Comparisons for NASA Stage 35 Calculations

Figure 5.49: Mesh for NASA Stage 35 BF Calculations
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The corresponding mesh is displayed in Figure 5.49. The mesh qualities are listed in
Table 5.12.
NASA Stage 35
Cell Count

37,000

y+

<1

Max Growth Ratio

1.17

Max Skewness

0.3

Table 5.12: Mesh Qualities for NASA Stage 35 BF Calculations

5.4.3 Model Inputs
From the reference report, nine OP’s were extracted. They are listed in Table 5.13.

Case 1

Rotor Speed
(%)
100

Efficiency (%)
Test/BF
84.5/85.7

Stage Pressure Ratio
Test/BF
1.845/1.855

Mass Flow Rate
(kg/s)
21.00

Case 2

100

81.0/82.3

1.922/1.956

20.27

Case 3

100

73.7/70.9

1.932/1.905

18.26

Case 4

90

86.5/89.4

1.574/1.593

19.66

Case 5

90

83.5/85.6

1.698/1.723

18.33

Case 6

90

76.8/82.6

1.720/1.799

16.68

Case 7

70

86.8/88.4

1.250/1.227

15.31

Case 8

70

85.2/83.2

1.334/1.329

14.38

Case 9

70
74.4/79.6
1.350/1.410
Table 5.13: Notation of Inspected Operating Conditions

11.80

The nine OP’s correspond to three rotational speeds: 70% of design speed, 90% of design
speed and 100% of design speed. At each speed, there are three OP’s: one for near stall,
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one for intermediate and one for BEP (BEP’s at each speed are marked in red font,
namely Case 1, Case 4 and Case 7).
Among these OP’s, Case 1 is selected as the inverse point. The input radial profiles,
along with the analytical expressions of the corresponding curve-fitted polynomial
functions, are displayed in Figure 5.50. Two points need to be made regarding the inputs:
1. As introduced before, the test data in the inter-blade region (after rotor TE and
before stator LE) is not measured due to limitations on instruments. Instead, the
total temperature ratio is for the entire stage. Noting that theoretically total
temperature conserves along streamlines across stator, the total temperature ratio
across stage can thus be translated to that across rotor. The plot of total
temperature ratio shown in Figure 5.50 is the resultant radial profile.
2. Noting that there supposed to be two radial profiles of two entropy rises – one for
the rotor and one for the stator – available as the inputs for BF calculations.
However, due to the unavailability of data inside the inter-blade region, the
entropy rise is imposed across the entire stage. As a result, the viscous BF, but not
the blade BF, should also be effective in the inter-blade region in order to
consistently replicate the entropy rise across the entire stage.
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Figure 5.50: Inputs for NASA Stage 35 BF Calculations in Inverse Mode
As for analysis mode, the entropy rises across the stage at all the other OP’s will be input
accordingly based on the operating condition at which the BF calculation is operating. As
examples, the radial profiles of entropy rises for OP’s at 100% speed are displayed in
Figure 5.51.

188

Figure 5.51: Inputs for NASA Stage 35 BF Calculation in Analysis Mode (100% Speed)

5.4.4 Results and Discussion
Similar to previous validations on Rotor 67, we need to firstly validate the model in
inverse mode. The results for the overall comparison are summarized in Table 5.14. This
comparison shows that the overall numbers from BF calculation recovers the inputs.
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BF Results

𝐤𝐠⁄
𝐬)

21.00

21.00

𝛑𝐬

1.845

1.844

𝛈𝐬(%)
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𝐦̇ (

0.24

0.24

0.235

0.235

0.23
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0.22
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Table 5.14: Overall Number Comparison for Inverse Mode
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Figure 5.52: Radial Comparisons at Stator TE in Inverse Mode
After this comparison, the radial profile comparisons are investigated. Figure 5.52 shows
the radial profile comparisons for total temperature and total pressure at station 3. Radial
profile comparisons show that the model recovers the input total temperature and entropy
profiles. The validation shows that the model works properly in inverse mode.
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From inverse mode, the resultant relative flow angle at the rotor TE needs to be extracted
as input for analysis mode. The  distribution is displayed in Figure 5.53. The left figure
represents the the right figure represents the . The blue dash curve are the profiles
extracted precisely from the inverse results. One can see that near the tip and the hub,
there exist abrupt overshoots in low angles. This phenomenon can be explained referring
to previous discussion on the same topic in Stage 67 validation. These radial profiles are
trimmed to certain radial fractions. The resultant trimmed profiles are display as red solid
curves in Figure 5.53, along with their analytical curve-fitted polynomial expressions in
the same figure. These radial profiles of flow angleswill be used as inputs for the
analysis mode.
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Figure 5.53: Flow Angles for NASA Stage 35
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After the inverse mode calculations, the next is to perform validations of the model in the
analysis mode. It also involves overall comparisons and radial profile comparisons.
Results for overall comparisons are included in Table 5.13. A corresponding performance
map is also displayed in Figure 5.54. The overall comparisons clearly show that on each
speed line, at near stall the efficiency is quite different while at the other two points, the
values are close. The offset at near stall could be due to several factors:
1) lack of proper deviation models;
2) errors in experimental data discussed in Section 5.4.1.

(a)

(b)

Figure 5.54: Validation on performance map of Stage 35
(a) Pressure ratio (b) Isentropic Efficiency
Discrepancies due to deviation have been discussed in the corresponding sections for
Rotor 67. To accurately predict off-design OP’s, a model needs to be developed to
account for the deviations. Similar discrepancies can be observed in radial profiles
comparisons. Figure 5.55 through Figure 5.57 are the radial profiles comparisons of
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swirl velocity, total pressure ratio, meridional velocity, total temperature ratio and flow
angle at the three OP’s at 100% speed. One can see that difference start to enlarge at OP’s
farther away from the BEP.

Figure 5.55: Radial Profile Comparisons at Near Stall at 100% Speed (Analysis Mode)

Figure 5.56: Radial Profile Comparisons at Medium OP at 100% Speed (Analysis Mode)
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Figure 5.57: Radial Profile Comparisons at BEP at 100% Speed (Analysis Mode)
Figure 5.58 shows the comparison of at near stall and BEP. One can see that not only
the magnitude, but also the shape of distribution differs from one OP to the other.
Such difference in profile shape is also observed in the total temperature. At locations of
radius larger than 0.22 m, from inverse point (BEP) is larger than the actual  at near
stall. According to equation ( 5.4), this will result in lower total temperature prediction,
which is consistent with the observations in the total temperature profiles in Figure 5.55
and Figure 5.57. At locations of radius smaller than 0.22 m, though not as predominant
as that at high radius, the opposite effect of   leading to higher total temperature
prediction is also observed in the validation results.
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Figure 5.58: Comparison at Near Stall and BEP
From the Stage 35 validation it can be shown that the predictions given by the model
show good agreement with experimental data. This indicates that the model works
properly for a fan system of high pressure ratio and low efficiency such as Stage 35.
Discrepancies in predictions start to appear as the model operates farther away from the
inverse point. This is consistent with the assumption that remains unchanged for
different operating points.
.

5.5 Corrections for 𝜷𝟐
In all the preceding sections regarding axisymmetric calculations, discrepancies emerge
when the model is operating at off-design OP’s that are far away from the inverse point.
We have concluded that this is due to the lack of deviation models to account for the
change in 𝛽2 at off-designs. However, with a complete performance map at hand, the
information about the change in deviations is in fact available. Hence, in this section, one
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extra set of calculations will be conducted to demonstrate that potential improvements on
the model accuracy can be achieved once the deviation is properly addressed.
Here the geometry of flow path in Section 5.2.4 will be used (NASA Rotor 67). The CSU
single-passage CFD results are used to make such corrections. Hence the BF calculations
will accordingly be conducted for the entire stage. The computational domain, mesh,
boundary conditions are the same as those in Section 5.2.4.
As for model inputs, since the 𝛽2 ′𝑠 at all OP’s listed in Table 5.7 are required, the inverse
mode calculations will be performed for all the OP’s. Hence the inputs for the inverse
mode are the same quantity profiles displayed in Figure 5.23 for all the OP’s instead of
only one inverse point. These radial profiles are referred to Spotts’ work [2015].
For the analysis mode, the entropy inputs remain the same. That is, entropy profiles will
be input accordingly for each OP. The flow angle inputs, on the other hand, are different
from the previous calculations. To account for the change of 𝛽2 at off-design OP’s, the
correction we made is to take the corresponding 𝛽2 profile at each OP obtained from the
inverse mode and input it in the analysis mode for the same OP. That is, in the analysis
mode, each OP has its unique 𝛽2 profile input and loss input.
The results to demonstrate are the predictions of the performance map. With the
correction, the performance map predicted by the BF model is shown in Figure 5.59.
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Figure 5.59: Performance Map Predicted by the BF Model with the 𝛽2 Correction
From the results, one can clearly see that the accuracy of the BF model is greatly
improved with the correction of 𝛽2 , especially at the near stall and the near choking
condition. It also demonstrates that without the blade geometry data, theoretically one can
still achieve very accurate predictions using the proposed BF model as long as sufficient
inverse calculations can be performed for 𝛽2 profiles.
Of course, the way we made the correction is somehow a “luxury” meaning that we
actually input the exact 𝛽2 profile for each OP as we managed to obtain these 𝛽2 profiles
from inverse mode using available radial profiles of total temperature and total pressure
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at all the OP’s. In practice, however, it is unlikely that the radial profiles of total
temperature and total pressure are available at all the OP’s. Instead, they might be
available at only several OP’s. Therefore, inverse calculations can only be conducted at
these OP’s for 𝛽2 profiles. Hence, when this correction is to be made in real scenarios,
the 𝛽2 profiles need to be interpolated as a function of the mass flow rate and with
available 𝛽2 profiles at more OP’s, the more accurate the interpolation will be.

5.6 Parametric Studies
As all the previous validations were conducted with mesh of y+ <1 and k-turbulence
model, this section is to show a parametric study regarding the dependency of results on
different mesh qualities and turbulence models. Here the mesh quality mainly refers to
the y+ value of the mesh. The turbulence models involved in this study are SpalartAllmaras (S-A) [Spalart & Allmaras, 1992], k- and k-.
The flow path of Stage 67 was selected to perform this study. Two operating points were
selected to run the calculation: Point 2 and Point 6 in Table 5.7, representing near stall
and near choking conditions, respectively. Calculation setups and procedures are similar
to that for previous validation calculations. Four cases at each operating point are
compared. They are listed in Table 5.15.
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Y+

Turbulence Model

Baseline

<1

k-

Case 1

~100

k-

Case 2

<1

S-A

Case 3

<1

k-

Table 5.15: Baseline Case and Test Cases
At first, the overall number comparisons are summarized in Table 5.16 and Table 5.17.

Near
Choking

P02/P01

T02/T01

r

P03/P01

T03/T01

s

Baseline

1.441818

1.120451

0.919268

1.418802

1.120597

0.875719

Case 1

1.424411

1.117156

0.912129

1.401711

1.117541

0.86583

Case 2

1.434118

1.119139

0.915073

1.41154

1.119348

0.871252

Case 3

1.43471

1.119209

0.915643

1.412021

1.119417

0.87165

Table 5.16: Overall Number Comparison at Near Choking OP

Near Stall

P02/P01

T02/T01

r

P03/P01

T03/T01

s

Baseline

1.52832

1.141948

0.912002

1.48855

1.142156

0.850771

Case 1

1.517208

1.139918

0.908344

1.478017

1.139918

0.848068

Case 2

1.52763

1.141804

0.911891

1.487849

1.141982

0.850744

Case 3

1.528583

1.141922

0.912558

1.488932

1.142148

0.851397

Table 5.17: Overall Number Comparison at Near Stall OP
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The overall number comparison shows that the prediction of overall performance
quantities using the proposed model has little dependence on the turbulence model. On
the other hand, mesh quality in terms of y+ (comparison between baseline and Case 1)
has more appreciable influence on the prediction. More specifically, the case with the
coarse mesh (y+ ~ 100) predicts lower isentropic efficiency for both the rotor (r) and the
stage (s) than that with fine mesh does. This is an expected trend in that a coarse mesh
will yield more truncation error in discretization. The error, predominantly 2 nd and 4th
order derivatives, will be reflected in the form of viscous dissipation effect, producing
extra loss during calculation and thus resulting in under-prediction of fan performance.
Further, radial profiles were compared. Figure 5.60 is the comparison of four cases at
near choking condition. One can see the four settings produced close prediction of total
temperature and total pressure distributions. Case 1 shows the best prediction in total
pressure, which is consistent with the observation in overall number comparison that
coarse mesh under-predicted the efficiency.
Similar comparisons were made at near stall condition. The results are shown in Figure
5.61. The same trend of less accuracy was also captured when looking at Case 1.
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Figure 5.60: Comparisons at Near Choking

Figure 5.61: Comparisons at Near Stall
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In summary, from the above comparisons, one can conclude that BF results is highly
independent of turbulence model. On the other hand, high y+ tends to yield underprediction of the performance data. But overall, the general trend and shape of radial
profile was captured regardless of y+. The high y+ mesh still results in predictions with
the acceptable accuracy.
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6 Three-Dimensional Circumferential Distortion
Results
Chapter 5 presented a validation study of the proposed BF model in axisymmetric flows.
In practical applications, the axisymmetric calculation corresponds to undistorted
incoming flow (e.g. flight cruise condition). However, as mentioned in Chapter 1, the
proposed body force model is developed to analyze flows with inlet distortion. Hence full
3-D calculations need to be performed for validation study of flows with inlet distortions.
Inlet distortions are usually categorized into radial distortions and circumferential
distortions in most theoretical studies. Radial distortions refer to the cases where the
incoming flow has flow variations only along the radial direction. This lowers the
computational cost for analyses of radial distortion using CFD since it can be simulated
by single passage calculations instead of full-wheel calculations. The studies regarding
radial distortion are reviewed in Chapter 2. On the other hand, circumferential distortions
are of more interest since this type of inlet distortion is more common, general and
representative. Studies on circumferential distortions generally require 3-D full-wheel
CFD simulations and thus it is where the body force model is more urgently needed in
term of reducing computational cost.
The type of circumferential distortion in most studies is the one investigated in Longley
and Greitzer’s theoretical work displayed in Figure 2.2. It is a total pressure distortion.
The circumferential plot of total pressure at constant radius is a step function as displayed
in Figure 2.3. The key features of this type of distortion are
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1) total pressure deficit occupies an appreciable amount of the annulus;
2) the gradient of total pressure in the circumferential direction is large.
This type of distortion is an extreme scenario of general distortions in practice and it can
provide a great insight into general inlet distortions. That means if the proposed body
force model can work properly under this circumferential distortion, then it should be
able to model fan systems operating in practice, where the distortions are milder than
such a square-wave shaped distortion (e.g. engine/nacelle system operating at large
angle-of-attack and at crosswind condition).
This chapter aims at presenting the validation of our body force model on a square-wave
shaped circumferential distortion in total pressure. The body force model will be tested
on its ability to predict flow quantities upstream of the fan system such as static pressure
and pre-swirl distributions under this inlet circumferential distortion. The validation data
are extracted from the paper by Fidalgo et al. [2012] (note that actual raw data are not
available).

6.1 Validation Setup
Unlike the previous axisymmetric validation study where the body force is only expected
to predict fan performance, the validation on the inlet distortion is to test if the body force
model can predict the flow field not only behind the fan system, but also in front of the
fan system. This is crucial as the body force model is developed for predicting the flow
field upstream and downstream of the fan system for nacelle designs and nozzle designs,
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respectively. The distributions of flow quantities upstream of the fan face will be
compared between the body force predictions and the reference data sets.

6.1.1 Mesh and Computational Domain
To be consistent with the URANS calculation, the body force calculations were
conducted in the duct flow setup. The mesh used is therefore a duct that has the same
flow path as NASA Stage 67. The fan blades and OGV’s are replaced by body-force
regions. The mesh is displayed in Figure 6.1, and some basic properties of the mesh are
listed in Table 6.1.

Figure 6.1: Mesh for 3-D Inlet Distortion Calculation

Cell Count

6.1 million

Y+

<1

Circumferential Resolution

120 cells (or 3-degree slice)
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Max Growth Ratio

1.28

Max Skewness

0.5

Table 6.1: Mesh Quality
Given that the 3-D mesh is an extrusion of meridional geometry by rotating around the xaxis, the circumferential resolution refers to the number of circumferential cells at each
axial mesh interface. For example, Figure 6.2 illustrates the circumferential cell at the
inlet plane.

Figure 6.2: Illustration of Circumferential Cell
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At the inlet plane, total pressure, total temperature and flow direction are specified. Total
pressure at the inlet has a deficit that occupies one third of the full annulus. At the outlet,
static pressure is specified to control the mass flow rate through the duct. The solver is a
steady RANS solver and hence turbulence model is turned on. Turbulence boundary
conditions are specified at both inlet and outlet in terms of turbulence intensity and
turbulence length scale. The computational domain and boundary conditions are
illustrated in Figure 6.3.

(a)

(b)
Figure 6.3: Computational Domain and B.C’s
(a) 3-D view (b) Meridional View
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6.1.2 Solver Setup and Boundary Conditions
The solver setup is the same as that for axisymmetric calculations presented in Chapter 5
(c.f. Figure 5.3). The inputs for boundary conditions are listed in Table 6.2.

P0 = 101.325 kPa.

Clean

T0 = 288.15 K.
Flow Direction = Axial.

Inlet
Turbulence Intensity: 2%.
Distorted

P0 = 90.179 kPa.

Turbulence Length Scale: ~1% of duct
inlet height.

Imposing mass flow rates by varying back pressure
Turbulence Intensity: 2%.

Outlet

Turbulence Length Scale: ~1% of duct outlet height
Tip

No slip wall

Hub

No slip wall
Table 6.2: Inputs for Boundary Conditions

The resultant total pressure at the inlet plane is shown in Figure 6.4.
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Figure 6.4: Total Pressure Distortion at Inlet

6.2 Validation on Experimental Data
Fidalgo’s work was reviewed in Chapter 2. It presented very detailed analyses on inlet
circumferential distortion. Some important characteristics on inlet distortion were
summarized in this work. These characteristics are what the proposed body force model
is expected to predict. From the literature, available experimental data were extracted for
further validation (e.g. Figure 6.5).
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Figure 6.5: Example of Test Data from Fidalgo et al. [2012]
However, the amount of test data upstream of the fan system is rather limited in this
paper, and it is not sufficient to perform more detailed and more specific tests for
upstream flow field using merely the data from Fidalgo’s work.

6.2.1 Locations of Data Comparisons
From the literature, test data points are available at three axial locations (cf. Figure 6.6):
1) upstream 𝐶ℎ𝑜𝑟𝑑

𝑥

𝑚𝑖𝑑−𝑠𝑝𝑎𝑛

= −2.5, denoted as Station ①;

2) middle plane between rotor TE and stator LE, denoted as Station ②;
3) downstream of rotor, denoted as Station ③.
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Figure 6.6: Test Data Comparison Locations [Fidalgo et. al, 2012]
At each axial location, two types of plots are available:
1) Circumferential plots of various flow quantities at mid-span (50%);
2) Radial plots of quantities at fixed circumferential location (𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡). Data
include one circumferential location () at Station ② and two
circumferential locations (and ) at Station ③. They are
illustrated in Figure 6.7.

Figure 6.7: Three Circumferential Locations with Available Radial Survey of Test Data
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6.2.2 Body Force Model Inputs
Two types of inputs are required to perform the analysis mode calculations: flow angles
and losses. Here, the input flow angles are taken from axisymmetric inverse calculation at
the 90% speed BEP, i.e. the inverse calculation for the entire stage (rotor + stator)
performed in Chapter 5. The radial profiles of flow angles are displayed in Figure 5.27.
The set of loss inputs is from experimental data presented in the work of Fidalgo et al.
[2012]. The overall rotor efficiency and pressure ratio for this operating condition were
presented in the related reference. For the entire stage, since the overall stage parameters
such as efficiency, pressure ratio and temperature ratio are not given, the loss for the
stage was obtained from a crude estimation based on the available line plots after the
stator TE. Hence, this can introduce error in the flow field prediction behind the stator.
The input mass flow rate and entropy rise across the rotor and the stator are shown in
Table 6.3.

Corrected MFR

∆𝑺
𝑹𝒈

across Rotor

32 kg/s

0.0307

∆𝑺
𝑹𝒈

across Stator
0.0103

Table 6.3: Overall Loss Inputs from Experimental Data
Note that the entropy inputs are merely an overall entropy rise across each blade row.
Such entropy rises are free of radial and circumferential variations and they are adopted
merely because the detailed distributions of entropy rises are not available in the test data.
This approach is obviously a crude approximation. However, it can be justified later in
Section 6.3 that it does yield good results.
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6.2.3 Results and Discussion
The comparison of upstream swirl angle between test data and BF results at Station ① is
shown in Figure 6.8. Pre-swirl is very crucial in inlet distortion as it does influence the
blade work. The comparison shows that at mid-span, the swirl angle upstream of the fan
face predicted by the proposed BF model has very good agreement with test data.

Upstream Swirl Angle
10

Swirl Angle (degree)

8
6
4
2
0
-2
-4

-6
-8
-10
0

60
120
180
240
300
Circumferential Coordinates (degree)
BF Results upstream

BF Results station 1

BF Results LE

Test Data

360

Figure 6.8: Upstream Swirl Angle Comparison
Next, downstream comparisons are presented. At Station ② (after rotor TE) and Station
③ (after stator TE), total pressure and total temperature are both compared with test data
in terms of radial survey (at a fixed circumferential location) and circumferential
distribution (at a fixed span location).
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Figure 6.9 shows the mid-span circumferential distributions of total temperature and total
pressure at Station ②. One can see that the proposed BF model produces fairly accurate
prediction for these two quantities. The BF results demonstrate a circumferential
variation of fan work (total temperature) that is consistent with the inlet pre-swirl: coswirl induces lower work around 120o and counter-swirl induces higher work around
240o. Total pressure variation shows a similar shape as total temperature.

T0 Ratio at Station 2

p0 Ratio at Station 2
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0
60 120 180 240 300 360
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Figure 6.9: Circumferential Distribution of Quantities at Station ②
Overall, the BF model predictions show very good agreements with the test data on the
total temperature distribution. Both the shape and the magnitude of the distribution are
well predicted by the model. Though certain minor discrepancies exist, a proper deviation
model should improve the accuracy. As for the total pressure, the predicted distribution
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agrees with the experimental data as well. Discrepancies in the total pressure are
consistent with those in the total temperature comparison, which indicates that the loss
model works properly for this problem.
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Figure 6.10: Radial Distribution of Quantities at Station ②
Figure 6.10 shows the radial distributions of total temperature and total pressure at the
constant circumferential location o. The overall agreement is good between the
model prediction and the test data. Discrepancies emerge at locations of high span
percentage. For the discrepancies between 60% span and 90% span, total temperature is
under-predicted and consistently so is the total pressure. This might be improved if an
adequate deviation model can be implemented. For discrepancies at locations of 90%
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1.6

span or higher, the finite flow angle inputs and the low velocity near the endwall yield a
higher total temperature prediction via Equation ( 3.140). As for total pressure, noting
that the realistic loss due to the boundary layer and secondary flow near the endwall is
much higher than the average loss, a constant loss input will thus inevitably under-predict
the loss near the endwall, rendering a much higher predicted total pressure.
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Figure 6.11: Circumferential Distribution of Quantities at Station ③
Figure 6.11 is the circumferential distributions of total temperature and total pressure at
50% span at Station ③. The total temperature is accurately predicted in terms of both
shape and magnitude. The total pressure prediction captured the shape of the distribution.
The discrepancy in magnitude, however, is larger than that at Station ②. This is
somewhat anticipated as the input for loss is merely an estimation from available line plot
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and more than likely it is different from the real value of the overall loss, rendering
inaccurate predictions of the total pressure.
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Figure 6.12: Radial Distribution of Quantities at Station ③
(top)  = 177o (distorted flow region); (bottom)  = 327o (clean flow region);
(left) total temperature profiles; (right) total pressure profiles.
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Figure 6.12 demonstrates the radial distributions of total presssure and total temperature
at Station ③. The top two plots in Figure 6.12 show the radial profiles in the distorted
flow region while the bottom two show that in the clean flow region. One can see that the
total temperature predicted by the model is accurate yet the total pressure predicted
shows differences. Between about 20% span and 80% span, the model prediction is lower
than experimental data. This is consistent with the observation in circumferential
comparison in Figure 6.11 that the loss input across stator is, based on the results, higher
than the actual value, leading to a larger under-prediction in total pressure compared to
the results after rotor TE shown in Figure 6.10. At locations lower than 20% span and
higher than 80% span, the model predicts total pressures of higher value than those in the
test data. This is due to the fact that a mean value of the overall loss is input uniformly
into the model while the actual losses near the endwalls are typically higher than the
mean value. In all, the predicted radial profiles show good agreements in terms of shape
of the profile when compared to the experimental data. As for the magnitude, a more
accurate input for the loss across the stator should yield a better agreement between
model predictions and the test data.

6.3 Comparisons against CSU URANS Results
As mentioned in the beginning of Section 6.2, experimental data is rather limited for the
inlet distortion case. Hence, the 3D Full Wheel URANS CFD results conducted by
Nathan Spotts from CSU [2015] are used as an additional comparison test case for the
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proposed BF model. The detailed information about this simulation is included in the
reference. Some information of our interest about this simulation is listed below:
1) Rotor 67 along with the stator is the fan system used in this simulation;
2) it was run in a duct flow configuration;
3) total pressure of the incoming flow has 11% deficit occupying 1/3 of the annulus;
4) computational cost of the simulation is 1 revolution/ day on 120 cores CRAY
computer, and 15 revolutions are needed to reach convergence.
This simulation is essentially to replicate the work from Fidalgo et al. so that more
specific and detailed data can be obtained. All the results from the simulation were timeaveraged and passage-averaged to be consistent with the proposed BF model.

6.3.1 Locations of Data Comparisons
Given that the full wheel URANS CFD simulation contains more than sufficient data
regarding the inlet distortion flow field, a proper data set needs to be selectively extracted
from the simulation results. Firstly, the location of comparisons needs to be set. As
introduced earlier, validation on circumferential distortion needs to focus on flow field
both in front and behind the fan system. Five locations are selected to perform the
comparison: 1) 0.5 diameter before the rotor leading edge, 2) 0.25 diameter before the
rotor leading edge, 3) 0.05 diameter before the rotor leading edge, 4) at the rotor trailing
edge, and 5) at stator trailing edge. These locations were denoted as Stations 1 – 5 and
they are illustrated in Figure 6.13.
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The three locations upstream of the fan system are selected to study the convection of
flow quantities from far upstream to the fan face, and the two locations after the rotor and
stator are selected to evaluate the predictions of overall rotor and stage performances by
the body force model.

Figure 6.13: Location of data comparisons
Besides the contours at different axial locations, radial survey is also of interest. Hence,
comparisons at different spanwise locations would be important as well. The spanwise
locations for results comparison are shown in Figure 6.14. Here locations of 10% span,
60% span and 90% span (dash curves in Figure 6.14) are selected to compare the flow
field in the core flow and near endwall. Also, a constant radius location equivalent to
90% span at rotor TE (solid line in Figure 6.14) was selected to demonstrate the axial
distribution of quantities as will be introduced later in Figure 6.15.
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Figure 6.14: Spanwise Locations of Data Comparison
After the location of data comparison is determined, the quantities for comparison need to
be selected. At upstream, as long as it is away from endwall boundary, the viscous force
can be neglected, i.e., the total quantities can be deemed as conserved along streamlines.
Hence, to study the upstream flow field, total quantities are less interesting than static
quantities and thus the quantities selected to compare between body force prediction and
URANS simulation are
1) static pressure;
2) Mach number;
As for flow quantities after rotor and stator, to study fan performance, total quantities are
of more importance and therefore the quantities to compare at Station 4 and 5 are
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1) total temperature;
2) total pressure.
All these comparisons will be given in the following form:
a) Contour comparisons will be presented at all the constant-axial planes and
constant radius surfaces or revolution. The constant radius contour will be
displayed in the “peeled-off” view, as illustrated in Figure 6.15 [Fidalgo et al.,
2012].

Figure 6.15: Contour on Constant-spanwise Surface
b) At the constant-spanwise rings from the intersection of above planes and surfaces
of revolution, plots of “quantity vs. circumferential location” will be compared
between URANS CFD and BF results, similar to the plot illustrated in Figure 6.5.

6.3.2 Body Force Model Inputs
The inputs for flow angles are also from the clean flow axisymmetric BF calculation in
inverse mode at 90% speed (c.f. Figure 5.27).
222

As for loss input, in the previous clean flow calculations, the entropy rise across a blade
row is obtained from performance maps of pressure ratio and efficiency. For 3-D inlet
distortion, however, such maps are not appropriate as fan performance under inlet
distortion is different from that under clean inflow. Hence, instead of using performance
maps, one need another way to estimate the loss input. Typically, it requires experimental
data or correlations to perform such loss estimation and none of them are available at the
current phase of the body force model development. Therefore, instead of pursing the
loss estimation model, this thesis assumes that loss is a known quantity.
To achieve this goal, there are two sets of loss input data. The first set is the entropy field
obtained from the CSU URANS simulation results. The entropy fields at the rotor LE and
TE and the stator LE and TE are extracted from this set of results. The by subtracting the
entropies at LE’s from those at TE’s, one can obtain the entropy rises across the rotor and
the stator. The resultant entropy rises are displayed as contours in Figure 6.16 .

(a)

(b)

Figure 6.16: Entropy rise across blade rows
(a) across rotor (b)across stator
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By specifying the entropy distributions in Figure 6.16 at the rotor and stator TE’s
respectively and s* = 0 at the rotor and stator LE’s, one can apply equation ( 5.6) for s*
and generate smooth distribution of s* so that it can be used to construct the loss body
force via equation set ( 3.137).
The entropy rises in Figure 6.16 proved that the overall entropy inputs used in Section
6.2 is not physical. However, the model still yields accurate predictions with such loss
input according to the validations results from Section 6.2. Hence it would be crucial to
also investigate how differently the proposed model performs with detailed loss inputs
and overall loss inputs. As a matter fact, in practice, the radial and circumferential
distributions of entropy rise will not be available, but one can estimate the average
entropy change across each blade row. Hence if the overall loss inputs are proven to be
accurate enough, it would greatly simplify the construction of the loss BF. Therefore,
another case is run under the same inlet distortion with the entropy rise across a blade
row being a constant (no radial and circumferential variations). The values of such
constants are obtained from the mass average values of the results shown in Figure 6.16.
In summary, the two types of loss inputs are listed in Table 6.4 .
LOSS INPUT
(△s/Rg)

Distribution Processed Input
(DPI)

Constant Loss Input
(CLI)

Figure 6.16

0.0424/0.0141

Against CSU CFD
(Rotor/Stator)

Table 6.4: Loss Inputs for Two Sets of Validations
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6.3.3 Results and Discussion
As mentioned in the proceeding section, the loss inputs require some attention. Hence in
all the following comparisons, the BF model will yield two sets of results: one from the
loss input distribution extracted directly from URANS CFD results (c.f. Figure 6.16,
denoted as DPI), and the other as a constant loss input extracted from averaging the
URANS CFD results (see Section 6.3.2, denoted as CLI). These two sets of BF results
will be simultaneously compared to URANS CFD results (denoted as CSU) to evaluate
the importance of the detail-ness of the loss inputs.
MFR
CLI

31.14 kg/s

Average T0
after Rotor
TE
322 K

Average P0
after Rotor
TE
138.8 kPa

Average T0
after Stator
TE
322 K

Average P0
after Stator
TE
135.3 kPa

DPI

31.14 kg/s

322.6K

139.6 kPa

322.6 K

136.2 kPa

CSU

31.14 kg/s

322.8 K

140.2 kPa

322.9 K

137.6 kPa

Table 6.5: Overall Number Comparison against CSU URANS Results
At first, the overall comparisons between the results from the BF model calculations and
that from the URANS simulations are listed in Table 6.5. From the overall comparisons,
one can see that the body force model with both CLI and DPI showed good agreement
with URANS results, although the latter are slightly better.
After the overall comparisons, one can move to detailed flow field comparisons. At first,
the contour plots of total temperature and total pressure at the 90% span location are
compared against CSU results. The comparisons are shown in Figure 6.17 and Figure
6.18
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Figure 6.17: Contour of T0 Ratio at Constant Radius (90% Span at Rotor TE)
(a) URANS Results; (b) DPI Result; (c) CLI Results
Figure 6.17 show the comparisons of total temperature across the stage at the radius
equivalent to 90% span at the rotor TE. The comparisons show that, overall, the proposed
BF model produces fairly accurate prediction in both magnitude and pattern of total
temperature. The pre-swirl induced high and low fan work is captured: co-swirl will
result in lower work done by the blade, and thus the lower total temperature while
counter-swirl will yield higher work and hence the higher total temperature across the
stage.
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Figure 6.18：Contour of P0 Ratio at Constant Radius (90% Span at Rotor TE)
(a) URANS Results; (b) DPI Result; (c) CLI Results
Figure 6.18 shows the comparison of total pressures across the entire stage at a constantradius section (90% span at rotor TE). The proposed BF model accurately captured the
pre-swirl effect and the accompanying low and high total pressure regions downstream of
the stage. This distribution of total pressure is consistent with the predicted total
temperature distribution.
Next, the upstream static pressure and Mach number are compared at different axial
locations. The comparisons are shown in Figure 6.19 through Figure 6.22. Figure 6.19
shows the contour plots of static pressure at the 0.25 fan diameter upstream location, and
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Figure 6.20 are circumferential distribution of static pressure at several upstream
locations, i.e. 0.05D, 0.25D and 0.50D axial locations at 10%, 60% and 90% span.

(a)

(b)

(c)

Figure 6.19: Contour Plot of Static Pressure at 0.25D Upstream
(a) URANS Results; (b) DPI Results; (c) CLI Results
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(c)
Figure 6.20: Upstream Static Pressure Circumferential Distribution
(a) at 10% span; (b) at 60% span; (c) at 90% span
Figure 6.19 show that both DPI and CLI results accurately predict the pattern of static
pressure at upstream. Figure 6.20 shows that body force model captures the upstream
effect that the static pressure will become more non-uniform approaching the fan face.
This is consistent with the observation in Fidalgo’s work [2012].
Figure 6.21 and Figure 6.22 are the Mach number investigations at the same locations as
the previous static pressure survey. Similar to the static pressure comparison, the Mach
number comparison in contour shows the same conclusion that both loss inputs yield
accurate prediction of the upstream flow field. But as opposed to static pressure being
more distorted approaching the fan rotor, the Mach number experiences a transition from
distorted to more uniform as the flow approaches the fan face (c.f. Figure 6.22).
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(a)

(b)

(c)

Figure 6.21: Contour Plot of Mach Number at 0.25D Upstream
(a) URANS Results; (b) DPI Results; (c) CLI Results
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(c)
Figure 6.22: Upstream Mach Number Circumferential Distribution
(a) at 10% span; (b) at 60% span; (c) at 90% span
From these figures, one can extract the following information:
1) Overall, the body force model with either loss input produces accurate upstream flow
field predictions. This is reflected in both line plots and contour plots.
2) Predictions are less accurate near the fan face, shown here at 0.05D axial location.
This is expected as the proposed model did not take the real blade geometry into
account. This loss in accuracy is not critical in that nacelle designer requires accurate
flow field prediction ahead of fan face instead of right at it, i.e. typical nacelle length
is in the range of 0.25D or more. This corresponds to the red curves in Figure 6.20
and Figure 6.22, showing very accurate prediction upstream of fan face.
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3) By comparing results from DPI and CLI loss inputs, one can conclude that the
prediction of the flow field upstream of the fan system is not sensitive to the exact
loss distribution. The results indicate that in practice where detailed loss distribution
is not obtainable or available at off-design conditions of large inlet distortion, it will
suffice to provide just an overall estimation of loss across the fan system in order to
predict the upstream flow field.
Next, downstream comparisons of flow field are presented. Unlike upstream predictions,
which are less influenced by the details of the body force field (e.g. blade loading and
loss distribution), the downstream prediction is expected to be more sensitive to the loss
inputs.
Contour plots of total temperature and total pressure comparisons are shown in Figure
6.23 and Figure 6.24. Contour plots show that the proposed BF model predicts the
general pattern of total temperature and total pressure after rotor quite well. The higher
work at 12 o’clock and lower work at 8 o’clock are both accurately captured by the BF
model. Total pressure contours show a consistent trend with total temperature. Also, the
results indicate that the BF results with the DPI loss model yields only a slightly more
accurate prediction.
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(a)

(b)

(c)

Figure 6.23: Total Temperature Ratio after Rotor TE
(a) URANS Results; (b) DPI Results; (c) CLI Results
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(a)

(b)

(c)

Figure 6.24: Total Pressure Ratio after Rotor TE
(a) URANS Results; (b) DPI Results; (c) CLI Results
Circumferential line plot comparisons after the rotor TE are shown in Figure 6.25. The
comparisons show that the proposed model accurately predict the distributions of total
pressure and total temperature, in both the magnitude and the shape. It is also clear that
the predictions from DPI and CLI setups are close to each other.
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Figure 6.25: Circumferential Distributions of Quantities after Rotor TE
(a) at 10% span; (b) at 60% span; (c) at 90% span
Conclusions can be drawn as following:
1) The BF model is accurate in predictions for both upstream and downstream flow
fields.
2) Close the fan face, discrepancies start to emerge between BF predictions and the CFD
results. This is expected as the BF model cannot capture LE flow pattern as no
physical blades exist in this computational domain.
3) The BF model accuracy is relatively insensitive to the specificity of the loss inputs.
Overall entropy rises, instead of detailed distributions, will suffice for the BF model
to provide accurate predictions for inlet distortion flow fields. This also justified the
loss inputs used in the validations against the experimental data in Section 6.2.
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7 Test on Integrated Fan System
As mentioned in Chapter 1, the motivation of this work is to develop a steady-state fan
system BF model that can be embedded into existing full aircraft CFD simulation
softwares (see Figure 1.6 and Figure 7.1). The fan system BF model is intended to
provide aircraft designers with an efficient computational tool that can be used to design
engine nacelle including off-design conditions, e.g. at crosswind take-off and climb
conditions, where the effective AoA as seen by the nacelle can be very high. This is
especially important in the case of short nacelle design to accommodate future ultra-high
bypass ratio turbofan engines (e.g. the Pratt & Whitney Geared Turbofan or GTF). At
these off-design conditions, flow separation can occur at the nacelle inlet, and it is well
known that the presence of the bypass fan system has the effect of attenuating nacelle
inlet flow separation [Hodder, 1981; see also Figure 1.5].

Figure 7.1: Schematic of Nacelle-Fan Integrated System
Figure 7.1 illustrates a sample nacelle-fan integrated system studied here [Spotts, 2015].
When the incoming flow is at large AoA, the fan face encounters both distortion in total
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pressure (e.g. due to flow separation) and flow angle. Recall that only total pressure
distortion is present in the validation study presented in Chapter 6.
When the fan system resides in a duct (as in the simulations presented in Chapter 6) and
the fan operates on a constant speed line, the mass flow rate can be adjusted by varying
the back pressure. In the nacelle-fan configuration studied here, the back pressure is
constant (i.e. ambient condition) and the mass flow rate comes out of the calculation,
depending on the fan operating speed. With respect to the fan BF model running in the
analysis mode (i.e.  2 is known), the magnitude of the BF source terms depends on the
input fan rotational speed. For a given input distribution of 2, both the fan pressure rise
and the mass flow rate comes out of the calculation.
Experimental data for the nacelle-fan integrated configuration operating a large AoA is
not available in the open literature. Hence no formal validation study can be performed
for this geometrical configuration. Only CFD results will be presented, and the goal here
is to demonstrate the use of the fan BF model in a full engine nacelle simulation, and to
demonstrate the ability of the fan BF model to qualitatively predict the effect of flow
separation attenuation phenomenon [Hodder, 1981; see also Figure 1.5]. To demonstrate
the latter, comparisons of CFD simulations between nacelle only and nacelle with fan
system BF model will be presented. In the nacelle only case, the computational domain
employed here will be similar to the configuration shown in Figure 1.2, i.e. the fan/OGV
system is replaced by computational domain outflow and inflow boundaries. The fan
mass flow rate is specified at the location of the fan outlet plane (outflow boundary), and
the fan-system total pressure and total temperature rise are specified at the OGV exit
plane (inflow boundary).
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7.1 Test Setup
7.1.1 Flow Path and Computational Domain
Fan nacelle/nozzle flow path geometries available in the literature include the NASA
ADP Fan configuration from Jeracki [2006], and the CSU designed NASA Stage 67
fan/OGV configuration from Spotts [2015]. The former contains a flow bifurcation into
bypass and core flow paths, while the latter has the fan/OGV flow path only (see Figure
7.1). In this thesis, the CSU designed NASA Rotor 67 nacelle-fan system of Spotts
[2015] is selected for study.
Two nacelle-fan systems will be presented here; a short nacelle with L/D = 0.25, and a
long nacelle with L/D = 0.5. Here, L denotes the distance between the nacelle inlet and
the fan face, and D denotes the fan diameter. Note that the L/D = 0.5 case corresponds to
the case with URANS simulation results performed by Spott [2015]. The geometry of the
nacelle-fan system with L/D = 0.25 is shown in Figure 7.2.

Figure 7.2: Geometry of the Nominal Rotor and Stator
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For the nominal rotor, pivotal geometrical parameters are listed in Table 7.1.
L/D

0.25

Hub-to-tip Ratio

0.25

Chord (mm)

130

Table 7.1: Geometric Parameters of Nominal Rotor
Unlike the duct flow configuration presented in Chapter 5 and Chapter 6, the nacelle-fan
integrated system need to be simulated with a far field region. The inlet boundary
condition of the computational domain is the free stream Mach number and the flow
angle. The computational domain and corresponding boundary conditions are illustrated
in Figure 7.3, and the boundary conditions are listed in Table 7.2.

Figure 7.3: Computational Domain and Boundary Conditions
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Velocity Inlet

Pressure Outlet

Magnitude (m/s)

86.5 (Mach = 0.25)

Direction xcomponent

1

Direction ycomponent

tan(AoA)

Direction zcomponent
Turbulence Intensity

Back Pressure
(Pa)
Radial
Equilibrium
Back Flow
Total
Temperature
(K)

0 (Gauge)
on

288.15

0
10%
Table 7.2: Inlet/Outlet Boundary Inputs

Figure 7.4: Computational Domain without BF Model
The computational domain for the nacelle only simulation is shown in Figure 7.4. At the
fan exit plane, a pressure outlet is placed to impose target mass flow rate equal to that of
the corresponding case with the fan BF. Using this boundary condition, the velocity
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profile is extrapolated from the interior points until the specified mass flow rate is
reached (i.e. we do not impose uniform velocity at this boundary). At the OGV exit
plane, mass-averaged stagnation pressure and temperature taken from the fan BF results
are prescribed as inflow boundary conditions.

7.1.2 Mesh Specifications
The mesh consists of the far field region and the internal fan system. The dimension of
the far field is 20 times the length of the integrated fan system (from nacelle inlet to
nozzle outlet). The key mesh characteristics are listed in Table 7.3, showing that the mesh
used in this study is relatively coarse in terms of both end wall resolution and
circumferential resolution.

Cell Count

4.1 million

y+

100 -- 500

Circumferential Resolution

36 cells

Table 7.3: Mesh Quality of Nacelle-Fan System

7.2 Results and Analysis
The following results are only CFD results obtained by running the BF model in the
analysis mode. Noting that this is not a validation study, for simplicity, the loss inputs are
set to zero, i.e. the viscous BF is deactivated.
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As for flow angle inputs, an inverse calculation was conducted for the nominal rotor with
L/D = 0.25 to obtain the profile of 𝛽𝓇,𝑇𝐸 corresponding to a uniform total temperature
ratio of 1.15 at the rotor TE. The 𝛽𝓇,𝑇𝐸 input into the analysis mode is displayed in
Figure 7.5. The 𝜁𝑠,𝑇𝐸 is set to zero imposing an axial flow at the stator exit.

Figure 7.5: Relative Flow Angle for the Nominal Rotor Analysis Mode Calculations
As for the NASA Stage 67 blade regions used in the L/D = 0.5 configuration, the flow
angle inputs are simply taken from Figure 5.27.

7.2.1 On the Geometry of L/D = 0.25
Four different AoA’s (27o – 30o) were run to test the upstream flow separation
attenuation effect of the body force model. For the nacelle fan geometry studied here, it is
observed that the flow starts to separate at the nacelle lip at 26o AoA for the nacelle only
case. However, the flow separation region is quite mild and thus the difference between
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the cases with and without the BF model is not obvious. At 27o AoA, on the other hand,
such comparison clearly shows the effect of flow separation suppression.

Figure 7.6: Total Pressure Ratio at z-Normal Meridional Plane at AoA = 27o
(left) with body force model; (right) without body force model

Figure 7.7: Total Pressure Ratio at z-Normal Meridional Plane at AoA = 28o
(left) with body force model; (right) without body force model
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Figure 7.8: Total Pressure Ratio at z-Normal Meridional Plane at AoA = 29o
(left) with body force model; (right) without body force model

Figure 7.9: Total Pressure Ratio at z-Normal Meridional Plane at AoA = 30o
(left) with body force model; (right) without body force model
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𝑝
Figure 7.6 through Figure 7.9 show contours of total pressure ratio ( 0⁄𝑝01 ) on the
meridional plane at four different OP’s. Comparing the results with and without BF
model, one can see that the presence of the BF greatly suppressed the nacelle lip
separation and prevent it from penetrating into fan face up to around AoA = 28o. Note
that the non-axisymmetric nature of the flow field results in circumferential variation in
fan pressure rise in the BF results. At AoA’s higher than 28o, the flow separation
suppression is lesser – the BF results show that the flow separation region does penetrate
into the BF region. In this case, the accuracy of the BF results is expected to be reduced.
The results show qualitatively that the presence of the fan system results in the delay of
nacelle inlet flow separation by more than 2 degrees in AoA.

Figure 7.10: Vector Field around Nacelle Lip at 27o
(left) with BF model; (right) without BF model
(color bar represents magnitude of axial velocity)
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For completeness, Figure 7.10 shows the velocity vector field, colored by the magnitude
of the axial velocity for the case AoA = 27o. The figure illustrates the non-axisymmetric
distribution of the flow, i.e. the axial velocity at the upper half of the annulus is higher
without the BF (yellow) than that with the BF model (green). This is to compensate for
the deficit in mass flow rate as a result of flow separation at the lower half annulus (since
both setups have the same incoming mass flow rate at the fan face). The figure also
shows the large inlet flow separation region in the case without BF.
A more three-dimensional view of the flow separation region can be examined by
looking at the total pressure contour at the fan face. Figure 7.11 through Figure 7.14 are
the total pressure ratio contour at the fan face at different values of AoA. One can see that
at AoA of 27o and 28o, the BF results show that the inlet nacelle separated flow is
removed by the BF model and thus flow separation is attenuated. At AoA of 29o and 30o,
the results show that the flow separation region is greatly reduced, although it is not
completely removed and it does penetrate into the fan region.

Figure 7.11: Total Pressure Ratio at Fan Face at AoA = 27o
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(left) with body force model; (right) without body force model

Figure 7.12: Total Pressure Ratio at Fan Face at AoA = 28o
(left) with body force model; (right) without body force model

Figure 7.13: Total Pressure Ratio at Fan Face at AoA = 29o
(left) with body force model; (right) without body force model
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Figure 7.14: Total Pressure Ratio at Fan Face at AoA = 30o
(left) with body force model; (right) without body force model

Figure 7.15: Pre-swirl (swirl angle, degree) at Fan Face at AoA = 27o
(left) with BF model; (right) without BF model
Figure 7.15 compares the swirl velocity ahead of the fan face for the case of AoA = 27o.
As expected, it can be seen that the swirl distribution is symmetrical about the y-axis for
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the case without the BF, with incoming flow angle in the range of +/- 20o. With the BF
turned on, the pre-swirl magnitude is significantly reduced with flow angle in the range
of of +/- 5o, and the flow is no longer symmetric about the y-axis. Figure 7.16 and Figure
7.17 are comparisons of axial velocity and static pressure in front of the fan face. The
most significant difference between the results is that with the BF turned on, distortions
in axial velocity and static pressure in front of the fan face are reduced significantly. For
completeness, Figure 7.17 shows the contour of total temperature at the fan exit plane. It
shows that there are low work and high work regions, corresponding to the co-swirl and
counter-swirl regions ahead of the fan face.

Figure 7.16: Axial Velocity (m/s) Contour at Fan Face at AoA = 27o
(left) with BF model; (right) without BF model
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Figure 7.17: Static Pressure (Pa) Contour at Fan Face at AoA = 27o
(left) with BF model; (right) without BF model

Figure 7.18: T0 Ratio Contour after TE at AoA = 27o
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7.2.2 On the Geometry of L/D = 0.5
This is the same geometry evaluated by Spotts [2015] using URANS CFD simulated with
the full set of rotor and OGV blades. The URANS results of Spotts [2015] showed that a
large flow separation occurs at the nacelle inlet without the fan system, but it is largely
removed when the fan system is present.
Next, the BF results for this case is presented. Figure 7.19 through Figure 7.22 show the
comparisons of total pressure contour at the fan face inlet at different AoA’s.

Figure 7.19: Total Pressure Ratio at Fan Face at AoA = 27o
(left) with body force model; (right) without body force model

254

Figure 7.20: Total Pressure Ratio at Fan Face at AoA = 28o
(left) with body force model; (right) without body force model

Figure 7.21: Total Pressure Ratio at Fan Face at AoA = 29o
(left) with body force model; (right) without body force model

255

Figure 7.22: Total Pressure Ratio at Fan Face at AoA = 30o
(left) with body force model; (right) without body force model
These total pressure contours along with the results in Section 7.2.1 indicate following
key points:
1) This set of calculations is not accurate in terms of predicting separation initialization.
For the L/D = 0.5 configuration, Spotts’ URANS CFD work predicts flow separation
to occur at AoA = 30o without the fan [Spotts, 2015] while the present simulations
prediction is at AoA = 28o. This difference is likely from the mesh quality: Spotts
used a mesh with y+ < 1 while the presented calculations used a mesh with y+ > 100.
Noting that flow separation prediction in CFD is sensitive to boundary layer
modelling, e.g. different y+ values will affect flow separation prediction, such
inaccuracy in the present calculations is therefore reasonable and expected. Another
source of difference is the fact that two different commercial CFD codes are used
here. However, both methods predict the delay of flow separation by about 1 degree
in AoA.
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2) The flow within a long nacelle inlet is more difficult to separate compared to that
with the short nacelle inlet. When L/D = 0.25, flow separation initiates at AoA = 26 o
without the BF model and it is attenuated to AoA = 28 o when L/D = 0.5. This is
consistent with the experience that the longer nacelle has stronger ability to adjust the
inflow from certain incidence to axial.
3) The effect of flow separation suppression is weaker in the long nacelle configuration.
Figure 7.23 shows a comparison of total pressure contour along a vertical plane
cutting through the center of the fan-nacelle system at AoA =30o. Figure 7.21 through
Figure 7.23 demonstrate the effects of separation suppression. Unlike those displayed
in Figure 7.12 through Figure 7.14 where the separation region is greatly suppressed
due to the existence of the BF model, Figure 7.21 through Figure 7.23 indicate the
BF model has quite marginal suppression effect on the separation zone. These results
are in line with the findings by Cao et al. [2017] with their BF method; they find that
the separation suppression effect is not obvious unless the L/D is in the range of 0.3
or less.
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Figure 7.23: Total Pressure Ratio at z-Normal Meridional Plane at AoA = 30o
(left) with body force model; (right) without body force model
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8

Conclusion

The objective of this thesis is to develop a fan model that can capture flow interactions
between aircraft nacelle and high-bypass turbofan engine, in particular modelling of the
bypass fan system (fan + OGV). The fan model should be readily integrated into existing
CFD solvers for aircraft design. The method will provide a more accurate CFD tool for
engine nacelle designers. Interests in general nacelle-fan flow interaction dictate that the
target fan model must possess the capability of predicting 3-D flow structures at the inlet,
e.g. inlet distortion. A steady-state throughflow model based on the 3-D compressible
RANS equations was presented, whereby the blades are replaced by body-force fields
and included in the RANS equations as source terms. Summary and recommendations for
future work are presented in the following sections.

8.1 Summary
The proposed fan model applies the concept of body force. In Chapter 3, the concept of
averaging methods from Adamczyk [1984] were adopted to rigorously derive the final
steady-state 3-D averaged governing equations. The body force terms are carried out
from these averaging processes as source terms for the momentum and energy equations.
In order to replicate the presence of turbomachines in terms of imparting angular
momentum and energy (for rotor) into the flow, these source terms were reformulated
and related to angular momentum and entropy (or loss) for implementation purpose.
The model consists of two phases. Phases 1 is the inverse mode where flow angles at the
TE’s of the blade rows are obtained from fan performance data at the design point
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(usually the BEP). Phase 2 is the analysis mode with inputs include the flow angle
distribution obtained in Phase 1. In this work, these flow angles are indirect descriptions
of the blade shape and they are assumed constant for all the operating conditions (i.e. no
change in flow deviation angle between different operating point). Following this
assumption, these flow angles were used to update angular momentum change across
blade rows based on the kinematic relation (velocity triangle). This approach can go
around the requirements of blade geometry and achieve off-design predictions based on
available fan performance data (performance map and radial profiles).
In Chapter 4, the overall feasibility of the BF conception in the proposed formulation was
examined using an in-house Euler solver. The purpose of this work is to evaluate various
approximations used in the body-force model. An important finding in the tests was that
the model output performance quantities (e.g. flow field prediction outside of the blade
rows) are independent of the shape of the mean stream surface (i.e. blade loading). This
finding was then applied to simplify the formulation of the BF model.
In Chapter 5, the BF model was validated for clean flow (or axisymmetric flow) using
several available test data from NASA. The performance maps and radial profiles of
various flow quantities were compared between the test data and the BF model
predictions. The BF model was validated on three different fans. NASA Stage 67
represents the fan systems of intermediate hub-to-tip ratio and high efficiency. NASA
Stage 35 is of very high pressure ratio (~2) and low efficiency, with separation at rotor
hub existing in most off-design conditions. NASA ADP Fan is also a low hub-to-tip ratio
fan. The radial profiles of flow quantities for this fan system are radially distorted. Its
pressure ratio is around 1.2, which is much lower than that of NASA Stage 67. The
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validation showed accurate predictions for all three fans, which indicates that the BF
model is applicable for these different types of blade rows. At near choking and near stall
conditions, the BF model demonstrated a decreased accuracy. The main reason for such
discrepancy is the lack of proper model to account for blade deviation at off-designs.
Note that this discrepancy can easily be fixed if radial profiles were provided at offdesign points to correct for the radial flow distribution angle  2.
Chapter 6 demonstrated the validation of the BF model for inlet distortion the 3-D duct
flow configuration. The BF model showed good predictions of the upstream flow
structures. The pre-swirl and the induced fan work distribution were captured. An
important finding in this chapter was that the prediction of flow interaction using an
overall average loss input are very close to the results predicted using the more accurate
detailed loss distribution input.
In Chapter 7, the BF model was tested in a nacelle-fan system. The proposed model
qualitatively predicted the nacelle-fan interactions in terms of nacelle inlet flow
separation attenuation. For a sample test case using NASA Rotor 67 and a nacelle inlet
with L/D = 0.25, the AoA at which the separation at nacelle lip initiates is moved from
26o AoA without the BF model to 28o AoA with the BF model. At AoA higher than 28o,
in the presence of the fan system, the BF method predicts that the flow separation region
at the inlet is reduced but not removed. The existence of the BF model also reduces the
pre-swirl and makes the flow less distorted compared to the case without the BF model.
The conclusions from all the work are:
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1. The proposed BF model is accurate in predicting off-design fan performance.
Depending on the specificity of the inputs, the predications are for either the overall
performance or the detailed radial distributions of interested quantities. The good
prediction capability extends to flow with circumferential inlet distortion.
2. The observation that the shape of mean stream surface has insignificant influence on
the accuracy of the predictions dictates that a radially straight mean stream surface
can be used to generate the BF sources. This is equivalent to setting the radial
component of the BF to zero, yielding kinematic relations between BF components
stated in equation ( 3.137b). During the BF calculations, a potential singularity may
occur near endwall regions where the meridional velocity reaches a number close to
zero. Numerically, it will induce unrealistically large axial BF and compromise the
stability of the calculation. Hence a threshold for axial velocity was set when
implementing equation ( 3.137b) to avoid such singularity issue.
3. The flow angles input in analysis mode are very critical for fan work (total
temperature) prediction. Though flow angles are reflections of blade geometries, they
vary at different operating conditions (also known as change of flow deviation angle).
The validation results in Chapter 5 have shown that at near stall and near choking, the
total temperature prediction is off compared to test data. This is due to the fact that
the change of flow angles was not properly addressed. In cascade theory, it should be
corrected via deviation models.
4. For efficiency prediction, both flow angles and loss (entropy rise) are of great
importance. The loss inputs for cases presented in this thesis were taken directly from
available data. Basically, the model development did not include how the loss is
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determined at off-design OP’s. Instead, it addresses the scenarios where losses are
already available and the emphasis is how to use the information to account for
viscous effect. The loss determination will be discussed in the later recommendation
of future work section.
5. Circumferential inlet distortion is different from off-design conditions subjected to
clean inflow. The main challenge is related to specifying loss. In inlet distortion, the
loss across a blade row is a fully 3-D quantity. It would be impossible to determine
the exact distribution of the loss in practical application. Fortunately, the 3-D BF
calculation in inlet distortion demonstrated that an average loss estimate across blade
row can yield accurate predictions of the flow field.
6. The BF model does replicate the real upstream effects of fan blades, such as
attenuating and suppressing separations, although rigorous validation is not
performed here due to lack of test data. Another phenomenon predicted by the BF
model is that the level of inlet distortion at the fan face is reduced in the presence of
the fan. This is important as it implies that it is not a bad option to simply impose
uniform velocity at the fan face as a boundary condition in order to predict upstream
flow field for nacelle designers.

8.2 Recommendations for Future Work
The proposed model can be improved or extended in multiple aspects:
1. In Chapter 3, the final governing equations with BF terms were reached by assuming
negligible perturbation terms. These perturbations terms include turbulence
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perturbation, unsteadiness effects and rotor-stator interactions. These effects were
examined in other work and found to be insignificant compared to the mean flow
structures [Jennions & Stow, 1985b; Hathaway et al., 1987]. However, in inlet
distortion, the flow structures are different from those in clean flow and extra time
scales and length scales were introduced into the flow domain. Hence the magnitude
of these perturbation terms remains unknown. It is worthwhile to close the matter
rigorously by quantifying these perturbations and comparing them with the mean
flow quantities. Besides, these perturbation terms are related to the aero-acoustic
characteristics of the fan. Therefore, to explore, quantify and analyze these
perturbation terms might extend the BF model to aero-acoustic related applications.
2. In the final governing equations, the blockage factor was included as a general
description of the blade pitch. Physically, the blockage effect emerges due to blade
thickness and boundary layers on blade surfaces. It is a very important parameter in
the determination of shock structures and choked mass flow rate for a
transonic/supersonic blade row. This factor was set to 1 by assuming infinitesimally
thin blades. This is acceptable for now as the choke prediction is not a primary
concern since the choke mass flow rate is available to us from the performance map.
However, for any further applications of the model, certain off-design OP’s, such as
take-off and landing, may encounter the circumstances where the flow chokes inside
the blade rows and the choke mass flow rate is unknown to the users. In this case, the
blockage factor is required as an input for the model in order to predict the choking
mass flow rate. Aerodynamic blockage was addressed in multiple researches [Khalid,
Syed Arif, et al., 1999; Suder & Kenneth L., 1997].
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3. Change in deviation angle was simply set to zero in all the calculations in this thesis.
Results have proven losses in accuracy due to lack of deviation model, especially at
near stall and near choking. To improve the accuracy of the model, there are two
ways to correct the input flow angles to account for the deviation.
1) Based on known correlations of deviation (e.g. [Lieblein, 1960; Konig et al.,
1998]), one can obtain the blade metal angle at the inverse point (usually taken to
be BEP). At off-design conditions, the flow angles at TE’s can be determined as

𝛽𝑇𝐸 = 𝜅𝑇𝐸 + Λ

( 8.1)

After flow angles are obtained, similar procedures can be used to update angular
momentum. The effectiveness of this approach depends on the fitness of the
correlations. Typically, it is closely related to the geometry of the blade.
2) Given the fan performance map, one can run inverse calculation at all the
available OP’s. The flow angles at the blade TE’s can be obtained for all the
OP’s. By interpolation, these flow angles can be formulated as functions
(analytical or numerical) of mass flow rate and rotational speed. Further analyses
for off-design conditions can use these functions to determine the change in
deviation angles. The improvement of the BF model accuracy from this correction
depends on the completeness of the performance map and radial profiles at
different operating points. That is, the more information are used in the
performance map, the more accurate the resulting flow angles at different OP’s
will be.
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For the proposed BF model, it is more intuitive to use the second approach as
presumably the blade geometry would not be available at all nor are the
corresponding deviation correlations. However, if certain correlations can be
acquired, then the first approach will be more favorable as it requires no
interpolations and function-fits which sometimes can be complicated. Besides, the
interpolations will be performed simultaneously during iterations and it will
reduce the numerical stability.
The two approaches mentioned above are both for clean flow operations at design
and off-design conditions. For circumferential inlet distortion, corrections for
deviation will be more challenging. In inlet distortion, every local station operates
at a different operating condition (c.f. Figure 2.6). Hence, the deviation angles
need to be determined locally by assuming that the deviations follow the same
rules as in clean flow. Noting that certain locations may operate outside the clean
flow operating envelope in inlet distortion [Fidalgo et al., 2012], the clean flow
performance map may not be sufficient to determine all the operating conditions
for the entire blade row in inlet distortion. The most straightforward way to
resolve it will be to extrapolate the clean flow map to cover the possible local
OP’s in inlet distortion. However, the accuracy of such extrapolation need to
assessed carefully and certain tunings may be required to reach desired accuracy
and numerical stability. Such development would need test data for validation.
4. A model estimating the loss at off-design OP’s needs to be implemented to further
improve the BF model. For clean flow off-design conditions, loss can be obtained
from the performance map and fit as a function of mass flow rate and the rotational
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speed. For inlet distortion, the loss determination requires extra caution. Since an
overall average loss will suffice, the simplest way to determine the loss would be to
assume that the overall entropy rise in inlet distortion equals to that in clean flow.
That is, at given corrected mass flow rate and corrected rotational speed, the loss in
inlet distortion can be obtained by looking up the clean flow performance map.
Apparently, this is a very crude method. However, Fidalgo et al. [2012] discovered
that for their specific inlet distortion case, the overall pressure ratio of the fan rotor
falls onto the clean flow speed line, which indicates that it may be promising to make
corrections on the clean flow loss to account for inlet distortion. Another approach to
estimate the loss is to apply the concept of parallel compressors. The clean region
and the distorted region operate at different operating conditions and loss at each
region is obtained from clean flow performance maps. It has been shown that,
however, parallel compressors theory tends to under-predict the pressure ratio
[Longley & Greitzer, 1992], indicating that corrections need to be made for parallel
compressors to account for circumferential interactions of the flow.
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Mesh the given airfoil using C-mesh to calculate it drag coefficient and lift coefficient
under different AoA.
Gained basic mesh generation skill and 2D airfoil calculation. Learned Fluent and
Pointwise.

2D Euler Solver Development | CFD Class Project |

Sep 2014 to Dec 2014

Learned Fortran 77, basic CFD coding strategy, methodology and techniques.
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Develop a solver for 2D axisymmetric Euler equations using Fortran 77 to solve to
circular duct flow.

Supersonic Nozzle Design | Gas Dynamics Class Project |

Sep 2016 to Dec 2016

Using method of characteristic to design supersonic nozzle with no shock. Enhance
characteristic lines and thin airfoil theory.
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