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Fig. 3.5: Milky way Galaxy.

Table 3.2: Comparison of iterations and time cost among algorithms on recovery of Galaxy
image (shown in Figure 3.5), where L = m/n denotes the number of CDP masks.

Algorithms RWF IRWF TWF ITWF WF

L =6  #passes 140 24 410 41 fail
time cost(s) 110  21.2 406 43 fail
L =12 #passes 70 8 190 12 315

time cost(s) 107  13.7 363.6 259 426

of intensity can be expressed as y; = \/a - Poisson (|a] x|2/a), for i = 1,2,...m where
« denotes the level of the input noise, and Poisson(\) denotes a random sample generated
by the Poisson distribution with mean A. It can be observed from Figure 3.6 that RWF
performs better than TWF in terms of the recovery accuracy under two different noise

levels.

3.6 Conclusion

In this chapter, we study RWF and its stochastic version IRWF to recover a signal from
a quadratic systems of equations, based on a nonconvex and nonsmooth quadratic loss

function of magnitude measurements. This loss function sacrifices the smoothness but
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Fig. 3.6: Comparison of relative error under Poisson noise between RWF and TWE.

enjoys advantages in statistical and computational efficiency. It has potential to be extended
in various scenarios. One interesting direction is to extend such an algorithm to exploit
signal structures (e.g., non-negativity, sparsity, etc) to assist the recovery. The lower-order
loss function may offer great simplicity to prove performance guarantee in such cases.
Another interesting direction is to study the convergence of algorithms from random
initialization. In the regime of large sample size (m > n), the empirical loss surface ap-
proaches the asymptotic loss (Figure 3.2(b)) and hence has no spurious local minima. Due
to the result [139], it is conceivable that gradient descent converges from random starting
point. Similar phenomenons have been observed in [43, 80]. However, under moderate
number of measurements (m < 10n), authentic local minima do exist and often locate not
far from the global ones. In this regime, the batch gradient method often fails with random
initialization. As always believed, stochastic algorithms are efficient in escaping bad local
minima or saddle points in nonconvex optimization because of the inherent noise [82, 140].
We observe numerically that IRWF and block IRWF from random starting point still con-
verge to global minimum even with very small sample size which is close to the theoretical
limits [141]. It is of interest to analyze theoretically that stochastic methods escape these

local minima (not just saddle points) efficiently.
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3.7 Technical Proofs

We first introduce some notations here. We let A : R™*" — R™ be a linear map
M c Rnxn —> A(M) = {G?Mai}lgigm.

We let || - ||; and || - || denote the [; norm and l; norm of a vector, respectively. Moreover, let
| - || and || - || denote the Frobenius norm and the spectral norm of a matrix, respectively.
We note that the constants ¢, C, ¢y, ¢1, co may be different from line to line, for the sake of

notational simplicity.

3.7.1 Proof of Proposition 3.1: Initialization

The idea of using truncation to bound some non-sub-Gaussian sequences has appeared in
previous works [45, Lemma2.3] and TWF [61]. Compared to the proof for TWF, this proof
has new technical developments to address the magnitude measurements and truncation
from both sides.

We first estimate the norm of x as

N= = i |- 3.23
o= S ah ( Zy) (329

Since a; ~ N (0, I,,«,,), by Hoeffding-type inequality, it can be shown that

mn T

holds with probability at least 1 — 2 exp(—c;mne?) for some constant ¢; > 0.

(3.24)

3

Moreover, given x, y;’s are independent sub-Gaussian random variables. Thus, by
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Hoeftding-type inequality, it can be shown that

|\f ( Zy@) e <

holds with probability at least 1 — 2 exp(—c;me?) for some constant ¢; > 0.

llel (3.25)

On the event F; = {both (3.24) and (3.25) hold}, it can be argued that
Ao = ll]l| < ellz]- (3.26)

Without loss of generality, we let ||| = 1. Then on the event E}, the truncation function

satisfies the following bounds

Lo ro<iaTal<ani-0r < Hamo<pi<auro} < 1{ay(1-o)<laTal<ou(1+0)}-

Thus, by defining

1
Y, = Z @:0; |6 T|1 10 (110 <laTel<au(1-0)

1
Y, ::E Z a’ia’zT|a’7,T$|1{al(1—e)<\a?w|<au(1+e)}7
we have Y| <Y < Y. We further compute the expectations of Y'; and Y5 and obtain
E[Y1] = (Bizx” + 1), E[Y,] = (Bszx” + BiI), (3.27)

where

B = BllEPLia,040<lel<an -0} — Bll€|1{a,140<lel<an1—a}];
B3 1= BllEP Lia,1-0)<lel<an1+0}] — Bll€|1{a,1—0<lel<an+a}];

Ba = E[[{| 1o +a<iti<aui-at);  B1 = E[[{|1{a,01-0<igl<an+e)}]
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where £ ~ N(0, 1). For given «; and «,,, small value of € yields arbitrarily close 3; and s,
as well as arbitrarily close 3, and ;. For example, taking oy = 1,a,, = 5 and € = 0.01,
we have 31 = 0.9678, 5, = 0.4791, 53 = 0.9688, 5, = 0.4888.

Now applying standard results on random matrices with non-isotropic sub-Gaussian

rows [142, equation (5.26)] and noticing that aia;fp|a;fpa:|l{al(1+€)<|a;m|<a“(1_e)} can be

rewritten as b;b! for sub-Gaussian vector b; := ai\/\aiT:c|1{al(1+€)<‘a;w|<au(1,e)}, one
can derive
Y1 —E[Y]| <6, [[Y2—E[Y,][| <0 (3.28)

with probability 1 — 4 exp(—c;(d)m) for some positive ¢; which is only affected by 6,
provided that m/n exceeds a certain constant. Furthermore, when ¢ is sufficiently small,
one further has ||[E[Y ;] — E[Y5]|| < 6. Combining the above facts together, one can show

that
1Y — (Bizx” + Bo1)|| < 36. (3.29)

Let 29 be the normalized leading eigenvector of Y. Following the arguments in [1, Sec-

tion 7.8] and taking  and e to be sufficiently small, one has
dist(2, x) < 4, (3.30)
for a given 6 >0,as long as m/n exceeds a certain constant.

3.7.2 Proof in Section 3.2.2: Expectation of loss functions

The expectation of the loss function (3.2) of WF is given by [80] as

3 3
Eltwr(2)] = Zlll* + Zll=]" = Sl =] — =" =" (3.31)



75

We next show that the expectation of the loss function (3.3) of RWF has the following

form:
1 1 lal'z| |alz|
Ell(z)] = sll=l* + sllz]* — [[z]l]2] - E {— — (3.32)
2 2 ] ]l
where
(1—p?)3/2 oo 0 ot —pt . .
{|arz| ’arw‘] — fo t(ef + e P Koy (t)dt, if |p| < 1;
L. = (3.33)
Izl [l .
1, if [p| = 1;
where p = ”;ﬁr‘ﬁ" and K(-) is the modified Bessel function of the second kind.

In order to derive (3.33), we first define

, and p=

Following [143], the density function of u - v is given by

1 px ||
w () = K , :
Puol) = 1—p2€Xp<1—p2) 0(1—/)2) e

Thus, the density of |uv| is given by

1 pT pT ||
o) =iz [ (2555 + oo (-25)| 9 (755) - >0
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for |p| < 1. Therefore, if |p| < 1, then

Bllwl) = [ vy(a)ds
[ oo (75) oo (125 (755
(1

_ p2)3/2 00
- —/ (e’ + e P Ko(t)dt
0

™

where the last step follows by changing variables.

If |p| = 1, then |uv| becomes a 7 random variable, with the density

1
Vjuo|(T) = — 12 exp(—z/2), x>0,

V2r

and hence E[|uv|] = 1.

3.7.3 Proof of Theorem 3.2: Geometric Convergence of RWF

The general structure of the proof follows that for WF in [1] and TWF in [61]. However, the
proof requires development of new bounds due to the nonsmoothness of the loss function
and absolute value based measurements. On the other hand the proof is much simpler due
to the lower-order loss function adopted in RWF.

We first introduce a global phase notation for real case as follows:

0, ifllz—af <[z+=,
d(z) = (3.34)

w, otherwise.

For the sake of simplicity, we let z be e 7®(*)z, which indicates that z is always in the
neighborhood of . Furthermore, we denote h := z — «.

The idea of the proof is to show that within the neighborhood of global optima, RWF
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satisfies the Regularity Condition RC(u, A, ¢) , i.e

t

(VU(=z),h) > 2 VU= + 5 th!2 (3.35)

[\)

for all z and h = z — « obeying ||h|| < c||x||, where 0 < ¢ < 1 is some constant. Then, as
shown in [61], once the initialization lands into this neighborhood, linear convergence can

be guaranteed, i.e.,
dist® (z — uVL(2),z) < (1 — p\)dist®(z, x), (3.36)

for any z with ||z — x|| < c[|x||.
To show the regularity condition, we firstdefine aset S := {i : 1 <i < m, (a z)(alz) <

0}, and then derive the following bound:

(Vi(z),h) = (a z — |a] x|sgn(a] 2)) (a] h)

(@/h)>+2> (al'z) ]
|

L i€S
— Z 2 |(al |] . (3.37)

3=
i

I
S|
Ms

@
Il
—

(a;i h)* —

\Y
S

1

w
I

W,
| —
Ms

2|3 (alw)(alh)

€S

The first term in (3.37) can be bounded using Lemma 3.1 in [45], which we state below.

Lemma 3.6. For any 0 < ¢ < 1, if m > cone 2, then with probability at least 1 —

2 exp(—ciem),

2 1 S T7,\2 2
(L= allR|* < —> (alh)* < (1+)||h]| (3.38)

=1

holds for all non-zero vectors h € R™. Here, ¢y, c; > 0 are some universal constants.
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For the second term in (3.37), we derive

> 2aTa|[ah| < 3 [(@le)" + (@)

i€S

€S
= Z[(a?m)Q + (a’zTh)Q] : 1{(a?m)(a?z)<0}
= Z[(a?m)Q +(af R)*] - 1i(ar a2t (aTa)aTh)<0}
< Z[(aiTw)Z + (a h)?] - 1{a7z|<|aTh)}

<22 (@lh)* - Lgareiciarn). (3.39)

The above equation can be further upper bounded by the following lemma.

Lemma 3.7. For any ¢ > 0, if m > cone 2loge™!, then with probability at least 1 —
Cexp(—ciem),

1
o D (@l h)* - 1yargicarny < (013 +€) || (3.40)

i=1

holds for all non-zero vectors h € R" satisfying ||h|| < &||lz|. Here, co,c;,C > 0 are

some universal constants.

Proof. We first prove bounds for any fixed h < 15||x||, and then develop a uniform bound

later on. We introduce a series of auxiliary random Lipschitz functions to approximate the

indicator functions. For¢ =1, ..., m, define
(
t, ift > (alx)?;
Xi(t) =\ 3t = (aT@)?) + (al®)?, if (1 - 6)(al®)? <t < (afx)’; (34D
0, else;
\
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and then x;(t)’s are random Lipschitz functions with Lipschitz constant ;. We further have

@i h* 1 ora<jarny < Xillai RI?) < lal hP1{o s 0 a2<iarhi2)- (3.42)

lalh?

For convenience, we denote v; := TR

Li1-8)jaTz2<[aTh[2} and 0 := |hl//[|z|. We

next estimate the expectation of ~y;, by conditional expectation,

E[%]=/Q%dIP’=//_ZE{%

where f (71, 72) is the density of two joint Gaussian random variables with correlation p =

alx = 11||z||,al h = n||h||| - f(71, T2)dTidTs, (3.43)

||hH||m|| =# +1. We then continue to derive

Ely] = // 73 - Li=sin|<imaley * f (71, T2)dTidTs

|20

2 2
72 vize ( (11 — p72) )
= m3exp (——= |- exp | ——=———5+ | dnidm (3.44)
2m/1 = / ’ ( ) =lzalo 2(1—p?)
Vi— p2 . .
=5 / T3 eXp <——) / ol ., exp <—%) drdry by changing variables
1— p2

(D) e (5E) ()
D) () )

(3.45)

For |p| < 1, E[v;] is a continuous function of p. For |p| = 1, E[y;] = 0. The last integral
(3.45) can be calculated numerically. Figure 3.7 plots E[v;] for # = 0.1 and § = 0.01 over
€ [—1, 1]. Furthermore, (3.44) indicates that E[v;] is monotonically increasing with both

f and 4. Thus, we obtain a universal bound

E[v] <0.13 forf < 0.1and § = 0.01, (3.46)
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which further implies E[x;(|a] h|?)] < 0.13||k||* for § < 0.1 and § = 0.01.

0.14
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0 I I I I I I I I I
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P

Fig. 3.7: E[v;] with respect to p

Furthermore, x;(Ja’ h|?)’s are sub-exponential with sub-exponential norm O(||hl]?).

By the sub-exponential tail bound (Bernstein type) [142], we have

Th|?)
Z Xi ||C;LH2 °) > (0.13 +€)| < exp(—eme?), (3.47)
for some universal constant ¢, as long as [|h|| < 55/|z|.

We have proved so far that the claim holds for a fixed h. We next obtain a uniform
bound over all h satisfying ||h|| < &|||. We first show the claim holds for all h with

Ikl = %

.5|l|| and then argue the claim holds when ||| < ;||| towards the end of the

proof. Let ¢ = e” H

and we construct an ¢’ —net N, covering the sphere with radius 5|z
in R™ with cardinality | V.| < (14-2)". Then for any ||h|| = 15|z, there exists a hg € Ny
such that ||h — hyl|| < €[|h||. Taking the union bound for all the points on the net, we claim

that
1 m
EZM (Jalhol?) < (0.13 + €) [|hol?>, Vho € Ny (3.48)
=1

holds with probability at least 1 — (1 + 2/¢)" exp(—cme?).
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Since ;(t)’s are Lipschitz functions with constant 1/§, we have the following bound
allal B?) — xallal hol?)| < £ |lalhl? — laThol?| (3.49)
Moreover, by [61, Lemma 1], we have
%HA(M) 1 < o[ M|, for all symmetric rank-2 matrices M € R™*",  (3.50)

holds with probability at least 1 — C' exp(—cym) as long as m > cyn for some constants

C, co,c1,co > 0. Consequently, on the event that (3.50) holds, we have

ZX’L ‘aTh‘ ZXz |aTh0

< LS e — v ()|
=1

1 1
<5 —|JA(hh" — hoh{) |1 because of (3.49)
m
1
<< co|hh” —hohl || because of (3.50)
1
< < 3ca[h — hol - [[Al| < 3ese/3|IR]1*,

where the last inequality is due to the Lemma 2 in [61].

On the intersection of events that (3.48) and (3.50) hold, we have
1 m
=57 (JaTh[?) < (0.13 + € + 3ese/6) ||, (3.51)
m
i=1

for all h with ||h|| = |||
For the case when ||h'|| < 1||x||, A" = wh for some h satisfying ||h|| = |/« and

0 < w < 1. By the definition of ;(-), it can be verified that

xi(lalh'[?) = xi(la] (wh)[?) < w?xi(la] h]?). (3.52)
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Applying (3.51), on the same event that (3.48) and (3.50) hold, we have

1 m
= " xi (|aTR'P) < (0.13 4 € + 3ese/8) | W], (3.53)
m
i=1
for all ||h'|| < - ||||. Since € can be arbitrarily small, the proof is completed. O

Therefore, combining Lemmas 3.6 and 3.7 with (3.37) yields
(VU(2),h) > (1 —0.26 — 2¢)||h||* = (0.74 — 2¢)| k|| (3.54)

We further provide an upper bound on || V/(z)|| in the following lemma.

Lemma 3.8. Fix § > 0, and assume y; = |alz|. Suppose that m > con for a certain
constant ¢y > 0. There exist some universal constants c¢,C' > 0 such that with probability

at least 1 — C exp(—cm),

IVE(2)] < (1+9)-2([h]] (3.55)

holds for all non-zero vectors h, z € R" satisfying z = x + h and % < 1—10.

Proof. Denote v; := a] z — |a] z|sgn(a! z). Then

Vi(z) = %AT’U, (3.56)

where A is a matrix with each row being a! and v is a m—dimensional vector with each

entry being v;. Thus,

1 v
< Ljap ol < (14 9120 3.57)

1 I
— || =AT
IVec2)l Hm v Vi

as long as m > cyn for some sufficiently large ¢; > 0, where the spectral norm bound

| Al < v/m(1+ 0) follows from [142, Theorem 5.32].
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We next bound ||v]|. Letv = v+v®, where v\ = a’h and v\* = 20 1 (47 1) (0T 2)<0)-

By triangle inequality, we have |[v|| < [[o| + ||v?]||. Furthermore, given m > con,

by [45, Lemma 3.1] with probability 1 — exp(—cm), we have
Lo = L S (alhy < (14 517 .59
m m ! -

=1

By Lemma 3.7, we have with probability 1 — C exp(—cym)

1 1 «
@I = =3 (0] @) Lyaraaraa < A0+ ORI (359)
i=1
Hence,
v
M < V1404 2V0.13 + €||h]|. (3.60)
Jm
This concludes the proof. 0

Thus, applying Lemma 3.8 to (3.54), we conclude that Regularity Condition (3.35)

holds for p and A satisfying

0.74 — 2¢

v
N =

~M1+®2+%, (3.61)

which concludes the proof.

We note that (3.61) implies an upper bound p < % = 0.37, by taking € and § to
be sufficiently small. This suggests a range to set the step size in Algorithm 1. However,
in practice, ;v can be set much larger than such a bound, say 0.8, while still keeping the
algorithm convergent. This is because the coefficients in the proof are set for convenience

of proof rather than being tightly chosen.
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3.74 Proof of Theorem 3.3: Stability to Bounded Noise

We consider the model (3.12) with bounded noise, i.e., y; = |{a;, ®)|+w; fori =1,--- 'm
The initialization analysis is similar to Section 3.7.1. To analyze the gradient loop, we
consider two regimes.

e Regime 1: ¢4||z|| > ||h|| > 03%. In this regime, error contraction by each gradient

step is given by
dist (z — pVil(z),z) < (1 — p)dist(z, x). (3.62)

It suffices to justify that V/(z) satisfies the RC. We have

1 &K, alz
Vi(z) = — Z a;z—vy; - o Tzl a;
=1
1 & T alz 1 & alz
= alz —|alx|- a2 a;—— Z w; - a2 a;. (3.63)
i=1 v i=1 v
Vcle;;g(z) Vno;sgg(z)

All the proofs for Lemma 3.6, 3.7 and 3.8 are still valid for V<¢*"{(2), and thus we

have

(Veang(2) h) > 0.74||h||?, (3.64)

|[VEere(z)]| < 2(1 4+ 6)||R. (3.65)

T
Next, we analyze the contribution of the noise. Let w; = wz% and then for sufficient

large m/n, we have

anozseg H _ H_AT~ H H_AT

1 o
’\/_H o Nk
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where the second inequality is because the spectral norm bound || A|| < /m(1 + 0) fol-

llwll

lowing from [142, Theorem 5.32]. Given the regime condition ||h| > c; 3~ » We further
have
noise 1+ 0
iz < . 3.67)
noise noise (1 + 0
[(V"%U(z), )| < ||V L(z)]| - ||| < )||h||2 (3.68)

Combining these together, one has

(Vi(z), h) > (VE¥ri(z), h) — |(Vosel(z) >|>(o 74— (1:;5))||h||2, (3.69)
and

IVE(z)|| < [|[VE™(z)|| + ||[Vl(=)|| < 1+5)( 1)||h|y. (3.70)

The RC is guaranteed if pu, \, € are chosen properly, c3 is sufficiently large, and s is
sufficiently small.

e Regime 2: Once the iterate enters the regime with ||h|| < Ciﬂf” , gradient update may
not reduce the estimation error. However, in this regime, each move size ;' V/(z) is at most

O(||w||/+/m). Then the estimation error cannot increase by more than ||w||/\/m with a

constant factor. Thus, one has

dist (z + uVi(z),x) < ¢ H\;Uﬂ_! (3.71)

for some constant ¢5. As long as ||w]|/\/m is sufficiently small, it is guaranteed that

llwll

O < C4 ||||. If the iterate jumps out of Regime 2, it falls into Regime 1.
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3.7.5 Proof of Theorem 3.4: Mini-batch IRWF

Since the initialization is the same as that in Algorithm 1, it suffices to show the conver-
gence of gradient loops given that the initial point lands into the neighborhood of global
minima. To prove Theorem 3.4, the major step is to prove the following Proposition 3.9
which characterizes how the error of an estimate decays upon one iteration of Algorithm
2. Once Proposition 3.9 is established, we take expectation on both sides of (3.73) with

respect to 7,1, and apply Proposition 3.9 one more time to obtain

k‘ 2
Egi, 1 [dis? (20 2)] < <1 — —p> dist?(zY x). (3.72)
n

Continuing this process until the initialization point z(®) yields Theorem 3.4. We next focus

on proving Proposition 3.9 stated bellow.

Proposition 3.9. Assume the measurement vectors are independent and each a; ~ N (0, I).
There exist some universal constants 0 < p, py < 1 and cy, c1,co > 0 such that if m > con
and v = po/n for the update rule (3.14), then with probability at least 1 — ¢; exp(—cam),
we have

k
Er, [dist? (2", z)] < (1 — —p) -dist?*(zY | x) (3.73)
n

to hOldfO}" all z(t) Satl'sfying dist(z(t),m) < 1

= = 107

Proof. Without loss of generality, we assume z(*) is in the neighborhood of & (otherwise it
is in the neighborhood of —x). Let h = z() — .

We follow the notations in Section 3.7.3 and let S = {i : (alx)(al2®) < 0}. Then
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we have

Br, [ds? (2079, 2)
= EI‘t [Hz(t) — ILLA%; (Ath(t) —yr, ® Sgn(Ath(t))) i $||2]
= ||h’H2 - 2HIEI‘t [(Artz(t) —yr, ® sgn(Ath(t)))T (Apth)]

+ uEr, {(A%“, (Ar, 2" = yr, @ sen(Ar,2")))" (A, (Ar 2" — yr, © sen(Ar, ")) |

2uk alz®
2 E T T_(t) _ .. . i
Hh‘H m |:a’i h (a’i z Yi |G,ZTZ(t)|

=1
m T.(t) 2
“_ 2 (g7 . FZ
2 2/1]{7 T3\2 T T
= plI"~— Z( TR+ 2(alh)(a])

i=1 ies
1k (& T t
(Dt <13 el T )

) i€S
2uk 4 k

<10l = 25 @t + 25 S TR o }+—Z||az|| RY (74)

i=1 i€S
where (a) is due to the fact that T'; is uniformly chosen from all subsets of {1,2,...,m}

with cardinality k.
By Lemma 3.6, we have that if m > cye~2n with probability 1 — 2 exp(—cyme?)
1 m
1-elh* < — Thy? < (1 h||*.
A =alhrl" <~ ;(az )" < (L+6)lh]l

holds for all vectors h. By Lemma 3.7, we have that with probability 1 — C exp(—cyme?)

1

. > l(@lh)(af=z)| < (0.13 + ¢)|[h|”

€S

holds for all h satisfying ||h||/||z| < &

Define an event F; := {max;<;<, ||a;||> < 6n}. We claim that £, holds with proba-
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bility 1 — mexp(—1.5n). Then on the event £}, (3.74) is further upper bounded by

Er, [dist® (20", 2)] < (1 — 2uk(1 — €) + 4pk(0.13 + €) + 1’k - 6n(1 + €)) || [

< (1 —2uk(0.74 — 3¢ — 3nu(1 + ) ||h|*. (375
By choosing the step size p < O'nﬂ, the proposition is proved. [

3.7.6 Proof of Theorem 3.5: Kaczmarz-PR Algorithm

Without loss of generality, we assume z® is in the neighborhood of x (otherwise it is in
the neighborhood of —x). Let h = 2() — a.
We follow the notations in Section 3.7.3 and let S = {i : (a’z)(a’2®) < 0}. Then

we have

T.(t)
Tdist? (2D )] = T, . Y )
E;, [dlst (z ;)| =L, H( ||alt|| (atz Yi, |ag:z(t)|>a“) x
1 alz®
_ 2 _ on. T T, _ ., . __u=
- Hh’“ 2Elt [||ait||2 (a’lzh’) (altz Yiy |aTz(t)|

2
1 alz®
B, |—— T, _ o —o
T T P (“’ Y el 20

(@) 2 2 S 1 T T_(t) a?z(t)
S2TY N[ E—— — (aTh . oy Z
" mZ}M () (a2~
m 2
1 1 T alz®
+m;[naiu2 (“ Y JaT20]
2 [ (alh 2(a’h)(alx
:||h||2__ Z( z +Z ( i )(27, )
|| 2 P
1 (& (a¥z)(alz®)
o (R el
m ( razu razu
1 < (alh)? 4 (al'x)?
—hlI?2 = = Al AT Akt 3.76
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where (a) is due to the fact that ¢, is sampled uniformly at random from {1,2,--- ,m}. By
the spectral case of Lemma 5.20 in [142], {\/ﬁng—lll }m , are independent isotropic random

vectors in R™ and hence

T 2
E [n(ﬁ”afﬁi } — ||h|%

Moreover, {\/ﬁug—”}gl are sub-Gaussian and the sub-Gaussian norm is bounded by an ab-
1

solute constant. Thus, we have thatif m > coe~?n, then with probability 1—2 exp(—c;me?),

" (alh?  (1-¢)
> = n)?

1
m <~ Jlai|* —

holds for all vectors h. By Lemma 3.7, we have that with probability 1 — C exp(—c;me?)
1 T..12 RS Ty |2 2
—> lalz] < —> [alh Laraicarny < (013 + )R]
€S =1

holds for all h satisfying ||k /||z]| < 4.
Define an event Fy := {mini<i<y, [la;l|> > 3n}. It can be shown that P{E,} >

1 — mexp(—n/12). Then on the event Es, (3.76) is further upper bounded by

1-— 6(0.13 022-7
B [aise (+,0)) < (1= 10 SO e (4 D220 e
n n

n

which concludes the proof.
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CHAPTER 4

ROBUST PHASE RETRIEVAL: MEDIAN

TRUNCATION APPROACH

In this chapter, we study the case when the observations of phase retrieval are corrupted by
sparse outliers. Section 4.1 provides the problem formulation. Section 4.2 describes two
algorithms, median-TWF and median-RWEFE. Section 4.3 provides their performance guar-
antees. Section 4.4 presents the numerical experiments. Section 4.6 includes supplemental
proofs.

Throughout this chapter, boldface lowercase letters such as a;,x, z denote vectors,
and boldface capital letters such as A,Y denote matrices. For two matrices, A < B
means that B — A is positive definite. For a complex matrix or vector, A* and z* denote
conjugate transposes of A and z respectively. For a real matrix or vector, A” and z”
denote transposes of A and z respectively. The indicator function 1,4 = 1 if the event A is

true, and 1 4, = 0 otherwise.
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4,1 Problem Formulation

As we discuss in the Chapter 1, the ability to handle outliers is of great importance for phase
retrieval algorithms, because outliers arise frequently from the phase imaging applications
[71] due to various reasons such as detector failures, recording errors, and missing data.
However, the performance of WE, TWF and RWF can be very sensitive to outliers that take
arbitrary values and can introduce anomalous search directions. Even for TWF, since the
sample mean can be arbitrarily perturbed, the truncation rule based on such sample mean
cannot control the gradient well.

Mathematically, suppose the observations are given by

yi = ai,2) >+, i=1,---,m, (4.1)

where € R" is the unknown signal,! a@; € R" for i = 1, ...,m are measurement vectors
with each a; having i.i.d. Gaussian entries distributed as A(0,1), and 7; € R for i =
1,...,m are outliers with arbitrary values. We assume that outliers are sparse with sm
nonzero values, i.e., | n|lo < sm, where n = {n;}*, € R™. Here, s is a nonzero constant,
representing the faction of measurements that are corrupted by outliers.

We are also interested in the model when the measurements are corrupted by not only
sparse arbitrary outliers but also dense bounded noise. Under such a model, the measure-

ments are given by

yl:|<alvw>|2+wl+nlv zzl,,m, (42)

where the bounded noise w = {w;}, satisfies |[w| s < c¢i]|z|* for some universal
constant ¢, and as before, the outliers satisfy ||n(/o < sm.

The goal is to recover the signal x (up to a global sign difference) from the measure-

"We focus on real signals here, but our analysis can be extended to complex signals.
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ments y = {y;}7, and measurement vectors {a;}/",. It can be observed that if z is a
solution, then —z is also the solution of the problem. Thus, the recovery is up to a sign
difference. We define the Euclidean distance between two vectors up to a global sign dif-

ference [1] as,
dist(z, ) := min ||z £ z||. 4.3)

In this chapter, we develop non-convex phase retrieval algorithms with both statistical
and computational efficiency, and provable robustness to even a constant proportion of
outliers. We hope that the algorithm has three folds of properties. First, it should recover
the true signal as long as the number of outliers is not too large. Moreover, the algorithm
does not have to require prior knowledge about the outliers. At last, the algorithm should
be efficient in terms of sample complexity and convergence rate.

Our strategy is to use sample median as truncation thresholds to eliminate the contri-
bution of bad samples. The robustness property of median lies in the fact that the median
cannot be arbitrarily perturbed unless the outliers dominate the inliers [73]. This is in sharp
contrast to the mean, which can be made arbitrarily large even by a single outlier. Thus,
using the sample median in the truncation rule can effectively remove the impact of out-
liers. By applying median truncation strategy to modify TWF and RWF, we obtain two new
algorithms: median-TWF and median-RWEF. These two algorithms share many similarities
and also involve different aspects. To the best of the authors” knowledge, our work is the
first application of the median to robustify high-dimensional statistical estimation in the

presence of arbitrary outliers with rigorous non-asymptotic performance guarantees.

4.2 Median-based Algorithms

If some measurements are corrupted by outliers as in (4.1), then WE, RWF and TWF can

fail. This is because the gradient of the loss function typically contains the term |y;—|a] z|?|
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or |\/E — |alz| ] With y; being corrupted by arbitrarily large 7);, the gradient can deviate
the search direction to the signal arbitrarily. In TWEF, the truncation rule is based on the
sample mean of the gradient, which can be affected significantly by outliers. It is not
anticipated that TWF converges globally in the presence of arbitrary outliers.

To handle outliers, our central idea is to prune the samples in both the initialization and
each gradient descent iteration via the sample median related quantities. Compared to the
sample mean used to set truncation thresholds in TWF, the sample median is much less
affected by outliers, and thus the algorithms are more robust in the presence of outliers.

The Poisson loss function adopted in TWF [61] models well the physical behavior of
photons while the reshaped loss function used in RWF [68] is shown to have advantages
on convergence rate. It is worthy to see whether the idea of the median truncation works
for both loss functions. We apply the median truncation to TWF and RWF respectively and
obtain two algorithms median-TWF and median-RWEFE.

The difference of median-TWF and median-RWF comes from the difference of TWF
and RWF, which mainly lies in the different loss functions and that truncation is needed
or not in gradient loop. Specifically, median-TWF employs the median of ‘yi — |aiTz|2|
to set the truncation threshold in gradient loop while median-RWF adopts the median of
}\/E — |a;szH to set the corresponding threshold. Empirically, median-TWF performs a
little better than median-RWF in terms of sample complexity for real Gaussian measure-
ments while median-RWF can tolerate more outliers than median-TWEF. Another empirical
fact is that median-RWF converges faster while median-TWF achieves better accuracy un-
der the dense noise.

However, the two algorithms share similar properties. Both algorithms resist outliers
in a oblivious fashion, which means we do not have to know the knowledge of outliers
before running the algorithms. Moreover, the performance guarantees of median-TWF and
median-RWF turn out to be almost the same except for different choices of constants, as

presented in Section 4.3.
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Algorithm 3 Median Truncated Wirtinger Flow (Median-TWF)

Input: y = {y;}72, {a;}]s;

Parameters: thresholds o, a4, oy, and o, stepsize fi;

Initialization: Let 2(¥) = )\;Z, where \y = \/med(y)/0.455 and % is the leading eigen-
vector of

1 & T
Y = E Zyiaiai 1{|yi‘§a%>\(2)}. (45)

=1

Gradient loop: fort =0:7 —1do

m T.(t)|2
2D = 50 %Z laiz T — . Z(T)z|(t)_ P J (4.6)
where
& = {2V < laf 2| < a2V}
£ o= {lue— a7 =07 < aui 921
Ky = med({ly: — o] 2O}, ).
Output z7.

The technical proofs of two algorithms follow the same structure. The crux is to use
the median statistical properties to show that the median-trimmed gradient satisfy the so-
called Regularity Condition, which guarantees the linear convergence of gradient update.
We provide separate proofs for two algorithms because they involve different bounding

techniques due to different loss functions.

4.21 Median-TWF Algorithm

In the following, we describe the median-TWF in details. We adopt the following Poisson

loss function,

1 m
Uz) = I Z (laf z|* — yilog |a] z|°) . 4.4)

i=1

Median-TWF algorithm (summarized in Algorithm 3) minimizes (4.4) via an initializa-
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tion step and gradient descent.

1. Initialization: We initialize z(*) by the spectral method with a truncated set of
samples, where the threshold is determined by the median of {y;}!",. In comparison, WF
does not truncate samples, and the truncation in TWF is based on the mean of {y;}" |,
which is not robust to outliers. As will be shown, as long as the portion of outliers is not
too large, our initialization (4.5) is guaranteed to be within a small neighborhood of the
true signal.

2. Gradient loop: for each iteration 0 < ¢ < 7' — 1, median-TWF uses an iteration-

varying truncated gradient given as

(”I2 —y

Vi (2 Z|a z

ailging;. 4.7)

It is clear from the definition of the set £ (see Algorithm 3), that samples are truncated by
the sample median of gradient components evaluated at the current iteration, as opposed to
the sample mean in TWFE.

We set the step size in the median-TWF to be a fixed small constant, i.e., u = 0.4. The

rest of the parameters {cv,, oy, oy, o, } are set to satisfy

— 2
(1 := max {E [f 1{\£|<\/1.01al 0r\£|>\/0.99au}i| B |:1{|§|<\/1‘010q or|£|>\/0.99au}] }v

G:=E [521{\§|>0.248ah}] ) (4.8)

2(¢1 + G) + V/8/ma;t < 1.99

ay > 3,

where £ ~ N(0,1). For example, we set oy = 0.3, 0, = 5,, = 3 and oy, = 12, and

consequently ¢; ~ 0.24 and (5, ~ 0.032.
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4.2.2 Median-RWF Algorithm

In this subsection, we apply the idea of median truncation to reshaped Wirtinger flow loss

[68]
1 m
R(z)= 35— > (Vi —lal)". 4.9)
=1

which has been shown to have advantage over Wirtinger flow loss (squared loss of squared
measurements) and truncated-WF loss (Poisson loss of squared measurements). We call
this new algorithm median reshaped Wirtinger flow (median-RWF). It uses median-based
threshold to truncate the measurements in both initialization and gradient loop, as illus-
trated in Algorithm 4.

In the following, we discuss the median-RWF algorithm in detail.

1. Initialization: For simplicity, we here use the same initialization as in median-TWF
(Algorithm 3).

2. Gradient loop: Median-RWF uses the following iteration-varying truncated gradient

1 alz®
(t)__E: T, _ A e
VRi-(2\7) = - (ai z Y | ;f (t)|> a;lr, 4.10)

i=1

From the definition of the set 7 (see Algorithm 4), it is clear that samples are truncated by
the sample median of gradient components evaluated at the current iteration. We set % =0
when calculating (4.11).

We set the step size in the median-RWF to be a fixed small constant, i.e., ' = 0.8. We

set a;, = b.
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Algorithm 4 Median Reshaped Wirtinger Flow (median-RWF)
Input: y = {y:}7, {@:}{2;

Parameters: thresholds o, o, and step size y;
Initialization: Same as median-TWF (see Algorithm 3).
Gradient loop: fort =0:7 — 1do

(1) _ ) _ M Zm T_ (1) aj 2"
< =z _E - (aiz —\/ylm) ai]_fri, (411)
where

T = {|Vi — |aiTz(t)|‘ <a,M}, and M, :=med <{‘\/E— |a;frz(t)\|};11> :

Output z;.

4.3 Performance Guarantees

In this section, we characterize the performance guarantees of median-TWF and median-
RWE. The theoretical guarantees for both algorithms are almost the same. Thus, in order to
avoid repetition, we present the results in a way that works for both algorithms. However,
the proofs for median-TWF and median-RWF involve different techniques and are shown
separately.

We first show that median-TWF/median-RWF works well for the noise-free model in
the following proposition, which lends support to the model with outliers. This also justifies
that we can run median-TWF/median-RWF without having to know whether the underlying

measurements are corrupted.

Proposition 4.1 (Exact recovery for noise-free model). Suppose that the measurements
are noise-free, i.e., n; = 0 for i1 = 1,--- ;m in the model (4.1). There exist constants
o > 0,0 < p,v < 1land cy,cy,co > 0 such that if m > conlogn and p < g, then with

probability at least 1 — ¢, exp(—com), the median-TWF/median-RWF yields

dist(z",x) <v(1 - p)'|lz|, VteN (4.12)
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simultaneously for all x € R™\{0}.

Furthermore, as the median is quite stable as long as the number of outliers is not
so large, the following theorem describes that median-TWF/median-RWF still works well

even in the presence of sparse outliers.

Theorem 4.2 (Exact recovery with sparse arbitrary outliers). Consider the phase re-
trieval problem with sparse outliers given in (4.1). There exist constants iy, So > 0,
0 < p,v < land cy,c1,co > 0 such that if m > conlogn, s < so, p < po, then with

probability at least 1 — ¢y exp(—cam), the median-TWF/median-RWF yields

dist(z, x) <v(l —p)||x|, VteN (4.13)

simultaneously for all x € R™\{0}.

Theorem 4.2 indicates that median-TWF/median-RWF admits exact recovery for all
signals in the presence of sparse outliers with arbitrary magnitudes even when the number
of outliers scales linearly with the number of measurements, as long as the number of
samples satisfies m = nlogn. This is near-optimal up to a logarithmic factor.

Moreover, median-TWF/median-RWF converges at a geometric rate using a constant
step size, with per-iteration cost O(mn) (note that the median can be computed in linear
time [144]). To reach e-accuracy, i.e., dist(z!, &) < ¢, only O(log1/¢) iterations are
needed, and the total computational cost is O(mn log 1/¢), which is highly efficient. Em-
pirically in the experiments, median-RWF converges faster than median-TWF and median-
RWEF tolerates larger fraction of outliers than median-TWF, which may be due to that the
lower-order model is more stable.

We next consider the model when the measurements are corrupted by both sparse arbi-
trary outliers and dense bounded noise. Our following theorem characterizes that median-

TWF/median-RWF is robust to coexistence of the two types of noises.
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Theorem 4.3 (Stability to sparse arbitrary outliers and dense bounded noises). Con-
sider the phase retrieval problem given in (4.2) in which measurements are corrupted
by both sparse arbitrary and dense bounded noises. There exist constants i, So > 0,
0 < p < land cy,c1,c0 > 0 such that if m > conlogn, s < so, p < o, then with

probability at least 1 — ¢y exp(—cam), median-TWF/median-RWF respectively yields

[[w]]oo
[ed|

dist(z, x) < +(1=p)flel|, VteN (4.14)

dist(z, x) < V/|wlle + (1 = p)t||lx||, VteN (4.15)

simultaneously for all x € R™\{0}.

Theorem 4.3 immediately implies the stability of median-TWF/median-RWF for the

model corrupted only by dense bounded noise.

Corollary 4.4. Consider the phase retrieval problem in which measurements are corrupted
only by dense bounded noises, i.e., n; = 0 fori = 1,--- ,m in the model (4.2). There exist
constants |y > 0, 0 < p < 1 and cy,c1,co > 0 such that if m > conlogn, u < o, then

with probability at least 1 — ¢, exp(—com), median-TWF/median-RWF respectively yields

[w]]oo

dist(z, x) < Tz +(1—=p)x|, VteN (4.16)
€r
dist(z, ) < /|| w|e + (1 — p)||z||, VteN (4.17)

simultaneously for all x € R™\{0}.

Thus, Theorem 4.3 and Corollary 4.4 imply that median-TWF/median-RWF for the
model with both sparse arbitrary outliers and dense bounded noises achieves the same con-
vergence rate and the same level of estimation error as the model with only bounded noise.
In fact, together with Theorem 4.2 and Proposition 4.1, it can be seen that applying median-

TWF/median-RWF does not require the knowledge of the noise corruption models. When
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there do exist outliers, median-TWF/median-RWF achieves almost the same performance
as if the outliers do not exist. Empirically, under dense noise, the median-TWF reaches

better accuracy than median-RWF because of the delicate truncation rule.

4.4 Numerical Experiments

In this section, we provide numerical experiments to demonstrate the effectiveness of
median-TWF and median-RWEF, which corroborates with our theoretical findings.We first
show that, in the noise-free case, the median-TWF and median-RWF perform similarly
as TWF [61] for exact recovery. We set the parameters of median-TWF and median-
RWEF as specified in Section 4.2.1 and Section 4.2.2 respectively, and those of TWF and
RWEF as suggested in [61] and [68] respectively. Let the signal length n take values from
1000 to 10000 by a step size of 1000, and the ratio of the sample complexity to the sig-
nal length, m/n, take values from 2 to 6 by a step size of 0.1. For each pair of (m,n),
we generate a signal x ~ N (0, I,,«,), and the measurement vectors a; ~ N (0, I, )
iid. for ¢+ = 1,...,m. For three algorithms, a fixed number of iterations 7" = 500
are run, and the trial is declared successful if z(T), the output of the algorithm, satisfies
dist(z™), @) /||x| < 1078. Figure 4.1 shows the number of successful trials out of 20 trials
for both algorithms, with respect to m /n and n. It can be seen that for all three algorithms,
as soon as m is above 4n, exact recovery is achieved for both algorithms. Around the phase
transition boundary, the performance of median-TWF is slightly worse than that of TWE,
which is possibly due to the inefficiency of median compared to mean in the noise-free
case [73]. The empirical sample complexity of median-RWF is slightly better than RWF
because the truncation improves the stableness of RWF.

We next examine the performance of median-TWF and median-RWF in the presence
of sparse outliers. We compare the performance of median-TWF and median-RWF with

not only TWF but also an alternative which we call the trimean-TWF, based on replacing
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Fig. 4.1: Sample complexity of median-TWF, median-RWF, RWF and TWF for noise-free
data: the gray scale of each cell (m/n, n) indicates the number of successful recovery out
of 20 trials.

the sample mean in TWF by the trimmed mean. More specifically, trimean-TWF requires
knowing the fraction s of outliers so that samples corresponding to sm largest gradient
values are removed, and truncation is then based on the mean of remaining samples.

We fix the signal length n = 1000 and the number of measurements m = 8000. We as-
sume each measurement y; is corrupted with probability s € [0, 0.4] independently, where
the corruption value 7; ~ U(0, |7||~) is randomly generated from a uniform distribution.
Figure 4.2 shows the success rate of exact recovery over 100 trials as a function of s at
different levels of outlier magnitudes ||7||«/|lz|]* = 0.1, 1, 10, 100, for the four algorithms
median-TWE, median-RWE, trimean-TWF and TWEF.

From Figure 4.2, it can be seen that median-TWF and median-RWF allow exact recov-
ery as long as s is not too large for all levels of outlier magnitudes, without any knowledge

of the outliers, which validates our theoretical analysis. Unsurprisingly, TWF fails quickly



102

——TWF ——TWF
trimean-TWF —A—trimean-TWF
—6— median-TWF —©—median-TWF
—H—median-RWF

=B median-RWF 0.8

0.8

o
o
o
=

Success rate

Success rate
o
~

o
S

0.2

A

0 0 VIV IIIe .\ VPPvrrrrrrmm 5
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
Outliers fraction s Outliers fraction s

@) [In]l = 0.1]|=|* ®) [l = [|=[*

——TWF

—A—trimean-TWF
—©—median-TWF | | 0.8
—HB—median-RWF

0.8

o
=)

—%—TWF
—A— trimean-TWF
—©— median-TWF
—8— median-RWF

Success rate

Success rate
1N
~

I
=~

0.2} 02f

0 * SOA PP
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
Outliers fraction s Outliers fraction s

©) [Inllee = 10]j|? (d) 7)o = 100]J|?
Fig. 4.2: Success rate of exact recovery with outliers for median-RWF, median-TWF,

trimean-TWE, and TWF at different levels of outlier magnitudes.

even with very small fraction of outliers. No successful instance is observed for TWF
when s > 0.02 irrespective of the value of ||n||,. Trimean-TWF requires knowing the
number of outliers and does not exhibit as sharp phase transition as median-TWF, and in
general underperforms our median-TWF, except when both |||/, and s gets very large,
see Figure 4.2(d). This is because in this range with large outliers, knowing the fraction
s of outliers provides substantial advantage for trimean-TWF to eliminate them, while the
sample median can be deviated significantly from the true median for large s. Moreover, it
is worth mentioning that exact recovery is more challenging for median-TWF and median-
RWF when the magnitudes of most outliers are comparable to the measurements, as in
Figure 4.2(c). In such a case, the outliers are more difficult to exclude as opposed to the

case with very large outlier magnitudes as in Figure 4.2(d); and meanwhile, the outlier
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magnitudes in Figure 4.2(c) are large enough to affect the accuracy heavily in contrast to
the cases in Figure 4.2(a) and 4.2(b) where outliers are less prominent. In general, median-
RWEF can tolerate larger fraction of outliers than median-TWEFE. This could be due to that
the lower-order objective reduces the variance and brings more stable search direction.

We now examine the performance of median-TWF and median-RWF in the presence of
both sparse outliers and dense bounded noise. The entries of the dense bounded noise w is
generated independently from U (0, || w|| ), With ||w||./[|z||* = 0.001,0.01 respectively.
The outliers are then generated as 7; ~ ||w|| - Bernoulli(0.1) independently. Figure 4.3(a)
and Figure 4.3(b) depict the relative error dist(z®), x)/||x| with respect to the iteration
count ¢, for uniform noise at different levels. It can be seen that median-TWF under outlier
corruption clearly outperforms TWF under the same situation, and acts as if the outliers do
not exist by achieving almost the same accuracy as TWF under no outliers. Moreover, the
solution accuracy of median-TWF has 10 times gain from Figure 4.3(a) to Figure 4.3(b)
as ||w||« shrinks by 1/10 , which corroborates Theorem 4.3 nicely. Furthermore, it can
be seen that median-RWF converges faster than other algorithms, which is due to good
curvature of low-oder objective and corroborates the result in [68]. It can also be seen
that the solution returned by median-RWF is not as accurate as median-TWEFE. This is be-
cause that median-TWF employs more delicate truncation rule (1¢;) which may reduce the
contribution of dense noises.

Finally, we consider when the measurements are corrupted both by Poisson noise and
outliers, which models photon detection in optical imaging applications. We generate each
measurement as y; ~ Poisson(|(a;, )|?), for i = 1,--- ,m, which is then corrupted with
probability s = 0.1 by outliers. The entries of the outlier are obtained by first generat-
ing ; ~ ||x||? - U(0, 1) independently, and then rounding it to the nearest integer. Figure
4.4 depicts the relative error dist(z"), a)/||z|| with respect to the iteration count ¢, where
median-TWF and median-RWF under both Poisson noise and sparse outlier noise has al-

most the same accuracy as, if not better than, TWF under only Poisson noise.
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Fig. 4.3: The relative error with respect to the iteration count for median-TWF, median-
RWF and TWF with both dense noise and sparse outliers, and TWF with only dense
noise.(a) and (b): Uniform noise with different levels.

4.5 Conclusions

In this chapter, we study provably effective approaches, median-TWF and median-RWF,
for phase retrieval when the measurements are corrupted by sparse outliers that can take
arbitrary values. Our strategy is to apply gradient descent with respect to carefully chosen
loss functions, where both the initialization and the search directions are pruned guided by
the sample median. We show that both algorithms allow exact recovery even with a constant
proportion of arbitrary outliers for robust phase retrieval using a near-optimal number of
measurements up to a logarithmic factor. Our algorithm performs well for phase retrieval
problem under sparse corruptions. We anticipate that the technique developed here will be
useful for designing provably robust algorithms for other inference problems under sparse

corruptions.
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Fig. 4.4: The relative error with respect to the iteration count for median-TWF, median-
RWF and TWF with both Poisson noise and sparse outliers, and TWF with only Poisson
noise.

4.6 Technical Proofs

4.6.1 Proof Roadmap

Broadly speaking, the proofs for median-TWF and median-RWF follow the same roadmap.
The crux is to use the statistical properties of the median to show that the median-truncated
gradients satisfy the so-called Regularity Condition [1], which guarantees the linear conver-
gence of the update rule, provided the initialization provably lands in a small neighborhood
of the true signal.

We first develop a few statistical properties of median. We then analyzes the initializa-
tion that is used in both algorithms. We then state the definition of Regularity Condition and
explain how it leads to the linear convergence rate. We provide separate detailed proofs for
two algorithms in Section 4.6.2 and Section 4.6.3, respectively, because they involve differ-
ent bounding techniques that may be of independent interest due to different loss functions.

We define the quantile of a population distribution and its sample version.

Definition 4.5 (Generalized quantile function). Let 0 < p < 1. For a cumulative distribu-
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tion function (CDF) F, the generalized quantile function is defined as
F'p)=inf{zx e R: F(z) > p}. (4.18)

For simplicity, denote 0,(F) = F~'(p) as the p-quantile of . Moreover for a sample
sequence {X;}™,, the sample p-quantile 6,({X;}) means 0,(F), where F is the empirical

distribution of the samples { X;}" , .

Remark 1. We note that the median med({X;}) = 61,2({X;}), and we use both notations

interchangeably.

Next, we show that as long as the sample size is large enough, the sample quantile

concentrates around the population quantile (motivated from [145]), as in Lemma 4.6.

Lemma 4.6. Suppose F'(-) is cumulative distribution function (i.e., non-decreasing and
right-continuous) with continuous density function F'(-). Assume the samples { X}, are

iid. drawnfrom F. Let 0 < p < 1. Ifl < F'(0) < Lforall 0 in {0 : |0 — 6,| < ¢}, then
10 ({Xi}iZ1) = Op(F)] <€ (4.19)

holds with probability at least 1 — 2 exp(—2me>[?).
Proof. See Section 4.6.4. 0
Lemma 4.7 bounds the distance between the median of two sequences.

Lemma 4.7. Given avector X = (X1, Xy, ..., X,,), reorder the entries in a non-decreasing

manner

Xy £ X <o £ Xpe) £ Xy
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Given another vector Y = (Y1,Ya, ..., Y,,), then
[ Xy = Y| < |1 X = Y|, (4.20)

holds forallk =1,...,n.
Proof. See Section 4.6.4. [

Lemma 4.8, as a key robustness property of median, suggests that in the presence of
outliers, one can bound the sample median from both sides by neighboring quantiles of the

corresponding clean samples.

Lemma 4.8. Consider clean samples {Xz}ﬁl If a fraction s (s < % ) of them are corrupted
by outliers, one obtains contaminated samples { X}, which contain sm corrupted sam-
ples and (1 — s)m clean samples. Then for a quantile p such that s < p < 1 — s, we

have

Ops({Xi}) < 0,({X}) < Oprs({X3}).

Proof. See Section 4.6.4. O

Finally, Lemma 4.9 is related to bound the value of the median, as well as the density at

the median for the product of two possibly correlated standard Gaussian random variables.

Lemma 4.9. Let u,v ~ N(0,1) which can be correlated with the correlation coefficient

lp| < 1. Letr = |uv

, and 1 ,(x) represent the density of r. Denote 6 1 (1,) as the median

of v, and the value of 1, (x) at the median as 1,(01,2). Then for all p,

0.348 < 0y 5(1),) < 0.455,

047 < wp(el/z) < 0.76.

Proof. See Section 4.6.4. [
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We next consider the model that the measurements are corrupted by both bounded noise
and sparse outliers given by (4.2), and show that the initialization provided by the median-

truncated spectral method in (4.5) is close enough to the ground truth, i.e., dist(z(o), x) <

ol

Proposition 4.10. Fix 6 > 0 and x € R", and consider the model given by (4.2). Suppose
that |w||e < c||x||? for some sufficiently small constant ¢ > 0 and that ||n|lp < sm
for some sufficiently small constant s. With probability at least 1 — exp(—S2(m)), the

initialization given by the median-truncated spectral method obeys*

dist(z, x) < 8|z, (4.21)

provided that m > cqon for some constant cy > 0.

Proof. See Section 4.6.4.

Once the initialization is guaranteed to be within a small neighborhood of the ground
truth, we only need to show that the truncated gradient (4.7) and (4.10) satisfy the Reg-
ularity Condition (RC) [1, 61], which guarantees the geometric convergence of median-

TWF/median-RWF once the initialization lands into this neighborhood.

Definition 4.11. The gradient V{(z) satisfies the Regularity Condition RC(u, A, ¢) if

(VU(z),z—x) >

N =

A
VeI + 511z — = (422)

for all z obeying ||z — x|| < c||x||.

The above RC guarantees that the gradient descent update z(+1) = 2® — ,V/(2)

converges to the true signal & geometrically [61] if uA < 1. We repeat this argument below

INotation f(n) = Q(g(n)) or f(n) = g(n) means that there exists a constant ¢ > 0 such that | f(n)| >

clg(n)|-
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for completeness.

dist?(z — uVel(2),x) < ||z — uVi(z) — x|
= |z — zl* + |nVE(2) " — 21 (z — x, VI(2))
< lz = 2|® + V=) = [ V)P - pA )z — ||

= (1 - pA)dist®(z, ).

4.6.2 Proofs for Median-TWF

We first show that V/,,.(z) in (4.7) satisfies the RC for the noise-free case, and then extend
it to the model with only sparse outliers, thus together with Proposition 4.10 establishing
the global convergence of median-TWF in both cases. At last we prove Theorem 4.3 in the

presence of both sparse outliers and dense bounded noise.

Proof of Proposition 4.1
We consider the noise-free model. The central step to establish the RC is to show that
the sample median used in the truncation rule of median-TWF concentrates at the level

|z — ||| z|| as stated in the following proposition.

Proposition 4.12. If m > conlogn, then with probability at least 1 — ¢y exp(—com),
0.6]|2[l[|lz — || < Ooa9, o5, b1 ({||ai z* — af 2P| }]) < l|zllllz — =],  (4.23)

holds for all z, x satisfying ||z — x| < 1/11]|z||.
Proof. Detailed proof is provided in Section 4.6.4. [

We note that a similar property for the sample mean has been shown in [61] as long
as the number m of measurements is on the order of n. In fact, the sample median is

much more challenging to bound due to its non-linearity, which also causes slightly more
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measurements compared to the sample mean.
Then we can establish that (V/,,.(2), 2 — x) is lower bounded on the order of ||z —z||?,
as in Proposition 4.13, and that | V/,,.(z)|| is upper bounded on the order of ||z — x|, as in

Proposition 4.14.

Proposition 4.13 (Adapted version of Proposition 2 of [61]). Consider the noise-free case
yi = |alz|* fori = 1,--- ,m, and any fixed constant ¢ > 0. Under the condition (4.8), if

2

m > con log n, then with probability at least 1 — ¢, exp(—coe*m),

(Ve (2),2 = @) 2 {190 = 2(G1 + &) = V/Blmap! = e} |1z - @ (4.24)

holds uniformly over all x, z € R" satisfying

Mﬁmin{ L o a M}, (4.25)

117ay,” 67 2y, +

where cy, c1,co > 0 are some universal constants, and (;, (o, oy, o, and oy, are defined in

(4.8).

The proof of Proposition 4.13 adapts the proof of Proposition 2 of [61], by properly
setting parameters based on the properties of sample median. For completeness, we include

a short outline of the proof in Section 4.6.

Proposition 4.14 (Lemma 7 of [61]). Under the same condition as in Proposition 4.13,
if m > con, then there exist some constants ci,co > 0 such that with probability at least

1 — ¢y exp(—com),

|Vl (2)]] < (1+0)-2¢/1.02 +2/ay||z — x|| (4.26)
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holds uniformly over all x, z € R" satisfying

. 1 08/3(ay)?
lz=al g d Lo o vI98/3(a)” L 4.27)
11 Qap, 6 20@"‘0&1

where § can be arbitrarily small as long as m/n sufficiently large, and oy, o, and oy, are
given in (4.8).

Proof. See the proof of Lemma 7 in [61]. [

With these two propositions and (4.8), RC is guaranteed by setting

o (1.99 — 2(¢1 + G2) — \/8/7rozh
Al A 1 02 (1.02+ 2/a)

At 4(140)?- (102+2/ah)<2{199—2g1+<2 V8 ra; ! — }

Proof of Theorem 4.2

We next consider the model (4.2) with only sparse outliers. It suffices to show that
VY, (z) continues to satisfy the RC. The critical step is to bound the sample median of the

corrupted measurements. Lemma 4.8 yields

0, _({l(aix)* — (ai 2)’}) < 02 ({ly: — (ai 2)*|}) < 01, ({|(ai ®)* — (a] 2)[}.

(4.28)

For simplicity of notation, we let h := z — x. Then for the instance of s = 0.01, by
Proposition 4.12, we have with probability at least 1 — 2 exp(—2(m)),

0.6]|z[lIR]l < 0, ({ly: — (a7’ 2)*[}) < |Izll|R]. (4.29)

To differentiate from £2, we define £ := {‘(a?w)Q — (al'2)?| < apmed {|y; — (al 2)?|
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We then have

m
1 Z (al'z)? — vy,
7 K3
vgtr(Z) i T allgimgz
m a: z 1
i=1 v
m
1 3 (ai2z)* — (aiz)* 1 3 (af2)® —yi (aiz)’ — (aiz)’
= — T ailgimgi + - Tlgimgi — T ]_Simg-i a
m 4 a; z 1™ m4 a; z B a; z =2
i=1 . €S g g
Vcleangtr(z) Vemtraetr(z)

Choosing ¢ small enough, it is easy to verify that Propositions 4.13 and 4.14 are still

valid on V¥¢"(, (). Thus, one has

(Vg (), b > {1 99 — 2(Cy + o) — \/8/ma; ! —e} 1R|2,
[V, (2)]| < (1 +6) - 24/1.02 + 2/ || R ]|.

We next bound the contribution of V¢*r¢, (z). Introduce q = [q1, . . ., ¢m]’, Where

(a;2)* —yi (a;2)* — (a; @)’
qi := (Tlfiﬂé’é - alz Leingg | Liiesy:

It can be seen that |g;| < 2ay,||h||. Thus ||q|| < +/sm - 2a4,||h||, and

Ve, (2)|] = % |A"q|| < 2(1 + 0)v/san|hll,

1
}<Ve$tm£tr(z),h>‘ < ||h| - HEVextmgtr(z) <2(1+ 5)\/§Oéh||h||27

where A = [ay, ..., a,]". Then, we have

— (Ve (2), k) > (V90 (2), h) — (V" (2), b))

> (199 - 2(Gi + &) — VB — e = 2(1+ 8)Vsau,) [B
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and

vaw(zﬂy S chleanetr(z)H 4 Hvemtragtr(z)n

< 2(1+4) <\/1.02+2/ah+\/§ah) IR]l. (4.30)
Therefore, the RC is guaranteed if 1, A, € are chosen properly and s is sufficiently small.

Proof of Theorem 4.3

We consider the model (4.2), and split our analysis of the gradient loop into two regimes.

l[wlloc
[zl

e Regime 1: ¢4||z|| > ||h|| > c3 . In this regime, error contraction by each gradient

step is given by
dist (z — uViy.(2), ) < (1 — p)dist(z, x).

It suffices to justify that V/,,.(z) satisfies the RC. Denote ; := (a!x)? + w;. Then by

Lemma 4.8, we have

0, {]5 — (a2 [} < med {|y: — (@l =?|} < 1., {5 — (aT2)?]}

Moreover, by Lemma 4.7 we have

020 15— (al2P} = 0y, {|(af @) — (al 2)?]}] < 0],

01 {5 — (al2)*]} = 0,_. {|(aT @) — (aT 2)*[}| < llw]lwc.

Assume that s = 0.01. By Proposition 4.12, if c3 is sufficiently large (i.e., c3 > 100), we

still shave

0.6]|l — 2|l[|2]] < med {|y; — (ai 2)*|} < [|= — 2] (4.31)
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|a =]

_ yz} IIiZH } Then,

Furthermore, recall £ := {|(aiTa:)2 — (al'2)?| < apmed {|(al 2)*

1 m
Vﬁt I a 1 @ %
r‘ m E 1-EINES
i=1
T )2 T.\2 T )2
1 Z(a 2 ) ST it
m | 2 Tz itejngg T al ileing]
i¢S €S ¢
Vcleangtr(z)
w1 —yzl, (al2P—(alw? )
o E ol diteing E gingl ol 2 Einés
i¢S @ zGS ¢

vnozseetr( ) Veztrﬂﬁt?‘('z)

For i ¢ S, the inclusion property (i.e. £ C £ C &%) holds because
lyi — (af 2)*| € |(a]'2)* — (a]'2)?| £ |wi|

and [w;| < ||k /||| for some sufficient large c;. For i € S, the inclusion & C EiC &l
holds because of (4.31). All the proof arguments for Propositions 4.13 and 4.14 are also

valid for V¢@/, (z), and thus we have

(Veleang, (), b > {1 99 — 2(Cy + o) — /8/ma; ! — } 1R|2,
[V, (2)]| < (1 +6) - 24/1.02 + 2/ || ]|.

Next, we turn to control the contribution of the noise. Let w; = —7-1 ging;» and then we

have

: I |wl|oo
Vol (z)| = ATw 1+ 0)||w]e < (146
vt 2l = bl < (14+8) S5

|

when m/n is sufficiently large. Given the regime condition ||k > c3 ”’”"z”‘(‘”, we further
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have
notse (1 + 5)
V"7l (2)|| < ———]h]l,
notse noise (1 + 5)

(V"L (2), B)| < HV lin(2)[] - IR]| < =—]R|*.

We next bound the contribution of V¢*r¢, (z). Introduce q = [q1, . - ., ¢n]’, Where
(af'2)* —y; (af'2)* — (alz)®

Then |¢;| < ,and ||q|| < v/sm - 2a4||k||. We thus have

1
Hvemtragtr(z)” - HATqH <2(1+ 5)\/§ah||h||,

KVem“f >| < ||kl - Hvextmétr )|| < 2(1+ 6)Vsau||h|*.
Putting these together, one has

(Veir(2), h) > (V0 (2), B) = [(V"500,(2), B)| = [(7 2 (2), )|

> (1-99 —2(Ci+ G) = V8/may !t —e— (140)(1/(e30l) + 2\/_0%)) IR]?, (4.32)
and

IVl (2)]] < ||Vl (2)]| + ||Vl (2) || + ||V (2))|

< (1+50) (2\/1.02 +2/an +1/(csal) + 2\/§ozh> i (4.33)

The RC is guaranteed if p, A, € are chosen properly, c3 is sufficiently large and s is

sufficiently small.

esllwlloo

e Regime 2: Once the iterate enters this regime with ||h|| < =] each gradient iter-

ate may not reduce the estimation error. However, in this regime each move size V{,,(z)
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l[w]loc
Izl

is at most O(||w||~/||Z||). Then the estimation error cannot increase by more than

with a constant factor. Thus one has

[wlloo
|

dist (z — uVily(2), ) < c;

for some constant cs. As long as ||w||s/||x||? is sufficiently small, it is guaranteed that

lw]lo

=l < Ca ||||. If the iterate jumps out of Regime 2, it falls into Regime 1.

Cs

4.6.3 Proofs for Median-RWF

We first show that VR;,.(z) in (4.10) satisfies the RC for the noise-free case, and then ex-
tend it to the model with only sparse outliers, thus together with Proposition 4.10 establish-
ing the global convergence of median-RWF in both cases. At last, we prove Theorem 4.3

in the presence of both sparse outliers and dense bounded noise.

Proof of Proposition 4.1
The central step to establish the RC is to show that the sample median used in the trun-
cation rule of median-RWF concentrates on the order of ||z — x|| as stated in the following

proposition.

Proposition 4.15. If m > conlogn, then with probability at least 1 — ¢; exp(—com),
0.5]|z — @|| < Oo.a9, 0172, 0051 ({]]af 2| — |alT:1:\|}:il) <0.8)|z — x|, (4.34)

holds for all z, x satisfying ||z — x| < 1/11]z|.
Proof. See Section 4.6.4. 0

Next we give a bound on the left hand side of RC.

Proposition 4.16 (Adapted version of Proposition 2 of [61]). Consider the noise-free mea-

surements y; = |al x| and any fixed constant ¢ > 0. If m > con logn, then with probability
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at least 1 — ¢y exp(—cam),

(VR (2), 2 — @) > {0.88 = (| — ¢ — e} |}z — 2| (4.35)

holds uniformly over all x,z € R" satisfying = ‘T” < =, where ¢y, ci,cy > 0 are some

B 20°

universal constants, and (|, (5 are given by

- : 2
¢ :=1-min {E {5 Lie>0.5v 1000 'z‘”'}} B [1{520.5\/ma; ”Tm“’}} }

[E]

Cé =E [521{\g|>0.5\/0.99a;}}

for some & ~ N(0,1) and o, = 5.
Proof. See Section 4.6.4. 0

Proposition 4.16 indicates that (VR;.(z), z — x) is lower bounded by ||z — x||* with
some positive constant coefficient. In order to prove the RC, it suffices to show that
|VR:-(2)|| is upper bounded by the order of ||z — «|| when z is within the neighborhood

of true signal .

Proposition 4.17 (Lemma 7 of [61]). If m > cqn, then there exist some constants cy,co > 0

such that with probability at least 1 — ¢y exp(—cam),
IVRw(2)]| < (1.8 +0)|z — ] (4.36)

holds uniformly over all z, z € R™ satisfying ||x — z|| < & ||z|| where & can be arbitrarily

small as long as cq sufficiently large.

Proof. See Section 4.6.4. [

2(0.88—] —Ch—e)

With the above two propositions, RC is guaranteed by setting p1 < g := (R

and A+ g+ (1.8 +6)? < 2(0.88 — (] — ¢, —e).



118

Proof of Theorem 4.2
We consider the model (4.2) with only outliers, i.e., y; = |(a;,z)|” + n; for i =
1,---,m. It suffices to show that VR, (z) satisfies the RC. The critical step is to lower

and upper bound the sample median of the corrupted measurements. Lemma 4.8 yields

0, ({llaizl —la; z[[}) <0, (v —lai z|l}) < 0y, ({llai = —|a; 2|]}. 4.37)

1
2

For the simplicity of notation, we let h := z — x. Then for the instance of s = 0.01,

Proposition 4.15 yields that if m > cyn logn, then
0.5][R|l < 01 ({Iv/%i — lai 2|[}) < 0.8]| | (4.38)

holds with probability at least 1 — 2 exp(—Q(m)).
To differentiate from 7, we define 7* := {||alz| — |a!2|| < ajmed {|\/5i — |al z||} }.

We then have

VRiu(z) = %Z ]a z| — a117—1
=1
1 — 1
=—> (lalzl— V) ailz+—> ((laf'2l = Vi) 17 — (lal 2| - |al2[) 17.) a:.
=1 €S
Vclear?;atr(z) Veztr;;ztr(z)

Under the condition (4.38), the inclusion property (i.e., 77 € 7 C 7;) holds, and all
the proof arguments for Propositions 4.16 and 4.17 are also valid to V<" R,,(2). Thus,

one has

<VCleanRtr(z)’ h> > (088 — G — Cé - 6) HhH2

|V Ry (2)]| < (1.8 + 0)]|R]].
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We next bound the contribution of V¢*"*R.(z). Introduce q = [q1, - - . , ¢m]”, Where
6 = ((lai 2l = Vi) 11 = (la/ 2| = |a]®]) 17:) 1jies).
and then |¢;| < 1.6a/,||h||. Thus, ||g|| < +/sm - 1.6, ||k||, and

1
[V Ra(2)]| = - [ ATa]l < 16(1+6)v/5a ]l

(V" Ren(2), B)| < |[B] - [[ V"R (2) || < 1.6(1+ )50, || RJ?,
where A = [ay, ..., a,]". Then, we have

(VR (2), h) > (V"R (2),h) — (V" Ry, (2), h)|

> (0.88 = ¢ — G — e — L6(1+3)v/5a}) [|R]%
and

VR (2)]| < ||V Rer(2) || + ||V Rer(2) |

< (1.84 0+ 1.6(1+ 0)v/s,) || .

Therefore the RC is guaranteed if x, A are chosen properly, d is chosen sufficiently small

and s is sufficiently small.

Proof of Theorem 4.3
We consider the model (4.2) with outliers and bounded noise. We split our analysis of
the gradient loop into two regimes.

e Regime 1: ¢||z|| > ||h|| > c31/||w]|s- In this regime, error contraction by each
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gradient step is given by
dist(z — uVRy(2), ) < (1 — p)dist(z, x). (4.39)

It suffices to justify that VR;,.(2) satisfies the RC. Denote §; := (alx)? + w;. Then by

Lemma 4.8, we have

[V~ laT =)} < mea v - lal21]} <0y, { Vi - laf21 ]}

Moreover, by Lemma 4.7 we have

0s{ |V~ laT2l| } = 0y, {|laf @l — [al2I[}| < VW],
AV~ lal 2|} =0, {|laf @] - lal2]]}] < Vwle

Assume that s = 0.01. By Proposition 4.15, if c3 is sufficiently large (i.e., c3 > 100), we

still have
0.5/|h|| < med {|\/y; — |a] z||} < 0.8||h]|. (4.40)

Furthermore, recall 7 := {||alz| — |al z|| < o/;med {||al 2| — \/7i|} }. Then,

m

1
VRtT(Z) = E Z (|G?Z| — \/E) a'i]-Ti

=1

alz| — |ajz|) a;lr + al z| — |al'z|) a;1+,
T

i¢S i€S

1
m

Vclear?;th( )

i Z — |lal'z|)a;ly + — Z (laf z| — Vyi) 175 — (la] z| — |a] x|) 1) a; .

z@?S o ZES

J/ J/

V”noiseRtr(Z) Vextr'aR“,(z)
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For i ¢ S, the inclusion property (i.e. 7' C 7% C T.}) holds because

Vi —lai 2| € |lai =[] —|a; 2|| = v/[wi]

and \/|w;| < éHhH for some sufficient large c5. For i € S, the inclusion 7 C 7¢ C T
holds because of (4.40). All the proof arguments for Propositions 4.16 and 4.17 are also

valid for V¥**" R, (z), and thus we have

(VA R (2), B) = (0.88 = G = G = )[R,

[V Ry (2)]| < (1.8 +0)||Ra]].

Next, we turn to control the contribution of the noise. Let w; = (\/y; — |alz|)11:.

Then |@;| < +/|w;| and we have

anozseR ” — H_AT~ H H_AT +5 ”wHoo ~ (1 +6> ”wHooa

Il =

when m /n is sufficiently large. Given the regime condition || k|| > ¢34/||w||, We further

have
noise (1 + 5)
V" R (2)|| < o IRl
notse noise (1 + 5)
(77 Rap(2), )] < [ 77 Rer (2] ] < )
We next bound the contribution of V¢*r*R,.(z). Introduce q = [q1, - . ., gm]*, Where

G = ((|aiTZ\ — Vi)l — (lai 2| - |aiTa:|)17~—i) Liiesy-
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Then |¢;| < 1.6¢v,||k||, and ||q|| < v/sm - 1.6a}||h||. We thus have

1
[V R (2)]| = - || ATq]| < 1601+ 0)V/sa B,

‘<V6”T“Rtr(z),h>{ < k]| - HV“”“RtT(z)H < 1.6(1 4 6)v/sa, ||k
Putting these together, one has

(VR (2),h) > (V"R (2),h) — (V" Ry (2), B)| — (V" Ry (2), b)|

> (0.88 — (1 — G — e — (14+6)(1/c3 — 1.6V/503)) [|R],
and

HVRtr(z)H S chleanRtr(z)” + anoiseR”(z)H 4 HvextruRtr(z)”

< (1.840+ (140)- (1/cs + 1.6v/sa)) ||h]|. (4.41)

Thus, the RC is guaranteed if i, \, € are chosen properly, ¢y, c3 are sufficiently large and
s 1s sufficiently small.

e Regime 2: Once the iterate enters this regime with ||h|| < c31/[|w]/~, each gradi-
ent iterate may not reduce the estimation error. However, in this regime each move size
UV R (2) is at most O(4/||w||~). Then the estimation error cannot increase by more than

V/||w]| with a constant factor. Thus one has
dist (z — uVRy(2), ) < c5v/||w] (4.42)

for some constant c¢;. As long as +/||w|. is sufficiently small, it is guaranteed that

csv/ ||lw||so < c4||x||. If the iterate jumps out of Regime 2, it falls into Regime 1.
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4.6.4 Proofs of Supporting Lemmas

Proof of Lemma 4.6
For simplicity, denote 6, := 6,(F) and 6, := 0,({X;}™,). Since F" is continuous and
positive, for an e, there exists a constant ¢; such that P(X < 6, —¢) = p — 01, where

91 € (el,eL). Then one has

R a - 1 &
P (0,, <0, — e) @ p (Z Lixi<0,—} > pm> P (E Z Lix,<0,—} > (p— 61) + 51>

i=1 i=1

(6)
< exp(—2md}) < exp(—2me’l?),

where (a) is due to the definition of the quantile function in (4.18) and (b) is due to the fact
that 1;x,<9,—c} ~ Bernoulli(p — d;) i.i.d., followed by the Hoeffding inequality. Similarly,

one can show for some 0, € (el €L),
P <9p >0, + e> < exp(—2mé3) < exp(—2me*l?).

Combining these two inequalities, one has the conclusion.

Proof of Lemma 4.7

It suffices to show that
\X(k) —Y(k)\ gmlax]Xl—Yl\, Vk=1,--- ,n. (4.43)

Case 1: k = n, suppose X(,) = X; and Y,y =Y, i.e., X; is the largest among {X;}}",
and Y is the largest among {Y;}}" ;. Then we have either X; < X; <YjorY; <Y; < X,.

Hence,

[ Xm) = Y| = [ Xi = Y3 < max{[X; = Yi[, [X; = Yj[}.
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Case 2: k = 1, suppose that X ;) = X; and Y() = Y. Similarly

Xy — Y| = |Xi = Y| <max{|X; - Y|, |X; - Y|}

Case 3: 1 < k < n, suppose that X ;) = X, Y(;) = Y}, and without loss of generality
assume that X; <Y if X; =Y, 0 = [ X)) — Yi)| < max; | X; — Y| holds trivially). We
show the conclusion by contradiction.

Assume | Xz — Y(x)| > max; | X; — Y;|. Then one must have Y; < Yj and X; > X; and
i # j. Moreover for any p < k and g > k, the index of X, cannot be equal to the index
of Y(,); otherwise the assumption is violated.

Thus, all Y, for ¢ > k must share the same index set with X,y for p > k. However,
X, which is larger than X; (thus if X; = X/, then k' > k), shares the same index with

Y;, where Y; = Y(;,). This yields contradiction.

Proof of Lemma 4.8

Assume that sm is an integer. Since there are sm corrupted samples in total, one can
select at least [(p — s)m| clean samples from the left p portion of ordered contaminated
samples {601/, ({X;}), O2/m({Xi}), -+, 6,({X;})}. Thus one has the left inequality. Fur-
thermore, one can also select out at least [(1 — p — s)m] clean samples from the right
1 — p portion of ordered contaminated samples {6,({X;}),---,0:({X;})}. One has the

right inequality.

Proof of Lemma 4.9
First we introduce some general facts for the distribution of the product of two corre-
lated standard Gaussian random variables [143]. Let u ~ N (0,1), v ~ N (0, 1), and their

correlation coefficient be p € [—1, 1]. Then the density of uv is given by

B 1 px ||
(bp(x)_W\/mexp(l_p2)[(0<1_p2)a x#()?
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where Ky (-) is the modified Bessel function of the second kind. Thus the density of r =

luv| is

1 px px ||
velo) = N {eXp (1—/)2> e <_1—p2)} fo (1—02) (120 44

for |p| < 1. If |p| = 1, r becomes a x? random variable, with the density

D) = ——a oxp(—a/2), @ > 0.

V2r

It can be seen from (4.44) that the density of r only relates to the correlation coefficient
p€—1,1].

Let 01/2(1,) be the 1/2 quantile (median) of the distribution ¢/,(z), and v,(61 2) be the
value of the function v, at the point ¢, /5(¢,). Although it is difficult to derive the analytical
expressions of 6, /2(1),) and 1),(6;/2) due to the complicated form of ¢, in (4.44), due to
the continuity of ¢,(x) and 6, /2(¢,), we can calculate them numerically, as illustrated in
Figure 4.5. From the numerical calculation, one can see that both 1/,,(0;,2) and 6, /2(¢,)

0.8

—p=0.49
——p=050 | 4
—p=051

0.75}

o
N

I
IS

Quantile Bp(lpp)
o
(=]

Density qu(Sp)
o
&

0.38
0.551

0.5r

. . . . . . . . .
0 01 02z 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 09 1
Correlation p Correlation p

Fig. 4.5: Quantiles and density at quantiles of ),(z) across p.

are bounded from below and above for all p € [0, 1] (1,(-) is symmetric over p, hence it is

sufficient to consider p € [0, 1)), satisfying

0.348 < 1 )5(),) < 0.455,  0.47 < 1,(612) < 0.76. (4.45)
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Proof of Proposition 4.10
Denote ; := |alz|?> + w; for convenience. We first bound the concentration of

med({y;}), also denoted by 01 ({y;}). Lemma 4.8 yields

01 ({#:}) < 0:({u}) < 01.,({5:})- (4.46)

Moreover, Lemma 4.7 indicates that

01 _({7:}) > 01 ({lai =[*}) — [[w], (4.47)

01, ({m:}) < 01, ({laf z*}) + [[wl|e. (4.48)

Observe that al ¢ = a2 ||z||?, where a;; = alz/||z|| is a standard Gaussian random
variable. Thus |G, |? is a % random variable, whose cumulative distribution function is de-
noted as K (). Moreover by Lemma 4.6, for a small ¢, one has 9%_5({ a1 |*}) — 6’%_8([() <
cand |01 ({|an[*}) — 01,,(K)| < € with probability 1 — 2exp(—cme?) and c is a con-
stant around 2 x 0.477% (see Figure 4.5). We note that 9%([() = 0.455 and both 6%73(1()
and 0, (/) can be arbitrarily close to ¢ 1 (K) simultaneously as long as s is small enough

(independent of n). Thus, one has
(03-2(K) = =) l@l* < 0,({w}) < (03 + e ¢) 2l (449)

with probability at least 1 — exp(—cme?). For the sake of simplicity, we introduce two new

notations (s := 61_(K)and (* := O%JFS(K). Specifically for the instance of s = 0.01, one

%
has (s = 0.434 and (* = 0.477. It is easy to see that (* — (s can be arbitrarily small if s is
small enough.

We next estimate the direction of @, assuming || || = 1. On the event that (4.49) holds,



127

the truncation function has the following bounds,

1{y¢§a291/2({yi})/0-455} < 1{yi§o¢2(CS+e)/0.455} < 1{(a{x)2§a§(cs+e+c)/o.455}

1{y¢§a291/2({yi})/0-455} 2 1{yi§o¢2(gs—e)/0.455} 2 1{(aZTw)ngz%(Cs—e—c)/0.455}'

On the other hand, denote the support of the outliers as S, and we have

1 T~ 1 T
Y=— > il Gilarepazo, (i) fo.455) T - D aial yilgy<az0, (1) /0.455)-
i¢S i€s

Consequently, one can bound Y as

1 1
Yii=—3 aial(a]2)' Larapcagic—opam — ¢ — ) aia] XY

igs i¢S
1 1
j E Z aiaZT(aZTm)21{(a;rm)QSQZ(CS+€+0)/O_455} —|— C- E Z aza;r
i¢s oy
1 T 2/(,s )
+ m ; a;a; o, (C° +€+¢)/0.455 =Yy,

where we have

E[Y1] = (1 —s)(fizz’ + Bod — cI),

(€ +¢)
0.455

E[Y,] = (1 —s)(Bsza” + Bu + cI) + sa I

with

e | —kle

pr=E _5 1{|{|§ay‘/(Csf€fc)/0.455}_ k [5 l{lﬁ\éay\/ (Csec)/0~455}}
'_ 2

pr:=E _5 1{|5|§ay\/(C57€*C)/0.455}_

— | |t —E |€
Ps:=E _5 1{|§|§ay (<s+e+c)/o.455}_ 2 {5 1{I£|Say (Cs+e+6)/0-455}]

. 2
fa:=E _5 1{|§|§ay (<5+e+c)/0.455}_
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where £ ~ N (0, 1).
Applying standard results on random matrices with non-isotropic sub-Gaussian rows
[142, equation (5.26)] and noticing that a;a! (a] )1 ,r4<. can be rewritten as b;b,

where b; == a;(al z)1 {laTz|<c} is sub-Gaussian, one can obtain
1Y1 - E[Y4][| <4, [[Y2-E[Y,]| <6 (4.50)

with probability 1 — exp(—£(m)), provided that m/n exceeds some large constant. Fur-
thermore, when ¢, ¢ and s are sufficiently small, one further has |E[Y;] — E[Y ]| < 0.

Putting these together, one has
Y — (1 —s8)(Bizx” + Bod — )| < 30. (4.51)

Let 29 be the normalized leading eigenvector of Y. Repeating the same argument as

in [1, Section 7.8] and taking 9, € to be sufficiently small, one has
dist(2, z) < 4, (4.52)

for a given 5> 0,as long as m/n exceeds some large constant.

Furthermore let 2% = /med{y,}/0.4552'”) to handle cases ||z|| # 1. By the bound
(4.49), one has

d % s - s
T el < max {| Sl [ el
CC—Cs+2e+2¢,
. 4.53
<SGt R, @53

Thus

dlSt(Z(O),CU) < CS — CS + 26 + 2C

~ 1
) < —
< S T o) + el <

- 11
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as long as s and c are small enough constants. [

Proof of Proposition 4.12

We show that the sample median used in the truncation rule concentrates at the level
|z —]|||z||. Along the way, we also establish that the sample quantiles around the median
are also concentrated at the level ||z — x||||z||.

We first show that for a fixed pair z and x, (4.23) holds with high probability. For
simplicity of notation, we let h := z — x. Let r; = |(alx)? — (al2)?|. Then r;’s are
i.i.d. copies of a random variable r, where r = |(a’x)? — (a”z)?| with the entries of a
composed of i.i.d. standard Gaussian random variables. Note that the distribution of r is
fixed once given h and z. Let x(1) denote the first element of a generic vector x, and
x_, denote the remaining vector of x after eliminating the first element. Let Uj, be an
orthonormal matrix with first row being h’ /|||, @ = Ua, and 2 = U, z. Similarly,
define U:_, and let b = U:_,a_;. Then a(1) and b(1) are independent standard normal

random variables. We further express 7 as follows.

=|(a"2)" - (a'z)’|

=|(2a”z — a’h)(a’h)|
=|(2a"z — a(1)|[Rl)(a()[A])]

=[(2h"z — ||h[*)a(1)* +2(a%,z_1)(a()||h])]
=|(2hTz<—IVHF)&(lf—+2BCUH2-1H&(1NVHH

=[(2h"z — [|h[*)a(1)* + 2¢/]|2[2 — 2(1)2a(1)b(1)[|A]]

(o k"= IRl AT N
- <2||h||||z|| ||z||) a0’ +2\/1 (—thnzn) OLON

= [(2cos(w) — )a(1)? + 2¢/T— co(@)a(1)b(1)| - []l]=]

= [ut] - [[h]]]|=]




130

where w is the angle between h and z, and ¢t = ||h||/||z| < 1/11. Consequently, u =
a(1) ~ N(0,1) and & = (2cos(w) — t)a(1) + 2| sin(w)|b(1) is also a Gaussian random
variable with variance 3.6 < Var(?) < 4 under the assumption ¢ < 1/11.

Let v = ©/4/Var(?), and then v ~ N(0,1). Furthermore, let 7 = |uv|. Denote the
density function of 7" as 9),,(-) and the 1/2-quantile point of 7 as 0, 5(1/,). By Lemma 4.9,

we have

0.47 < ¢, (01/5) < 0.76, 0.348 < 6y 5(1),) < 0.455. (4.54)

By Lemma 4.6, we have with probability at least 1 — 2 exp(—cme?) (here c is around

2 x 0.47%),

0.348 — € < med({r},) < 0.455 + ¢. (4.55)

The same arguments carry over to other quantiles 0 49({r.}) and o 5, ({7} }). From Figure.

4.5, we observe that for p € [0, 1]

0.45 < 7,0,;(90,49),?@;(9051) < 078, 0.336 < 0049(@[)'0), 90_51 (’pr) < 0477 (456)

and then we have with probability at least 1 — 2 exp(—cme?) (here c is around 2 x 0.452),

0.336 — e < 90_49({7“;”}), 00.51({7“:,”}) <0477 + €. (457)
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Hence, by multiplying by /Var(7), we have with probability 1 — 2 exp(—cme?),

(0.65 — ¢)l|lz — z|[|z]| < med ({l(aj'2)* — (ai'x)’|}) < (0.91 + ¢)l|z — =|l]|2],
(4.58)

(0.63 = e)llz — z|l|2l] < foas, 51 ({I(ai 2)* — (ai ®)*[}) < (0.95 + )]z — ]| =]
(4.59)

We note that, to keep notation simple, c and € may vary line by line within constant factors.

Up to now, we prove that for any fixed z and «, the median or neighboring quantiles of
{|(afz)* — (al'x)?|} are upper and lower bounded by |z — ||| z|| times constant factors.
To prove (4.23) for all z and & with ||z — || < & ||z|, we use the net covering argument.
Still we argue for median first and the same arguments carry over to other quantiles.

To proceed, we restate (4.58) as

NaTz) a’h|hl]\ a'h
(0'65‘6)““({’( =T~ Tl qu) ] }>§(0'9”6) (4.60)

holds with probability at least 1 —2 exp(—cme?) for a given pair h, z satisfying ||h||/||z] <

1/11.
Let 7 = ¢/(6n+6m), let S; be a T-net covering the unit sphere, £, be a 7-net covering

a line with length 1/11, and set

= {(Zo, ho,to) (Zo, ho,to) S.,- X ST X ET} (461)

One has cardinality bound (i.e., the upper bound on the covering number) [N, | < (1 +

2/7)?"/(117) < (1 + 2/7)?"*1. Taking the union bound, we have

(0.65 — €) < med ({|2(a] z0) — (a] ho)tolla] ho|}) < (0.91+¢€), V(zo, ho,to) € N,
(4.62)
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with probability at least 1 — (1 + 2/7)*"*! exp(—cme?).
We next argue that (4.62) holds with probability 1— c; exp(—come?) for some constants
c1, ¢y as long as m > co(e2log e )nlogn for sufficiently large constant ¢,. To prove this

claim, we first observe
(14 2/7)*"*! < exp(2n(log(n + m) + log 12 + log(1/¢))) =< exp(2n(logm)).

We note that once ¢ is chosen, it is fixed in the whole proof and does not scale with m
or n. For simplicity, assume that ¢ < 1/e. Fix some positive constant ¢’ < ¢ — cy. It then
suffices to show that there exists a large constant ¢ such that if m > cy(e 2 log e !)nlogn,

then
2nlogm < ¢'me>. (4.63)

For any fixed n, if (4.63) holds for some m and m > (2/c)e~?n, then (4.63) always holds

for larger m, because

1

2
2nlog(m + 1) = 2nlogm + 2n(log(m + 1) — logm) = 2nlogm + = log(1+—)™
m m

2
< onlogm+ — < dme? + ce? = d(m+1)e.
m

Next, we can always find a constant ¢, such that (4.63) holds for m = cy(e ?loge !)nlogn
for any n. Such ¢, can be easily found for large n. For example, ¢y = 4/¢’ is a valid option
if

(4/¢) (e ?loge nlogn < n? (4.64)

Moreover, since the number of n that violates (4.64) is finite, the maximum over all such

co serves the purpose. Next, one needs to bound

jmed ({[2(al z0) — (al ho)tollal hol }) — med ({[2(al'z) — (aT R)tl|alh|})]
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forany ||z — zo|| < 7, ||z — zo|| < Tand ||t — o] < T.

By Lemma 4.7 and the inequality

2] — |y|‘ < |z — y|, we have

Imed ({|2(a] z0) — (a] ho)to||a) ho|}) — med ({|2(a] z) — (a] h)t||a] h|})]
< max |(2(a z0) — (a] ho)to) (a] ho) — (2(a] ) — (a] h)t ) (a] h)|
< g{aﬂi]( ‘( aTzO) — (a;rh())tg) (aiTho) — (2(aiTz) — (aiTh)t) (aiTho)‘

+ maX ‘( (a] z) — (aiTh)t) (alhy) — ( (alz) — (a,iTh)t) (a,iTh)|

16[

< max (|2a] (zo — 2)| + |(a] ho)to — (a] h)t]) |a] hy|

i€[m]

+ max 12(a] z) — (a] h)t| |a] (ho — h)|

i€[m

< max lail*(3 + )7 + max lail*(2+t)r < max lail[*(5 + 2t)7
1e|lm 1e|lm em
On the event E; := {maxX;e[y |a;||* < m + n}, one can show that

med ({|2(al z0) — (a ho)tollal ol }) — med ({|2(al z) — (@l R)t|al Rl})]

<6(m+n)T <e.

We claim that £ holds with probability at least 1 — m exp(—m/8) if m > n. This can
be argued as follows. Note that [a;[|* = Y77, a:(j)?, where a;(j) is the j-th element
of a;. Hence, ||a;||* is a sum of n i.i.d. x? random variables. Applying the Bernstein-
type inequality [142, Corollary 5.17] and observing that the sub-exponential norm of 7 is

smaller than 2, we have
P{|la;||> > m+n} < exp(—m/8). (4.65)

Then a union bound concludes the claim.

Further note that (4.62) holds on an event E», which has probability 1 —c; exp(—come?)
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as long as m > cy(e %log 1)nlogn. On the intersection of F and Es, inequality for 01
(i.e., median) in (4.23) holds. Such net covering arguments can also carry over to show that

inequalities of 6y 49 and g 5; in (4.23) also hold for all z and z obeying ||z — z|| < &

il=ll-

Proof of Proposition 4.13
The proof adapts that of [61, Proposition 2]. We outline the main steps for complete-

ness. Observe that for the noise-free case, y; = (a! x)?. We obtain

1 m TCB)2
Vinz) = 230 ailsine;
m i=1
1 m m Th
— Z a; h al]_(c/‘zmgz - — Z ) ailgiimgé'. (466)

3

One expects the contribution of the second term in (4.66) to be small as ||k || /|| z|| decreases.

For each 7, we introduce two new events

& = {|(ajx)* — (ai 2)*| < 0.6as]|h| - |a; =]},

S,

£ ={|(aix)* — (ai 2)*| < L0an||h| - |a; =}.

N

One the event that Proposition 4.12 holds, the following inclusion property

EiC ECES (4.67)

is true for all 7, where 55' is defined in Algorithm 3. It is easier to work with these new
events because £i’s (resp. £:’s) are statistically independent across i for any fixed « and
z. To further decouple the quadratic inequalities in £ and & into linear inequalities, we

introduce two more events and state their properties in the following lemma.
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Lemma 4.18 (Lemma 3 in [61]). For any v > 0, define

= {|(a]x)* — (a] 2)*| <7|h|l|a] 2}, (4.68)
D“ - { Th| } (4.69)
|k — '
h 2a z
D2 = { } 4.70
7 | =7 (470)

On the event E} defined in Algorithm 3, the quadratic inequality specifying D@ implicates
that a] h belongs to two intervals centered around 0 and 2a] z, respectively, i.e., D4 and

D52, The following inclusion property holds

i1 i i,2 i i i il i i,2 i
(Dlﬁﬁ mgl) U (Dlﬁﬁ N 61) CD.N&EC (DY nE)U(DPNE). @71

Specifically, following the two inclusion properties (4.67) and (4.71), we have

Dzlmgz

1,73

CENECENE CENE C (D UD?)NE 4.72)
where the parameters 3, v, are given by
v3 := 0.248qy,, and vy := qp.

Further using the identity (4.66), we have the following lower bound

2 |aTh,|3 |aTh,\3
(Viw(2),h) = — > (@lh) Loy — — Z et~ Z Lpszne;-

: laf z| |af 2|
=1

(4.73)

The three terms in (4.73) can be bounded following Lemmas 4, 5, and 6 in [61], which

concludes the proof.

Proof of Proposition 4.15
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Observe that

laThl, if (al'z)(al'z) > 0;

(2 7
lai x| — |aj z|| =

2aTx + alh|, if(alz)(alz) <0.

K3 K3

The following lemma states that {(a]z)(alz) < 0} are rare events when |z — z|| is
small. Hence, med ({||a]z| — |alz||}]" ) can be viewed as med({|a!h|}}",) with a

small perturbation.

Lemma 4.19. If m > cyn, then with probability at least 1 — ¢; exp(—cam),

1 m
2 Liareyars)<op < 0.05 @.74)
i=1

holds for all z, x satisfying ||z — z|| < & ||]|.
Proof. See Section 4.6.4. [

By Lemma 4.8 and Lemma 4.19, we have

Op-0.05 ({lai h|}) <0, ({{lai = —|ai z|[}) < Opro0s ({|ai hl}) (4.75)

for all « and z satisfying || — z|| < 7:|/z|| with high probability.

For the model (4.1) with a fraction s of outliers, due to Lemma 4.8, we have that

0, _.({|la| — alz|[}) < 0,({IV7 — lalzII}) < 0. ({|lal 2| — |alz]]}). ©4.76)

1
2

Combining with (4.75), we obtain that

Oo.a5-s({lai h[}) < 01 ({IVui — lai 2[1}) < Oosses({lai h[}). (4.77)

Next it suffices to show that 6y 45, 005515 ({|al h|}) are on the order of ||h|| for small s.
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Let a; = |alh|/||h||. Then ;’s are i.i.d. copies of a folded standard Gaussian random
variable (i.e., || where £ ~ N (0,1)). We use ¢(-) to denote the density of folded standard
Gaussian distribution.

For s = 0.01, we calculate that

@(90.44) - 067, ¢((90,45) — 067, ¢(90.55) - 060, ¢(90.56) - 059 (478)

00‘44(¢) - 058, 90,45(¢) — 06, 60,55(¢) — 076, 90.56<¢) — 078 (479)

By Lemma 4.6, the sample quantiles concentrate on population quantiles. Thus, for any

fixed pair (x, z),
(0.6 — )[Rl < 012({]lai 2| — |a 2[[ 1)) < (0.76 + ) ||, (4.80)

holds with probability at least 1 — 2 exp(—cme2).
Following the argument of net covering similarly to that in Section 4.6.4, the proposi-

tion is proved.

Proof of Proposition 4.16
The proof adapts the proof of Proposition 2 in [61]. We outline the main steps for

completeness. Observe that for the noise-free case, y; = |a] x|. We obtain

1 « T s alz
VR (z) = - E (a; z) — |a; x| - a2 a;lri
i=1 i
1 T 1 T T
p- Eﬂg(az Ja;17i + - iEEB(al z+a; x)a;ly (4.81)

where B := {i : (al'z)(alz) < 0}. If ||h||/||z| is small enough, the cardinality of B is
small and thus one expects the contribution of the second term in (4.81) to be negligible.

We note that events 7 are not statistically independent. To remove such dependency,
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we introduce two new series of events

T = {|lai'x| — |ai'2|| < 0.50}||R]l}, (4.82)

5 = {|la] @| — |a] z|| < 0.80}||h||}. (4.83)
Due to Proposition 4.15, the following inclusion property
TCTCT, (4.84)

holds for all i, where 7 is defined in Algorithm 4. It is easier to work with these new events
because T;"’s (resp. 7T5’s) are statistically independent for any fixed = and z. Because of

the inclusion property (4.84), we have

(VR (z),h) > % > (alh)*1yy — % > lalz +alx| - |al |1y, (4.85)
igB icB
Under the condition i ¢ B, we have 7/ = {|alh| < 0.5¢}/h||}. Under the condition
i € B, we have T} = {|al@ + alz| < 0.8a}||h||}. For convenience, we introduce two
parameters ; = 0.5a, and 2 = 0.8cv},.
We next bound the two terms in (4.85) respectively. For the first term, because of the

inclusion B C {i : |al'z| < |alh|}, we have

1 T1\2 1 T1\2
— D (@lh)" = — > (alh)"Lyarnc iy
i¢B i¢B

LS T2
> — > (al )L ar i<, niy LaT el iaThl)
=1

v

1 — T 2
— > (@l )’ Lyar ey LjaT ey
=1

A simpler version of Lemma 4 in [61] gives that if m > c¢yn, with probability at least
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1 — c1 exp(—come?)

m

1
o 2@ ) L garnicn, iy Liat stz ny = (1= ¢ = G — Ok (4.86)
i=1

holds for all h € R", where (] := 1 — min {E [521{52\/ﬁ7 Ikl } JE [1{52\/@%%!}] }

]| (B3]
and ¢} .= E [521{‘£|> a5y | for & ~ N(0,1).

For the second term, we have

1 1 1 —
— > lalz+alellalhlly < ullhl > |alhl < vlhll— > al Bl jera <,
=1

i€B iEB
(4.87)

where the second inequality is due to the inclusion property B C {i : |al z| < |al h|}.
Lemma 4.20. For any ¢ > 0, if m > cone 2loge?, then with probability at least 1 —
C exp(—ci1€*m),

1 m
—~ > lalhl - 1yaracaray < (0124 ¢€) ||A| (4.88)
=1

holds for all non-zero vectors x, h € R" satisfying ||h| < 55||x|. Here, co,c1,C > 0 are

some universal constants.
Proof. See Section 4.6.4. [

Thus, putting together (4.86), (4.87) and Lemma 4.20 concludes the proof.

Proof of Proposition 4.17
This proof adapts the proof of Lemma 7 in [61]. Denote v; := (a!z — |al z|sgn(alz)) 17

Then

1
VR (2z) = EATU,
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where A is a matrix with each row being a! and v is a m—dimensional vector with each

entry being v;. Thus, for sufficiently large m /n, we have

1
= ||—AT
||VRt7~(Z)|| Hm v \/_

where the last inequality is due to the spectral norm bound || A|| < /m(1 + 0) following

from [142, Theorem 5.32].

1)

We next bound ||v]|. Let v = v!) + v?), where v;’ = al h17:\p and v = (aTx +

alz)1riqpi, where B' := {(al'z)(al

z) < 0}. By triangle inequality, we have |v|| <
oW || + ||v®||. Furthermore, given m > con, by [45, Lemma 3.1] with probability 1 —
exp(—cm), we have

m

1 1
W2 = = Th)? < (1 + 8|k
mHv | mZ(az ) < (1+6)[h]l

=1

By Lemma 4.19, we have with probability 1 — C exp(—cym)

1
EIIUQ)II2 (0.8a,[|2]])* ( Zl{(a z)(aT z<0}> < 0.8]|h|?

holds, where the last inequality is due to Lemma 4.19. Hence,

o) (/74 v
DL < (VIF5+V03) ],
Jim =
This concludes the proof.
Proof of Lemma 4.19
Denote correlation p := Z2s HII 7- Under the condition ||z — x| < L |||, simple calcu-

lation yields 0.995 < p < 1. It suffices to show that the result holds with high probability
for all  and z satisfying p > 0.995. Since now the claim is invariant with the norms of x

and z, we assume that both & and z have unit length without loss of generality.
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We first establish the result for any fixed  and z and then develop a uniform bound
by covering net argument in the end. We introduce a Lipschitz function to approximate the

indicator function. Define

1, ift < 0;
X() =94 L.t 41, ifo<t<y;
0, else;

and then x(t) is a Lipschitz function with Lipschitz constant %. In the following proof, we

set & = 0.001. We further have

LiaTa)aTn<0p < X ((af 2)(a] 2)) < LjaTa)aT2)<s}- (4.89)

For convenience, we denote b; := a!x and b = alz. Then (b;, 131) takes the jointly
Gaussian distribution with mean 1 = (0, 0)7 and correlation p (b; and b; have unit variance).

We next estimate the expectation of 1474 (a7 2)<sy as follows.

E[1{(aT2)@72)<s)) = P{(aj ®)(a] z) <} = / f (1, 72)drid, (4.90)
T1-T2<d

where f(7y,7,) is the density of the jointly Gaussian random variables (b;, b;). Note that
E[1{(474)(a72)<s}] is decreasing on p and for the case p = 0.995 we get E[1{(o74)(a72)<s}] =

0.045 numerically. This implies that

Elx ((a] z)(a] 2))] < 0.045

7 2

for § = 0.001. Furthermore, x ((afx)(alz)) for all i are bounded and hence sub-
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Gaussian. By Hoeffding type inequality for sub-Gaussian tail [142], we have
1 S T T 2
P E x ((ai z)(a] z)) > (0.045 + €) | < exp(—cme?), (4.91)
m
i=1

for some universal constant c, as long as p > 0.995.
We have proved so far that the claim holds for fixed « and z. We next obtain a uniform
bound over all « and z with unit length. Let V! be an e-net covering the unit sphere in R"

and set
Ne = {(0, z0) : (z0, 20) € N] x N[} (4.92)

One has cardinality bound (i.e., the upper bound on the covering number) |N| < (1 +
2/€)?". Then for any pair (x, z) with ||z|| = ||z|| = 1, there exists a pair (x, 29) € N,
such that || — || < e and ||z — 2z¢|| < €. Taking the union bound for all the points on the

net, we claim that
— Z X ((af mo)(a] z9)) < 0.045+¢€, V(xo, 20) € N (4.93)

holds with probability at least 1 — (1 + 2/¢)?" exp(—cme?).

Since x(t) is Lipschitz with constant 1/0, we have
v ((al2)(al2)) — v ((alzo)(al 20))| < + |(af2)(a!2) ~ (al2)(alz0)|. @4.94)
Moreover, by [61, Lemma 1],
%HA(M) 1 < o M|, for all symmetric rank-2 matrices M € R™*",  (4.95)

holds with probability at least 1 — C'exp(—cy;m) as long as m > cyn for some constants



143

C, co, c1,co > 0. Consequently, on the event that (4.95) holds, we have

ST-
[
=
=
|
)
0
|
»
|
| —
=
=
e
8
N
0
e
I\
o

&
Il
—
.
Il
—

NE

. X ((af z)(ai 2)) — x ((ai zo)(a] 20))|
: %HA(sz —wozg)|i  dueto (4.94)

IN |
S| = S| = - ng

ool — 2ozl || F due to (4.95)

IN

o[l — ol - 2]l + [z = 2ol - [lxol]) < 2e3¢/0.

On the intersection of events that (4.93) and (4.95) hold, we have

m

Z X ((aiTw)(aiTz)) < (0.045 + € + 2¢3€¢/9) , (4.96)

=1

1
m

for all = and z with unit length and p > 0.995. Since € can be arbitrarily small, the proof

is completed.

Proof of Lemma 4.20

We first observe that for any +,

Larai<ia?nly = LyaTai<ya)y + LaZnzqel) = LaTal<el} T Lo nz20yny (4-97)

where the last inequality is due to the assumption % < %.

To establish the lemma, we set v = 0.15 and denote 7' := 20y = 3. We next respec-

tively show that

1 m
- > lal bl ar g ey < (0.11+ €)|| R (4.98)
=1
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for all x, h € R", and

1 m
— 1l hlLgarapsqayy < (0.01+ )R] (4.99)
=1

for all h € R™.
We first prove (4.98). Without loss of generality, we assume that h and « have unit

length. We introduce a Lipschitz function to approximate the indicator functions, which is

defined as

1, if |t| < ;

Yy—th+1, ify <[t <v+0;

0, else.
Then x,(t) is a Lipschitz function with constant %. We further have
LjaTal<y) < Xo(@ @) < Ljaraicyis)- (4.100)

We first prove bounds for any fixed pair h, «, and then develop a uniform bound later on.

We next estimate the expectation of |a] h|1,74 <46}

Ella{ h|1{ara<rss)) = // 71| Lgjrs <0y - S (71, T2)da s, (4.101)

where f(71,72) is the density of two jointly Gaussian random variables with correlation
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hTx

P = TariaT # +1. We then continue to derive

E[|G¢Th’1{|a$m|<7+5}]

1 0 2 v+6 . 2
= — ﬁ/ 71| exp (—T—l) / exp (—M> drydry  (4.102)
27T 1— 1% —0 2 —(v49)

2(1 - p?)
Y+6—pT1
1 = : - . .
= —/ |71] exp <—T—1> ' / Y exp (=7%)drdm, by changing variables
\/§7T —00 2 —y—6—p11
V2(1-p%)
1 e 2 5 — ey —§—
= — / |71 | exp <—T—1) e [ 2P + PN e [ 0P dr
V8T J o 2 2(1 — p?) 2(1— p?)

(4.103)

For |p| < 1, E[laj h|1,r4<,14] is a continuous function of p. The last integral
(4.103) can be calculated numerically. Figure 4.6 plots EHa’,iTh’|1{|ale|<’y+5}] fory = 0.15
and § = 0.01 over p € (—1,1). Furthermore, (4.102) indicates that E[|a] k|1, < 14)]

is monotonically increasing with both # and o. Thus, we obtain a universal bound
Ellai h|1{ara/<yi5) < 0.11[|R| for~y < 0.15and § = 0.01, (4.104)

which further implies E[|a! h|x.(alz)] < 0.11]|h]| for v < 0.15 and § = 0.01.

0.11

01r — T
0.09 [
0.08
0.07 |
0.06 [
0.05 |
0.04 |
0.03

0.02 7“
|

0.01

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
P

Fig. 4.6: E[|a] h|1{474 < 5y] With respect to p
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Furthermore, |a! h|y.(al x)’s are sub-Gaussian with sub-Gaussian norm O(||k||). By

the Hoeffding type of sub-Gaussian tail bound [142], we have
1 m
P|— Thl|y.(alz) > (0.11 h||| < —cme?), 4.105
m;ml Xa(@; ) > (0.11 + €) [[h]| | < exp(—cme?) (4.105)

for some universal constant c.
We have proved so far that the claim holds for a fixed pair h, . We next obtain a
uniform bound over all  and h with unit length. Let N/ be a e-net covering the unit sphere

in R™ and set
M = {(wo,ho) : (a’f(),h()) € ./\/Z X ./\/Z}

One has cardinality bound (i.e., the upper bound on the covering number) |N.| < (1 +
2/€)*". Then for any pair (x, h) with ||z|| = ||h|| = 1, there exists a pair (xg, hy) € N,
such that || — xy|| < e and |h — hy|| < e. Taking the union bound for all the points on

the net, one can show
1 m
— § lal holx. (a]®o) <0.11+¢€, V(xo, ho) € N, (4.106)
m
i=1

holds with probability at least 1 — (1 + 2/¢)?™ exp(—cme?).

Since () is Lipschitz with constant 1/§, we have the following bound

1
}Xm (aiTa:) — Xz (CLZTZDO)‘ < 5 ’aiT(a: — :1:0)’ ) (4.107)
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Consequently, on the event that (4.95) holds, we have

i . T T _i - T T
m ; la; h|x. (a’i w) m ; la; holxa (a’i wO)

< %Z la hlx. (al@) - |al holx. (al20)]

m

1 & 1 1
= m ; ‘aiT(h N h°)| + gZ 5 ‘azTh0| : \ainB - aiT:Bo\ due to (4.107)

i=1

1
< chl|h — hyl| +5'C2Hho($—$o)T||F due to (4.95)

< 036/5.
On the intersection of events that (4.106) and (4.95) hold, we have
1 m
— lalhix. (a]zo) < (0.11 + € + 2c3¢/5) (4.108)
m
=1

for all  and h with unit length.
We next prove (4.99). Without loss of generality, we assume that h has unit length. We

introduce a Lipschitz function to approximate the indicator functions, which is defined as

1t], if [t >
Xn(t) = L(jt| =) ++/, ify/(1-0) < |t] <
0, else.

Then, x5 (t) is a Lipschitz function with constant ;. We further have
@l RIL ot nsy gy < Xn(aiR) < Jai BI1arhisn o s)n)y- (4.109)

We first prove bounds for any fixed h, and then develop a uniform bound later on.
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We next estimate the expectation of |aj h|1;,7p s (1—s)n| as follows:

o0

Ella; bl {arnsqa-sjnp) = / T psyr -y - f(T)dT,

1 e 72
:2~—/ Texp(——) dr
V21 Jy(1-5) 2

2
= \/jexp(—ya(l —6)?/2) <0.01  fory =3,§ =0.01, (4.110)
™

where f(7) is the density of the standard Gaussian. We note that E[|a] h/| LijaTh|>y(1—8)nl}]
is monotonically increasing with ¢ and decreasing with /. Furthermore, E[y;,(alh)] <
0.01||h|| forv' > 3 and 6 < 0.01.

Moreover, x(alh) for all i are sub-Gaussian with sub-Gaussian norm O(||h]|). By

the Hoeffding type sub-Gaussian tail bound [142], we have
1 m
P | 2 xalalh) > (00144 )| < exp(-eme), (4.111)

for some universal constant c.

We have proved so far that the claim holds for a fixed h. We next obtain a uniform
bound over all h with unit length. Let N, be an e-net covering the unit sphere in R”. One
has cardinality bound (i.e., the upper bound on the covering number) |[N,| < (1 + 2/¢€)™.
Then for any h with unit length, there exists a hg € N. such that ||h — hg|| < e. Taking

the union bound for all the points on the net, one can show
1 m
— xu(a]he) 0.01+¢, Vhy €N, (4.112)
m
=1

holds with probability at least 1 — (1 + 2/¢)" exp(—cme?).
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Consequently, we have

i=1 i=1
1 m

< - ; |Xh(aiTh) — xn(aj ho)
1 1«

S SE;‘G,T(h—ho)l
1

< Sc’2||h — hyl| < e3€/0,

where the second inequality is because x(t) is Lipschitz continuous with constant 1/4.

On the intersection of events that (4.112) and (4.95) hold, we have

1 m
— > xalalh) < (0.01+ €+ cse/3). 4.113)
=1

for all h with unit length.

Putting together (4.108) and (4.113), and since € can be arbitrarily small, the proof is

completed.



150

CHAPTER 5

FUTURE WORK

We study the robust PCA problem and the phase retrieval problem in this dissertation. For
the robust PCA problem we provide a more refined analysis of PCP via local coherence.
For the phase retrieval problem, we first propose a fast algorithm RWF that solves phase
retrieval by minimizing a nonconvex and nonsmooth quadratic loss function. This loss
function sacrifices the smoothness but enjoys advantages in statistical and computational
efficiency. We further propose a median truncation approach to modify existing TWF and
RWEF algorithms to resist the outliers that are often encountered in the phase retrieval mea-
surements. Our median truncation modified algorithms do not require prior knowledge of
outliers and perform well in an oblivious manner.

These works motivate us to further explore several directions in the future. We describe

two interesting problems that are under consideration.

5.1 Structural Phase Retrieval

In practice, signals often have specific structures e.g., non-negativity, sparsity, etc. Mo-
tivated by the idea of compressive sensing, it is anticipated that with the prior structural

knowledge, the number of measurements that is required to guarantee exact recovery can
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be substantially reduced.

Specifically, [79] proposed the thresholded Wirtinger flow algorithm to recover a sparse
underlying signal, which showed that the true signal « can be recovered with high probabil-
ity and a linear convergence rate, as long as the number of samples is O(k? log n), where k
is cardinality of the support set of . One interesting future direction is to modify the RWF
algorithm to exploit such structures to assist the recovery. The lower-order loss function
may offer simplicity and improvement to the proof of the performance guarantee in such
cases.

The heuristic algorithm can be designed as in Algorithm 5. We introduce an amending
function H (-) which can admit the prior knowledge of the signal, e.g., sparsity level and

non-negativity.

Algorithm 5 Reshaped Wirtinger Flow with Prior

Input: y = {y;}",, {a;},, amending function H, gradient stepsize y;

Initialization: Same as in RWF (see Algorithm 1).
Gradient loop: fort =0:7 — 1do

Compute the amending parameter 7%,
Update 2D = H_ o (20 — p- v(21)). (5.1)

Output z(7).

We anticipate such a modified algorithm can improve the sample complexity achieved

in [79] and expedite the convergence due to the lower-order loss function.

5.2 Fast and Robust Low-rank Matrix Recovery

Motivated by the success of nonconvex heuristics in phase retrieval problem, researchers

have extensively studied the nonconvex approaches to recover the low-rank matrix.
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Problem 5.1 (Low-rank Matrix Recovery). Find X € R"*? with minimal rank such that
AX)=y (5.2)

where A : R"*P — R™ is a affine transformation (known) and y € R™ is the observation

vector (known).

Suppose that the underlying solution X is a rank-r positive semidefinite matrix, and
can be decomposed as X = UU”, where U € R"*". Recently, [85, 86] proposed to

minimize the following loss function
UZ) = —1 ||A(ZZ7) — y||2 (5.3)
C4dm ’ '

where Z € R™". The recovery of the true matrix is guaranteed by minimizing the non-
convex objective (5.3), when A is composed of independent Gaussian matrix measure-
ments (i.e., elements are independent Gaussian random variables). Specifically, [86] pro-
posed an algorithm that achieves the linear convergence rate and the sample complexity
O(nr3logn).

However, it consumes huge space to store the Gaussian matrices especially when the
dimension becomes large. Thus rank-1 measurement matrices are preferred in this scenario

[27]. For the positive semidefinite (PSD) matrix X = UU?, the measurements become
yi = (a;al , X)) =al Xa; = |[U a;||?, i=1,...,m, (5.4)

where a; € R" are the measurement vectors and m is the number of measurements.
It is interesting to extend the idea of RWF to improve the low-rank matrix recovery.
Instead of minimizing (5.2), we propose to minimize a lower-order loss function
1 m
) T 2
R(Z)=5-> (127 ail — Vi) (5.3)

i=1
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We anticipate that the above loss function will bring us benefit on the convergence rate and
the sample complexity.
It is also interesting to consider the robust low-rank matrix recovery [146]. We expect

that the median-truncation approach will provide new improvement along this line.
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