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ABSTRACT

An important topic in the calculus of variations is the study of traction-free problems,
in which deformations between given domains in R" are allowed to slip on the boundary,
without prescribing boundary values. For annuli A = A(r, R) and A* = A(r,, R.), we seek
the traction-free minimizer of the p-harmonic energy among homeomorphisms in Sobolev

class W1P(A, A*). For such a mapping, the p-harmonic energy is defined by

&l = [ IDhw)rds

Classical methods fail for traction-free problems. We will use a novel approach based on
the concept of free Lagrangians, described as differential forms L(x, h(x), Dh(z))dx whose
integral depends only on the homotopy class of h. We find that the solution to the p-harmonic

variational problem depends on the relative thickness of A and A*.
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Chapter 1

Introduction

A classical problem in the calculus of variations concerns the existence of a minimizer for a

given energy integral, subject to prescribed values.

Problem 1.0.1. Let a bounded domain X C R" and a function f : 0X — R be fixed. For
a given class A of mappings on X and a stored energy function £ = £(x,y, M), does there

exist a map h’ € A with h°|sx = f such that

/5(1’, h(x), Dh(zx))dz > /5(9&, h%(x), Dh°(x))dx

X X

for all h € A?

Classical methods can be used to reduce this variational problem to a problem involving
differential equations. A rich theory addressing these problems exists [2, 3].

A modification of the classical problem is the so-called traction-free problem, where no
values of the solution are prescribed. For a traction-free problem, mappings between given

domains are allowed to slide on the boundary of the target. This area of study is compelling



because new tools and nonclassical approaches are needed to answer traction-free problems.
Classical methods for this problem fail. The traction-free problem for the conformal, or
n-harmonic, energy has been solved on annuli in R™ [7].

We generalize these results for the p-harmonic energy when p is greater than the dimension

of the space.

Definition 1.0.2. Let X be a domain in R". For p > 1, the p-harmonic energy of a mapping

h Sobolev class Wh?(X, R")is given by

£,h] = / | Dh(z)Pdz (1.1)

Problem 1.0.3. Does there exist a homeomorphsim hY in the Sobolev class W!P(A A*)
such that &,[h°] = inf{&,[h]}, where the infimum is taken over all homeomorphsisms in

WLP(A, A%)?

When p = n, we have the conformal energy. The methods of [7] are followed, but
considering different powers of integrability significantly complicates the calculations. For
mappings between annuli A = A(r, R) and A* = A(r,, R.), we find the solution of the p-
harmonic variational problem depends on the relative thickness of the annuli. We now briefly
present the main results.

When f—: = %, we have a harmonic mapping h%(z) = “=r of A onto A*. If h is any

homeomorphism in Sobolev class WP(A, A*), we can estimate £,[h] using Holder’s inequality



and Hadamard’s inequality. If |X| = [ dx, then we have
X

3

P

p—n p—n n g A* %
/|Dh(:v)|pda: > A7 /\Dh(:l:)|”dx > A7 n?/Jh(x)da: = nMA||—pL
A A "

A

Equality holds throughout for the conformal mapping h°, so we see it is the desired homeo-
morphism.

Suppose the target annulus A* is conformally thinner than A. We say we are in the
contracting case when f—: < %. If A* is not too thin relative to A, we can find a p-harmonic
energy-minimal radial homeomorphism. If A* is too thin relative to A, then there is no such
homeomorphism, but we can still find a radial p-harmonic energy minimizer. The following

two theorems state these results.

Theorem 1.0.4. Let A and A* be annuli in R™ with H, (£) < f—: < & where H, : [1,00) —
[1,00) is an increasing function depending onn and p, defined in (4.27). If p > n, then there

exists a unique radial homeomorphsim h®(x) = H(|$|)% that maps A onto A* such that

/ \Dh(z)]P dz > / |DR(2)|P da

A A

for every homeomorphism h : A — A* of Sobolev class WhP(A, A*).

Theorem 1.0.5. Let A and A* be annuli in R™ with &= < H, (%) If p > n, then there is

Tx

no p-harmonic energy minimal radial homeomorphism of A onto A*, but there exists a radial



map h°(x) = H(|x|)% of A onto A*, which is a limit of homeomorphsisms, such that

inf / \Dh(z)Pdz b — / \DRO(2)[P da

A A

where the infimum is taken over the class of homeomorphisms in Sobolev class WhP(A, A*).

Now suppose the target annulus A* is conformally thicker than A. We say we are in
the expanding case when f—: > %. If A* is not too thick relative to A, there is a radial
homeomorphism with minimal p-harmonic energy. However, in higher dimensions if A*
is too thick relative to A, we have constructed homeomorphisms with smaller p-harmonic
energy than every radial mapping of A onto A*. We have the following theorems, which are

restated in more detail in Chapter 5.

Theorem 1.0.6. Let A and A* be annuli in R™, and suppose p > n. There exists a function
Hy o [1,00) = [1,00), depending on n and p (see Theorem 5.2.4), such that if% < f—: <
H (£), then there exists a radial homeomorphsim h°(x) = H(|x|)|;—‘ that maps A onto A*

such that

/ \Dh(z)|P da > / DR (2) P da
A A
for every homeomorphism h : A — A* of Sobolev class WhP(A, A*).

Theorem 1.0.7. Let A and A* be annuli in R™ for n > 4, and suppose p > n. Surprisingly,
there exists a function H_ depending on n and p (see Example 5.2.1), such that whenever

B s 3y (}f), there exists a non-radial homeomorphism h°(z) that maps A onto A* such

Tx



that

/\Dh(:v)]p dx > /\Dho(x)|p dx
A A
for every radial homeomorphism h : A — A* of Sobolev class WIP(A, A*).

In this work, Chapter 1 presents some necessary preliminary material introducing no-
tation and describing the appropriate class of mappings under consideration. The main
computational tools are then introduced in Chapter 2. These are special differential n-forms
called free Lagrangians, whose integral will be independent of choice of mapping within the
appropriate class.

Armed with the n-forms to integrate, we describe in Chapter 3 some inequalities we
will use to estimate &,[h]. In Chapter 4, we construct p-harmonic radial mappings that are
candidates for the energy minimizer. Lastly, we pull together the tools from Chapters 2-4 to

give proofs of the main theorems.

1.1 Preliminaries

1.1.1 Basic notation

Throughout our paper, we will let n > 2 denote the dimension of the space. The sets X
and Y will be bounded domains in R™ of finite connectivity, unless otherwise specified. The
set Ry = R" — {0} will be the punctured Euclidean space, and R" = R U {oo} will be
the one-point compactification of R". For vectors v, w € R", we will use the inner product

T

(v,w) = vTw, and |v| will denote the Euclidean norm of v, given by |v|? = (v,v). The cross

product of n — 1 vectors vy,...,v,_1 in R" is denoted by v; X - -+ X v,_1. In certain contexts,



a point x € R™ will be equated with the vector z — 0.

For a domain X C R", its boundary will be denoted by 0X. We will write the (n — 1)-
dimensional sphere of radius ¢ > 0 by S}' = {z € R" : |z| = t}, and S"~! will be reserved
for the unit sphere. Also throughout the paper, 0 <7 < R < oo and 0 < r, < R, < oo will

be fixed, and A and A* will be the annuli
A={zxeR":r <|z| <R}, A*={x e R":r, < |z| < R.}. (1.2)

The set of all n x n real matrices will be denoted R™*". The transpose of a matrix A €
R™*" will be denoted A and the cofactor matrix of A will be denoted A%. For A, B € R"*",
we will use the inner product (A|B) = tr(A” B). The Hilbert-Schmidt norm, also called the
Frobenius norm, of a matrix A € R™" is denoted |A|, and is given by |A|> = (A|A). The
normalized Hilbert-Schmidt norm is [A]* = Ltr(ATA). If h : X — R" is a differentiable
mapping, then Dh will denote its Jacobi matrix. We will write the ¥ component of h as
hi. Subscripts will denote derivatives aaThj = h;. The Jacobian determinant will be written as
Ju(x) = det(Dh(z)). If ¢ : X — R is a differentiable function, its gradient will be denoted
V.

If V:R®™ — R" is a locally integrable vector field, its divergence will be understood in

the weak sense, that is, for all ¢ € C5°(R"),

[aio=- [.v0). (13)

Rn Rn

Similarly, if M : R™ — R™*" is a locally integrable matrix field, then for all ¢ € C§°(R™, R"),



the divergence of M is defined by

[, o) =~ [ o). (1.4)

R™ R™
We see that if r1,r,,...,r, are the row vectors of M, then
div(ry)
div(ry)
div(M) = . (1.5)
div(r,)

1.1.2 Polar Coordinates

Because of the rotational symmetry of A and A*, we find polar coordinates to be the most
convenient coordinate system with which to work. In this system, we represent each point
r € Ry using a number ¢ > 0, called the radial coordinate, and a point o € S*~!, called the
spherical coordinate. The coordinates are given by ¢t = |z| and o = % Clearly, = = to.

If € RY is a point, it will also be useful to use the normal and tangential vectors

T

of R™ at x. The normal vector at x is N(z) = - The tangential vectors, denoted by

B

Ti(z),...,T,_1(z), form an orthonormal basis for the tangent space to S}" !, where t = |z|.
We see that together, {N,T1,...,T,,_1} is an orthonormal basis for R" at z. It may only be
possible to choose the vectors T;(x) to depend continuously on x locally, but many important

locally defined quantities we will study are actually independent of basis, and as such are

well defined globally.



If X C R, we can define the polar derivatives of a differentiable function h : X — R".

The normal derivative of h at x is hy(x) = Dh(z)N. It is immediate from the chain rule

that the normal derivative in polar coordinates is hy(z) = %—?(ta). Fori=1,2,....n—1,

the " tangential derivative of h at x is hr,(x) = Dh(z)T;. Together, hy, hr,, ..., hr,_, are
called the polar derivatives of h.

The Hilbert-Schimdt norm of Dh is independent of basis, so we have

|DR* = |hw|* + |hny [* + [ha|* + -+ + B, [P = [ + (0 = D) | ], (1.6)

where we define |hr|> = = (Jhr, |* + |hp, |* + -+ + |1, _,|?). We also note that the Jacobian

can be written in terms of polar derivatives as

Jh = det(Dh) = <hN,hT1 X X th_1>. (17)

The expression hp, X --- X hp,_, is also independent of choice of basis.

Proposition 1.1.1. If h : X — Y is a differentiable mapping with Jn(x) # 0 almost every-

where, then we have (Dhﬁ)Té—| =hp, XX hp,_,.

Proof. The claim follows from Cramer’s Rule: Dh*(z)Dh(x) = Ju(x)I. We begin by taking

the inner product of (Dhﬁ)Tﬁ with each tangential derivative of h. Fori=1,...,n—1, we
have
<(Dh”)T’x—‘, hTi> = (N, (DR")DhT;) = Ju(z)(N, T;) = 0. (1.8)
x



Therefore, (Dhﬂ)T% is orthogonal to each tangential derivative, and hence parallel to the

cross product hp X --- X hy, . Taking the dot product with iy, we then have

<(Dhﬁ)T;—’, hN> = (N, (Dh*)Dh N) = J,(x)(N, N) = Jy(z). (1.9)

Comparing the expressions in (1.7) and (1.9), we arrive at
<h]\[, (Dhﬁ)Tﬁ> = <hN, th X X th—1> (110)
x
We saw that (Dhﬁ)Té—| is parallel to hqy X+ - -xhp, |, and we see from (1.7) that hp, X+ - -Xhr, |

is only perpendicular to hy when J,(z) = 0. Therefore, (Dhﬁ)Tf;—‘ —hp, X -+ X hp,_, is not

perpendicular to hy almost everywhere. So (1.10) implies the claim. O

When working with mappings between annuli, we will be using mappings conveniently
described in polar coordinates. We say that i : Rjj — R{ is a radial map, or radial stretching,
if there is a function H : (0,00) — (0,00), called the normal strain function of h, such
that h(to) = H(t)o. We will call a mapping ® : S ! — S"! a spherical sliding, and if
h: Ry — Ry is given by h(x) = H(t)®(0), it will be called a quasiradial map.

Now suppose h : X — R" is a differentiable quasiradial map, where X is as above. We
will compute the components of hy and hy,. Let eq,..., e, be the standard basis vectors of

R", and say h(z) = H(|z|)® (ﬁ) We see hi(z) = (h(z), e;) = H(|z|)®* (—) So

||

o=t () 5+ 0 (5) M0 S ()3 o

k=1



where H(t) = L The terms in (1.11) are the entries of Dh. Since Y 22 = |z[2, we compute

that the i component of hy = Dh N is

5 [ (3) 2 2o () - 20 S (1) )

i |)Z_|+Hr(’\‘)z@<%>ﬂ AT 2' PZ (@)
- (3) + 45 [0 () - £ @ i e ()

Similarly, if T, = > afe;, then we have Y abxz; = 0 because (T, N) = 0. So the i

i=1 j=1

component of hy, = Dh T}, is

[ e )TJ o §<§T)‘H|(9LT|>%: q’(%)ﬂ]

1
z Y, H(lz]) i [ r Hz)) < xja? —~ [ Tk
— = bl K i I P
H(lape () 9T 2 ()4 - 2T 2% g

| =

bte) = (e (). Iyl =) (L12)

2 2., .. 2
where [DCD <|x‘>} _ [, | is the normalized Hilbert-Schmidt norm of the differ-

B

n—1

ential matrix D® : TﬁSn_1 — TQ(L)S"_I. Note for radial mappings, ® : S*~1 — S is

[z

10



the identity map, for which [D®] = 1.

1.2 Theory of Homeomorphisms

We now present some definitions and remarks about the mappings to be used herein. Be-
cause our primary concern is the p-harmonic energy of a mapping, defined using an integral
operator, we will work in the space of Sobolev mappings W'?(X,Y) := {h € WP(X,R") :
h(z) € Y a.e. x € X}, where p > n. If h € WH(X,Y), then the derivative Dh(x) is defined
for almost every x € X. Also note that by the Meyers - Serrin theorem, smooth Sobolev
mappings C*°(X,R") N WHP(X,R") are dense in W!?(X,R").

From the point of view of elasticity theory [1, 8], homeomorphisms and their weak limits
in the Sobolev norm are the natural class of mappings to use, since they introduce no cracks
or holes in Y. These mappings are sometimes called deformations of X onto Y. We briefly
state some properties of these weak limits. Let h, : X — Y be a sequence of homeomorphisms
which converges weakly in W1?(X,Y) to a mapping h : X — Y. We know that the sequence
also converges c-uniformly when p > n, and thus A is also continuous. While the weak limit

may no longer be a homeomorphsim, it does have a right inverse.

Theorem 1.2.1. [6, Theorem 1.4] If h, is a sequence of homoeomorphsims of X onto Y
which converges weakly in WP (X,Y) to h, then mapping h is continuous and Y C h(X) C Y.

Furthermore, there exists a measurable mapping f : Y — X such that

hof=id:Y—Y

11



everywhere on Y. This right inverse mapping has bounded variation.

On each deformation of domains we consider, we may impose two conditions without loss
of generality. First, it preserves orientation within the domains. Secondly, it will preserve
order of the boundary components. We will discuss the behavior of a deformation at the

boundary, where the deformation need not be defined. We begin with a definition.

Definition 1.2.2. Let h : X — Y be a mapping between domains in R™. If {z;} is a
sequence of points in X converging to a point in 0X such that {h(x;)} also converges, then
lim h(z;) is called a cluster value of h. The set of all cluster values of h will be denoted

Jj—o0

h(0X) = { lim h(x;) :z; € X,jli}rgo z; € 8X} : (1.14)

j—00

assuming both limits exist.

Next, it is easy to see h(0X) C Y for a homemorphsim h. The result is also true when

we consider the weak uniform limits of homeomorphsims, see [6].

Proposition 1.2.3. If h : X — Y is a homeomorphism, then the cluster values of h lie in

the boundary of Y.

For y € h(0X), say there exists a sequence {z;} C X with lim z; = = € 0X and
j—o0
lim {h(x;)} = y. Since {h(z;)} C Y, we have that y € Y = YUOJY. Since h is a homeomor-
j—o00

phism, it has a continuous inverse h~t. If y € Y, then lim h~!(h(z;)) = h~*(y) would be in

j—00

X. But lim 7' (h(x;)) = lim z; =2 € 0X. Soy ¢ Y. Thus, y € 9Y.

Jj—00 Jj—o0o

For m-connected domains X and Y, let us label the boundary components of 0X and Y

12



as

X=XUXjU---UX,,_;

NN =YoUY,U---UY,,4

with Xy and Y, being the boundaries of the unbounded components of R — X and R" — Y,
respectively. A deformation h : X — Y preserves the order of boundary components if
h(X;) C Y, for each i = 0,...,m — 1. We will denote the class of all orientation-preserving,
order-preserving homeomorphsims in W'?(X,Y) and their weak limits as A(X,Y). These
will be called admissible mappings of X onto Y.

We close this section with some remarks on the specific case when X = A and Y = A*.
We will simply use A = A(A, A*) to denote the class of admissible mappings of A onto A*. In
light of Proposition 1.2.3, we see that if h : A — A* is an order-preserving homeomorphsim,
then |h| : A — (7., R.) extends continuously to the boundary as h : A — [r,, R,]. Since h
is assumed to be order preserving, we must have |h(x)| = r, when |z| = r and |h(z)| = R,

when |z| = R.

1.3 Direct Method in the Calculus of Variations

Here, we briefly present the solution of a classical variational problem using the calculus
of variations [2]. Fix a bounded domain X in R", and let go € #"P(X,R") be given.

We will denote the class of #1? Sobolev mappings h : X — R" with h = gy on 9X by

13



go + #,"P(X,R™). We wish to find hy € gy + #; " (X, R") such that

min{&,[h] : h € go + #; " (X,R")} = &,[ho] (1.15)

A necessary condition is that hy will satisfy the Lagrange-Euler equation. This differential
equation comes from the calculus of variations. For a fixed ¢ € C5°(X,R"), we can consider
a family of variations h(z) = ho(z) + e€d(x) of hg. If hy satisfies (1.15), then we see the

function € — &,[h has a local minimum at € = 0. The Lagrange-Euler equation is the

dSp[h‘} —0.
e=0

differential equation given by

Proposition 1.3.1. The Lagrange-Euler equation of &, is

div(|Dh[P~2Dh) = 0 (1.16)

Proof. To see this, we remark that Dh, = Dhg + eD¢, and simply compute

v [ oy = [ 2inion)E2onl00) = [ sDn)F (DnDe),

Evaluating at € = 0, we get that

d&,[h°
Eg[ ] /<|Dh0| 2 Dho|D¢) = P/ (div( |Dh0| Dho) 9). (1.17)
€ e:O
X
Since %&he] = 0 for all ¢ € C§°(X,R"), we conclude that (1.17) implies (1.16). O

The local minimizers of £, are given the special name of p-harmonic mappings. We will see

14



that p-harmonic mappings are actually the absolute minimizers of £, among go—i—%l’p (X, R™).
Definition 1.3.2. If h € W'?(X,R") with div(|Dh[P~2Dh) = 0, then h is called p-harmonic.

Proposition 1.3.3. If hg is a p-harmonic mapping with hy = gy on 0X, then we have

Eylho) = min{&,[h] : h € go + #, P (X, R™)}.

Proof. This is readily proved using a convexity argument. Pick h € gg + %l’p (X,R™). By

Young’s inequality, for p > 1 we have p|Dho|P~!|Dh| < |Dh[P + (p — 1)| Dho|P. So we see that

|Dh(@)|P — | Dho(x)[P = p|Dho(2)[P~" (|IDh(z)| = [Dho()|)
(1.18)

= p|Dho(2)[P=* (|Dho(x)|| Dh(x)| — [Dho(x)|?)

Using the Cauchy-Schwarz inequality |Dh||Dhgo| > (Dh|Dho) and the definition of the

Hilbert-Schmidt norm, integrating (1.18) yields

Eplh] = &lha] = p [ |Dhol"™* ((Dho|Dh) — (Dho| Dho)) dxx
X
X

= p [{|Dho|P~2Dho|D(h — ho))dx
X

Since hyg = h = gy on JX, we have that hg — h € V/OLP(X,]R"). So by the definition of the

divergence, we see that (1.19) is equivalent to

E 10 — E,lho] = —p / (div(| Dho[P~2Dhg), h — ho). (1.20)

Since hg satisfied (1.16), we see that E,[h] > &,[ho]. Thus, hg is the solution to (1.15). [

15



These classical methods fail for the traction free problem; new methods must be used.
This happens for several reasons. In the proof of Proposition 1.3.1, we considered a variation
he = ho+¢€¢. Even if hy is admissible, there is no guarantee that h. is. However, while we can
be more careful about making a variation of hg, bigger problems are introduced when we allow
mappings to slip on the boundary. In Proposition 1.3.3, we needed that h—hg € 7/01”’ (X,R")
to show that (1.19) and (1.20) were equivalent. This is not so in the traction-free case.

Finally, we remark that if g (7“;—') = r*ﬁ and g (R%) = R*ﬁ, then the minimizer
of &, among gy + #'P(A,R") is attained by a map hg satisfying (1.16). This map is a
reasonable candidate for the traction free minimizer in class A(A, A*). We will investigate

this more thoroughly in chapters four and five.

16



Chapter 2

Free Lagrangians

2.1 Differential forms

To compute integrals over domains in R", differential forms provide the best framework. For
an introduction to differential forms, see Chapter 10 in [11] and Chapter 4 in [4]. We will
write the n-dimensional volume element as dx. The standard n — 1-dimensional area form
on S?_l will be denoted w. Note that if w,_; is the area of the unit sphere S*~! C R", then
fS?—l do = w,,_1t" ! for all t > 0.

Let t = |z| for € Ry. The differential of ¢ is the 1-form dt = é%d% We obtain
an (n — 1)-form xdt = é%dﬂh ARERWA CE A - -+ Adx, by taking the Hodge star of the
differential, where the symbol ~ above a term stands for omitting that term from the wedge
product. This is also the standard area form on S*~!. We see that xdt A dt = dz. We define

kdt

another (n — 1)-form do to be a normalization of xdt, namely do = Z%;. Thus, in polar

coordinates, dx = t""'dodt. For any t > 0, we have [ do = w,_;. We also remark that do

n—1
St

17



is a closed form. Indeed,

—1)ix; —
( )x) dr; Ndxy A -+ Ndx; A\ -+ - Adzy,

7

< 1

If X is a domain in Rjj and ~ : X — R", then the pullback via h of do is

hﬁ(da)zz< |h|)n dhy A -+ Ndhy A --- A dhy,. (2.1)
=1

2.2 Examples of Free Lagrangians

We now introduce the concept of free Lagrangians, which will allow us to estimate integrals

such as the p-harmonic energy. We begin with a definition.

Definition 2.2.1. Let L € £L}(X x Y x R™") be an integrable function. The n-form Ldz is

a free Lagrangian if
/ L(z, h(z), Dh(z))dz — / L(z, g(x), Dg(x))dx

whenever the deformations h : X — Y and g : X — Y are homotopic.

One trivial example is an n-form f(z)dr that does not depend on h. Another ex-

ample is the Jacobian determinant. By the change of variable formula, we have that
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[ det(Dh(z))dx = |Y| for all orientation-preserving homeomorphsims h : X — Y. We
X

will now construct some examples of free Lagrangians on annuli. Throughout this section,
we assume h € C°(A, A*) preserves order and orientation. Later, to consider general order-
preserving orientation-preserving homeomorphisms, we will look at limits of these smooth

mappings.

The first example is modelled on the Jacobian determinant J,(z) = det(Dh(x)).

Example 2.2.2. For any integrable function ® on (7., R,), we see that

R,
/®(|h|)Jh(:v)d:v :wn_l/é(s)sn_lds (2.2)

does not depend on h, so ®(|h|)J(h,z)dz is a free Lagrangian.

This formula is proved by changing variables and using polar coordinates to integrate.

[ ot thaids = [ @(ydy = o 7<1><s>s”-1ds.

Our next example again uses integration by polar coordinates.

Example 2.2.3. For ® € C![r,, R,], the n-form %dw is a free Lagrangian. We have

/de = Wy_1[P(R) — O(7)] (23)

|x|n—1

for all h € A.

19



Here, the normal derivative of a scalar function f : X C R™ — R is defined by

fN: <Vf7N>

Integrating the left-hand side of (2.3), we have

/@’%L\?\N // (|h)|h|ydtdo = //[ (|h))]ydtdo

S§n—1 r S§n—1 r

_ / B(|h(tw)|)|=Pdor / B(R.) — B(r)do — w, 1[B(R.) — (r.)].

Sn—1 Sn—1

The previous example can be thought of as a radial free Lagrangian, based on the ap-
pearance of the radial derivative. Our third example, in a fashion somewhat dual to the

radial example, can be thought of as a tangential free Lagrangian.

Example 2.2.4. For ® € C![r, R], the n-form ®'(|z|)dt A h*do is a free Lagrangian. We

have

/(I)’(|x])dt A Wido = w1 (B(R) — (), (2.4)

for all h € A.

The idea of the proof of (2.4) relies on the topological concept of the degree of a mapping

between annuli, discussed in detail in [9].
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Definition 2.2.5. Let h : A — A* be a smooth mapping. We define

where r < t < R.

To see this is well-defined, fix r < s <t < R. By Stokes’ theorem, we have

/ hdo — / hido = / d(h*do) = / h*(ddo) = 0.

|z|=t |z|=s Als,t] Als,t]

To prove (2.4), we use Stokes’ theorem and the closed (n — 1)-form do to compute that

/<I>'(|x|)dt/\hﬁda: /(d®(|x|))/\hnda:/d(é(|x|)hﬁd0)

A A

= / ®(|z|)hido — / ®(|z|)h*do = ®(R) / hido — ®(r) / hdo

lz|=R |z|=r |lz|=R |z|=r

= deg(h) [B(R) — ®(r)].

To show that Example 2.2.4 is a free Lagrangian, it remains to see that (2.4) is constant

up to homotopy. This follows from the following proposition.
Proposition 2.2.6. Ifhg : A — A* and hy : A — A* are homotopic, then deg(hy) = deg(hq).

To prove this proposition, we will show that [ hdo = 1l Kido. We will let X =
|z|=r |z|=r

[0, 1] xS 1 If H : [0,1]xA — A* is a homotompy with H (0, z) = ho(z) and H(1,x) = hy(x),

we can restrict this map to X. We see that the boundary of X is {0} x S~ U {1} x SP—1.
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So by Stokes’s Theorem, we have that

/ hido — / hido = / d(H*do) = / H(ddo). (2.6)

sp—1t sp—1t

But recall that do is a closed (n — 1)-form, so the right-hand side of (2.6) is 0. Thus,
[ hdo= [ hido, completing the proof, and showing that (2.4) is a free Lagrangian.
syt syt

To make use of the estimates in Examples 2.2-4, we will need some inequalities that relate

the normal and tangential derivatives of h to terms that appear in the free Lagrangians.

Proposition 2.2.7. For h € A(A, A*), we have

| |" ™ > Jn(2) (2.7)
|h| = |h|n (2.8)

h n—1
H}j‘% > |dt A hAw| (2.9)

at each x € A. Moreover, equality holds in each instance for radial maps.

To prove (2.7), we can write Jj,(x) as in (1.7) and use the estimate

det(Dh) = (hy|hp, X -+ X hy,_,)
< |hN||hT1 XX th71|

< |hnllhy] - b, -

Since the arithmetic mean of n — 1 values is greater than their geometric mean, we have
\hpy |- by, | < Jhe|"7Y, so (2.7) follows. Backwards inspection shows that equality holds
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for radial maps, since hy, hyy, ..., hy,_, are mutually orthogonal and |hp,| =+ = |hy, .| =
A8 for h(x) = H(|e|)

We obtain (2.8) simply by noting that |h|*> = (h|h), and taking the derivative with respect
to the polar coordinate t of both sides. This gives 2|h||h|y = 2(hy, h), which is equivalent

to

|h|n = <hN

Applying the Cauchy-Schwarz inequality to (2.10) yields (2.8). Again for a radial map

i> . (2.10)

h(z) = H(|x|)ﬁ, we have that |h(z)| = H(|z|) and |hy(x)] = H(|z]), so equality holds.

To prove (2.9), we use the following proposition.

Proposition 2.2.8. We can write the n-form dt A h*(do) as hs(z)dz where

1 €T h
hote) = s (2 o
° R\ Je| 7 (A

Dh?

||

Once we have the proposition, it suffices to show ’< i

>‘ < |hp|™! to prove (2.9).

But this follows from Proposition 1.1.1, since

2= e )

g‘( %

|hp X - X hy, .

il

We already saw in proving (2.8) that |hy, X -+ X hy,_ | < |hp|""!. Equality holds when

hp, X --- X hy, _, is parallel to T h‘ and hr,,...,hyp _, are mutually orthogonal and equal in
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length. This is the case for radial maps.

To prove the proposition, we begin by recalling

= hi —~
Wi(do) = (—1)" ‘h‘ndhl A---AdhiA--- Adh".

=1

We can rewrite the (n — 1)-form dh* A -+ A dhi A -+ Adh™ in terms of the (n — 1)-form basis
elements dx; A --- A d/x\k A ...dx,, where k = 1,...,n. Note that dh! = 3 hgdxj. We see
=1

that when computing dh! A --- A dhi A - A dh™, we obtain sums of terms of the form

1 i—1 711+1
Y RV R R dag A Adag, | Adg, A Ada,.

Ji—1 "Ji+1

If the numbers ji,...,Ji-1,Jit1,---,Jn are not distinct, then this term is 0. Thus, we need

only consider the terms where, for some k = 1,...n, we have the set equality
{1,y Jim1, Jisty gy ={1L,.. . k=1, k+1,...n}.
Furthermore, we have
dz,ay A -+ ANdxpg—1y) N A1y A - A dxpmy = sgn(p)de A .. gx\k A...dz,

~

if p € Py,. Hereafter, Py is the permutation group on the set {1,... k,...,n}.
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From the determinant formula

aij ... a,
. ) 1
det | : oo = Z sgn(p)ap(l) e Uy
pGSnL
ay’ Uy

it follows that

dRY A NARTA - A dRt = (D) DRday A - Adag A A dg

k=1

We now see that

Z !h!” WA N A =

- )ihi & . , .
Z |h|n Z 1)Z+k[Dhﬁ]2dx1/\"'/\dxk/\---/\d:vn:
k=1

h' —
Z| ’nIZDhﬁ]klhldxl/\ ANdxg A - Ndx, =

n h o
Z|h|n : [ hﬁ|h|] dzy A ANdzg A -+ A da,,.
k=

We now wedge this term with dt = ) %dxj. We see that the product of the 1-form a dz;
j=1

with the (n — 1)-forms b dxy A -+ A dry A -+ Adz, will be 0 if j # k. However, if j = k, the
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wedge product will be the n-form (—1)*ab dz. It follows that

dt A Wi (do) = PN AR A A dB?
( val ) (Z ||

=1

n h o
— Dhf—| dxy A Adxg A -+ Adey,
( uw ) (;;mnl mdk“ " ’

1 h h
S Dhﬁ—] <Dhﬁ >dx
R [ Al k\x! \h\” ! h]” ||

We summarize the results of this section by combining Examples 2.2.2-4 with Proposition

2.2.7 in the following lemma.

Lemma 2.2.9. Let ® € Clr,, R.] be a positive function, and let ¢ € C'lr., R,] and ¢ €
C[r, R] be functions with positive derivative. If h € A, we have the following free Lagrangian

estimates:

R

/<I>(|h|)|hN||hT|"_1 an_l/q)(s)s”_lds (2.11)

Tx

/ s > (R - 00) (2.12)
/¢Wﬂyﬂ”ux2%A@ua—ﬂmy (213)

Equality holds for radial maps.
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Chapter 3

Algebraic Inequalities

With the free Lagrangian estimates from Lemma 2.2.9 in hand, the integration in the proofs
of Theorems 1.0.3-5 poses no challenge. The hard part is to know what to integrate. This

section is dedicated to establishing the inequalities we will need in Chapter 5.

3.1 Inequalities for the Contracting Case & <

T'x

R
"

Lemma 3.1.1. Suppose p > n, and let a > 0 and b > 0 be given. Then there exists a

constant ¢ = ¢, ,(a, b), given in (3.14), such that
(X2 4+ (n—1)Y?? >aY"+bXY" 1 —¢ (3.1)

whenever X >0, Y > 0. Moreover, there exist constants X° = X°(a,b) and Y° = Y%(a, b),

gwen in (3.10), such that equality holds precisely when (X,Y) = (X%, Y?).
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Proof. To prove Lemma 3.1.1, we define the function z(X,Y) for X > 0 and Y > 0 by

2(X,Y)= (X2 + (n—1)Y?> —aY" —bXY" L. (3.2)

We will find the absolute minimum of z and set —¢ = min{z(X,Y) : X > 0,Y > 0}. The
existence of the minimum value of z is easily seen. We know z attains a minimum on the
compact set S = {(X,Y): X >0,V >0, X2+ Y2 < (a+b)77}. Suppose X2+ Y2 = p? for

p>(a+ b)z’%n We estimate z by

2= (X4 (n—1)Y?5 —aY" — XY™

pr—ap”—bp”ZP’”(l—i;f) >0

(n—1)

Since z(X,Y) > 0 outside of S, but z (0,% < N g)pn> < 0, we conclude z attains an
absolute minimum. We let (X, Y?) be a point where z attains its minimum value, so equality
in (3.1) holds at (X°,Y7?).

Since z is smooth, any minimum of z occurs either along the line X = 0, or along Y = 0,
or at a critical point of z.

Along Y = 0, we have z(X,0) = X?, which is minimized when X = 0 by inspection.
Along X = 0, we have 2(0,Y) = (n — 1)2Y? — aY™, which is minimized when Y =

1 1

- =
( 1ia ) by elementary calculus. Writing Y, = ( e ) , we see the minimum

p(n—1)% p(n—1)%

of z possibly occurs at (0,0) or (0, Yp).

Now suppose that X, > 0, Y, > 0, and (X,,Y,) is a critical point of z. We compute
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that

x(X,Y) = p(X2+ (n— 1)Y?)T X — by (3.3)

(X, Y)=p(X24 (n—1DYY)T (n—1)Y —na¥™ ' — (n— DbXY" 2 (3.4)

Whenever zy (X,,Y,) =0, we find that

P na
2

p(X2 + (n—1)Y3) 1Yf‘2 +bX Y3 (3.5)

Plugging (3.5) into (3.3) shows zx (X, Y,) = 0 when

na na X X, \2
XY™ 2 L px2y "3 _pyn—l — 2o [ 2E
n — ]_ T+ + T + n — ]_ Y+ Y+

) YPl=0 (3.6)

At this point, we define a function ¢(§) for 0 < £ < 1 by ¢(§) = 1552' We observe that

(3.6) is equivalent to ¢ (%) = (";—al)b We will set V' = V,,(a,b) to be the unique number in
[0,1) such that
Vv (n—1)b

1oV na (3.7)

¢(V)

We see this number exists because ¢'(§) = % > 0, ¢(0) = 0, and ghql o(§) = oo.
e

Hence, ¢ is strictly increasing from 0 to oo on [0,1). We conclude that ii—j = V. Solving
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B(V) = =8 explicitly gives

na

202 2(n — 1
V:\/4<na t1_ e (n—1)b

n— 1)2b? 2(n—1)b - \/n2a2 +4(n —1)20% 4+ na

By evaluating 2x(VY,,Y,) = 0 in (3.3) and dividing both sides by Y""!, we have

p(Vi4+n— 1)%21/1@’_” =b

Combining (3.7) and (3.9), we arrive at

Y —( b )pn_< na >”"
AW )\ p - v - )

We now also have an explicit representation of X, = VY.

(3.8)

(3.9)

(3.10)

The only possible points where z attains a minimum value for X > 0,Y > 0 are (0,0),

(0,Yp), or (X,,Yy). We now evaluate z at these points. We have

2(0,0) =0 (3.11)

2(0,Yy) = —p;” <p(nn—a1)’£)& (3.12)

A X Vy) = -+ ; - ((n —Dp(1 - V:L)(EV? tn—1)7 > - ' (3.13)

We remark that the function ¥ (&) = L —> is increasing on [0, 1), readily seen

(1) (E24n-1)"T
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from its logarithmic derivative

2% (n—2)¢  (2€+20n-1)—-(n—-2)+ (-2t n(&*+)t

bo1-& e4n—1 1-&)(e2+n—1) 1-&e)(@+n—1)

So, looking at (3.12) and (3.13), we see

p

JXLY,) = _p;n (Zlaqf(gbm - _p;n ( nay(0) ) —0.Y0)

Thus, the minimum of z occurs at (X,Y) = (X,,Y,). We can now take X° = X, and

Y? =Y, . Taking

P

c= ( na _ ) o , (3.14)
n (n—1Dpl—-V2)(VZ24+n—-1)=z

we establish (3.1). By backwards inspection, we see equality holds if and only if X = X°

and Y = Y?, proving Lemma 3.1.1 O

Ry

Tx

3.2 Inequalities for the Expanding Case % <

The second inequality is similar, but depends on a constant, «,,,, given in Definition 3.2.1

below. This constant is defined using a function, f(&). Hereafter, for £ > 1, we will have the
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functions

(€2 +n—1)7 (& - 1)

f(&) = N (3.15)

& (62— 21)

(n=1)(p=2)

(E+n—1) =
= 3.16
O (3.16)

—-3)(p—1
P(§) = (n n)—<pl >§4—(3p—n—4)§2+n—1. (3.17)
We will use these functions to define «,,, and in the proof of Lemma 3.2.2.

We first discuss some properties of the polynomial P(§). Note that P(1) = _Zz(fl_ ) <.

We see that

n—1)(3p—n—4 n—1)(3p—n—4
If n >3, then P'(§) < 0 for & < /U0l and P/(¢) > 0 for & > /G200y,
Looking at where P is increasing and decreasing, we conclude there must be an unique
number a,, , > % such that P(§) < 0for 1 < £ < a,, and P(§) > 0 for £ > ay,p.

If n=2orn =23, then P'(§) <0 for £ > 1. We take as;, = a3, = oc.

Definition 3.2.1. For n > 3, let a,,, be the number such that f(a,,) = 1. Let ag, =

Q3 p = OO.
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To justify Definition 3.2.1, we compute that the logarithmic derivative of f is

F&) _ p=2¢ 20 p_20p-1)¢
f& &+n-1 ¢-1 ¢ &-"5

p(n = VP(E)
p-1DE+n-1)E-1) (2 -23)¢

It follows from the sign of P({) that f is increasing on (1, a,,) and decreasing on (ay, ,, 00).
Since we have f(1) = 0 and 5lim f(€) = 1, we see there must be a unique number o, , < a,,,
—00

with f(a,,) = 1. So Definition 3.2.1 makes sense.

We also compute that the logarithmic derivative of g is

g _(n-Dp-2¢ 20p-—n¢§ n-1
9(8) §2+n—1 21 ¢
(n = 1)P(£)

(&2 +n—1)(—1)¢

This shows that g is decreasing on (1, a,,). We will define g(as,) = glim g(&) = 0 and
—00

glas,) = lim g() = 1.

Lemma 3.2.2. Let p > n. Let a > 0 and b > 0 be given, with 1% > g(apnp). Then

n—

there exists a constant ¢ = c(a,b) such that for all X >0 and Y > 0, we have
(X2 4+ (n—1Y?2 >aX +bXY" ' —¢ (3.18)

Moreover, there exist X° = X%(a,b) and Y° = Y%(a,b) such that equality holds if and only

if (X,Y)=(X%Y"Y).
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Proof. To prove Lemma 3.2.2, we define the function z(X,Y) for X > 0 and Y > 0 by
2(X,Y) = (X2 4+ (n—1)Y?> —aX —bXY"! (3.19)

We will find the absolute minimum of 2. We can take (X° Y?) to be the point where the
minimum value occurs, and —c = z(X° Y?).

We first argue why z attains a minimum value among (X,Y) with X > 0 and Y > 0.
Let S={(X,)Y):0< X,0<Y, X?+YV?< max((?a)ril, (Qb)z’%n)} This is a compact set,

_1
and z attains a minimum value on S. Note z ((%)P‘l ,O> < 0. Now suppose (X,Y) is a

point with X2 +Y? = p? where p > max((2a)z7%1, (2b) Pi"). Next, we estimate z(X,Y) as

D
2

z=(X*+(n—-1Y??2 —aX —bXY"!

a b
pr—ap—bp”:pp<1—pp_1—pp_n> >0

We conclude the minimum value of z over all (X,Y") with X > 0 and Y > 0 must be attained
on S.
Any relative minimum of z occurs either along the line X = 0, or along Y = 0, or at a
critical point of z.
By inspection, we see that z(0,Y) = (n — 1)2Y? is minimized at ¥ = 0. By elemen-
!

tary calculus, we see that z(X,0) = X? — aX is minimized at X = <%>pTl We will set

1

Xo=(2)"

Now suppose that X, > 0, Y, > 0, and (X,,Y,) is a critical point of z. We compute
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that

(X, V) =p(X2 4+ (n— 1Y) T X —a—bY ' =0 (3.20)

(X V) =(n—1) [p(X2+(n— 1Y) T Y —bXY" % =0 (3.21)

Writing A = p(X2 +(n— 1)}/3)1%2 and B = bY "% we see that (3.20)-(3.21) is equivalent

to

AX, - BY, =a

—BX+ ‘I— AY+ — 0

which is clearly solved by

= (3.22)

Y, = (3.23)

We can now divide (3.22) by (3.23), and using the definition of A and B, compute

p—2

X, 4 p(<%>2+n—1) ’

b - yr" (3.24)
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Moreover, we can plug in );—i for % at (3.23) and using the definition of B, we obtain

vl = (3.25)

y (Do)

From (3.24) and (3.25), we obtain two different ways to write in terms of a,

Xt
b, and v,

n—1
pr—1( Xe -
Y, aP™"

) (DE=2) 2 p—n
e () en) (N
+

or equivalently,

X4 b1
| =—. 3.26

g <Y+ ) pn—lap—n ( )
Recall that g is decreasing on (1, a,,), and 1 < an, < a,,. By our assumption that

bp—1
pnflapfn

> g(anp), there must be a unique V with 1 <V < ay,,, such that

bp—l

g(V) = W. (3.27)

If n > 3, then g is also increasing on (ay,,00) and tlim g(t) = oco. So when n > 3, we
—00

also have a unique W > a,, such that

(3.28)
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We will now define constants Yy, Yy, Xy, and Xy by

.
b(VZ—1)
a

b2 — 1)’

Yol = Xy =VYy (3.29)

Yl = Xy = WYy (3.30)

We remark that by backward analysis, (Xy,Yy) and (X, Yy ) are the only stationary
points of z with X > 0 and Y > 0. Thus, the only possible points where z attains a minimum
value for X > 0,Y > 0 are (0,0), (Xo,0), (Xv,Yy), or (Xw,Yw). We now evaluate z at

these points. We have

2(0,0) =0 (3.31)

2 (X0, 0) = —7% <g> o | (3.32)
¥ = (pf?w)p: (3:3)
) =0 (i) 334

We recall from Definition 3.2.1 that f(§) < 1 when £ < a,,. Thus, since 1 <V < oy, ,

1

Similarly, if n > 3, then f(§) > 1 for £ > ayp, and W > a,,p > @y SO
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Therefore, the minimum of z occurs at (X,Y) = (Xy,Yy). We can now take X = Xy, and

Y? =Yy Taking

C:E< ? )_ (3.35)

we establish (3.18). We see equality holds if and only if X = X° and Y = Y°, proving

Lemma 3.2.2. O
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Chapter 4

Radial p-harmonic Mappings

In this section, we will find the radial p-harmonic mappings from A to A*, and investigate
their properties. Throughout this section, we will denote a general radial mapping from A
to A* by h, and H : (r,R) — (., R.) will be its strain function. We will first describe a

generalized p-harmonic equation for radial mappings
L(t,H H)=C (4.1)

We will find some principal solutions to this equation, and then use these functions to

construct all radial p-harmonic mappings on A.

4.1 Inner Variational Equation

In Section 1.3, we saw that the p-harmonic mappings are the local minimizers of &,. Here,

we compute a necessary differential equation for a radial p-harmonic mapping.
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Proposition 4.1.1. Let h € A be a radial mapping with strain function H(t) € C*[r, R]. If

h is p-harmonic, then for each t € [r, R], either
H(t) =0 (4.2)

or

(4.3)
3 2 . . .

(n—1) (Z2) "+ (0 —n—1) (Z2) H(t) - (0 — 9 LLH () — ()
Proof. We arrive at these equations by studying the inner variation equation of the type
studying in [5] for dimension n = 2. To calculate it, we make a variation h. of h as follows.
Fix a test function ¢ € C5°(r, R) and let € be small enough so that t — ¢t + e¢(¢) is a diffeo-
morphism of (r, R) onto itself. Then the map ®(z) = (|2 + ed(|z|)); is a diffeomorphism

x|

from A to itself. We set

T

he(z) = ho ®(x) = H(|z| +€¢(|x|))m (4.4)
Note that h, is radial, with strain function H(t) = H(t+€¢(t)). The derivative of the strain
function is H(t) = H(t + ed(t))(1 + eg(t)).

We will now compute the inner variational equation

~0 (4.5)

Recall that p-harmonic mappings are exactly the local minimizers of the p-harmonic energy.
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Since he = h when € = 0, we see that a p-harmonic mapping will satisfy (4.5).
To compute (4.5), we use (1.6) to write |Dh| and (1.12)-(1.13) to write |hy| and |hyp| for

a radial map. We thus arrive at

I H3<|xy)+(n—1>H3£|f|) i (4.6)
A A | |

R P
. / (HQ(t + ep(t))(1 + € (1) + (n — 1)%) "Lt (4.7)

We note H € C?[r, R] and ¢ € C5°(r, R), and thus the integrand, as well as its derivative

with respect to €, is bounded. We compute

g (H2<t AL+ GO 0 I

=p (H2 (t) +

(H?( )+ (n -2

H2(t + eg(t)) (1 + ed(t))p(t)t" !

) H(t + ep(t )) (t +ep(t)) (1 + ep(t))*p(t)t"

+(n—1)p (Hf(t)Jr(n—l)HtQ( )) " H( i) t2(t+e¢( Dot )t”’l

dé'ph]

We may now find by differentiating under the integral at (4.7) and setting

e=0

e =0. So we see

d&, e
de

R .
— s [ plDAP <H2<t>¢s<t> L HBHB6) + (n— 1) TOHD) (t)ff)‘ﬁ“)) it

e=0
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dé€p[he]
de

= 0, we obtain

e=0

Setting

R

) P(t)dt = — /p|Dh|p—2t”—1H2(t)q's(t)dt

T

H(t)H(t)
t2

R
/p|Dh|p_2t"_1 (H(t)H(t) +(n—1)

(4.8)
We will rewrite the integrand on the left-hand side of (4.8) as

H(t)

H?(t) n H2(t) \ - ﬂt) +(n— 1)15—3] o(t)

— 5 )H(t)t+H2(t)

(n — 1)p|Dh[P~*H (t)t" 2 [(

Recalling that ¢ € C§°(r, R), we compute the integral on the right-hand side (4.8) using

integration by parts, yielding

R R
= [ wiphp-re i = [ (s wr] o

_ / (n — 1)p| Dh|P~ F (£)t" (%H?(t) + 2H:2(t)) H(t)to(t)dt

r
R

+ /(n — 1)p|Dh|P~4H (t)t" 2 {H?’(t) + (p—2)H?(t)

T

H(t)

)~ (p—n - D)
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Thus, we obtain

R

/|Dh|p_4H(t)t”_2 [(fz_(tl) + H:f)) H(t)t + H%t)% + (n — 1)@] o(t)dt
T R 2

_ / | DR[P~E (1) (%HQ(t) +2Ht2(t)) H(t)to(t)dt

v [1Dnp=aoe 50 + - 280 2 - -0 - 00 T2 soa,

or equivalently,

R
H? H? . H . ) )
/ | Dh[P~4"2 [(n — Dt p—n—1)H-(p- 3)7H2 - H3] Hodt

R
-1 . H? .
= / | Dh P42 (p—1H2 - t—Q) tH Hodt

n —

Since this is true for all test functions ¢, the integrands must be equal. This implies

R R R e (O S OB Al U R
_ (%H?(t) + th)) LE(4) EL(1) (4.10)
So the inner variational equation implies either (4.2) or (4.3). O

4.2 The Elasticity Function

At this point, we introduce ng(t), the elasticity function of H. After exploring some basic

properties of the elasticity function, we use it to combine (4.2) and (4.3) into a nonlinear
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first-order differential equation £(t, H, H) = C.

Definition 4.2.1. The elasticity function of a differentiable nonzero function H is

n(t) =nu(t) = -7~ (4.11)

This function transforms nicely under scaling and dilation. Precisely, for A € R and

k> 0,if G(t) = AH(kt) then

na(t) = (ki) (4.12)

This formula is easily verified, computing G (t) = ENH (kt), multiplying by t and dividing by
G(t) = NH(kt).
Moreover, if H is invertible, a similar computation gives the elasticity function of its

inverse in terms of the elasticity function.

Proposition 4.2.2. If there is a nonzero differentiable function F(t) such that H(F(t)) =t,

then

nr(t) = m (4.13)

We obtain H(F(t))F(t) = 1 by differentiating H(F(t)) = t. We then multiply this

equation by t = H(F\(t)) and divide by F(t)H (F(t)) to obtain (4.13).

We can now rewrite (4.3) in terms of ny. We begin by dividing both sides of (4.3) by
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3
<¥> to obtain

(?ni(t) + 1) =n—1D+@—-n—Dngt)— (=340t —n}t) (4.14)

n—1

H(t)t2

We then rewrite HO

using 7y (t). Differentiating ny(t) = % yields

H(t)t?

Multiplying by ¢ and solving for ;&t) , we obtain
H(t)t? ,
o = 10 = (0)+ ) (4.15)

= P20 = P 0+ a0 — )+ (B0 + 1) ot
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Dividing both sides by (1 — ng(t)) (E=nu(t) + 1) (n3(t) + n — 1) ¢ yields

(L —nu(t) (Bnu(t) + 1) (3 () +n — () = 3 (4.16)

n—
1

We now turn to using the elasticity function ny to find the p-harmonic inner-stationary

radial mapping h(z) = H (\x])‘ﬁ—l Multiplying both sides of (4.16) by ny yields

B () + nu(t) : H (). (4.17)

If H(t) = 0, both sides of (4.17) are zero. If H(t) # 0, we can divide by 1y to recover (4.16),
which is equivalent to (4.3). Thus, (4.17) is implied when H satisfies either (4.2) or (4.3).
To make use of (4.17), we use the partial fraction decomposition

et 1.1 ( p—1 > 1
—o(2=Le_1)(e24tn-1)  nl=¢ \p?—2p+n ) 2=L¢q
(1-9)(E=5e-1)(e2+n-1) 1t (4.18)

_ ( p*—2p ) & (pQ—(n+2)p+2n> 1
2_9 2 2_9 2
n(p?—2p+n) £ 41 n(p?2—2p+n) £

We can integrate (4.17) with respect to ¢ and then multiply by —n to obtain

2
log|1 —nu(t)| +alog ‘%nH(t) + 1‘ + Blog ("nH—_(? + 1) + ytan! ("’:L(f)l)
(4.19)
= —nlog|H(t)| + C’
where C” is any constant of integration and hereafter,
_ _n(n=1) _ (m=1)(p=2)p _ Vn=1(p—2)(p—n) 4.2
= p2—2p+n’ 6 — 2(p?—2p+n) v = p2—2p+n ( 0)
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We can rewrite (4.19) as

(1— 1m) (2:1"1{ n 1)a (nn%l n 1)Bexp (—7tan‘1 (%)) — % (4.21)

where C' is a constant.

Finally, multiplying both sides of (4.21) by H™ gives us

N ey 3 .
(H—tH) (%tH + H) (% + H2> exp <—”ytanl (%)) =C (4.22)

We set L to be first-order differential operator on the left hand side of (4.22). The generalized

p-harmonic equation will be
L(t,HH)=C (4.23)

We have that (4.23) is equivalent to (4.17). Differentiating (4.23), we recover (4.9) and
(4.10). Therefore, the generalized p-harmonic equation is equivalent to (4.2) and (4.3). In
light of Proposition 4.1.1, the strain function of a radial p-harmonic mapping will satisfy the

generalized p-harmonic equation.

4.3 Principal Solutions

We now turn our attention to constructing p-harmonic radial mappings on A. We will see
these mappings will extend to the punctured space Ry. We will build such a mapping by

constructing a principal strain function which we can scale and dilate to obtain the strain
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function H of the radial p-harmonic map h.

We saw in the previous section that the strain function of a radial p-harmonic mapping
must satisfy the generalized p-harmonic equation, or equivalently, (4.21). For this to hold,
1—ny and %UH + 1 cannot change signs. We note that ny(t) > 1 is equivalent to % > %
Integrating this from r to R gives logf—: > log £, Similarly, if 0 < ng(t) < 1, we find
logf—: < log% Note that ng = 1 for H = t, and nyg = —;% for H(t) = #75=1. In these
cases, we have (4.21) with C' = 0. The functions Hy(t) =t and H,(t) = #7571 are our first
principal solutions.

Now consider the case when 1 —n > 0 and %77 +1 > 0. Our goal is to construct a

function H = H such that (4.21) holds with C' = 1. The construction begins by defining a

function I' (s) for —% <s<1by

S 1—‘,—%7’2
Iy(s) =exp f(1_T)(f;;_§r+1)(T2+n—1)dT
2

( 0 )A’( )B, (4.24)
p=leiq sZ 41
o n—1 n—1 / —1 S
= =y exp <D tan ( n71)> ,
where henceforth,
_ -1 _ p*—(n+2)p+2n __ Vn—Ip(p—2) 4.2

A= p2€2p+n’ B’ = 2n(p?—2p+n) D' = n(p?—2p+n) (4.25)

Note that
i(s)  (1—s)(B5s+1)(s>+n—1)

We see I, is increasing, and thus invertible. We set u;, = I';'. Thus, I'; (u, (t)) = ¢ and

F"‘(u-‘r)u-f' =1
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We now use «, 3, and v from (4.20) to set Hy to be

1 - 2 -
P, 11 S
n—1 n—1

We next compute the logarithmic derivative of H, using the partial fraction decomposition

3@

3=

Hy=(1—u.) exp (—%tan_l (%)) (4.27)

(4.18), and apply (4.24), to obtain

: . ,

H+ _ %Ui_ + Uy u —u P+<U+)
= - + = Uy

H, (1 —uyp)(BE5uy + 1) (ud +n—1) 'y (uy)

1

Multiplying both sides of (4.28) by t, we arrive at

_tH(1)

welt) = i =, 1) (4.29)

We now observe by plugging (4.29) into (4.27) that we indeed have

. -1 p—1 A —# A
H! = (1 - nH+> (1 + s - Ifl +1 exp [ —ytan™! \/% (4.30)

which clearly satisfies (4.21) with C' = 1. The function H, is a principal solution to the

generalized p-harmonic equation.

Here, we present some basic properties of our principal solution H . Inspecting (4.24), we

see that Iy is smooth, hence so are u; and H. By noting I', (s) is increasing on <—Z%i, 1),

and I' (0) = 1, we also know u, (¢) is increasing, and that u, (1) = 0. For all 0 < ¢ < oo, we

observe that




From (4.27), we see that H_(t) > 0. So by (4.29), H.. and u, have the same sign. It follows
that H, is decreasing on (0, 1) and increasing on (1,00). Thus, H(t) > H(1) = 1 for all ¢.

Moreover, because N, < 1, we have

dt -0 = (nm(t)—l) <0. (4.31)

It follows that H+T(t) < H+T(1) =1 for t > 1. In particular, H (%) < %.

We now compute limits. From (4.24), we have

lim I'i(s)=0, lin% Ii(s) =o0. (4.32)
s5—

S%_L_l
p—1

We can use these limits for asymptotic values of H,. By a continuity argument, using (4.32),

we have
H_(t H
li 1 (t) — lim (T (s))
t—o00 t s—1 + S)
R _8
1—s)w (Es+1) 7 (=2 +1) "exp(—2tan™! (=
— n—1 n—1 n n—1
N Sl—rg 1 p=1 Al g2 ' D’ -1 s
( - S) " (_18 + 1) (n—l + 1) exXp < tan < n—1>)
p—2
exp (Vir=Ttant () \ 7
= IIII% p+n—2 p—1
S— —1 p—2 52 2
(B=s+1) 2 5+
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s—)—%
(n=1) (=14’ A /
= lim
st (1_3)%(5;_15“)5( +1) Fesp (tan 1< =)
n-1 “al
) p+n—2 82 2 -1
= lm | (1-s)»> n 1+1 exp (Vi — Ltan
saf;f%l o
Writing
2;2
LM pe—2p+n
(n—1) 202 < 1 1
0, = =z oxp (Vi — Ttan”
n“(p+n—2)57 i1
p—2
) o1 n(p—1)
_ (p+n_2)p2(p —2p+n)2
(p — 1) ;p = exp (vn — 1tan! (@))
we conclude that
H. (¢
im 70 _ g, (4.33)
t—oo t
lim (374 . (1) = =, (434

Now consider the case when 1 > 1. Our goal is to construct a function H = H_ such

that (4.21) holds for C' = —1. We modify our construction of H,, beginning by defining

I'_(s) for -2 < s < 1by

dr

F_ — n 1
(S) eng‘ (1— 7.)( 1+ )(1+(n71)‘r2) (435)

=(1—s)n (1 + %s)A/ (14 (n—1)s)" exp (=D’ tan™! (v/n — 1s))
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Note that

F,(S) - % —+ 32
T (s)  (1—s)(Z+s)(1+(n—1)s2) (4.36)

We see T'_ is increasing, and thus invertible. We set u_ = I'_'. Thus, I'_(u_(¢)) = ¢ and

I (u)u_ =1.

For for t # 1, we define our last principal solution H_(t) by

1 —1\ "/ 1 n 1
oo (22 (o) o ()
- - n—1u_

=)

(4.37)
We can now compute its logarithmic derivative
H_ Pt +u? 1T (u_
== -l o= L00), 1 (4.38)
Ho u (I—u ) (B +u) (T4 (n—1)u?) u_I'_(u_) tu_
Multiplying both sides of (4.38) by ¢, we arrive at
tH_(t) 1
t) = = . 4.39

At this point, we need some remarks about u_. Note that I'_(0) = 1, so u_(1) = 0.
Therefore, ny_ (and indeed, also H_) is not defined by (4.37) at ¢t = 1. We will set H(1) =0,
defining H(t) for all ¢ > 0. Also, since I'_ is increasing on (—2=1,1), it follows that u(t) is
increasing, and we have _% <u(t)<O0for0<t <1, and 0 < u(t) <1 fort>1. We see

ng_(t) > 1for t > 1, and ny_(t) < —2= for 0 < t < 1.

n—1
We consider t > 1, where ng_(t) > 1. We momentarily restrict ourselves to this case

because we are most interested when H_(t) is positive and increasing (H_(t) > 0 and
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H_(t) > 0). These properties for our strain function follow from the assumption that our
radial map h : A — A* is order preserving and orientation preserving. Plugging (4.39) into
(4.37), we see

a B
—-n 1 1 1 — NH_
H" = (“i) (EJF%) (ﬁﬂz) eXp(”” 1( n—l))

- (4.40)
— O —1) (14 22 ) (ZH i 1)66@ (= (22)))

Thus, H_ satisfies (4.21) with C' = —1.

We now present some properties of H_ that follow from its construction. By (4.37), we
see H_(t) and u_(t) have the same sign. So, H_(t) <0 fort <1 and H_(t) > 0 fort > 1,
and H(t) > 0 by (4.39). Since H_(1) = 0, we have that H_ is continuous on (0, c0). In fact,
it is a smooth function, and we see it is increasing. Note that ny_(1) is not defined.

We now compute limits. From (4.35), we have

lim ' _(s)=0, ImI'_(s) = 0. (4.41)
s%f% s—1

We can use these limits for asymptotic values of H_. By a continuity argument, using (4.41),

we have
im 2=®) _ o H-(T-(5))
t—o00 t s—1 F_(S)
g T (s4+225) 7" (14 (= 1)) mexp (=2 tan! (L))
N s—1 Al

(1—s)= <1 + Z%%s) (1+ (n—1)s2)" exp (=D’ tan™! (v/n — 1s))

__p=1 T T(p— B _
()75 1y [52 (s () - )

(p—1)(p—2)

_ptn—2
(% + 5) Pt (14 (n —1)s2)20°—2p+n)

= lim
s—1
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t—0 s%_g;_i
A 1
/ p—l
{(1 — ) (1 + %3) (14 (n—1)s*)5 exp (=D’ tan™" (vV/n — ))]
= lim -
B s (=) (s ) (L4 (0= D)) exp (Ztan! (L))
. 5exp [nv(;f;_léijri)) <(7;__11)p tan~'(v/n — 1s) — (p — n) tan™! ( ))}
N _>1_IL p—1\ T — ptn—2 (n-D(p-2)
ST (B=7) P2 (L= )@ D (14 (n—1)s2) 2@
Writing
1 %
(_i)pfm exXp [ z 2;p+5) (tanil <\/73—1> - %)]
0. = 2\ B2 G-D0-2)
( P )p —2p+n ( )2(1) —2p+n)
p2—2p+1
(e [ (B ant (S25) - (- m)tan ! (V5T
- " D(-2)
(p+n—2)% <p2*2p+n> 2"1(1’131)2
n—1 n—1
we conclude that lim H*T(t) —O_ and limt# 1 H_ (t)==_.
t—ro0 t—0
Because 1, (t) > 1 for t > 1, we have
dH_(t) H_(t) H_(t) H_(t) (
£ = - - t) — 1) >0 4.42
it t / 2 2\l () (442)

for all t > 1. Tt follows that Z=(%) ;

is increasing on (1, 00). In particular, + (t) @L_ fort > 1.
Finally, we remark that when ¢ < 1, we have seen that u_(t), H_(t), and n,, (t) are all

negative. By plugging (4.39) into (4.37) and taking the logarithm, we obtain

— Zlog (7731, +n— 1> — Dtan! (%

—+log (1 —%_) log‘1+ e
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which satisfies (4.19) with C" = 0.

4.4 Generating all radial p-harmonics

We saw that the radial p-harmonic map h : A(r, R) — A*(r,, R.) is the solution to the

Dirichlet problem

;

div(|Dh|P~2Dh) = 0

h(z) = regg lz| =71
hz)=R&  Ja|=R

\

In this section, we will find a strain function H : (r, R) — R which, given a,b € R, satisfies

Lt H(t),H(t)=C (4.44)
H(r)=a (4.45)
H(R)=b (4.46)

Here, C' is some constant. The system would be overdetermined if the constant was fixed.
We can build solutions to (4.44)-(4.46) using the principal solutions Hy, Ho, Hy, and H_.
We saw these four functions satisfy (4.44) when C' = 0 or C' = 1. Note only in certain cases
will this function H be the strain function of a radial orientation-preserving, order-preserving
homeomorphism h : A — A*.

We recall that (4.44) can be written in terms of the elasticity function as (4.21). Since
the elasticity function transforms nicely under scaling and dilation, we see H(t) = AH;(kt)

satisfies (4.21) whenever H; is a principal solution. Thus, given a and b, we search for the
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correct scaling factor A and dilating factor k of a principal solution H; so that H(t) = \H;(kt)
satisfies (4.45)-(4.46). These factors, as well as the choice of principal solution, will depend

on the ratio of b to a. We now consider several cases.

First, suppose that a = 0. Then the function H(t) = 25 H_(L) satisfies (4.44)-(4.46).
For all other cases, we will suppose a # 0.

We can eliminate one constant from AH (kt) just by dividing. If AH (kt) satisfies (4.44)-

(4.46) for a # 0, then If{((’::)) = 2 We now define two functions Q. (t) = Iéi((if)) and

Q_(t)= ?{:((if)). We take a moment to establish some properties of these functions.
We first consider @, (t). We see that it is defined for 0 < ¢t < oo, and Q4 (t) > 0 for all

t. We compute the logarithmic derivative to be

Qi(t) _ RH(tR) rH.(tr) 1

Q.(t)  RH,(tR) rH,(tr) :¥<’7H+<tR)_’7H+(”)>'

Since R > r and N, = Uy is increasing, it follows that @, > 0, so Q. is strictly increasing.

We can now use the asymptotic limits of H to show that

n—1 n—1 n—1
H_ (¢ 1 (tR)r1 H. (t 1
lim Q. (1) = tim ) gy e WR) HA(ER) (4.47)
t—0 t—0 H+(t7“) t—0 Rvr— (tT)ij+(t7’) Rvr1
| . H(tR) . REUD R
tlgglo Q1) = tlgglo H (tr) tlggo THJ;(tT) T (4.48)

We now consider Q_(¢). Since H_(1) = 0, we see that Q_(t) is undefined for ¢t = 1, and

Q,(%) = 0. We will show that ()_ is decreasing on (0, %) and on (%, oo). Moreover, we have
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the limits

: Y=y
o= oo
lirlni Q_(t) = —oc0 (4.50)
lirln+ Q_(t) =00 (4.51)
lim Q_(t) = % (4.52)

If t > 1 then H_(tR) > H_(tr) > 0. Thus, Q_(t) is positive on (%,00). If 0 <t < £,
then H_(tr) < H_(tR) < 0. Thus, Q(t) is also positive on (0, %) But if% <t< %, we have
H_(tr) < 0 < H_(tR), so Q_(t) is negative on (4, +). Considering the sign of Q_ near :
gives (4.50) and (4.51).

The other limits use the asymptotic limits of H_, establishing

n—1 n—1 n—1
H_ p—1 =1 [ p—1
i O () = lim ﬂ  lim r n_l(tR) . (tR) T -
0 t—=0 H_(tr)  t=0 Rt (tr)s 1 H_(tr)  Rv1
| H_(tR) _ REED R
fm Q- (1) = im =25 = lim i

We will now show ()_ (%) is decreasing on (0, 1) and on (1 oo) The logarithmic derivative

r r’

of Q_(t) at t # &, 1 is

We recall that n,, (t) = u+(t) is decreasing and negative on (0, 1), while it is decreasing and

57



positive on (1,00). This implies that 7, (tR) —n, (tr) <0 when 0 <t < 4 or when ¢ > 1.

Since Q_(t) > 0 for these values of ¢, we conclude Q_ is decreasing on (0, %) and (,00).

Moreover, if & <t < %, we have that n, (tR) >0 >n, (tr), son, (tR)—n, (ir) > 0.
But Q_(t) < 0 for % <t< %, implying that ()_ is decreasing on (%, %) To conclude @Q_ is

decreasing on (0, 1), we remark that Q_(§) = 0, Q_(t) > 0 for t < %, and Q_(t) < 0 for

1 1
§<t<;

n—1
We now return to considering cases where a # 0. First, suppose 2 < (L) =1 We have
a R

that Q_(t) is strictly decreasing on (0, 1). Using limits (4.49) and (4.50), we see there exists

a unique k with 0 < k < 1 such that Q_(k) = 2. We then see that H(t) = ﬁ]—]_(k‘t)

satisfies (4.46)-(4.46).

n—1

If L= (%)%, then we see that H(t) = aH () = a (5)7 satisfies (4.44)-(4.46).

n—1

Suppose (%) < % < & We have that Q(t) is strictly increasing on (0,00). Using

limits (4.47) and (4.48), we conclude there exists a unique k such that Q4 (k) = 2. We then

see that H(t) = —%—=H(kt) satisfies (4.44)-(4.46).

Hy (kr)

If £ =& then we see that H(t) = aHy(L) = %t satisfies (4.44)-(4.46).

Now assume £ < 2 We have that Q_(t) is strictly decreasing on (1, c0) Using limits

(4.51) and (4.52), we conclude there exists a unique k with 1 < & such that Q_(k) = 2. We
then see that H(t) = - (kt) satisfies (4.44)-(4.46).

Thus, in all cases, we have found a strain function H(t) satisfying (4.44)-(4.46). So the
map h(z) = H(|z|)7; is a p-harmonic mapping of A into R" such that |h(z)| = a for |z| =7

|z

and |h(x)| = b for || = R.
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4.5 Existence of Radial p-harmonic homeomorphisms

We are interested in finding radial maps that are p-harmonic order-preserving homeomor-
phisms of A onto A*. Thus, we consider solutions of (4.44)-(4.46) when a = r, and b = R,
with 2 > 1.

When f—: > £ we saw that there exists k > ! such that H(r) = R, and H(R) = R, for

H(t) = () H_(kt). Because H_ is strictly increasing, we have that h(z) = H(|x|)‘%| is

the desired homeomorphism.

If % = %, then the conformal map h(z) = " is an order-preserving p-harmonic home-

omorphsim.

Suppose If—: < }72. We defined a constant k by Q. (k) = f—:, where Q. (t) = Z:((if)) was a

strictly increasing function. Taking H(t) = mh@(k‘t) gave H(r) = r, and H(R) = R..

Since H, is increasing on (1,00), we have that h(z) = H(]x\)é—‘ is the desired homeomor-

phism if kr > 1, or equivalently,

Recall that H, is increasing on (1,00) but decreasing on (0,1). If f—** < Hy (%), then
kr < 1. So h(z) = H(|x])i| is not a homeomorphism, since H (t) is decreasing on (r, 1) but

|z

increasing on (%, R). The condition H (i,—%) < f—: < % says f—: is not too small, relative to
%. Note in the case that p = n = 2, the term H+(§) = % (% + %) is the classical Nitsche

bound for the existence of harmonic homeomorphsims between annuli [10]. What we have

seen is that there is no radial p-harmonic homeomorphism from A onto A* if % < H, (%)
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We now construct an important map that is the limit of homeomorphsims when f—** <
H, (). We recall that H,(t) is increasing on (1,00), so H, (%) is decreasing on (0, R).

Moreover, since H, (1) = 1, we have

R R, R
H+(—) <—<H+(—>.
R Ts r

Since H, is continuous, we conclude that there is some number p with » < p < R such that

H, <E> = B« We then set
p T

(4.53)

Since H, (1) = 0, we see that H® € C'(r,R). In fact, H° is a limit of homeomorphisms.
Moreover, H° is increasing, and it satisfies (4.44)-(4.46). The radial map H°(|z)7; : A — A*

is now an admissible map.

60



Chapter 5

Radial p-harmonics and Minimal

Energy

In this section, we prove the main results. We will require the free Lagrangian estimates
from Lemma 2.2.9, and the algebraic inequalities given in Lemma 3.1.1 and Lemma 3.2.2.
Throughout this section, we will let h € A(A, A*) be arbitrary, and we will think of ¢ = ||
and s = |h(x)|, where r <t < R and r, < s < R,. We will consider the problem in two
subsections.

R

r

5.1 The contracting case % <

*

We begin with the proof of Theorem 1.0.4, restated below.

Theorem 5.1.1. Let A and A* be annuli in R"™ with H, (%) < B <« B phere H, refers

T r’

to the principal solution to the generalized p-harmonic equation. Then there exists a radial
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homeomorphsim h°(x) = H(|x|)|ﬁ—| that maps A onto A* such that

/ \Dh(z)|? dz > / \DRO(2)[? dx

for every homeomorphism h : A — A* of Sobolev class WhP(A, A¥).

Proof. The existence of such a radial homeomorphism has already been shown. Let A :
A — A* be any admissible homeomorphism. We apply Lemma 3.1.1, with carefully chosen
functions a = a(|z|, |h|) and b = b(|h|) as our constants. Since a and b depend on |z| and
|h|, so does the constant ¢ = c(a, b) from the lemma. Letting X = |hy(z)| and Y = |hp(z)|,

we now have the pointwise inequality

p
2

(1A * + (n = Dlhr*)® = a(lz], [B)hr|" + b(RD x| hr™ ™ = c(lz]. [R]) — (5.1)

The functions a and b will be chosen so that equality holds for the radial p-harmonic home-
omorphsim A" : A — A*.

Observe that b(|h|)|hy]||hr|*dx is a free Lagrangian. We will also choose an appropriate
function A = A(|z|,|h|) so that a(|z||h|)A(|z|, |h])|hr|"dz is a free Lagrangian. From

Young’s inequality, we have

n—1

1
aAlhp|"! < alhr|™ + ﬁaA” (5.2)

n
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with equality when A(|z|, |h|) = |hr(z)|. Combining (5.1) and (5.2) yields

(12 + (0= Dl )5 2" a(lal, () A, 1B el + b(AD n el (5.3
= (52 yalel, Al 1)+ (lal, 1)) (5.0

We will write
L a(, IADA™ (e, 11D + e, 11 = B(Ja, ] (55)

If H(|z|) = |h°(x)|, then we will show, for all r, < s < R,, that

B(lzl,s) < B(lz|, H(|z)) (5.6)

Thus, we may estimate the term in (5.4) using a term independent of h. Equality will hold

when h = h°. Integrating all this and using (1.6), we obtain

n
[ 1Dt = [ —allal, D A(el, [bDlrl™ o+ [ b b r e (57)

n—1
- / B[], H(jz]))dz (5.8)

Equality holds throughout for h°, so this establishes &,[h] > &,[h°].

To choose a and b, we must first define a function n(s) for r. < s < R,. Recall that

when H, (£) < If—: < £ we have an increasing function H(t) whose elasticity function ny
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satisfies

(=) (2= +1) 0+ = 0P exp (et (L2 )) - —C )

where C' > 0 is a constant. Here, 0 < ng(t) < 1. Since H is nonconstant, we see from (4.16)

that 7y (t) satisfies

(5.10)

For r, < s < R,, let F(s) be the function with F(H(t)) =t. We now set n(s) = ng(F(s)).

From Proposition 4.2.2, we have n(s) = WF;(S) Using this fact and (5.10), we obtain

—_

m$zﬂfw@mﬁjT$+U0ﬂ@+n—D _

Since H is the unique function satisfying (5.9), these definitions are equivalent. Differenti-

ating (5.12), we recover (5.11).

64



We are now ready to define a and b. We set

n

e = "0 -y Fa o) (B2 (2 ey

b(5) =m0 (s) + 0= ) (575 ) (5.14)
We the have

p—n

c(t,s) = "

() +n—1)"7 (1_77H< NH" ()| (H(t))p (5.15)
(V24n—1)% (1 - V2)sn

where V' = V(t, s) is the function defined at (3.7) by

U [<n2<s>+n—1>%f—‘?«s»] (.16

L=V2 na 1=ng(t) | (p(t) +n— 1) 20O

Note that V(t,H(t)) = nu(t). We record here that the derivatives of V(¢,s) found by

logarithmic differentiation are

1+ V2(t,s) . CnP(s)+n—1
O ) KT 10
1+ V2(t,s) g — a1 (®) +n — DA —nu(t))
VG Ve s Y T 0 ) e+ D o1
Recall equality holds in (3.1) for YO = (( oo ”“1) o V2)>M and X" = VY©.
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Therefore, equality holds in (5.2) when

1

H<|x|>< () + = 1) (1 = oy (])) ") )” 519
=\ (V2(jal, ) + 1 — D (1 = V2(ja], |al)) Al

|hr| =

1

‘hN,:v<|x|,|h|>H<|x|>( () + n = 1)* (1 = (jal)) H" () ) (5.20)
2 (V2(Je [B]) +n = 1% (1= V2(|al, |))|A]"

In particular, when i = h°, we have equality in (5.2).

Next, we set
S
A(t,s) = " (5.21)

Equality in (5.3)-(5.4) holds when A(|z|, |h|) = % = |hr|. This occurs for any radial map,

or a radial map composed with a rotation. We also see that

ot )A(08) = 00+ 0 = DT (1= 1 (0) (s ) (5.22)

Thus, a(|z|, |h]|)A(|x], |h])|hr|"'dx is a free Lagrangian.
All that remains is to prove (5.6). We investigate the derivative of B(t,s) with respect

to s to maximize B(t,s) for each r <t < R. We have

Bt.s) = 20+ n - 0T 1= (o) (17 (5.23)
L p=n [l +n =)' (1 = ) ] & (HOY o
n | (V2(ts) +n— 1) (1= V2(t,5))s” t
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Differentiating B(t, s) with respect to s and using (5.17), we get

p

Buit.s) - PO [ (0 +0 =) 1 a0 |7 [
o nt?  |(V2(t,s) +n—1)"7 (1_v2( 5))sn V2in—1 1-V2
(5.25)
_ i) [ () £ n =)' (1= ()"0 "‘p"[v%%s)m—u_l}
s | (V2(t,8)+n—1)"7 (1—V2( 5))s™ n(s)[V2+n—1]

(5.26)

We know see that Bj(t, s) and ()tfi - "2(‘;);;)"71 — 1 have the same sign. Since V (¢, H(t)) =

n(H(t)) = nu(t), we have for fixed r < t < R that B(t,s) has a critical point at s = H(t).

Next, differentiating % with respect to ¢ and using (5.18) yields

(VQ( V2(t, s) )t _ 2(n— 1)V (t,s) Vit 5) (5.27)

t,s)+mn—1 (V2(t,s)+n—1]2

_2p =)k (0) + = 11— (O] = VAt 8)]VE(, 5)
(L (0) + 1) (u(0) + DIV2(L ) + 0 — 12[V2(t, ) + 1]

(5.28)

V2(t,s)

Thus, we see that -7

is increasing in .
Now pick r, < s < H(t). We can find r < 7 <t with s = H(7) since H is increasing
and maps onto [r,, R.]. Since 1(s) = ng(F(s)), we have by (5.16) that V (7, s) = n(s). Since

2
7 <t and % is increasing in ¢, we have that

V3(t,s) n*(s) +n—1 1~ V2(r,s) n*(s)+n—1
V2(t,s)+n—1 n(s) —V2(r,s)+n—1 n(s)

V2(t,s)  n2(s)+n—1

Because V2(t,s)+n—1  n(s)

— 1 and Bs(t, s) have the same sign, we see that Bs(t,s) > 0 for

re <s < H(t).
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Similarly, suppose H(t) < s < R,. We can find t < 7 < R with s = H(7) since H is

V2

Tz Is increasing in ¢, we have that

increasing and maps onto [ry, R.|. Since ¢ < 7 and

Vi(t,s)  ni(s)+n-—1 V3(r,s)  n(s)+n-—1

V2(t,s)+n—1 n(s) TS Vrs) tn-1 () 1=0.

We see Bg(t,s) <0 for H(t) < s < R,. Therefore, B(t, H(t)) = max{B(t,s) : . < s < R,}.
This establishes that h° is in fact a minimizer.

We remark that by backwards inspection, equality can only occur for maps h : A — A

with |h(z)] = H(|z]) and |hr(z)| = 2L The only such map, up to rotation, is the radial

||

p-harmonic homeomorphism A°. O

Recall that when f—: < H, (g), there is no radial p-harmonic homeomorphsim between

A and A*. Theorem 1.0.5, restated as Theorem 5.1.2, addresses this case, and the proof is

similar to the one above.

Theorem 5.1.2. Let A and A* be annuli in R™ with Jf—: < Hy (). The map h°(z) =
H(|z|)Z, where H= H" is defined in (4.53), is the limit of homeomorphisms in W'P(A, A*),

m;

and we have

in / Dh(z)Pde b = / DR () Pda
A A

where the infimum is taken over homeomorphisms in Sobolev class WP (A, A*).

Proof. To prove this theorem, we recall there exists r < p < R such that H (%) = B and

Ty 7

break up the domain A = A(r, p] U A(p, R). We will then choose functions A, a, and b and

proceed as in the proof of Theorem 5.1.1. Applying Lemma 3.1.1 and Young’s inequality
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with X = |hx(z)| and Y = |hp(z)], we obtain

/|Dh|pd:p2 / (alhr|™ + bl B = ¢) do + / (alhr|™ + b |l — ¢) do

A A(r,p] A(p,R)
(5.29)
n n—1 n—1 1 n
> aAlhr|" " dx + blhn||hr|" dx — aA" + c| dz+
n—1 n—1
A(rp] A(rp] A(rp]
(5.30)
n n—1 n—1 1 n
aAlhr|" dx + blhn||hr|" dx — aA" +c| dx
n—1 n—1
A(p,R) A(p,R) A(p,R)
(5.31)
We begin with (5.31). We choose a, b, and A as
(n—1)zp <r*>p—n

t.g)=~— 7~ (% .32

aft ) = P (T (5.32)

b(s) =0 (5.33)

T [T\ 1
Alt,s) = = (-* 5.34
(ts) = = (Z) (5.34)

p
2

In the context of Lemma 3.1.1, we have V =V (a,b) = 0 and ¢ = ¢(a,b) = W (z)".

Thus, (5.31) reads

(7’L - 1)%])7{ |hT|ni1 / (TL — 1) Ty P prf(n_l)
de= | — 7 —n|dz (5.
/ | [Pt [T x - ) (n = 1)[AD +p—n|dz (5.35)

A(r,p] A(r,p]

n—1 pT_Qpr£|h -l p=2 e \”
> / ( |$|p)_n+1 |}§L—1 do — /(n_l) 2 [p—n—l—l] Tl dx (536)

||
A(r,p] A(r,p]
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The inequality holds for all maps h : A — A* since |h| > r,. Equality holds throughout
n—1

when |hy| =0, |hr| = &5 = 3 (\%\) and |h| = r,. This happens on A(r, p| precisely for

the map h°.

We now turn our attention to the annulus A(r, R). Recall there must be some C' > 0

such that

= n(®) (=m0 1) (2200 4 1)BGXP o (F5)) - war

We will again denote the right inverse of H® by F': [r,, R.] — [p, R]. We define n(s) implicitly

for r, < s < R, by the formula

(1 - 1(s)) (p—n(s) + 1>a (n(s) +n — 1)% exp (7 tan ( 0(s) )) - % (5.38)

n—1

From (5.37), we have n(H°(t)) = ngo(t). Differentiating (5.38), we obtain

L (T=n(s) (Bgn(s) +1) (°(s) +n —1)
"= (= (s) + 1) n(s)s (539)

We are now ready to define A, a, and b for p <t < R and r, < s < R,. We set

alts) = e ) 1) (= ) (@) (Hw)" (5.40)

n t S

b5) = () #0105 ) (5.41)

A@£>:§ (5.42)
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We the have

_p—n (M) +n-1)% (1—77H( DH" ()| (H(D)"
clhrg) == (V24n—1)"F(1—V2)sn ] < t > (543)
where V' = V/(¢, s) is the function defined at (3.7) by
Vo m-1b ps) [P +n-1)" 5
1-V2 na 1-n(t) [(ni,()+n—1)”§2§f’—@ (B4)

Note that these are the same functions chosen in the proof of Theorem 5.1. The integrals

n (5.32) are now

[ ptiah = 0% = el (5.45)
A(p,R)
[ ol + 0= 0% (i) el e (5.16)
Alp,R)
[ Zetah -0 0 - ey (2 o (547
A(p,R)

p

p—n [((al) +n—1)*F u—mﬁumﬂ%>"(EQQYQx
. (V2 en— ) (- V) g

(5.48)

A(p,R)

The values of the first three integrals are independent of h. The integrand of the fourth

is again maximized at |h| = H(|z|), so we can estimate it from below using an integral
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independent of h, as in the proof of Theorem 5.1. Thus, for every admissible i : A — A*,

/ \Dh(z)|Pdz = / \Dh(z)dz + / | Dh(z)|dz (5.49)
A ]

A(r,p A(p,RR)

> / | DR (2)|Pdx + / ]Dho(:v)|pdx:/\Dh0($)\pdx (5.50)

A(r,p] A(p,R)

Equality holds throughout for A%, so it is the minimizer. O

5.2 The Expanding Case & > &

T x T

In this case, we saw that there exists a unique p-harmonic order preserving radial homeo-
morphism 7% : A — A* of the form 7°(z) = AH_(k|z|);; where A > 0 and kr > 1. We
write H(t) = AH_(kt). By classical methods, this homeomorphism is the minimizer among
all radial mappings of A into A*. Theorem 1.0.7 states the surprising fact that the radial
minimizer is not always the traction-free minimizer of &£,. This is proved by the following

example.

R, H_() — n—3
Example 5.2.1. Suppose n > 4 and = > (37" where 6 = I'_ < m), and

let h° be the minimizer among radial maps. Then there exists a map h' € A(A, A*) with

&) < 1),

Proof. Writing h(z) = H (|x|)%, we first show the assumption that Z= > HH‘(@) implies
* -0x

nu(t) > \/%. Indeed, recall that we defined a constant k£ > % in Chapter 4 by

R

Q-(k) = f—:, where Q_(t) = IIJ{‘_ (tf) is a decreasing function. Our assumption ™= H_(9)

H-(5%)

>

simply means Q_(k) > Q_(%).. Because Q_(t) is decreasing, we have kR < 6. We also
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recall that the elasticity function n, (t) = u+(t) is decreasing. Thus, since H(t) = NH_(kt)

for some A > 0, we have for r <t < R

)(p—n+1)
n—3 '

(1) = (K > 1, () >, (0) = o = V= (551)

Next, we construct h' : A — A*, and then prove that E,[h'] < &,[h°]. Let I : S"™' —
R"! be the stereographic projection of S™!  R™ through the south pole onto R, and
let f7: R"~1 — R~ be the dilation given by f7(x) = 72. The map & ="' o fT oIl :

Sn=! — S" ! is called a spherical homothety, and

1
f (D" 'do = / (D" do = 1 (5.52)
Snfl wn_lgnfl
For o2 > (=beont) ke 1 < 7 < /—2=3 . It is a fact that

n—3 (n—1)(p—n+1)

n—1

(DT <7 < ((n — 1)n(p_—3n n 1)a2> N (5.53)

5]

Define F(s) = <a2 + (n — 1)3%) * for s > 0. Then differentiation yields

n—1

So when 0 < s < (%oﬂ) " we see that I is concave. Hence using (5.53), we can
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apply Jensen’s inequality, showing

M|

f(oﬂnt (n —1)[D®7]?) :f F([D27]"1) (5.54)

Sn—1 §n—1
<F 7/ D& | = F() = (@ +n—1)%  (5.55)
n—1
We now define a quasiradial map h'(z) = H(|z|)® ( ), and show that &,[h'] < &,[h°].

(n=1)(p—n+1)

We integrate in polar coordinates. Using inequality (5.55) with a = ng(t) > e

we have

ya
2

£, ') = / () + tn - 00D ) / LD (el + (0 - )1D0P)

R
_ / / H®) (2 () + (n = D[DSP) 7 dodt
r §n—1

—Wp_1 HP (1) / (ni,(t)+(n—1)[pq>7]2)§dadt

R R P
HP(t P . H2(H)\ 2
<Wn_1 tp_L)l (ni () +n—1)2dt = wn1/ <H2(t) +(n—1) t,f )> t"dt

T

/(H2 (|z]) + n—l)Hix(;;nD)gdngp[ho]

]

This example shows that if R: is too big, relative to }72, then radial symmetry is lost in
the minimizer of £,. However, we can show that the radial map h° is the minimizer of &,,

prov1ded == is not too large.
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Lemma 5.2.2. Let Q(¢) = =3\ p De3 4 (p—3)2 — (2p—n— 1) — (n—1). There eists

a number by, > 1 such that Q(b,,) = 0 and Q(§) < 0 for 1 < & < b,,. If n > 3, then

n—3"°
The proof of the lemma is elementary. First, note Q(1) = % < 1. We now
consider cases. For n = 2, we see that
QE)=—(p-1)€+(p—3)&—(2p-3)¢ -1 (5.56)
=(p—-3)1 & -2~ (2p—3)¢ -1 (5.57)

If 3> p > 2, then (5.56) shows that Q(&) < 0 for all £ > 0. If p > 3, then (5.57) shows that
Q&) < 0 for all £ > 1. Thus, we can take by, = co.

For n = 3, we have

Q) =(p—-3)& - (2p—4)¢-2
o p=2—p —2p-2 Cp2+ VP22
=(=3)|¢ ¢ e

p—3

—2— /D2 —92p— _ \/D2—2p—
We observe that % <1< % since Q(1) < 0. We take b3, =
p—2-+4/p?—2p—2

p—3

Now suppose n > 3. The we have (ﬂ/n },}) =(p—n) Z—:;’ [,/Z—:é — 1} > 0. Since

Q(1) < 0, there exists a number 1 < b < /2= with Q(b) = 0. By the fundamental theorem

of algebra, there are no more than three such numbers. Take b, , to be the smallest number

in (1, \/g::;) with Q(b,.,) = 0.

Since g(§) is decreasing on (1, ay, ), there is a number 1 < o), , < oy, so that g(ay, ) =
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(5" glany).

Definition 5.2.3. Set ap = min{a/, ,b,,}. Let o =T'_ (%) This constant depend on n,

n,p?

R
p, and .
We are now ready to restate Theorem 1.0.5.

Theorem 5.2.4. Let A and A* be annuli in R™. Let H_ be the principal solution of the

generalized p-harmonic equation and o be the constant defined in Definition 5.2.3. [f§ <

T H_(do)

R
R < f (%) , then there exists a radial p-harmonic homeomorphism h°(z) = H(|x|)% with

/|Dh(:v)|pdx2 /|Dh0|pdm
A A

for every homeomorphism h : A — A* of Sobolev class WhP(A, A*).

H_(60%)

Proof. We begin by showing that % < Ij—** < T 60

is equivalent to 1 < ng(t) < ap for all

r <t < R. We recall that k is defined by Q_(k) = f—:, where Q_(t) = Ié:(éf)) is a decreasing

function on (1,00). Moreover, for r < t < R, we have ny(t) = n, (kt) = u_;(kt), which is

decreasing. Thus,

na(t) =, (kt) < ao, Vi € (r,R) < n, (kR) = @ < ap

1 R, 50 o H—<50§)

H_(60%)
H_(d0) ~

3 3 R R*
Therefore, 1 < np(t) < o is equivalent to & < 7= <
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Recall that when % < %, we have an increasing function H (t) satisfying

(1= ng) (EW + 1>A (0% +n — 1)5 exp (D tan~! ( 1 )) - % (5.58)

n—1

where C' < 0 is a constant. For 7, < s < R,, let F'(s) be the function with F'(H(t)) = t, and

let n(s) = nu(F(s)). From (5.58), we see that 7(s) satisfies

(1-17) (%n + 1)A (> +n—1)8 exp (D tan~! (\/%)) = Sgn (5.59)

This could be taken as the definition of 7(s).

We can define functions a(s,t) and b(s) to be

p—2

pP(s)+n=1)7 (P(s)=1) s (F(s)\""
a(s,t) = 1(s) Fri(s) ( : ) (5.60)
o) = e (561)

Recall the function f(&) from Definition 3.2.1. We remark that oy, = co. Thus, if n = 2,

we have g(as,) = 0, so 1% > g(as,) automatically if n = 2. Suppose that n > 3. Note

by (5.60)-(5.61), we have that

=00 () zaen () e

Recalling our assumption that 1 < ng(t) = n(H(t)) < ap, and that g is decreasing on (1, ),

7



the definition of o], , shows

pr—1 r\ (n=1)(p—n)
) > g(ctny). (5.63)

W > g(n(s)) (E

We may now invoke Lemma 3.2.2. Letting X = |hy(z)| and Y = |hr(z)| in Lemma 3.2.2

and using (1.6), we have
|Dh|P > alhy| + blhy||hr|" "t —c. (5.64)

Equality holds when X = X%(a,b) and Y = Y?(a,b). By our choice of a and b, we have that

2 = 2 T
o _ n*(s) —1\ "1 s 0 n*(s) —1\ "1 Vs
= (—2_1 ) : X0 = <—v2—1 = (5.65)

where V' = V(t, s) is defined by

(n—=1)(p—n)
o) =a0) (55) (5.60)

We see when ¢ = |z and s = H(|z|) that V = ng(z), so YO = ZUED and X0 = A (|z)).

||
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Integrating (5.64) with ¢t = |z| and s = |h(z)|, we see we have

po [POPQRD+n =D (P(A) = 1) [pp! .
A/ . ZA/ Ik P (al)ept it
pP(h]) +n =1 |hp"
e T (A 209

p

[y (ROPARD =D R ) et T
fo ”( @) Fp-n<|h|>|a:|n—l> Sl

A

(5.69)

The integrals on the right-hand side of (5.67) and in (5.68) are free Lagrangians. To finish
showing that &,[h] > &,[h°], we only need study the integral in (5.69).

We will now let

clt,5) = (p(” ) *n@;;ﬁ_;s(;fi)_”SH) HWIE )

where V' is defined by (5.66). We claim that
max{c(t,s) :r. < s < R.} = c(t, H(t)). (5.71)
To prove our claim, we will show that

cs(t,s) >0 s < H(t) (5.72)

cs(t,s) <0 s> H(t) (5.73)

We will need to find the sign of c¢,.
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Taking the logarithmic derivative of (5.70) with respect to s, we come to

(p — 1)es(t, ) —p (p = 2)m(s)ils) | 2n(s)i(s) _n(s)  p=1 (p= nEF(s) | F(V)Ve
c(t,s) ?(s)+n—1 " n*s)—=1 n(s) s F(s) V)
(5.74)
[ e=n's) —(p—n =2 (s) +n—-1_ . (p=1ns)—(p—n)
- [ T e+ =
(5.75)
. (0~ DpPV)V, -
(= DV —1)(2 = 1) (V2 - 2=}
We now take the logarithmic derivative of (5.59), yielding
= (s) +n(s) .
A=) () + 1) P +n =1 5 70
Using this relationship, (5.75) simplifies to give
p-—Dn'—(p—n-—2)*+n—-1. (p-Ln—(p—n) _ Q(n(s))
n(m? = 1D)(n* +n—1) " 1) s+ 1) (B2 4 1) (5:78)
To compute (5.76), we begin with the logarithmic derivative of (5.66),
(n-DPOV. = DPEi) = Dp=n) o
VIVZtn-1V2=1)  n(s)(n*(s) +n—1)(n*(s) — 1) sn(s) '
_ Qu)(Ere) - 1) .

s’(n+1) (h=m” +1)
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From here, it is clear that (5.76) simplifies as

(n— )pP(V)V, _ (n = VpQM(s)(Em*(s) =D
(= DV 4n-112=1) (V2= 2)  (p=Dsply+1) (2 +1) (V2 - =)
(5.81)
Plugging (5.81) and (5.78) into (5.74)- (5.76), we find
cs(t,8) _ Q(n(s)) () - 1
c(t,s) psn2(s)(n(5) +1) (E=102(s) + 1) (1 boy2 1 ) (5.82)
We now recall that g(V') = g(n(s)) (Ffs)>(n Ve and that g is decreasing on (1, a,,,).

Note s < H(t) is equivalent to ( 7 = 1. Since 1(s) < ag < anp we have g(n(s)) < g(V) for

p—1 2
s < H(t). This implies that V < n(s), so =21 L)~

T > 1. Recalling that Q(n(s)) < 0 since

n(s) < by, we see by (5.82) that cs(t,s) > 0. Similarly, if s > H(t), we will have V' > n(s),
so ¢(t,s) < 0.

This establishes (5.73) and (5.72), proving the claim. Therefore, we have that

p(P(h]) +n— 1) (2(|h]) — 1) A1 P L
/< n(|h[) Fp_”(|h|)|x|n—1> LF(V)]

A

< [+ = 177 (= Do) 2 1) (H(lxl))p7

|z]
A

with equality holding when |h(x)| = H(|z|). Using this estimate in (5.69) finishes the

proof. ]
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