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Essay I: On Testing for Sphericity with Non-normality in a Fixed
Effects Panel Data Model



1 Introduction

This paper proposes testing the null of sphericity of the variance-covariance matrix in a
fixed effects panel data model which does not require the normality assumption on the
disturbances. This builds on the paper by Chen et al.(2010) who use U-statistics to test
for sphericity of the variance-covariance matrix in statistics. The null of sphericity means
that the variance-covariance matrix is proportional to the identity matrix. Rejecting the
null means having cross-sectional dependence among the individual units of observation
or heteroskedasticity or both. In empirical economic studies, individuals are affected by
common shocks. For example, investors’ decisions may be influenced by the way they interact
with each other and also by common macro-economic shocks or public policies. These
potentially cause cross-sectional dependence among the units.

In statistics, the n X n sample covariance matrix .5,, is widely used for tests of sphericity
since it is a consistent estimator for the variance-covariance matrix >J,,. One could either use
the likelihood ratio test, see Anderson (2003), or test the Frobenius norm of the difference
between S, and ¥, see John (1971,1972). However, with panel data sets where n the
number of individuals is larger than the time series dimension of the data T, the sample
covariance matrix becomes singular. This causes problems for the likelihood ratio test which
is based on the inverse of S,,. Even when n is smaller than 7', the sample covariance matrix
Sy, is ill-conditioned as shown in the Random Matrix Theory (RMT) literature. In fact, the
eigenvalues of the sample covariance matrix 5,, are no longer consistent for their population
counterpart, see Johnstone (2001). Ledoit and Wolf (2004) show that the scaled Frobenius
norm of S,, does not converge to that of 3,, with n/T — ¢ € (0,00). As a result, John’s test,
see John (1971,1972), is no longer applicable. Hence, Ledoit and Wolf (2002) propose a new
test for the null of sphericity which could be applied even when n is relatively as large as T'.
However, these statistical tests for raw data are not directly applicable to testing sphericity in
panel data regressions since the disturbances are unobservable. Baltagi et al. (2011) extend

the Ledoit and Wolf (2002)’s John test to the fixed effects panel data model and correct for



the bias due to substituting within residuals for the actual disturbances. However, their test
relies on the normality assumption and their simulation results show that the test has size
distortion under non-normality of the disturbances.

To account for the possible “non-normality” of the disturbances as well as the “large n,
small 77 issues in testing the null of sphericity, Chen et al.(2010) propose a modified John
test by constructing U-statistics of observable samples for estimating tr3, and trX2. Based
on their work, this paper proposes a new test for the null of sphericity of the disturbances
in a fixed effects regression panel data model. This test does not require the assumption of
normality of the disturbances, and can be applied to the case where n is larger than 7. The
limiting distribution of this test statistic under the null is derived. Also, its finite sample
properties are studied using Monte Carlo simulations.

The paper is organized as follows. Section 2 specifies the fixed effects panel data regression
model and the assumptions required. Section 3 introduces the test statistic. Section 4 derives
the limiting distribution of this test statistic under the null and discusses its power properties.
Section 5 reports the results of Monte Carlo simulations, while Section 6 concludes. All the
proofs and technical details can be found in an Appendix available upon request from the
authors.

Notation: ||B|| = (tr(B’B))1/2 is the Frobenius norm of a matrix B or the Euclidean norm
of a vector B, and tr(B) is the trace of B. —2 denotes convergence in distribution and —-

denotes convergence in probability. For two matrices B = (b;;) and C' = (¢;;), we define

Bo(C = (bijcij).

2 The Model and Assumptions

Consider the following fixed effects panel data regression model

Vit = a+ B+ i + vy, fori=1,2,....n; t=1,2,...,T, (2.1)



where ¢ indexes the cross-sectional dimension and ¢ indexes the time series dimension. y;; is
the dependent variable, x;; denotes the k£ x 1 vector of exogenous regressors, and 3 is the
corresponding k x 1 vector of parameters. p; denotes the time-invariant individual effects
which can be fixed or random and could be correlated with the regressors. Define the vector
of disturbances v; = (vyy, ..., v,) and its corresponding variance-covariance matrix %,,. The

null hypothesis of interest is sphericity:
Hy:%, =01, vs H:%,+#0d’l, (2.2)

The alternative hypothesis allows cross-sectional dependence or heteroskedasticity or both.

For the panel data regression model, v; is unobserved, and the test statistic is based
upon consistent estimates of variance-covariance matrix, denoted by S,, or its correlation
coefficients matrix counterpart, see Breusch and Pagan (1980). Baltagi et al. (2011) extend
the Ledoit and Wolf (2002) test to a fixed effects panel data model with large n and large
T. They show that the noise resulting from using within residuals rather than the actual
disturbances accumulates and causes bias for the proposed test statistic. However, their
simulations show that their test is oversized under non-normality of the disturbances. This
paper extends Chen et al. (2010) to test the null of sphericity of the variance-covariance
matrix of the disturbances in a fixed effects panel data regression model without assuming

normality of the disturbances. We use the within residuals which are given by
b = i — ¥B = v =70 — 7, (B B). (2.3)

~ _ _ T . . ~ _ _ T
where T;; = z4 — Z; and T; = %thl xy. Similarly, ¥ = yu — Yis Yy = %th Yit,
and v; = %ZL vi. The within estimator of 8 is given by 8 = (ZtT:l Yo fiﬁ%g)

T ~ ~ ~ ~ ~ A~ A~ A~ _ _ _
<zt:1 Z?:l xityﬁ) - Let Y = (y1t7 s ,ynt)/7 vy = (U1t7 s Jvnt)IJ v, = (U1.7 s 7Un.)/7 and

Ty = (T14y - .-, Tpt). The within residuals can be rewritten in matrix form as v, = v, — v, —

z (B — B). To facilitate our analysis, we require the following assumptions:



Assumption 1 The n X 1 vectors vy, vs,...,vr are independent and identically distributed
(i.i.d.) with mean vector 0 and covariance matriz X, = I'T’, where I' is an n x m (m < o)
matriz, vy can be written as v, = U'Zy, where Z; = (241, - . ., Zum) are i.i.d.random vectors with
mean vector 0 and covariance matriz I,,,. We also assume that each vy, fort=1,...,n has
uniformly bounded 8th moment and there exists a finite constant A such that E(z},) =

3+ A, forl=1,...,m.

Assumption 2 The regressors x;, 1 =1,...,n, t =1,...,T are independent of the idiosyn-
cratic disturbances vy, 1 = 1,...,n, t = 1,...,T. The regressors x;; have finite fourth

moments: E[||zy|['] < K < oo, where K is a positive constant.
Assumption 3 As (n,T) — oo, tr(X2) — oo, tr(X2)/tr*(X2) — 0.

The asymptotics follow the framework employed by Chen et al. (2010). Assumption 3
requires tr(X+1) to grow at a slower rate than tr?(X2). This assumption is flexible. In fact,
if all the eigenvalues of 3, are bounded away from zero and infinity, tr(X2)/tr?(32) — 0,
is always true for any n as n — co. Moreover, this assumption allows n to be much larger

than 7', which is more suitable for micro-panel data.

3 J, Test

For testing the null hypothesis (2.2), the test statistic is based on the scaled distance measure

between o, 2%, and I,:

1
U() = —tr
n

s () n] < () () 1

where 5, is the n x n sample covariance matrix and [, is an n X n identity matrix. With

the normality assumption, John (1972) shows that for fixed n, and as T — oo:

nT d
7U0 — X?L(n+1)/2—1‘ (3.2)



But when n goes to infinity, the test statistic diverges. Ledoit and Wolf (2002) propose a

modified test statistic under the null, as (n,T") — oo and n/T — ¢ € (0, 00):
TUy —n - N(1,4). (3.3)

Define Jy = W — %, then under the null Jy N N(0,1). However, this test cannot be
used directly in a fixed effects panel data regression model. The raw data sample covariance
matrix S, is replaced by its counterpart S*n = %Zle 040y, where 0, is the within residual

given by (2.3). The residual-based U, is defined as Uy = (%tr§n> Ltr (5’2) — 1 and the

TUg—n

g % Baltagi et al. (2011) propose a bias

corresponding residual-based J; test is jo =

correction:
n

JBFK = JO - m

(3.4)

They show that in a fixed effects panel data regression, as (n,7) — oo and n/T — ¢,
JBri N (0,1) under the null. However, their result relies on the normality assumption
of v;. Without the normality assumption, the bias-corrected John test is not robust, see the
simulations in Baltagi et al. (2011).

Chen et al. (2010) propose a new test statistic for the sphericity of the variance-covariance
matrix of the disturbances without the normality assumption and under much relaxed con-
ditions where n could be much larger than 7. They construct the U-statistics for estimating
tr¥, and tr¥2. Following their framework, we propose a residual-based test statistic for

testing the null of sphericity described in (2.2) in a fixed effects panel data model. Define

1 T
N N N ~
Ml,T = ? E VU, E E UV Vs, M37T E E
t=1

T s s=1 T pts s=1

= Zzzvtvsw, My = Z Z ZZ (6,000
t;és;éTs;éT

=1 t#S#T#ﬂ s#rn T 1=1

where CZ = T'/(T — Z)‘ AISO, let él = Ml,T — MQ’T and RQ = M&T - 2M4,T + ]\7[571“.



If we observe the true v, then R, Ry and M, for j = 1,2,3,4,5 are obtained sim-
ilarly by replacing (¢, 05, 07, 0,) with (v, vs,vr,v,). Ry and Ry are unbiased estimators

for tr3, and trX2, respectively. The scaled distance measure between o, 2%, and I, is

2
given by Ur = ”R—]? — 1. Define A = I'T" and ¢? = 7% + %tr {(%—%) } +
2 2
2tr [(tré}%) - trén)) o (tr&%) - trén)ﬂ' Chen et al. (2010) show that as (n,T) — oo:

Yyt KUTJ 1) (f:gg))) = 1} ~5 N(0,1). (3.5)

Let Jozz = T—IQJT, then under the null Joyzz N N(0,1). Following this framework, we

propose the following test statistic:

T. T/[ R

1

J., is the residual-based statistic corresponding to Jozz. There are two important issues to
be considered. First, whether the residual-based Rl and RQ are consistent estimates for try,,
and tr¥:2 under the null, respectively. Second, the asymptotics of the proposed test need to

be derived. Both concerns are tackled in the next Section.

4 Asymptotics of the J, Test

In this Section, we prove that, under the null, %Rl and %RQ are consistent estimators for
LtrY, = o2 and +tr¥2 = o}, respectively. Next, we show J, converges to N(0,1) under the

null and we discuss its power properties. To examine the asymptotics of J,,, we rewrite it as

T (UT . UT>

Ju=Jdozz + (Ju— Jozz) = Jozz + 5

(4.1)

The first term Jeyzz is asymptotically standard normal under the null. The second term

J, — Jozz 1s the scaled difference between the residual-based UT and the true Ur. From



Section 3, this difference can be rewritten as follows:

() (G G )] (0) () o

From equation (4.2), it is clear that this term depends upon the two differences: %f?l — %Rl

T
Ju—Jezz =3

and %RQ = %RQ. Their asymptotic behavior is given in the following propositions:

Proposition 1 Under Assumptzons 1-2 and the null, (1) MlT = —M1 T ” +0, (7> :
(2) Ly = IMor = 5+ 0, (745) s (3) LB — LRy = 0, (%),

Proposition 2 Under Assumptions 1-2 and the null, (1) l]\A43,T = —M3T + = 2T n2-654 4

O( )+O< >+O< ) (2) + M4T— +O< >+O< )+

0y (37 ): (3) 2V = 1Myttt 40, (B ); (4)51%2—%32:0,,@”0,9(%“
op(#ﬁ)

Propositions 1 and 2 show that the differences %Rl —%Rl and %Rg —%Rg vanish as

(n,T) — oo. Therefore, since %Rl NELN o2 and %RQ NELN ol we conclude that %Rl and
%]%2 are consistent estimates for 02 and o respectively. The following corollary gives these

conclusions:

Corollary 1 Under Assumptions 1-2 and the null, as (n,T) — oo, (1) %]—?1 L5 02 (2)

17 p 4
ERQ — 0,-

Note that %Rg is a consistent estimator of o} under the null with large n and large T'.

However, %trgfl is not consistent, see Baltagi et al. (2011).

U
Proposition 3 Under Assumptions 1-2 and the null, % =0, (%)—1—01,, (%)—i—Op (\/%) )

Propositions 1, 2 and 3 give the asymptotics of the bias term J, — Jozz. Compared
with the statistic based on raw data, the test statistic based on the within residuals, defined

below equation (2.3), can be expressed by v, = v, — v, — T} (5 — 5). This has the additional



terms v, and 7} (B — B). These two terms can be regarded as extra noise resulting from

T(Ur—Ur)

2

%]%1 - %R1 = %(MI,T - M1,T) - %(MZT - M2,T) and %]%2 - —Rz = %(MZS,T - M3,T) -

the regression. Based on equations (4.1) and (4.2), the extra noise depends upon

%(MLLT — Myr)+ %(Ma:r — M;sr). Hence the magnitude of M depends upon how
0. and ig(ﬁ — f) accumulate in (le,T — le7T> , for 7 =1,2,3,4,5. Note that v is an
n dimensional vector, although each element of o is O,( \F) v. may still accumulate in the
above five terms as (n,T) — oo, depending upon the relative speed of n and 7. it(ﬁ —0) is
O, (ﬁ) which is related to both n and 7. We may expect its convergence speed F to be
fast enough so that i;(g — [3) vanishes as (n,T') — oco. More specifically, Proposition 2 shows
the leading terms of M M]T, for j = 3,4,5 will not vanish if 7 does not converge
to zero. These terms are caused by the accumulation of v.. However, due to the subtraction
formulation of the test statistic, the leading terms cancel each other in both %Rl — —R1
and lf{g — le. Similar cancellations occur for other terms which are O, (‘T/—Qﬁ), O, (ﬁ)

and O, ( = f) since their expressions are exactly the same. These cancellations lead us to

lRl——Rle () and lRQ_lRQZO (72) + 0y (55) + O, (TF) and consequently
T(Ur—U
2

n) _ Op(2) 4+ Op(7) + O, < T). Therefore, J, — Jozz = 0 as (n,T) — oo and
we do not need to correct the bias in the fixed effects panel data regression model. This
result is based on our detailed calculation of how 7. and #,(f — ) are accumulating in
<%Mj,T - %Mj,T>, for j = 1,2,3,4,5 and the special formulation of Jozz. As discussed

above, the convergence of .J, is given by the following theorem:

Theorem 4 Under Assumptions 1-3 and the null, in the fized effects panel data regression
model (2.1), as (n,T) — oo
Ju —5 N(0,1). (4.3)

7(Ur—Ur)

Under the alternative, the limiting distribution of .J, is the same as (3.5) if 5

vanishes as (n,7") — 0. Similar to Chen et al. (2010), we consider an alternative: H; :

X, = (aiajp‘j_”)nxn, where p € (—1,1) and p # 0. 07 = var(vy), which is uniformly



bounded away from infinity and zero, for [ = 1,...,n. Under this alternative, we can show

that J, — Jozz = 0,(1), which in turn implies that .J, and Jozz have the same power

2
properties. Define 6,7 = 1 — :i(é;‘)) and 097 = tr {(% - tr(ZTnn)> } One can show

that 76, p — oo and dp7/(T077) — 0 as (n,T) — oco. This satisfies the conditions of
Theorem 4 in Chen et al. (2010). By using this Theorem, the corresponding power function
P(Ju > 24|20 = (0:0;0 ) i) — 1, as (n,T) — oo, where 2, is the upper quantile of
N(0,1). Let us consider a special case under this alternative. More specifically, assume that
A =0, 0; =0 =0, for any (i,7) and T/n — 0 as (n,T) — oo. It follows that ¢)~! — %

and (1— p?) J, — Tp*/2 -5 N(0,1).

5 Monte Carlo Simulations

We conduct Monte Carlo experiments to assess the empirical size and power of the J,
test proposed in this paper. We follow the design of Baltagi et al. (2011) and assume
homoskedasticity on the remainder error term. In this case, the J, test becomes a test for
cross-sectional dependence. We also report the performance of Jgrx proposed by Baltagi et

al. (2011) for comparison purposes.

5.1 Experiment Design

Consider the following data-generating process:

Y =+ Bay +pi +vy, t=1,...,n;t=1,...,T, (5.1)

Tit = ATjg—1 + i + Nit, (5.2)

where p; is the fixed effects and v is the idiosyncratic error, n; ~ i.i.d. N (gbn,af]). The
regressor x; is allowed to be correlated with the u;’s. This follows the design by Im et al.

(1999).

10



To study the power of the tests, we consider two different types of cross-sectional depen-
dence models: a factor model and a spatial model. For the factor model, see Pesaran (2004),

Pesaran and Tosetti (2011), Baltagi et al. (2011), we assume:

Vie = Vi ft + €t (5.3)

where f; (t =1,...,T) are the factors and ; (i = 1,...,n) are the loadings. For the spatial
model, we consider a first-order spatial autocorrelation model SAR(1), see Anselin and Bera

(1998) and Baltagi et al. (2003), given by:

Vit = (5(0.51]@',1715 + 0-5Ui+1,t) + €;¢. (54)

The €; in (5.3) and (5.4) are assumed to be 7.i.d.(0,0?) across individuals and over time.
Under the null, we have 7, = 0 and 6 = 0.

Under the null, the v; comes from some i.i.d. distribution across individuals and over
time with mean zero and variance o2. These are not necessarily normally distributed. For
models (5.1) and (5.2), we set @ = 1 and § = 2; y; is drawn from i.4.d. N(¢,,0;) with
¢ =0 and o7 = 0.25. We also set A = 0.7, ¢, = 0 and 07 = 1. For models (5.3) and (5.4),
vi ~ i.4.d. U(—=0.5,0.55); f; is set to be i.i.d. N(0,1) and § = 0.4. Various distributions are
considered in generating the model errors, v in (5.1) and €; in (5.3) and (5.4) are assumed
be normal, lognormal, gamma, chi-squared with mean zero and variance 0.5.

The Monte Carlo experiments are conducted for n = 20, 40, 60, 80, 100, 200,400 and T =
20,40, 60,80. We perform 1,000 replications to compute the .J, and Jgpx test statistics.

We conduct the tests at the positive one-sided 5% nominal significance level to obtain the

empirical size.
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5.2 Results

Table 1 gives the empirical size of the J, and Jgpk tests allowing v;; to be generated from
different distributions. When the disturbances are normally distributed, the size of J, and
Jeri are both close to 5%, which is consistent with the theoretical results. The rest of Table
1 shows the results with v; coming from alternative non-normal distributions. The size of
Jy is close to 5% when n and T are large; for small n or small T, it is slightly oversized.
However, Jgrk is no longer robust to non-normality and suffers from size distortions.

Table 2 presents the size adjusted power of the tests under the alternative specification
of a factor model. Both tests have size adjusted power that is almost 1 when n and T are
large with v; normally distributed. For small n and small T, the size adjusted power of
J, works as well as Jprr. Note that the size adjusted power of Jprx is quite good even
when n is a lot larger than T" for the normal distribution scenario. However, for non-normal
distributions, the size adjusted power of J, is 1 as n and T become large; and it is larger
than the size adjusted power of Jppk for all (n,T") combinations.

Table 3 reports the size adjusted power of both tests under the alternative specification
of SAR(1). The results are similar to the factor model. J, works as well as Jppx for the
normal distribution scenario, but better for all combinations of n and T for non-normal

distribution scenarios.

6 Conclusion

Though the John test proposed by Baltagi et al. (2011) has been shown to perform well
for a large panel data regression model with fixed effects, it relies heavily on the normality
assumption. This paper proposes a new test, J,,, for the null of sphericity of the disturbances
which does not rely on the normality assumption. Instead of n/T — ¢, we allow n to be a

larger order of T" which is consistent with micro-panel data sets with “large n and small T

12



Acknowledgments

Essay I is based on the paper of Baltagi, Kao and Peng (2015).

References

1]
2]

8]

[9]

Anderson, T. W., 2003. An Introduction to Multivariate Statistical Analysis, Wiley.

Anselin, L., and Bera, A. K., 1998. Spatial Dependence in Linear Regression Models with
an Introduction to Spatial Econometrics. Handbook of Applied Economic Statistics,

Amman Ullah and David E. A. Giles, eds., Marcel Dekker, New York.

Bai, Z.D., and Saranadasa, H., 1996. Effect of High Dimension: By an Example of a

Two Sample Problem. Statistical Sinica. 6, 311-329.

Baltagi, B. H., Song, S. H., and Koh, W., 2003. Testing Panel Data Regression Models

with Spatial Error Correlation. Journal of Econometrics. 117, 123-150.

Baltagi, B. H., Feng, Q., and Kao, C., 2011. Testing for Sphericity in a Fixed Effects

Panel Data Model. The Econometrics Journal. 14, 25-47.

Baltagi, B. H., Kao, C., and Peng, B., 2015. On Testing for Sphericity with Non-
normality in a Fixed Effects Panel Data Model. Statistics & Probability Letters. 98,

123-130.

Breusch, T. S., and Pagan, A. R., 1980. The Lagrange Multiplier Test and Its Applica-

tion to Model Specification in Econometrics. Review of Economic Studies. 47, 239-254.

Chen, S., Zhang, L., and Zhong, P., 2010. Tests for High-dimensional Covariance Ma-

trices. Journal of the American Statistical Association. 105, 810-819.

Im, K. S.;, Ahn, S. C., Schmidt, P., and Wooldridge, J. M., 1999. Efficient Estima-
tion of Panel Data Models with Strictly Exogenous Explanatory Variables. Journal of

Econometrics. 93, 177-201.

13



[10]

[11]

[12]

[13]

John, S., 1971. Some Optimal Multivariate Test. Biometrika. 58, 123-127.

John, S.; 1972. The Distribution of a Statistic Used for Testing Sphericity of Normal
Distributions. Biometrika. 59, 169-173.

Johnstone, 1., 2001. On the Distribution of the Largest Principal Component. Annals
of Statistics. 29, 295-327.

Ledoit, O., and Wolf, M., 2002. Some Hypothesis Tests for the Covariance Matrix When
the Dimension is Large Compared to the Sample Size. Annals of Statistics. 30, 1081-
1102.

Ledoit, O., and Wolf, M., 2004. A Well-conditioned Estimator for Large-Dimensional

Covariance Matrices. Journal of Multivariate Analysis. 88, 365-411.

Pesaran, M. H., 2004. General Diagnostic Test for Cross Section Dependence in Panels.

CESifo Working Paper, No.1229, University of Cambridge.

Pesaran, M. H., and Tosetti, E., 2011. Large Panels with Common Factors and Spatial

Correlations. Journal of Econometrics. 161, 182-202.

14



Table 1: Size of Tests

Normal Errors T 20 40 60 80 100 200 400

Ju 20 6.4 7.1 6.5 8.0 7.8 7.2 6.3
40 5.6 7.0 4.9 4.7 5.8 5.9 6.0
60 6.7 7.1 6.5 5.7 5.4 5.5 5.9
80 5.2 5.6 4.9 7.1 5.8 5.1 4.4

JBrK 20 6.4 6.7 5.6 6.6 6.9 6.1 5.8
40 5.8 6.7 5.0 4.9 5.6 6.5 5.1
60 6.5 6.6 6.7 5.9 4.8 5.0 5.9
80 5.0 5.3 4.6 6.7 6.1 4.7 4.7

Gamma Errors

Ju 20 7.2 6.8 8.0 7.3 5.5 7.7 6.9
40 7.1 5.6 7.0 6.8 5.1 5.3 5.1
60 7.4 7.0 5.2 6.0 6.0 5.4 5.1
80 6.2 5.9 5.6 5.2 6.5 5.3 5.6

JBrK 20 16.0 17.8 194 20.1 18.6 21.3 18.3
40 174 17.5 21.0 19.3 17.0 19.7 18.2
60 19.5 19.9 16.4 19.3 18.0 18.6 18.5
80 18.5 18.8 17.7 18.5 19.3 18.2 18.8

Lognormal Errors

Ju 20 9.3 7.9 6.8 7.6 7.2 6.2 7.1
40 8.0 8.0 5.7 6.3 6.9 6.7 6.4
60 8.3 6.4 6.6 6.5 5.9 5.3 5.4
80 7.0 6.3 7.1 6.0 5.8 5.0 6.0

JBrK 20 27.1 26.9 27.9 27.8 28.5 28.0 29.0
40 26.5 30.2 27.0 29.0 28.3 29.7 28.7
60 25.4 27.1 29.9 29.7 30 30.3 30.9
80 26.2 26.7 29.0 28.1 28.4 32.0 30.1

Chi-squared Errors

Ju 20 8.4 8.2 7.6 7.9 7.7 6.9 7.6
40 8.6 6.8 6.6 6.3 5.0 7.3 6.2
60 8.4 8.1 7.6 5.6 4.6 5.5 5.4
80 8.0 6.4 7.1 7.3 4.9 6.5 6.0

JBrK 20 26.6 26.2 28.7 29.8 30.7 29.6 31.9
40 27.9 29.3 31.5 31.9 31.0 32.4 33.2
60 30.6 33.5 33.6 31.6 32.3 32.5 28.9
80 30.7 30.1 35.0 34.1 32.9 32.4 31.8

Notes: This table reports the size of J, and Jppx with different error distribution specification in a fixed
effects panel data model without cross-sectional dependence among the errors. The tests are one-sided and
are conducted at the 5% nominal significance level. We conduct the simulation with four distributions:

normal, gamma, lognormal and chi-squared with mean 0, and variance 0.5.
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Table 2: Size adjusted power of tests: factor model

Normal Errors T 20 40 60 80 100 200 400

Ju 20 73.1 94.0 98.3 99.5 99.7 99.8 100
40 95.6 99.8 99.9 100 100 100 100
60 99.3 100 100 100 100 100 100
80 99.8 100 100 100 100 100 100

JBrK 20 73.4 94.7 98.3 99.5 99.9 99.9 100
40 95.8 99.8 99.9 100 100 100 100
60 99.4 100 100 100 100 100 100
80 99.8 100 100 100 100 100 100

Gamma Errors

Ju 20 68.2 93.3 97.1 99.1 99.6 100 100
40 94.6 99.7 100 100 100 100 100
60 99.1 100 100 100 100 100 100
80 99.6 100 100 100 100 100 100

JBrK 20 60.1 89.0 96.1 98.5 99.2 99.9 100
40 91.5 99.5 99.9 100 100 100 100
60 98.1 100 100 100 100 100 100
80 99.2 100 100 100 100 100 100

Lognormal Errors

Ju 20 68.1 91.6 98.2 99.2 99.4 99.9 100
40 95.3 99.7 100 100 100 100 100
60 99.6 100 100 100 100 100 100
80 99.9 100 100 100 100 100 100

JBrK 20 48.7 85.2 95.5 97.6 98.3 99.9 100
40 88.3 99 100 100 100 100 100
60 97.9 100 100 100 100 100 100
80 99.5 100 100 100 100 100 100

Chi-squared Errors

Ju 20 70.1 90.3 98 98.9 99.4 100 100
40 94.1 100 100 100 100 100 100
60 98.6 100 100 100 100 100 100
80 99.6 100 100 100 100 100 100

JBrK 20 53.8 80.4 93.5 97.8 98.3 100 100
40 84.8 99.3 100 100 100 100 100
60 96.1 100 100 100 100 100 100
80 98.6 100 100 100 100 100 100

Notes: This table computes the size adjusted power for a factor structure model that allows for cross-
sectional dependence in the error. We conduct the simulation with four distributions: normal, gamma,

lognormal and chi-squared with mean 0, and variance 0.5.
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Table 3: Size adjusted power of tests: SAR(1) model

n

Normal Errors T 20 40 60 80 100 200 400

Ju 20 81.4 83.7 86.0 82.1 83.3 84.8 88.0
40 99.9 99.9 100 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

JBrK 20 82 87.1 89.7 87.5 86.4 88.3 90.6
40 100 99.9 100 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

Gamma Errors

Ju 20 75.1 81.6 84.3 84.1 87.3 85.0 86.2
40 99.9 100 100 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

JBrK 20 74 78.3 82.2 83.3 83.8 84.1 84.9
40 99.9 100 99.9 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

Lognormal Errors

Ju 20 71.4 80.2 83.5 83.5 85.2 87.8 88.6
40 99.9 100 100 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

JBrK 20 61.4 72.3 79.8 80.4 80.1 86.1 84.8
40 99.4 100 99.9 99.9 100 99.9 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

Chi-squared Errors

Ju 20 74.2 79.5 83.6 84.2 84.8 86.3 84.5
40 99.7 100 99.7 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

JBrK 20 65.6 70.3 79.5 77.9 76.7 82.6 78.4
40 99.4 99.7 99.7 100 100 100 100
60 100 100 100 100 100 100 100
80 100 100 100 100 100 100 100

Notes: This table computes the size adjusted power for a SAR(1) structure model that allows for cross-
sectional dependence in the error. We conduct the simulation with four distributions: normal, gamma,

lognormal and chi-squared with mean 0, and variance 0.5.
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Appendix

This appendix includes all the proofs of the Propositions and Theorems in the text, and it
also presents some useful Lemmas, which are frequently used in the proofs of the Proposi-

tions and Theorems.

In the fixed effects panel data regression model:
Y =28+ wi+vg (i=1,...,n,t=1,...,7T).

{3 is the within estimator and the within residual is 9y = §i — f;ﬁ , where ¥;; = y;; — ;. and
Ty = Ty — T;.. Define 0y = vy — v;., then the residuals 0 = 05 — jgt(é — ) and in vector
form we have v, = v, — it(ﬁ — (). Before we go to the proofs, we introduce the following

lemmas which will be used frequently later.

Lemma 1 For a random sequence Z,, if E(Z?) = O(n"), where v is a constant, then Z, =

O, (n*/?).
It is Lemma 1 in Baltagi, Feng and Kao(2011), we put it here since we use it frequently.

Lemma 2 Under Assumption 1, 2 and the null,

0_2
(a) nTz Zt 121 1 zt TU"‘OP(#,TT);

(b) nT3 Zt;és Zs 1 Zz 1 ztvzs - 04 + O (T2\f)

T _
(c) n_%s dim1 Z?yﬁj Z?:l Uz‘QtUJQ‘t = nT_;Ug + OP(quﬁ);

(d) n (nT2 Zt 12 V) = T2U +0 (Tzf)

(6) T3(T 1) Zt;és Zs 1 Z];ﬁz Zz 1 Zt - %03 + Op(%)
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Proof. Consider (a),

by using the fact \/%—T(vft —02) = 0,(1).

For (b)
T T n T T n
T-1 1 T-1 1
2 2 4 2 92 4 4
nT3 Z VitVis = g %o + T3 Z Z Z(vitvis —0,) = 727 O + Op(TZ—\/ﬁ)'
ts s—1 i—1 ths s—1 i=1

by usmg the faCt fT Zt;ﬁs Zs 1 Zz 1( 1tv - 03) = Op(l)

For (c)
553 3) B T ELE RIS o ) DT PR R
Vst [ 3 itYg v/ T 2 v p .
7’LT3 t=1 i#j j=1 nT t=1 i#j j=1 T TQ\/T
using #;7 Z:{:l ZZ&]’ Z;L:1(Ui2tvj2‘t —0,) = Op(1).
For (d)
1 T n 0 n 0_2 1 T n
- 2\2 VI 212 _ v 2 2\12
n(nT2 ; ;Uzt) [ T ; p vzt] [T2\/ﬁ TQ\/E ; ;(vzt Uv)]
n o, | NG
[ T Uv + p(Tﬁ)] T2 v + p<T2\/T)
For (e)

T T n n T T n n

__ 220 =1 4 1 2 2 4
nT3(T — 1) ZZZZW%‘S =72 o, + W3 (T — 1) ZZZZ(%%S —0,)

t#£s s=1 j#i i=1 t#£s s=1 j#i i=1

n—l 1
72 ol +0 (T3)

by using the fact —= Z#S ST Do i (Wi, —ay) = Op(1). m

The following lemma verifies the consistency propositions of %Rl and %RQ.
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Lemma 3 Under Assumption 1, 2, and the null,

(a) 1Myz =02+ Oy(A=);
(b) oMoz = Oy(77);

(¢c) tMsp = o)+ Op(3);

(d) 1Miz = Op(75=) + Op(72);
(¢) wMsr = Op(72);

(f) +Ri = 02 + Op(F=);

(9) 5Bz =0y + Oy(7)-

’ﬂl'—'

Proof. Before the proofs, to simplify the notation, let’s define

T,=T(T-)T-2T-3, Y =5 Y Y}

15,7 iFEsFETEN sETFEN TEN N=1

First consider (a),
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Here we get the results by part (a) of Lemma 2.

For (b),
T T
1 1 1 p
EMQ’T = X —T(T —) Zthvs
t;és s=1
) )2)9) S
t;és s=1 i=1
1
—Op(T—\/ﬁ)-
Since E|(—z7—

Zt;ﬁs Zs 1 D VitVis)?] = E[nsz )2 Zt;és Zs 1D i ViVE) = OP(L),

nT?
we prove it.

For (c),
" Myr = Y
n 3’T_n T—l)t#slvtvs

— 1 Z Z Z Z UZtUZSUJtU]S

t;ﬁsslzljl

n

_ 1 Z Z Z Uztvzs + . 1 Z Z Z Z Ultvlsv]tvjs
t;és s=1 i=1

t;és s=1 i#j j=1
O-v_{_() \/_ +()

using part (b) of Lemma 2 and —7— T ) Z#s ST D s Doy ViUV = Op(), hence
1 1
EM?”T 0 + O ( ) O (

T\/_ )—0+O(

T)
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For (d),

1M 1 1 T T T o
0T T T (T = 2) tg;;;vtvsvsw
1 L

N
Sl
N

:nT(T—l T—2) Z ZZZ%’U Vir

t;«és;ér s#r =1 i=1

nT(T —2) Z Z Z Z Z VitVisVjsVjr

t;és;ﬁf s#T =1 i#j j=1

+

=0yl 7= f> +0,(==)
For (e),
! ! 1 - / /
5M5T 0 S T(T —1)(T —2)(T — 3) t;ﬁ V05U Uy

’ t,s,mn i#j j=1
1 1 1
- p(ﬁ)-

For (f) and (g), we can use the results of (a), (b), (c), (d), (e) and show that

— = — — — = 2 — ) = 2 .
Ry M 1 Myr =o +O( ) Op(T\/ﬁ) O-v_'_OP(\/n—T

n n 7 n ° ”pﬁ )-

1 1 2 1 1 1 1
532 = EMZ&,T — EMAL,T + 5M5,T :(73 + Op(f) - 2<O (T\/_) + 0, (W)) + Op(ﬁ)
1
=0, + Op(T)'
]
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A Proof of Proposition 1

A.1 Proof of part (1)

Proof. Recall in a panel data model g;; = i;tﬂ + v;;, we have

N

n

B - ﬁ = (Z Z j;txzt Z Z xztvzt

t=1 =1 t=1 i=1

It is easy to show that
1

N

Now 03 = 7 — :E';tB = i;tﬁ + Uy — :i';tﬁ = Uy — :i';t(ﬁ — B) In vector form v, = 0, — Z4(8 — ),

B == Oy

where 0, = v, — ..

Consider (a),

n n T
t=1 t=1
1 « i
=T > (B — 0,F(8 - B) — (B — B + (B — B) (5 — B))
, t=1
= Z Akn
k=1
where Ay = ;7 Zt L 00 Ay = — Et 1 0,(B—B); and Az = T E;(B—ﬁ)’i;:i’t(ﬁ—ﬂ).

Lemma 4 Under Assumption 1, 2 and the null,
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Proof. 1) Proof of a4

—Liv’v —iivlﬁ +1T/T)
_nthl Lt nTt:1 i
1 2 o, 1« 11« 1 «
=— 1T——TZ:: ;(f;%)—i‘ﬁ ;Ut ;Us)
T T
:—M1 T — m Z thvs Z szvs
t=1 s=1 t=1 s=1
1 n

1 2 1
A= M = T+ Oyl )
2) Proof of a; Now we consider As.
2 .
Az_—ﬁ;(vt—v)l’t(ﬁ—ﬂ)
2, - 2
== n—thlvtCEt(ﬁ—ﬂ) T nT £ v (8 — B)
5 T ) o T . o T )
Y Zvitfit(ﬁ - fB) — T (T Zvis)fit(ﬁ )
, t;l , tlezzln s=1 §
= - n_T Z ztxzt(ﬁ ﬁ TLT2 Z Z Uzt'rzt /8 B + Z Z Z ’Uzsxzt 5 6
t=1 t=1 i=1 t#s s=1 i=1
1 1 1
—Op(ﬁ) + O (W)(Op(v nT) + Op(T\/ﬁ))Op(W)
1 1 1
:Op(ﬁ) + Op(nT\/T) <nT)
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Here we use the fact that § — 3 = Op(\/%).
3) Proof of ag

1 1 1
Op(—5)0p(-5)0p(nT) = Op(—5).
m
Hence with Lemma 4, we have
Ly Ly ot o]
p it = p e = + Olm)
A.2 Proof of part (2)
T T
1 - 1 1
Mo — o 0D,
n 2T Tp % T(T—-1) #ZS;UW
1 T T
— N b~ 2 I~ i~ 2
=oT(T=1) #ZS ;(Ut — &(B = B))(0s — (8 — B))
3
:ZBk7
k=1
where By = 5 D, Yasy 0l By = =y i o (B — B)'F0, and By

T Dotns Lot (B — BYEiEo(B = B).

Lemma 5 Under Assumption 1, 2 and the null,
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Proof. 1) Proof of b;

t;és s=1 t=1 s=1
1 1 1 1 <&
/= 2
f—MQT—;vv = —Msyr — TQ(E v + g E E VigVis)
t=1 i=1 t#£s s
1 o2 1
— Moy — 2 4 O ().
. p(T\/ﬁ>

3) Proof of bs

BS ( B B Zzzmztxzs 6 B
t#s s=1 i=1
1 1 1
p(m)Op(ﬁ)Op(nT2) = Op(5)-
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Then Lemma 5 is proved and we could prove part (2) of Proposition 1, which is

R 1 02 1

M :—MQT_ +O(T\/_)

1
n

A.3 Proof of part (3)

With the results of part (1) and (2), we obtain

1 1 - 1

—Ry =My — —M2,T
n n n
1 2 1 1 2 1
( MlT_U +O(T\/_)) ( My — 7y +O(T\/_))
1 1
:—MlT__M2T+O( \/—) R1+O<T\/_)

B Proof of Proposition 2

Proof. Due to space limit, we put the proofs for part (1), (2), (3) in supplementary appendix.

With part (1), (2), (3) of Proposition 2, we prove part (4) as the following

1. 1. 2 - 1~
—Ry =—Msp — —Myr+ —Msr
n n n n
1 2 1 vn 1
=—Msr — —M, M, —
oM — 4T+n 57+ Op(— >+O(T\/_) Oy( \/ﬁ)
1 NZD 1 1
—ﬁRQ‘f‘O( )—I-Op(T\/_)—I—O(T\/_)
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C Proof of Corollary 1

Proof. With part (3) of Proposition 1 and Lemma 2, as (n,T) — oo, we have

1~ 1. 1~ 1 1
SRy =-Nhg — ~Nyp = ~Ry + Op(———
R L p(T\/ﬁ)
1
=02+ 0,(—=) =~
v P( /_nT)

D Proof of Corollary 2

Proof. With part (4) of Proposition 2 and part (g) of Lemma 2, as (n,7) — oo and

n/T* — 0, we have

1. 1 - 2 1 -

—Ry =—Ms 1 — —M4,T + —M5T

n n
1 Vi N
nR2+O( )+O(\/_)+O(\/T)—>av.

E Proof of Proposition 3
Proof. With Proposition 1 and 2, we have

2 (lRl)Q(lRl)g
T[( Ry + O, (‘/—ﬁ)-FO ( )+O ( ))(%Rl)Z_ (%R2)( Ry + 0O, (7))2]
(an) (LR + O0,(727))2

28



Let’s first consider the numerator, since LR, = O,(1) and 2Ry = O,(1), as (n,T) — 0 and

n/T? 5 0, the numerator becomes:

1

TRy + 0,0 + 0,

\/—)

1 )R+ (0,050 + Oyl

1
o
- GR)R) ~20,(F )R~ Oy =

:T[O(£)+O(\/_)+O(\1/T)+O !

p(m)]
=0 (\/_)+O( )+ Op(—= ))i>0.

Oyl R = (- Ro) (R + Oy

1 Lo\\e
T i)

11,
)+ O )
Loy

v VT

Next we consider the denominator, we expand it as the follows:

1 1 1

2(5R1)2(R_1 + Op(T—\/ﬁ))2
:2(%31)4 + 4(]%)30,,(%\/5) + 2(%31)2010(#)
=0,(1) + Op(%ﬁ) + Op(%)

—0,(1).

From the results above, we can easily show that
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F Proof of Theorem 1

T(Un—Uy) d

Proof. Since J, = J.., + 5, Jezz —> N(0,1) and with Proposition 3, we obtain

Ju —L5 N(0,1).
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The following Sections prove part (1), (2), (3) of Proposition 2.

G Proof of part (1)

Proof. Since %M&T is a scaler, we could expand it as the follows:

—Mszr =
n

_1 ZZ @ﬁ]s

tyﬁss 1

_1 ZZ O = (B~ B)) (0 — 3:(5 — 5)))

t;éss 1

1

=tr{m22(vtvs (B — B) 0 — 0,E.(5 — B) + (B — B)' (B — B))*}

where C =
iy (B B8) Lie e 01358 = B); Ca =

Cs = e l)w BY L Lo (057175 (B ﬁ) =
B)iE) (5 - B); C

t#s s=1

T(T 1) Zt;és Zs 1 (010:0405); Co = (5 B Zt;és Zs 1 (0103405 ); Oy =
= (B=B) T Yoama (#0050 (B B);
sy (B=B) (L Yoam E10:(B—

(B = BY (i Yogms (5 = B)(B — BY %12, (5 — B)-

Lemma 6 Under Assumption 1, 2, 8 and the null,

(c1) Cr =
(c2) Co =
(c3) C3 =
(ca) Ca=
(cs) Cs =
(cs) Cs =

(07) Cr =

1 _ 4o,
~M; 1 T

Op(77) + Op(72) + Op=5);
Op(%%
Op(57);
Op(572):
Op(572);
Op(572)-
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G.1 Proof of part (¢1)

= _1 ZZ 0050, 0s)

t;éss 1

S S o 8o — ) — Y (s — )

t;ﬁss 1

= TT=D ZZ Vivg — Vg — V0. + 0/D.)?

t;éss 1

1
k=1

1_ _ 2 _ 3 _
Where C} = T 1 Z#S ST v OF Zt# ST v ' O =2 S

4_ 2 = 5__;—'——/—
Ci = WT(T—1) Zt;&s Zszl v;0.0'vs and Cf = —20.0.0/0..

Lemma 7 Under Assumption 1, 2, 8 and the null,

(1) O = =2 1 0, (1) + O, ();
(2) C2 = 0,(3L);

(3) CF = 2(%F + 5=)oy + Op(37) + Op(77) + On(77);

(4) Of = 2250t + 0,(%);

(5) CF = —325% + 0,(3).
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Proof. 1) Proof of part (1)

~

1 2 ! 1 d
C| = ZZ USvt(vaT)

t#s s=1 =1
T T T

e 0 S
t#s s=1 T=1

T

T T
B nT2 — 1 Z Z Z Z Z VitVisVjtUjr

t;ﬁsslflzl]l
T T T n n n

T T T
= nT2 _ 1 Z Z Z Z Vi1 VisVir — — 1 Z Z Z Z Z Vit ViUtV
t#ﬁ i#j J=

t;éssl’rlzl s=1 =1 1

Here we need to discuss three cases of (s,t,7): (1)t £ s;t=7; (2)t#s;s=7;3)t #s#T.

Then the first term becomes the following;:

T T T n

nT2 -5 DD D 0D vhvisr

t;ésslT 1 i=1

n 4 T T n
- nT2 T-1) ZZZ Uitz —_UZZ UitVis
t;és s=1 1=1 t#£s s=1 i=1

nT2 Z Z Z > Uivisvir

t;éS’TS;éTT 1 i=1

— 4“” +0, (Tf) +op<T2ﬁ) +0p(%ﬁ>
403 1
=— 7+ Op(T—\/ﬁ).
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Next we consider the second term

Z VitVis Uy — —4 E E Vit Vis VitV
1 18 it K 18 S
rirwrlr J nTQ(Z—l) . £ JtYj

T2

2) Proof of part (2)

9 T T 1 T 1 T
2o S w7

- nTg T—1) ZZZZUtUSU Uy

tyﬁsslT 1 n=1
T T T T n

e D) > ettt

t#sslTlnlzlgl
T T T T n

- nT3 — 1 Z Z Z Z Z VitVisVir Uin

t;ésslrlnlll

n

T T T T
YT 1) nT3 Z Z Z Z Z Z VitVisVjr Vjn-
t;és

s=1 =1 n=1 i#j j=1

To consider the order of the two terms of C?. First, we distinct the cases of the first term,
for (t # s,7,7n), we have ten cases:

) Two “ ="s: (1) (s =7 =n)#t Q) (t=7=n)#s @) (s=7)#{=n); {4
(s=n)#{E=1)
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) One * =7 (5) (t =7) #s#n 6) (t=n) #s#7(7) (s =7) #tFn (8)

(s=n)#t#7;,09) (r=n) #t#s;

III) No “=": (10) t £ s # T #n.

Then the first term of C? can be calculated respectively as the following:
(1) (s=7=mn)#t: nT3(T 1) Zt;ﬁs Zs 1 2 VitV = O <T31\/ﬁ);

(2) (t=7=mn)#s: W Zt;ﬁs 25:1 D i Viivis = OP(T?’l\/ﬁ);

(3) (s =7) # (=) * srogrry Lorps Doset Doiot ViV = Op(7);

(4) (s=m #(t=7) sty Lt 2osmt Lt Vitvie = Opl7);

(5) (t=7)#s#n: o Zt¢s,n Zs¢n anl i1 Virvisin = Op(mrs);
6) (t=n)#s#7: m ZtT;es,T ZST;AT Zle D i1 ViVisVir = Op(Tzl\/ﬁ)E
(M) (s=7)#t#n: mﬁ ZtT;ésn ZsT;en Z:—l D i1 VitV Uiy = Op(Tzl\/ﬁ);
B) (s=mn)#s#7: nT3(T—1) = 1) Zt;ésr 257&7 S o Vi = OP(T21\/E>;
) (r=n)#t#s: mr S e Doy Dot Dy ViU, = Op(727);
(10)t # 8 # T # 15 50rmD Dottarn Dosrin Dory Dot Dot VitVisVirVin = Op(727).

Similarly, we can also expand the second term as the following ten cases:
) (s=71=mn)#t: nT3(T ) Zt;ﬁs Y D sy 2o Varvists, = O (\T/_g)’
J(t=T=n)#s: T3(T 1) Zt?és Zs 1 Zz;ég ZJ 1 VitVisV Jt Op(ﬁ)'
) ( (£ =)t 7o) Dotgs Dosct Doty 2ot VitlisVsiss = Oy
) ( (t=7): nT3(T—1) T 1) Zlt;aés Zs 1 Z#J ZJ 1 VitVisVjsVje = O (7%
5) (6 =7) # 5 # 0 Trirry Lavpon Dstn Somet Loij gt VitVisVinVin = Oplrg);
) (t="n) 1
) (
) (
) (

T T T
t=mn)#Fs#7: nT3(1T—1) Zt;ﬁs,n Zs;ﬁn Zn=1 Z?;éj Z?:l Vit VisUjrUjt = OP(T2\/T);
1

) A5 T Dottan Doan Dot Doty gt VitVisUjsUin = Op(

) # 8 F T LTI Loton Dostn Lmet i 2 VitVisVirVis = Op(izz
) #FtF s m Zthésm ZsTsén Z;ﬂ ZZ&J’ Zy:l UitvisU?T - OP(T_;L);
W0t #s#T#0: oy D ttorrin Dostray Dortn et Dot VitVisVirin = Opl7).

¢z = 0,50,
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3) Proof of part (3)

T T
e S EONALIES g
s=1 T=1
Dt

'ﬂlH

*ﬂ|“’
M’ﬂ

w
I
—

VU0,

T
T T T
T — p— —
T T T n n
2
= Z Z DD D vavistiye
t=1 s=1 7=1 =1 j=1
T T T n T T T n n
2 2
S 22 2 D it + i DD DD D vttt
t=1 s=1 7=1 1 t=1 s=1 7=1 i#j j=1

There are five cases for the first term, they aret = s =1t =s# 1, t =7 # s, s =7 # t,
t # s # 7. Then the first term can be expressed by the sum of the following five cases:
(Dt=s=r7: T3 Zt | D Vi = Op(%%

(2) t=8#T: s Yisr Dogt Dot Vitvir = Oplrs);
B)t=T1#s: 75 ZtT¢s D emt i Uivis = Op(#ﬁ%
(4)
(5)

5277”3”32#325 1211 1tvzs_2T (
B)t£SET: s Zt;ﬁs,r Zs;éT Z‘r:l i Uzztvisvif = Op(m :
Similarly, we can also get the five cases of the second term:

( )t:S:T:nT3Zt 12@7&323 |V ]t:2n2 o, +0 (Tzf)
(2)t=s#T: m Zt;ﬁr Z'r:l Zi;ﬁj Zj:l ViUV = Op(ﬁ)?
B)t=71#s: % Z;s 25:1 Zﬁ;j Z?:l Uitvisv_]zt = Op<\T/_§>§
(4)
(

v%
s

T T
s=TFt: % Zt;ﬁs > emi Z:';éj Z?:l Vit VisVjtVjs = Op(%)?
T T T
BYEFE SE T im Yot Dstr Sormt 2oin 2ot VitVisVitVjr = Opli)-
Add all the terms up, we can easily get

Cf=2(T_21+n_1)a +O(\/_)+O(
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4) Proof of part (4)

9 T T
Ci = (T - 1) > D v,
t#s s=1
9 T T 1 T 1 T
T 1) 2 2 2T v
t#s s=1 =1 n=1
9 T T T T
_nT3 (T —1) Z Z Z Z Ullf/UTv;ivs
t#s s=1 =1 n=1

To distinguish the two terms, there are 10 cases to discuss:

) Two “="s: () t=7r=n#s 2)t#s=7=n0)l=T7Fs=n A t=n#s=r;
II) One “=7: (5) (t = 7) #s #mn (6) (t =n) #s#7 ()t# (s =71)#n (8
t#(s=n)#7 (9 t#s#(T=n);

IIT) No “=": (10) t # s # 1 #n.

Then the first term of C} can be expanded to 10 cases as the following:

t=r=n#s :nT3(T 1)2#525 1 2 Vigvis = Op 77 );

(1) (7,

@) t#s=7=n: nTg(T T Dt Dot ot VitV = Oyl );
B)t=1#s=n: nT3(T ) Zt;ﬁs Zs 1 Zl 1 ztvzs = (%)

A t=n#s=1: nT3(T 1) Zt;és Zs LD i ViV = (%)

(5) (t=7) # 8 #0 saofray Lovgoin Sostn Do 2oit Vittintis = Op (7 );
6) (t=n)#s#7: sz 2 ) Zt;ﬁs;ﬁr ZS;AT ST Y VR = Op(Tzl\/ﬁ)§
(N t#(s=7)#n: nT:»,(T T Dttt Sosn Somet Dot VitVin¥is = Oplzs);
B)t#(s=mn)#T: T3(T ) Zt;ﬁs;ﬁT ZS;AT S Y v}, = (TQl\/ﬁ);
(9) t# 57 (T =)t 7B Lotpopr Dorpr St St VitV 0is = Oyl 772);
(

10)t#s#T#n: an— Zt;ﬁs;ﬁq—;ﬁn ZS;AT;AT, ZT;An Zn:1 Z?:l Vit Vir VinVis = Op(ﬁa)-
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Similarly, we can also get 10 terms for the second term’s expansion:
Dt=1=n#s: m ZtT;és Zstl Z;;éj Z;'L:1 ViUjijs = Op(\T/_?)Q
EF 5 =T =1 oty Digs Doamt iy 2ot Vittists = Op(35);

n: nT3(T ) Zt;és Y Disj D Vi3 = 2% 0y + Op(73);
§=T: m Zt;ﬁs Zs:l Zi;ﬁj Zj:l VitVisVjtVjs = OP(%);
#n: m ZtT;és;én Zz;én 25:1 Z?ﬁ Z?:l ViUjnVjs = Op<£2)
7T m Z;s# ZST;AT 211 D i D1 VitVirVjtVjs = Opl 73 T),
t#(s=T1)#n: #T—l) Z;s#n ZsT;én 2521 ZZA]' Z?Zl VitVisVjnVjs = Op(
t#(s=n)#T1: m Z;s# ZZ# 23:1 Zgﬁj Z;‘L:l Uz’t“if%zs = Op(%
0t # 57 (T =1 D) Dorsagr Sosgr Soret Doty 2ojmt VitVirVjrVjs = Opl(a575);
10)t#s#T#n: m ZtT;és;éT;én Z;&T;&n Z;n 2521 Z;&j Z?:l Vit Vir UjnVjs = Op(%)-

Hence,

mlﬁ

TT>
7);

04_2 — 1 ﬂ)

T2 O',U + O,( T2 )"
5) Proof of part (5)
3 1
C? = — 000’0 = —3n(~0'v.)?
n n
1 T n 1 T T n
= =805 > D Uit Y > D vatis)
nT’ nT ,
t=1 1= t#s s=1 i=1
1 T n 1 T n 1 T T n
R S S o) I 5 S SR
n n n
t=1 =1 t=1 i=1 #s s=1 i=1
1 T T n
NER DRI
t#s s=1 i=1
1 T n 1 T n 1 T T n
==3n((—m5 > D Vi) +25 D D v DY D vuvis) +0y)
t=1 i=1 t=1 i=1 t#s s=1 i=1
3n Vn Vn 3n NG
ﬁ03+op( 5 T)+Op(ﬁ) T2 3+Op(ﬁ)
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Hence, with the results above we have

1 4ot T—1 n-—1 3n
Ci=—Msr— —>+2 4 4
1= Mar = =+ 2 =)o —

G.2 Proof of part ¢

Cy = — ( ) (B —B) ZZ V0T 0s )

t;éss 1

|
|
)—l
Q
\Q
S
|
C
|
c
=
<
|
4
~—
~—

t#s s=1
8
=> "cy.
k=1
Where Cj = (ﬁ B) Zt;ﬁs Zs | UUsTivs; CF = nT(T 1) (5 BY Zt#s Zs | VUsTLU;
C3 = nTT 1 (5 5) Zt;észs L U0.Ts; O = — T 0 (5 B) Zt#ZS Vs 3

AT (B=B) Ltss Lo B0:T 055 CF = _%( BY Sotps Yo D0sET; CF m(ﬁ’—
) Z#SZS 1””%”570 = (5 ﬁ) Zt 1 0.0.T T)

Lemma 8 Under Assumption 1, 2, 3 and the null,

(1) 021 = Op(nLT) + Op(#ﬁ);

(2) 0222017( L );

(3) C3 = Op(%%
(4) Cél = Op(%)?
(5) C3 = Oy(z2) + Op(77) + Op(577);

(6) 026 = Op(%)%
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(7) 027 = Op(%)%
(8) C3 = Opl73).

Proof. Proof of part (1)

021 = ( _ 1 B B Z Z Z Z Uztvzsxjtvjs

t;ésslzlyl

n 9 n
= ( — 1 ﬁ ﬁ Z Z Z vztvwxlt ( Z Z Z Z vltvlsx]tvjs

t#s s=1 i=1 t#s s=1 i#j j=1
1 1

:Op(ﬁ) + Op(T—\/ﬁ)'

Proof of part (2)

022 ( Y ﬂ B) Zthvsxt

t;ﬁs s=1
i T
( - 1 ﬂ 6 Zzzzvltvzsxﬂ ! ZUjT)
t#s s=1 =1 j=1 T:l

T T T n

TLT2( — 1 ﬁ 5 Z Z Z Z Vit Vis TitVir

t#s s=1 7=1 i=1
T T T n

nT2( —1) 5 6)) ,Z Z Z Z Z Vit VisT jtVjr-

t#s s=1 =1 i#j j=1

To expand the two terms of C%, we consider 3 cases : (1)t =7 # s; (2) t # 7 # s; (3)
t # s = 7. The first term of can be expanded as the following terms:

() t=7#5: oy (B = B) e Damt Lita Vitvisie = Op(5e):

(2)t#s#T1: nTQ(%( 3 — B) ZtT;és T ZST;AT 23—1 D i VitVisTitVir = OP(#);
B)t#s=1: ,ﬁz(%( B Zt;ésrzs 1 i VitV i = Op(5).

The second term can be expanded as:

() t=71#s: 2;(5 - B) ZtT;és Yo D ins Dot VitVisTjrvje = O (#ﬁ)’
2)t#s#T: nTz (5 B) Zt;és T Zs;éT ZT 1 Zw&] Z] | VitVisTjeVjr = O <T2f>
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4 (3 T T n n -
(3) t 7é S =T°: nTQ(Z}T—l) (/6 - B)/ Zt#S,T 25:1 ZZ#] ijl Uitvismjtvjs = Op(TQ\l/ﬁ)‘

Then we have

1

G = Ol g

).

Proof of part (3)

4 5 T T
Cs :m(ﬂ —B) #Zs ; VIT.E v,
4 B T T 1 T
:m(ﬁ - B) ; ;U;(T ; v )0,

T T T n

nT?( 1) (B —B) Z Z Z Z VitVir T s

t#SSIlel
T n

nT2( —1) (8- B/ZZZZZ%UW%%.

t#s s=1 =1 i#£j j=1

As C2, the two terms can be expanded as the following three cases, let’s first consider the

first term:

(D) t=7# 5 ooy (B = B) s omt Lo Vicitvis = Op72);

2 t#s=r1: ,ﬁz(%( By Z#SZS L i1 VitVia B = Op(7m);

B) t# s AT e (B = B) Dty Dosin 2oret 2ot VitVirFitVis = Op(77).

The second term can be expanded as the following:

(Dt=71#s: m(é - B) Z;s Zz:1 Z?;éj Z?:l Uz?tjjtvjs = Op(%)Q

(2) t# 5 =7 ey (B = B) Coise Doamt Doigj 2o VitVisTiiVis = Opqaarr)i

()t # s AT e (B = B) Disasr Donsr Dot Doty Dot VitVirji0ss = Opl727)-

Then we have
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Proof of part (4)

ﬁ t=1
4 - SN e 1 ¢
=— ﬁ(ﬁ - B) ;UQ(T ;Us)fi(f ;%)
4 R T T T =n
= — m(ﬁ - ﬁ)/ Z Z Z Z VitVis Ty Vir
t=1 s=1 =1 =1

We distinguish 5 cases for the expansion of the two terms, consider the first term:

() t=s=7: (8B X Lisy vikdu = Op(5);
(2)t=s#7: gw(B =B Lo Xroy e Viirvir = Op(7);
B)t=7#s: 5w(B = B) Eiss Lot il vitvisTie = Opl72):

W t#s=7: 50— B) CiseXamy Loty vitvE i = Op(42);
(B)t#s#T:A=(B—B) ZtT;As;AT ZST;AT Doy VitVisTirvig = Op(7)-

Similarly the second term also can be expanded as the following terms:

Dt=s=r1: %( —B Zthl ZZAJ‘ Z?:l Vi v = Op(%%
2)t=s#T7 %(5 p ZtT;ér 25:1 Z;‘;j Z?:l VT jivj, = Op(j%);
# 5 o — )
(5

T T -
—p Zt;ﬁs D ZZ&]‘ 2?21 VitVisTjtVjs = (
5 T T -
o)t 7& § 7& T %(6 6 Zt#s;ﬁ— Zs;éT ZZ&] Z?:l VitVisXjtVjr = @) (Tgf)
With the results above, we get

)
)
B) S ie Yot Sotay S Vitia v = Oy
)
)

1

Cé = OP(TTQ)'
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Proof of part (5)

Co = ( .y 6 B) ZZvvsxtvs

t;éss 1

( — (B—1) ZZ Z RIRGAN

t#s s=1 7'1
T T T n

nTQ( _ 1 ﬂ 6 / Z Z Z Z Uz‘rvwxzt

t#s s=1 7=1 i=1
T T T n

nT2( — 1 6 6 / Z Z Z Z Z U”U%ijtvjs

t#£s s=1 =1 i#£j i=1

The first term then can be expressed as the following 3 terms:

()t =7 # 5 gy (B = BY By Xy Xy vieviFie = Opl);

(2) t#s=r1: nT2(T-1) T i) (5 ﬂ) Zt;és Zs 121 1 zsxlt (%)
B)t#s#T: m(ﬁ - B) Zt;és;é‘r Zs;ﬁr Zle D i Vir Vi Ty = Op(%)-

The second term of C can be expressed as:

) T T n n ~
(Dt=71#s: W( —B) Zt;és Dot Zi;ﬁj D ict VitVisTjtUjs = OP(#@);

(2) t 7é §=T: W( ) Zt;és Zs 1 Zz;ﬁg Zz 1 zsx]tvjs = Op(%%

B)t#s#T: ﬁ( —B) Zt;és# Zs;éT 27:1 Zi;éj D i1 VirVisTjvss = Op(

Then, we have

1 1 1

C; =0 (TQ) + Oy ( T)+Op(m)'
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Proof of part (6)

) roT
Cf=- T(T_l)w—m’;;vvsw
A T T 1 T 1 T
= - 8- ﬁ)'#zsgf ;va’vs@(f g>

T T T

= nT3( — 1 ﬂ 5 Z Z Z Z Z UZTUZletUlﬁ

t#s s=1 =1 n=1 i=1

n

T T T T
nT3( —1) 5 B) ZZZZZZUWUZS%WW

t#s s=1 =1 n=1 i#j j=1

There are 10 cases for expanding:

) Two “="s: (W) t=r=n#s 2 t#s=7=np @) t=r#s=n A t=n#s=T1
II) One “=": (5) t=1#s#n (6)t=n#s#T(NtF#17#s=n8)t#n#s=1;(9)
t#sFT =01,

IIT) No “=": (10) t # s # 7 # 1.

The first term of C$ can be expanded as the following 10 terms:
t:T:U#S- nT3(T1( -8 Zt#SZs 1211 Ztvlsxlt_O(;).

(2 t?'éSZT:U nT3T 1) ( 5 Zt;és Zs IZZ 1 ZS Op(%)’
(3 t=r 7& s§=1: an T 1) (~ ﬁ Zt;és Zs—l Zi—l vitvisiit = Op ﬁ)’
(4 t = n # S=T: nT3 T 1) (B ﬁ Zt;ﬁs Zs 1 Zz 1 stitvit = Op(#)’

(
6)t=n#s#T: _nTs(T ) B-8 Zt;ﬁs;ﬁr ZS;AT 3ot i VirisTivi = Oy
(MNt+T#+s=n: —nTs(T ) (B-5 Zt;és;ér Zs# ZT 1 20im VirVinie = Op(ﬁ
(6
(0
4

) )
) )
) )
) )
B)t=T#5#n0: —irry (B = B) Yotsery Loty Dot Do VittisFievig = Op(i7);
) ) (
) )
) )
) )

)
- B Zt;ﬁs;én Zs;én Zn 1 2 Vi Tirin :Op<#)§
- p Zt;ﬁs;ﬁT Zs;éT ZT 121 1 va:iit = Op(#)
(10)t #s#T#n: _m(g - B Zt;ésyéryén 257&#7, Z#n Z:ﬂ Z?ﬂ VirVisTitVing =

Similarly, there are also 10 terms for expanding the second term of CS:
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T T ~
— B) Doits 2oemt 2oty 2ot VitVisTiuje = Oplmymm )i
ﬁ Zt;és Zs 1 Zz;ﬁ] Zy 1 zsq:JtUjs = OP(%)?

)
)
- B) Zt;ﬁs Zs—l Zi;ﬁj Zj—l Vit Vs jiVjs = OP(T3\1/W);

)

) —(5

) —5(

) —5(

) ( B Yt Doaet Yoy 2oty VRERVj = Op(F5);
B)t=17#s#n: —nTaép_l)( —BY Dty Donin Dot Doty Do VitVis iy = Op(75m);

) —(B-B)

) —(5

) — (5

)

Zt;és;éT Zs# ZT 1 Z#] Z] | VirVisTjtVje = Op(T31\/ﬁ);
—p) Zt;és;éT ZS;éT ZT 1 Zz;ﬁj Zj | VirVisTjtVjs = OP<#7TT)5

—B) Zt;ﬁs;ﬁn Zs;én Zn 1 Zz;ﬁ] Z] L VT vy = O (%)
O)t#s#T=n: —imr (B-B) Z##T ZS¢T > Yot 2 VirVisTiivir = Op(77yr);
(B-B) Zt;és;éryén Es;ér;én ZT;AT, Zn:1 Zi;éj Zj:l VirVisTjtVjn =

Op(727):
Hence,
1
026 = Op(ﬁ)

Proof of part (7)

4 T T
7T _ 2 / I~
Cy =— m(ﬁ — ) ;;v.wtvs
T
=~ s UDD) WESWRLED AL
t#£s s=1 Tl n=1

T T T T n

- nT3( ﬁ B) Z Z Z Z Z VirVinTitVis

t#£s s=1 7=1 n=1 i=1
T T T T

nT3( —1) 6 p) Z Z Z Z Z Z VirVin jtVjs-

t#s s=1 =1 n=1 i#£j j=1

We consider the 10 cases to distinguish C

[) Two “="s: (1) t=7=n#s 2 t£s=7=n08)t=T7#s=n @A) t=n#s=1;
2)One “=": 5)t=1#s#n 6)t=n#s#m (Nt#7#s=n @) t#n#s=1(9)
t#Fs#FT =1
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3) No “=": (10) t £ s #7 #n.
Obviously the first term is equal to the first term of CZ, then

T T T n
’ 1
e RS S =0k

T
s=1 7=1 n=1 i=1

Then consider the second term:

(1) 5 (8 = B oise Doomt iy Dot VitV =
(2) — (B —B) DITID DUD DAFD DI F R
(3) 5 (8 = B) Yot Yoemt Doy D VitVisTjeUjs =
(4) (B = B) Potse Yot Loy o VisVit 055 = Op g );
B)t=T#s#n: _nTS(%Ll)( B S i Doty Dot Do Doy VitVisT Vs = Op(gmymr);
(6) —(5-

(7) —(5

(8) —(

(9) —5(

SIRS

p(q%)é

=);

Q0o
“?
S

) zt;és;ﬁT ZS#T ZT 1 Zz;é] Z] 1 'U“-'Uztl']tvjs = OP(TSi/ﬁ);
/8) Zt#S#T ZS;&T ZT 1 Zl;é] Z] 1 UZTUZSx]tUJS = O (TQ\I/T?);
) Wk

ﬂ Zt#s#n Zs;é'r] qu 1 Zz;éj Z] 1 Ulsvmxﬂtvjs =0 (
B B) Zt;és;ér Zs;éT Z‘r 1 Zz;ﬁ] Z] 1 zrx]tvjs = Op(ﬁ%
( B) Zt;és#T#n Zs;éT;én 27-7&7] anl Zi;ﬁj Z?:l UiTUi??‘i'jtvjs =
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Proof of part (8)

t=1 s=1 T=1 n=1
A T T T T n n
_TLT4 (5 - ﬂ) VisVir L jtUjn
t=1 s=1 =1 n=1 i=1 j=1

n n

4. T T T T
+ m(ﬁ - B) Z Z Z Z Z VisVir TjtVjy-

=1 s=1 =1 n=1 i#j j=1

~+

We consider the following 15 cases for expansion:

I) Three “="s: (1) t=s=71=mn;

) Two “="s: (2) (t =) # (T =n); B) C=7)# (s =n); 4) (L =n) # (s =7); (5)
t=s=7)#n(6) (t=s=n)F7(7)(t=T7=n)#s @)t#(s=7=n);

IIT) One “=": ) t=s#7#n, (10)t=7#s#n, (M) t=n#s#71,(12)s=7 4t #n;
(13)s=n#t#7 (14) T=n#t+#s;

IV) No ”"=":(15) t £ s # T #n.

For each case, the first term can be calculated respectively as above:

t=s=7=n:7:(0—B) XLy Xiy vikFa = Oplsha);

(1)

(2) (t=9)# (T =n): 7a(B = B) Lrsr Xrmr iy VitV it = Opl(ps);
B) (t=7)# (s=m) : 57a(F = B Ly Yoot Loty ViavieTie = Opl79);
@) (t=n)#(=7): gm(8 =B Ly Xogms iy VisvieFis = Opm);
G) (t=s=7)#n: 2B = B) sy Xoper Loimr ViitinTit = Op7w);
6) (t=s=m)#7: (B = B) Yisr vy iy VivirTar = Oplw):
(M t=r=n)#s: gqu(B—B) Xis Yoemy Yoy Vivistu = Op(w);
BV t#(s=7=n): (B —B) Xis Xomr Ly VikFie = Opm);
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Nt=s#T#n: %( 3 — B) Z;#n Z;n Zz;n D i VitVir Lt Uiy = OP<$)?
— B) Y pain Doty Dot ot VisVirEirvin = Op(gw);

—B) Zt;ﬁs;ﬁT Zs;éf Zr 1 2ic1 VisVirTarvie = Op(77m

- B) Z#S;An Zg;én Zn 1 iy Vi Ty = O (%

- B) Zt;ﬁs;ﬁ‘r Zs;ﬁT ZT | D i ViV Ty = (%

- B) Zt;és;éf Zs;éT ZT 1 i1 VisUr Tt = O );

- B) Zt;és;é’r;én 28757'7577 277517 anl i VisVirLitVin = Op(#»

Similarly, the second term also can be expanded as the following 15 cases:

(D t=s=7=n: 70— 8) Ty Sisy Do vaFjevje = Opl);

(2) (t=5)# (T =n): 72(8 = B) Tz et Loy 2ot VitVir T = Op(ap )i
B) (t=7)F#(s=n): 37(B = B) Yl Xoams Yoy Doy Vislitji0ss = Op(gmymr);
(4) (E=m)# (s =7): 318 = B) Tips Lot Loy 2oy VisTirvj = Opl5);

(5) (t=s=7)Zn: 2B =B) Xty Yoges Lot 2o Va0 = Opl);

6) (t=s5=m)#7: 742(8 = B) Xsr Coros Yoty o VitVir 00 = Opl5==);

(N E=T=0) #5758 = B) s Coms Loig 2jmn VistisT 05t = Op i)
B)t# (s=7=m): 7208 = B) Lz Comt Ltgy Ljmr VisTse0ss = Opl75);

D t=s#T#n: %( BY S trin Somin Somtn St Doy VitVir E Uy = Op (7 7 )

— B) Dty s Dot Doty g VisVitE itV = Oplrm );
— B) st Lopr Dormt Doty 2ot VisVir 0t = Oprs )i
= B) Y pain Doy Sonet oty 2ot Uity = Op(a);
)
)

-8 Zt;ﬁs;ﬁ‘r Zs;ﬁT ZT:1 Ei;ﬁj D j—1 VisUirLjtUjs = Op(72 1nT);
o
T T T n n ~
6 Zt#s;ﬁfr 257&7 ZT:I Zi#j Zj:l VisVir LjtVjr = Op(TQ«l/nT);
T T T ~,
(15 t % S # % n: (ﬁ B) Zt7é8757'7577 ZS#T#W ZT;ﬁn Zn:l ZZ&] Z?:l VisVir L jtUjn =
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Then

G.3 Proof of part c3

Cy = ( = (B - 1) Zth@smﬂ B)

t;éss 1

( —5(% ) szt—v s — 0)EE(B ~ B)

t#s s=1

Where C3 = nTT 0 (5 B) Z#s Zs | UiUsTyT (5 B);
3 = _m(ﬁ_ﬁ) Zt;ﬁs Zs:l VB.EE(F—P) and CF = nT(T 1) (B8 Ztaés Zs LU0 (-
B).

Lemma 9 Under Assumption 1, 2, 8 and the null,
(1) C5 = Op(572);
(2) CF = Op(72);
(3) CF = Op(72)-

Proof. Proof of part (1)

Ci = ( Y B-8) sztvs$tx86 B).

t#s s=1
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Then we consider the term — T o Z#S S v F .

T T n n
— 1 Zthvsxtxs = ;_ ] ZZ[(Z Vivis) (Y TjuTs)]
t;és s=1 ( ) t#£s s=1 i=1 j=1
_ 1 Z Z sztvzsxztxzs — 1 Z Z ZU”UZS(L’]tIJs
t;ésslzl t;ésslz;é]]l
On(er) + Oyl

Tvn

Since (6 — ) = Op(\/%—T), then we obtain Ci = O,(=4).
Proof of part (2)

5 =— ( Y (B-8) szthxsﬂ p)
t#s s=1
T T T

— nTQ( 0 (B —15) ZZZUWT%%B B)

t#s s=1 7=1
T T T n

= nT2< _1 ﬁ ﬁ Zzzzzvztvz‘rwﬁx]sﬁ 5)

t#s s=1 7=1 i=1 j=1
T T T n

= nT2< _ 1 B B Z Z Z sztvwxztmzs /6 6)

t#s s=1 =1 i=1
T T T n

nT2( _1 5 5 ZZZZZ%U@T%%S _/3)'

t#£s s=1 =1 i#£j j=1

There are three cases for expansion of each term, the first term can be expanded as the
following;:

(D) t=7#s: —gairy (B = B Ly Xams Xy Viulss (B — B) = Op(5a);
(2)t#£s=r1: nTQ(T( B) Zt;ﬁs Y emt iy VitVisEais (6 — B) = (TTlx/ﬁ)’

(3)t# 5 # 7 — iy (B = B) Lise e 2o Lk Vittir s (B = B) = Oplzazz)-
Similarly, we also need to distinguish 3 cases for the second term:

() t=7#s: —gutrmn (B = BY Xise Soamt Dot 1 Viese(B = B) = Op(F5);
(2)t#s=r: nTz (5 B) Zt;ﬁs > e it Qi vittisEinEsa(B = B) = Oy(7 1\/5)’
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(3) t ?A S 7£ T . _m(g_ﬂ)/ Zz;és Z;[;é,r ZZ:l Zgé] Z?:l UitviTjjtfjs(B_B) = Op(ﬁ)

As a result,

1
C?? = OP(TTQ)
Proof of part (3)
9 ) T T )
&=~ ; ; 0835 - )
9 . T T T T
nT3(T —1) (B—5) ; ; ; ; Unxtxs(ﬁ B)
9 . T T T T
:—nT3(T Y (B - 6)’; > 2:: ; ;vwvmx]t%s —B)

!

T T T =n
2

T T T

2 s
* nT3(T — 1)<5_6) ZZZZZZUZTUZWthxJS - B).

t#s s=1 =1 n=1 i#j j=1

Here we have 10 cases to distinguish:

I) Two “="s: (1) t=7=n#s 2 t#s=7=n3)t=7#s=n4d)t=n#s=71

II) One “=": B) t =7 #s#n; (6)t=nFs#n (NtFs=17#n B)t#s=nF#T;(9)

tEsET=m

III) No “=": (10) t # s # 7 # n. Then nT?,(T T Zt#s Zs 1 ZT ) Zn LD Vi Vi Tig s I

the first term can be expanded as the following cases:

t=7=n#s: m Z;[;és ZsT—l Z?—l U?tjitfis = Op(%)Q

t#£s=1=n: nT3(T ) Zt;&s Zs 1 D Vi TitTis = OP(%?);
n

(1)

(2)

(3) : m Zt;ﬁs S e Do VitVis Tt = Op(TS{/E);
() t=n#5=T ity Lorgs Dosct ot VisVisudis = Op(757);
(5)

(6)

(7)

T T T n T T
S)t=T#s#n: m Zt#s#n Zsyfn anl D imr VitVigTirTis = O’P(TQI\/E);
6)t = n 7£ S 7£ T m Zf#s#r ZZ;AT 23:1 Z?:l Vir Vit T Tis = OP(T21
T T T n T T
Nt#s=1#n: m D ttapn Qastn dom=1 2aim VisVinTitTis = OP(T;\/E);
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(B)t#8=NFT: iptrmsy Lottotr Dontr ormt Lot VirVisTirFis = Op(izs );
Q) t#s#T=n: nT3(T 1) Zt;ésyér Zs;ﬁr ZT L i Vi Tinis = O (%)’
(10)t#s#T#n: m Zt;és;éf;én Zs;ﬁT;ﬁn Zr;ﬁn Zn 1 2im VirVinTitis = O (7)
Similarly, m Z;S ZST:1 23:1 anl D isj Dy VirVinTjidjs in the second term can be
expanded into ten cases:
(Dt=7=n#s: T3(T 0 Ztyés Zs 1 Z#] Z] L Vi s = Op(s);
2)t#s=1=n: nT3(T 0 Zt;ﬁs Zs 1 Zz;&] Z] L VTl s = Op(s);
Jt=T#s=n: m Zt;ﬁs Zs:l Zi;ﬁj i1 VitVisTidjs = O
(A) t=nF5=T: o Dorss Dosmt Doty S VisVirjidjs = O,
(5) =T # 8 # 00 o irmD) Dorsarin Dossn Domet Doij 2oget VitVinZjess = Op
)
)
)
)

)
~—

s

(F);
(%);
(=)
6)t=n#s#T: m Z;S# ZST# ST D it 21 VirVinZ e s = Op(3)
(T) £ 8 =T # 00 oD Dotsarn Sossn Domet Dois Doy VisVinTiss = Op(F);
®)tFs=n#T: #T—l) D ttokr Dot Lot Doty Dot VirVisEiys = Op(%)
O t#s#£T=n: T3(T 1) Zt;ﬁs;&r Zs;ér ZT 1 Zz#] ZJ 1 ”Iﬁfjs - )

(10) 13 7£ S 7£ T # n - mzt;és#ﬂ';én 25757'7517 ZT;&?] 27]:1 Z:L;é] Z?:l UiTUiW'%jt‘%jS =

Op( ).

S
~I=

Since § — 8 = O ( ), then we have C3 = Op(72). =

Then from Lemma 9, we have

G.4 Proof of part ¢4

Cy = ( 5 (8- 1) ZZ [B5058:) (5 — B)

t;éss 1

T _1 (B-5) ZZ@ Vs = 0.)E)(5 - B)

t#s s=1
3
>k

k=1
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Where C} = T i) (8- B Zt;és Zs | B[ 3B — B);
Cﬁ% = _nT(T—l) (5_6) Zt?és Zs:l xtUS’U xt(ﬁ_ﬁ) and C(4 = %(B_ﬁ)/ Z?:l 'izé@@/it<ﬁ~_ﬂ)

Lemma 10 Under Assumption 1, 2, 3 and the null,
(1) Ci = Opl57);
(2) CF = Op(572);
(3) C3 = Opl3=).

Proof. Proof of part (1)

Cy ( 6 B) sztvsvxtﬁ B)

t;éss 1

( ﬁ B Z Z Z Z xztvzsv]sxjt ﬁ ﬁ)

t#s s=1 i=1 j=1

LD M I

t#s s=1 i=1
( ﬁ 5 Zzzwztvzsvjsxjt 6 B)
t#s s=1 i=1
1 1 1
~Oy(—) + Opl=5) = Opl=5).

Proof of part (2)

4 T
CZ - TLT(T )(5 5 sztvsv Ty B 5)

tyﬁss 1

= nTQ( .y (B-8) ZZthvsvxtﬁ 8)

t#s s=1 1=1
T T T

= nTQ( ) B=8)> D D> #viwi(B—B)

t#s s=1 7=1 i=1

nT2( —1) 6 B) ZZZZthUZSU]T:EJt - f).

t#s s=1 =1 i=1
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Now, we consider the term mz;‘;s S S . #2405, there are 3 cases for
expanding: (1)t =7 #s; (2) t #s=7; (3) t # s # 7. Then we can distinguish the term to
be the following cases:

(Dt=7#s: ﬁ Zz;és Zf:l D iy Thvisvi = Op(ﬁ%

(2)t#s=r1: nT2(T—1) T ) Zt;ﬁs Zs LD Tl = Op(:lr);

B)t#s#T: m Zt;és Zs#r ZT:1 i1 Tivislir = Op(#ﬁ)-

Then, similarly, we can also expand the term m Zt:;s S S S EyvisjeEg to
3 cases:

(1) =7 # 5 oy Dot Sosmt Doty Dojr TitVisVieEsn = Op(a);

(2) £ 8= T (e Dorss Sosmt Doigg Doyt TitVisisje = Op(7);

(3) t#s#T1: ﬁ ZtT;ss Z;;T Zle ZZ&]’ Z?:l TitVisVjr Tjt = Op(%)~

Hence, with § — 5 = O ( —), then

1
sz - Op(ﬁ)
Proof of C}
2 d -
P =—n(F - ﬁ)/;f;@ CEACEE)
9 ~ T T T
=0 =0 22 2 T - )

5 T T T ~
2 CRLDI DI DAL

T T T
IR0 99 39 3D D) SR CETL

t=1 s=1 =1 i#j j=1

3
3

We need to distinguish five cases of (t, s, 7):I) Two “="s: (1) t = s = 7; II) One “=":
2)t=s#1,3)t=7%#s; (4)t#s=m;1II) No “=": (5) t # s # 7. Then the ter-
m —r S S ST S #2w,vie in the first term can be distinguished into five cases:
(t=s=r7: T3 Zt 1 2? 1 ~z2tvz2t = Op(:/%)S
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2)t

SFET:

~
| |

(2)
(3)
(4) ¢
(

The term ?

S)t#s#T:

LTS > Doij Doy TitVit VT =
T T . N
: # Zt;AT 27:1 ZZAJ’ Z?;l LitVitVjr Tjp = Op(%);

L
Lo Z;s > e Do iy TirisVjs T3, = Opl7);
D 3w ZtT;es;éT Z;T Sy D ik Dy TitVisVjrTje = Op(7)-
With 3 — 3 = O, (A=

n;ﬂs Zz;éT 23:1 Doy Tvivie = OP(TZ{/E);
glrs ZtT;és 23—1 D Tivavis = Op(ﬁﬁ%
n%3 ZtT;és Zs 121 1 ztvzs = Op(:lr);
n—;s 2;57&7 257&7 Zr—l Z:‘Lﬂ T3 visvir = O (#)
t 1 ZS 1 Z _ ZZ# Z] | TitVisVj7 T4 can be similarly distinguished:
OP(WT)§

T T ~ ~
T D its Qs Doig Dyt TitVisViiT it = Opl7);

), we obtain

1
CA:LS = p(ﬁ)-

m

From Lemma 10, we then have Cy = Op(an)

G.5 Proof of part c;
2 - a i
G =mar P ;;(xt(vs = 0)( = 0)'7)(5 - B)
3
=> ¢

Whete (1) C} = =—(F — B S0 S0, (Bon) (B — B); (2) €2 =
B) Zt;&s Zs 1 (Tpvs! fs)(ﬁ — () and (3) C5 =

— 7 (P —
nT(T 1)(5 B) Zt;ﬁs Zs 1(%” v. $s)(ﬁ B).

Lemma 11 Under Assumption 1, 2, 8 and the null,

(1) Cs

= Op(#)?
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(2) 052 = Op(

(3) C5 = O

o72);

)

Proof. Proof of part (1)

T T n

Cé ( _ 1 B 5 /ZZZ xztvzsvzt];zs B /8)

t#ss 1 =1

( _1 5 B/ZZZZ xltvlsvﬁx]s ﬁ ﬁ)

t#s s=1 i#j j=1

1 1

=O)(—5—=) + Opl=5) = Opl5).

1
nT?\/n

Proof of part (2)

The term —

expressions:

(I)t=71#s:

2)t#(s=71):—
B)t#(s=7):

Similarly,
ing terms:

() t=71#s:

-2
nT2(T—1)

T n

Inm_lﬁﬂZZZwa%ﬁﬁ>

t#s s=1 7=1 i=1
T T T n

nTQ( - 1) 5 5) ZZZZZ%MS%% 6 B).

t#s s=1 =1 i#j j=1

—Tz(le,l) Zz;és 23:1 23:1 Y i TiUisUir T can be expanded as the following 3

T RT(I-1) T ) Zt;ﬁs Zs | TitVisVitTis = O (Tzl\f)
nT2(T—1) T i) Zt;és Zs 1 $it”z‘23xz‘s = Op(T);
_m Zt;ﬁs Zszl TitVisVirTis = Op(#ﬁ).
Z;s PIRD D Do 2oy TitvisvjrTjs can be expanded as the follow-

T T ~ ~
_nTQ(L;“—l) Zt;és Zs:l Z:;é] Z?:l xitvisvjtxjs - Op<7%),
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T T n n o~ ~
(2) t# (5 =7) : — o) Dotats 2osmt 2ot 2ot LitVisVjsTjs = Oplgym);
T T T no—n o~ 8
B)t#s#T: _ﬁ Zt;ﬁs Dot Daret Ei;ﬁj Zj:l LitVisUjrLjs = Op(%)-
Since — =0 ( —) and with results above, we can get

5 1
05 - Op(nT2>
Proof of (3)
s 9 ~ / T T y 1 T 1 T o ~
G =ra—# -9 ;SZWT )7 Z) 2)(5 - 5)

T

=1 =
9 ~ T I o
=’ ) ;ZZZxx(ﬁ—m
T n

9 ~ / T T T
:m<ﬂ—ﬁ ZZZZZ ztUm—Um«Tzs<6 6)

t#s s=1 =1 n=1 i=1
T

5 ) / T T ) L
DI IS 53t - )

t#s s=1 7=1 n=1 =1

Then we need to distinguish the cases of (t # s, 7,7):
D) Two “=s: (1) (t=7 =) £ 5 (2 tAs=7=n () t=r£s=m (A t=nfs =7
2) One “=": 5)t=7#s#n 6)t=n#Fs#7n ()t#(s=r71)#mn (8
EA (s =) £ T(O) £ 5 £ (7 £ 1)
3) No “=": (10) t #s# T #n.
We need to calculate m Zt# Zzzl 22:1 22:1 S TitvirUinTis to get the order of C3,
, it can be expanded as the following ten terms:

1) (t=7=mn)#s: m ZtT;és 25:1 >oic TeviTis = Opl7a);
EF S5 =T =1 ooty Doigs Doomt 2oimt TitVisis = Opl);

(1)

(2)

B) t=T#5=1: srotrmny Lotss Doget Doior TutVirVisTis = Opl775);
(4) (7.
(5)

T T - -

E=0F 8 =T iy Dotss osmt Doiet TitVisVudis = O
T T T ~ ~,

BY L =TS # 1N mTery Dttarn dusin don=1 daic LitVitVinFis = Op(7277);
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~+

T T T n o~ ~
=1 ?é s 7& T nT3(2T—1) Zt#s;ﬁ' Zs;ﬁT ZT:l Zi:l LitVir Vit Lis = O (T21\f>’
% ( ) 7é n: nT3(T 1) Zt;és;én Zs;ﬁn Zn 1 Zz 1 xltvlsvmmzs =0 (
t# (S - 77) 7T nT3(T 1) Zt;ﬁs;ﬁr Zs;ﬁr Z‘r 1 Z =1 TitVirVisTis =

Op(7,
);
10)t#s#T#n: m Zt;ﬁs;ﬁf#n Zs;ér;én ZT;&n anl 2 im1 TavVirVinTis = Op(T%/ﬁ)-
Moreover, ﬁ Z;S ZST:1 Zil 25:1 Yo Titvirvj,Tjs can be expanded as the follow-
ing expressions:

1) t=7=n)#s: i S ie et Yoy Yo Earvinvjeys = O
2)t#s=T1=n: nT3(T 1) Zt;és Zs 1 Zwéj Z] 1 TitVisVjsTjs = O (T
B)t=1F#s=n: an(T ) Et;ﬁs > e Dot 2o TavirvjsTis = Op(7w);

()t =107 5=T: i Digs Doemt Dotey 2oyt FitVisVjeEss = Opls);

(5) t =T # 5 # 0 ¢ o) otasn Dostn Domet Doinj 2oget TitVitVjnTjs = Opl(s);
(6)

(7) ¢t

(8) ¢

(9) t

(1

—_

);

S

7);

6)t=n#s#T: sy S b Dontr Doy Doy Yoy Figvir Ve = Op(F2):
#(s=71)#n: m Zt:;s;én Z;n 22:1 ZZ&]‘ Z?:l TitVisUjnTjs = Op(72
#(s=mn)#T1: m Z;s# ZST;AT Ef:l Z;;éj Z?:l TitVirVjsTjs = Op(7
#s#(T=n): nTs(% Z;s# ZST# Zf:l Z:’;ﬁj Z?:l TiVirVjrlLjs = O (
0) t # 8 AT # N iqoirmry Lotpsprsn Lstrin Sorsn Somet Soiti St fit“”“ﬂ‘nfjs = OP(%>'
Since f — =0 ( —), then we have

1

C3 = 0,(—).
5 p( nT2 )
]
Then Lemma 11 is proved, then we have
1
05 = Op(m)
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G.6 Proof of part cg

Co = ( B BY ZZf;vs B — B)#i:)(5 - B)
t;és s=1
( 6 B)' ZZ — B)F,i:)(B — B)
t;és s=1
( ﬂ ﬁ Zzzzxztvzs 6 6 x]tx]s)(ﬁ_ﬁ)
t#s s=1 i=1 j=1
4 7éT T T n
- W ZZZletU’LT 6 B x]txjs)(ﬁ - ﬁ)
n ( t;és s=1 7=1 =1 j=1
Since
t;és s=1 i=1 j=1
= Y Ztvzsxzs - Zzzn:zxztvzsxjtx]s
t;ﬁsslzl t#s s=1 i#j j=1
_ L Vi
_OP<\/n_T)+OP(\/T)7
and

T T T n n

TLT2 . 1 Z Z Z Z Z $ztUsz]tmjs

t;éss 1 7=1 i=1 j=1

n n n n

= nT2 _ 1 Z Z Z Z xztvztxjtsz - nT2 — 1 Z Z xltvzsx]tx]s
t#s

t;ésslzljl s=1 i=1 j=1
T n

nT2 - 1) Z Z Z Z Z TigVir Tju T js)

t;és;ﬁr s#T =1 i=1 j=1
RN SN
=0/ 00+ 0,2 + O,
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With § — =0 ( —), then we have

Cs = Op(ﬁ)-
G.7 Proof of part ¢;
1 3 T T ) i )
(”_ﬁnT_n”‘ﬂ“gggkwwﬁ—mw—ﬁmWJW—ﬁ>

( ﬁﬂZZZZWWﬁﬁﬁM%@@

t;ésslzl]l

( BBZZZWMBBBHMW@

t;ésslzl

( ﬁx?ZZZjﬁmﬁﬁﬂ BY#,i;.) (8 — B)
t#£s s=1 i#£j j=1
1 1 1

) T O ) = Ol

=0, ( ).

H Proof of part (2) of Proposition 2

1

EM“’T = W7 (T 2) Z sztw UT

t7557é7' s#T =1

“naT(T —1)(T —2) Z ZZ 05 — 03(8 — B) — (B — B) &b, + (B — B)#7.(8 — B))
t;és;éT s#T =1

(6;67 - 6;‘%7(5 - 6) - (B - ﬁ),j’;qjq_ + (ﬁ - ﬁ)/NS'fT Z Dy,.

T T T -
Dy = nT(T—})(T—z) Zt;és;ér ZS;AT 2721 V;0500r;
T T ~
Dy = _nT(T—?)(T—2) Zt#s#'r Zsyﬁr ZT 1 ?)tUS’U $T(/6 - 5)
T T T - -
D3 = _nT(Tf?)(T72) Dttstr Dsdr Dorml 05(8 — B) &0,
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Di = s aay Lottstr vt Sormt 01068 = BY E30(5 = B);
D5 = nT(T—1)(T—2) 1 (T—-2) Zt;és;éT Zs;éT ZT 1 ,ﬁ;js( ﬁ)’U .T7—<ﬁ 5)
D6 - nT(T—1)(T—2) 1 (T-2) Zt;ﬁs;éf ZS#T ZT 1 {}gi.s( - B) (ﬁ - 5)li/ 6T;

D = — g Lottssr Sosr Sorr Uiis (B = B)(B = BY#3 (B — B);

Ds = o tr =) orpssr ospr 2oret (B — B) T80, (B — B);

Dy = — r—hm—a S totr Yo ony (B = BYE4(B — B)E,E- (B — B);

Do = 775 Sothasr Sossr Sonn (B — B E1dis (B — B)(B — B)'E,3-(B — B).

Lemma 12 Under Assumption 1, 2, 8 and the null,

0'4 — n
(d) Dy = tMyz — 7 + T5to) + 4%5t0) — P03 + Opl7iz) + Op(35);

v

(1) D1 = 0,() + Oy(s) + Oyl
(d3) Ds = Op(72);

(d1) Dy = Op(72);

(d5) Ds = Op(72);

(ds) Ds = Op(72):

(d7) D7 = Oy );

(ds) Ds = Op(77);

(dy) Dy = Op(72);

(do) Dip = Op(=Ls).
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H.1 Proof of part d,

D; :nT(T Z Zthvsv Uy

t;és;éﬂ- 3757 T=1

:nT(T—l 7y Z ZZ —0)(vs —0.) (v, — 0.

t;és;éT s#ET T7=1

7
1
:EMZLT —|— Z D]f
k=1
Wh D! = Z Z D2 ;ZT ZT ZT Poy il
ere Dy = s Qs ViUsUSUS RT(T=1)(T=2) 2utisir Lustr 2ur=1 VtVUsV.Ur;

3 _ 2 T T == . )4 _ 3 T I=otm. 15 _ 1 N~ I
Dl - nT(T-1) Zt;ﬁs Zs:l UtUSU,U., Dl - nT(T-1) Zt;ﬁs Zs:l ViV VU5 Dl - nT Zs:l V.05V U5

Df = -3¢ .00 0.

Lemma 13 Under Assumption 1, 2, 8 and the null,

(1) D} = =22+ O,(71=) + 0,(35);
(2) D} = 0,(%);
(3) D?:Op<\T/_2ﬁ)§

(4) Di =3%Lot + 0,(34);

(5) D} = T5ot + 2216t + O, (71 )+o<£>

(6) D} =~} + Op(¥3).

T2v

Proof. It is easy to see that Di = 1C] = —2;3 + O (#) + Op(\/nT?);D} = CF =
Op(\T/—g);Dil =30t = D) 1+ 0, ( 7) and D§ = C} = 3500+ O, ( ). We have two part
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left to prove.Let’s first consider part (2),

T T T
nT? T—l (T —2) Z PP IL LAY
( t#s;ﬁrs;éTT 1 n=1
T T T =n
- nT2(T—1 (T -2 t;T#ZTEWZNZl%%UW%
T T T =n

nTQ(T —1)(T -2) Z Z Z Z Z VitVisVjrUjn-

t;és;éTs;éTT 1 n=1 =1

D} =—

There are four cases for each term, four terms for the first one are:

T T T
1)t= n 7é S 7£ T _m Zt;és;zér Zs;éT ET:l Z?:l Ui?tvisviT = OP(T21

(1) );
( ) t 7é s = T] ?é T = nT2 T— 1 T 2 Zt;&s;ﬁT Zs;&r ZT 1 Z'L 1'07th Vir = OP(TQI\/E)’
(3) t # S 7£ T = : _m Zt;ﬁs;éT Zs;éT ZT:I Zi:l UitUiSUiT = OP(#E)’
(4)

9

. 2 T T T T n o
htFs#FT#n: TR T=1)(T—2) Zt;ﬁs;ﬁﬂ-;ﬁn ZS;AT;An Zr;én Zn=1 D i1 VitVisVirVin = OP(WE :

Similarly, we also have

(1)t =N F5# T = oy @ms) Dotpssr Dospr Dorat Doty Soget VitVisVtVir = Op( 757 );
2)t#s=n#T: _m ZtT;és;éT ZST;éT Zf:l D ikg Dj—1 VitVisVjsUjr = OP(Tzi/T);
(B) t# 5% T =1 — oy Lotgatr Lot Sormt Loty St VitlisVie = Op(355)

A t#£s#T#n: _m Zz;és;éf;én ZST;A#W ZZ;én Zgzl Z:’;ﬁj Z?:l Vit VisUjrUjn =
Op(72)
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The results above lead to D? = O,(

ﬁlﬂ

). Next we consider part (5),

n 1 T T n n
nT3 Z Z Z VisVir + Z Z Z Z Vi)V

s#T 7=1 i=1 s#T =1 i#£j j=1
T-1
0, () + 0,08 + 0y ) +

1
NZD
+O(T2\/—)+O(T2ﬁ)+0p(ﬁ)

T-1, n-1 1 Jn
= o, + o, + Op(T—\/ﬁ) + Op(ﬁ

n—1 ,
72 7

T2 " 12 )

With Lemma 13, we have

1 T-1 n—1, 3n 1 NG
D, = EMAL,T + TU;‘? +4 T2 Ty = 7500 + Op(77=) + Op(ﬁ)-

H.2 Proof of part d,

D2:_nT(T—1 ) ZZZ%—U —0.)(vs —17.)'@(3—6)

t;és;éT s#T T=1

Where
T T T ~ (2
D; = — iariT=s Ltotr 2ustr 2ur=t ViUV (B = B);
T T T — ~, 2
D} = (i) Lotpssr 2osir 2rmt UV (B = B);
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D3 = m Z;;T Zle vl (B — B);

D} =~k 30, ST 003, (B - B);

DS = 5 ot Sosr Doy ViUsE (B — B);
DS = — e S0, S 0jn 3, (B~ B);

D} = 50 0ov'E (B - ).

Lemma 14 Under Assumption 1, 2, 8 and the null,
(1) D3 = Oy(37) + Op(777)1
(2) D3 = Op(7);
(3) D2 = Op(5p) + Opl72) + Op(777);
(4) D3 = Op(7);
(5) D3 = Op(727);
(6) DS = Op(7);
(7) DS = Op(7).
Proof. Proof of part (1)

T n

D% = — nT( 1 Z ZZ Uztv xZT )

T
t;ﬁs;ﬁT s#r =1 i=1

£
T T T n n
- Z Uztvzsvjsxy’r ﬁ B)
TLT( t;és T s#T =1 i#; j=1
=0y + O =)
ERECY A SV
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Proof of part (2)

:nTQ(T -9 t;T #ZT ; ; < VitVinVisTir (B — B)
T T T

1 n - ~
+ nT?(T — 1)( Z Z Z Z Z Z VjtVinVjsTir (B — B).

t;és;éf s#r 7=1 n=1 i#j j=1

We distinct four cases of the first term: (1) (t =1n) # s # 7, (2)t # (s =n) # 7; (3)
t#s#(r=mn); (4)t+#s#7#mn. Then the first term can be calculated respectively as
the following:

(1) (t=1) # 8 # T oD m=s Lorsetr Dootr et Somet Sotet Vilisin (=) = Oyl );
(2t # (s =0) # T EnT=s) Dotsetr ostr Sormt Sonet Sovet VitVisTir (B—B) = Oy );
B)t#s# (1 =n): mﬂﬂs# ZST;AT > e Zle >y Vittir VisTir (B — B) =

Op(#)?
4 t#s#+T17#0n: mztﬂs# Ziﬁ 23:1 Zle Dt Uitvin”z’si’ir(ﬁ - B) =
Op(772):

We can get four cases of the second term as well:

T T T T n n ~ 2
(1) (t = 77) # S # T m Zt;«és;ﬁf Zs;ér ZTZI En:l Zz;éj Zj:l UZ'QtUJ'S‘ro(ﬁ - ﬁ) =

Op(%)?
2)t#(s=n)#T: m Z;s# ZST# 23:1 25:1 Z;;j Z?:1 Uz‘tvisvjsﬂz’jr(ﬁ~ —B) =
OP(#W);

(B)t# 5 # (T =10 mpamn i) Dotsakr Sossr Soret Somet ot O VitVir Vs (B — B) =
Op(ﬁﬁ%

(Dt # s AT A0 T Lrpatr Lapr Lormt Lot gy Ljma Vittinieio(B = B) =

Op(7m)-

66



Then we have

Proof of part (3)

There are three cases needed to be distinguished: (1)t =s#71; (2)t#s=7; (3)t #s#T.
Then the first term can be expanded as the following:

(Dt=s#7: m > imt EtT;ér >t Y V(B = 8) = O o (72):

(2) s At =7 2 S0 YT ST S via(B - B) = Opl k)

B)t#s#T1: m Z;le ZsTgéT ZZ:I i1 Vit xw(ﬁ p) = (%)

Similarly, the second term can be also expanded as the following:

(t=s#71: m Zthl Z;T Zzzl Z?;éj Z?:1 U?t”]'tfjf(g -B)= Op(%%

(2) s#t=r: ﬁ ZtT—l EtT;és Zf—l Z?;ﬁj Z;‘Z—l UitU@'SUJZ<>‘3~7J'15(5~ -pB)=0 (Tz\l/ﬁ)§
B)t#s#T: nT2(T-1) T i) Zt 1 Zs;ér ZT 1 Zz;ﬁ] Z] 1 Uztvzsvasxjr(ﬁ B) = (T\/ﬁ)

Hence, we have

1 1

D§:0(nT)+O( )+ Opl =),
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Proof of part (5)

T
v ( g vn

n=1

Nl

T
Dj =
> nI(T — tg;

T T T T
A
nT2(T t;T ; ; Z UtvsvnxT(ﬁ —B)
T T n

:nT2 (T _ 2 Z Z Z Z Z Uztvzsvmmw 5 6)

t;ﬁs;éﬂ- s#T =1 n=1 i=1

i+
M’ﬂ

Il
—

T

T T T n
+nT2( T —1)(T - 2) Zzzzzzvltvwvmxﬁﬁ B).

t;és;é‘rs;éf’r 1 n=1 i#j j=1

Here, we need to distinguish 4 cases for expanding terms: (1)t =n # s # 7; (2) t # (s =
n)#7;, B)t#s#(r=mn);(4)t#s#TF#mn. So we have four terms for the first term
of B3:

t=n#s#71: m ZtT;As;AT ZST;AT S S VR (B — B) = Op(hs);

1) T
Jt#(s=m)#7: m 2;57&7 ZST# Zle D i VitV xw(ﬁ B) = Oyl )i
) Op(

)

2

' 1 T T T n = (7 1.
3)t 7& S 7& ( ) W (T—1)(T—2) Zt;ﬁs;ﬁr Zs;ﬁ‘r Z.,._l Zi—l 'Uz'tvisvirl'iT(ﬂ - ﬁ) T)
4) ¢ 7& 7£ 7& n- W Zt#ﬁéT ZS#T ZT 1 Zz 1 UZtUZSUWx”(ﬁ B) (%)

And we also have 4 cases for the second term:

T T T n n ~ 2
(D)t =n# 5 # T mgenmg) Ltsstr ustr dur=1 Duigi dojm1 VitVisUindj= (B — B) =

(
(
(
(

Op(#ﬁ%

T T T n n ~ 0
(2) t # (S = 77) 7& T mzwﬁ;ﬁr Zs;ér ZTZI Zz;ﬁ] Zj:l Uitvisvjsxj‘f'(ﬁ - 5) =
OP(#@);

B)t#s#(r=mn: ngﬁs;&' ZZ;ET 23:1 Zgﬁj Z;'l:1 Uiﬂ%s”ﬁiﬁw~ - B) =
Op(757m);

Wt # 5 #T # 0 omgnmsy tgesr Sostr Sorm1 Soigg gt VitVisUinTjr (B — B) =
Op(727m)-

Hence
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For the left parts, we could easily to show Dj = }1027 = Oy(

%)? Dg = log = Op(
D] = 1C8 = O,(77); then Lemma 14 is proved. m

With Lemma 14, we have

H.3 Proof of part ds

2 5 / T T T . o _
e [ G-8Y 3 SN (0 —0) (v — 5)i (v, — )

t#£s#T s#ET T=1
8
=2 " Df.
k=1

Where

D} = —m(é - B) ZtT;ésyéT ZST;éT S viusEvy
Di = m@ —B) Z‘Z;ﬁs;ﬁ‘r ZST;AT Sy U
D} = o (B = B) Xt Yoty Vvsvr;

D3 = — g (B = B) Xsr 2ogy V0T 07

D} = w5 (B = B) Yoy Yoy vjusL0;

DS = ks (3= BY YL, YT vt

D} = = 5(8 = B) Yoy VosE,0;

D = Jn(6 = BY Yoo, .80

Lemma 15 Under Assumption 1, 2, 8 and the null,
(1) D} = O,(7);
(2) D3 = Op(7);

(3) D:?s’ = Op(q%);
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(4) Ds = Op(72);
(5) Di = Op(72);
(6) D§ = Oy(72);
(7) Df = Op(72);
(8) D§ = Op(7).

Proof. First consider part (1),

1
D?l’:_nT(T—l)(T (68 ZZZU%MT

t;és;éf 5757' =1

1 n
T[T - )(T - Z Z Z > Vittisistir

t#s;é’r s;éfr 7=1 =1
1 n
T DT D) (B—1) t;T ; TZ; ; ; Vit V3T jsVjr

Ol

p(5) + Ol

T2\/_)

Then consider part (2),

2 1 3 / - ~ / 1 ~/
Ds " nT(T — 1)(T - 2) B=5" D> es 2 Un) T 0r
1 ~ , T T T T o
:nTQ(T_l)(T_Q)(B_ﬁ) Z ZZZUtUnZESUT
1 T T ~
nTQ(T —1)(T-2) ﬁ B) Z Z Z Z Z VitVinTisVir

t7557é7' s#T =1 n=1 i=1
T T T n n

1 ~
* nT?(T — 1)(T — 2) Z Z Z Z Z Z Vit VinLjsVjr -

t#sAT sAET T=1 n=1 i£j j=1

We need to distinguish four cases for each term, the first term can be expanded as the

following:
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(D) (t=n)#s#T: W( - B) Zt:;s# ZLT S S R Evi = Ok
(2)t#(s=mn)#T: W( - 8) Z;s# ZST;AT EL > i1 VitVisTisvir = Oy
B)t#s# (T =1 g (B = B) Ltsasr Sorsr Dors Sty VitkisVl = op<n—;2>;

W t#s#7#0: ammganm=s (B = B) Eotasirsn Dossrsn Doy Sopet it VitVinZisVir =

Similarly, the second term can be also expand as the following four terms:

o T T T T n n ~
(1) t=mn) #s#r7: m(ﬁ - 5>/Zt;ﬁs;ﬁ7 ZS;AT I anl Z#j Zj:l Vi jsVjr =

Op(q%%
@)t # (5 =1) %7 g (B—B) Sotsatr Doar St Dot Sty Do VitVisljsVjr =
Op(7577);
B)t#s#(T=n): m@—ﬁ)/ ZtT;éS;ET ZST# Zf:l Zle ZZ&]’ Z?:l VigVir T jsVjr =
Op(ﬁﬁ)?
W t#s#T#0: sranan (B = B) Citetr Sostr Yormt Sommt Soigg 2o VitVinTgsVir =
Op(7277)-
With the results above we have:

D3 = 0,(5)

For the rest parts, we could show that D3 = 1C3 = O,(75); D3 = 1C7 = Oy(75); D} =
103 = Oy(35); D§ = 1C5 = 0,(3);D% = 1C3 = O,(7) and D§ = 1C8 = O,(75). Lemma
15 then is proved. m

From the results above, then we have
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H.4 Proof of part d,

=TT ?)(T 5y 2 22 (=) (e —0)(B = A EE (B~ p)

t#£s#T s#T T=1

9 . / T T T o o
—ra-na—y» Y D 2.2 (=) (v~ 0)FE (B - B)

t#s#T s#T 7=1

Where

Di = wrirmiya=s (8 = B) Esor L Dorm VivsTeEr (B = B);
D3 = —m(é - B) 2;57&7 ZST# Sy v EE (B - B);
Di = =y (B = B) L Ko Vsl (B = )

Dj = =y (B = B) Xospr Xory V0.8, (5 = ).

Lemma 16 Under Assumption 1, 2, 8 and the null,
(1) Di = OP(T21\/E);
(2) Di = Op(%)?
(3) Di = Op(%)?

(4) D = Op(75).
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Proof. Proof of part (1)

1
Di:nT(T—l)(T—Q (8- By ZzzvtvsxxTﬁ f)

t;ﬁs;é‘r s;éT T=1

1 n
:nT(T — 1)(T — 2 6 ﬁ Z Z Z Z Uztvzsxzsxw ﬂ 6)

t;és;éT s#T =1 i=1

1

+ nT(T —1)(T —2) B By Z Z Z Z Zvlt”w%sxﬁ ﬁ 6))

t£s#T s#ET T=1 i#£j j=1
)+ Oplg) = Oyl )
nTQ\/_ Tg\/— pTQ\/ﬁ-

:Op(

Proof of part (2)

1 T T T 1 o ~
DZ:_nT(T—l)(T ) '%7#27;”/?;”" Jd =)
1 T T T T
- _ /
~ Y 2 22 2 )
T T T

1 T
Ry A ;gzzzxﬂ 5)
1 T T T T n

R ey Lt 353535 39 B) DI I)

t£s#T s#T =1 n=1 i#j j=1

T T T T L
The term m Z#S# ZS# Yoy anl > VitUinTisTir can be expanded as the
following:

1y.
1)t= n 7& S 7é T nT2 T— 1 (T—2) Zt;ﬁs;ﬁf ZS#T ZT 1 Zz 1 ztxwx“' = O (T)?

)
2)t#(5=1) # T — oD Dothssr Dossr Doret 2oimt VittisTisEir = Op(7arm);
)
)

3)t 7& S 7& (77 = T) = _W Zt;ﬁs;ﬁ‘r Zs;ﬁf ZT:l Zi:l VitVir TisTir = OP<T21\/E);
T T n ~ o~
4)t 7& 7& 7& - W Zt#s#’r;ﬁn Zs#r#n Zryﬁn anl Zi:l VitVinTisLir = Op(ﬁﬁ)
T n n ~ o~
And the term m Z#s# Zs# ST D onm1 Dij Dojer VitVinZjsTjr can be also ex-

panded as the following four terms:

( ) = n 7é ?é T nT2 T— 1 T 2 Zt;&s;ﬁT Zs;&T ZT 1 27,76] Z] 1 thjsx]T = O (%)7

(
(
(
(
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¥
~—

(2) t 7& (S - 77) 7é T W Zt;és;zér Es;éT ZT 1 Zz;ﬁ] Z] 1 Ultvlsxjsxﬁ' = Op( )

B)t#s#Mm=1)= _m Z##T 257&7 ZT:1 Zi;&j Zj:l VitVir TisTir = Op(35 );
T T T ~ ~

(4) t % &) 72 T # n: _m Zt;ﬁsyﬁﬂ';ﬁn Zs;ﬁ‘;ﬁn 27—7571 Zn:l ZZAJ Z?:l VitVinTisLir =

Op( ).

i

)

Since f — =0 ( —), and with the results above, we have

D} Op(ﬁ)
Proof of part(3)
T 1 T
D} =— (B —B) ) vsilE (B — B)
( -1)
t=1 s#1 7=1 t:l
T T T
_ nTQ( my B=8)D ) v il (8- B)
t=1 s#1 7=1
1 T T T n
== g B A 2D D vvdida (B - )
t=1 s#7 7=1 i=1
1 T T T =n
W /ZZZZZUZtUZSmZSxZT /B ﬁ)
t=1 s#7 7=1 1#;5 j=1

The term —m ZtT:l ZLT 23:1 Y i VitVisTisTir can be calculated by the following
expressions:
(1) t=s 7& T nT2 Zs#T ZT 1 Zz 1 zsxzsi‘” - OP(%)’
2)t#(s=7): —m ZS;AT ZT=1 D im1 VirVisTisTir = Op(ﬁ);
T T n ~ ~
(3) t#s#71: —m Zt;ﬁs;éﬂ- Zs;ﬁf 2721 Zizl Vit VisTisLir = Op(ﬁ)
Similarly, the term —m ZtT:l ZLT 23:1 o oy Z;;l VitV;sT jsT ;- can be also expanded
as the following expressions:
(1) t=s 7& T nT2 Zs;ﬁT ZT 1 Zz;é] Z] 1 zsxjsi‘ﬁ' = OP(%)’
2)t#(s=71): _m Zs;ﬁT ZT:I Zz’;ﬁj Zj:l VirVisTjsTjr = Op(\T/_g)§
T T n n ~ o~ n
B)t#s#T: _m Zt;ﬁs;ﬁﬂ' Zs;ﬁr > Zi;ﬁj Ej:l VitVisTjsLjr = Op(%)-

74



Since 8 — 8 = Op(\/%), and with the results above, we have

Proof of part (4)

. 1 / T T 1 T , 1 T
Dy _nT(T— 1)(5—5) ;;(T;%) (f;%)

nT3( _1 B B/ZZZZUW"‘T”TTB 6

t=1 s#1 7=1 n=1

1
:§C§’ = Op(73)-

As a result, we have

H.5 Proof of part ds

Ds = WT(T — 1)(T —2) Zzzvt—v 3355 B)(vs

t;és;éT s#T T=1

2
R (s e CETID DP9 9L

t#s#T s#T 7=1

Where

D} = raiymay (B = B) Cotsape Soapr Dorer Tt (B — B);
D} = —W@ = BY Sotsupr Yoter Yormy Frvilitn (B = B);
D} =~y (B = B Yoz gy 00,3 ( = B);

D} = iz (B = B) iy Yry T00'%:(5 — ).
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Lemma 17 Under Assumption 1, 2, 8 and the null,

(1) D5 = Op(;72);

nT?2

(2) DEQ) = OP<L);

nT?

(3) Dg = OP(#);

(4) D?j = Op(#)-

Proof. Proof of part (1)

1 1 -
D5 :nT(T — 1)(T Z Z Z Z $zsvztvzsx17 5 5)

t;ésgéﬂ- s#T =1 i=1

1 n
AT —1)(T - B 2 Z ZZZZ%%%% B-p)

t£s#T sET T=1 i#£j j=1
1 1
B nT2>‘

Proof of part (2)

1 1 & -
by =~ nT(T —1)(T' - 2) (8-8) t;%;;“t ;vn)%(ﬁ—
T T T

1
:_NTQ(T—l)(T—Q ﬁ 5 t;Tg;;;xvtvxTﬁ 5)
T T T n

1
:_nTZ(T_1)<T_2 5 B) t;T#ZT;;;mwvuvmxwﬂ B)
T T T n

1
_nT2(T—1)(T_2 (8- 8) Z ZZZZZ%%%%T B—5).

t#s#T s#ET 7=1 n=1 i#£j j=1

m Z;s# ZST# ST Z:Zl S TisVitVinTir can be expanded as the following

terms:

T T T n o~ ~
(Jt=n#Fss#r: nT?(T—ll)(T—2) Z#S# Zs# ZT:1 Zi:l TisViTir = Op(%);

T T T n o~ ~
(2) L % s=1 % T nTQ(T—ll)(T—2) Zt;ﬁs;éT Zs;éﬂ- 2721 Zi:l TisVitVislir = Op(ﬁ%
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T T T n o~ ~
(B) t# 8 # T =1 (o nE=s Dtrapr dusrr 2ormt 2uim LisVitVirFir = Op(72.77);

T T T T n o~ ~
4)t#s#T#n: nT2(T—11)(T_2) Zt;ﬁs;ﬁr;ﬁr] Zs;é-r;én ZT;én Zn:1 > izt TisVitVinLir = OP(_T\l/ﬁ>'

T T T T . - o
m D tedtr Dstr Drml Dmel ik D1 LisVitVjnTjr can be also expanded similar-

()t =nF5# T oG m=s Dotpssr Dosir Doret Doty doget TisVitViidjr = Op(77);
R)t#s=n#1: m Zt;ﬁs;&r Zs;éT ZT 1 Z#] Z] 1 TisviVjsTir = Op(72);
B)t#Fs#T=n: m Zt;és;éT Zs;ﬁT zr:l Zz’;éj Zj:l TisvitVjrTjr = Op(72);
4 t#s#17#n: Wl)(:ﬁ_g)zz;és;ér;ﬁn ZsT;éT;én Z;n Zle Z?yﬁj 2?21 TisVtVjnTjr =

H|H ﬂ|H

Since f— =0 ( —) , then we have

1
DEZ)_ p(m)
Proof of part (3)
. i T T 1 T 3
Dy —- m“ PP IEACO DI
s#T T=1 t=1
T T T
_ nT2< = (B - B) ;S;;xvtv%ﬁ B)

T T T n

= nT2( — 1 ﬁ B Z Z Z szsvztvzs$17 B ﬁ)

tls;é‘r’r 1 i=1

nTz( —1 B ﬁ Zzzzzxzsvztvjsxm— —B)

t=1 s#7 =1 i#j j=1

m Zthl Z;T Zle S o TisUitisTir has three cases for expansion:
(1)t =5 T mptemsy Sospr Soret 2oiet LisVisZir = Op(7);

(2) s =T iy Doips Dogmt Dot TistitVisTir = Op(7s);

(B) t# 8 # T o(rms) Dot Do Doret 2ot LisVitVisTir = Op777)-

1 T T T n n o~ ~ . )
ST Qe Dostr Dorei Dinj D1 LisUitVjs T also has three cases for expansion:
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(1) =8 AT oy Sor Doret Doty 2ot TislisVysjr = Opl7277);
(2) 5 # =T oy Dot Soset Doty 2ojr TistirVsie = Opla);

(3) 6 # 5 # T ¢ oty Dottoir Dostr Dort Doty Do FisVitVisir = Op
With §— =0 ( — ), then we can get

).

Si=

1

Dg - Op(m

).

Proof of part (4)

H.6 Proof of part ds

Ds = T(T—1 T ) ZZZ ~B)(B - BYF.(vr — D)

t;és;éf s#T T=1

1 ~
“nT(T —1)(T —2) (8- 8) ZZZ vy —0.)(8 — B)

t#s#T s#AT T=1
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where

Dé - nT(T 1)(T 2) (ﬁ ﬁ) Zt;és;éT Zs;éﬂ' Z-r 1 SUTU{@‘S(B - 5)7
Dg nT(T 1 Y(T—2) (B ﬁ) Zs;éf ZT 1 SUTU xs(ﬂ_/@),
D} = o= (B — 8) aey B0.0%,(6 - B).

Lemma 18 Under Assumption 1, 2, 8 and the null,

(1) Dfl)‘ = Op(ﬁ);
(2) Dg = OP(L);

nT?2

(3) Dg’ = OP(L)'

nT?2

Proof. Proof of part (1)

1 n
Dé: T(T—l)(T—2 ﬁ ﬁ Z Zzzxzsvnvztﬁ 6

t;és;éT s#T =1 i=1
1

+muwuwgﬁzzzzzwwwﬁm

t£s#T sET T=1 i#£j j=1

—O) () + Oy ).

1
nT2\/n

nT?
Proof of part (2)
’ e 1 & )
D§ =~ P = A 2 2 el D v (B = )
s#T T=1 t=1
9 T T T
- nT?(T — 1) (8= 5) ; S#ZT ;xsthxs(ﬁ B)

- TZT2( — ]_ 6 ﬁ Z Z Z Z'rzsv’wvzt ﬁ ﬁ

t=1 s#7 7=1 i=1
T T T n

nTQ( —1) B B) Zzzzzxwv”v]t%86 B).

t=1 s#1 7=1 i#j j=1
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nT2 Zt L Zt . ZS 47 ZT LD T2 vy can be expanded as the following terms:
(Dt=s#7: T nT2(T-1) = 1) 237&7 ZT 1 2 TiVirVis = Op(ﬁﬁﬁ
2)s#T=1: nT2T 1)237&727 1 i T = Op(7);
B)tFs#T: T nT2(T-1) T 1) Zt;&s;&r Zs;éT Zr | it TV Uiy = Op(ﬁ)-
and —m thl Z#T ZT=1 Zi# ijl Ti5VirVj1T s can be also expanded as the following
cases:
(1)t =8F T~y Lossr Dormt Loty 2oyt Tislir Vs = Opl);
2)s#T=t: —m D apr Donet S Sope TisVirVirEss = Ol
B)t#s#T: T TX(T-1) T ) Zt;és;éT Zs;éT Zr 1 Zwéj Z] 1 TisVirjtTjs = Op(
Hence, with 3 — 8 = Op(\/T—T) , we have

)-

’ﬂIH

1
Dg = b(—s)
Proof of part (3)
1 - SR I .
B =—=(B=B)' D T Y vl Y _ve)T(B = B)
1 ) s:jl1 . ;:1 =1
=5 (6= B ; ; ; T Zs(8 — B)

- T T T }
_{_ﬁ(ﬁ_ﬁ)/zzz » jfisvitvjri‘js(ﬁ_ﬁ)'

1. ZtT L Zs 1 ZT L B2 viv; can be expanded as the following terms:

T nT3 Zt 1 Z:L_1 zztU'th = Op(%)?

: m Zt;ﬁT 27—1 Z?—l T3 VitVir = Op(Tzl

Lo Zt;&szs L 2 T35 = Op(3);
Ts Zt;és Zs 1 Z =1 zsvltvis = OP(T2\/H);

~
I
VA
I

ﬂ

);

S

— —~ —~ —~
(N}
N— SN— N— S~—
~ ~
I I
= V2
R N N
V2)

~

N
VA
I
2
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( ) t ?é ?é T nT3 Zt;&s;ﬁT Zs;&T ZT 1 ZZ 1 ZSUZtUiT = OP(#E)
And for the expansions of W thl 23:1 ZT=1 Z;;j 2?21 Tisvivj- T js, we have the following

() t=s=r7: n—;g, Zle Zgéj Z?ZI TV Ui jp = Op(#)?

(2) F T Ditr ot Doy gt TatVitVir e = Opl);
B)t=T#s5:-15 Z#S S Dij gy TisUigViTjs = O (7)

A t#s=7:—15 z#s ST Do Yo Tisvivjss = Op(7a);
B)t#s#T: ogm ZtT;és;éT ZST;AT > 2 i D=1 TisUitVirTs = Op
Since f — =0 ( —), then we have

).

N|=

1

Dg = OP(W)'

With the results of DF, k = 1,2,3 , the order of magnitude of Bs can be got, which is:

DG - Op(m)

H.7 Proof of d;

) T T T - . S
D= —nr =g t;Tg;;vt%(ﬁ = B)(B = B) (B — B)

2 T . -
- S -sn)

t#s#T s#T T=1
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We need to calculate the order of magnitude of m Z;;S 4 ST 47 S 0

T(T—l )T —2) Zzzmtw“

t;és;éf s;éf T=1

T(T—l )T —2) Zzzx v =)

t#s;é’r s;éT T=1

1 T T o
T(T—l T —2) Zzzmtmf— (T_l)ZZx’Sv.x;:cT.

t;és;zéT s#T T=1

Where
T(T—l )T —2) Z ZZ:E Ut.l’ T,
t;és;éT 5757 =1
T(T T 2 Z Zzzxzsxwvzt
t7557é7' s#T =1 i=1
T DT =) D35 TR
t;és;éT s#T =1 i#£j j=1
oL vn
_Op(\/n_T)+Op(\/T)'
and
1 T T
)y~
nT(T —1) ;;‘” T
1 L 1 T . T T T /
“TnT(T — 1) ZZ%S(TZW)IJT nT2 Y SN Fwala,
s#T =1 t=1 t=1 s#7 7=1
1 T T T n T T T n
_nT2(T —1) Z Z TiiTir it + —1) Z Z Z Z lesvlt%ﬂﬁ
t=1 s#r =1 i=1 t=1 s#r =1 i#j j=1

To calculate the order of magnitude of the above term, we need to distinguish the cases

of t, s # 7, the first term then can be expanded as the following 3 expansions:

(1) t=s 7£ T nT2 ZS#T ZT 1 Zz 1 ZSxZTUiS - Op(T\/l’lﬁ)’
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(2) s#T=t: nT2 Zs;«éT ZT 1 Zz 1 'Lsxﬁ'v“’ = Op(#ﬁ%

B)t#s#T: nT2(T—1) T 1) Zt;és;ér Zs;ﬁr ZT 1 Zz 1 zsx’“'vlt Op(ﬁ)

Similarly, we can also get the following three cases for expansions of the second term:

(1) =8 # T oty Do Soret Doty 2ot TisVisTjsFir = Opl75m);

(2) 5 AT =t ey Dospr Soret Doty 2ot TisUirBjsTjr = Op7);

(3) £ # 8 # T ¢ mtes Dottasr Dontr ot Doty S FisVisjstjr = Op(Y2).

Hence, we get m Z;#T ZST# ST Eod i, = Op(\/i%) and with the fact that §—

p=0 (f) we have
1

D7 - Op(m>

H.8 Proof of part dg

1 I~ (7
Ds == B ZZZ vy = 0)%(F = B)

t#£s#T s#T T=1

where

Dl — 1 5 ay T T T o s (B AN
8 = nI(T—1)(T—2) (8 —25) Zt;as# ZS;AT > o LU (B = B);

D§ = _nT(T—? N(T—-2) (B - B)/ Zz;és;éT ZZ‘;AT Zf:l i{fvs’ljlféT(ﬁN - 5)7

Dg = nT(T 1) (6 By Zt;«ér ZT | 0. 5”7(5 B).

Lemma 19 Under Assumption 1, 2, 8 and the null,

(1) Dé = OP(L);

nT

(2) Dg = OP(L);

nT?2

(3) D§ = Op(72)-

nT?2
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Proof. Consider part (1),

T n

1 /
Déz WT(T —1)(T — 2) 5 B) Zzzz%ﬂjzsx”ﬂ B)

t;ﬁs;é‘r s#T =1 i=1

1 n
+ WT(T —1)(T —2) ﬁ B) t;T ; ; ; le TitVisVjsTjr ﬁ B)
1 1 1
O ) = 0y,

:Op(

next consider part (2), D3 = 1C2 = O,(=55); for part (3) D = 1C2 = Op(—1). =
As a result, we have

Dg = Op(ﬁ)-

H.9 Proof of part dy

Dy =~ 2§j§32naﬁ 0)(8 — B)E, (5 - )

t;és;zér s#T =1

2 o
= mumﬂﬂgﬂzZZMﬂﬁ 0.)&(f — )

t;és;éf s;é‘r T=1

2 -

t#s#T s;éT T=1

2 )
AT DT —2) (8- By ZZDW PYE(B = B).

t#£s#T s#T T=1

84



: ) : 1 T T T ~~ ~
First, let’s consider L7577 Dttatr Dot Dot Lol VTt

nT(T—l T—2) Z ZZ‘“”T” Tt

t;és;éf s;éT =1

:TLT(T — 1 — 2 Z Z Z Z xltIZTUzsxzt

t#s;é’r s#T =1 i=1
n
T(T _ 1 T 2 t;T ; 2 ; jzl xztl'rrvjsl'jt

zopw%) O,

then, we consider — T T3 Z#S#T ZS;&T Z T30 Ty,
T T T
nT(T — ES; z#: Z
T T T LT
:nT(T Z;é ;; Tgvn)ft
T T T
nTQ(T t;;# ; Z Z TT,0, T
T n

n

T T T
+ nT?(T — -2 t;T ; Z Z Z Z TisTizVjnTjt-

=1 n=1 i#j5 j=1

The first term of the above expansions can be calculated by sum of the following cases:

T T T ~ o~ ~
t= U 7é 8 7& T nT2(T711)(T72) Zt#s#‘r 257&' ZTZI Z?:l LisTirVitLit = OP(T\/I,L*T%
1

T T T n o~ ~ ~
t#Fs=n#7: m D itspr Dastr Darm1 Dii LisTirVisTit = Op(T\/ﬁ);
1

T T T no o~ o~ =,
t 7& S 7£ T=1" nTQ(T—ll)(T—Q) Zt#&?’é'r ZS#T ZT:]. Zi:l LislirVirLit = OIU(T\/W)7

T T T T noo~ ~
t#£s#T#n: m Zt;ﬁs#T?ﬁﬂ 25757'7577 27—7517 27):1 Zi:l LisTirUinlit = Op( V:LT).

The second term can be also expanded similarly:

T T T n no o~ o~ ~ n
t= n 7& s 7£ T m Zt#s#’r Zs#T 27:1 Zi;éj Zj:l LisTirVjtljt = Op(%)?
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EFS =N F T o Ts) Sotsstr Sostr Doret Dot S TisFirVisTin = Op(205);
EFSFET =N T Dotssr Dossr Doret Doy doge BisTirVjrje = Op(255);
LESET 5 i Lottstran Sustrn Sursn Smmt Sins it FisTirUinTjt = Op
With the fact that 3 — 5 =0 ( —), then we get

).

S5

1

Dg - Op(ﬁ>

H.10 Proof of part d

To calculate the order of magnitude of Dy, we first need to calculate the following term:

T(T—l )T —2) Zzzxtxxxf

t;és;é'r s;éT T=1

T(T—l )T —2) Z ZZZ“%‘“

t;és;ﬁf s#T 7=1 i=1

T(T_1 T —2) Z Zzzzxzt%s%s%

t#s;ﬁr s#T T=1 i#j j=1

=0p(1) + Op(n).

With -3 =0 ( — ), then we have

1

DlO — Op(m)
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I Proof of part (3) of Proposition 2

T
it = 3 dlaili
— 5T — UtUSUU
n nT4 T
7,,7
T

Z _xt ))/(f}s _fs(g_ﬂ))({)T _i'r(g_/ﬁ))%@n _‘%77(5_5))

M@ ﬂ\

k=1
Where
F = nLT4 Z,t]:s,’rn Utvsﬁ Un, Ey = % ths ) @gﬁsﬂ;fn(g—ﬁ)’ E3 = niTz; Zfs,T,n(B_ﬁ)/x,@s@, xn(B
B); B = 5t St (B=B) B 3o(B=B)00; Bs = = 3oty (B—B)' (05 (3= BY 2.2 (5 B);

Eg=—2= 3 (B = B)VEE(B - B)(B - B)E,E,(8 - B).
Lemma 20 Under Assumption 1, 2, 8 and the null,

(e1) By = 1Msp + 47510t — 3254 1 O,(3);

(e2) Ea = Op(72);

(e3) Bz = Op(g=);

(e1) By = Oyl72);

(es) Es = Op(12);

(es) Es = Op(7)-
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Proof. Proof of part ¢;

T
E ——1 E V0,00
1 — s
TLT4 t n
t,s,7,m
T

1 _ _ _ _
= 3 (o ) (s~ ) (0 — ) (1, — )
4 t,s,7,m
1 5
=—Ms1 + Z Ck.
n k=1
Where
T T T _
E} = —m Dottstr Doty Dyt ViUsURDS
E T 1) Zt;ﬁs Zs 1 Ut’Us’U U
E3 nT( Zt# S el
Ef = -300.00

It is easy to show that Ef = 2D? = O (V—’j), E} =D} = Op(‘%—?) B} =20t = 4% o) +

0,(3%) and Ef = D¢ = —325% + 0,(¥2), then we can get

1 n—1, 3n 4, vn
E1:EM57T+4?0'1} T2 ,U+O( )
Proof of part e,
4 7
Ey=—— — — ) (v, — 0.)En (8 —
2 ”TM;n(Ut 0.) (vs = 0.)(vy = 0.)'Zy(5 = B)
6
-ym
k=1

Where
E21 nT4 Zt 8,751 vtvsv l‘n (B B)
Ef = m Zt##n Zssﬁn anl vvs Uy (8 = B);
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B} = crarhay ZtT;éT;én ZLT 22:1 vDu Ty (8 = B);
Bf = — b Z;‘;n Zle V.0 % (B — B);

E} = — 0 Dorsy gt VOVLE (B = B);

B = A ST 00.0,(8 — ).

To prove it, first we consider EJ,

=i X St~ 3 3 i)

t,s,7,n i=1 t,s,7,n i#j j=1
1 1 )

=0,( T2)+O (TQ\/—) Op(Tz—\/ﬁ

then we can easily show that E3 = 4D3 = O,( ); B3 = 8D3 = O,(3); By = 4D§ =

1
N
Oy(72); B3 =4D3 = Oy(75) and ES = 4D} = O,(73), then we have

1
Ey = Op(ﬁ)
Proof of part e3
T ~
3=7 (8- 5) Zﬁ F(vs = 0)(vr = 0.)E(8 = B)
3
k

Where

35— BY ST, ot — )
E; = —m@ - B) ZtT;éT;én Z;n 2521 B0, (8 = B);
B} = e (B = B Coir Sy S 00T (B = )
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We first consider Ej

T n T n n
3 - ~ i v
E; :T<6 - 6) Z intvisvirxin 6 5) + = B B Z szltvlsvaI]ﬂ 6)
il t,s,7,n i=1 t,s,7,n i#j j=1
1 1 1
—Op(m) +0p(3) = Op(—5)-

and with the fact that E = 6D = O,(=5); E3 = 3Ds = O,y(=7), we have the result

1

E3 — Op(m

).

Proof of part e,
T ~
75 B) Z B (v = 0) (v = 0)(B = B)
k
=> Ef.
k=1

Where
%(B - B)/ ZZ:S,T,n jéjSU;UW(B - 5)7
Ej= —m(ﬁ — B) Yot gry TrEVLD(B — B);
Ei = nT(%—l) (B - /6)/ 23:577'77 i‘:fj}sfu . (/8 - B)
We first consider E}

T n n
i :nT4 6 6 Z szt‘xzsvwvm(ﬁ 5) + n_T4 6 ﬁ , Z szztxzsvjﬂ'v]ﬂ 6 6)
t,s,7,n i=1 t,s,7,n i#j j=1

)= 0y

:Op(ﬁ) +Op(T2—\/ﬁ p T2—\/ﬁ)'

and then easy to show that E} = 6D% = O,(75); Ef = 3D} = O,(75), as a result, we have
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Proof of part e;

t,s,7,m
4 & 3
=TT (8 = B)'Tyvs(B — B)'22,(8 — B)
t,s,7,m
4 T
_ !~ = o I~ ) .
+ nT(T — 1)(T - 2) t;ﬁ(ﬁ B)'Tv.(B — B) rIn(ﬁ B)
We can write T Zt,s v TV Ty AS
4 d ~! o~ o~
ﬁ LyUsT Ty
4 tS‘rn
nT Z sztvwx”xm Z szztvwxﬁxw
4ts7-nz 1 tSTnz;é]] 1

_ ﬂ
ﬁ) + Op(ﬁ) = Op(ﬁ)-

% Z:S’m ;0.2 %, equals to 2 times the second term of

and since the second term
nT(T

Dy, then

Jn
nT(T— 0)(T —2) Z Todr = O )

tSTn

With the fact that 8 — 8 = Op(\/%), we can get

1

B =0

).
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Proof of part eq4

Since § — 8 = Op(\/%—T), then we have

t,s,7,m
11l e IS A
== Op(n2T2>n_T4 Z / LitLisLirLin — OP(W)TL_H Z ZZZL’Z‘tl’Z‘SIjT[Ejn
t,s,7,m =1 t,s,7,n i#j j=1
1 1 1
:Op(n2T2>+ p( TQ):OP(W>
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Essay Il: Testing Cross-Sectional Dependence in Large Panel Data
Models with Serial Correlation
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1 Introduction

This paper studies testing for cross-sectional dependence in panel data when serial correlation
is also present in the disturbances. Cross-sectional dependence could be due to unknown com-
mon shocks, spatial effects, or interactions within social networks. Ignoring cross-sectional
dependence in panels can have serious consequences. In time series with serial correlation,
existing cross-sectional dependence leads to efficiency loss for least squares and invalidates
inference. In some cases, it results in inconsistent estimation, see Lee (2002) and Andrews
(2005). Testing cross-sectional dependence of panel residuals is therefore important.

One could test for a specific form of dependence in the error like spatial correlation,
see Anselin and Bera (1998) for cross-sectional data and Baltagi et al. (2003) for panel
data, to mention a few. Alternatively, one could test for dependence without imposing any
structure on the form of correlation among the disturbances. The null hypothesis, in that
case, is testing the diagonality of the covariance or correlation matrix of the N dimensional
disturbance vector u; = (uiy,...,unt), which is usually assumed to be independent over
time, fort =1,...,7. When N is fixed, and 7" is large, the traditional multivariate statistics
techniques, including log-likelihood ratio and Lagrange Multiplier tests are applicable, see
for example Breusch and Pagan (1980) who propose a Lagrange Multiplier (LM) test which
is based on the average of the squared pair-wise correlation coefficients of the least squares
residuals.

However, as N becomes large because of the growing availability of comprehensive databas-
es in macro and finance. This so-called “high dimensional” phenomenon brings challenges
to classical statistical inference. As shown in the Random Matrix Theory (RMT) literature,
the sample covariance and correlation matrices are ill-conditioned since they are not con-
sistent estimates of their population counterparts, see Johnstone (2001) and Jiang (2004).
New approaches have been considered in the statistics literature for testing the diagonality
of the sample covariance or correlation matrices, see Ledoit and Wolf (2002), Schott (2005)

and Chen et al. (2010), to mention a few.
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The above tests for raw data cannot be used directly to test cross-sectional dependence in
panel data regressions since the disturbances are not observable. Noise caused by substituting
residuals for the actual disturbances may accumulate due to large dimensions and this in turn
may lead to biased inference. The bias for cross-sectional dependence tests in large panels
depends upon the model specification, the estimation method, and the sample size N and
T, among other things. For example, Pesaran et al. (2008) consider an LM test and correct
its bias in a large heterogeneous panel data model; Baltagi et al. (2012) extend Schott’s
(2005) test to a fixed effects panel data model and correct the bias caused by estimating
the disturbances with fixed effects residuals in a homogeneous panel data model. Following
Ledoit and Wolf (2002), Baltagi et al. (2011) propose a bias-adjusted test for testing the null
of sphericity in the fixed effects homogeneous panel data model. But this method does not
test cross-sectional dependence directly. Rejection of the null could be due to cross-sectional
dependence or heteroscedasticity or both. A general test for cross-sectional dependence was
proposed by Pesaran (2004). His test statistic is based on the average of pair-wise correlation
coefficients, defined as CDp. The test is exactly centered at zero, under the null, and does
not need bias correction. Pesaran (2015) extends his test statistic to test the null of weak
cross-sectional dependence and derives its asymptotic distribution using joint limits. This
test is robust to many model specifications and has many applications. Recent surveys for
cross-sectional dependence tests in large panels are provided by Moscone and Tosetti (2009),
Sarafidis and Wansbeek (2012) and Chudik and Pesaran (2014).

The asymptotics and bias-correction of existing tests for cross-sectional dependence in
large panels are carried out under some albeit restrictive assumptions. For instance, the
errors are normally distributed; N/T — ¢ € (0,00) as (N,T) — oo, and so on. One funda-
mental restriction is that the errors are independent over time. In fact, the presence of serial
correlation in panel data applications is likely to be the rule rather than the exception, espe-
cially for macro applications and when 7' is large. Ignoring serial correlation does not affect

the consistency of estimates, but it leads to incorrect inference. In RMT, when wy, us, ..., up
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are independent across t = 1,2,..,T, and N is large, the limiting spectral distribution (LSD)
of the corresponding sample covariance matrix is the Marcenko-Pastur (M-P) Law, see Bai
and Silverstein (2004). Existing correlation among these disturbances may cause a deviation
of the LSD from the M-P law. Indeed, Bai and Zhou (2008) show that the LSD of the
sample covariance matrix with correlations in columns is different from the M-P law. Gao
et al. (2014) show similar results for the sample correlation matrix. Therefore, the cross-
sectional dependence tests which heavily depend upon the assumption of independence over
time could lead to misleading inference if there is a serial correlation in the disturbances.

To better understand the effects of potential serial correlation on the existing tests of
cross-sectional dependence, let us assume that the 7' x 1 independent random vectors u; =
(Ui, - - - ,uiT)/, for i = 1,..., N are observable. The correlation coefficients p;; of any u;
and u; (¢ # j) are defined by wu;/ (||w] - [|u;]]). Their means are zero vectors. If all the
elements of each u; are independent and identically spherically distributed, Muirhead (1982)
shows that E (p?;) = 1/T. When N is fixed, the summation of all distinct N(N — 1)/2
terms of p?j will be small, as T" — oo. In Section 3, we show that if all the elements of
each u; follow a multiple moving average model of order 1 (MA(1)) with parameter 6, then
E(p%) = [1/T+06%/(T +T6%)]. As N — oo, the extra term 6?/(T 4 T6%) can accumulate
and lead to extra bias for the existing LM type tests in panels. Although CDp is centered
at zero, it may still encounter size distortions because serial correlation is ignored.

This paper proposes a modification of the Pesaran CD test of cross-sectional dependence
when the error terms are serially correlated in a large panel data models. First, using results
from RMT, we study the first two moments of the test statistic and propose an unbiased
and consistent estimate of the variance with unknown serial correlation under the null.
Second, we derive the limiting distribution of the test under the asymptotic framework with
(N,T) — oo simultaneously in any order without any distribution assumption. Monte Carlo
simulations are conducted to study the performance of our test statistic in finite samples.

The results confirm our theoretical findings.
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The plan for the paper is as follows. The next section introduces the model and notation,
existing LM type tests and he Cross-sectional Dependence (CD) Test. It then presents
our assumptions and the proposed modified Pesarn CD test statistic. Section 3 derives
the asymptotics of this test statistic. Section 4 reports the results of the Monte Carlo
experiments. Section 5 provides some concluding remarks. All the mathematical proofs are
provided in the Appendix.

Throughout the paper we adopt the following notation. For a squared matrix B, tr(B) is
the trace of B; || B|| = (tr(B'B))"/? denotes the Frobenius norm of a matrix or the Euclidean
norm of a vector B. —% denotes convergence in distribution and - denotes convergence in
probability. We use (N,T) — oo to denote the joint convergence of N and T" when N and

T pass to infinity simultaneously. K is a generic positive number not depending on N or T.

2 Model and Tests

Consider the following heterogeneous panel data model
Yit :ﬂ;xit—i—uit, fOI‘ = 1,2,...,N; t = 1,2,...,T. (21)

where ¢ and ¢ index the cross section dimension and time dimension respectively; w;; is
the dependent variable and z;; is a k x 1 vector of exogenous regressors. The individual
coefficients ;, are defined on a compact set and allowed to vary across i. The null hypothesis

of no cross-sectional dependence is
Hy : cov(ui, uje) =0, for all ¢, ¢ # j.

or equivalently as

Hy:pij =0, for i # j. (2.2)
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where p;; is the pair-wise correlation coefficients of the disturbances defined by

T
Zt:1 Uit Uj¢

T 1/2 T 12"
(Zt:l uz2t> (Zt:l u?t)

Under the alternative, there exists at least one p;; # 0, for some ¢ # j. For the panel

Pij =

regression model (2.1), the residuals are unobservable. In this case, the test statistic is based

on the residual-based correlation coefficients p;;. Specifically,

Sy Cate
AN N (2.3)
<Zt:1 6it> (thl 6jt>

Pij =

where e;; is the Ordinary Least Squares (OLS) estimated using 7' observations for each

1=1,2,..,N. These OLS residuals are given by
Cit = Yit — xét@, (2-4)

with BZ being the OLS estimates of ; from (2.1) for i = 1,2, .., N. Let M; = Iy — Px,, where
Px, = X; (X!X;)"" X!, and X; is a T x k matrix of regressors with the it-th row being the
1 x k vector ;. We also define u; = (ug,...,ur), & = (eir,...,eir) and v; = ¢;/ ||e|
for + = 1,...N. The OLS residuals can be rewritten in vector form as e; = M;u;, and

the residual-based pair-wise correlation coefficients can be rewritten as p;; = vjv;, for any

1<i#j<N.

2.1 LM and CD Tests

For N fixed and T" — oo, Breusch and Pagan (1980) proposed an LM test to test the null of
no cross-sectional dependence in (2.2) without imposing any structure on this dependence.

This is given by:

N-1 N
LMpp=T» > p (2.5)

i=1 j=i+1
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LMpp is asymptotically distributed as chi-squared with N(N — 1)/2 degrees of freedom
under the null. However, for a typical micro-panel data set, N is larger than T; and the
Breusch-Pagan LM test statistic is not valid under this “large N, small T” setup. In fact,

Pesaran (2004) proposed a scaled version of this LM test as follows:

N—-1 N

LMp = mz > (Tp-1). (2.6)

i=1 j=i+1

Pesaran (2004) showed that LMp is distributed as N (0, 1) with 7" — oo first, then N — oo
under the null. However, £ (Tﬁfj — 1) is not correctly centered at zero with fixed 7" and
large N. Hence, Pesaran et al. (2008) proposed a bias-adjusted version of this LM test,

denoted by LM ppy. They show that the exact mean and variance of (T — k) [B?j are given by

priy =E (T — k) p] =

1
——tr [E(M M) (2.7)

and

viy = var [(T — k) p3;] = {tr? [E(M; M;)]} arr + 2tr {[E(M; M;)]*} axr. (2.8)

2
where a1 = aar — ﬁ7 and asr = 3 [(T#g;)’z;gjggﬁ;i)kf 4)} . LMpyy is given by

2 (T - k) /512; — HTij

LM =
puy N(N — 1) VTij

(2.9)

Pesaran et al. (2008) show that LMpyy is asymptotically distributed as N(0,1) under the
null (2.2) and the normality assumption of the disturbances as 7' — oo followed by N — oo.
Alternatively, Pesaran (2004) proposed a test based on the average of pair-wise correlation

coefficients rather than their squares. The test statistic is given by

2T A
CDp = NN 1) Z Z pij- (2.10)
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Pesaran (2015) shows this test is asymptotically distributed as N (0,1) with (N,T) — oo.

He also extends this to test the null of weak cross-sectional dependence.

2.2 Assumptions and the Modified CD Test Statistic

So far, all the methods surveyed above for testing cross-sectional dependence in panel data
models assume that the disturbances are independent over time. Ignoring serial correlation
usually results in efficiency loss and biased inference. In fact, we show in Section 3, that the
existence of serial correlation leads to extra bias in the LM type tests. For the CDp test
in (2.10), it is still centered at zero with serial correlation, but its variance is affected by
serial correlation. As a result, we also expect size distortions in CDp. To correct for this,
we consider a modification of this test statistic that accounts for an unknown form of serial

correlation in the disturbances. First, we introduce the assumptions needed:

Assumption 1 Define & = (&0, €1, i, -+ &) and g5 = (€40, €01, €i2, - - - €ir) . We also as-
sume that & = o065, for i = 1,..., N, where g; is a random vector with mean vector zero
and covariance matriz Ir. Let €; denote the t-th entry of €;, for any i = 1,...,N. €4 has
uniformly bounded 4th moment and there exists a finite constant A such that E(e},) = 3+ A.

Following Bai and Zhou (2008), the disturbances u; = (uyy, Ugy, ... unt) are generated by:

w=Y d, fort=12.T, (2.11)
s=0

where & = (€14, &1, ... Eny) 5 fort = 0,1,..., T, are I1D random vectors across time, and

{ds}2, is a sequence of numbers satisfying > ., |ds| < K < co.

Assumption 1 allows the error term wu; to be correlated over time. The condition
Sore i ldi] < K < oo excludes long memory type strong dependence. We need bounded
moment conditions to ensure large (IV,T) asymptotics for panel data models with serial

correlation. The conditions in Assumption 1 are quite relaxable; they are satisfied by many
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parametric weak dependence processes, such as stationary and invertible finite-order auto-
regressive and moving average (ARMA) models. Under Assumption 1, the covariance matrix
of each w; is ¥; = 023, where ¥ is a T x T symmetric positive definite matrix. The random
vector u; can be written as u; = 0;I'e;, where I'T" = X. The generic covariance matrix ¥; of
each wu; captures the serial correlation. Bai and Zhou (2008) use this representation and show
that 1/7tr(3") is bounded for any fixed positive integer k. More specifically, considering a

multiple moving average model of order 1 (MA(1)) :
Ut:£t+9§t_1,t:]_,...7T. (2].2)

where |0] < 1 and u, &, u; and & are defined in Assumption 1. For this case, ¥M% = (8, )rxr,

where
(1+62), l=r;

o = 0, |l—r]=1,; (2.13)

0, |l —r|>1.

One can also verify that for (2.11), we have the following generic representation,
Y= (wlT)TxT, where W = Z dsd(\l—rH—s)‘ (214)
s=0

We use this representation throughout the paper for convenience.

Assumption 2 The regressors, xy, are strictly exogenous such that
E(uy|X;) =0, foralli=1,..,N andt=1,..,T, (2.15)

and X! X; is a positive definite matriz.
Assumption 3 T > k and the OLS residuals, ey, defined by (2.4), are not all zeros.

Assumptions 2 and 3 are standard for model (2.1), see Pesaran (2004, 2008). We do not

impose any restrictions on the distribution of the errors or the relative convergence speed of
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(N, T). This framework is quite relaxable while LM type tests usually impose the normality
assumption and restrictions on the relative speed of N and 7', namely, N/T — ¢ € (0,00).
Under these assumptions, the OLS estimates for model (2.1) are consistent but inefficient.

We focus on the term used in Pesaran’s (2004) CD test:

r= (o) S 210

In the next section, we derive the first two moments of this test statistic and later derive

its limiting distribution under this general unknown form of serial correlation over time.

3 Asymptotics

In this section, we study the asymptotics of the test statistic 7}, defined in (2.16). To derive

its limiting distribution, we first consider its first two moments.

Theorem 1 Under Assumptions 1-3 and the null given in (2.2),

E(T,) =0 (3.1)
and
N -1 N i1
2 tr (M;XM; M;XM;)
2 _ _ 52
7" = var(Tn) = N(N—1)ZZE(%) NN —1) ZZ b L) r(y) | Y
i=2 j=1 i=2 j=1

where M; = I — X/(X/X;)7'X;, and ¥ is defined by (2.14).

Theorem 1 shows that the mean of the test statistic is zero. Its variance depends on 3,
which is a generic form containing serial correlation.
In fact, as shown in the proof of Theorem 1 (see the Appendix), E(p?,) = tr (M;ZM; M;$M;)

/[tr (M;X) tr (M;X)]. In the special case where the error terms are independent over time,
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Y = Ip, and E(p;) reduces to tr(M;M;) /(T — k)?, which yields the results given in equation
(2.7) for the LM pyy test statistic with no serial correlation. However, with serial correlation
in the errors, an extra bias term is introduced in LM pyy since

(M) tr (M;3) (T — k)?

£0, if 5+ Ir.

More specifically, let us assume that wu;, ¢ = 1,..., N, are observable, then E(p?j) =
tr (X2) /tr? (3) . For the MA(1) process defined by (2.12), tr(3?) /tr? () = 1/T+6%/(T+T6?)
and tr(X?) /tr? (Z) = 1/T, for § = 0. The extra term 6?/(T + T6?) accumulates in the LM
test statistic and leads to extra bias as N — oo. As discussed above, we expect that LM pyry
to have serious size distortions when serial correlation is present in the disturbances.
Unlike LM type tests, the test statistic 7,, is centered at zero; it does not need bias
adjustment. Note that if u;; are independent over time, our model reduces to that of Pesaran

(2004). Let 72 be the variance of T;, without serial correlation, it can be written as

i—1

s 2 N[ T -2k tr(Px,Px,)
70_N(N—1)ZZ{(T—/€)2+ (T —k)? |’ (33)

i=2 j=1

where Py, = X; (X!X;)"" X! and Px, = X; (XJ/-X]-)_1 Xj. The above result is the exact
variance for 7, without serial correlation; it is derived by Pesaran (2015). A modified
version of CDp is also given by Pesaran (2015) using this exact variance. From Theorem 1,
72 is different from ~2 if ¥ # Ir. Hence, we also expect CDp to have size distortions when
serial correlation is present in the disturbances. Next, we consider the limiting distribution

of the proposed test. The result is given in the following Theorem.

Theorem 2 Under Assumptions 1-8 and the null in (2.2), as (N, T) — oo, we have

v T, -4 N (0,1). (3.4)
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Theorem 2 shows that T,, appropriately standardized is asymptotically distributed as a
standard normal. It is valid for N and T tending to infinity jointly in any order. However,
we do not observe ¥ in a panel data regression model; and an estimate of the variance
7?2 is needed for practical applications. Following Chen and Qin (2010), an unbiased and

consistent estimator of 2 under the null, is obtained using the cross-validation approach

proposed in the following Theorem:

. N i _ _ _
Theorem 3 Let4? = m Do ijll (0 =03 ) )V (V=T 5)), where Vg = 75 Do U

Under Assumptions 1-3 and the null in (2.2), E(%*) = ~* As (N,T) — oo, et
42 2y A2, (3.5)
Define CDgr =47 1T,. As (N, T) — oo,
CDp -2 N (0,1). (3.6)

Theorem 3 shows that 4?2 is a good approximation for the variance, and we do not need
to specify the structure of X. In other words, the test statistic allows the error terms of
model (2.1) to be dependent over time. Also, CDg is a modified version of CDp, so they

are likely to perform very similarly with respect to many model specifications (see Pesaran

(2004)).

4 Monte Carlo Simulations

This section conducts Monte Carlo simulations to examine the empirical size and power of
the proposed test (CDg) defined in (3.6) in heterogeneous panel data regression models. We
also look at the performance of LM pyy and CDp defined by (2.9) and (2.10) respectively for
comparison purposes. We consider four scenarios: (1) the errors are independent over time,

with no serial correlation; (2) the errors follow a moving average model of order 1 (MA(1))
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over time; (3) the errors follow an auto-regressive model of order 1 (AR(1)) over time; (4)
the errors follow an auto-regressive and moving average of order (1,1) (ARMA(1,1)) over
time. Finally, we provide small sample evidence on the power performance of the modified
CDgp, test against a factor and spatial auto-regressive model of order one alternatives which

are popular in economics for modeling cross-section dependence.

4.1 Experimental Design

Following Pesaran et al. (2008), our experiments use the following data generating process:

yit:Oéi—.—ﬁiIit—i-Uit,izl,...,N;tzl,...,T. (41)

Tit = NTi—1 + Vi, (4.2)

where o; ~IIDN(1,1); 8; ~IIDN(1,0.04). z; is a strictly exogenous regressor and we set
n = 0.6 and vy ~IIDN(¢?/(1 — 0.6%)) with ¢; ~IIDx?*(6)/6, for i = 1,...,N. The error

terms of (4.1) are generated using the following four data generating processes:

(1) IID = g = & (4.3)
(2) MA(1) : wir = &t + 0815 (4.4)
(3) AR(L) © wie = puir—1 + &ur; (4.5)
(4) ARMA(1,1) : wi = pujp—1 + &t + 0&i—1; (4.6)

where &; = 0;6; 02 ~1IDX?(2)/2 and g;; ~IID(0,1). We further set § = 0.8 and p = 0.6.
To check the robustness of the tests to non-normal distributions, €;; are generated from a
Normal(0, 1) and a Chi-squared distribution(x?(2)/2 — 1).

To examine the empirical power of the tests, we consider two different cross-sectional
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dependence alternatives: factor and spatial models. The factor model is generated by
uh, =Nife +uy, fore=1,... ,N; t=1,...,T; (4.7)

where f; ~IIDN(0,1) and A\; ~IIDU[0.1,0.3]; In this case, u}, replaces u; in (4.1) for the
power studies. w; is generated by the four scenarios defined by (4.3) — (4.6), respectively.

For the spatial model, we consider a first-order spatial auto-correlation model (SAR(1)),

ui, =0 (O.Suf_u + O.5uf+17t) + Uy, (4.8)

where 0 = 0.4 and u;; are defined by (4.3) — (4.6), respectively.

The experiments are conducted for N = 10, 20, 30, 50, 100, 200 and T = 10, 20, 30, 50, 100.
For each pair of (N, T, we run 2,000 replications. To obtain the empirical size, we conduct
the proposed test (CDg) and CDp at the two-sided 5% nominal significance level and LM pyry

at the positive one-sided 5% nominal significance level.

4.2 Simulation Results

Table 1 reports the empirical size of CDp, LMpyy and CDpg for normal and chi-squared
distributed errors. The error terms are assumed to be independent over time. The results
show that all the tests have correct size with different (N,7T") combinations under both
normal and chi-squared scenarios. Those are consistent with the theoretical findings. The
only exceptions are for small N or T equal to 10, especially for LMpyy. Table 2 reports
the empirical size of the three tests with MA(1) error terms defined by (4.4). The results
show that CDpg has correct size for all (N,T'), but CDp has size distortions for different
(N, T) combinations because the disturbances are MA(1) over time. For example, under the
normality scenario, the size of CDp is 9.35% for N = 10 and T = 20, it becomes 11.1% when
T grows to 100. LM pyy suffers serious size distortions, because of the extra bias caused by

ignoring serial correlation. From Table 2, the empirical size of LM pyy is 100% as N or T'
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becomes larger than 30. Tables 3 and 4 report the empirical size of the tests with AR(1) and
ARMA(1,1) errors under the two distributions: normal and chi-squared scenarios. Note that
CDg is over-sized in Table 4 for the chi-squared case when T = 10. However, it has the correct
size as T gets larger than 20. In contrast, LM pyy has serious size issues, rejecting 100% of
the time and CDp is over sized under by as much as 25% . Overall, in comparison with CDp
and LMpyy, the proposed test CDg controls for size distortions when serial correlation in
the disturbances is present, and is not much affected when serial correlation is not present.

Table 5 summarizes the size-adjusted power of CDp with MA(1), AR(1) and ARMA(1,1)
errors under the factor model alternative. Results show that CDp performs reasonably well
under the two distribution scenarios especially for N and T' > 10. Table 6 confirms the power
properties of CDg for MA(1), AR(1) and ARMA(1,1) errors under the SAR(1) alternative

especially for large N and 7.

5 Conclusions

In this paper, we find that in the large heterogeneous panel data model, LMpyy exhibit
serious size bias when there is serial correlation in the disturbances. While CDp is centered
at zero, it still encounters size distortions caused by ignoring serial correlation. We modify
the Pesaran CDp test to account for serial correlation of an unknown form in the error term
and call it CDg. This paper has several novel aspects: first, an unbiased and consistent
estimate of the variance under the assumptions and the null of no cross-section dependence
is proposed without knowing the form of serial correlation over time. Second, the limiting
distribution of the test is derived as (N,T) — oo in any order. Third, it is distribution free.
Simulations show that the proposed test CDg successfully controls for size distortions with
serial correlation in the error term. It also has reasonable power under the alternatives of
a factor model and a spatial auto-correlation SAR(1) model for different serial correlation

specifications.
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Table 1: Size of Tests with IID Errors over Time

Normal Chi-squared
Tests (N,T) 10 20 30 50 100 10 20 30 50 100
CDg
10 5.75 5.90 5.50 4.75 6.45 5.90 4.80 5.55 5.15 6.45
20 3.85 4.55 5.05 4.70 5.15 4.60 4.50 4.50 5.85 5.40
30 4.45 4.10 4.70 5.10 4.60 4.40 4.80 4.45 4.50 6.25
50 4.45 4.75 5.40 5.25 4.50 4.10 3.65 4.75 4.05 4.60
100 4.65 4.85 4.20 5.65 5.30 4.35 4.80 4.70 4.35 4.95
200 4.05 4.65 3.90 4.60 5.00 5.65 5.05 4.85 4.65 5.40
CDp
10 5.60 5.50 5.25 4.10 6.00 5.60 4.70 5.05 4.70 5.65
20 4.05 4.75 5.05 4.90 5.30 4.90 4.70 4.65 5.85 5.30
30 4.90 4.45 4.85 5.20 5.00 5.20 5.20 4.55 5.00 6.05
50 4.95 5.20 5.60 5.55 4.45 5.00 4.15 5.00 4.55 4.70
100 5.65 5.15 4.50 5.95 5.45 5.15 5.65 5.05 4.50 5.05
200 5.00 5.00 4.45 4.85 5.15 6.35 5.75 5.15 4.70 5.55
LMpyy
10 6.75 6.05 6.10 6.00 5.60 6.60 6.85 7.65 7.95 6.60
20 6.20 5.45 6.75 7.00 5.50 7.05 6.40 6.40 7.15 5.60
30 6.20 6.25 5.40 6.35 5.95 7.65 5.95 6.35 5.85 7.00
50 6.55 4.95 5.25 5.60 5.40 7.00 6.85 7.20 5.40 5.85
100 8.10 5.45 5.40 4.60 4.55 7.00 5.85 6.10 5.85 5.90
200 8.60 5.75 6.50 5.90 5.35 8.00 7.20 6.30 6.40 6.70

Notes: This table reports the size of CDp, LMpyy and CDg with u;y = &, where &y = oi€it; 01-2 ~ 1IDx?(2)/2. € ~
IID(0, 1) and are generated from Normal and Chi-squared distributions. The tests are conducted at the 5% nominal significance

level.
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Table 2: Size of Tests with MA(1) Errors

Normal Chi-squared
Tests (N,T) 10 20 30 50 100 10 20 30 50 100
CDg
10 6.10 6.25 4.45 5.35 6.25 6.30 5.40 5.90 5.85 6.50
20 5.15 4.80 5.05 4.60 5.30 5.20 5.35 4.70 6.15 4.75
30 4.50 4.35 4.20 5.35 4.95 5.55 4.75 4.90 5.30 6.15
50 5.25 4.50 5.30 5.70 4.30 5.00 4.65 4.60 4.35 4.85
100 4.75 5.35 4.50 5.45 5.60 5.80 4.15 5.45 4.35 4.90
200 4.35 4.95 3.50 4.50 4.90 6.20 6.30 4.30 4.30 5.50
CDp
10 7.60 9.35 8.40 10.05 11.10 7.80 7.75 10.30 10.25 10.95
20 6.60 8.30 9.95 9.10 10.90 7.00 8.95 9.30 10.70 10.50
30 6.45 8.35 8.30 10.50 10.60 7.90 9.65 9.50 10.80 10.60
50 7.45 7.95 10.75 11.30 9.65 7.55 7.90 9.20 9.70 9.15
100 6.50 9.35 9.00 10.85 11.55 7.85 8.35 10.60 9.30 10.20
200 6.65 8.45 8.45 9.70 10.95 9.90 9.50 9.35 9.65 11.20
LMpyy
10 37.95 54.40 57.10 59.55 60.70 39.15 53.00 56.50 60.75 61.55
20 81.55 96.00 96.80 98.25 97.90 83.25 95.45 97.05 97.70 98.20
30 98.30 100.00 100.00 100.00 100.00 98.45 100.00 100.00 100.00 100.00
50 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
100 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
200 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Notes: This table reports the size of CDp, LM pyy and CDg with u;y = & + 0&;4—1, where &+ = 0i€it; 01-2 ~ 1IDx2(2)/2.
eyt ~ IID(0,1) and are generated from Normal and Chi-squared distributions. The tests are conducted at the 5% nominal

significance level.
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Table 3: Size of Tests with AR(1) Errors

Normal Chi-squared
Tests (N,T) 10 20 30 50 100 10 20 30 50 100
CDg
10 6.10 6.25 4.90 6.15 6.75 6.05 4.80 6.10 6.00 5.65
20 4.75 5.65 4.65 4.70 5.00 4.85 5.60 4.50 5.55 4.80
30 4.15 4.85 4.00 4.55 4.65 5.50 4.25 5.75 5.10 6.65
50 4.15 4.50 5.20 5.45 4.40 5.25 5.35 4.60 4.40 4.35
100 4.35 4.80 4.80 5.45 4.80 5.75 4.15 5.30 4.05 5.10
200 4.85 4.60 4.05 4.55 5.05 7.80 5.35 4.95 4.20 4.55
CDp
10 6.80 9.65 10.20 14.55 16.80 6.55 8.25 12.25 13.90 16.30
20 5.75 9.50 11.35 13.25 16.85 5.90 9.60 11.50 15.05 15.45
30 5.65 9.80 10.00 13.30 14.05 7.35 9.65 12.00 15.20 17.15
50 5.90 8.45 11.95 14.80 14.10 7.10 9.55 9.70 12.40 15.80
100 6.05 10.00 10.40 14.70 16.55 7.25 8.70 12.25 13.85 15.00
200 6.65 9.00 10.25 13.30 16.70 9.40 10.3 10.85 13.70 16.10
LMpyy
10 37.95 54.40 57.10 59.55 60.70 27.60 66.30 82.45 90.80 95.35
20 55.50 97.90 99.85 100.00 100.00 59.95 98.40 99.85 100.00 100.00
30 98.30 99.95 100.00 100.00 100.00 82.75 100.00 100.00 100.00 100.00
50 97.80 100.00 100.00 100.00 100.00 98.60 100.00 100.00 100.00 100.00
100 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
200 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Notes: This table reports the size of CDp, LM pyy and CDg with u;y = puit—1 + &, where & = oi€44; U? ~ 1IDx2(2)/2.
eit ~ IID(0,1) and are generated from Normal and Chi-squared distributions. The tests are conducted at the 5% nominal

significance level.
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Table 4: Size of Tests with ARMA(1,1) Errors

Normal Chi-squared
Tests (N,T) 10 20 30 50 100 10 20 30 50 100
CDg
10 6.95 6.45 4.90 6.20 5.85 7.20 5.25 6.40 5.40 5.45
20 5.40 5.55 4.95 4.75 4.95 6.40 5.70 4.95 5.55 4.70
30 4.65 4.75 4.05 4.80 4.65 7.45 4.60 5.95 5.10 6.50
50 4.95 4.95 5.25 5.30 4.50 7.50 5.70 4.80 4.35 4.80
100 5.05 5.15 4.60 5.10 4.90 10.25 5.10 4.65 4.00 4.80
200 5.75 4.65 4.45 4.85 5.20 17.45 6.60 5.75 4.50 4.25
CDp
10 9.10 15.95 16.35 22.50 24.30 10.95 13.80 19.20 21.70 25.15
20 8.30 14.40 17.80 20.15 25.05 10.10 14.80 18.90 22.85 23.15
30 8.30 15.40 17.70 21.55 22.55 10.95 15.25 19.25 23.55 24.25
50 8.70 14.85 18.80 22.70 23.40 11.75 15.40 17.30 19.15 23.95
100 9.35 15.90 17.50 22.15 24.20 17.20 14.45 17.95 22.05 22.70
200 9.50 14.05 18.35 20.00 24.95 25.45 17.00 18.55 21.35 24.65
LMpyy
10 83.65 98.45 99.45 99.75 99.80 83.65 98.40 99.70 99.90 100.00
20 99.85 100.00 100.00 100.00 100.00 99.85 100.00 100.00 100.00 100.00
30 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
50 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
100 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
200 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Notes: This table reports the size of CDp, LMpyy and CDg with uis = pujt—1 + &t + 0&¢—1, where & = o4eit; 07 ~
IIDx2(2)/2. €it ~ IID(0,1) and are generated from Normal and Chi-squared distributions. The tests are conducted at the 5%

nominal significance level.
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Table 5: Size Adjusted Power of CDpg : Factor Model

Normal Chi-squared
DGP (N,T) 10 20 30 50 100 10 20 30 50 100
MA(1)
10 14.55 23.95 30.30 45.40 63.05 21.95 30.75 33.65 46.00 66.10
20 35.70 56.65 68.95 84.05 95.95 47.30 63.25 75.80 86.00 97.40
30 59.65 81.70 91.75 97.65 99.95 69.75 87.50 92.60 98.00 99.95
50 83.65 96.60 99.30 100.00  100.00 88.75 98.00 99.55 100.00  100.00
100 96.75 99.95 100.00  100.00  100.00 98.90 99.90 100.00  100.00  100.00
200 99.70  100.00  100.00  100.00  100.00 99.70  100.00  100.00  100.00  100.00
AR(1)
10 18.95 23.95 32.40 38.10 56.75 26.95 35.00 28.90 37.15 61.25
20 45.60 62.10 69.95 81.45 94.20 55.10 67.45 74.85 85.65 96.60
30 68.80 83.50 92.30 97.60 99.75 78.15 90.85 92.70 97.40 99.85
50 88.55 97.45 99.40 100.00 100.00 92.90 98.50 99.65 100.00 100.00
100 98.80  100.00  100.00  100.00  100.00 99.60 99.95 100.00  100.00  100.00
200 99.90 100.00  100.00  100.00  100.00 99.85  100.00 100.00  100.00  100.00
ARMA(1,1)
10 7.70 7.70 10.00 10.80 14.80 9.65 10.35 8.80 9.60 19.60
20 22.05 18.85 24.25 27.80 39.50 24.85 22.35 23.40 30.60 46.20
30 37.75 37.45 46.15 48.90 75.00 41.75 47.35 44.15 53.15 71.25
50 66.50 66.75 71.60 83.10 96.20 66.25 72.35 82.45 88.20 98.00
100 91.15 96.60 98.75 99.90 100.00 90.45 98.55 99.40 99.95 100.00
200 98.95  100.00 100.00  100.00  100.00 98.45 99.95 100.00  100.00  100.00

Notes: This table computes the size adjusted power for CDg with a factor model that allows for cross-sectional dependence
in the errors: u}, = Aift + us¢. uj; are generated by MA(1), AR(1) and ARMA (1,1) defined by (4.4)-(4.6). &t = oicit;
02 ~1IDx2(2)/2. i+ ~1ID(0,1) and are generated from Normal and Chi-squared distributions.

115



Table 6: Size Adjusted Power of CDg: SAR(1) Model

Normal Chi-squared
DGP (N,T) 10 20 30 50 100 10 20 30 50 100
MA(1)
10 38.85 60.55 72.20 88.25 97.30 43.05 67.15 72.55 88.45 97.70
20 37.45 61.70 76.00 92.15 99.05 39.25 61.25 76.80 89.55 99.10
30 39.60 64.55 78.60 92.00 99.60 40.30 65.65 78.80 91.90 99.35
50 40.05 66.45 79.15 92.70 99.75 39.95 66.55 78.65 94.65 99.70
100 33.60 62.70 80.55 92.55 99.65 37.85 64.65 79.20 94.40 99.90
200 40.65 64.50 80.65 94.70 99.8 37.75 62.50 81.25 95.65 99.80
AR(1)
10 37.20 53.95 68.20 79.20 92.10 42.85 63.20 61.15 78.00 94.80
20 38.25 56.50 69.30 82.90 95.85 38.55 55.50 68.65 83.70 97.20
30 37.90 56.90 71.80 84.65 98.10 38.70 62.00 66.25 85.70 96.90
50 38.80 59.80 71.40 86.60 98.60 39.70 59.15 71.25 89.00 99.00
100 38.85 57.85 70.90 86.60 98.75 35.25 59.85 72.55 88.95 98.60
200 40.75 55.95 74.40 87.75 98.80 33.80 56.00 70.85 90.40 99.10
ARMA(1,1)
10 29.00 43.40 58.05 70.20 85.90 32.75 49.75 51.30 67.40 88.20
20 31.05 43.55 56.65 72.10 89.10 28.35 43.45 54.80 71.35 91.35
30 30.00 45.70 59.35 71.35 94.20 28.10 48.10 54.00 73.05 91.90
50 33.05 45.30 54.40 71.70 93.30 27.30 43.90 58.00 75.75 94.45
100 30.60 45.15 55.50 75.40 94.95 21.80 45.45 57.85 77.35 94.75
200 30.30 42.05 58.15 75.75 95.15 21.05 38.80 55.70 77.50 95.80

Notes: This table computes the size adjusted power for CDg with a SAR(1) model that allows for cross-sectional dependence
in the error: uj, = 6(0.5uf_; ,+0.5u} ;) +us with 6 = 0.4. u;; are generated by IID, MA(1), AR(1) and ARMA (1,1) defined

by (4.3)-(4.6). &t = 0yeit; 02 ~ IIDX?(2)/2. €54 ~ IID(0,1) and are generated from Normal and Chi-squared distributions.
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Appendix

This appendix includes proofs of the main results in the text. The appendix includes
two parts: Part A includes some useful lemmas which are frequently used in the proofs of
Theorems; Part B gives the proofs of all the theorems included in the paper.

Let us introduce some notation before proceeding: For two matrices B = (b;;) and
C = (¢ij), we define B o C' = (b;jc;5). > denotes summation over mutually different indices,

e.g., ». means summation over {(iy, iz, j1,J2) : i1, 12, J1, j2 are mutually different.} .
(41,92,51,32)

A  Some Useful Lemmas

Lemma A.1 Let ' and G be non-stochastic N x N symmetric and positive definite matrices.

Define r = u Y Under Assumptions 1, we have

QG i

(0) Br*) = T
(b) B(&iFe) = tr(F):

(¢) E(elFe;)? = tr(F?) + 2t (F) + Atr(F o F);
(d) tr(F o F) < tr(F?).

The Proof of part (a) is given by Lieberman (1994) and the proof of (b)-(d) are from

Proposition 1 of Chen, et al. (2010), hence we omit the proof here.

Lemma A.2 Define B; = M;¥XM;, for any j, respectively. Under Assumptions 1-3 and the

null in (2.2), we have
. t””(BiB‘) .
(a) E(pw) - m
4 (2+A)tr(B; B;)?+tr%(B; B) .
(b) B(pl) < (3+A) w2 (5, 12(B;) ’ o
(+2)ir(BiBy, )+ (BiBy, ) / (+2)ur(BiBy,) "+ (BB, )
tr( By, )tr(Bjy)tr>(B:)

1/2

(¢c) For any j1 # ja, E(p3;,05;,) <

Proof. Recall that the pair-wise correlation coefficients is defined as

S

A /
Pij = V05 = E VitVjt,
t=1
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where v; are the scaled residual vector defined by v; = 7. ¢; is the OLS residual vector

__ €
(efei)

from the individual-specific least squares regression and it is given by
ei = Myu; = Mio,Te;, with M; = Iy — Py, = Ip — X; (X!/X;)" " X!,

where M; is idempotent. Consider part (a),

2
lo. "Ae;

E(2) = E((Wv.) =E €€ - E €3¢ .
(pZ]) (,UZUJ) <(e;€i)1/2 (€,~€')1/2 e;ei

777

eje’
where A; = 2. Then
ele;

B (%) = E[E (1)) = B [ (42 )|

L1

I'A o
e;Aje;

) =

Since e; = M,o0;I's;, and using part (a) and (b) of Lemma A.1, we have E< L
tr(F/MiA]‘MiF)

T UOTAVEEE Moreover,

e/ I M; M;TT'M;M;Te
E [tr (T"M; A; M,T)) _E< A ! ])

e I"M;Te;
o (I"M;M,TT' M M;T)
B tr (I"M,T)

ot (MEMM;EM;)

B tr (M%)

Together with the above results, we have

E (Ag) . tr (M]ZM]MZZMZ) o tr (BZB])
Pl = tr (M;2) tr (M;Y)  tr(B;)tr(B;)
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Consider part (b).

E(p}) =E[E (o} | v))] =E (E [((:4%)2 | Uj)

5 [2tr (I M; A, MT)? + te? (I M A; MiT) + Atr (I'M; A M;T o F’MiAjMiF)] |

tr? (I"M,T)

) [E(aQF’MiAjMZ-FeiY | }

tr?(B;)

Using part (a) of Lemma A.1, we have

€;F/MjMiFF/MZ‘MjF€j)2 _ E (E}P/MjMiFF/MiMjFSj)z

E [tr2 "M, A; M;,T" :E(
[t ( MT)] e/ I"MTe; [E (€;F/MJF5J‘)]2

Using part (c) of Lemma A.1, we also have

E (/T M; M;TT' M;M;Te;)* = 260(I' My M,IT M;M;T)? + t2(T' M; M;UT' M, M;T)
+ Atr (F/M]MZFF/MZMJF e} F,M]MlFF/MzM]F)
= 2tr (BzB])z + tI‘2 (BlB]) + Atr (F/MJMlFF/MZMJF @) F,MJMZFF/MZMJF>

< (24 A)tr (B;B;)? + tr? (B;B;) .

With the fact that E(e}I"M;Ie;) =tr(B;), we obtain

(2+ A)tr (B;B,)* + tr? (B;B;)
tr*(B;)

E [tr* (I"M;A;M;T)] <

Next we consider E|[tr (I"MZ-AjMZ-F)Q] :

E [tr (F’MiAjMirﬂ -

(E;F'MjMiPF’MiMjrgj)Q
SSF/M]FSJ
_@2+a)m (B;B;)” + tr* (B; B;) |
B tr*(B;)

Hence,

o) = B4 &) tyuh,)
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Consider part (c), since

E (f’?jlﬁ?jg) = EE (ﬁ?ﬁﬁ?jzlvi) =E (E (ﬁ?jlm‘) E (ﬁ?pm))
o E (vgBJdvivéBjQUi)
tr (Bj1) tr(BJé)

1/2
[

Note that |E (v} Bj,vvBj,v;)| < [E (vglevi)Q} E (vgBjQUi)Q} V2 by using Cauchy-Schwarz

inequality and

2 2
BB, ) = B (g;F’MiMleP’Mleing) < (2+A)tr (BiB;,)” + tr* (B, B),)

eilT"M,Te; tr?(B;) '
Hence
B ) < ((2+ A)tr (BB, + 2 (B, B;,)) " ((2 +2A) tr (B;B;,)* + tr? (B, By,))"”*
tr (By,) tr(Bj,)tr*(B;)
]

Lemma A.3 Under Assumptions 1-8 and the null in (2.2), for any fized positive number
k, we have
(a) ztr(3F) = O(1);
(b) 7tr(Bf) = O(1);
(c) %tr(BilBiZ - By,) = O(1), foriy # iy # -+ # .

Proof. Part (a) is directly from Bai and Zhou (2008), hence we omit it here. Next we
consider part (b). Since I — Py, is idempotent, for any i = 1,2,..., N; hence, tr(Bf) =
tr[(Iy — Px,) S(Ir — Px,)]" = tr([(IT — Px,) Z]k) , By using the inequality that for any pos-

itive definite matrices A and B (see Bushell and Trustrum (1990)):

tr (AB)" < tr (A*B*).
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we have

1 —

tr (Bf) < tr ((Ir — Px,) &%) < tr (2F).

Using part (a), then

1 1
For part (c), since for each By, [ =1,--- |k, it is positive semi-definite. We also have B;, <

3,1 =1,--- k. By using the facts that for any matrices A, B, with A < B and C positive

definite, tr(AC) < tr(BC'), we conclude that

1 1
Ttr(BilBiQ - B;,) < it (%) =0(1).

Part (c) holds. =
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B Proof of Theorems

B.1 Proof of Theorem 1

Proof. Since E(e;|X;) =0, and ¢;,i = 1,2..., N, are independent, it is easy to show that

which further implies E(7},) = 0. Next we consider the variance of T,,.
N -1 N -1 2 N i—1 N ip—1
we(S50) - (350) <5 (X3 S
i=1 j=1 i=1 j=1 i1=1j1=114i2=1 jo=1
To calculate the above term, we have 3 cases to discuss:
(1) iy,12, j1,J2 are mutually different. E(p;, j, pinjn) = 0.
tr(BiB]')

(2) i1 =19, J1 = Jo. By using Lemma 3, we have E(ﬁfj) = TBaE)

(3) 41 =g, i1 # j1 # Jo. Since v;,,vj,,v;, and vj, are independent, we have E (0, j, fi j,) =

’ / o
E (vilvjlvi1vj2) - 0

Hence, the above results give us the variance of T},, which is

N N
2 tr (M; S M; M;ZM;)
2 — Tn _ J J 7 7
7 = var(Th) N(N—1)Z Z tr (M) tr (M)
i=1 j=1,j#i J

and Theorem 1 is proved. m

B.2 Proof of Theorem 2

Proof. To prove this theorem, we need to employ the martingale central limit theorem

(Billingsley (1995)). For that purpose, we define Fy = {¢, 2}, Fn; as the the o-field gener-
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ated by {e1,¢€9,...,5;} for 1 <i < N. Let E, (-) denote the conditional expectation given
filtration F, [Eo (-) = E (-)]. Write L, = S~ | Dy, with Dy = 0. More specifically,

1 1/2 i—1
Dni=\|v~—+ ;.
& (N(N— 1)) 2 v

For every N, we can further show that
E(Dn,; | Fni-1) = 0.

Hence, Dy ; (1 <1i < N)is amartingale difference sequence with respect to Fy; (1 <i < N).
Let 0%, :E[(DM)2 | Fn,—1] . By applying the Martingale Central limit theorem, it is suffi-

cient to show that, as (N,T) — oo,
N N 4
Zi:l 512Vi Pyq and Zi:l E (DN,Z')

var (T5,) var? (T,,) — 0

Lemma B.1 and B.2 prove the above conditions. Hence, we can apply the Martingale Central

Limit Theorem and as (N,T) — oo, we have

v T, —4 N(0, 1).

Lemma B.1 Under Assumptions 1-3 and the null (2.2), as (N,T) — oo,

N ¢o
Zizl(SNii)l’
var (T},)

where 5]2\,1 :Ej[(DNZ)2 | FN,i—l} .
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Proof. To prove Lemma B.1, we first show that E(Zfil 5]2W> =var(7},,). Then we will show
that as (N,T) — oo, var (Zfil 5]2\“) /var?(T,) — 0. It is easy to show that

E (Z %) = Z E{E [(Dni)? | Frnia]} = var (T3,) .

Next, we only need to show that the second condition is satisfied. We first consider the

magnitude of var(7},). From Lemma A.3, we know that

tr(E%l?d

wB) w0

which implies var?(T,,) = O(T~2). Now, consider var(3.1, 0%,). Let Q; = ZZ " v;, then

0% = E [(Dni)? | Fvici]

2
= mE (UngQ;'Ui | ]:N,i—l)
. 2 B 5;F(hﬂ(2ﬂ@;ALIEQ|
T N(N-1) (' M;I'T Mie;) N

B 2 (QM;IT'M;Q;)
~ N(N-1) tr (B;)

Therefore, we need to show the magnitude of var (ZZNﬂ Q) MiFF’Min) - Rewrite Q) M;T'T' M;Q; =

Zh 1232 L V), Bivj,, and

i1 i1 i1 i1 / i—1
/ / _ , e 1" M;B; M;l'e B tr (B, B;)
E (E > v, MIT Mwﬁ) -E (E vawj> > 5|2 G | 2= (B

j1=1j2=1 j=1

2
Next we consider E(ZJ ) Z a1 Vs Bi vﬁ) :

i—1 i—1 i—1 +—1 —1 i—1
E (Z Z U;lBZ'Uh) =E Z Z Z Ule v, V), By UM) )
Jj1=1 1

=1j2=1 J1=1j2=1j3=1ju=
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To calculate magnitude order of the above term, we have 3 cases to discuss.
(1) h=Jj2=Js=Ja=]J.

(4I'M;B;MTe;)” B (41" M;B;M;Te;)”

E (v Biv;)* = —

(t55) (517 M;Te;)? [E (/" M,T¢;)]”
2 (B;B;) + 2tr (B;B;)* + Atr (B;B; o B;B;) _ (3+8)t* (B;B;)
B tr? (B)) - tr® (B;)

(2) j1=Jo # js = ja

E (’U;-l Bivjl) (U;SBing) =E (U;-lBl'Ujl) E (1};3Bi'l)j3) = tr (gjl) tr (ng) .

(3) jl :j3 #]2 :j4-

E (v}, Bivy,) (vj, Bivj,) = EE (v}, Bivyvj, Bivy, | vj,)
tr (IVMj, BiM;,Te; e’ T'Mj, B;M;,T)
tI' (MMZ) 8;2F/Mj21—‘€j2
tr (B, B; B}, B;)
tr (Bj,) tr (Bj,)

Hence

2
var(Q,TM;I'Q;) = E(Q;.rj\m’cgj)2 — [E(Q\IMI'Q;)]
i—1 i—1 1—1
tr (B, B;) tr (B, B; tr? (B, B;
: R AT R Wi s
J1=1 jo=1,j2#j 55 55, j=1 r J
i—1 i—1 i—1 2
tr (B, B; B;, B; tr (B, B;
T2, ) tl;((BJ-Q)tr(JB )) - (Z ii(é)))
j1=1 jo=1, ‘27&]‘1 J1 J2 j=1 J
—1 —1 —1
tr (B,, B; B, B; tr2 (B, B;
) r(3]2 3113 >—|—(2+A) rgé )
DL jamLatdn tr (Bj,) tr (Bj,) =t (By)
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It further leads to

4 N
(Z 5Nz> —N2 =) le;var 5]2\,2)
N i—1 i—1

tr B BB, B;)
—1222 Z tr? r(Bj,)tr(B;,)

1=1 j1=1 jo=1,j2#j1

42+ A) Nl g2
N(N — 2;;tr )

By using Lemma A.3, we have

ar (ééﬁv) <K {O (;3) +O(N1T2)} :

As (N, T) — oo, var (ZZNZI 512VZ> /var?(T,) — 0. Lemma B.1 is proved.

Lemma B.2 Under Assumptions 1-3 and the null (2.2), as (N, T) — oo

i B(D)

(@

Proof. Rewrite

E(D%,) = EE (D4 ,|Fxi1) = BE [(ngjQ;vi)Q | fN,,-_l]
r? (IVM;Q;Q MiT) + 2tr(I"M;Q; Q) MiT')? + Atr (I"M;Q; Q5 M;T o IV M;Q; Q5 M;T)

tr? (B;)
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By using the results from Lemma B.1, we have

E [tr2 [I'M;Q;Q;MT]] =E (Q;Bin)2

i—1 i—1
tr B Bi)tr (B;,B:) tr? (B, B;)
<L T w0 L W

Jj1= 1J3 1]3#]1 Jj=1

B ,BiBj, B;
+zz Z S )>

J1=1j2=1 327@1

Since
tr(I"M;Q;Q M;T')* < tr? (I'M;Q; Q' M;T)
and
tr (I M;Q; Q) M;T o T"M;Q;Q, MiT) < tn® (I"M;Q; QML)
thus

A tr (Bj2BiBj1BZ‘)
M EE Z Z , Z 2 (By) tr (By,) tr (By,)
K? 1
<39 (NT2> '

N 4
Zij;f—((jfzf)“i) — 0, as (N, T) — oo. Lemma B.2 is proved. m

Hence

B.3 Proof of Theorem 3

Proof. we want to show

Note that
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42 = WD (2]:) vi (v = Ugy) V5 (v = V)
N

1 2 _ _ _
= m Z (vivj)” —v; Uﬂ’ V(ig) — Ug“(@a‘)”}”i + Ug“(z‘d)”}“(i,j)
(4,9)

= a1 + ag + as + aq, say.

It is easy to show that the first term E(a;) = %, and E(a;) = 0,7 = 2,3,4. So we prove
the first part. By using Lemma 3 and Theorem 1, we have 42 = O(T'). Hence, to prove
42 —~% = 0,(1), we only need to show that var(a;)= 0,(T~?) and a; = 0, (?), fori = 2,3,4.

Let us consider var(a;),

var(ar) = B(a}) 7"

N -1 4 N izt tl"(Bsz') :
- WP (ZZ%) ——_1)2<Z W)

i=1 j=1

N izl N il 4 Y~ tr(B;B) i
= NN 12 (ZZZZ%&M) ~ N2(N —1)? (Z tr(Bi)tr(Bj)>

i1=2 j1=112=2 jo=1

Now we only consider the term E(Z“ - Zﬂ 1 212 - 2]2 1/)@1]1/%212) . There are 3 cases

for this term and Lemma 2 is used frequently:

(1) 4y,i9, 71 and jy are mutually different.

E(o02.02.) =
(P51 Pii) tr (Bs, ) tr (By,) tr (By,) tr (

(2) i1 =2, j1 = jo and iy # Ji.

(2+ A) tr (BiB;)* + t1* (BiB;) _ o < 1 )

E (p;) < (3+A) tr?(B;)tr?(B;)
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(3) i1 = i2, i1 # J1 # Jo

(24 A)tr (BiB;,)? + 02 (BiB;,)) * (2 + A) tr (B;B;,)* + 12 (B,By,)) "

E (02 02 ) <
(pulpl]z) — tr (le)tr(ng)trz(Bi)

(&),

From above results, we have

1
var(a;) = O, (W) .

N
Hence a; 2 ~2. Consider the second term a,, which is equal to m > VUV
(i,4,7)

i7j7T
2
N
The first term of E( > vgvjv;vT> is

(4,4,7)

N
/ / / /
E E (UinIUjIUTUinQUjQUT)
(i7j17j277-)
N

o Z t’I"(MjQMTEMTMZ‘EMZ‘Mjl EMlej2E)
B tr (By) tr (Bj,) tr(By,)tr (B;)

(4,51,42,7)

=0 (N'T%),

2
N
by using Lemmas A.2-A.3. By using part (c) of Lemma A.3, the second term of E < > vz’»vjv;-v7>
(4.4,)
is
N

E Z(véwﬂw)Q = O,(N°*T7?).

J
(:3,7)

Hence ay = O, (N~'T73/2) + O, (N~**T~'), which further implies az = 0,(7?). Since

as = asz, ag = o,(7?). Consider a4, it can be divided into two terms:

N N

1 ! ! 1 / /
N D=2 2, i) e e 2 (i)

(ivjvT) (i7j77_117—2)
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It is easy to show that the former term is O, (N 'az), then it is 0,(7?). We only need to

N
consider the latter term E( > (Vv U;UT2)>
(4,4,71,72)
N N
E Z (v;lev;vm)Z = Z E [(vgvn)z (v}vm)z] =0 (N'T™?),
(4,4,71,72) (4,4,71,72)

by using Lemma A.2-A.3. Hence the latter term is O,(N~2T"!). The above results together
lead to ay = 0,(7?*). The first part of Theorem 3 holds, the second part of Theorem 3 is

directly derived by using Theorem 2 and the first part of Theorem 3. =
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Essay I11: Tests of Specification for Large Dynamic Panel Data
Models
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1 Introduction

Dynamic panel data models have been of interest for years in a wide range of economic
empirical studies, including labor participation, economic growth and finance, among many
others. The generalized method of moments (GMM) estimation using lags as instruments is
the most popular approach to estimate dynamic panel data models, see Eakin et al. (1988),
Arellano and Bond (1991), Arellano and Bover (1995), Blundel and Bond (1998). However,
existence of some serial correlation in errors invalidates moment conditions; besides, the exis-
tence of slope heterogeneity or cross-sectional dependence in errors leads to persistent serial
correlation, which further invalidates moment conditions. Under such misspecifications, the
GMM estimators become inconsistent. It is therefore essential to check the validity of mo-
ment conditions via diagnostic tests. One could use the overidentifying test, which serves as
a general misspecification test, see Sargan (1958), Hansen (1982), Arellano and Bond (1991);
or test the null of no serial correlation in first-difference errors. Arellano and Bond (1991)
propose a test (mg)) on testing the null hypothesis of no second-order serial correlation
in the first-difference errors. However, this test may lack power for finite samples against
more general high-order or persistent serial correlation. A more powerful joint test (mgf))
is proposed later by Yamagata (2008) on testing the null of no second to pth-order serial
correlation in the first-difference errors.

It is well known that the asymptotic framework used for the existing tests is standard:
the dimension of time periods (7') is fixed and the number of cross-sectional units (V) is
large. With the growing availability of panel data sets, T" grows to be large and not negligible
relative to N. Long periods of time provide many valid moment conditions for the GMM
estimators. The Arellano and Bond’s (1991) GMM (AB-GMM) estimator uses all available
instruments in first-difference equations, and thus the number of orthogonality conditions
grows at a rate of order T2. When T is large, the number of instruments can easily become
large relative to the sample size N, making some asymptotic results of GMM estimates and

related tests misleading for dynamic panel models. If the number of instruments is larger
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than N, the estimated weight matrix of GMM is not invertible. Even if the number is smaller
than N, the estimated weight matrix may not be a good approximation to the population
counterpart. Voluminous statistic studies show that the sample covariance matrix of random
vectors is a poor estimator for its population covariance matrix when its dimension is rela-
tively as large as its sample size. Moreover, numerous instruments can over-fit instrumented
variables and bias coefficient estimates in dynamic panel data models, see Alvarez and Arel-
lano (2003), Bun and Kiviet (2006), Hayakawa (2015), Hsiao and Zhang (2015), Hsiao and
Zhou (2015). The bias may accumulate and invalidate test statistics.

It turns out that the conventional Sargan’s test proposed by Arellano and Bond (1991)
for dynamic panels tends to be undersized and has virtually no power when the number of
moment conditions is proportional to sample size, see simulation studies in Bowsher (2002)
and Windmeijer (2005). With T fixed, the Sargan’s test is asymptotically distributed as 2
distribution with degrees of freedom of order 72. As T' — 00, the tests diverges. Donald et al.
(2003) suggest re-centering and re-scaling the x? distribution to correct overidentifying test
in cross-sectional regression models with moderately many instruments, i.e., the number of
instruments grows asymptotically at a slower rate than the sample size. However, Anatolyev
and Gospodinov (2010) show that when the number of instruments increases at the same
rate as the sample size, this corrected test of overidentifying restrictions is asymptotically
incorrect, a similar result can also be found in Hayakawa (2015). They propose a modification
of the test. More studies of tests of overidentifying restrictions with many instruments in
cross-sectional regression models can also be found in Lee and Okui (2012), and Chao et al.
(2014). Despite the literature mentioned above, correction of the conventional Sargan’s test
for large dynamic panels has not been well studied.

It is worth pointing out that reducing the number of instruments used in GMM leads to
less bias in parameter estimation in dynamic panels. Therefore, the literature suggests using
less instruments for GMM estimates and related tests. Two different instrument matrices

with less instruments for GMM estimates in dynamic panels are investigated by Bun and
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Kiviet (2006). The first one is the block-diagonal matrix which includes only a subset of all
available instruments; the second one is the matrix which includes a linear transformation of
a subset of all available instruments. The latter one is also called collapsed instrument matrix
and recommended by the Roodman (2009)!. The number of instruments used in this matrix
is fixed, and not increasing with 7. They show that the bias of GMM estimates with those
two instrument matrices are smaller in comparison to the instrument matrix used in AB-
GMM. However, limited literature provides either theoretical or empirical guidance for the
usage of tests of specification which built upon the GMM estimates with different instrument
matrices for large dynamic panels. More importantly, large N and large 1" asymptotics of
the tests have not been well examined.

This paper considers the tests of specification, including the tests for serial correlation
(Arellano (2003), Yamagata (2008)) and the tests of overidentifying restrictions (Arellano
and Bond (1991)), for large dynamic panel data models. The test statistics are built upon
the two-step GMM estimations using three different instrument matrices: a block-diagonal
matrix with a full set of all available instruments, a block-diagonal matrix with a subset of all
available instruments and the collapsed instrument matrix. We first extend the tests of serial
correlation to the large N and large T framework; later we propose an accurate correction
for the Sargan’s tests when the number of instruments is growing with 7. The limiting
distributions of all the tests are derived as N and T go to infinity simultaneously. The
asymptotic local power under M A(q) and AR(q) alternatives of the tests are investigated,
which yields several findings. First, the tests for serial correlation are powerful against M A(q)
and AR(q) alternatives; and the joint tests for the second to pth serial correlation are more
powerful than the tests for sth-order serial correlation, which is consistent with the result
of Yamagata (2008). Second, under the local M A(q) and AR(q) alternatives, the power of
the corrected Sargan’s tests decreases when the number of instruments increases. Therefore,

their power only increases as NN increases and the corrected Sargan’s test with collapsed

'Roodman (2009) recommends using collapsed instruments matrix for estimation and test in large dy-
namic panel models, he also provides two empirical examples for verification.
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instrument matrix are more powerful. Besides, the power properties are also discussed under
the misspecifications such as heterogeneous slopes and cross-sectional dependence. The
Monte Carlo simulations are conducted for checking the small sample properties. Simulation
results confirm our theoretical findings. The results show that the corrected Sargan’s tests
have good size while the conventional Sargan’s test suffers size distortions. Given the same
type of tests, the test with collapsed instrument matrix often outperforms else others.

The rest of this paper is organized as follows. Section 2 introduces the model, the GMM
estimators and the Assumptions; Section 3 presents the existing tests; Section 4 proposes the
test statistics and derives their limiting distributions; Section 5 discusses the power proper-
ties; Section 6 reports the results of the Monte Carlo experiments; and Section 7 provides
some concluding remarks. All the mathematical proofs are provided in the Appendix.

Notations: Denote Ty = T — s — 2. For a squared matrix B, tr(B) is the trace of
B; ||B|| = (tr(B'B))"? denotes the Frobenius norm of a matrix or the Euclidean norm of a
vector B. % denotes convergence in distribution and — denotes convergence in probability.
We use (N,T) — oo to denote the joint convergence of N and T" when N and T pass to

infinity simultaneously. K is a generic positive number not depending on N or 7.

2 The model and the estimators
Consider a dynamic panel data model
Yit :pyiytfl +B’xit+m+uit, L= 1,...,N, t= 2,...,T, (1)

where |p| < 1 and 7; are the unobserved individual effects with finite mean and variance.
xy are (k — 1) x 1 vector of predetermined regressors such that E(z;su;) # 0 for s > t and
zero otherwise. u;; are residuals which are independent across time and individuals. For the

presentation of the estimators below, it is convenient to stack model (1) for each ¢, which
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yields

Yi = pYi—1 + i + ity +uy, 1=1,... N, (2)

Where Y, = (yila Ce 7yiT)/ s yi,—l = (yi(b . 7yi,T—1), , Ly — (Iil, . ,J]Z'T)/ , LT s a (T X ].) vector
of ones, and u; = (w1, ..., u;r) . To eliminate the fixed effects 7;, taking the first difference

of model (1) yields

Ayit = pAyi,t—l + ﬁ/A[L'it + Auit, 1= 1, ce 7]\/v, t= 3, e ,T, (3)

where Ay = Yir — Yir—1, Ay = Ty — xi4-1, and Auy = uy — w;—q. Similarly, stacking

equation (3) for each i gives

Ay; = pAy; 1+ Axif+ Auy, i=1,... N, (4)

where Ay; = (Ayio, . . . 7AyiT)/7 Ay; 1 = (Ayi, - .. ,Ayin—1)/, Az; = (Azg, . . ., AxiT)/ and
Au; = (Augo, ..., Augr) . To estimate the parameters p and 3, Arellano and Bond (1991)

suggest using the following moment conditions

E (yi(tfs)AUit) =0; fort=3,...,Tand 2 <s<t—1, (5)
E (-Ii(t—s)AUit) =0; fort=3,...,Tand 1 <s<t—1. (6)
Define
[yﬂ? x;h $;2] 0 . O
w@ — 0 [Yi1s Yi2s Tip, Tig, Ti] - .. 0
i
| 0 0 s Wi Yo, Ty aSUQ,TA] )
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Then the matrix of instruments is W = [I/Vl(f)/, .., W) and the moments conditions
described above are given by E(V[/l(iz)/Aui> = 0. Pre-multiplying the difference equation (3)

in vector form by W® gives
WAy =W (Ay_,) p+ W (AX) 3+ W' Au, (7)

where AX is the stacked N(T — 2) x (k — 1) matrix. Define Z = [Ay_;, AX]| with Z; =
[Ayit1, Azl,] and 6 = (p, ). The Arellano-Bond preliminary one-step GMM estimator is
defined as

N [Z’W(Q) (W AW )~ @ Z}l [Z’W@) (W aw @)™ W(Q)’Ay} , (8)

where A = Iy® D and D is a (T'—2) x (T'—2) matrix with 2s on the main diagonal, —1s on
the first sub-diagonal, and zeros otherwise. The Arellano-Bond two-step GMM (AB-GMM)

estimator is given by
. . -1 .
Oboanmz = |ZWOQIWE Z] [2WAQIWE (Ay)] (9)

where Q(g) =+ Zfil VVZEQ)/ (Aﬁ§2)) (A’ELZ@)), VVI?) and Aﬁz(?) are the residuals estimated by
the one-step GMM defined in (8).

The AB-GMM estimator uses go = (T — 1)(T —2)/2+ (k= 1)(T + 1)(T —2)/2 = O(T?)
instruments given in (5) and (6). When 7' is fixed, the AB-GMM estimator is well performed
and easily computed. But as T' grows, the number of instruments ¢, becomes very large;
for example, assume k = 1 and T = 5, ¢ = 6; when T is 50, g = 1176. Hence, inverting
a large dimension matrix is computationally difficult. If ¢ > N, we cannot compute Q(;
since 1/N SN, I/Vl?)/ (Aiig”) (Aﬂf))/VVl(f) is singular. Even if go < N, Q) is not a good
approximation for E(M/}EQ)'AuZ-Au;M/Z?)). In fact, if T/N — ¢ € (0, 00), Q(2) is not consistent

to E(I/VZ?)IAuiAu;W/I(iQ)) , see detailed discussion in Section 3. Consequently, the estimations
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and tests built upon this approach may perform poorly with large T
Recently, several literature suggest using less instruments can reduce the bias of estima-
tion. Bun and Kiviet (2006) study the performances of two different instrument matrices

with less instruments. The first one is defined by

yn T 0 0O 0 0
0 0 wypo x5 - 0 o
W = 2o (10)
00 e e girs g |

This instrument matrix includes only ¢; = k(7" — 2) instruments, which is a subset of all the
instruments. The second one includes a linear transformation of the instruments in VVl(iQ),
which is also called collapsed instrument matrix by Roodman (2009). If we fix the number

of lags as instruments, say ~ (k > 2), then the corresponding instrument matrix is defined

by
Yil Thy 0 o 0 o
Yio x; Yil @ 0 0
WO ; : (11)
| YiT—2 xg,Tﬂ Yir-3 x;,TJ YT« x;,T—nH i

The above matrix only includes ¢y = k X k instruments. The one- and two-step GMM

estimators using above two instrument matrices are given by,

1

el(l«zl))GMMl _ [Z,W(j) (W(J)/AW(])) 1 W(J)’Z] |:le(]) (W(])/AW(J)) W(])/Ay:| . (12)

s A . -1 NN .
Wbaans = [ZWORGWO 2] [ZWORGWI A =01 (3)
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respectively, where

and

. ) . Y
Aﬁzm are the one-step GMM residuals, and W) = [I/Vl(f), ,I/Vl(]{,)'] , 7 = 0,1. The
consistency of the above estimators can be obtained directly from Bun and Kiviet (2006),

more specifically,
(i 1
v —9” —0 (—) = 0,1,2. 14
H FDGM M2 "\ VNT J (14)
To facilitate our analysis, we need the following Assumptions.

Assumption 1 {y;}¥, and {z;}., are independently and identically distributed (i.i.d) ran-
dom matrices. For each yy, xy, 1 =1,...,N, t=1,...,T, they have finite fourth moments:

E(y}) < K < o0 and E[H%t”ﬂ < K < 0.

Assumption 2 (i) {uy} (t=1,...,T; i=1,...,N) are i.i.d across time and individuals,

2

u?

with mean zero and a finite positive variance o, and finite moments up to the fourth order.

(ZZ) E(uit’yi,t—ly sy Yil, Tty oo axibni) = 07 t= 27 s 7T'

Assumption 3 (i) 0 =B(QVQ"), 50 ~H(Q2.0%) i 2 =B(uu) or

: ” : : © _ ORY © _ (ORY
symmetric positive definite matrices, where Q;” = (Vip, Wiy ) and Qry = |Virs, W;rs
with vy, = (Vir2, . . . ,UZ-T,,)/, where v;rs = 72 ;‘F:_; ANTIVANTHIN: wg)s = TS_1/2W/120)/Aui, 5 =

2,...,p. (i) iminfp Ay, (Ego)> > 0; liminfr Apin (Zg?) > 0 and liminfr Amin (Ei(”O)> >0,

where Apin denotes the minimum eigenvalue of a matrix.

Assumptions 1-2 follow the literature, see Arellano (2003), Yamagata (2008). Assumption
1 requires all the variables are i.i.d across i and have finite fourth moments in that they are
needed to apply the Central Limit Theorem in the paper. Part (i) of Assumption 2 excludes

heteroscedastic time series; part (ii) of Assumption 2 ensures the validity of the moment
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conditions (5) and (6). Assumption 3 provides the requirements for applying the joint limit

CLT for scaled variates of Phillips and Moon (1999).

3 Existing tests of specification

The standard tests for checking the validity of instruments in dynamic panel models are
Sargan’s test and tests for serial correlation. The test for second-order serial correlation,
the Sargan’s test and Sargan’s difference test for overidentifying restrictions proposed by
Arellano and Bond (1991) are most widely used in empirical applications. In this section,
more generic versions of tests for serial correlation and tests of overidentifying restrictions are
discussed. The joint test for the second to pth-order serial correlation proposed by Yamagata

(2008) is also introduced. Besides, we also address the issues raised by large T'.

3.1 Tests for serial correlation

Arellano and Bond (1991) propose a test (mg)) for testing the hypothesis that there is no
second-order serial correlation for the disturbance of first-difference equation (3). Arellano
(2003) extends this test to test the null of no sth-order serial correlation, s = 2,...,p. The

hypotheses of this test are:
Hy : E(AuiAu,ges) = 0 against Hy @ E(AugAu;pys) # 0. (15)

The test statistic is given by

1 N
m® = > ol (16)
<2
vV V) =1
where @z(;)s = tT:_zs Aaz(tQ )A@“z(‘,zt)—&—s? with A@z(‘i) = Ayy — Zz{tég%)GMMw and

=]~

N A—1 N
9 22, e o g (2P (1 (2 A 52 (@)
V) = Z Urs +Wns U N — 2008 Yy N N Z Wy Aw v |

=1 =1
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with

!
w

Ns = l Z Auzt i,t+s
N

=1t

Il
w

and

1 N ! 1 N
T (2 2)/
V' = (NZWZi> (NZ )

i=1
Under the null hypothesis, as N — oo with T fixed, mgQ) converges to the standard normal
distribution. Yamagata (2008) points out that it may not have enough power against more
general higher serial correlation. He considers a joint test on testing the null of no second to

pth-order first difference error serial correlation. The hypotheses of this joint test is
E(AugAu;pys) = 0 jointly for s =2,...,p (T —3), (17)

against

H, : E(AujAu;pis) # 0; for some s. (18)

The joint test statistic is defined as

. U B
mg);) = VO (G@)/G(z)) Ve, (19)
. / P
where ¢y is a N x 1 vector of ones; V) = <1§§2), . ,f}ﬁ) with 652) = <"&Z(¢2F)2, . ,"&g)])) - GO =

2 ~@\ . ~(2 (2 ~ (2 2)12(2)=1 [ Ar— -
(gi ). ,gj(\,)> with gg ) = (91'(2)7 ey gl(p)> and g;s = U(Tl 5\,2’\1/},) [N 1Z’W(2)Q(2§]
I/Vlf)/Aa?), s =2,...,p. Under the null hypothesis (17), as N — oo with fixed T, mgﬁ) N
X;Q;—r

Similar tests m{"” and m(1 , which are built upon the two-step GMM estimation with
instrument matrix W), can be defined by modifying all the notations “(2)” to “(1)” respec-

tively.
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3.2 Tests of overidentifying restrictions

Arellano and Bond (1991) propose a Sargan’s test of overidentifying restrictions for dynamic

panel data models. The test statistic is defined as

N

N -1,
Sy = (Z Aagz)/Wl(Zg)) [Z <ng2)/ AQEQ) Aagz)/wl(iz)ﬂ (Z Wz(f), Af%@) (20)

i=1 i=1 i=1
Under the null hypothesis E(M/ZEZ)'AW) =0, as N — oo, and T fixed, S(y) converges to
x? distribution with degree of freedom ¢, — k. To check the validity of subsets of moment
restrictions, they suggest a Sargan’s difference test. More specifically, suppose T/Vlgz) can be

decomposed into two subsets of instruments as follows,
2 2 2
W = Wi wi], (21)

where I/Vl(j) is (T — 2) X ¢9; matrix with valid instrument sets, I/Vlg) is (T — 2) X g9o matrix
with invalid instrument sets under the alternative, and go; + 22 = ¢o. For example, if the
errors in levels are M A(1), I/Vlg) contains y;;_o, x;—1 and x;_o, while W’l(zll) contains the other

lags. The Sargan’s difference test for dynamic panels is defined as
DSy = S2) = Sy, (22)

where

N
S(2)I = <ZA Z(?)/ lzl) [Z ( lzl zl A g)lvvl(zl)>] <Z VVlzl ’Ll > ) (23)

i=1 i=1

where ﬂl(fl) and Aﬁg) are the one- and two-step AB-GMM residuals by using instruments
matrix Wﬁ), respectively. Under the null hypothesis of E(W(Q) Aul> =0,as N = o0, T
ﬁxed, DS(Q) i) Xgm.

We define the Sargan’s test based upon the two-step GMM estimation with instrument
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matrix WM to be Sy by replacing all the notations “(2)” by “(1)” respectively. Under the
null hypothesis of E(I/Vlgl)/Aui) =0,as N — oo, T fixed, S(1) converges to x* with degree of
freedom ¢; — k. We do not define the Sargan’s difference test here since W® only includes

the instruments of one lag.

3.3 Issues raised by large T

It is well known that the asymptotics of the existing tests are derived with fixed T'. As T being
large, some issues are existing in the tests of specification. First, the limiting distributions
of existing tests are only derived with fixed T". For example, as T' fixed, N — o0, S(g) is
distributed as x? with degree of freedom ¢, — k; However, as T — oo, the test statistic
diverges. How to derive the limiting distributions of the tests under large (N, T') framework
is not studied. Second, several simulations have shown that if 7" is relatively large, the tests of
overidentifying restrictions perform poorly. Bowsher (2002) uses Monte Carlo experiments
and shows fixing N at 100, and letting 7" increase over the range (5,7,9,11,13,15), the
Sargan’s test (S(Q)) using the full set of moment conditions tends to be undersized. He shows
that the Monte Carlo variance of the test is much smaller than the chi-square approximation.
For example, when T' = 15, it is 13.7 when it should be 180. Two reasons are leading to this
results. The first one is the estimation bias. The second one is the inaccurate chi-squared
approximation, when the number of instruments used is relatively as large as N.

Consider the effect of estimation bias first. Hsiao and Zhou (2015) show that the GMM
estimate is asymptotically biased of order /c using all lags or one lag as instruments where
c=T/N € (0,00) as (N,T) — oco. More specifically, E[\/ﬁ (é%GMMQ — 9)] =b;/N #0,
for 7 = 1,2, where b; is some certain non-zero constant. E (VVZ(Z.Q)A{LEQ)> is not zero or not
asymptotic zero due to the accumulation of the bias when T is large. To better understand

the issue, we first consider the estimated moment restrictions,

7

E (VVZ(iQ)/Aﬁ@)> =E (VVZ?)IAuZ) —E [VVl(iQ)AZZ{ (é%GMMz - 9)] :
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Together with the fact that HI/VZ?)AZ{t = 0, (T?), we have

o o2t )] - (5) e =

where C'is some non-zero constant. As (N,T) — occand T/N — ¢ € (0,00) , E (W’l?)/Af&gQ)) #

E (I/Vl(iz)/Aui> = 0 under the null hypothesis. According to the above results, as (N, T) — oo

and T/N — c € (0,00) , we have HVVl(f)'AA(Q) — W A

i

= O, (1); It further leads to inac-
curacy in estimation of the variance. As a consequence, the Sargan’s test using the full set of
instruments performs poorly when 7' is growing relatively as large as N. The accumulation
of the bias in the conventional Sargan’s test is because the dimension of instrument matrix
is growing with 7. On the contrary, the bias does not accumulate in the tests for serial
correlation.

Recent literature also points out that the poor property of conventional Sargan’s tests is
due to the inaccurate approximation for the limiting distribution when the number of instru-
ments is becoming relatively large as the sample size. More specifically, consider a general
test statistic of overidentifying restrictions, which is defined by 7' = N g(é)’ Qg—lg(é), where
g(0) = SN (é) = NN ( ) gi <0>/ and g; (é) is p; x 1 vector of estimated
moment restrictions. Let the number of regressors is k. Hence, under some assumptions, T is
asymptotically distributed as x? with degrees of freedom p; — k. However, when p; increases,
T diverges. Donald et al. (2003) suggest a correction for T when its degrees of freedom
increases, which yields

T-—nmtk AN (0,1). (25)
2(p1 — k)

However, from part (i) Theorem 1 in Anatolyev and Gospodinov (2010), it shows when

j:

Jm (o= k)N € (0,1),

4 N(0,1). (26)
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Similar to above result, Hayakawa (2015) also shows that T/N approximates to a Beta
distribution with parameter (p; — k) /2 and (N — p; + k) /2. Hence, the mean and variance

of T are given by p; — k and 2 (p; — k) (N — p1 + k) /(N + 2). Note that the variance

2(p1 — k) (%) ~ 2p, — k) (1—791]; k)

If p is relatively as large as N, then 2(p; — k) (1 — L=k s much smaller than 2(p; — k)

when we use chi-square approximation with degrees of freedom (p; — k). Hence, this explains
why the variance of S(s) is much smaller than the chi-square variance in Bowsher’s (2002)
simulation.

Overall, when the dimension of the instrument matrix used in dynamic panels increases
with growing 7', it may lead to bias accumulation in test statistics. Especially, when the
number of instruments becomes relatively as large as IV, the chi-squared approximation is

not valid.

4 Test statistics and asymptotics

In this Section, we introduce the tests for serial correlation and the tests of overidentifying
restrictions built upon the two-step GMM estimation with instrument matrix I/Vlgo). We
present the statistics here since they are different from those introduced in Section 3. Using
this collapsed instrument matrix T/Vl(io), the test statistics are double-index summations with
some correlations across their elements. The instrument matrix ngo) has several advantages.
First, the collapsed form is a linear transformation of a subset of all valid instruments, and it
keeps more information without dropping too many lags. Second, the number of instruments
is reduced dramatically and is much smaller compared to the sample size. The corrections
of Sy, 7 = 0,1,2, are proposed for large ¢;. The limiting distributions of the tests with

different instruments I/VZ(ZJ ), j =0,1,2; are derived as (IN,T) — oo in each subsection.

145



4.1 Asymptotics of the tests for serial correlation

Similar to (16), we define the test for serial correlation based upon the two step GMM

estimation with instrument matrix VVI(Z.O),

1 N
m® = > o, (27)

\/ Nf??o) =1

©

)

T—s
where {7, = b)) A A, with Ad

A0
= Ay — Zz(tegm))GMMm and

o1 M o2 = (01 O-1 2 (0) g2 (0101 Z/W(O)Q(B% 1L 1 7O A G0 50
W(O)_NZUZ'TS twns VN Wy~ 2WN Vi N—TS N;F w Aw O ]

where
1 1 N T-s ()
- (0 ~(0
&0 = NT ZZA% AZ;1ys
=1 t=3
and

2o | 1 O G-1717(0)
Uy = [(NTSP (Ay) WQ o W (Ay_y)

It should be noted that as T — oo, deriving the asymptotics of the serial correlation
tests is not straightforward. For the case with large N and fixed T, the limiting theory
is natural and has been well studied. However, the test defined by (27) is a double-index
summation with some correlations across its elements. Hence, its limit cannot be obtained
straightforwardly by using classical Multivariate Central Limit Theory. To cover this, we
derive the limiting distribution of mt” by applying the joint limit CLT for scaled variates

given by Phillips and Moon (1999). The following Theorem gives the result.

Theorem 1 Under the Assumptions 1-3 and the null hypothesis of (15), as (N, T) — oo,
(0) _4
my’ — N(0,1). (28)
Similar to Yamagata (2008), we can also extend this result to define a new joint test of
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no second to pth-order serial correlation in first-difference errors, which is given by

0)2 ~ Ay A0 L r
mEQ?p) =/ VO <G(0)’G(O)> vor,, (29)

A~ / / ~
where ¢y is a N x1 vector of ones; V(0 = <f)§0), e ,@;@) with @i(o) = <@Z(g)2, e ,@g%) - GO =

NG NOLNETRNG ~(0 (0 (0 ~(0)  ~ (0)75(0)—1 - A
<g£ )7 tee 7gJ(V)) with gz( ) = (gz(2)7 tee >gz(p))7 where gz(s) = Uz(T)s_wg\/i,\Ilg\/) |:<NTS) ' Z/W(O)Q(Oﬂ
(0)2

<T p QW/IEO)/AQZEO)>. The following Theorem gives the limiting distribution of M (g p)-

Theorem 2 Under the Assumptions 1-3 and the null hypothesis of (17), as (N, T) — oo,
(30)

Remark 1 We deriwve the limiting distributions of the above two tests under the framework

with large T. The results also hold for fivzed T. Besides, Yamagata (2008) shows that the

mg) tests are equivalent to mg)g), similarly, mg ) tests are equivalent to mg?z), j=0,1.

Since mgj ) and mg)p) are similar to mgo) and mE
G

) €)
extend the mg’ and Mg

)

2p)’ 7 = 1,2; respectively, we can easily

to the large (N,T') asymptotics. The following Corollary gives

the results.

Corollary 1 With Assumptions 1-3; (1) under the null hypothesis of (15), as (N,T) —
00, 22E ¢ [0,1), m? -4 N(0,1); (2) Under the null hypothesis of (15), as (N,T) —

N

oo, L2k €10, 1), m{ —Ls N(0,1); (8) Under the null hypothesis of (17), as (N,T) — oo, £ €

0,1), m(g)Q BN Xo_1: (4) Under the null hypothesis of (17), as (N,T) — oo, &£ € [0,1),

(2.p) N
M2 d
Miap) — Xp-1
Corollary 1 shows that the tests for serial correlation mY and mg)j), 7 = 1,2; are also

valid with large T
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4.2 Corrected tests of overidentifying restrictions and their asymp-

totics

The Sargan’s test which is built upon the two-step GMM with instrument matrix W'Z(Z.O) is
defined as

=1

-1 N
Sto) = (ZA "W ) [Z( (O)’Wli))] (Z VV;EO)’AﬁEO)> (31)
=1

Note that S, W(O Aw; can be rewritten as SN ST m % Auy, which is a double index
summation of dependent multivariate variates and their dimensions are fixed. The limiting

distribution of S(g) is given by the Theorem as below.

Theorem 3 Under the Assumptions 1-3 and the null hypothesis E(VVZEO)'Aui) =0,1 =
1,...,N; as (N, T) — o0

d
Sy — Xfm,k. (32)

Similarly, we can also define a Sargan’s difference test to check the validity of a sub-
set of instruments. Decompose the matrix of instruments VVZ(Z.O) into two subsets I/Vl(io) =
[I/Vlg(i), I/Vlgg)] , where I/Vlg?) is (T'—2) X qo2 matrix with valid instruments set and ngg) is
(T'—2) x (go — qoz) matrix with invalid instruments set. The Sargan’s difference test is

defined by DS(O) = S(O) — S(Q)[, with
N -1 N
son = (L aaniy ) |30 (wiyaapaaywig)| - (Swiraa).
i=1 i=1

The limiting distribution of DSy is given below.

Y

Theorem 4 Under the Assumptions 1-3 and the null hypothesis E(W/IEO)/AW) =0,1 =
1,...,N;, as (N, T) — o0,

d
DS(O) — Xf]o*Qoz. (33>
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Remark 2 The Sargan’s difference test uses precise information about the alternative, but
we cannot observe the information in practice. Hence, we neglect the power discussion and

simulations in this paper.

With fixed T, as N — oo, S(;) converge to x? distribution with degrees of freedom ¢; — k,
for  =0,1,2. As T — 00, q; and ¢y diverge, hereafter the test statistics. Following Donald
et al. (2003), we use the asymptotic normal approximation to the chi-square for large degrees

of freedom. Define
;S —atk

(4) 50 — 1) (qj &)

As discussed in Section 3.3, the above normal approximation is not accurate if ( lign (g — k)
N, T)—o0

> .7 = 07 172 (34)

/N =c¢; € (0,1). Following Anatolyev and Gospodinov (2010), we define the corrected Sar-

gan’s tests as below,
7 Sg)— 4tk

Y5 ey sy ey M (35)

The following Theorem gives the limiting distributions of the above corrected Sargan’s tests.

Theorem 5 Under the Assumptions 1-3 and the null of E(VVZEj)IAui) =0, as (N, T) = 0,
q; — 00, (q; — k) /N — ¢; €[0,1), J LN N(0,1), for j=0,1,2.

Theorem 5 can be obtained directly from Theorem 1 of Anatolyev and Gospodinov (2010).
Hence, we do not provide detailed proof in this paper. By Theorem 5, the corrected Sargan’s

tests are well defined with large 7. When (g; — k) /N — 0, J(;, and j(j) are equivalent.

5 Power properties

In this Section, we discuss the power properties of the tests for serial correlation and the

9)
2,p)’

(J

tests of overidentifying restrictions. msg ) and mg j =0,1,2, can be used to test the null

of no error serial correlation. However, rejecting the null, they may not help to indicate
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whether the errors are following any forms of serial correlation. Moreover, the rejection of
the null of no error serial correlation does not necessarily mean any particular alternatives.
Hence, tests for serial correlation can be regarded as misspecification tests. In this Section,
we consider three important three misspecifications: serial correlation, slope heterogeneity,
and cross-sectional dependence. Particularly, we consider the alternatives of gth-order serial
correlation (M A(q) and AR(q)) for serial correlation and factor model for cross-sectional
dependence.

For simplicity and without loss of generality, we focus on the following AR(1) model

without regressors,
Yit :pyivt_1+m—|—uit, Z: 1,...,N, t = 2,...7T, (36)

where 7; ~ i.0.d.(0,07) and uy ~ i.i.d.(0,07) without misspecification. An asymptotic

expansion of N~1/2 sz\il f)g})) around p = p, with all cross section average replacing averages

of expectations, yields
N N
N _ 1
> vy — @Y a0 QO ——= > W Aui+ 0, (1), j=0,1,2, (37)

where & = [(T/:nz)l/2 Sy (T Ty @p] with @, = (NT)) ' SN, ST S B(AunAZ; o) |
s =2, U™ = ay Qaw ap) = (NT) ™ L, B(W Ay, 1); and Q) = (NTL) ™
> i E (WGEO)/AWAWW:EO)) :

For the Sargan’s test, we consider the term (NTp) /2 SV I/Vl(io)/Aui.
5.1 Power analysis under the local AR(q) and MA(q) errors

Consider an alternative of M A(q) Process,

q
Uit = Z PiEit—1 T Eit, (38)

=1

150



where |p;| < co. Or an AR(q) process,

q
Uit = Z Pl + Eit, (39)

=1

i ~ i.i.d.(0,02). Consider local versions of M A(q) and AR(q) errors?, which are p; =
(NT)""%6,in (38) and ¢, = (NT)"/?6,in (39), 1 = 1,2,...,¢. It is assuming 0 < |§| < oo,
and it satisfies stationary condition of u; given N. The sth-order error auto-covariance can

be expressed by the parameters o2 and &;, [ = 1,2, ...,q, (see Hamilton (1994))

o2 + o((NT)™/?%), for s = 0;
re =19 028/ (NT) ">+ o(NT)"/?), fors=1,2,...,q (40)
o((NT)™?), for s > q.

Denote the non-central chi-square distribution with n degree of freedom with non-centrality

parameter ¢ be x%(n, (). Under these local alternatives,

d
miy ~5 % (0= 1P VO ) (41)

where V{” is  plim (GéO)IGI()O)//N T); e = plim N-V25N 50 and ¢, is expressed as

i=1 “p
(n,T)—o0 (n,T)—o00

30;0) =cp + d;o), (42)

2Yamagata (2008) shows that MA(q) and AR(q) errors are locally equivalent alternatives.
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where

¢p =0, (43)
204-2 — 641
—4,
Op—q—l
and dY) = 05@*@5\9)_1@0)@66(0), where ©* = (@9,...,@,) and e® = phm \/7 ZZ L

(N.T)—

o) 3 S S A G — ) + (T =1 =i = q) (S5 4 G = 0) | i< a

0 , 1>q.
Similar to m(O)Q, we can also consider the power property of m)? , J = 1,2, under the
(2,p) (2,p)
MA(q) or AR(q) local alternative, we have
m32 52 (p— 1P VITIGW) | j=1,2, (44)
where V.9 = plim <G e /N) and o) = ¢, + dY) with d¥ = o2& @%"la(j)ﬁ(j§e<”,
n —00
in which \Il%)*l = C_L/(J)Q( yag) with agy = NI BW, h Ayl ) and Q) = NP

E(I/Vlgj)/AuiAuiVVlg] ), j = 1,2. Define qf) =k ¢y =T—2and ¢, =[(T—1) x (T —2)] /2.

eM is a ¢} x 1 vector and e® is a ¢, x 1 vector. The ith element in e™ is defined as

6(1) - \f Zz —oP (52+l - 51+l) 1 < q;

TT ZZ:O 1% (0g1 — O0141), P> q.

For e®, the number of non-zero elements of order 7', each non-zero element in e can be

express as U; (p, 8s) /V/T, where 9; < K < oo.
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Above results show that mgj )2) are powerful against both M A(q) and AR(q) alternatives.
Note that the power properties of m depends on the magnitude of ¢, and d . ¢p is due
to the asymptotic bias of N=1/2 32N ;7. Tts first ¢ elements are non-zeros. d is due to the
non-zero ). Although they have the same non-zero part Cps d,(J ), 7 =0,1,2, are different.

There is no obvious power rank for the three tests.

Next, we consider the power property of S(p). Under the local alternatives, we have
d _
Sy — x> (p— k, ey ©) 16(0)) : (45)

where V(© = plim 7)o, (ZZ ) (W(O)/A Aﬂgo)'VVlEO)) /NT) . Since e(© is ¢ dimension-
al vector with ¢ non-zero elements, then Sy is powerful against both MA(q) and AR(q)
alternatives. It should also be noted that ¢} affect the power property. Since e(?)’s first ¢
elements are non-zeros and the left are zeros, Sy is more powerful when ¢, = ¢ comparing
to those when ¢ # ¢. Next, we consider the power properties of the corrected Sargan’s tests

with large g;, under the local alternatives, we have

=~ . SH) .
Jy) -5 N[ lim 1], 5=012 (46)
” )= o (g = k) (1= (g — k) /N)

where gy = O (01600 and S(j = Wy )-1e0) with

N
VO = plim — Z (m(ij)/Auz(J)Aal(J)/M/ng)) =12

(N,T)—o00 i—1

From above results, we have gy = Op(1); sy = Op(1) and g2y = O, (1). As ¢; — o0,

g(j)/\/Q (¢ —Fk) (1= (g, — k) /N) — 0. Under the local M A(q) and AR(q) alternatives, as
T — o0, S1y and S(2) have no power asymptotically. Hencer, their power under M A(q) and
AR(q) alternatives only increases with N.

It should be worth to notice that under the local alternatives, the tests for serial corre-
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lation have non-trivial power. However, the power of the corrected Sargan’s tests decrease
as the dimension of instrument matrix increases. Hence, test statistics using the collapsed
matrix with fixed number of instruments should be more powerful than those using the block-
diagonal instrument matrix. Reducing the dimension of instrument matrix can increase the
power under the gth-order serial correlation alternative. Therefore, the tests of specification
built upon two-step GMM estimation with VVl(iO) may be more powerful than the tests with
Wvl(l) or I/Vl?)‘

i

5.2 Slope heterogeneity and error cross-sectional dependence

Pesaran and Smith (1995) show that ignoring slope heterogeneity in dynamic panel model
may lead to persistent serial correlation in errors. Consider a model (37) with slope hetero-
geneity

yit:piy@t_l—i—m—i—uit, izl,...,N, t:2,...,T, (47)

where p; = p + v;, v; ~ i.i.d. (0,02). If ignoring the slope heterogeneity, the error term of
(36) can be rewritten as

Uit = VilYit—1 + Eit- (48)

From above expression, it is clear that the error term exists serial correlation and this
correlation is similar to AR(1) process, hence the power property under this alternative is
similar to AR(1) alternative.

Ignorance of cross-sectional dependence in error terms also results in serial correlation.

Consider a factor model in error terms,
wip = N fr + €, (49)

where \; ~ 4.9.d.(0,X)), A\; and ¢j; are not correlated for any i, j,¢, and f; ~ i.i.d.(0,Xy).
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Condition on f;,
E (uitjys) = E [(Af{Ni + Acy) (NAfirs + Acitts)] = AFIENA figs. (50)

The magnitude of E (u;u;45) does not necessarily decrease as s increases with given ¢.
Consequently, the power of the joint serial correlation test is likely to increase as p increases;

and the Sargan’s test S(g) is likely to be more powerful when & is larger.

5.3 Choice of p and «

In practice, we cannot observe the true alternatives. Since the power properties of the
proposed tests depend on the specifications of the alternatives, there is no clear theoretical
guidance for selecting the value of p and k. For the choice of p, one can follow Yamagata’s
(2008) suggestions as the follows. Choosing p to be equal or slightly larger than ¢ 4+ 1. If
there is reasonable to doubt there is M A(q) or AR(q) error serial correlation; choose p to be
its maximum value or close to it on testing for general misspecifications when 7T is relatively
small. For the choice of k, one can just set Kk = p. Given p and k, the power of both tests
grows as T increases. Therefore, when T is relatively large, we may just fix the values of p

and x comparing to the value of T.

6 Monte Carlo simulations

This section conducts Monte Carlo simulations to examine the empirical size and power of
the tests for second-order serial correlation <m§j)>, the joint tests for the second to pth
serial correlation <mg?§)>, the Sargan’s tests (S(j)) and the corrected Sargan’s test (j(j)>
in a dynamic panel data model, for j = 0,1,2. Following Yamagata (2008), we consider

six scenarios of misspecifications: MA(1) errors; MA(2) errors; AR(1) errors; AR(2) errors;

heterogeneous slopes; and errors with cross-sectional dependence.
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6.1 Experimental design

The data generating process (DGP) is given by

yzt:pyz,t—1+ﬁxzt+nz+uzt7 |,0| < 17 L= ]-77N7 t:_487 _4777T) (51)

with

Tig = PzTit—1 +Tui7t,1 + Vit ’p:p’ < 1, 1= 1, . .,N, t= —48, —47, Ce 7T’. (52)

Let y; 49 = 0 and x; 49 = 0. The first 50 observations of both DGPs are discarded. We set
p=p, =08 =7=05 Under the null, uy = gy, where g;; ~ 1.i.d.N(0,02) with ¢ = 1.
vy ~ 1.4.d.N(0,07) and n; ~ i.i.d.N(0,07) . Following Kiviet (1995) and Bun and Kiviet

(2006), we control the signal-to-noise ratio under the null, u; = €; through ag. The signal-

2
I

to-noise ratio is defined as w = ¢2/02, where 02 =var(y}, — e;) with y, = vir — n;/ (1 — p) .

Specifically, using the derivations of parameters in Sarafidis et al. (2009), we have

O'z _ [02(1 +WB)2] /a1 - bl’ (53)

where

_ L+ pps
=T A=) (=) oY
blz1“‘(67—_%3)2"‘2<ﬁ7_pm)<p+px)~ (55)

L+ ppa

Set w = 3 and choose o7 = (1 — p*)aib;.

For power property, we consider six different error specifications, denoted by (a)-(f). All
the parameters are controlled to set the variance of u; to be 1.

(a) MA(1) error model,

Wit = 0-(Et + U1€i4-1), (56)

where 1; = 0.2 and 02 = 1/(1 + ¢?); so that 7o = 1 and r; = 0.2.
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(b) MA(2) error model:

Wit = (€t + Yn€i -1 + V2€ir—2), (57)

where ¢; = 20/103, ¥y = 13/90. 02 = 1/(1 + ¥} + ¢2); so that rop = 1, r; = 2/9 and
To = ].3/90
(¢) AR(1) error model:

Ui = P1Uig—1 + OcEit, (58)
where p; = 0.2 and 02 = (1 — p?); so that ry = 1 and r; = 0.2.
(d) AR(2) error model:

U = P1Ui -1 + P2Uit—2 + O:E4, (59)

where p; = 0.2, pp = 0.1 and 02 = (14p2) [(1 — p2)? — p?] / (1 — p2) ;80 that 1o = 1, 1y = 2/9
and ry = 13/90.

(e) Heterogeneous slopes: equation (51) is replaced by

Yit = PYii—1 + Biiy + 0i + wyy, (60)

where ; ~ i.i.d.N(0.5,1).

(f) Error with cross-sectional dependence:
uy = 0.75 (A fi + 0-€t) (61)

where \; ~ i.i.d.U[—1,1], f; ~4.4.d.N(0,1) and o2 = 1.
The experiments are conducted for N = 100, 150,200 and 7" = 7,11, 20, 30. For all pair
of (N, T), we run 2,000 replications. To obtain the empirical size, we conduct méj ) and j(j) ,

j =0,1,2, at the two-sided 5% nominal significance level, conduct mg);) and S(;), j = 0,1,2;
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at the positive one-side 5% nominal significance level. p is set to be 3,4,5,6,7 and & is set

to be 2,3,4,5,6,7.

6.2 Simulation results

()2
(2,p)’

Table 1 reports the empirical size of each test. The results show that all mQJ ) and m

J = 0,1,2, have correct size with different (N, T') combinations. Using the x? approximation,
the Sargan’s test S perform correct size, while S(;), j = 1,2, tend to reject the null
infrequently. When T' is moderately large, for example, 7' = 11 and N = 100, those tests
are both extremely undersized. The size of j@) and j(l) are 0 and 0.4, respectively. It is
consistent with the simulation results in previous literature. S(;) and Sy have more size
distortions when T increases. On the contrary, the corrected Sargan’s tests j(j) perform
much better size compared to S(;), for j = 1,2. For example, when N = 100,7" = 11, the
size of j(g) and j(l) are 3 and 3.4, which are slightly undersized but close to 5.

The rest of tables contain the results of power and size-adjusted power in parentheses
for each tests under varieties of alternatives. Table 2 and 3 give the power results under the

MA(1) alternative. In terms of size-adjusted power, the results show that mg);) are often

() ()2

superior to my’, j = 0,1,2. Among m( Y ,7=0,1,2, m(o)2

has the largest power, but their
differences are not significant. J(O) with specified k performs good power properties. As

(N, T) being large, the power of mgj Ejz)p) 7 =20,1,2, and J are all close to 1. On the

other hand, j(g) has very low power for small NV and large T" and J(l) has extremely low power

for all cases. Even for relatively large N given T fixed, the power of j(l) does not increase

significantly. Both j( and J(l) have much smaller power than m( 2p) 2 and J . mQO),mEg)i)

and J(g) have less power as k increases, which also confirms our theoretical analysis.

Table 4 and 5 report the power under the MA(2) alternative. mgj

power compared to the mg)i), 7 = 0,1,2, which is consistent to the results of Yamagata

) have much smaller

(2008). Jg) has low power when N is small and T is moderately large. J) still has

extremely low power for all combinations. j(o) has reasonable power, but there is no obvious
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rank compared to mg?i), 7 =0,1,2.

Table 6 and 7 report the power results under the AR(1) alternative. The results are
similar to the case of MA(1). Note that all the tests have more power than the case of
MA(1) given the same N and 7. This result is because, in the case of AR(1) errors, all
the elements of the bias terms are non-zeros, whereas, in the cases of MA(1), only the first
two parts of the bias terms are non-zeros. Table 8 and 9 report the results of power under

the AR(2) scenario. mgj), J = 0,1,2, have very low power. It is caused by the choice of

parameters in auto-regressive errors. More specifically, in this case, E (Au;Au; o) = 0.07

(4)2
(2,p)

Yamagata (2008). Among j(o) with different x, the test with x = 3 dominates all the others.

and E (AuiAu;py3) = —0.14; therefore, they tends to be less powerful than m also see

Moreover, j(l) still have low power for all the pairs of (N, T).

The power results under slope heterogeneity alternative are reported in table 10 and 11.
j(o) with kK = 2 dominates all the other tests for all the combinations of N and T. mg);), are

superior to méj ), j = 0,1,2; for most of the (IV,T) combinations. The power results under

the cross sectional dependence alternative are specified in table 12 and 13. The power of

all the tests monotonically increases as p and x increase. From the results, we can observe

()

that given a relatively large p and small &, m i) 7 =0,1,2, have more power than j(o) for

et
most of the (NNV,7T) combinations. However, it flips over with small p and large x in some
cases. j(Q) has more power than j(o) for small T'; when T increases, it becomes less powerful
than j(o) with slightly large «. j(l) has much more power compared to itself under the other
alternatives, but it is still less powerful than the other tests for most of the cases.

Overall, several interesting findings are obtained by the simulation studies: first, the
corrected Sargan’s tests (j(j), j=1, 2> have reasonable size compared to the uncorrected
Sargan’s tests (S(j), J =1, 2); second, using the collapsed instruments matrices, the perfor-
mance of each test dominates those using the block-diagonal instrument matrices for most
of the (N, T) combinations; the exception is only for very small T’; third, there is no absolute

()

7)2 j =0,1,2, but both of them are often superior to ms".

ranking between the j(o) and mgz )
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7 Concluding remarks

In this paper, we consider the tests of specification in dynamic panel data models with
large N and large T'. All the test statistics are built upon the two-step GMM estimation
using three different instrument matrices: the block-diagonal matrix with the full set of all
available instruments, the block-diagonal matrix with a subset of all available instruments
and the collapsed instrument matrix. This paper shows the conventional Sargan’s test (S(2))
does not approximate to the chi-square distribution when the number of instruments used
is relatively as large as V. Therefore, it proposes corrected Sargan’s tests (j(j), 73 =0,1, 2)
with the three instrument matrices. It extends the conventional tests for serial correlation to
large N and large T" framework. The asymptotics of all the tests are well established as N
and T' go to infinity jointly. This paper also adds power analysis under different alternatives.
Under local M A(q) and AR(q) alternatives, it shows that mg?j), j =0,1,2, have good power
properties and the power of j(j), j = 1,2, decreases as the number of instrument increases,
which means the power of j(j), 7 =1,2, only increases with N, while the power of j(o) with
fixed number of instruments increases when either N, T or both increase.

The Monte Carlo simulations are conducted for studying the small sample properties of
all the tests with three different instrument matrices. The simulation results show several
interesting facts: in the first place, the corrected Sargan’s tests have correct size, while the
conventional Sargan’s tests suffer serious size distortions; second, the corrected Sargan’s test
j(o) has reasonable power under varieties of alternatives; especially, j(o) with just specified lag
instruments (k = ¢ + 1) matrix mostly outperform the other tests of specification; j(l) has
very lower power for finite samples for all the alternatives except cross-sectional dependence;

and last but not the least, there is no clear rank between m9)? j =0,1,2, and j(o), but

(2:p)’
both of them dominate mgj)Q, j = 0,1,2, for most of the cases. Among mg)f)), 7 =0,1,2,
mgg)i) has the largest power, but their differences are not significant.

For practical purpose, we suggest using the collapsed instrument matrix (I/Vl(io)> for

testing since they have several advantages. First, they do not have the invert-ability issue of
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large covariance matrix when 7' large and are computationally easy to implement; second,

they have much more power compared to the tests using block-diagonal instrument matrix

<I/Vlgl) and I/Vlgz)> . It is worth to remark that there is no technical standards to choose the

number of p for the joint serial correlation tests and x for the collapsed instruments matrix.

The power properties imply they depend on the actual misspecifications.
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Table 1: Size of Tests

Type of Instrument Matrix/Number of Instruments Type of Instrument Matrix/Number of Instruments
ji=2 j=1 i=0 j=1 j=0
Tests (N,T) T(T-2) 2(T-2) 4 6 8 10 12 14 (N,T) 2(T-2) 4 6 8 10 12 14
mgj) (100,7) 6.25 5.95 5.90 6.00 5.90 6.15 (100,20) 4.65 5.056 4.95 5.00 4.90 4.95 4.95
m(é?; (100,7) 5.40 5.70 5.30 5.30 5.25 5.20 (100,20) 5.25 5.20 5.20 5.30 5.30 5.20 5.25
m%%?i) (100,7) 5.55 4.80 4.55 4.25 4.40 4.45 (100,20) 4.80 4.85 4.75 4.80 4.75 4.65 4.80
m(“;?g) (100,7) (100,20) 4.45 4.95 4.85 4.85 4.90 4.90 4.85
mgé?é) (100,7) (100,20) 4.30 4.55 4.45 4.50 4.50 4.45 4.45
mgé)s) (100,7) (100,20)  3.95 4.20 4.25 4.15 4.20 4.25  4.25
S (100,7) 2.70 4.15 4.85 4.40 4.25 4.30 (100,20) 1.30 4.50 4.20 4.20 4.20 4.30 4.20
J(j) (100,7) 4.70 4.20 5.05 4.50 4.30 4.30 (100,20) 3.25 4.65 4.20 4.20 4.15 4.45 4.45
mgj) (150,7) 4.55 4.35 4.35 4.25 4.30 4.35 (150,20) 5.25 5.10 5.15 5.15 5.15 5.10 5.10
mg?g) (150,7) 4.40 4.45 4.25 4.25 4.30 4.10 (150,20) 4.85 4.90 4.80 4.80 4.80 4.80 4.80
mgé?i) (150,7) 4.95 4.50 4.20 4.20 4.30 4.50 (150,20) 4.85 4.70 4.65 4.70 4.65 4.65 4.70
m(é?g) (150,7) (150,20)  4.30  4.80 4.65 4.65 4.60 4.60 4.55
mg)s) (150,7) (150,20) 5.20 5.65 5.85 5.85 5.85 6.00 5.85
mg?% (150,7) (150,20) 5.45 5.50 5.25 5.25 5.20 5.25 5.20
S (150,7) 2.80 4.95 4.65 4.80 5.90 4.75 (150,20) 2.75 5.45 4.55 4.75 4.15 4.25 4.65
J(5) (150,7) 4.05 4.80 4.90 4.80 5.75 4.45 (150,20) 4.10 5.65 4.65 4.55 3.85 4.00 4.50
mgj) (200,7) 5.30 5.35 5.50 5.45 5.40 5.40 (200,20) 5.60 5.70 5.70 5.75 5.75 5.75 5.75
m(é?g) (200,7) 5.20 5.30 5.00 4.85 5.00 4.90 (200,20) 5.85 6.25 6.00 6.15 6.15 6.15 6.15
m%é?i) (200,7) 5.45 4.75 4.80 4.75 4.60 4.75 (200,20) 5.95 5.80 5.85 5.75 5.80 5.65 6.00
m(';??)) (200,7) (200,20) 5.65 5.80 6.05 6.05 6.05 6.05 5.80
mgé?g) (200,7) (200,20)  4.95 5.45 5.55 540 540 5.40 5.40
m%é?s) (200,7) (200,20) 5.40 6.35 590 5.80 5.75 5.75 5.85
S (200,7) 4.50 5.25 4.95 4.85 4.85 4.30 (200,20) 2.65 4.35 4.05 4.60 5.05 4.75 6.00
J(5) (200,7) 5.55 4.95 5.20 4.85 4.50 4.10 (200,20) 3.35 4.45 4.05 3.90 4.75 4.45 5.60
m(zj) (100,11) 4.85 5.05 5.00 5.00 4.95 5.00 5.00 5.00 (100,30) 4.50 4.65 4.70 4.70 4.65 4.75 4.75
m(é?g) (100,11) 4.35 4.65 4.50 4.40 4.45 4.50 4.55 4.55 (100,30) 4.55 4.90 4.85 4.95 4.95 4.95 4.90
mgé?i) (100,11) 5.20 5.45 5.00 5.00 5.10 5.10 5.10 5.00 (100,30) 4.25 4.55 4.40 4.35 4.45 4.45 4.35
mgé?g) (100,11) 5.05 4.70 5.05 5.05 5.05 5.00 5.05 5.00 (100,30) 4.20 4.40 4.35 4.35 4.30 4.45 4.40
mg';?g) (100,11) 5.00 4.80 4.80 4.85 4.75 4.80 4.70 4.80 (100,30) 4.10 4.60 4.60 4.75 4.70 4.75 4.90
m(Qi) (100,11) 5.95 5.20 5.50 5.45 5.55 5.55 5.60 5.45 (100,30) 4.50 5.65 5.55 5.50 5.35 5.45 5.50
S (100,11) 0.00 0.40 5.10 4.50 3.90 3.85 4.25 4.80 (100,30) 0.10 5.20 4.20 4.00 4.25 4.40 4.50
J5) (100,11) 3.00 3.70 5.65 4.65 3.90 3.80 4.25 5.15 (100,30) 3.45 5.65 4.40 4.00 4.20 4.65 5.20
mgj) (150,11) 5.55 5.20 5.45 5.45 5.45 540 5.35 5.35 (150,30) 4.55 4.65 4.70 4.60 4.55 4.55 4.55
mg?g) (150,11) 4.55 4.55 4.60 4.45 4.50 4.55 4.60 4.65 (150,30) 4.70 4.90 4.90 4.90 5.10 5.10 5.15
m(;?i (150,11) 5.15 5.00 5.40 5.25 5.20 5.20 5.20 5.20 (150,30) 4.05 4.55 4.50 4.35 4.40 4.30 4.30
mgé?g) (150,11) 4.20 4.20 4.05 3.95 3.95 3.95 4.15 4.25 (150,30) 4.10 4.50 4.40 4.50 4.40 4.70 4.55
mg%?g) (150,11) 4.45 4.40 4.35 4.40 4.40 4.40 4.40 4.55 (150,30) 4.00 4.40 4.35 4.25 4.30 4.35 4.25
mgé?s) (150,11) 4.85 4.55 4.45 4.50 4.45 4.35 4.60 4.60 (150,30) 4.05 4.55 4.60 4.35 4.25 4.10 4.20
S (150,11) 0.05 0.70 4.70 4.65 4.35 4.75 4.40 4.95 (150,30) 1.75 4.10 4.90 3.80 3.85 3.75 4.40
J(5) (150,11) 4.50 4.10 4.95 4.70 4.30 4.45 4.15 4.85 (150,30) 4.45 4.15 490 3.75 3.55 3.70 4.30
mgj) (200,11) 4.75 4.95 5.00 4.95 4.95 4.95 4.90 4.90 (200,30) 5.15 5.20 5.05 5.05 5.15 5.15 5.15
m(';?g) (200,11) 4.55 4.90 4.70 4.80 4.75 4.75 4.70 4.65 (200,30) 4.85 4.85 4.80 4.75 4.80 4.95 4.85
mgé?z) (200,11) 5.10 5.15 5.35 5.15 5.10 5.10 5.10 5.20 (200,30) 4.75 5.00 4.85 4.80 4.80 4.75 4.75
méé)g) (200,11) 4.95 5.05 5.00 4.90 4.95 4.85 4.90 4.95 (200,30) 4.60 4.85 4.60 4.70 4.75 4.65 4.80
m(é?g) (200,11) 4.40 4.15 4.20 4.25 4.25 4.15 4.15 4.25 (200,30) 4.90 5.05 4.95 5.00 5.05 5.05 5.00
m%%?i) (200,11) 4.50 4.25 4.35 4.20 4.10 4.00 4.05 4.05 (200,30) 4.45 4.60 4.60 4.40 4.45 4.60 4.50
S (200,11) 1.05 0.80 5.80 4.30 5.15 5.40 5.05 4.85 (200,30) 2.35 5.20 5.30 4.90 5.35 4.85 5.00
Ji) (200,11) 5.45 4.20 6.25 4.30 5.05 4.85 4.50 4.70 (200,30) 4.05 5.30 5.30 4.75 5.00 4.75 5.25
Notes: This table reports the size of m_(gj), mgé?i), S(j> and j(j); for j =0,1,2; p = 3,4,5,6,7. For j = 0, we choose k = 2,3,4,5,6,7. The

data is generated as y;¢y = a; + 0.5y; 1 + 0.5z + u;y, where ujy = €54 ~ 1.4.d.N(0,1); x44 = 0.5z 41 + 0.5u; ¢ 1 + viy¢, vig ~ .5.d. N (O, 012]),
i=1,...,N;t=—48,...,T, with y; _49 = x;, _49 = 0. The first 50 observations are discarded. The signal-to-noise ratio is fixed to be 3 through
2

o7 . The tests are conducted at the 5% nominal significance level.
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Table 2: Power (Size-Adjusted Power) of Tests: MA(1)

Tests

(N,T)

Type of Instrument Matrix/Number of Instruments

j=2

j=1

j=0

T(T-2)

2(T-2)

4

6

8

10

12

14

(100,7)
(100,7)
(100,7)
(100,7)
(100,7)

(150,7)
(150,7)
(150,7)
(150,7)
(150,7)

(200,7)
(200,7)
(200,7)
(200,7)
(200,7)

(100,11)
(100,11)
(100,11)
(100,11)
(100,11)
(100,11)
(100,11)
(100,11)

(150,11)
(150,11)
(150,11)
(150,11)
(150,11)
(150,11)
(150,11)
(150,11)

(200,11)
(200,11)
(200,11)
(200,11)
(200,11)
(200,11)
(200,11)
(200,11)

45.90 (36.05)
45.05 (42.15)
42.95 (39.70)

11.40 (19.70)
15.80 (10.80)

62.95 (61.75)
63.75 (65.50)
63.60 (64.35)

30.90 (37.40)
32.10 (27.90)

73.60 (65.40)
77.95 (77.75)
79.15 (77.70)

48.20 (49.50)
47.50 (39.80)

77.85 (73.50)
83.25 (85.15)

84.40 (83.50)
84.10 (84.00)
82.55 (82.55)
80.50 (78.20)

0.00 (7.30)
1.40 (4.00)

92.50 (89.95)
95.45 (96.00)

96.55 (96.50)
96.90 (97.20)
96.40 (96.70)

96.30 (96.30)
1.95 (25.20)
20.20 (16.65)

97.05 (96.45)
98.65 (98.65)
98.95 (98.90)
99.15 (99.15)
99.45 (99.50)
99.30 (99.50)

28.20 (48.95)
46.10 (34.10)

44.30 (35.75)
36.50 (34.00)

33.10 (34.10)

4.70 (5.40)
4.70 (5.15)

60.55 (60.75)
57.50 (60.25)
55.75 (58.25)

4.85 (9.95)
4.80 (4.70)

71.55 (65.45)
73.05 (72.20)
72.25 (73.35)
4.55 (9.45)
4.35 (5.35)

76.15 (73.60)
79.75 (80.50)
80.05 (78.65)
78.15 (78.25)
77.20 (78.45)
75.00 (74.00)

3.80 (6.10)
4.55 (5.40)

91.50 (90.00)
94.05 (94.65)

95.30 (95.30)
95.40 (96.15)
95.15 (95.40)
94.70 (95.10)

4.15 (4.85)
4.45 (4.90)

96.50 (95.75)
98.15 (98.20)
98.50 (98.40)
98.65 (98.60)
99.00 (99.15)
98.75 (98.85)

5.25 (7.15)
5.20 (5.85)

46.35 (36.90)
42.05 (40.90)
37.65 (40.55)

42.70 (43.05)
43.55 (32.00)

62.60 (62.80)
61.55 (64.25)

59.65 (62.40)

58.90 (60.20)
59.70 (49.25)

72.80 (66.75)
76.10 (76.15)
76.15 (76.80)

71.85 (71.85)
72.35 (62.00)

78.05 (74.70)
82.65 (83.95)
83.05 (83.05)
81.55 (81.35)
79.50 (80.20)
77.35 (75.85)

83.45 (82.75)
83.90 (74.90)

92.40 (90.65)
95.35 (95.50)
96.45 (96.15)
96.30 (96.55)
95.85 (96.00)
95.55 (95.90)

95.55 (95.65)
95.65 (91.70)

97.15 (96.20)
98.40 (98.65)

98.85 (98.75)
98.85 (98.85)
99.15 (99.35)
99.15 (99.40)

98.10 (97.95)
98.25 (96.90)

46.35 (36.80)
42.65 (41.65)
38.20 (40.80)

32.90 (35.40)
33.50 (25.30)

62.50 (62.45)
61.95 (64.40)
60.00 (63.40)
50.85 (51.80)
51.00 (38.50)

73.10 (66.40)
76.50 (76.85)
76.35 (76.80)

63.10 (63.10)
63.10 (52.30)

77.80 (74.35)
83.20 (84.40)

83.65 (83.55)
82.15 (82.15)
80.15 (81.80)
77.80 (76.60)

76.15 (78.10)
76.45 (66.70)

92.45 (90.70)
95.30 (95.85)
96.70 (96.40)
96.45 (96.85)
95.85 (96.20)
95.70 (96.10)

92.35 (92.95)
92.45 (89.30)

97.10 (96.30)
98.50 (98.70)

98.85 (98.85)
98.85 (98.85)
99.20 (99.35)
99.30 (99.45)

97.75 (98.00)
97.75 (95.75)

46.30 (36.90)
42.75 (41.80)
38.45 (40.70)

27.55 (29.55)
27.55 (20.85)

62.50 (62.50)
61.85 (65.40)

60.05 (63.35)
44.45 (40.90)
44.10 (32.15)

73.05 (66.50)
76.70 (76.70)

76.45 (76.75)
57.05 (57.60)
56.40 (49.95)

77.90 (74.10)
83.00 (84.15)

83.45 (83.30)
82.40 (82.00)
80.95 (82.20)
78.40 (77.00)

69.50 (72.90)
69.50 (62.30)

92.50 (90.80)
95.30 (95.90)

96.60 (96.60)
96.60 (96.85)
95.95 (96.30)
95.85 (96.35)

90.05 (91.10)
89.90 (83.80)

97.10 (96.35)
98.55 (98.60)

98.85 (98.85)
98.85 (98.90)
99.25 (99.35)
99.25 (99.40)

97.10 (96.95)
97.10 (93.80)

46.15 (37.10)
42.65 (42.15)
38.55 (40.10)

23.30 (26.45)
23.25 (17.65)

62.55 (62.25)
61.95 (64.85)

59.95 (63.15)

37.50 (38.20)
36.95 (29.10)

73.10 (66.70)
76.60 (77.10)

76.30 (77.05)
50.55 (53.95)
49.50 (42.65)

78.00 (74.50)
83.05 (84.55)
83.65 (83.30)
82.70 (82.65)
81.10 (82.10)
78.75 (77.05)

64.15 (67.75)
64.10 (55.85)

92.55 (90.70)
95.35 (95.95)

96.60 (96.25)
96.50 (96.95)
95.90 (96.20)
95.85 (96.25)

87.00 (87.30)
86.60 (81.35)

97.10 (96.35)
98.55 (98.65)

98.90 (98.85)
98.95 (99.00)
99.30 (99.35)
99.30 (99.40)

95.65 (95.45)
95.45 (92.65)

78.10 (73.80)
83.15 (84.55)

83.50 (83.45)
82.75 (82.50)
80.95 (81.85)
78.95 (77.25)

57.55 (60.95)
57.50 (47.80)

92.55 (90.95)
95.40 (95.95)

96.55 (96.35)
96.55 (97.00)
95.90 (96.25)
95.90 (96.25)

83.15 (85.10)
82.40 (75.45)

97.00 (96.35)
98.55 (98.65)
98.90 (98.85)
98.95 (99.00)
99.25 (99.40)
99.30 (99.40)

94.00 (94.00)
93.50 (89.85)

78.10 (73.80)
83.10 (84.20)

83.60 (83.65)
82.75 (82.85)
80.75 (81.35)
79.00 (76.90)

52.50 (52.70)
52.55 (39.75)

92.55 (90.95)
95.35 (95.90)

96.55 (96.35)
96.55 (96.95)
95.95 (96.40)
95.95 (96.20)

79.05 (79.50)
78.70 (70.80)

97.00 (96.35)
98.55 (98.65)
98.85 (98.85)
98.95 (98.95)
99.25 (99.40)
99.30 (99.40)

92.20 (92.55)
91.65 (86.70)

Notes:

This table reports the power (size-adjusted power) of m

3,4,5,6,7. For j

() (4)2

s

m(2,p)’

S(j) and j(j) under the MA(1) alternative; for j

0, we choose k = 2,3,4,5,6,7. The data is generated as y;; = a; + 0.5y;,¢—1 + 0.5z + u;y, where x5y = 0.5z 4 1 +

0.5u; ¢ —1 + Vig, Vit ~ i.i.d.N(O,o’i), i=1,...,N; t = —48,...,T, with y;, _49 = z;, 49 = 0. The first 50 observations are discarded. The

signal-to-noise ratio is fixed to be 3 through 0'72). Under this alternative, u;; = o¢ (Eit + wlfi,t—l)» where cr? =1/(1+ wf) with 1 = 0.2; and

eit ~ i.i.d.N(0,1).
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Table 3: Power (Size-Adjusted Power) of Tests: MA(1)

Type of Instrument Matrix/Number of Instruments

=1

j=0

Tests (N,T) 2(T-2)

4

6

8

10

12

14

m$) (100,20)  97.85 (97.85)
m@2 (100,20)  99.25 (99.15)
)2 (100,20)  99.55 (99.60)
m{)2  (100,20)  99.60 (99.60)

G52 (100,20)  99.40 (99.55)

mgé,e‘)

m(;)s) (100,20)  99.50 (99.60)
S(5 (100,20) 1.60 (4.65)
I (100,20) 4.05 (5.45)

m$) (150,20)  99.85 (99.80)
m@)2  (150,20)  99.95 (100.00)
m{2  (150,20)  100.00 (100.00)
aF (150,20)  100.00 (100.00)
m2 (150,20) 100.00 (100.00)
G52 (150,20)  100.00 (100.00)

(2,7

50 (150,20) 2.25 (4.75)
Jiy (150,20) 3.75 (4.75)
mgj) (200,20)  100.00 (100.00)

m@2  (200,20) 100.00 (100.00)
72 (200,20) 100.00 (100.00)
m{2  (200,20) 100.00 (100.00)

g (200,20)  100.00 (100.00)

méé}e)
m(;)i) (200,20)  100.00 (100.00)
S5 (200,20) 2.70 (5.60)
I (200,20) 4.15 (5.70)

m$) (100,30)  99.85 (99.85)
m@2  (100,30)  99.90 (99.90)
mlyqy (100,30)  100.00 (100.00)
mgj)Q (100,30)  100.00 (100.00)
D2 (100,30) 100.00 (100.00)

mgé,m

m(;)i) (100,30)  100.00 (100.00)
S(5 (100,30) 0.30 (5.05)
I (100,30) 4.75 (6.50)

mgj) (150,30)  100.00 (100.00)
m ()2 (150,30)  100.00 (100.00)
m ()2 (150,30)  100.00 (100.00)

21)2 (150,30)  100.00 (100.00)
m(9)2 (150,30)  100.00 (100.00)
m2 " (150,30)  100.00 (100.00)

50) (150,30) 1.55 (5.05)

Js (150,30) 4.30 (4.50)
3)

m§) (200,30)  100.00 (100.00)

m(j)‘2 (200,30)  100.00 (100.00)
3)2 (200,30)  100.00 (100.00)
m{2  (200,30) 100.00 (100.00)

21)2 (200,30)  100.00 (100.00)

m€2’6)

m(;?% (200,30)  100.00 (100.00)
S35 (200,30) 2.45 (5.25)
I (200,30) 4.25 (5.25)

98.20 (98.15)
99.45 (99.45)
99.70 (99.70)
99.65 (99.65)
99.55 (99.60)
99.55 (99.60)

99.95 (99.95)
99.95 (99.75)

99.90 (99.80)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

98.25 (98.20)
99.50 (99.45)
99.70 (99.70)
99.65 (99.65)
99.60 (99.65)
99.55 (99.60)

99.75 (99.85)
99.75 (99.50)

99.95 (99.80)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

98.30 (98.10)
99.50 (99.45)
99.70 (99.70)
99.70 (99.70)
99.65 (99.65)
99.65 (99.65)

99.45 (99.65)
99.50 (99.00)

99.95 (99.80)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (99.95)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

98.25 (98.20)
99.45 (99.45)
99.70 (99.75)
99.70 (99.75)
99.65 (99.70)
99.65 (99.65)

99.25 (99.45)
99.25 (98.75)

99.95 (99.80)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (99.95)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

98.35 (98.25)
99.45 (99.45)

99.75 (99.75)
99.70 (99.80)
99.70 (99.75)
99.65 (99.65)

98.75 (99.00)
98.75 (98.30)

99.95 (99.80)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

99.95 (99.95)
99.95 (99.95)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

98.35 (98.25)
99.45 (99.45)

99.75 (99.75)
99.70 (99.80)
99.75 (99.75)
99.65 (99.65)

98.40 (98.80)
98.40 (96.95)

99.95 (99.80)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

99.95 (99.95)
99.95 (99.95)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

3,4,5,6,7. For j = 0, we choose Kk =

Notes: This table reports the power (size-adjusted power) of m.(gj) m

(4)2
(2,p)’

S(j) and j(j) under the MA(1) alternative; for j = 0,1,2; p =

2,3,4,5,6,7. The data is generated as y;+ = «; + 0.5y;,¢+—1 + 0.5244 + u;z, where z;3; = 0.5z; 1 +

0.5uq ¢ 1 + Vig, Vig ~ zﬂi‘d‘N(O,ag), i=1,...,N; t = —48,...,T, with y;, 49 = x;,_49 = 0. The first 50 observations are discarded. The

signal-to-noise ratio is fixed to be 3 through 03. Under this alternative, u;s = oc (€i+ + 1€;,¢—1), where ag =1/(1+ w%) with 11 = 0.2; and

et ~ i.3.d.N(0,1).
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Table 4: Power (Size-Adjusted Power) of Tests: MA(2)

Type of Instrument Matrix/Number of Instruments

j=2 i=1 j=0
Tests (N,T) T(T-2) 2(T-2) 4 6 8 10 12 14
mg{) (100,7)  7.90 (11.10)  8.55 (10.50)  8.15 (10.25)  7.85 (10.70)  7.85 (11.15)  7.85 (10.90)
m%é)g) (100,7)  12.35 (10.95)  9.35 (8.25) 8.95 (8.40) 10.25 (9.55)  10.30 (9.55)  10.45 (10.25)
m(g)i) (100,7)  14.10 (11.95)  9.10 (9.70) 8.50 (9.95) 9.65 (11.15)  9.70 (11.35)  9.95 (11.10)
S() (100,7)  6.20 (12.65) 4.05 (4.85) 8.50 (8.95)  18.00 (19.35) 14.00 (16.00) 12.55 (13.95)
I (100,7) 9.75 (6.60) 4.05 (4.55) 9.10 (6.50)  18.20 (13.15) 14.05 (10.55)  12.50 (9.05)
m$) (150,7)  9.90 (12.80)  9.10 (11.00)  9.50 (11.90)  9.85 (12.35)  9.80 (12.05)  9.75 (11.80)

mgj?"’ (150,7)
D2 (150,7)

M (2,4)

S0y (150,7)
Jii (150,7)
mgf) (200,7)
m%é)g) (200,7)

D2 (200,7)
S0 (200,7)
T (200,7)

m$) (100,11)
mgﬂﬂ (100,11)
92 (100,11)
m{2  (100,11)
mEJ)Q (100,11)
92 (100,11)

2,7
S(5 (100,11)
Jii (100,11)

m$) (150,11
m@2  (150,11)
m32 (150,11)

aF (150,11)
D2 (150,11)
m{2  (150,11)
S (150,11)
Jii (150,11)

m$) (200,11)
m@2 (200,11)
aF (200,11)
D2 (200,11)
m{2  (200,11)
G2 (200,11)

Mz,
S(5 (200,11)
I (200,11)

19.25 (20.60)
23.40 (24.15)

16.45 (21.85)
17.75 (14.45)

11.45 (14.55)
24.50 (24.35)
32.95 (30.90)

27.65 (28.60)
27.35 (20.80)

13.40 (16.20)
32.65 (35.10)
47.45 (46.75)
50.65 (50.65)
50.35 (50.45)
49.50 (46.50)

0.00 (7.35)
2.90 (6.25)

16.60 (20.55)
46.05 (47.95)
67.00 (66.45)
72.65 (74.15)
73.20 (75.70)
73.70 (74.10)

1.15 (17.45)
13.35 (11.00)

25.20 (21.55)
60.85 (59.85)

80.85 (81.25)
85.45 (85.40)
88.65 (87.75)

89.05 (87.50)
32.20 (15.90)
29.85 (19.55)

15.35 (17.50)

17.80 (19.60)
4.35 (9.45)
4.25 (4.80)

11.75 (14.00)
20.75 (20.35)
26.05 (27.05)
4.45 (9.50)
4.20 (4.25)

13.45 (16.65)
29.55 (31.20)
42.60 (40.85)
44.05 (44.50)
43.90 (45.45)
42.10 (41.15)

3.25 (6.00)
3.90 (5.20)

15.80 (19.40)
42.45 (44.40)

62.35 (62.35)
66.00 (68.30)
67.25 (69.80)
67.75 (69.50)

3.75 (4.25)
3.95 (4.55)

23.85 (21.20)
57.60 (57.05)
77.15 (77.55)
81.20 (81.25)
84.40 (83.25)
84.90 (83.10)

5.75 (4.25)
4.25 (4.90)

15.00 (17.70)
17.40 (20.05)
11.65 (12.20)
11.95 (9.05)

11.55 (13.65)
20.70 (20.75)
25.85 (26.40)
13.65 (13.80)
14.15 (10.60)

13.65 (15.70)
29.90 (32.00)
43.50 (43.50)
44.70 (44.10)
44.30 (45.30)
42.55 (40.55)

14.90 (14.00)
15.55 (10.35)

16.15 (20.20)
42.55 (44.00)

62.15 (61.50)
66.75 (68.45)
67.80 (70.05)
67.70 (69.35)

19.55 (20.15)
19.95 (14.30)

24.90 (20.95)
58.40 (57.05)

77.45 (78.05)
82.00 (82.00)
85.75 (84.00)

85.95 (83.90)
24.45 (26.05)
26.75 (17.30)

16.85 (18.95)
19.10 (21.15)

27.45 (28.50)
27.55 (17.80)

11.50 (14.05)
22.00 (22.30)
27.85 (28.25)

37.55 (37.65)
37.55 (26.60)

13.70 (15.55)
32.60 (34.50)
45.80 (45.75)
47.65 (47.35)
47.15 (48.85)
44.80 (43.40)

57.00 (59.40)
57.35 (46.30)

16.40 (19.90)
44.65 (47.30)

65.45 (64.75)
69.50 (71.50)
70.15 (73.05)
69.70 (71.60)

77.00 (78.15)
77.05 (70.15)

24.75 (21.35)
60.30 (59.00)
79.30 (79.70)
84.00 (83.65)
87.15 (85.35)
87.70 (85.20)

90.10 (89.45)
89.45 (82.80)

16.80 (19.55)
19.30 (21.75)

22.90 (20.80)
22.70 (14.90)

11.55 (14.40)
22.10 (22.10)
28.10 (28.75)

31.90 (32.40)
31.40 (24.25)

13.75 (15.65)
32.35 (33.85)
46.35 (46.05)
48.45 (47.75)
47.50 (49.95)
45.35 (43.75)

54.30 (58.25)
54.35 (43.85)

16.30 (19.80)
44.50 (47.15)

65.85 (65.30)
70.00 (72.25)
70.45 (72.90)
70.10 (72.80)

75.30 (77.45)
75.10 (65.95)

25.00 (21.45)
59.95 (58.80)
79.60 (79.80)
84.20 (84.00)
87.10 (85.70)
87.60 (85.45)

88.20 (88.55)
88.40 (80.90)

16.90 (19.45)
19.50 (21.85)

20.15 (20.55)
19.25 (14.15)

11.55 (14.45)
22.20 (22.55)
28.05 (28.90)
27.40 (30.80)
26.55 (21.10)

13.75 (15.75)
32.30 (33.80)
45.95 (45.45)
48.65 (48.50)
47.80 (49.80)
45.30 (43.90)

46.40 (51.35)
46.30 (37.85)

16.25 (19.90)
44.60 (47.35)

65.60 (64.65)
70.30 (72.35)
70.85 (72.50)
70.70 (72.45)

70.45 (71.20)
69.80 (61.95)

25.15 (21.35)
59.80 (58.90)
79.05 (79.75)
84.15 (84.10)
87.30 (85.90)
87.60 (85.45)

86.05 (86.25)
85.75 (78.70)

13.70 (15.65)
32.25 (33.55)
46.05 (45.85)
48.50 (48.25)
47.80 (49.35)
45.65 (43.90)

41.60 (44.35)
41.40 (31.75)

15.95 (19.75)
44.80 (47.35)

65.70 (64.85)
70.25 (72.40)
70.95 (73.00)
70.45 (72.80)

65.35 (67.45)
64.60 (55.70)

25.05 (21.45)
60.00 (58.95)

79.15 (79.85)
84.25 (84.15)
87.40 (85.95)

87.35 (85.50)
81.55 (81.60)
80.80 (73.35)

13.70 (15.65)
32.15 (33.60)
46.00 (46.00)
48.60 (48.70)
48.15 (49.20)
45.50 (43.65)

38.45 (38.60)
38.50 (26.40)

15.95 (19.75)
44.90 (47.10)

65.65 (65.25)
70.10 (72.60)
70.90 (73.20)
70.60 (72.20)

61.90 (62.15)
60.65 (50.40)

25.05 (21.45)
60.10 (58.90)
79.30 (79.85)
84.35 (84.10)
87.40 (85.90)
87.35 (85.45)

79.70 (79.00)
77.80 (69.30)

Notes: This table reports the power (size-adjusted power) of m

3,4,5,6,7. For j =

0, we choose k

0. il

S(j) and j(j) under the MA(2) alternative; for j

=0,1,2; p =

= 2,3,4,5,6,7. The data is generated as y;+ = a; + 0.5y; +—1 + 0.5z + u;¢, where z;y = 0.5z; 1 +

0.5u; ¢ —1 + Vig, vig ~ i.i.d.N(O,U%), i=1,...,N; t = —48,...,T, with y;, _49 = x4 _49 = 0. The first 50 observations are discarded. The

signal-to-noise ratio is fixed to be 3 through ag. Under this alternative, u;; = o¢ (E“ +1eie—1 + wgei,t,z), where o? =1/(1+ 'll)% + z/)g) with

Py = 20/103; by = 13/90; and e;4 ~ i.i.d.N(0, 1) .
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Table 5: Power (Size-Adjusted Power) of Tests: MA(2)

Type of Instrument Matrix/Number of Instruments

—1 i =0

Tests (N,T) 2J(T»2) 4 6 8 : 10 12 14

m$) (100,20)  23.55 (26.80) 23.85 (25.85) 23.85 (26.10) 24.15 (26.30) 24.15 (26.50) 24.30 (26.50) 24.30 (26.50)
m(é?; (100,20)  66.95 (66.40) 66.85 (66.45) 68.75 (67.40) 68.40 (67.25) 68.55 (67.55) 68.50 (67.45) 68.65 (67.50)
mgg)j) (100,20)  87.35 (88.00) 87.15 (88.00) 88.45 (89.20) 88.80 (89.40) 88.75 (89.60) 89.05 (89.55) 89.05 (89.60)
m(é?; (100,20)  90.50 (91.15) 90.30 (90.70) 91.65 (92.05) 92.10 (92.80) 92.30 (93.05) 92.50 (92.75) 92.55 (93.00)
mgé)g) (100,20)  92.15 (92.75) 91.95 (92.80) 92.80 (93.25) 93.00 (93.40) 93.10 (93.80) 93.30 (94.55) 93.60 (94.55)
mgg)% (100,20)  92.30 (93.70) 92.10 (93.10) 93.00 (93.80) 93.20 (93.95) 93.25 (94.10) 93.35 (94.05) 93.50 (94.20)
S(5 (100,20) 1.35 (5.05) 30.95 (33.10) 96.85 (97.35) 97.40 (97.80) 95.45 (96.15) 94.25 (94.85) 92.90 (94.00)
I (100,20) 4.25 (5.75) 31.80 (23.55) 96.95 (95.10) 97.40 (95.25) 95.45 (93.75) 94.25 (92.15) 92.90 (89.75)
m (150,20)  32.75 (36.65) 33.55 (36.40) 33.85 (37.10) 33.75 (38.00) 33.70 (38.05) 33.90 (38.25) 33.90 (38.25)
mgg)g) (150,20)  85.35 (85.50) 85.80 (86.00) 86.60 (86.90) 86.70 (86.90) 86.70 (86.90) 86.75 (86.90) 86.75 (86.85)
mé;)i) (150,20)  97.25 (97.55) 97.40 (97.55) 97.80 (97.90) 97.80 (97.95) 97.85 (97.95) 97.90 (97.95) 97.90 (97.95)
m(;?g) (150,20)  99.05 (99.20) 99.05 (99.05) 99.35 (99.40) 99.40 (99.40) 99.40 (99.45) 99.45 (99.45) 99.45 (99.55)
mg)s) (150,20)  99.35 (99.30) 99.35 (99.35) 99.45 (99.35) 99.55 (99.40) 99.60 (99.45) 99.70 (99.50) 99.70 (99.60)
mg?% (150,20)  99.50 (99.50) 99.50 (99.30) 99.55 (99.45) 99.55 (99.55) 99.60 (99.60) 99.65 (99.60) 99.70 (99.65)
S(j (150,20) 2.45 (4.70) 40.85 (39.40) 99.85 (99.85) 99.90 (99.90) 99.70 (99.85) 99.65 (99.65) 99.50 (99.65)
I (150,20) 4.05 (5.40) 41.90 (28.10) 99.85 (99.75) 99.90 (99.80) 99.70 (99.45) 99.65 (99.50) 99.50 (99.35)
m§) (200,20)  40.05 (38.15) 40.80 (39.05) 41.05 (38.90) 41.10 (38.75) 41.15 (38.80) 41.15 (38.75) 41.15 (38.75)
m(Q;) (200,20)  93.10 (91.60) 93.55 (91.55) 94.20 (92.35) 94.20 (91.95) 94.25 (92.20) 94.25 (92.30) 94.30 (92.35)
mgé)i) (200,20)  99.90 (99.85) 99.90 (99.90) 99.90 (99.90) 99.90 (99.90) 99.95 (99.90) 99.95 (99.90) 99.95 (99.90)
m@g) (200,20)  99.95 (99.95) 99.95 (99.95)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mgé?g) (200,20)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mgé)% (200,20)  100.00 (99.85)  100.00 (99.85)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (100.00)
S35 (200,20) 4.40 (6.95) 55.20 (57.90)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (100.00) 100.00 (100.00)
I (200,20) 5.30 (6.75) 55.80 (46.85)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00)  100.00 (100.00)

m$) (100,30)
(100,30)
D2 (100,30)
m2 (100,30)

(52’
mgm) (100,30)
m(;?i) (100,30)
S (100,30)
Jii (100,30)

m§)  (150,30)

m{)3 (150,30)
m%;; (150,30)
mE?;? (150,30)
m3)s (150,30)
mg“;)s) (150,30)
S0 (150,30)
Ji (150,30)
mg]:) (200,30)
mé;?g) (200,30)

2 (200,30)
2 (200,30)

37.05 (39.00)
87.55 (88.15)
98.50 (98.70)
99.45 (99.65)
99.60 (99.80)
99.60 (99.65)

0.25 (5.10)
4.00 (5.60)

51.80 (55.15)
97.30 (97.30)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

1.60 (5.25)
4.25 (4.65)

63.45 (64.45)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)

37.25 (38.25)
87.50 (87.55)
98.60 (98.75)
99.45 (99.60)
99.70 (99.80)
99.60 (99.60)

45.05 (43.40)
45.85 (34.80)

52.20 (55.55)
97.30 (97.30)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

60.05 (62.75)
60.75 (53.80)

64.50 (65.10)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)

37.25 (38.10)
88.50 (88.75)
98.85 (98.90)
99.60 (99.75)
99.80 (99.80)
99.65 (99.65)

99.95 (99.95)
99.95 (99.85)

52.40 (56.35)
97.60 (97.60)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

65.05 (65.90)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)

37.10 (38.10)
88.50 (88.55)

98.85 (99.10)
99.60 (99.75)
99.80 (99.80)
99.70 (99.65)

100.00 (100.00)
100.00 (99.95)

52.45 (55.65)
97.60 (97.60)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

64.75 (66.10)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

37.20 (38.00)
88.45 (88.55)

98.85 (99.10)
99.65 (99.75)
99.80 (99.80)
99.75 (99.70)

99.95 (99.95)
99.95 (99.95)

52.30 (55.25)
97.65 (97.60)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

64.75 (66.15)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

37.25 (38.20)
88.45 (88.55)
98.90 (99.05)
99.60 (99.75)
99.80 (99.80)
99.80 (99.70)

99.90 (99.95)
99.90 (99.80)

52.25 (55.70)
97.65 (97.65)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

64.85 (65.85)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

37.25 (38.20)
88.55 (88.80)
98.85 (99.15)
99.70 (99.75)
99.85 (99.85)
99.80 (99.70)

99.90 (99.90)
99.90 (99.70)

52.25 (55.70)
97.65 (97.65)

100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

64.85 (65.85)
99.85 (99.85)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

(2,5)
mgé)g) (200,30)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00)
m(é)% (200,30) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
S(j) (200,30) 2.05 (5.00) 73.75 (73.35) 100.00 (100.00)
j(j) (200,30) 4.25 (5.70) 74.30 (64.60) 100.00 (100.00)
Notes: This table reports the power (size-adjusted power) of mgj) m

3,4,5,6,7. For j

0, we choose k

(32
(2,p)’

S(]-) and j(j) under the MA(2) alternative; for j = 0,1,2; p =

2,3,4,5,6,7. The data is generated as y;y = a; + 0.5y;,¢+—1 + 0.5z44 + u;¢, where z;; = 0.5z 1 +

0.5u; ¢ —1 + Vig, vig ~ i.i.d.N(O,aﬁ), i=1,...,N; t = —48,...,T, with y; _49 = x4 _49 = 0. The first 50 observations are discarded. The

signal-to-noise ratio is fixed to be 3 through ag. Under this alternative, u;s = oe (g4¢ + V1 €i,t—1 + wgei)t,g), where o? =1/(1+ w% + ¢§) with

1 = 20/103; by = 13/90; and e;4 ~ i.i.d.N(0, 1) .
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Table 6: Power (Size-Adjusted Power) of Tests: AR(1)

Type of Instrument Matrix/Number of Instruments

ji=2 i=1 j=0
Tests (N,T) T(T-2) 2(T-2) 4 6 8 10 12 14
mgj) (100,7)  22.65 (16.45) 22.00 (16.25) 23.15 (16.80) 22.70 (16.90) 22.75 (16.90) 22.55 (17.05)

m@2  (100,7)  25.85 (24.30)
D2 (100,7)  25.75 (23.20)

M(2,4)

50 (100,7)  7.20 (14.10)
I (100,7) 9.80 (7.30)
m$) (150,7)  31.00 (29.95)

mgj)"’ (150,7)  36.65 (38.45)
D2 (150,7)  37.00 (37.85)

" (2,4)

S (150,7)  19.80 (26.25)
TG (150,7)  21.55 (17.00)
my) (200,7)  42.15 (34.80)
m%é); (200,7)  52.00 (51.90)
mé?z (200,7)  55.00 (51.75)
SG) (200,7)  35.10 (36.65)
JGy  (200,7) 3435 (26.85)

m$) (100,11)  46.05 (40.50)
mgﬂﬂ (100,11)  56.20 (58.95)
D2 (100,11) 61.10 (60.35)
m{2  (100,11) 63.25 (63.05)
mEJ)Q (100,11)  61.20 (61.25)
D2 (100,11) 59.55 (56.55)

M (2,7)
S5 (100,11)  0.00 (5.85)
Jii (100,11) 1.80 (3.60)

m$)  (150,11)  61.75 (56.80)
m@2  (150,11) 76.85 (77.90)
mgj)"’ (150,11)  81.50 (80.90)

D2 (150,11) 84.05 (84.95)
2 (150,11) 84.05 (85.10)
m{)2  (150,11) 83.00 (83.30)

S(5) (150,11)  0.80 (18.45)
Jgy ~ (150,11) 14.20 (11.35)

m$) (200,11)  74.30 (71.75)
m@2  (200,11) 88.25 (88.80)
Gy (200,11)  92.55 (92.35)
D2 (200,11)  93.20 (93.20)
m{2 (200,11) 94.45 (94.90)
G52 (200,11)  93.60 (94.55)

Mz,
S(5 (200,11)  16.05 (33.25)
I (200,11)  31.20 (20.20)

19.45 (18.10)
18.15 (19.05)

4.20 (5.10)
4.20 (4.55)

29.75 (29.95)
31.00 (32.70)
29.45 (31.65)

4.40 (9.60)
4.20 (4.80)

40.90 (34.70)
45.35 (44.35)
46.35 (47.70)
4.25 (9.30)
4.00 (4.80)

44.65 (41.30)
51.35 (52.75)
55.05 (53.65)
55.35 (55.80)
54.85 (55.75)
52.85 (51.70)

3.05 (5.15)
3.90 (5.45)

60.15 (56.70)
71.95 (73.75)
76.80 (76.90)
78.75 (80.75)
79.30 (81.05)
78.95 (79.95)

3.65 (4.55)
3.75 (4.15)

72.95 (70.95)
85.15 (85.30)

89.85 (89.60)
90.70 (90.60)
91.60 (92.15)
91.15 (92.35)

4.15 (5.50)
4.15 (5.20)

22.70 (22.05)

20.60 (22.45)
26.70 (27.15)
27.70 (19.90)

31.65 (31.75)
34.05 (36.60)

32.70 (35.95)
41.25 (42.80)
42.20 (31.70)

42.80 (35.95)
50.25 (50.45)
50.15 (50.90)

55.70 (55.85)
56.30 (44.55)

46.95 (42.80)
55.75 (57.30)
58.70 (58.70)
58.60 (58.30)
57.50 (58.45)
55.70 (54.20)

65.00 (63.95)
65.60 (53.20)

62.35 (57.95)
75.35 (76.65)

79.75 (78.75)
81.30 (82.60)
81.65 (82.95)
80.75 (81.35)

82.70 (83.50)
83.30 (74.35)

74.40 (72.00)
87.25 (87.95)

91.50 (91.05)
92.05 (92.05)
92.65 (93.70)
91.90 (93.15)

92.25 (91.50)
92.50 (86.45)

23.20 (22.25)

21.15 (22.85)
23.70 (25.50)
24.05 (18.00)

31.60 (31.60)
34.55 (37.05)
33.30 (36.40)

36.70 (37.90)
36.80 (26.00)

42.75 (35.30)
50.85 (51.30)
50.85 (51.95)

50.90 (51.10)
50.90 (39.55)

46.55 (42.55)
56.50 (57.90)
59.80 (59.80)
59.90 (59.70)
58.40 (59.90)
56.80 (55.25)

61.20 (62.90)
61.55 (51.30)

62.10 (57.95)
76.55 (77.85)

80.75 (80.20)
82.35 (83.65)
82.40 (84.15)
81.10 (82.15)

82.90 (83.80)
83.00 (76.45)

74.30 (72.20)
87.70 (88.40)
91.95 (91.65)
92.20 (92.35)
93.00 (94.10)
92.20 (93.65)

93.65 (93.90)
93.65 (88.95)

23.45 (22.70)

21.20 (23.10)
19.70 (21.15)
19.75 (15.40)

31.45 (31.45)
34.45 (37.60)
33.50 (36.55)
30.00 (27.35)
29.80 (20.95)

42.80 (35.50)
50.80 (50.80)
50.80 (52.25)
45.10 (46.10)
44.75 (36.85)

46.65 (42.35)
56.25 (57.95)
60.05 (59.85)
60.55 (60.40)
59.00 (60.65)
56.90 (55.20)

55.85 (59.75)
55.95 (47.45)

61.80 (57.95)
76.45 (78.05)

81.10 (80.75)
82.60 (84.05)
82.30 (83.65)
81.45 (82.65)

78.95 (80.90)
78.55 (70.20)

74.40 (72.20)
87.65 (88.30)

92.15 (91.85)
92.45 (92.60)
93.20 (94.10)

92.30 (93.70)
91.65 (91.40)
91.40 (85.20)

23.50 (23.15)
21.15 (22.50)

16.35 (18.70)
16.35 (12.15)

31.35 (31.15)
34.70 (37.40)
33.80 (36.65)

25.90 (26.70)
25.05 (19.05)

42.85 (35.55)
50.75 (51.35)
50.70 (51.90)

39.00 (42.15)
37.60 (31.10)

46.65 (42.75)
56.30 (58.10)
60.15 (59.70)
60.70 (60.65)
59.05 (60.60)
57.15 (55.45)

50.00 (54.75)
50.00 (42.25)

62.10 (58.00)
76.45 (78.10)

80.95 (80.35)
82.40 (84.15)
82.40 (83.25)

81.50 (82.35)
74.55 (75.15)
74.15 (67.05)

74.45 (72.30)
87.80 (88.35)
92.15 (91.70)
92.45 (92.60)
93.20 (94.20)
92.40 (93.60)

88.45 (88.30)
88.05 (81.70)

46.70 (41.30)
56.35 (58.05)
59.95 (59.85)
60.90 (60.85)
59.05 (60.30)
57.15 (55.45)

44.15 (46.85)
44.10 (34.55)

62.25 (58.10)
76.40 (78.05)

80.95 (80.55)
82.40 (83.95)
82.40 (83.45)
81.50 (82.60)

70.00 (71.65)
69.10 (60.60)

74.35 (72.20)
87.85 (88.30)
92.15 (91.85)
92.35 (92.45)
93.25 (94.35)

92.35 (93.75)
85.25 (85.20)
84.50 (78.20)

46.70 (41.30)
56.70 (57.85)
60.15 (60.20)
60.90 (60.95)
59.05 (59.95)
57.40 (55.50)

39.90 (40.05)
39.95 (29.45)

62.25 (58.10)
76.55 (77.90)
81.05 (80.70)
82.50 (84.10)
82.50 (83.55)
81.65 (82.40)

65.35 (65.50)
64.30 (54.80)

74.35 (72.20)
87.85 (88.35)
92.15 (91.90)
92.45 (92.50)
93.25 (94.40)
92.40 (93.55)

82.65 (83.30)
81.60 (74.55)

Notes: This table reports the power (size-adjusted power) of m

3,4,5,6,7. For j = 0, we choose k

0.5u; t—1 + vig, vig ~ i.i.d.N(0, 02

signal-to-noise ratio is fixed to be 3 through 012). Under this alternative, u;s = p1u; ¢—1 + 0=€;¢, where ag

eit ~ i.4.d.N(0, 1) .

G ()2

g7 (2,p) S(j) and j(j) under the AR(1) alternative; for j = 0,1,2; p =
= 2,3,4,5,6,7. The data is generated as y;+ = a; + 0.5y; +—1 + 0.5z + u;¢, where z;y = 0.5z; 41 +
),i=1,...,N;t = —48,...,T, with y; _49 = @3 _49 = 0. The first 50 observations are discarded. The
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Table 7: Power (Size-Adjusted Power) of Tests: AR(1)

Type of Instrument Matrix/Number of Instruments

j=1 j=0

Tests (N,T) 2(T-2) 1 6 8 10 12 14

m$) (100,20)  76.10 (75.95) 78.15 (77.50) 78.05 (77.30) 78.10 (77.50) 78.20 (77.65) 78.20 (77.95) 78.20 (77.95)
m%;?; (100,20)  89.55 (89.35) 91.10 (90.80) 91.60 (90.90) 91.55 (90.95) 91.65 (91.15) 91.65 (91.00) 91.60 (91.05)
m(%?i) (100,20)  93.70 (94.30) 94.65 (95.00) 95.10 (95.25) 95.20 (95.35) 95.20 (95.50) 95.10 (95.55) 95.10 (95.55)
mé;?; (100,20)  94.40 (94.85) 95.25 (95.45) 95.70 (95.85) 95.85 (96.05) 96.05 (96.20) 96.20 (96.35) 96.20 (96.40)
mgg?g) (100,20)  95.65 (95.75) 95.80 (96.00) 95.80 (96.15) 96.00 (96.25) 96.15 (96.35) 96.20 (96.60) 96.40 (96.65)
m(;?i) (100,20)  96.00 (96.55) 96.40 (96.55) 96.50 (96.70) 96.60 (96.70) 96.75 (96.75) 96.80 (96.80) 96.75 (96.85)
S(5 (100,20) 1.50 (5.20) 97.05 (97.40) 98.05 (98.70) 97.35 (97.85) 96.15 (97.05) 93.75 (94.55) 92.25 (93.15)
I (100,20) 4.45 (6.05) 97.15 (95.45) 98.15 (96.40) 97.35 (95.50) 96.15 (93.65) 93.75 (90.85) 92.25 (88.00)
m§) (150,20)  90.00 (88.60) 90.95 (89.20) 90.65 (88.80) 90.70 (88.80) 90.70 (89.05) 90.90 (88.80) 90.90 (88.80)
mg?g) (150,20)  97.55 (97.60) 97.75 (97.75) 97.95 (97.95) 97.95 (98.05) 98.00 (98.05) 98.05 (98.10) 98.10 (98.10)
mé;)i) (150,20)  99.20 (99.35) 99.45 (99.45) 99.55 (99.60) 99.55 (99.60) 99.55 (99.60) 99.60 (99.60) 99.60 (99.60)
m(g)g) (150,20)  99.55 (99.65) 99.70 (99.70) 99.70 (99.70) 99.75 (99.75) 99.75 (99.75) 99.75 (99.75) 99.75 (99.75)
mg)s) (150,20)  99.55 (99.45) 99.70 (99.65) 99.75 (99.75) 99.75 (99.75) 99.75 (99.75) 99.75 (99.75) 99.75 (99.75)
mg?% (150,20)  99.45 (99.45) 99.50 (99.45) 99.55 (99.55) 99.60 (99.55) 99.70 (99.55) 99.65 (99.60) 99.80 (99.60)
S(j (150,20) 2.90 (5.45) 99.35 (99.30) 99.85 (99.85) 99.95 (99.95) 99.85 (99.85) 99.70 (99.80) 99.40 (99.45)
I (150,20) 4.25 (5.10) 99.35 (98.90) 99.85 (99.70) 99.95 (99.65) 99.85 (99.65) 99.55 (99.45) 99.35 (98.90)
m§) (200,20)  96.30 (96.10) 96.65 (96.55) 96.80 (96.50) 96.85 (96.60) 96.80 (96.75) 96.80 (96.70) 96.80 (96.70)
m%;?g) (200,20)  99.65 (99.60) 99.70 (99.60) 99.70 (99.60) 99.70 (99.65) 99.70 (99.65) 99.80 (99.65) 99.80 (99.65)
m(;)i) (200,20)  99.90 (99.90) 100.00 (99.90)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mgg)g) (200,20)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mgg)g) (200,20)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
m(g)s) (200,20)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
S35 (200,20) 3.50 (6.00) 99.95 (99.95)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  99.90 (99.90)
I (200,20) 4.60 (6.85) 99.95 (99.95)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (99.90) 99.90 (99.90)

m$) (100,30)
(100,30)
D2 (100,30)
m2 (100,30)

91.85 (92.10)
98.80 (98.90)

99.65 (99.75)
99.85 (99.90)

92.65 (92.75)
99.00 (99.00)

99.75 (99.80)
99.90 (99.90)

92.60 (92.75)
99.05 (99.05)

99.80 (99.80)
99.90 (99.90)

92.70 (92.80)
99.00 (99.00)

99.80 (99.80)
99.90 (99.90)

92.65 (92.75)
98.95 (98.95)

99.80 (99.80)
99.90 (99.90)

92.70 (92.70)
98.90 (98.95)

99.80 (99.80)
99.90 (99.90)

92.70 (92.70)
98.90 (98.90)

99.80 (99.80)
99.90 (99.90)

2,5
mgg)gi (100,30)  99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95)
m(;?i) (100,30)  99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 100.00 (99.95)  100.00 (99.95)
S(j (100,30) 0.45 (5.00) 99.85 (99.85) 99.90 (99.90)  100.00 (100.00)  99.90 (99.95) 99.90 (99.90) 99.90 (99.90)
I (100,30) 3.70 (5.15) 99.85 (99.80) 99.90 (99.80)  100.00 (100.00)  99.90 (99.85) 99.90 (99.75) 99.90 (99.60)

m§)  (150,30)

97.95 (97.90)

98.30 (98.00)

98.25 (98.15)

98.25 (98.25)

98.25 (98.25)

98.25 (98.35)

98.25 (98.35)

m3)g)  (150,30)  99.90 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95) 99.95 (99.95)
mgé)i) (150,30)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mgg)g) (150,30)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
m(;')g) (150,30)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
mg)% (150,30)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
S35 (150,30) 2.00 (5.25) 100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
I (150,30) 4.95 (5.40) 100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (100.00) 100.00 (100.00)
m$) (200,30)  99.80 (99.75) 99.80 (99.80) 99.85 (99.80) 99.90 (99.80) 99.90 (99.80) 99.90 (99.80) 99.90 (99.80)
mé;)g) (200,30)  100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)

2 (200,30)
2 (200,30)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

(2,5)
mgé)é (200,30)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
m(é)g) (200,30)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
50 (200,30) 3.05 (6.80) 100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (100.00)
Ji) (200,30) 5.55 (6.35) 100.00 (100.00)  100.00 (100.00)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)
Notes: This table reports the power (size-adjusted power) of Tn_(gj)7 'm(j)2 S(j) and j(j) under the AR(1) alternative; for j = 0,1,2; p =

(2,p)’

3,4,5,6,7. For j = 0, we choose k = 2,3,4,5,6,7. The data is generated as y;; = «; + 0.5y; ¢+—1 + 0.5z;4 + w4, where z;; = 0.5z; 1 +
0.5u; ¢ —1 + Vig, vig ~ zﬂi.d.N(O,aﬁ), i=1,...,N; t = —48,...,T, with y;, _49 = x4 _49 = 0. The first 50 observations are discarded. The
signal-to-noise ratio is fixed to be 3 through 012). Under this alternative, u;y = p1u; ¢—1 + 0=€;¢, where ag =1/(1 — p%) with p; = 0.2; and

ei¢ ~ i.3.d.N(0,1) .
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Table 8: Power (Size-Adjusted Power) of Tests: AR(2)

Type of Instrument Matrix/Number of Instruments

ji=2 i=1 j=0

Tests (N,T) T(T-2) 2(T-2) 4 6 8 10 12 14

mgjv) (100,7) 5.00 (6.20) 4.85 (5.70) 4.70 (5.45) 4.80 (5.60) 4.80 (5.70) 4.85 (5.70)

m%é)g) (100,7) 7.10 (6.10) 5.65 (4.95) 5.55 (5.15) 6.10 (5.70) 6.00 (5.95) 6.05 (6.00)

m(;)i) (100,7) 7.65 (6.50) 5.20 (5.55) 5.15 (5.95) 5.50 (6.20) 5.70 (6.40) 5.55 (6.05)

S (100,7) 4.25 (8.70) 3.90 (4.40) 10.15 (10.40) 13.05 (14.35) 12.80 (13.80) 10.45 (12.00)

I (100,7) 6.55 (5.30) 3.90 (4.40) 10.75 (6.75)  13.35 (10.45)  12.85 (9.55) 10.45 (8.65)

méj) (150,7) 4.55 (5.90) 4.35 (5.35) 4.75 (5.75) 4.65 (5.95) 4.60 (5.75) 4.65 (5.70)

mgé)g) (150,7) 9.30 (9.95) 7.55 (8.60) 7.65 (9.15) 8.40 (9.80) 8.45 (9.90) 8.45 (9.70)

m(;)z (150,7) 10.55 (11.05) 6.95 (7.70) 7.05 (8.65) 7.70 (9.25) 8.05 (9.40) 8.00 (9.70)

Sy (150,7)  9.55 (12.65) 4.95 (9.35) 12.15 (12.70)  18.45 (19.40) 15.90 (13.95) 14.30 (14.60)

f(j) (150,7) 10.50 (9.05) 4.75 (4.45) 12.45 (9.55) 18.60 (12.00) 15.55 (10.75) 13.75 (9.85)

mgji) (200,7) 5.35 (5.30) 5.35 (5.35) 5.35 (5.00) 5.35 (5.10) 5.25 (5.20) 5.30 (5.35)

m%é)g) (200,7) 9.70 (9.70) 8.00 (7.50) 8.15 (8.20) 8.55 (8.60) 8.40 (8.40) 8.50 (8.65)

m(g)i) (200,7)  13.35 (12.25)  9.50 (10.25)  10.00 (10.25) 10.40 (10.95) 10.55 (11.15) 10.80 (11.40)

S5 (200,7)  15.90 (16.80)  4.10 (8.60) 15.25 (15.35) 24.10 (24.35) 22.15 (22.90) 19.15 (21.80)

I (200,7)  15.35 (10.65) 3.85 (4.90) 15.35 (13.35) 24.10 (16.95) 21.60 (17.65) 18.15 (14.95)

mﬁj) (100,11) 4.95 (5.55) 4.85 (5.95) 4.95 (5.60) 5.10 (5.40) 5.15 (5.50) 5.10 (5.55) 5.15 (5.30) 5.15 (5.30)
10.45 (12.35) 9.20 (9.85) 9.65 (11.05)  10.55 (12.00) 10.10 (11.30) 10.30 (11.50) 10.25 (11.40) 10.15 (11.10)

m@2  (100,11)
aF (100,11)
m{2  (100,11)
m2 (100,11)
aF (100,11)

2,7
S(5 (100,11)
Jii (100,11)

m$) (150,11
m@2  (150,11)
m32 (150,11)

aF (150,11)
D2 (150,11)
m{2  (150,11)
S (150,11)
Jii (150,11)

m$) (200,11)
m@2 (200,11)
aF (200,11)
D2 (200,11)
m{2  (200,11)
G2 (200,11)

Mz,
S(5 (200,11)
I (200,11)

18.25 (17.70)
21.70 (21.55)
23.65 (23.65)
23.05 (20.30)
0.00 (6.40)
2.25 (4.85)

4.90 (5.95)
16.05 (17.20)
28.80 (28.30)
35.55 (38.20)
38.10 (40.55)
39.20 (39.70)

0.70 (12.45)
9.40 (8.45)

6.90 (5.90)
21.10 (20.10)

37.55 (37.90)
47.00 (46.90)
53.20 (51.25)

56.20 (53.35)
19.10 (8.85)
17.85 (11.40)

14.80 (14.05)
17.45 (17.70)
18.75 (19.70)
18.25 (17.45)

3.35 (5.30)
4.20 (5.85)

4.90 (5.95)
14.80 (15.35)

24.55 (24.55)
29.25 (31.85)
30.95 (33.05)
31.90 (33.60)

4.05 (4.85)
4.25 (5.5)

6.60 (5.70)
18.95 (18.55)
31.40 (31.95)
38.80 (39.15)
46.35 (44.15)
49.50 (45.40)

5.00 (3.80)
4.25 (5.05)

15.80 (15.80)
18.10 (17.95)
19.30 (19.80)
18.20 (17.15)

17.75 (16.95)
18.20 (12.15)

5.00 (5.85)
15.30 (16.20)
26.10 (25.30)
30.80 (32.30)
32.40 (34.60)
32.60 (34.10)

23.65 (24.80)
24.65 (16.50)

6.65 (5.75)
20.20 (19.35)
33.15 (33.95)
40.75 (40.75)
48.80 (45.25)
51.65 (46.40)

29.05 (31.25)
32.10 (19.60)

17.10 (17.05)
19.70 (19.45)
20.60 (22.30)
19.65 (18.30)

35.10 (37.65)
35.80 (25.05)

4.95 (5.85)
16.25 (17.25)
27.25 (26.60)
32.85 (35.55)
33.70 (37.70)
34.65 (36.60)

53.15 (54.90)
53.25 (44.90)

6.60 (5.95)
21.15 (20.20)
35.05 (35.85)
44.15 (43.50)
51.55 (47.80)
54.30 (48.00)

68.65 (67.45)
67.45 (57.70)

17.20 (17.05)
20.45 (19.95)
21.45 (23.20)
19.85 (18.95)

34.05 (38.25)
34.20 (25.65)

4.95 (5.85)
15.85 (17.05)
27.70 (27.30)
33.55 (36.00)
34.35 (37.35)
34.80 (37.90)

54.80 (58.40)
54.35 (42.25)

6.60 (5.85)
20.65 (20.15)
35.60 (36.35)
44.70 (44.10)
51.30 (48.70)
54.50 (48.75)

70.65 (71.50)
71.05 (58.30)

17.30 (16.95)
20.50 (20.45)
21.60 (23.20)
20.30 (18.90)

31.40 (34.70)
31.40 (23.90)

4.90 (5.85)
16.00 (17.30)
27.45 (26.70)
33.45 (36.30)
34.50 (36.85)
35.20 (37.60)

49.95 (50.40)
49.25 (41.50)

6.55 (5.85)
20.85 (20.15)
34.75 (36.10)
44.75 (44.25)
51.75 (48.85)
54.20 (49.25)

66.40 (66.95)
66.15 (56.00)

17.55 (17.30)
20.45 (20.35)
21.70 (23.00)
20.20 (19.10)

26.75 (29.35)
26.75 (19.65)

4.85 (5.80)
16.00 (17.35)
27.55 (26.75)
33.60 (35.75)
34.65 (36.90)
35.65 (38.00)

44.75 (48.00)
43.60 (35.55)

6.45 (5.85)
21.10 (20.15)
34.95 (35.95)
44.40 (44.15)
52.40 (48.90)
54.25 (49.55)

63.00 (63.05)
61.40 (49.85)

17.55 (17.55)
20.60 (20.70)
21.90 (22.50)
20.10 (19.10)

25.05 (25.25)
25.10 (15.70)

4.85 (5.80)
15.95 (17.30)
27.45 (26.75)
33.65 (36.25)
34.75 (37.15)
35.75 (37.10)

42.05 (42.25)
41.35 (31.40)

6.45 (5.85)
21.15 (20.20)
35.05 (36.00)
44.20 (44.10)
52.15 (48.70)
53.90 (49.50)

59.75 (58.70)
57.25 (46.85)

Notes: This table reports the power (size-adjusted power) of m

0. il

S(j) and j(j) under the AR(2) alternative; for j

=0,1,2; p =

3,4,5,6,7. For j = 0, we choose k = 2, 3,4,5,6,7. The data is generated as y;; = a; +0.5y; +—1+0.52;¢ +u;¢, where z;4 = 0.5z; 1 +0.5u; 1+

Vi, Vit ~ t.1.d.N(0O, U‘%), i=1,...,N;t=—48,...,T, with y; _49 = ®;,_49 = 0. The first 50 observations are discarded. The signal-to-noise

ratio is fixed to be 3 through a% Under this alternative, ujz = pruj ¢—1 + p2u; t—2 + 0ceis, where og = (1+ p2) [(1 —p2)? - p%] / (1 — p2) with

p1 = 0.2;p2 =0.1; and ;4 ~ 4.2.d.N(0, 1) .
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Table 9: Power (Size-Adjusted Power) of Tests: AR(2)

Type of Instrument Matrix/Number of Instruments

j=1 j=0
Tests (N,T) 2(T-2) 4 6 8 10 12 14
m$) (100,20) 6.05 (7.25) 6.15 (7.00) 5.95 (6.80) 5.90 (6.75) 5.95 (6.95) 6.00 (6.80) 6.00 (6.80)

m{2  (100,20)
2 (100,20)
m{)2  (100,20)

G52 (100,20)

mgz,fs)

m(;?s) (100,20)
50 (100,20)
I (100,20)
m$) (150,20)

m@2  (150,20)
m{2 (150,20)

Gy (150,20)
m{)2  (150,20)
m{2 (150,20)

S0 (150,20)
Joi (150,20)
m§) (200,20)

m{2  (200,20)
2 (200,20)
m2 (200,20)

G52 (200,20)

mgé‘ﬁ)

m(%?s) (200,20)
() (200,20)
Jii (200,20)
m$) (100,30)

m@2 (100,30)
Gy (100,30)
m{2  (100,30)
m2 (100,30)
G52 (100,30)

S0 (100,30)
T (100,30)
m§) (150,30)

m{2  (150,30)
m{)2  (150,30)

Gy (150,30)
2 (150,30)
m{2  (150,30)

S35 (150,30)
I (150,30)
m$) (200,30)

m@2  (200,30)

Gy (200,30)
2 (200,30)
m2  (200,30)

G52 (200,30)
Sy (200,30)
Jii (200,30)

21.95 (21.15)
40.50 (41.70)
52.65 (53.90)
59.40 (61.25)
62.20 (67.00)

1.85 (5.00)
3.75 (5.45)

6.10 (6.65)
31.70 (31.75)
59.30 (60.20)
74.30 (76.05)
82.00 (81.30)
86.35 (85.60)

2.70 (5.05)
4.15 (4.75)

5.65 (5.25)
40.65 (36.25)
74.05 (70.95)
87.15 (86.25)
92.95 (92.95)
95.55 (94.65)

2.60 (5.50)

3.55 (4.95)

5.70 (6.15)
37.95 (39.30)
65.80 (68.70)
81.35 (83.75)
88.10 (89.95)
91.95 (92.45)

0.20 (4.35)
4.10 (5.55)

8.20 (9.30)
52.85 (53.05)
84.60 (85.70)
94.90 (95.70)
97.75 (98.35)
99.05 (99.35)

1.65 (4.75)
4.25 (4.35)

8.10 (8.40)
65.20 (65.70)
94.75 (94.75)
99.10 (99.10)
99.80 (99.80)
99.90 (99.90)

3.20 (6.35)
5.20 (6.40)

22.35 (21.95)
40.80 (42.20)
53.20 (53.65)
60.05 (61.55)
62.85 (65.75)

34.35 (36.50)
35.40 (26.95)

6.05 (6.20)
32.25 (32.50)
60.95 (62.00)
75.20 (76.05)
82.75 (81.00)
86.10 (84.90)

50.35 (49.55)
51.15 (38.10)

6.25 (5.40)
41.90 (37.20)
75.35 (73.45)
87.45 (85.80)
93.70 (92.60)
95.90 (94.25)

60.60 (63.60)
61.05 (54.15)

5.45 (5.90)
38.60 (38.70)
67.25 (68.75)
81.60 (83.85)
88.25 (89.40)
92.15 (90.40)

55.90 (54.50)
57.05 (45.80)

8.10 (9.05)
53.85 (53.85)
85.20 (85.95)
95.45 (95.70)
97.95 (98.40)
99.05 (99.10)

74.10 (76.50)
74.90 (68.65)

8.30 (8.50)
66.30 (66.50)
95.40 (95.40)
99.10 (99.15)
99.85 (99.85)
99.90 (99.90)

86.40 (85.95)
86.80 (78.80)

23.45 (22.30)
43.60 (44.80)
55.10 (56.10)
62.30 (63.85)
64.70 (66.85)

81.90 (84.85)
82.25 (75.00)

6.00 (6.20)
33.95 (34.45)
63.25 (65.50)
77.10 (78.20)
83.85 (82.35)
87.00 (86.05)

94.95 (95.15)
94.95 (92.00)

6.40 (5.70)
43.60 (38.30)
76.80 (75.55)
89.15 (87.35)
94.35 (93.70)
95.95 (95.00)

97.85 (98.25)
97.85 (97.35)

5.55 (5.85)
40.35 (40.90)
69.20 (70.60)
83.15 (85.60)
89.70 (90.55)
93.00 (91.80)

97.80 (98.20)
97.85 (96.55)

7.95 (9.25)
55.65 (55.70)

86.50 (87.45)
95.90 (96.35)
98.30 (98.70)
99.15 (99.45)

99.75 (99.90)
99.75 (99.55)

8.05 (8.50)
67.20 (67.80)
96.15 (96.20)
99.30 (99.30)
99.90 (99.95)
99.90 (99.95)

100.00 (100.00)
100.00 (100.00)

23.05 (22.20)
44.55 (45.80)
56.25 (57.30)
63.40 (64.45)
65.85 (68.35)

85.80 (88.35)
85.80 (78.90)

5.85 (6.45)
33.90 (34.10)
64.45 (66.00)
78.15 (79.00)
84.35 (83.25)
87.75 (87.10)

97.80 (97.95)
97.70 (95.15)

6.35 (5.90)
42.85 (38.30)
77.15 (75.95)
89.65 (87.90)
94.95 (94.05)
96.30 (95.25)

99.30 (99.40)
99.30 (98.95)

5.55 (6.05)
40.30 (40.40)

70.10 (71.60)
84.10 (86.40)
90.30 (90.80)
93.45 (92.50)

99.15 (99.35)
99.15 (98.45)

7.80 (8.95)
55.50 (55.85)
87.05 (88.15)
96.05 (96.80)
98.65 (98.70)
99.30 (99.55)

100.00 (100.00)
100.00 (99.90)

7.90 (8.45)
67.45 (67.70)
96.20 (96.30)
99.30 (99.30)
99.95 (99.95)
99.90 (99.95)

100.00 (100.00)
100.00 (100.00)

23.20 (22.35)
43.90 (46.00)
56.65 (57.85)
64.05 (65.55)
66.40 (68.95)

84.45 (86.45)
84.40 (77.95)

5.90 (6.60)
33.85 (34.30)
64.30 (65.65)
78.45 (79.45)
84.95 (83.40)
88.05 (87.40)

97.05 (97.75)
97.05 (96.05)

6.50 (5.90)
42.95 (38.65)
77.25 (75.65)
89.95 (88.70)
95.10 (94.60)
96.55 (95.60)

99.65 (99.65)
99.65 (99.15)

5.65 (6.00)
40.45 (40.50)
70.30 (71.60)
84.65 (86.65)
90.80 (90.90)
93.80 (92.70)

99.15 (99.30)
99.15 (98.45)

7.80 (8.95)
55.80 (55.40)

87.10 (87.90)
96.20 (96.95)
98.75 (98.95)
99.50 (99.60)

99.95 (100.00)
99.95 (99.95)

8.10 (8.50)
67.45 (67.90)
96.35 (96.40)
99.35 (99.55)
99.95 (99.95)
99.95 (99.95)

100.00 (100.00)
100.00 (100.00)

23.35 (22.25)
44.20 (46.25)
56.90 (57.75)
64.35 (66.35)
66.90 (68.60)

80.65 (82.70)
80.65 (75.05)

5.90 (6.60)
33.95 (34.35)
64.45 (65.40)
78.65 (79.50)
85.10 (83.40)
88.25 (87.85)

96.70 (97.30)
96.35 (94.80)

6.55 (5.90)
43.30 (38.65)
77.30 (75.80)
90.10 (88.80)
95.15 (94.80)
96.95 (95.60)

99.60 (99.60)
99.50 (99.10)

5.70 (6.05)
40.40 (40.60)

70.40 (71.75)
84.95 (87.05)
90.95 (91.00)

93.95 (93.20)
98.80 (99.00)
98.75 (98.10)

7.80 (8.95)
55.70 (55.40)

87.40 (88.20)
96.60 (97.10)
98.85 (99.05)
99.50 (99.60)

100.00 (100.00)
100.00 (99.95)

8.25 (8.50)
67.75 (67.90)
96.40 (96.50)
99.45 (99.50)
99.95 (99.95)
99.95 (100.00)

100.00 (100.00)
100.00 (100.00)

23.40 (22.45)
44.30 (46.55)
56.95 (58.45)
64.45 (66.45)
67.35 (69.00)

76.55 (80.10)
76.55 (69.40)

5.90 (6.60)
33.95 (34.15)
64.65 (65.35)
78.90 (79.60)
85.20 (83.60)
88.40 (87.85)

95.55 (95.80)
95.35 (93.30)

6.55 (5.90)
43.30 (38.70)
77.40 (76.00)
90.10 (88.95)
95.15 (95.00)
96.90 (96.20)

99.35 (99.30)
99.35 (98.65)

5.70 (6.05)
40.30 (40.80)
70.50 (72.10)
84.95 (87.05)
91.05 (91.15)
94.40 (93.25)

98.45 (98.60)
98.55 (96.90)

7.80 (8.95)
55.90 (55.55)

87.45 (88.45)
96.70 (97.25)
99.00 (99.05)
99.50 (99.60)

99.90 (100.00)
99.90 (99.90)

8.25 (8.50)
67.85 (68.20)
96.40 (96.55)
99.45 (99.55)
99.95 (99.95)
99.95 (100.00)

100.00 (100.00)
100.00 (100.00)

Notes: This table reports the power (size-adjusted power) of mg

(7)

'm(j)2 S(j) and j(j) under the AR(2) alternative; for j = 0,1,2; p =

7 (2,p)?

3,4,5,6,7. For j = 0, we choose k = 2,3,4,5,6,7. The data is generated as y;; = a; +0.5y; ¢+ —1+0.52;¢ +u;¢, where z;4 = 0.5z; 1 +0.5u; 1+

Vi, Vip ~ t.1.d.N(0O, U%), i=1,...,N;t=—48,...,T, with y; _49 = ®;, _49 = 0. The first 50 observations are discarded. The signal-to-noise

ratio is fixed to be 3 through 03. Under this alternative, ujy = p1ui,¢—1+ p2aui¢—2 +0oceis, where ag = (1+ p2) [(1 —p2)? - p%] / (1 — p2) with

p1 = 0.2;p2 =0.1; and ;4 ~ 4.2.d.N(0, 1) .
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Table 10: Power (Size-Adjusted Power) of Tests: Heterogeneous Slopes

Type of Instrument Matrix/Number of Instruments

ji=2 ji=1 j=0

Tests (N, T) T(T-2) 2(T-2) 1 6 3 10 12 14
mg?) (100,7)  17.05 (11.30) 16.35 (10.55) 17.85 (12.30) 17.70 (12.40) 17.75 (12.15) 17.40 (12.15)

m%é)g) (100,7)  17.70 (15.70)  10.05 (8.90)  13.80 (13.05) 14.40 (14.00) 14.70 (14.15) 14.65 (14.25)

m3)3) (100,7)  16.55 (15.00) 9.0 (9.50) 1155 (12.90) 12.05 (13.70) 1235 (13.75) 1245 (13.60)

S (100,7)  4.45 (8.95)  2.95 (3.95)  35.20 (35.90) 28.10 (30.35) 23.70 (25.75) 18.60 (21.20)

Jii (100,7)  6.65 (4.45)  2.90 (3.05)  36.55 (24.45) 28.65 (21.75) 23.75 (17.15) 18.50 (11.90)

m§) (150,7)  25.25 (24.65) 22.65 (22.90) 25.75 (26.00) 25.70 (25.70) 25.40 (25.50)  25.25 (25.35)

mgjﬂ (150,7)
D2 (150,7)

S0y (150,7)
T (150,7)
m§) (200,7)

m@2 (200,7)
D2 (200,7)

M(2,4)
S (200,7)
Jii (200,7)

m$) (100,11)
m@2  (100,11)
aF (100,11)
D2 (100,11)
m2 (100,11)
G52 (100,11)

M2,7)
S(5 (100,11)
Jii (100,11)

m§) (150,11)
m2  (150,11)
m{2  (150,11)

aF (150,11)
2 (150,11)
mt2 (150,11)

S35 (150,11)
I (150,11)
m$) (200,11)

m{2  (200,11)

G2 (200,11)
m{2  (200,11)
m{2  (200,11)
2 (200,11)

M2,
S(5 (200,11)
I (200,11)

27.70 (28.80)
27.55 (28.25)

13.80 (19.80)
15.05 (11.50)

29.80 (22.75)
35.30 (35.20)
35.90 (32.90)

25.00 (26.25)
24.20 (16.25)

31.00 (26.75)
40.55 (43.75)
43.85 (42.85)
43.45 (43.35)
43.90 (43.90)
39.90 (36.05)

0.00 (4.55)
2.15 (3.75)

45.70 (40.05)
59.25 (60.90)
66.10 (65.45)
66.50 (69.30)
66.75 (69.20)
64.50 (65.20)

0.20 (10.05)
7.25 (5.45)

56.55 (53.90)
73.65 (74.90)
81.25 (80.90)
83.15 (83.20)
83.60 (84.95)
83.60 (85.15)

7.70 (20.50)
18.50 (10.70)

16.95 (18.90)
16.10 (17.55)

3.05 (4.95)
2.80 (2.85)

26.20 (21.15)
23.10 (22.50)

20.70 (21.75)

3.35 (4.90)
3.05 (3.20)

29.15 (26.05)
32.40 (33.55)
34.60 (32.70)
33.80 (34.40)
34.50 (36.25)
30.70 (29.70)

1.30 (2.75)
1.90 (3.20)

41.80 (37.20)
49.60 (51.75)
54.25 (54.30)
55.25 (57.90)
55.90 (58.70)
54.10 (56.05)

2.20 (2.65)
2.50 (3.05)

51.90 (49.90)
64.30 (65.20)
71.15 (70.50)
72.15 (72.15)
74.20 (75.55)
73.45 (76.65)

2.85 (3.90)
2.80 (3.75)

23.20 (25.50)
21.60 (23.60)

52.40 (54.40)
53.65 (41.65)

29.45 (23.90)
30.80 (30.85)

28.30 (29.50)

63.05 (63.15)
63.65 (51.20)

32.70 (28.65)
38.05 (39.90)
39.50 (39.45)
38.60 (38.40)
38.00 (38.65)
33.80 (31.40)

67.55 (66.65)
68.75 (54.80)

46.30 (41.55)
57.20 (58.50)

60.50 (59.45)
61.10 (63.50)
60.35 (63.20)
57.80 (59.60)

85.20 (85.60)
85.60 (77.60)

56.95 (53.40)
71.60 (72.75)

76.95 (76.00)
78.40 (78.40)
78.95 (81.45)

78.90 (81.75)
93.05 (92.10)
93.40 (87.15)

24.20 (26.85)
21.90 (24.80)

48.30 (49.70)
48.50 (35.65)

29.70 (23.45)
32.15 (32.30)

30.15 (31.25)
61.55 (61.65)
61.55 (49.15)

32.70 (28.75)
40.30 (43.30)
42.05 (42.00)
41.15 (41.00)
40.00 (41.60)
35.55 (33.85)

67.10 (69.70)
67.35 (55.65)

46.25 (41.65)
58.90 (60.80)

63.25 (62.75)
64.15 (67.00)
63.10 (67.20)
60.15 (62.60)

87.80 (88.45)
87.80 (82.50)

56.55 (53.90)
73.55 (74.75)
79.20 (78.40)
80.55 (80.95)
80.80 (83.35)
80.65 (83.25)

95.95 (96.50)
95.95 (92.45)

24.50 (27.75)
22.05 (24.95)

41.00 (36.45)
40.50 (28.35)

29.45 (23.75)
32.05 (32.15)

30.85 (32.10)

53.85 (54.35)
52.95 (44.40)

32.55 (28.50)
40.05 (41.95)
43.20 (43.05)
42.60 (41.90)
40.60 (43.20)
36.40 (33.90)

61.95 (66.10)
61.95 (51.65)

46.30 (41.95)
59.15 (61.10)

64.45 (63.95)
65.45 (68.55)
64.35 (67.20)
61.40 (64.15)

86.05 (87.55)
85.85 (79.70)

56.50 (53.90)
73.05 (74.00)
80.15 (79.70)
81.90 (82.25)
81.55 (83.60)
80.95 (83.75)

95.55 (95.30)
95.30 (90.55)

24.70 (27.40)
22.40 (25.00)

35.00 (35.90)
34.10 (26.05)

29.25 (23.70)
32.05 (32.60)

30.90 (32.15)
45.45 (49.70)
44.40 (37.30)

32.35 (28.95)
40.05 (42.35)
43.30 (42.80)
42.80 (42.75)
40.75 (43.10)
36.80 (35.00)

55.55 (60.10)
55.35 (45.60)

46.70 (42.20)
59.05 (61.60)

64.65 (63.55)
65.85 (69.10)
64.50 (67.10)
61.65 (63.70)

83.30 (83.80)
82.85 (76.70)

56.95 (54.20)
73.35 (74.15)
80.30 (79.10)
82.35 (82.45)
82.25 (84.10)
81.30 (83.70)

94.40 (94.20)
94.00 (89.90)

32.25 (28.00)
39.85 (42.40)
42.90 (42.65)
43.05 (42.60)
41.45 (42.95)
36.80 (34.80)

49.30 (52.80)
49.25 (38.00)

46.75 (42.40)
59.25 (61.80)

64.75 (63.55)
65.80 (69.15)
64.75 (67.25)
61.75 (64.85)

78.10 (81.00)
77.30 (68.75)

56.90 (54.10)
73.35 (74.50)

80.25 (79.25)
82.10 (82.40)
82.30 (84.30)

81.35 (83.65)
91.80 (91.80)
91.25 (86.00)

32.25 (28.00)
39.65 (41.45)
42.70 (42.80)
42.60 (42.70)
41.45 (42.30)
36.75 (34.50)

44.35 (44.85)
44.60 (30.65)

46.75 (42.40)
59.15 (61.25)

64.65 (63.80)
65.45 (69.10)
64.90 (67.45)

62.15 (64.15)
74.60 (74.65)
73.35 (62.75)

56.90 (54.10)
73.05 (74.35)
80.40 (79.45)
82.10 (82.10)
82.50 (84.30)
81.45 (83.95)

89.60 (90.10)
88.70 (82.05)

Notes: This table reports the power (size-adjusted power) of m

s

) ()2

(2,p)’ Sy

and J_<j) under the heterogeneous slopes alternative; for j =

0,1,2; p=3,4,5,6,7. For j = 0, we choose K = 2,3,4,5,6,7. The data is generated as y;; = a;+0.5y; ¢ _1+B;%i¢ +us¢, where u;y ~ i.5.d. N (0, 1);

@iy = 0524 41 + 0.5u; 1 + vig, vig ~ 6.5.d.N(0,02), i =1,...,N; t = —48,...

50 observations are discarded. The signal-to-noise ratio is fixed to be 3 through 03.
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Table 11: Power (Size-Adjusted Power) of Tests: Heterogeneous Slopes

Type of Instrument Matrix/Number of Instruments

i=1 =0
Tests (N,T) 2(T-2) 1 6 8 10 12 14

m$) (100,20)  53.40 (53.10) 59.95 (59.50) 59.95 (59.10) 60.70 (59.75) 61.10 (60.25) 61.10 (60.25) 61.10 (60.25)
m%;); (100,20)  69.75 (68.80) 74.40 (73.65) 76.80 (75.10) 76.65 (75.35) 76.85 (75.75) 77.35 (76.25) 77.15 (76.15)
m(g)j) (100,20)  79.10 (80.45) 80.00 (81.30) 82.75 (83.65) 83.35 (84.60) 83.75 (85.50) 84.10 (85.75) 84.20 (85.90)
mli)? 100,20 79.70 (81.10 79.95 (80.35 82.30 (82.85 83.50 (84.25 84.10 (85.15 84.15 (84.75 84.35 (85.30

(5%

mgé)g) (100,20)  80.70 (82.80) 80.70 (82.15) 82.45 (83.90) 83.45 (84.55) 84.35 (85.75) 84.95 (86.60) 84.85 (86.50)
m(g)s) (100,20)  80.10 (84.75) 79.60 (82.35) 81.35 (83.45) 82.55 (84.80) 83.15 (84.80) 83.55 (84.45) 83.55 (84.70)
S(5 (100,20) 0.50 (2.25) 94.65 (95.15) 96.40 (96.95) 95.85 (96.90) 93.90 (95.30) 91.40 (92.15) 90.30 (92.25)
I (100,20) 2.50 (3.90) 94.90 (91.05) 96.50 (94.05) 95.85 (93.15) 93.80 (90.85) 91.40 (88.25) 90.50 (85.25)
m§) (150,20)  71.00 (68.50) 76.70 (74.35) 77.40 (74.50) 78.00 (74.85) 78.50 (75.65) 78.80 (75.60) 78.80 (75.60)
mgg); (150,20)  88.95 (89.25) 92.05 (92.15) 93.70 (93.80) 93.90 (94.05) 94.00 (94.30) 94.30 (94.40) 94.30 (94.45)
mg';)i) (150,20)  94.25 (94.55) 95.50 (95.95) 96.30 (96.65) 96.50 (97.00) 96.90 (97.15) 97.15 (97.25) 97.20 (97.30)
m(g)g) (150,20)  95.90 (96.55) 96.30 (96.50) 97.20 (97.50) 97.55 (97.70) 97.60 (97.90) 97.65 (97.80) 97.65 (98.00)
mg)s) (150,20)  96.85 (96.60) 96.85 (96.45) 97.35 (96.85) 97.70 (97.00) 97.95 (97.35) 98.15 (97.75) 98.20 (97.80)
mg)% (150,20)  96.60 (96.15) 96.35 (96.00) 97.15 (96.65) 97.45 (97.05) 97.60 (97.30) 97.75 (97.25) 97.80 (97.40)
S(j (150,20) 0.90 (2.30) 99.40 (99.25) 99.90 (99.90) 99.80 (99.80) 99.65 (99.75) 99.30 (99.55) 99.20 (99.25)
I (150,20) 1.95 (2.80) 99.40 (98.10) 99.90 (99.70) 99.80 (99.45) 99.65 (99.30) 99.30 (98.75) 99.05 (98.15)
m§) (200,20)  85.05 (83.90) 90.30 (89.40) 90.00 (89.90) 90.65 (90.30) 90.75 (90.55) 90.95 (90.45) 90.95 (90.45)
m%é)g) (200,20)  96.90 (95.85) 97.55 (97.10) 98.25 (97.45) 98.30 (97.70) 98.45 (97.95) 98.45 (97.95) 98.45 (98.10)
m(g)j) (200,20)  98.95 (98.70) 99.40 (99.15) 99.60 (99.60) 99.70 (99.70) 99.70 (99.70) 99.70 (99.60) 99.70 (99.65)
mg';)?)) (200,20)  99.45 (99.45) 99.40 (99.35) 99.80 (99.50) 99.90 (99.90) 99.95 (99.90) 99.95 (99.90) 99.95 (99.90)
mgé?g) (200,20)  99.60 (99.60) 99.70 (99.45) 99.75 (99.75) 99.85 (99.75) 99.85 (99.60) 99.85 (99.60) 99.60 (99.60)
m(%)s) (200,20)  99.75 (99.35) 99.80 (99.45) 99.80 (99.70) 99.95 (99.80) 99.95 (99.90) 99.95 (99.90) 99.90 (99.90)
S35 (200,20) 1.05 (2.50) 99.80 (99.80)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (100.00) 100.00 (100.00)
I (200,20) 1.85 (4.20) 99.80 (99.60)  100.00 (100.00) 100.00 (100.00) 100.00 (100.00) 100.00 (100.00)  100.00 (99.90)

m$) (100,30)
(100,30)
D2 (100,30)
m2 (100,30)

(52’
mgm) (100,30)
m(;?i) (100,30)
S (100,30)
Jii (100,30)

m§)  (150,30)

m{)3 (150,30)
m%;; (150,30)
mE?;? (150,30)
m3)s (150,30)
mg“;)s) (150,30)
S0 (150,30)
Ji (150,30)
mg]:) (200,30)
mé;?g) (200,30)

2 (200,30)
2 (200,30)

72.50 (73.05)
90.25 (90.95)
95.25 (96.00)
96.05 (97.05)
96.20 (97.25)
96.45 (96.85)

0.00 (1.85)
3.35 (5.20)

87.25 (86.80)
98.05 (98.20)
99.60 (99.65)
99.80 (99.90)
99.80 (99.85)
99.80 (99.80)

0.40 (1.80)
2.85 (3.90)

95.05 (94.30)
99.50 (99.60)
99.90 (99.90)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

0.55 (1.50)
2.50 (3.85)

77.95 (78.15)
92.10 (92.15)
96.00 (96.40)
96.05 (96.95)
95.60 (96.00)
95.65 (94.45)

99.10 (99.00)
99.20 (98.25)

91.80 (91.55)
99.05 (99.05)

99.65 (99.65)
99.75 (99.85)
99.75 (99.75)
99.70 (99.75)

99.90 (99.90)
99.90 (99.75)

97.65 (97.25)
99.80 (99.80)
99.90 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

78.55 (78.80)
93.80 (94.00)
96.90 (97.20)
97.10 (97.95)
96.70 (97.10)
96.30 (95.85)

99.85 (99.90)
99.85 (99.60)

92.45 (91.95)
99.30 (99.30)
99.65 (99.70)
99.90 (99.95)
99.80 (99.80)
99.75 (99.75)

100.00 (100.00)
100.00 (99.95)

97.90 (97.45)
99.95 (99.95)
99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

79.80 (80.25)
93.80 (93.80)

97.30 (97.75)
97.65 (98.25)
97.15 (97.30)
96.75 (95.95)

99.65 (99.80)
99.65 (98.90)

93.15 (93.05)
99.35 (99.35)
99.70 (99.75)
99.95 (100.00)
99.80 (99.90)
99.80 (99.80)

100.00 (100.00)
100.00 (100.00)

98.10 (97.80)
99.95 (99.95)

99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

80.45 (80.85)
94.05 (94.20)

97.35 (97.65)
97.65 (98.45)
97.30 (97.45)
97.25 (96.20)

99.10 (99.25)
99.10 (98.40)

93.30 (93.45)
99.25 (99.25)

99.75 (99.75)
99.95 (100.00)
99.90 (99.95)
99.80 (99.85)

100.00 (100.00)
100.00 (100.00)

98.20 (97.95)
99.95 (99.95)

99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

80.50 (80.50)
94.00 (94.40)

97.35 (97.65)
97.70 (98.70)
97.40 (97.50)
97.20 (96.60)

98.45 (98.90)
98.45 (97.40)

93.45 (93.60)
99.40 (99.35)

99.75 (99.75)
99.95 (100.00)
99.80 (99.95)
99.80 (99.85)

100.00 (100.00)
100.00 (100.00)

98.25 (98.00)
99.95 (99.95)
99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

80.50 (80.50)
94.25 (94.50)
97.40 (97.80)
97.70 (98.60)
97.50 (97.75)
97.15 (96.50)

98.00 (98.15)
98.05 (95.95)

93.45 (93.60)
99.40 (99.40)

99.75 (99.75)
99.95 (100.00)
99.80 (99.95)
99.80 (99.85)

99.95 (99.95)
99.95 (99.95)

98.25 (98.00)
99.95 (99.95)
99.95 (99.95)
100.00 (100.00)
100.00 (100.00)
100.00 (100.00)

100.00 (100.00)
100.00 (100.00)

(2,5)
mgé)g) (200,30)
m(é?g) (200,30)
5G) (200,30)
Ji) (200,30)
Notes:

This table reports the power (size-adjusted power) of mg'j) m

(32
(2,p)’

S(j) and J_<j) under the heterogeneous slopes alternative; for j =

0,1,2; p=3,4,5,6,7. For j = 0, we choose Kk = 2, 3,4,5,6,7. The data is generated as y;; = a;+0.5y; 1 +B;Tit +u;t, where u;s ~ i.2.d.N (0, 1);

@ip = 0.5 1 + 0.5u; 1 4 vig, vig ~ i.5.d.N(0,02),i=1,...,N; t = —48,..., T, with y; _49 = ;i _40 = 0; B; ~ .i.d.N(0.5,1). The first

50 observations are discarded. The signal-to-noise ratio is fixed to be 3 through 03.
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Table 12: Power (Size-Adjusted Power) of Tests: Cross-Sectional Dependence (Factor)

Type of Instrument Matrix/Number of Instruments

ji=2 i=1 j=0
Tests (N,T) T(T-2) 2(T-2) 4 6 8 10 12 14
ng> (100,7)  35.65 (34.70) 35.80 (34.80) 35.65 (34.30) 35.80 (34.75) 35.65 (35.10) 35.65 (34.80)

m{)2  (100,7) 49.85 (48.15) 49.05 (47.50) 48.90 (48.25) 49.10 (48.75) 49.10 (48.60) 49.15 (49.05)
2 (100,7)  55.85 (54.00) 52.20 (52.60) 51.55 (53.00) 52.00 (54.00) 52.20 (54.15) 52.05 (53.25)

m

(2,4)
S(5 (100,7)  38.15 (49.00) 22.45 (23.95) 25.45 (25.75) 31.70 (33.55) 35.60 (36.95) 35.85 (37.85)
I (100,7)  44.80 (37.20) 22.45 (17.15) 26.15 (20.00) 32.10 (27.65) 35.60 (31.70) 35.85 (30.55)
m$) (150,7)  41.00 (41.90) 40.70 (41.85) 40.80 (42.15) 40.85 (42.20) 40.70 (42.30) 40.65 (42.20)

mgj)"’ (150,7)  56.40 (57.30) 54.90 (56.00) 54.75 (56.35) 54.90 (56.55) 54.85 (56.95) 55.15 (56.90)
42 (150,7)  63.30 (63.50) 60.15 (60.85) 60.15 (61.35) 60.40 (61.75) 60.75 (62.15) 60.80 (62.50)

m
(2,4)

S(j (150,7)  64.70 (68.75) 31.65 (37.65) 32.05 (32.80) 40.30 (41.25) 45.00 (43.20) 45.75 (45.90)
I (150,7)  65.85 (62.15) 31.15 (25.90) 32.75 (26.80) 40.40 (34.30) 44.75 (38.35) 45.35 (41.55)
m§) (200,7)  45.95 (45.15) 46.25 (44.60) 45.95 (44.50) 45.80 (44.55) 45.85 (44.85) 45.85 (44.95)
m%é?g) (200,7)  62.50 (62.35) 61.70 (61.40) 61.15 (61.20) 61.20 (61.45) 61.20 (61.20) 61.15 (61.45)
m(;)j) (200,7)  69.45 (68.60) 67.80 (68.25) 67.15 (67.65) 67.35 (67.80) 67.85 (68.10) 67.80 (68.35)
S(5 (200,7)  77.30 (78.00) 38.95 (39.35) 35.60 (35.65) 47.05 (47.20) 53.90 (54.50) 55.30 (58.05)
I (200,7)  76.85 (73.00) 38.35 (33.10) 35.90 (30.00) 47.05 (41.75) 53.50 (49.70) 54.70 (51.35)

m$) (100,11)  36.60 (35.85) 36.10 (37.05) 36.25 (36.05) 36.30 (36.10) 36.20 (36.15) 36.30 (36.15) 36.20 (35.85) 36.20 (35.85)
mgm (100,11)  51.95 (53.65) 51.80 (52.45) 51.80 (53.00) 51.95 (53.20) 52.15 (53.10) 52.10 (53.35) 51.85 (53.15) 51.85 (53.00)

42 (100,11) 60.50 (59.90) 60.55 (59.40) 60.10 (60.10) 60.35 (60.35) 60.85 (60.85) 60.60 (60.25) 60.75 (60.65) 60.55 (60.60)
m{)2  (100,11) 67.05 (66.80) 66.25 (66.65) 65.80 (65.80) 66.30 (66.25) 66.25 (66.00) 66.45 (66.40) 66.35 (66.00) 66.70 (66.80)
m{2 (100,11) 71.65 (71.65) 71.40 (72.05) 71.40 (71.80) 71.60 (72.15) 71.70 (72.20) 71.60 (72.20) 71.70 (72.05) 71.60 (71.80)

21)2 (100,11)  74.20 (72.05) 73.55 (73.00) 73.70 (72.70) 73.70 (73.05) 73.55 (72.75) 73.45 (72.70) 73.80 (72.75) 73.80 (72.85)

m

(2,7)

S(j (100,11)  0.00 (7.60)  26.65 (34.25) 27.30 (26.95) 37.30 (39.10) 42.95 (46.70) 46.85 (50.20) 47.75 (49.65) 50.85 (51.15)
I (100,11)  0.60 (4.45)  27.20 (23.25) 27.95 (22.45) 37.55 (32.10) 42.95 (38.20) 46.75 (41.00) 47.65 (41.90) 50.90 (42.05)

m§) (150,11)  44.90 (44.65) 45.00 (45.45) 45.20 (45.05) 45.20 (44.85) 45.00 (44.70) 44.95 (44.65) 44.95 (44.80) 44.95 (44.80)
m{2  (150,11) 61.45 (62.50) 61.15 (62.35) 61.25 (62.05) 61.20 (62.35) 61.20 (62.45) 61.35 (62.55) 61.25 (62.75) 61.50 (62.60)
mgj)"’ (150,11)  70.70 (70.55) 70.55 (70.55) 70.55 (70.45) 70.45 (70.05) 70.45 (70.30) 70.60 (70.10) 70.50 (70.15) 70.65 (70.20)

42 (150,11) 77.25 (77.90) 77.25 (77.90) 77.05 (77.85) 77.00 (77.85) 77.05 (77.95) 77.15 (78.00) 77.25 (77.95) 77.20 (78.05)
42 (150,11) 81.75 (82.45) 81.60 (82.35) 81.55 (82.60) 81.45 (82.55) 81.45 (82.35) 81.50 (82.15) 81.50 (82.25) 81.55 (82.40)
m2 (150,11) 84.20 (84.35) 84.15 (84.65) 83.60 (84.05) 83.65 (84.40) 83.90 (84.50) 84.00 (84.45) 84.10 (84.50) 84.00 (84.40)

S35 (150,11)  10.80 (53.35) 44.10 (46.40) 36.40 (37.00) 49.45 (50.15) 57.10 (58.75) 61.55 (61.95) 63.80 (65.40) 66.65 (66.75)
I (150,11)  47.25 (43.80) 43.50 (37.90) 36.90 (30.80) 49.60 (44.25) 56.85 (49.95) 61.05 (56.50) 63.25 (57.50) 65.95 (59.20)

m$) (200,11)  52.15 (52.25) 52.20 (52.25) 51.90 (52.35) 52.00 (52.70) 52.10 (52.55) 52.25 (52.50) 52.30 (52.55) 52.30 (52.55)
mEJ)Q (200,11)  68.85 (69.50) 68.45 (68.65) 68.15 (68.80) 68.25 (69.05) 68.25 (68.70) 68.35 (68.85) 68.35 (69.00) 68.35 (69.00)

42 (200,11) 77.25 (77.20) 77.25 (76.85) 77.05 (76.45) 76.80 (76.45) 76.90 (76.60) 76.85 (76.35) 76.90 (76.40) 76.90 (76.55)
72 (200,11) 83.70 (83.70) 83.85 (83.80) 83.55 (83.55) 83.60 (83.65) 83.45 (83.65) 83.45 (83.65) 83.50 (83.65) 83.55 (83.60)
m{2 (200,11) 88.00 (88.50) 87.70 (88.10) 87.30 (88.20) S7.50 (88.35) 87.70 (88.40) 87.55 (88.35) 87.60 (88.55) 87.60 (88.45)

Ej)z (200,11)  90.55 (91.25) 90.55 (91.25) 90.30 (91.15) 90.35 (91.55) 90.30 (91.35) 90.35 (91.25) 90.40 (91.15) 90.40 (91.15)

m

(2,7)

S(j (200,11)  72.70 (83.75) 57.85 (61.65) 43.90 (42.65) 60.00 (60.85) 68.85 (68.50) 72.00 (71.75) 76.15 (76.15) 78.80 (79.20)
I (200,11)  83.15 (76.75) 56.85 (53.45) 44.65 (38.20) 60.00 (54.40) 68.60 (61.00) 71.60 (66.55) 75.45 (69.95) 77.80 (73.75)

Notes: This table reports the power (size-adjusted power) of mgj) mg)i),

for j = 0,1,2; p = 3,4,5,6,7. For j = 0, we choose k = 2,3,4,5,6,7. The data is generated as y;; = a; + 0.5y; ¢+—1 + 0.5z + uj¢,

S(j) and j<j> under the cross-sectional dependence (factor) alternative;
where x;; = 0.5x; 1 + 0.5u; ¢—1 + v, v ~ 4.i.d.N(0, 0'12)), i = 1,...,N; t = —48,...,T, with y; _49 = x;,_49 = 0. The first 50

observations are discarded. The signal-to-noise ratio is fixed to be 3 through 012). Under this alternative, u;; = 0.75(X\;ft + 0c€4¢), where

\; ~ i.4.d.U[—1,1], f¢ ~ i.i.d.N(0,1),0c = 1; and ;4 ~ 4.i.d.N(0,1) .
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Table 13: Power (Size-Adjusted Power) of Tests: Cross-Sectional Dependence (Factor)

Type of Instrument Matrix/Number of Instruments

j=1 j=0

Tests (N,T) 2(T-2) 4 6 8 10 12 14
mgj) (100,20) 44.55 (45.85) 44.50 (45.45) 44.60 (45.75) 44.55 (45.75) 44.60 (45.90) 44.70 (45.80) 44.70 (45.80)
m%;); (100,20) 59.15 (58.55) 59.40 (59.05) 59.35 (58.45) 59.50 (58.65) 59.45 (59.05) 59.55 (58.65) 59.55 (58.75)
m(é)i) (100,20) 67.45 (68.20) 67.65 (68.60) 67.55 (68.55) 67.65 (68.35) 67.85 (68.85) 67.60 (68.80) 67.55 (68.65)
mgé); (100,20) 73.25 (73.80) 74.00 (74.45) 74.00 (74.45) 73.65 (74.55) 73.60 (74.50) 73.70 (74.15) 73.60 (74.15)
mgg)é) (100,20) 78.10 (79.15) 78.70 (79.10) 78.80 (79.35) 78.95 (79.30) 78.65 (79.10) 78.80 (79.60) 78.80 (79.65)
m(g)s) (100,20) 81.70 (83.65) 82.40 (83.50) 82.40 (83.45) 82.40 (83.50) 82.25 (83.50) 82.25 (82.95) 82.30 (82.90)
S(j) (100,20) 23.15 (38.10) 33.95 (35.80) 46.15 (48.30) 52.45 (55.15) 56.50 (59.30) 60.70 (61.80) 64.70 (67.80)
j(j) (100,20) 29.55 (30.80) 34.85 (29.90) 46.80 (40.35) 52.45 (46.80) 56.45 (51.55) 60.70 (56.70) 64.75 (57.80)
mgj) (150,20) 51.45 (52.25) 51.45 (52.25) 51.45 (52.10) 51.55 (52.20) 51.45 (52.15) 51.45 (52.15) 51.45 (52.15)
mgg)g) (150,20) 70.10 (69.70) 70.10 (70.00) 70.05 (69.15) 69.90 (69.20) 70.05 (69.55) 69.95 (69.35) 70.20 (69.65)
mg';)i) (150,20) 79.35 (80.05) 79.20 (79.80) 79.50 (79.75) 79.20 (79.80) 79.35 (80.10) 79.50 (80.00) 79.40 (80.10)
m(é)g) (150,20) 85.40 (86.05) 85.30 (85.65) 85.15 (85.60) 85.30 (85.55) 85.20 (85.45) 85.15 (85.35) 85.20 (85.60)
mg)s) (150,20) 88.55 (89.05) 88.85 (89.25) 88.90 (89.35) 88.75 (89.10) 88.85 (89.15) 89.00 (89.45) 88.95 (89.50)
mg)% (150,20) 90.75 (91.85) 90.90 (91.60) 91.05 (91.50) 91.05 (91.65) 91.00 (91.65) 91.15 (91.60) 91.15 (91.65)
S(j) (150,20) 57.00 (67.95) 43.90 (45.10) 59.30 (61.25) 68.70 (70.85) 74.55 (76.95) 78.30 (79.50) 81.35 (82.85)
j(j) (150,20) 58.20 (55.65) 44.45 (36.25) 59.50 (54.00) 68.60 (61.25) 74.15 (71.05) 77.90 (73.95) 80.85 (76.45)
mgj) (200,20) 55.95 (55.05) 55.75 (55.05) 55.80 (55.00) 55.95 (55.05) 56.00 (55.25) 55.95 (55.10) 55.95 (55.10)
m)?2 200,20 74.00 (72.35 74.55 (72.25 74.45 (72.05 74.80 (72.50 74.70 (72.70 74.65 (72.70 74.60 (72.65

52 3)
m(é)i) (200,20) 83.95 (82.65) 83.60 (82.65) 83.70 (83.00) 83.75 (82.90) 83.85 (83.00) 83.70 (82.75) 83.80 (82.85)
mg';)?)) (200,20) 88.25 (87.75) 88.30 (87.30) 88.45 (87.60) 88.30 (87.60) 88.30 (87.60) 88.35 (87.60) 88.25 (87.80)
mgé)g) (200,20) 92.20 (92.30) 92.10 (91.65) 92.15 (91.95) 92.05 (91.95) 92.10 (91.85) 92.20 (91.85) 92.35 (91.95)
m(%)s) (200,20) 93.85 (93.30) 93.70 (92.80) 93.65 (92.90) 93.75 (93.00) 93.80 (93.10) 93.80 (93.05) 93.80 (93.25)
S(j) (200,20) 76.90 (81.85) 47.25 (48.75) 64.80 (66.90) 75.10 (76.05) 81.20 (81.05) 85.30 (85.55) 88.15 (87.20)
j(j) (200,20) 76.80 (76.60) 47.50 (43.70) 64.80 (61.85) 74.95 (70.95) 80.65 (76.50) 84.85 (82.05) 87.75 (84.15)
m(zj) (100,30) 42.15 (43.25) 42.60 (42.90) 42.85 (43.35) 42.65 (43.25) 42.65 (43.00) 42.60 (43.05) 42.60 (43.05)
mg“;)g) (100,30) 58.80 (59.60) 59.65 (59.65) 59.65 (60.00) 59.40 (59.65) 59.40 (59.75) 59.35 (59.85) 59.45 (59.75)
mgé)i) (100,30) 68.55 (70.10) 69.40 (70.85) 69.10 (70.40) 69.15 (70.35) 69.05 (70.75) 69.20 (70.65) 69.15 (70.70)
m(é)g) (100,30) 75.35 (76.75) 76.30 (77.70) 76.65 (77.70) 76.45 (77.70) 76.50 (77.75) 76.15 (77.70) 76.25 (77.70)
mg';)g) (100,30) 79.70 (81.45) 80.40 (81.05) 80.60 (81.45) 80.55 (81.05) 80.65 (81.10) 80.70 (80.95) 80.70 (80.95)
m(g)i) (100,30) 83.50 (84.45) 84.20 (82.75) 84.45 (83.10) 84.15 (82.50) 83.95 (82.75) 84.10 (83.05) 84.20 (82.70)
S(j) (100,30) 6.55 (35.70) 35.25 (34.60) 48.20 (50.20) 57.80 (61.00) 63.15 (65.10) 66.15 (68.45) 70.70 (71.50)
j(j) (100,30) 23.05 (26.75) 36.45 (30.30) 48.60 (43.95) 57.80 (52.95) 63.10 (57.75) 66.10 (61.50) 70.70 (63.65)
mgj) (150,30) 53.30 (54.00) 53.80 (54.20) 53.95 (54.45) 53.85 (54.45) 53.95 (54.55) 53.95 (54.55) 53.95 (54.55)
mg)g) (150,30) 71.25 (71.45) 71.35 (71.35) 71.20 (71.25) 71.25 (71.35) 71.25 (71.05) 71.25 (71.10) 71.25 (70.95)
mgé)z (150,30) 80.20 (81.15) 80.65 (81.10) 80.30 (81.35) 80.20 (81.35) 80.35 (81.00) 80.40 (81.05) 80.45 (81.35)
mgg)g) (150,30) 86.00 (86.80) 86.60 (86.95) 86.60 (87.10) 86.60 (87.05) 86.65 (87.15) 86.50 (87.30) 86.40 (87.25)
m(é)g) (150,30) 90.10 (90.70) 90.10 (90.90) 90.25 (90.80) 90.25 (90.80) 90.15 (90.80) 90.35 (90.65) 90.20 (90.65)
mg)s) (150,30) 92.00 (93.35) 92.30 (92.35) 92.25 (93.00) 92.35 (92.90) 92.45 (92.90) 92.40 (92.95) 92.35 (93.10)
S (150,30) 55.85 (70.95) 45.15 (46.80) 61.70 (62.20) 72.55 (75.25) 77.85 (79.70) 82.30 (84.40) 85.70 (86.85)
j(]-) (150,30) 62.35 (61.25) 45.45 (42.45) 61.80 (54.65) 72.45 (69.10) 77.40 (75.65) 81.80 (79.25) 85.55 (81.70)
mgj) (200,30) 58.75 (58.15) 58.75 (57.90) 58.90 (57.95) 58.65 (57.95) 58.75 (57.95) 58.90 (57.85) 58.90 (57.85)
m 200,30 77.00 (77.35 77.00 (77.10 77.00 (77.25 77.10 (77.20 77.25 (77.35 77.20 (77.20 77.15 (77.25

o
méé)z) (200,30) 87.20 (87.35) 87.05 (87.05) 86.95 (87.15) 86.90 (87.05) 86.95 (87.20) 86.90 (87.25) 87.00 (87.30)
m(;)g) (200,30) 92.20 (92.95) 92.70 (92.80) 92.75 (92.90) 92.75 (93.10) 92.70 (93.05) 92.75 (92.85) 92.65 (92.75)
m / s .65 . .45 .45 . 5] .55 .55 . sl . .55 . .65

g;)g) 200,30 94.65 (94.65 94.45 (94.4 94.40 (94.50 94.55 (94.5 94.55 (94.50 94.60 (94.55 94.65 (94.65
m(é)% (200,30) 96.40 (96.60) 96.45 (96.85) 96.40 (96.75) 96.45 (96.65) 96.50 (96.60) 96.40 (96.60) 96.40 (96.65)
S(j) (200,30) 81.25 (87.75) 51.55 (51.15) 70.40 (70.30) 80.10 (80.10) 87.90 (87.75) 90.45 (90.60) 93.20 (93.20)
j(j) (200,30) 83.25 (81.75) 51.95 (45.20) 70.40 (65.10) 79.70 (77.25) 87.75 (83.65) 90.10 (88.00) 93.05 (91.55)
Notes: This table reports the power (size-adjusted power) of mgj) mg)i), S(j) and J_<j> under the cross-sectional dependence (factor) alternative;

for j = 0,1,2; p = 3,4,5,6,7. For j = 0, we choose x = 2,3,4,5,6,7. The data is generated as y;; = a; + 0.5y; ¢—1 + 0.5z + uj¢,
where x;; = 0.5z;¢_1 + 0.5u; ¢—1 + v, v ~ 4.i.d.N(O, 012)), i = 1,...,N; t = —48,...,T, with y; _49 = ®;,_49 = 0. The first 50
observations are discarded. The signal-to-noise ratio is fixed to be 3 through 05. Under this alternative, u;; = 0.75(\;ft + 0c€4¢), where

\; ~ 1.4.d.U[—1,1], ft ~ i.i.d.N(0,1),0c = 1; and ;4 ~ 4.i.d.N(0,1) .
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Appendix

This appendix includes proofs of the main results in the text. The appendix includes t-
wo parts: Part A includes some useful lemmas which are frequently used in the proofs of

Theorems; Part B gives the proofs of all the theorems included in the paper.

A Some Useful Lemmas
Lemma A.1 Under the Assumptions 1-3, we have
(a) (NT)™V2SN ST Ay 7, (eFJDGMMQ 9) —0,(1),5=2....p,j =0,1,2;
6) (VT S2 S05 Z (s = 0) (Wheanass = 0) Zivve =00 (1) 5 =2,

j=0,1,2.

Proof of Lemma A.1l.

Consider part (a).

1 1/2 N T-s )
(NTS) Z Z Aui,tJrSZz{t <91~2DGMM2 - 9)

i=1 t=3
1 1/2 N T-s .
= (NT ) Z Z Uy gt+s T Uy Jt+s— 1) (Zzt - Zi,tfl)/ (0}22)6*]\/[]\42 - 9)
s i=1 t=3

1 1/2 N T-s .
= (NT ) Z (Ui,t—&-sZZ(t — ui»“'le{,t—l — Ui,t—l—s—lZz{t + ui,H—S—lZz(,tfl) (eg)DGMMZ — 0) .

=1 t=3

Consider the term (NT}) ™/ SN S i 2L, it can be rewritten as

1 \ /2N Tz 1\ /2N T=s
(—NT > Z Z ui,t-{—sZz{t = (NT ) Z Z (ui7t+syi,t_1, ui,t—i—sxit)/ .

i=1 t=3 1=1 t=3
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To calculate the term (NT;)™ 1/2 ZZ ) Zt 5 Wi tgslit—1-

1 1/2 N T-s
(NT ) Z Zui,t+syi,t—1]

var
i=1 t=3
1 N [Ts
= var Z Wit+sYi t—l]
NT; P a
1 N T—sT—s
:NT ZE Zzuz t+sYit—1U; r7+sYi Tl>
5 =1 t=3 =3
1 = 1 T—sT—s
“NT Z E (Ui,tJrsyi,tfl)Q (Z Z Wi ttsYi t—1 Wi r+sYi r— 1)
- - - t=3 t<1
1 N MT—s -
- B (ui,tJrsyzt 1)
NT; P = |

By Assumptions 2, we obtain E [ZZ:_; (ui7t+syi7t_1)2} = O, (T}) , therefore

=0,(1).

var

1 1/2 N T-s
(NT ) Z Z Ui t+sYit—1

i=1 t=3

Similarly, using Assumptions 1-2, we have E(||x2t|]2) = O,(1), which further leads to

1 \Y?
(v7)

The above results together result in (NT},)™/ HZ’ S w7

T—s

N
E E Uy t+sxzt

=1 t=3

0,(1).

= O,(1). By using the

same procedures, and with Assumptions 1-2, we obtain

1 1/2
()

1 1/2
()

T—s

N
§ :2 : /
UZH-SZzt 1

i=1 t=3

=0, (1);

T—s

N
§ § uzt—i—s 1Zn

i=1 t=3

=0, (1);
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and
T—s

N
E § Ui 45— 1Zzt 1

=1 t=3

1 1/2
(v2)

With the fact that Hég,)jGMMQ — HH =0, [(NT)fl/z] , we get part (a).

—0,(1).

For part (b). From Assumptions 1-2, we have || Z/,Z; ++s|| = O, (1) , hence

Zz 1ZT SZ/ zt—i—s
O, (NTs) and Hé}i})GMMZ — GH =0, [(NT)_I/Z] , the term on the left-hand side of part (b)
is O, [(NTS)’W] . Part (b) holds.

Lemma A.2 Under the Assumptions 1-3, we have
T—s 4
(a) supp T E( 3 AuitAui,Hs) =0(1),s=2,...,p;
4
() supr T2 B(S 5 i sBuig) = O (1), s =2, maz{p, v};

4
(c) supyp T E( ts+1x1t SHjAu”) =0(), forj=1,....k—1,s=2,...,max{p,k}.

Proof of Lemma A.2.

Consider part (a), for s =2,...,p;

1 T—s 4
T2 SUP E E A Aty
t=3
1 [T—s 4
:ﬁ sup E E (Wit pys + Ui p—1Uit+s—1 — WitUips—1 — Uz‘,t—luz‘,t+s)
s T =3
43 T—s 4 43 T—s 4
Sﬁ sup E UitWipts |+ ﬁ sup E E Uit 1 Ui t4s—1
T
S

43 T—s 4 43 T—s 4
+ 72 5% sup E Z UitUitys—1 | + 75 i sup E Z Ujt—1Uitts | -
s =3
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To prove part (a), we consider the above four terms. For the first term,

T 4
43 .
SLTlp T52 —E (Z Ui Uy t+s>

T—s T—s
43
— SU.p uztuz t+s + Sup —FK (uitui,t+s)2 (uiTui,T+s)2 =0 (1) .
T2
t= s (t#7)=3

Similarly, we can show the other three terms are bounded. Part (a) holds.

Consider part (b). For any s = 2,..., maz{p, k};

T 4
1 S
SL%P ﬁE Z yi,t—sAUi,t>
1 T—s T—s 4
= Sl%p ﬁE Z Yit—sUit — Z yi,t—sui,t—l)

s =3 =3

T—s 4 4
8
SSlj{pﬁE Zyzt suzt) +SupE (Zyzt suzt 1) .
t=3

s —

To calculate the above two terms, we apply the Rosenthal’s inequality for point process
martingales (Wood (1999)). Define S, = >/’ oi1 Yii—stie and Fr as the o-field generated
by {ui,...u.}. X;, = S; — S;_1 is a martingale difference sequence with respect to F,_;.

Applying the Rosenthal’s inequality given by Wood (1999), we have

sup B[S, [*
TeT
T—S 2 T—S
<CysupE (Z E [(yi,t—suz’t)z ’E—l}) + Z (yi,t—suit>4
T€T t=s+1 t=s+1
=Cy |supE ( Z o yits> + sup Z (Y- suzt
TeT t=s+1 7—eTt s+1
T—S
:C4 SUPE ( Z 9 yit—s) + SU_pE < Z U4yi2,t—syi2,n—s> + sup Z yzt suzt )
TET t—st1 TeT t=st1,tn TETt 11

where (' is a constant finite positive number. By Assumption 2, we can easily show
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that BE(y!,_,), B(y?_.yi,_) and E(y;, +—stizz)" are bounded for all . Hence, sup,E|Sy[* <
O(T?), which implies sups 87, 2E (Zt 2 Vi suzt> = O (1). Similarly, we obtain sup; 87>

<Zt 3 Yit—sUit— 1) = O(1). Hence, sup T, 2E<Zt i1 Yit— SAuit>4 =0 (1). Part (c) can
be proved similar to part (b).

Consider part (d). For any s = 2,..., maz{p, k};

4
. _
sgp EE Z xz’,t—s—l—l,jAuit)

s t=s+1
[ T—s 4
8
=sup ﬁE E (@i t—st1,jUit + Tig—st1,Uit—1)
T & | t=5+1

4 4
T—s
8
< sup ﬁE Z Iz’,t—s+1,juit> +SUP (Z Tit—st1,jWit— 1) .

t=s+1 t=s+1

Applying Rosenthal’s inequality, we have the above two terms are bounded, which further

proves part (c). Part (e) can be proved similar to part (d).
Lemma A.3 Under Assumptions 1-3, as (N,T) — oo, we have

2
() NS, (1) s aad), ) - B(1) 7 S Aaf aal) = 0, (1), s =

2,0, =0,1,2

) |(N1) 2 (Wi aa” 2a W) — B (wiwl) || = 0, (1), 5 =2, maz{p, k)

() ||(NT) S S A 2~ B (Al || = 0n (1), s =2, maa{p k), G =

0,1,2.
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Proof of Lemma A.3.

Consider part (a), since

1/2T—s
( ) ZAult Auzjt)ﬂ
1/2T 5 1\ Y2z o
“(7) Zswsue () S auie, (Frown—0)
1 1/2T s .
— (?) Z Aui,t+SZ£t (‘9g1)3GMM2 - 9)
s t=3

1 1/2 T—s . »
(7)) S 2 (e~ 0) Zis. (Whonens —0)
5 t=3

Sl

Since T, ' 20 Auy 7 t+s = Op (1) and Hég])jGMMQ — HH =0, [(NT)fl/z] , the second term
of above equation is O, (N -1/ 2) . The third and the fourth terms are of smaller order than
the second term. Those lead to (Ts)l/2 t 3 5 AG AuZ(JH_S = (Ts)_l/2 ZtT:_; AuyAu; gy s +

O, (N -V 2) , which further implies

2 2
( e Z Auzi)Auz t+s> = ( e Z Auzi)Auz t+s> +0, (N7Y).

t=3 t=3

Since (T,)""/* = Auzt AuZ ++s are independent across 7, part (a) holds.

Consider part (b). To prove it, we only need to show that (TS_ M/IEO)IA{LEO)AQEO)/W}EO) ) RN

wZ(T)SwZ(T)S/ Since

1\ /2 o 1\ /2T=s " 1\ /2Tzs 0
;o A
(T) W, " Au; " = <ZT) ZVVm Au — <7_—,) ZVVZ AZ, ( FDGMM1 9) :
S S t=3 S

Using the facts that HZ m ONZL,

= 0, (T;) and HQES)DGMMl HH [ NT)~ 1/2} we
conclude that the second term of above is O, (N ~/2) . Hence (TS W Aal” Au” T/Vlgo)> 5

wangl)S, then part (b) holds.
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Consider part (c). Since
Aﬂz('g)Zz{,t-i-s =AuaZj, + Zy (ég)DG’MMQ - 9) Zitis

By using the fact that Hél(g)DGMMQ - 9H =0, [(NT)fl/z} , we can easily show part (c) holds.
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B Proof of Theorems

Proof of Theorem 1

Define #{”) = N-1/2 SV @f%’s Recall that Aaio) = Ay@t—Z{tég)l))GMMQ = Auy—2Zj, (é;%GMMQ - 0),

hence

1 1/2 N 1 1/2 N T-s (0)

A A(0

#0 = (N) Z Virs — (ﬁ) Z Z AuyZi s (‘9FDGMM2 - 9)
i=1 s

i=1 t=3
1 1/2 N T-s
A(0
() S X dwc (b —9)
s i=1 t=3
1 1/2 N T-s -0 o)
+ (NT ) Z Z Zz(t <9FDGMM2 - 9) Zz{,t+s <0FDGMM2 - 9) .
s i=1 t=3

1/2

where vip, = T Z:SS AuyAu; gy s. By Lemma A.1, the third term and the fourth term

are o, (1). 75 can be rewritten as

1/2 N 1/2 N

. 1 — (1 0
Ts = (ﬁ) ;%’Ts -5 (N) ;UJET)S + 0, (1)

N
— _ ViTs
= (1,—:’1)]\[ 1/2 E ( (0)) +Op (1)

i=1 Wirs

(0)
/
<Uz'T57 wz(g);) , and Zg;) =E (QE%Q,E%) . To derive the limiting distribution of the test statis-

where wgps = Ts_l/2I/VlgO)Aui and =) = w](\?il\i/]_\,l(o) [(NTSY1 Z'WOQ- | Define QE?F)S =
tics with large 7', we apply Theorem 3 (the Joint Limit CLT for Scaled Variates) of Phillips
and Moon (1999). To apply this theorem, we need to verify the following conditions:

(i) liminfp Ayin (2§?) > (0 and Eg? are positive definite;

2
are uniformly integral in 7'

(i) || Q.
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2
0
Q E T)s

By Assumption 3, condition (i) holds. Next we consider

[ = tr (Q9.0%2) = virsvl, +tr (wPlustl).

Let 6 > 0,

o 0), (0)
Sl%p E ( [UzTSUiTs +tr <szsszs>} I(UiTsngs +tr (wz(g)s 53)9/) >5))

> 0)

UiTSU;Ts +tr <w’fg)swz(T)s>

N
w

o
T

2
< \/E [Uz‘TsUz,'Ts + tr (wz(g)swz(T)sﬂ \/P(
T
VB it + o (w922 vy fnt, + (w2
5 ©, ()]
[UiTs + tr <w7,Tsszs>:|

s (o) + o [i (wfu2)] ]
T T

IN
o)
=
e

~

IN

S Sl = ol
z
~
S
=

IN

2
Counsider the term E [tr <wz(31)8wl(T)s>} .

2
E |:tI' < sz fg);>]
T—s T—s T—s

L (z PVITERTE SIS o ORI o O

s t t=r+1 t=3 t=r-+1
K T—s 4 T—s 4

Sﬁ E Z yitQAui,t> +...+E ( Z yi,tHAui,t>
s t=3 t=r+1
K T—s 4 T—s 4
+ i3 E (; x;’t_lAui,t> +...+E (Z $§,t_,§+1AUi,t>
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4
From part (b) and part (c) of Lemma A.2, we have sup; T, 2E<Zt i1 Yit— SAui,t) 8 =

2,...,K, are bounded. Next, we consider the left terms term. For any s = 2,...,k;

T—s 4
1
,_ZTQE < Z Ax;,ts+1Auit>

t=s+1
1 T—s T—s 4
:T_SZE ( Z xi.tfer]_’]_Auit + ...+ Z xi7ts+1,k1Aui7t>
t=s+1 t= s+1
(k T—s 4
< Z Tip—sp110AU | +...+E Z (@i t—st1 k-1 DU;z)
t=s+1 t=s+1

4
Using part (c) of Lemma A.2, sup, T, 2E< PENAV SHAun) = O(1). All the above
results lead to supyE [tr <wf§)swa)sﬂ = O(1). From part (a) of Lemma A.2, we also have

suprE(vy,) = O(1), hence

o (0), (0) .
s%pE ([UszUiTs + tr <wiTSwiTS>} I(UiTsngertr( ©) (0),) >5)) — 0,as 6 = o0;

WirsWiTs

which makes condition (ii) hold. With the satisfaction of those two conditions, as (N,T) —

o0,

ViTs d
223 1/2\/_ Z ( (0)) — N(0, _[(,.i_l)k+1)-

sz

By using part (a) and part (b) of Lemma A.3, we have ig‘? RN Zg?, with

502 0y (0)

o 1 al Ui iTs Wit
220 _ Z 1l's 1l's 71l's
s N 4 ~(0) « ~(0) ~(0)
=1 z(Ts Z(T)s wz(T)swz(T)s

Since 75 = (1, —Z)) \/Lﬁ SV ("@®) +o0p (1), by using part (c) of Lemma A.3, @5\2 RLAN ](\(,)i :
WiTs
therefore =) - =}, where = = @M Uy 1O [(NT )~ Z’W(O)Q(O) Hence together with the

result above, we have
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where

Proof of Theorem 2

Similar to the proof of Theorem 1, we can rewrite \/LN SV @f]?) as,
N N
1 R 0) — ]_ Uip
—E 0, = [Lp—1 —:]—E +0,(1)
P p—Lb 21 /a7 P )
N i=1 N i=1 W;T2

where =), = w\ifgg)_l [(NTS)_1 Z’W(O)Q(’Oﬂ , Where w = ((TQ/T2)1/2 g, - - -5 (Ta)T,)"? wNp>
with wy, = (NTs)f1 Zi\; ZtT;; AuyAZ; 45,8 = 2,...,p. Define @Q); = (vgp,wgm)/. Since
tr(vipv),) = Y0_, v¥,, hence

p

P 4 P
sup E [tr (Uipvgp)]Q <supE <Z UiTS> <(p-1* Sl%p Z E (virs)* = O(1).
s=2

T T 6—9

2 2
Combining the results that sup,E [tr (wg%wg%)] is bounded, HQEO) H are uniformly inte-

grable in T'. Using part (a) and part (b) of Lemma A.3, we have 250) RN 250) ,where
N ~(0) £ (0 ~(0)7 ~(0)
o _ 1 3 Vip Vip” Vip Wit

: S(0) 20y (0) - (0)
i=1 Vip Wirg  WipoWiry

Applying Theorem 3 (the Joint Limit CLT for Scaled Variates) of Phillips and Moon (1999),

and as (N, T) — oo,
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Since u%'g\% L wys, then @ 25 @ where & = (@%, . ,@53;), which further implies

éIQ s Ej, with =, = @<0)@§3)_1 [(NTSY1 Z’W(O)Q(_Oﬂ . Then we obtain

N
~ 1 V; d
A1 2~
R R R o N0, I, )
N =1 wz(;]w)

~ ~ ~ /
where 42 = <1, —E’2> P (1, —E’2> . This directly shows, as (NV,T) — oo,

(0)2

d 2
Miap) 7 Xp-1-

Proof of Corollary 1

For 7 = 1,2, we have

1/2 T—2 1\ /2122 .
) Z AuyAugpig — (T) Z AuitZz{,t—l—Q(@gJ)DG’MMQ —0) +0,(1)
t=3 t=3

1\ 1/27=2
- (_) > AuiAuigis + Oy(N712).
t=3

Since HT*1 ZtT;f AuitZz{,tHH = 0,(1) and “(égj)jGMMQ — 9)” = 0,(1/V NT), we then have

1\ /2 ) 1\ /272
(T) Oy = (T) Z AuiAu pys + Op(N7Y2).

t=3

Next we consider %’?(2].).
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PP A B PN
(-@@) A U

e (2O
—%%l’\lf%)‘l( N NTZWh ‘NP9, ).

with &) = 1/N N 1( T Aal st) and

!/

N
N> W'z,
=1

N
) = [1 INS W'z,
i=1

. Using Lemma A.1., we have 1/ (NT) va_l <ZtT:35 Aagf)zim) =0, <(NT)71/2) . Since

H1/T2§z(j) —0,(1) and 1/ (NT) SN, WY'Z, = 0, (1), then H@E@ = 0,(1). Therefore,
T1&0 00 %W = 0, (N1). For the last term in the above equation, we have
ZWhQ 1 XN : o
T(J) = Op (1) and W Z M/lg])IAsz(-])@i(%)s = Op (1) .
i=1

Hence, the last term is O, ((NT)~"/?). Hence 4%, = Ly (% ]T)> + 0, (%) +

O, (ﬁ) . From

2 1\ /272
L) var [(T) Z AUitAuz‘7t+2
t=3

1 N 1/2T-2
p N Z ( ) Z AuitAuz‘,t-i-Z
= t=3

By using the joint limit CLT for scaled variates of Phillips and Moon (1999), we have

1\ /212 1N\ V22 d
var'/2 [(T) Z Au Ao N Z (T) Z AuypAug e — N (0,1).
t=3 ' t=3

=1
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With the results above, we have

N
Z 8% 45 N(0,1).
Further, similar to the proof of Theorem 2, we have

mgj)2 d, .2

Proof of Theorem 3

Let Q(_O; = CnrC\p, where Cly is a go X go non-singular matrix. Note that
N
(NTo) M2y Wi Ay
=1

N
— T W [ 2 (18 0)]
i=1

A -1 .
- (Iqo — Wz [Z’W(O)Q@W(O)’Z} Z’W(O)Q&ﬁ) (NT) > S Wi A,
=1
WOy z [z © worz1™t z7w© N
) - CnC' OxnCh | (NTY) V2SS W A,
<q° NT, [NTO NNNTO] NT, NN (NTo) ; .
then
N !
S( ) I/QZW Auz CNT |:Iq0 — DNT (D;VTDNT)_l D;VT:|
=1
N
=1

where Dy = Cyp W]\(;;,Z From the proof of theorem 1, we have suptr [(To_ 1I/Vl(io)lAu,~Au§W/lgo)>] =
O(1); and with the Assumption 3, we have the two conditions satisfying the joint limit CLT

for scaled variates of Phillips and Moon (1999), together with part (b) of Lemma A.3; as
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(N, T) = 0,
N

Q)2 (NTo) ™2 W Au; = N (0,1,).
=1

Since rank [I,, — Dyt (DyyDnr) ™" Diyr] = qo—k, using the argument that &’Me LN Xoo—k
where & ~ N (0, I,) and M = I, — Dy (D Dyr) ™" Diyp. Hence, as (N, T) — oo, S(g) —

2
Xgo—k-

Proof of Theorem 4

Similar to the proof of Theorem 3, S(g); can be rewritten as

!/

Soyr = Cnri [IQOz — D71 (Diypy D)™ Dy

N
(NTo) ™S Wi A
=1

N
(NTo) ™2y Wiy Aw,

=1

/
X Cyry

)

—1 (0)7
with Oy Cypy = <N+p0 > i VVZE?”ME?)ME?’VVS?) and Dypy = Cipy"fg—; where
Aag? is the one-step GMM residual using valid instrument matrix VVZ(;;), and Wl(o) =
/
<VVl(101)', ce VV&{) . Similar to the proof of Theorem 3, we also have S(g); —Ly &' Mye, where

M =1

q02

— Dyt (Dﬁ\,TlDNTl)f1 Dy and rank (M) = qog — k. Let Dy contain the top
qo2 rows of Dyp. Notice that Dy — Dnpr1 — 0; therefore,
M; 0

DS(O) = S(o) — S(o)[ i> eMe — ¢ g,
0 0

Finally, since
M; 0
0 0
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is symmetric and idempotent with rank gg — qg2, and also

M; 0 M; 0
M — =0

0 0 0 O

2

d
we have DS ) — X{go—qo2)"
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