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ABSTRACT

A chiral body of revolution (BOR) which is partially covered by a thin conducting shield is
analyzed using the method of moments (MOM). The axisymmetric system is excited by a plane
wave. The total internal fields and the far scattered fields are computed. The problem is solved
using the surface equivalence principle. The scattered fields outside the structure are assumed to be
produced by an equivalent magnetic surface current that exists on the unshielded part of the BOR
surface and an external equivalent electric surface current that exists over all of the BOR surface S .
These two currents are assumed to radiate in the unbounded external medium. Similarly, the total
internal fields are assumed to be produced by the negative of the above magnetic current and an
internal equivalent electric surface current that exists over all of the BOR surface, but is the
negative of an independent unknown only on the shielded part of S. These two currents radiate in
the unbounded internal medium. Enforcing continuity of the tangential components of total electric
field (E) and total magnetic field (H) on S gives a two coupled integral equations for the two
unknown surface currents. The two unknown surface currents are the external equivalent electric
surface current and the union of magnetic current (M) on the unshielded part of S and the negative
of the internal equivalent electric surface current on the shielded part of S. The method of
moments as applied to bodies of revolution is used to solve these integral equations numerically.
Piecewise linear variation of the currents is assumed along the generating curve of the BOR. The
variation of the currents along the circumferential direction is represented by Fourier series. An
approximate Galerkin’s method is used for testing. Conical and spherical BORs are studied.
Computed results for the partially shielded spherical chiral body are in excellent agreement with
other data.

Theoretical framework developed in chapters two through six factually validated the
underlying firm foundation of mathematical physics and sound computational electromagnetic
methods of our theory by producing correct scattered fields and radar cross sections of the chiral
and perfectly conducting sphere, chiral and perfectly conducting cylinder, chiral and perfectly
conducting cone. Chapter seven demonstrates the soundness of the theoretical foundation of this
thesis by producing computed results and graphs of not only the case of a perfectly conducting
sphere, cylinder and cone but those of the chiral sphere, chiral cylinder, and chiral cone and those of
the chiral sphere, chiral cylinder and chiral cone partially covered by rotationally symmetric
perfectly conducting surface. The computed results and graphs obtained in chapter seven by the
application of our theoretical framework were almost one hundred percent accurate with respect to
the conformability of our graph mappings, form of our graphs and accuracy of our graph readings
with respect to analytically calculated results and graphs. Our computed results and graphs with
respect to the computed results and graphs of early research works that used numerical approach
distinctly different than ours were in good agreement.
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Chapter 1

1- Introduction

Figure 1.1 shows the problem considered in this work. It shows a chiral body of revolution (BOR)
that is partially covered by perfectly conducting axisymmetric surfaces. The chiral body is

characterized by (gz, yz,gz), where &, is the chirality of the material. The partially shielded body
is surrounded by a regular dielectric medium with parameters (el, ,ui) It is excited by an incident

plane wave (E‘"",H‘"“). This field penetrates into the chiral body through the apertures on its
surface and produces the total field (E;,H>) at points inside the BOR. The incident field is also

-81, -El, H

(821ﬂ2'§2)

Figure 1.1 A chiral body of revolution (BOR) with two apertures
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scattered by the system producing the total field (E; , H; ) at points external to the body. We are
interested in finding the field (E;,H>) at an arbitrary point inside the BOR and the far field scattered
by the structure. The problem of electromagnetic penetration into an empty body of revolution that
is partially covered by perfectly conducting surface with one aperture in it is analyzed in [1], [2].
The problem of electromagnetic transmission through an arbitrary aperture in an arbitrary 3-D
conducting surface enclosing chiral material is analyzed in [3]. The electromagnetic analysis of
general bodies of revolution is given in [4]. The work presented in this dissertation is an
extension/combination of the work in [1]-[3].

In Fig. 1.1, S, denotes the unshielded part of the surface of the chiral BOR, and S; denotes
the surface of the conducting shield. The union of these two surfaces is denoted by S. The surface
equivalence principle is used to separate the problem of Figl.1 into two simpler parts, namely, the
region external to surface S, and the region internal to S. The scattered field in the external problem

is produced by equivalent magnetic surface current M and equivalent electric surface current J,
radiating in the unbounded external medium. The current M exists on only S, and the current J,

exists on the whole surface S. The total field in the chiral medium is produced by an equivalent
magnetic surface current —M, and an equivalent electric surface current —J, radiating in the

unbounded chiral medium. —J, exists on the whole surface S. There are two unknowns: J, on S
and the union of M on S, and J, on S_. On S_, J, is known to be equal to J,. Enforcing

continuity of the tangential parts of total E and H across S gives two coupled vector integral
equations for the two unknown surface currents. The method of moments as applied to bodies of
revolution is used to solve the integral equations numerically. Piecewise linear variations of the
currents are assumed along the generating curve of the BOR. The variations of the currents along
the circumferential direction are represented by Fourier series. Galerkin’s method is used for
testing. The linear variations of the currents along the generating curve are approximated by Dirac
delta functions with special treatment of the "self terms". Numerical results for conical and
spherical chiral BORs partially shielded by thin perfect conductors are computed. Results for the
sphere shown in Figure 1.2, are in agreement with those computed using other methods.

Infinitely Thiry, f
Perfzcily

Conducting
Spherical Shell

Chiral Material



Figure 1.2 A plane wave incident on a sphere with « = 30 (degrees) aperture.

1.1 Body of revolution (BOR)

A surface of revolution is formed when a curve is rotated about a line . Such a surface is the lateral
boundary of a solid of revolution. At least two chapters are devoted in advanced calculus books
[5] to calculation of surfaces and solids of revolution by using integration methods. Figure 1.1.1,
shown below, represent typical bodies of revolution.

/=
/ Fly=w

Axis of revolution

Almost a BOR

Figure 1.1.1 Typical bodies of revolution



1.2 Complicated shaped bodies of revolution

Unfortunately, bodies of revolution encountered in the real world are complicated shaped.
Analytical solution methods in scattering problems are possible only for regularly shaped bodies of
revolution necessitating approximate numerical approaches in cases of complicated shaped bodies
of revolution. This thesis pertains to scattering by complicated shaped bodies of revolution.
Therefore, integral equations encountered in this research will not lead to elegant analytical
solutions. Inherent challenges involving sophisticated computational solutions of great varieties
and magnitudes in this research work are tackled by resorting to a numerical technique commonly
referred to as the Method of Moments (MoM).

Theoretical framework is developed in Chapters 2—6 that provides conceptual foundation from
formulation of integral equations for a metallic perfectly conducting arbitrararily shaped apertured
surface of revolution enclosing chiral material to MoM and from MoM to the intricacies of
mathematics required to meet the very elaborate and rigorous research goal of this thesis. In order
to deal with enormous sizes of matrices ( matrices of size 6000 x 6000 and inversions of the same
size of matrices were required to produce some graphs of Chapter 7) and vectors met in this
research work for obtaining solutions and graphic mappings, we needed to resort to programming
in Matlab script.

The mathematical edifice built in Chapters 2—6 is multi-faceted and versatile enough to analyze
scattering and radiation by perfectly conducting metallic as well as unshielded dielectric bodies of
revolution ( BOR's) of complicated shapes.

In Chapter 7, we further this research activity by proving that the theoretical framework
developed in Chapters 2 -6 is equally applicable to regularly shaped bodies of revolution. We will
compare, in the format of graphs, the results of regularly shaped bodies of revolution based on our
theoretical formulations to those graphs that are produced analytically by earlier researchers. In
cases where integral and other equations pertaining to scattering problems cannot be solved by
analytical methods, we will compare our results with those of earlier researches carried out by
application of theoretical and numerical approaches different from ours.

1.3 Motivation Obtained From Previous Research Work

Penetration of electromagnetic waves through apertures has been studied extensively. Two-
dimensional apertures in thin infinite planes are studied in [6] [7]. Apertures in arbitrarily shaped
three dimensional surfaces are studied in [3], [8]. In [3] the internal medium considered was chiral
and in [8] both internal and external media were regular dielectrics. Memory and CPU time are the
main limitation of analyzing arbitrarily shaped 3-D structures using MOM. However, larger bodies
of revolution can be analyzed by the method of moments. Apertures in bodies of revolution were
studied first in [1] —[2], where both the internal and external media were the same regular dielectric.
In this work, we extend/combine the works in [1] —[3] by considering apertures in partially shielded
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chiral bodies of revolution where the external region is a regular dielectric. This way, we are able to
study the effect of chirality on the penetration of electromagnetic waves through apertures on the
surface of partially shielded chiral bodies of revolution. Restricting ourselves to bodies of
revolution allows us to study larger structures given memory and CPU time restrictions.

The problem of electromagnetic transmission through an aperture in a conducting plane
[9], is treated by obtaining an operator equation for the equivalent magnetic current, and then
reducing it to a matrix equation via the method of moments (MoM). Integral formulations for the
matrix elements are given for apertures of arbitrary shape. The problem of electromagnetic
scattering from a homogeneous material body of Revolution [10] is formulated in terms of
equivalent electric and magnetic currents over the surface which defines the body. Application of
the boundary conditions leads to four simultaneous surface integral equations to be satisfied by the
two unknown equivalent currents, electric and magnetic. The set of four equations is reduced to a
coupled pair of two equations. The latter two equations were solved via the method of moments
MoM. The research problem dealt with in [11] relates to a rotationally symmetric aperture on a
perfectly conducting BOR surface containing in the interior as well as the exterior the same
homogeneous dielectric. In [11], the aperture is closed with a perfect conductor, the electric current
that flows on the closed aperture is found to be J, and the effect of the aperture is obtained by
subjecting the perfectly conducting BOR to the additional incident electric field which exists only
on the closed aperture and causes —J to flow on the closed aperture. This method produces good
results for small apertures. The research work in [12], deals electromagnetic scattering by a three
dimensional homogeneous chiral body. The research work carried out in [13], deals specifically
with scattering by a chiral body of revolution.

The problem of scattering of a plane electromagnetic wave from an arbitrarily shaped
metallic BOR is solved by an integral equation method which is, in principle, an exact method [14].
In [14], the incident plane electromagnetic wave is expanded in a set of orthogonal modes TE and
TM to the axis of the BOR. Each of these incident modes will induce a current distribution on the
surface of the body. Due to the mode orthogonality, the total induced current distribution is
represented by the sum of the of the induced mode current distributions. Each mode current
distribution satisfies two coupled integral equations. These integral equations are reduced to a set
of linear complex equations which can be solved by a digital computer. A boundary integral
equation is used in [15], for dielectric objects partially coated with a perfectly conductive layer.
CAD-generated geometries are accepted in the numerical approach of [15]. The study of scattering
of electromagnetic waves by arbitrarily shaped dielectric bodies in [16] uses equivalence principle
and spherical vector harmonics in a Green's dyadic based numerical approach. However, this study
is limited to the case of arbitrary shaped dielectric bodies only. Study of simple and efficient
numerical methods for problems of electromagnetic radiation and scattering in [17], is done for
bodies of complex geometries such as bent strips of infinite extent and a bent rectangular plate as
well as a conducting body of revolution (BOR) and a dielectric BOR. This study in [17] is
significant; however, it eludes the case of a perfectly conducting BOR surface with apertures
enclosing chiral or dielectric material.

Diffraction of an electromagnetic plane wave by a rectangular plate and a rectangular hole
in the conducting plate [18] is rigorously tackled using the method of the Kobayashi potential (KP
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method). The KP method resembles the MoM in its spectrum domain, but the formulation is
different. The MoM is based on an integral equation whereas the KP starts from dual integral
equations derived from the potential integrals and boundary conditions on the plane where a plate or
hole is located. The dual integral equations are solved by applying the properties of the Weber-
Schafheitlin's integrals and the solution is obtained in the form of a matrix equation. This approach
computes far diffracted field patterns and the current densities induced on the plate. Aside from its
rigorous theoretical formulations, this research work, although mentally stimulating has no bearing
on MoM. In [19], the scattering of a plane electromagnetic wave by a perfectly conducting disk or
a circular hole in a perfectly conducting plane is formulated in a form of the dual integral equations.
The unknowns in [19] are the induced surface current (or magnetic field) on the disk and the
tangential components of the electric field in the hole. The solution for the surface current on the
disk is expanded in terms of a set of functions which satisfy Maxwell's equations for the magnetic
field on the disk and the required edge condition. The authors of [19] used the method of the
Kobayashi potential and the vector Hankel transform thereby reducing the problem to the matrix
equations for the expansion coefficients. The matrix elements are given in terms of the infinite
integrals with a single variable and these are transformed into infinite series that are convenient for
numerical computation. In [19], numerical results are obtained for far field patterns, current
densities induced on the disk, transmission coefficients through the circular aperture, and the radar
cross section. Aside from the current densities induced on the perfectly conducting disk and the
radar cross section, the research in [19] is not relevant to the work in the present dissertation.

A nonmodal formulation for electromagnetic transmission through a slot of arbitrary cross
section cut in a thick conducting screen filled with homogeneous material separating the single
thick conducting screen into two [20] uses the equivalence principle to break the original problem
into three equivalent parts where postulated equivalent sources radiate into unbounded
homogeneous media. The equivalent electric and magnetic currents, in [20], are chosen to ensure
continuity of the tangential components of the electric and magnetic fields at each aperture. An
integral equation is written for each of the three regions, the slot region and the two half space
regions, one on each side of the thick screen with the equivalent currents as unknowns. The
resulting set of coupled integral equations is solved by the method of moments. The primary
quantities computed in [20] are the equivalent electric and magnetic currents on each aperture and
the electric current on the remaining portions of the slot cross section. The two-dimensional nature
of the problem enabled the authors of [20] to treat the TE (magnetic field parallel to z-axis) and the
TM (electric field parallel to z) polarizations separately. The valuable research work in [20] proved
extremely conducive to understanding varied applications of the equivalence principle. In [21], a
hybrid numerical technique is used for a characterization of the scattering and transmission
properties of a three-dimensional slot in a thick conducting plane. In [22] there are four different
surface integral equation formulations for the problem of electromagnetic coupling through an
aperture between a cavity and an external region.

Text books [23]—[24], authored by Prof. Harrington of Syracuse University, are
considered authoritative and are used and are referenced all over the world. Text book [23]
introduces the equivalence principle and [24] introduces field computation by the method of
moments (MoM). Graduate level text book [25] on electromagnetic wave theory deals with many
electromagnetic theorems and principles including the equivalence principle.
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In [26], there is a method applicable to arbitrarily shaped apertures (in particular those not
azimuthally symmetric in bodies of revolution) employing the technique of the method of
moments. The authors of [26] use an equivalence theorem by which the field inside the BOR is due
to the excitation on the closed aperture that causes —J to flow on the closed aperture where Jis the
electric current induced on the closed aperture by the incident field. The method in [26] gives good
results for small apertures. This method is not used in the present thesis because the formulation
therein was not intended to give good results for small apertures. The problem of the scattering of
an electromagnetic plane wave with arbitrary polarization and angle of incidence from a perfectly
conducting spherical shell with a circular aperture [27] is solved with a generalized dual series
approach. This canonical problem encompasses coupling to an open spherical cavity and scattering
from a spherical reflector. In contrast to the closed sphere problem, the electromagnetic boundary
conditions couple the TE and TM modes. A pseudodecoupling of the resultant dual series
equations system into dual series problems for the TE and TM modal coefficients is accomplished
by introducing terms that are proportional to the associated Legendre functions.

A graphical user interface (GUI) for plane-wave scattering from a conducting, dielectric, or
chiral sphere [28], obtains scattering from a chiral, dielectric, or a perfectly conducting sphere using
a friendly graphical user interface (GUI). This GUI using matlab script enables the user to enter the
scattering parameters and to observe the results, and to save the data and displayed figures.

Electromagnetic field penetration into a spherical cavity [29] uses a different numerical
approach. In this approach, the authors solve the problem of scattering from a spherical shell with
a circular aperture symmetrically illuminated by a plane electromagnetic wave by expanding the
fields inside and outside the cavity in terms of spherical vector wave functions and finding the
modal coefficients by application of the least squares method to the boundary conditions. From
result obtained in [29] in the form of amplitude curves of the interior and aperture fields as
functions of position for a variety of cavity and aperture sizes, it appears that the field variations are
primarily determined by the cavity size and that the aperture size serves only to scale them.

A hybrid FE-BI method for electromagnetic scattering from dielectric bodies partially
covered by conductors [30] uses a hybrid technique that combines the finite element (FEM) and
boundary integral (BI) methods to analyze electromagnetic scattering problems from structures
consisting of an inhomogeneous dielectric body attached to perfectly conducting bodies. The
hybrid approach takes advantage of the strengths of each numerical technique in order to solve
problems that neither technique could model efficiently. A new variational direct boundary integral
equation approach is presented in [31] for solving the scattering and transmission problem for
dielectric objects partially coated with a perfect electric conducting (PEC) layer. The main idea is
to use the electromagnetic Caleron projector along with transmission conditions for the
electromagnetic fields. This leads to a symmetric variational formulation which lends itself to
Galerkin discretization by means of divergence-conforming discrete surface currents.

Closed form modal Green's functions for accelerated computation of bodies of revolution
[32] uses MoM and Modal Green's function (MGF). The MGF is defined as the radiation field of a
circular loop antenna with sinusoidal current distribution. The authors of [32] proposed closed
form expressions for near-axis far-distance modal Green's functions in order to accelerate the
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computation of BOR problems. They also presented a criterion based on rigorous error analysis to
guarantee MGF's range of applications. Radiation and scattering problems using the MGF approach
were solved in this research. Electromagnetic penetration through apertures in conducting surfaces
[33] provides a tutorial review of aperture theory in its present state of maturity with emphasis upon
those facets of the theory which lead to better understanding of EMP penetration. The authors of
[33] discuss the boundary value problem involving an aperture-perforated, planar screen separating
two homogeneous half spaces having the same electromagnetic properties, and formulate
preliminary integro-differential equations for this problem. They generalize these preliminary
concepts and derive equations for the problem of diffraction by a closed conducting surface in
which an aperture has been cut.

Radiation and scattering from bi-lIsotropic bodies of revolution [34] discusses use of bi-
isotropic (BI) media in the fields of millimeter wave and microwave. The Bl media is characterized
by a bi-isotropic constitutive relation, which complicates the solution of the electromagnetic
scattering and radiation problems associated with bi-isotropic medium. The authors of [34] develop
a general solution based on surface integral equation (SIE) to analyze the scattering and radiation of
arbitrarily shaped Bl bodies, which takes both chiral and Tellegen parameters in consideration.
They design a dedicated solution for bi-isotropic BOR (BI-BOR). Calculation of the absorption
cross section of a partially shielded dielectric sphere [35] solves the problem of a plane
electromagnetic wave diffracted from a dielectric sphere partially covered by a thin perfectly
conducting spherical surface.

In [36] an improved solution of the E-field integro-differential equation is intended for
electromagnetic scattering from a perfectly conducting body of revolution. This solution eliminates
an instability of previous solutions which manifested itself by an oscillation of the azimuthal current
about its mean value. The authors of [36] present examples of the computed electric current on
several bodies of revolution for which many past solutions exhibited an oscillatory instability. In
[37] a new method is proposed for the computation of the radar cross section and other associated
field quantities arising when a smooth, perfectly conducting obstacle is illuminated by an incident
electromagnetic wave. The scattered wave is first represented by a distribution of electric dipoles
over the surface in question, with the response from any dipole proportional to the induced surface
current density at that point. The surface current is then determined by the "boundary condition"
that the scattered wave, through interference, precisely cancels the incident wave on the surface of
the largest sphere inscribed in the obstacle. One obtains in this manner a pair of coupled matrix
equations for the surface current. Green's identity permits decoupling of the equations, reducing the
problem to roughly the equivalent of two independent scalar problems. The authors specialized the
equations to axially symmetric obstacles and then solved the equations numerically.

H-Field, E-Field, and Combined Field solutions for bodies of revolution [38] derives
formulas for the computation of the electric surface current and far scattered field of a perfectly
conducting body of revolution for arbitrary plane wave excitation. Computations in [38] showed
that both the H-field solution and the E-field solution deteriorate near internal resonances of the
conducting surface, but that the combined field solution does not. The field solutions in [38] are
obtained by applying the method of moments (MoM) to the H-field integral equation, the E-field
integral equation, and the combined field integral equation for a perfectly conducting body of
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revolution. An integral equation method is presented in [39] for the solution of the field scattered
by a set of cylinders with arbitrary cross-sectional shape and arbitrarily varying anisotropic surface
impedance. The integral equations are given for an arbitrary source with arbitrary harmonic
variation along the cylinder axis. The scattering problem can be solved for arbitrary three-
dimensional sources by expansion of the sources in a Fourier integral over the axial propagation
constant. The author developed a computer program and used it for solving a great variety of
scattering, antenna, and propagation problems. In [40] there is a survey of recently developed
techniques for solving the rigorous equations that arise in scattering problems. These methods
generate a system of linear equations for the unknown current density by enforcing the boundary
conditions at discrete points in the scattering body or on its surface. This approach shows promise
of leading to a systematic solution for a dielectric or conducting body of arbitrary size and shape.
The authors of [40] discuss relative merits of the linear-equation solution and the variational
solutions and numerical results, obtained by these two methods, for straight wires of finite length.

Two-dimensional electromagnetic scattering by a dielectric cylinder partially covered by
zero-thickness perfect conductors is treated in [41]. The impressed field is either transverse
magnetic (TM) or transverse electric (TE) to the cylinder axis. The problem is formulated in terms
of two coupled boundary integral equations in each case. For the TM case the unknowns are
equivalent electric currents, and for the TE case they are equivalent magnetic currents. In [41] the
integral equations are solved by the method of moments (MoM) with pulse functions for expansion
and point matching for testing. In [41], numerical solutions are obtained for a thin rectangular
dielectric cylinder partially covered by perfectly conducting plates, where the impressed fields is
either a TM or a TE plane wave. In [42], scattering from wires and open circular cylinders of finite
length is obtained using entire domain Galerkin expansions. The case of a straight wire, viewed as
a thin cylinder, is examined in this context. The salient features of this study are a) use of the
electric field integral equation (EFIE) as a starting point, b) solution of this equation by Galerkin
method, and c) representation of the axial variation of the current on the scatterer by an entire
domain (Fourier series) expansion. Edge modes are considered in the expansion set and their effect
is examined. The open cylinder backscatter cross section is computed as a function of aspect angle
for various radii and lengths and is compared with measured data.

In [43], there is a formulation based on the physical theory of diffraction (PTD) for
electromagnetic scattering from finite conical surfaces with circular and elliptic cross sections. The
base-rim discontinuity is represented by equivalent currents, including second order terms extended
for elliptic boundaries. Tip-rim interactions are examined as a function of the tip-rim distance, cone
angle, and illumination angle for circular cones; and their implications for elliptic cones are noted.
The diffraction contribution from tip-rim interactions is shown to be dependent on the cone angle
and the illumination angle but to be relatively insensitive to the tip-rim distance. The formulation in
[43] was applied to cones with varying ellipticity for axial and oblique illumination. Correlation is
made with published results for circular cones and with experimental data for an elliptic cone. In
[44], the behavior of an electromagnetic field in the neighborhood of the common edge of angular
dielectric or conducting regions is determined from the condition that the energy density must be
integrable over any finite domain (the so-called edge condition). Two cases are treated in detail. 1)
A region consisting of a conducting wedge and two different dielectric wedges with a common
edge. 2) A region consisting of two different dielectric wedges with a common edge. It is also
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shown that near such edges, electrostatic and magnetostatic fields will exhibit the same behavior as
the electromagnetic field.

Books covering important topics in electromagnetic fields and waves [45] —[49] were used
to understand the subject, concepts, and terminologies used in this thesis.

In [50], an axisymmetric chiral radome is analyzed via the method of moments (MoM).
The chiral body is illuminated by a plane wave and the surface equivalence principle is used to
replace the body by equivalent electric and magnetic surface currents. The scattered field outside
and the total internal field are produced by these currents. By using the boundary conditions on the
surfaces of the bodies, eight simultaneous surface integral equations are obtained for four unknown
equivalent surface currents. By taking linear combinations, the eight integral equations are reduced
to four integral equations. A matlab computer program is developed for an axisymmetric chiral
radome and examples of numerical calculations are given for a chiral spherical radome and chiral
Von Karman radome. Numerical results of the chiral spherical radome are in excellent agreement
with the exact ones obtained by the eigenfunction solution. In [51], a method of moments (MoM)
solution is presented for electromagnetic scattering by a three-dimensional (3-D) inhomogeneous
chiral scatterer illuminated by an arbitrary incident field. The volume equivalence principle was
used to obtain coupled integral equations for equivalent volume currents. These integral equations
were then solved numerically using MoM. The volume of the scatterer was modeled by tetrahedral
cells, and face-based expansion functions were used to approximate the equivalent currents.
Computed results are in very good agreement with exact data or other published data. In [52], the
electric field integral equation (EFIE) with the method of moment (MoM) is used to develop a
simple and efficient numerical procedure for treating problems of scattering by arbitrarily shaped
objects. For numerical purposes, the objects are modeled using planar triangular surface patches.
Because the EFIE formulation is used, the procedure is applicable to both open and closed surfaces.
Crucial to the numerical formulation is the development of a set of special subdomain type basis
functions which are defined on pairs of adjacent triangular patches and yield a current
representation free of line or point charges at sub-domain boundaries. The method is applied to the
scattering problems of a plane wave illuminated flat square plate, bent square plate, circular disk,
and sphere . Excellent correspondence between the surface current computed via the method [52]
and that obtained via earlier approaches or exact formulations is demonstrated in each case.

Going through the cited research works and scores of other research works not enumerated
above, led to acquiring a body of knowledge, acquiring inspiration, and acquiring motivation to
build a theoretical framework that does not omit any feature and facet of scattering from a BOR of
complex geometry. The theoretical foundation developed in Chapters 2—6 is multi-faceted in that
it can be adapted to; (a) the case of a perfectly conducting BOR surface, (b) the case of a chiral
BOR, (c) the case of a dielectric BOR, (d) the case of a perfectly conducting BOR surface with
aperture that encloses dielectric material, (e) the case of a perfectly conducting BOR surface with
apertures that encloses chiral material, and (f) the case of, not just one, but as many apertures as
desired in the structure.

This research work is important because of its significance for numerous applications in
radar techniques and for tracking and discriminating between space vehicles and objects. The scope
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of the applicability of this research work is important in radar. For example, the transmitting
antenna radiates the incident field, which closely approximates a plane wave at the target (BOR),
which could very well be a rocket in flight. The current induced on the target (rocket) by the
incident wave produces the scattered wave, which is approximately a plane wave at the receiving
antenna. The received signal is processed to obtain information about the rocket including its
shape and its orientation in space as well as its radar cross section.

1.4 Organization of the Dissertation

In Chapter 2, equivalent electric and magnetic currents on the surface of the chiral body of
revolution (BOR) are used to obtain external and internal equivalences. In the external equivalence,
the field outside the BOR is the field in the original problem and the field inside the BOR is the null
field. In the internal equivalence, the field inside the BOR is the field in the original problem and
the field outside the BOR is the null field. Realizing these null fields, two vector integral equations
are obtained for the equivalent electric and magnetic currents. The equivalent currents are
represented by two unknown vector functions over the entire surface of the BOR. The first
unknown vector function is the unknown electric current J, of the external equivalence. The

second unknown vector function is the union of M over the part of the surface of the BOR not
covered by the conductors and J; covered by the conductors. Here, M is the unknown equivalent

magnetic current of the external equivalence on the part of the surface of the BOR not covered by
conductors and J; is such that —J, is the unknown equivalent electric current of the internal

1
equivalence on the part of the surface of the BOR covered by conductors. The unknown equivalent
magnetic current of the internal equivalence is —M. Unknown equivalent magnetic current is not
needed on the part of the surface of the BOR covered by conductors because the equivalent
magnetic current of both external and internal equivalences is zero there. Unknown equivalent
electric current of the internal equivalence is not needed on the part of the surface of the BOR not
covered by conductors because this equivalent electric current is equal to —J_ there.

In Chapter 2, applications of the method of moments (MoM) using expansion and testing
functions on the surface of the BOR gives the moment matrix equation in which a square matrix
called the moment matrix post-multiplied by a column matrix of the unknowns is equal to an
excitation column matrix. Because an e dependent source current on the surface of the BOR

that is symmetric about the z-axis produces only an e dependent field, the originally encountered
large moment matrix equation decomposes into smaller moment matrix equations, one for each
value of n for which e dependent equivalent currents are significant. Because each tangential
vector on the surface of the BOR has two orthogonal components, each moment matrix that comes
from the two vector integral equations is a four by four array of submatrices. The first expressions
for the moment matrix elements in Chapter 2 contain integrals over the testing functions of the
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fields of the expansion functions for the equivalent electric and magnetic currents. These electric
and magnetic current expansion functions radiate both in all space filled with the homogeneous
achiral medium outside the BOR in the original problem and in all space filled with the
homogeneous chiral medium inside the BOR in the original problem. In Chapter 2, the elements of
the excitation column matrix for a particular value of n are expressed in terms of integrals over
testing functions of the field of an incident plane wave. Because the surface of the BOR is
symmetric about the z-axis, only plane waves that propagate in the xz-plane need to be considered.
Solving for the column matrix of unknowns in the moment matrix for a particular value of n

amounts to solving for the e dependent equivalent electric and magnetic currents. Before the
moment matrix equation for a particular value n can be solved for the column matrix of unknowns,
the elements of the moment matrix and the elements of the excitation column matrix have to be
evaluated.

In Chapter 2, the fields in the previously-mentioned expressions for the moment matrix are
dealt with as follows. The field of each equivalent current expansion function radiating in all space
filled with the chiral medium is decomposed into the sum of a right-handed field and a left-handed
field. The right-handed field is produced by the right-handed source radiating in a hypothetical
achiral medium called the right-handed medium and the left-handed field is produced by the left-
handed source radiating in a hypothetical achiral medium called the left-handed medium. The right-
handed sources are expressed in terms of the equivalent electric and magnetic currents. The left-
handed sources are also expressed in terms of the equivalent electric and magnetic currents. The
four needed field operators which are electric field of electric current, magnetic field of electric
current, electric field of magnetic current, and magnetic field of magnetic current are reduced to two
needed field operators by expressing electric field of magnetic current in terms of magnetic field of
electric current and by expressing magnetic field of magnetic current in terms of electric field of
electric current. Such a treatment of the fields allows the moment matrix elements to be expressed
as (2.47)—(2.50) in which the Z's and Y's on the right-hand side are given by (2.51)—(2.53).
These Z's and Y 's are proportional to the integrals over the testing functions of the fields of the
expansion functions for the equivalent currents radiating in all space filled with the achiral medium
outside the BOR in the original problem, in all space filled with the right-handed medium, and in
all space filled with the left-handed medium.

In Chapter 3, formulas that can be used to compute the Z's and Y 's of (2.51) —(2.53) are
obtained. The moment matrix elements can be computed by substituting computed values of Z's
and Y's into expressions (2.47)—(2.50) for the moment matrix elements. Formulas that can be
used to compute the Z's of (2.51) are obtained by first using the mixed potential formulation to
expand the fields in (2.51). In this formulation, the electric fields of electric current sources are
expressed in terms of magnetic vector potentials and electric scalar potentials. Next, a vector
identity and the surface divergence theorem are used to trade the gradient operation on the electric
scalar potential for the surface divergence operation on the testing function. The magnetic fields in
(2.52) and (2.53) are proportional to the curls of the magnetic vector potentials. Each magnetic
vector potential is proportional to an integral. The curl of the integral is replaced by the integral of
the curl of the integrand and the limit is taken as the field point approaches the source surface
(surface on which the electric current source of the magnetic vector potential resides) from the
appropriate side of the source surface. Finally, the piecewise linear approximation of the generating
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curve is introduced and each expansion and testing function is approximated by four Dirac delta
functions. Except for the "self-term™ where the delta function of a testing function coincides with
the delta function of an expansion function, the four delta function approximations make the
integrals tractable. The equivalent radius [53] is used for the self term.

In Chapter 4, the expressions for the elements of the excitation column matrix that were
obtained in Chapter 2 are made amenable to computation by treating the electric and magnetic fields
of the incident electromagnetic field. The incident electromagnetic field is the field that its
impressed sources would produce if they radiated in all space filled with the homogeneous medium
outside the BOR in the original problem. Two kinds of incident waves are considered: one whose
electric field is in the &-direction and one whose electric field is in the ¢-direction. The incident

field whose electric field is @-polarized is called the &-polarized incident field and the incident
field whose electric vector is ¢-polarized is called the ¢-polarized incident field. The integrals

with respect to ¢ in the expressions for the elements of the excitation column matrix for the & -
polarized incident field are expressed in terms of integral representations of the cylindrical Bessel
functions J, ,, J,,, J Because the electric field of the ¢ - polarized incident field is proportional
to the magnetic field of the &-polarized incident field and because the magnetic field of the ¢-

polarized incident field is proportional to the electric field of the &-polarized incident field, each
element of the excitation column matrix for the ¢ - polarized incident field is proportional to one of
the elements of the excitation column matrix for the &-polarized incident field. The remaining
integrals , those with respect to t, are done by approximating the t -dependence of each testing
function by four Dirac delta functions.

n? n+l-*

In Chapter 5, the scattered electric field far from the scatterer is expressed as a summation
with respect to n where the term characterized by n in the summation is the matrix product of a
measurement row matrix and a column matrix T multiplied by e"=  where, from reciprocity, each
element of the measurement row matrix is either an element of or the negative of an element of the
excitation column matrix with the angle 8 of the direction from which the incident field comes
replaced by the angle & of the radius vector from the origin in the vicinity of the scatterer to the
location where the scattered field is observed. Also each element of T is a coefficient of an
expansion function in the solution for the equivalent currents that radiate the scattered field. In
Chapter 5, the definition of the bistatic radar cross section per square wavelength in the exterior
medium (the exterior medium is the medium outside the BOR in the original problem) is used to
express the bistatic radar cross section as a normalized square of the magnitude of the scattered
electric field.

In Chapter 6, expressions are obtained for the six field components E,,E ,E,,H,,H , and

H, inside the BOR. The field inside the BOR is the field of the equivalent electric and magnetic

currents of the internal equivalence radiating in all space filled with the homogeneous chiral
medium inside the BOR in the original problem. The field of each equivalent current is expressed
as the sum of the right-handed field and the left-handed field. The right-handed field is radiated by
the right-handed sources in the right-handed achiral medium and the left-handed field is radiated by
the left-handed sources in the left-handed achiral medium. The right-handed sources are expressed
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in terms of the equivalent electric and magnetic currents. The left-handed sources are also
expressed in terms of the equivalent electric and magnetic currents. Because the electric field of a
magnetic current is proportional to the magnetic field of an electric current and because the
magnetic field of a magnetic current is proportional to the electric field of an electrical current, all
fields can be expressed in terms of Z's and Y's where each Z is the electric field of an electric
current and each Y is the magnetic field of an electric current. Each Z is expressed in terms of a
magnetic vector potential and an electric scalar potential. Each Y is proportional to the curl of a
magnetic vector potential. The magnetic vector potential is proportional to an integral. The curl of
the integral is replaced by the integral of the curl of the integrand. Numerical integrations over the
source coordinate ¢' are done first. Integrations over the source coordinate t' are done by

approximating the t' dependence of each expansion function by four Dirac delta functions.
Expressions for the p-, ¢-, and z - components of the fields are obtained and then the expressions

for the p- and ¢-components of the fields are used to obtain expressions for the x- and vy -

components of the fields. For field evaluation on the z -axis, the distance between source and field
points does not depend on ¢’ so that the integrands of the integrals with respect to ¢'are

trigonometric functions that can be integrated analytically instead of numerically, thereby saving
computer time.

The mathematical edifice built in Chapters 2—6 is multi-faceted and versatile enough to
analyze scattering and radiation by perfectly conducting metallic as well as unshielded dielectric
bodies of revolution of complicated shapes. Chapter 7, furthers this research activity by proving
that the theoretical formulations developed in Chapters 2—6 are equally applicable to cases of
regular-shaped bodies of revolution. Comparison, of the graphs of results for regular-shaped bodies
of revolution based on our theoretical formulations with those graphs that were produced
analytically by earlier researchers showed almost one hundred percent conformability of graph
mappings, form and accuracy of graph readings with our graphs. In cases where integral and other
equations pertaining to scattering problems could not be solved by analytical methods we compared
our results with those earlier researches carried out by application of theoretical and numerical
approaches different than ours. Chapter 8 presents the conclusion reached based on the systematic
theoretical structure presented in Chapters 2—6 which led to the numerical results and graphs,
presented in Chapter 7, that conformed to an agreeable extent with the results and graphs obtained
by early researchers using distinctly different numerical approaches than ours.

There are five appendices. Appendix A gives clear, uncluttered presentation of the
Equivalence Principle, Appendix B presents analysis of the MoM technique, Appendix C presents
comprehensive exploration of electric and magnetic field equations and field sources in chiral
media, Appendix D explains formulations not fully explained in Chapters 2—3 and Appendix E
elucidates derivations of important equations of Chapter 2.
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Chapter 2

Integral Equations and the Moment Matrix
Equation

2.1 Introduction

In Chapter 2, the fields inside and outside the body of revolution are simulated by using
unknown equivalent electric and magnetic currents. Integral equations for these equivalent
currents are derived. Expansion and testing functions are used in the method of moments
to discretize these integral equations. The discretization yields the moment matrix equation
where a square matrix called the moment matrix multiplied by a column matrix of unknown
elements is equal to a column matrix of known elements called the excitation column matrix.
If the elements of the moment matrix and the elements of the excitation column matrix can
be computed, then the moment matrix equation can be solved to obtain an approximate
numerical solution for the equivalent currents. In Chapter 2, the elements of the excitation
column matrix are given by (2.28) and (2.29) which contain the incident electromagnetic
field, and the elements of the moment matrix are given by (2.47)—(2.50) whose right-hand
sides contain Z’s and Y’s. Computation of the Z’s and Y'’s is described in Chapter 3.
Computation of the elements of the excitation column matrix for plane wave excitation is
described in Chapter 4.

2.2 Integral Equations

Let S, be the part of the surface of the chiral body (scatterer) covered by rotational symmetric
perfect conductors, let S, be the part of the surface of the scatterer not covered by the
rotationally symmetric conductors, and let S be the entire surface of the scatterer as shown
in Fig. 2.1. Here, the subscript ¢ stands for conductor, and, because S, is an aperture or
apertures, the subscript “a” stands for aperture.

The electromagnetic field outside the scatterer is simulated as the electromagnetic field
produced by the combination of the impressed source of the plane wave, the electric current
J. on S and the magnetic current M on S,, both radiating in all space filled with the
homogeneous achiral medium that is outside the scatterer in the original problem. This
simulation, where e in J. stands for external, is called the external equivalence (see Fig. 2.2).

The electromagnetic field inside the scatterer is simulated as the electromagnetic field
produced by the combination of the electric current —J; on S, the electric current —J. on
S,, and the magnetic current —M on 9,, all radiating in all space filled with the homogeneous
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chiral medium that is inside the scatterer in the original problem. This simulation, where %
in —J; stands for internal, is called the internal equivalence (see Fig. Fig. 2.3).

The boundary conditions are that the part of the electric field that is tangent to .S, is
continuous across S,, that the part of the electric field that is tangent to S, is zero on both
sides of S, (the side facing outside the scatterer and the side facing inside the scatterer),
and that the part of the magnetic field that is tangent to .S, is continuous across S,. Hence,
there are two boundary conditions everywhere on §S.

Let “just outside S” refer to the side of S facing outside the scatterer and let “just inside
S” refer to the side of S facing inside the scatterer. If J., J;, and M can be determined
such that the tangential electric and magnetic fields of the external equivalence are zero just
inside S and the tangential electric and magnetic fields of the internal equivalence are zero
just outside S, then all boundary conditions on S in the original problem will be satisfied.
The tangential electric field will be continuous across S, because the magnetic current on
S, in the internal equivalence is the negative of the magnetic current on S, in the external
equivalence. The tangential electric field will be zero on both sides of S. because there
is no magnetic current on S, in both external and internal equivalences. The tangential
magnetic field will be continuous across S, because the electric current on S, in the internal
equivalence is the negative of the electric current on S, in the external equivalence.

The requirement that the tangential electric field of the external equivalence be zero just
inside S is expressed as

1 1 :
= Ee e,M _ — — [ginc
B0 M =[]
where 7. = \/fte/€c is the intrinsic impedance of the homogeneous achiral medium outside
the scatterer in the original problem. Also, E.(J., M) is the electric field of the combination
of J. and M, both radiating in all space filled with the homogeneous achiral medium that
is outside the scatterer in the original problem. The e in E. indicates radiation in all
space filled with the external medium of the original problem. The first argument of E.
is an electric current and the second argument of E. is a magnetic current. In (2.1), S~
indicates the tangential part of the enclosed field on the side of S facing inside the scatterer.
Moreover, E™ is the incident electric field. The incident electric field is the electric field that
would exist if the scatterer was removed and if the resulting empty space was filled with the
homogeneous achiral medium outside the scatterer in the original problem. The subscript S
indicates the tangential part of the enclosed field on S. There is no need to specify the side
of S where E™¢ is evaluated because E™° is continuous across S.
The requirement that the tangential magnetic field of the external equivalence be zero
just inside S is expressed as

. (2.1)

—[He(Je,M)]s- = [H™]5 (2.2)
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where H¢(J., M) is the magnetic field of the combination of J. and M, both radiating in all
space filled with the homogeneous achiral medium that is outside the scatterer in the original
problem. The e in H, indicates radiation in all space filled with the external medium of the
original problem. The first argument of H, is an electric current and the second argument
of H, is a magnetic current. As in (2.1), S~ indicates the tangential part of the enclosed
field on the side of S facing inside the scatterer. Moreover, H"® is the incident magnetic
field. The incident magnetic field is the magnetic field that would exist if the scatterer was
removed and if the resulting empty space was filled with the homogeneous achiral medium
outside the scatterer in the original problem. The subscript S indicates the tangential part
of the enclosed field on S. There is no need to specify the side of S where H™¢ is evaluated
because H™¢ is continuous across S.

The requirement that the tangential electric field of the internal equivalence be zero just
outside S is expressed as

—ni Ei(Jie, M)]g =0 (2.3)
where E;(J;., M) is the electric field of the combination of J;. and M, both radiating in all
space filled with the homogeneous chiral medium that is inside the scatterer in the original
problem. Here, J;. is the combination of J; on S. and J. on S,. In (2.3), the ¢ in E;
indicates radiation in all space filled with the internal medium of the original problem. The
first argument of E; is an electric current and the second argument of E; is a magnetic
current. In (2.3), ST indicates the tangential part of the enclosed field on the side of S
facing outside the scatterer. Although the sources on S in the internal equivalence are —J;.
and —M, it was possible to employ J;. and M in (2.3) because (2.3) is equivalent to itself
with J;. and M replaced by —J,;. and —M, respectively.

The requirement that the tangential magnetic field of the internal equivalence be zero
just outside S is expressed as

—[Hi(Jie, M)]s+ =0 (2.4)

where H;(J;., M) is the magnetic field of the combination of J;. and M, both radiating in all
space filled with the homogeneous chiral medium that is inside the scatterer in the original
problem. The ¢ in H; indicates radiation in all space filled with the internal medium of the
original problem. The first argument of H; is an electric current and the second argument
of H; is a magnetic current. The subscript S™ indicates the tangential part of the enclosed
field on the side of S facing outside the scatterer. Although the sources on S in the internal
equivalence are —J,;. and —M, it was possible to employ J;. and M in (2.4) because (2.4) is
equivalent to itself with J;. and M replaced by —J,;. and —M, respectively.
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The product of an arbitrary constant « with (2.3) is added to (2.1) to obtain

1 1

~ (B0 M)+ o (BT M) = - [E7] (2.5
and the product of an arbitrary constant § with (2.4) is added to (2.2) to obtain
= ([He(Je, M)]s- + B[Hi(Jie, M)]s+) = [H™]5 (2.6)

where, in Chapter 3, the E’s and the H’s will be expressed in terms of integrals over their
arguments. Equations (2.5) and (2.6) are the integral equations that will be solved by the
method of moments. If a* is real and positive where * denotes the complex conjugate, then
it can be shown that (2.5) and (2.6) imply (2.1)—(2.4) [10, Section 2]. Equations (2.5) and
(2.6) are two vector equations on S. The unknowns in (2.5) and (2.6) are J. on S and the
composite unknown consisting of J; on S. and M on S,. Hence, the unknowns in the two
vector equations (2.5) and (2.6) on S are two vector unknowns on S. Therefore, it should
be possible to solve (2.5) and (2.6) by the method of moments.

2.3 Expansion of the electric and magnetic currents

The electric and magnetic currents in (2.5) and (2.6) are expanded as

N Ny

.-y (I:U.Jgj + If;jJﬁj) (2.7)
n:]\;N j;tl
Je= > ( (LLVE + LIL,) 3t + (L;Vnﬁ» + Ljfffj) Jij) (2.8)
M= 3 YL (V;j.]gj + Vn‘@Jij) (2.9)
n=—N j=1

where I}, Ifj, Vy; and Vn(z;» are complex constants to be determined and Ji,; and Jij are

expansion functions given by

Jo=t , eIn? (2.10)
Ti(t
Jo, = ’[E) ind (2.11)



where t is the arc length along the generating curve C' of the body of revolution (BOR),
p = p(t) is the distance from the z-axis of the BOR, ¢ is the angle measured from the
positive z-axis toward the y-axis in the xy-plane, and 7}(t) is the triangular function defined
by

t—to;_
%> toj_1 <t <tgjq1
J
T:(t) = tojirg —t 2.12
i) %> tojr1 St <tlgj43 (2.12)
j+1
0, elsewhere
where
dj = Agj_l + Agj (213)
Aj = tj_|_1 - tj. (214)

In (2.10) and (2.11), t and ¢ are the unit vectors in the t- and ¢-directions, respectively.
The t-direction is such that

~

pxt=n (2.15)

where n is the unit vector that is perpendicular to S and point outwards from chiral BOR.

The generating curve C' consists of the straight line segment from ¢t = t; to t = t5, that
from t to t3, ..., that from ton,12 to ton,+3 where, as in (2.7), N; is the number of triangles
on C. A generating curve for N; = 3 is shown in Fig. 2.4. In (2.8) and (2.9),

t) is in an aperture

_ L T5()
Li= { 0, Tj(t) is on a conductor (2.16)
, [ 1, Tj(t) is on a conductor
b= { 0, Tj(t) is in an aperture. (2.17)

The combination of the triangular functions in the apertures and the triangular functions
on the conductors has to cover C' exactly. Actually, the terms in (2.8) and (2.9) are more
easily controlled by a single logical variable rather that the two numerical variables L; and
L;. In (2.8), J;c on S, consists of the terms multiplied by L; and J;. on S, consists of the
terms multiplied by L;. The j in jn¢ in (2.10) and (2.11) is v/—1, not to be confused with
the other j in (2.10) and (2.11).

Each triangular function on C has to be identified as either a triangular function in
the apertures or a triangular function on the conductors. Because the combination of the
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triangular functions in the apertures and the triangular functions on the conductors has
to cover C' exactly, the last triangular function on a conductor must overlap with the first
triangular function in the aperture at the end of the conductor. Unfortunately, identification
of the first triangular function in the aperture at the end of a conductor is not precise. This
triangular function could be chosen such that all of it is in the aperture or such that only
part of it is in the aperture. For example, if the aperture begins at t9;41, then the first
triangular function in the aperture could, with reference to (2.12), be either 7; or Tji;. If
the aperture begins at t5;, then the first triangular function in the aperture could be Tj_;, Tj,
or Tj;1. Because of this uncertainty, the number of triangles in the apertures is not known
exactly. This number can be made known exactly by deciding whether to put the beginning
of each aperture at an even or odd point and deciding whether to require the first and last
triangular functions in each aperture to be either entirely in the aperture or only partly in
the aperture.

Due to possible singular behavior of the fields at the edge of a conductor [44], equivalent
currents that are perpendicular to the edge could be proportional to v/d near the edge and
equivalent currents that are parallel to the edge could be proportional to 1/ Vd near the
edge where d is the distance from the edge. The expansions (27)—(2.9) do not allow for such
behavior near the edge.

Substitution of (2.7)—(2.9) into (2.5) and (2.6) gives

Z { ( |i__E (Jizg>0):| +Ij:y |i_iE Jiy :| )
5- N 5=
+2Lj (Vi [FBu0,3:)] -+ Vi [~Eu(0,32)] )
j=1 >
Ny
+> ((L;ng + L;I;) { n—E (Jz;m,())L+ (L;Vnﬁ +Ljfjjj) {——E (J2,,0) } )

U

+iLj (V;j [—aEi(0,3%,)] . + V5 [—aEi(O,Jij)L+) } _ HEn] 5(2.18)
i { i (1) [~HL3,,0)] o + Iy |[~HL(I,, 0)}57)
+ZL (Vi [ B0, 30)] - + V5 [ —nHo(0.3%)] )
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+i( (LYVE + Lilly) [~BHI(3L;,0)] . + LVl + LyTy, ) [-OHi(37,,0)] )
+ZL ( —BnH; (0,3 o, + Vi [—/J’ne (O,Jij)]%)} = [H"],. (2.19)

2.4 Testing functions

Testing functions J* . and J fmz are defined by

:Ti(t)

p
L)

p

Jtoo =2

—mi

e=Iime (2.20)

J0 = LM, (2.21)

The symmetric product of two vector functions f and g on S is < f, g > given by

<f,g>= //f-gds. (2.22)
S

First taking the symmetric product of J* . with (2.18), then taking the symmetric product
of J®  with (2.18), next taking the symmetric product of J* . with (2.19), and finally
taking the symmetric product of J° . with (2.19), one obtains four equations. In (2.18) and

(2.19), the term of Z_N whose index is n has, as will be seen later, e/™ dependence so that

only the term of Z]_VN whose index is m will survive in the previously mentioned equations.
Replacing m by n in these equations, one obtains the matrix equation

Ztt Zt¢ c Ct¢ It {7;
Zot goe cot cos 19 Vo
Dtt Dt¢ Ytt Yt¢ tht = ﬁ (2-23)
pit pee yer yoo | | yo 7

where, for ¢ =t or ¢ = ¢, I¢ and V¢ are column matrices whose j*® elements are I?. and

nj
ij, respectively. The 75" elements of the members of the 4 x 4 array in (2.23) are, for p =t

orp=¢and g=1torqg= o,

7, = / / > [ (JfLJ,O)Lds+Lj / / 3 {—U—E (J;JU,O)Lds (2.24)
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cr = (// P i [Ee(0,30)] ds+//SJ€m--[ aE;(0,J7%))] ds)

iy / / S {_i (J;IU,O)L+ ds (2.25)
Dyl = // J? . o(J55,0)] o ds + L; //S.ij.-[ AH;(I};,0)] ., ds (2.26)

v = f / Vo B3 dst [ [ 2 onm0.3),, )

+L //S I i [-0H(J7,,0)] ., ds. (2.27)

For p =t or p = ¢ the i™® elements of V? and I? are, respectively, V¥ and I?, given by

ny

- 1_.

- / / N {—E} ds (2.28)
S Tle S

I = / / I - [H™] g ds. (2.29)

The electric and magnetic fields of the combination of an electric current J and a magnetic
current M in the chiral medium are respectively E;(J, M) and H;(J, M) given by [12, (11),

(12)]
E(J,M) = E,(J;,M.) + E_(J_,M_) (2.30)
H;(J,M) =H;(J,M,)+H_(J_,M_) (2.31)
where (Ex(J+,My), Hi(J1, M.)) is the electromagnetic field of the combination of the elec-

tric current J+ and the magnetic current M4 in the hypothetical medium whose permittivity
and permeability are, respectively, e and py given by [12, (15), (16)]

er = g(1+&) (2.32)
pe = pi(l £&) (2.33)
where €;, u;, and &, are, respectively, the permittivity, permeability, and relative chirality of
the chiral medium; &, = £/,/g;11; where £ is the chirality of the chiral medium. The intrinsic

impedance of the hypothetical medium and the wavenumber in the hypothetical medium
are, respectively, n. and ki defined by

ne = B (2.34)
€+

k‘i = Wy/ U4 (235)
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where w is the angular frequency. In (2.30) and (2.31) [12, (17), (18)],

' ‘
J. = - (J:F iM)

1 .

(2.36)

(2.37)

where 7; = \/p; /€; is the intrinsic impedance of the chiral medium. It can be shown that

N+ = -
Substituting (2.36) and (2.37) into (2.30) and (2.31), one obtains

1 : ‘ 1 : ‘

Ei(J,M) = SE,(J - 7‘;—1\/1 M+ jnid) + SE-(J + 7‘;—1\/[ M — jn,J)
1 : 1 ;

H,(J,M) = JH,(J - 7‘;—1\/[ M+ jnid) + H-(J + 7‘;—1\/[ M — jnJ).

Substitution of (2.39) and (2.40) into (2.24)—(2.27) gives

1
2y = [[ v || o

v [ [ B (0 nd) — 5B (T —ind)| s
776 S+
R
Ra ) (——Jq JQ)—EE( 375 0) ds)
—ni 2 + nj’ Y nj 2 nj’ Y ng o S
L P
+ f// o |
Dyl = //S.Pim [-H.(J},,0)] , ds
[ 8 4
+L; // I _§H+(qu>]77@qu)_§H (J5g> —dmid ;) o ds
vl = / / J? H.(0,J7,)], ds
Bne Bne
[ [— JHL (I 0h) = S )| ds)

B &4 ‘
+L // IV i { S (T i) — SH- (T —jmidi;) . ds.

« .
(Jogr dnids;) — s—E- (I3, Jm-Jij)] ds

2776 S+
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(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)



The electromagnetic field (E, H) in any homogeneous medium satisfies [34, (1)]
E(0,J) = —H(J,0) (2.45)
H(0,J) — %E(J,O) (2.46)
where 7 is the intrinsic impedance in the homogeneous medium in question. Using (2.45)
and (2.46) to reduce all nonzero magnetic current arguments to zeros in (2.41)—(2.44), next

using (2.38), and then suppressing all the zero magnetic current arguments in the resulting
equations, one obtains

701 = {2780 4 L (an 28, — jom Yk + o, 20+ jam, YIAE) b (247)
cre = YL (- Ynﬁ‘;e —jaZb — QY g jaZl — oY)

+L (anggH — jan, YPE 4 am, Z8 4 jam, V) } (2.48)
pro. = oy oL (BYR 4 jRZR, 4 BYRE — jazr ) ) (2.49)
v - L (225;36 Dyt + Loz, + By 1 Lz, )

VL (BYEE 4 B2, + YR — 8z ) } (2.50)

where 7, = 1;/7n. is the relative intrinsic impedance of the chiral medium and

L —— / / B (30 ds (251)

N(e,+,—

v == [ [ man) o (2.52)
VEE / / P i - HI(IE)ds (2.53)

where 74 is given by (4.38). Because J¥ . is on S, each field in (2.51)—(2.53) is automatically

evaluated on S. The electric field E( 4 ) in (2.51) is continuous across S. However, the
magnetic field H. ; _ is not continuous across S. In (2.52), H_ is H. evaluated on the side
of S facing inside the scatterer. In (2.53), HI is H. evaluated on the side of S facing outside
the scatterer.

Equations (2.47)-(2.50) are recast as

o = Zhse + Ljom, Z21 (2.54)
— /
Oty = Li(=Yyho — aYPi) + Lian, Zh] (2.55)
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DP = YPI~ 4 [ By (2.56)

nij nije

B
Yis = Li(Zy. + 522;’,) + Lipype (2.57)
where
Zh =05 {20, + Zh_ — (Y;;’;;i — Y,{’;;t )} (2.58)
Y2 = 05{YPL 4 VI (20, — 20 )} (2.59)

Replacing n by —n in(2.54)—(2.59) and taking advantage of the even or odd property with
respect to n of each quantity on the right-hand side, one obtains

2% = 2% + Liam, 275, (2.60)
C™,; = Ly(=YPlo, — oYl ) + Lian. 2%, (2.61)
Diiqnw = Yfgn_je + LJﬁYfng (262)
YR = L2 nﬁzﬂy) LY (2.63)

where, for pqg = tt or pq = ¢,
Z%ije = Znije (2.64)
Vi e = —Yie (2.65)

. + +
27, = 05 {70, + 2% 4 j (Y — et} (2.66)
YR = —0.5{YP 4 vEE (20— Zh )} (2.67)
and, for pq = t¢ or pq = ¢t,

e = — 23 (268)
Yoie = Yiije (2.69)
Zn, = —05{Z0  + 720+ (YL —YrT) ) (2.70)
YR = 05{Yil + Yt — (20, — 28 )} (2.71)
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Chapter 3

The Elements of the Moment Matrix

3.1 Introduction

In Chapter 2, the elements of the moment matrix are given by (2.47)-(2.50) whose right-
hand sides contain Z’s and Y’s. In Chapter 3, the Z’s and Y’s are given by (3.74)—-(3.81)
and (3.109)—(3.112). These Z’s and Y'’s can be substituted into (2.47)—(2.50) to obtain
expressions that can be used to compute the elements of the moment matrix.

3.2 Analytical Treatment of Expressions (2.51)—(2.53)
for the Z’s and Y'’s

The moment matrix is the square matrix in (2.23). Its elements are given by (2.47)—(2.50)
where Z" VP~ and Y24 are given by (2.51)-(2.53) where [4, (2)]

nij(e,+,—)’ ~nije> nijt
1 4 1 ‘
- E+(J3) = (JwA ety (1) + VVie s () (3.1)
/)7(67""7_) /)7(67""7_)
_ 1 __
—H; (Jflj) = _EV X A.(r) (3.2)
1
—Hi(Jij) = ——VTxAL(r) (3.3)
M+
where
H(e,+,—
At () = % / / J2(v)G ety (R) ds’ (3.4)
4 S
j / q / /
Vet = — o Gey.(R)d 3.5
o) = gt [ (7030 Gy s (3.5
6—jk(e’+’,)R
Gievry(B) = ——— (3.6)
R=|r—7| (3.7)

where k(. 4 ) is the wavenumber in the external medium, the “+” hypothetical medium, or
the “—” hypothetical medium. In (3.2), the “—” in V™~ indicates evaluation on the side of
S facing inside the scatterer. In (3.3), the “+” in VT indicates evaluation on the side of S
facing outside the scatterer.
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Substitution (3.1) into (2.51) gives

Zggj(e,—l— // —nz ]WA(G +,— ( ) + VV'(GH-,—) (I‘)) ds. (38)

et~

In view of the vector identity
V (J—nz‘/(e +,— ) (V J—nz) ‘/(67-1-7—) + Jzinz ' V‘/'(e7+7_) (39)
and the surface divergence theorem, (3.8) becomes

1
Z / / (1) Aeg o (r) ds — / (V- 37,(0)) Viewy (1) ds.
77(e+ Ne,+,-) S
(3.10)

Substituting (3.4) and (3.5) into (3.10), one obtains

]ke /
oy = e / / ds / / ds' (37,,(r) - 3%, () Cers s (R)

47Tk:(e+ // ds// ds' (V- I7,,(r)) (V5 - I2;(r') Gery o (R). (3.11)

Substitution of the “e” part of (3.4) into (3.2) gives

H, (J)) :——V x// )ds'. (3.12)

Taking the curl of the integrand instead of the integral in (3.12) and then taking the limit
as r approaches S from inside the scatterer, one obtains [54, Section 3.1.1]

CHO(J0) = - // ) x V'G.(R) ds' + %Jij(r) X . (3.13)

Substitution of the “+” part of (3.4) into (3.3) gives

—H(J7) = _ﬁw x / /S 37 ()G (R) ds'. (3.14)

Taking the curl of the integrand instead of the integral in (3.14) and then taking the limit
as r approaches S from outside the scatterer, one obtains [54, Section 3.1.1]

1
~HI(J) = —— / / ) X V'Ga(R)ds' = 3T4,(x) x i (3.15)
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In the integrands in (3.13) and (3.15), r is exactly on S and the principal values of the
integrals are taken if necessary to obtain convergence of the integrals. Because R is given
by (3.7),

V'Gey(R) =Gl )(R)(r—1) (3.16)
where
14+ jkes R .
(et (B) = %6‘”’“%”3- (3.17)

Substitution of the “e” part of (3.16) into (3.13) gives
1
CHO(J) = — L / / (0~ ¥)GL(R) ds' + 530,(0) x . (3.18)
Substitution of the “+” part of (3.16) into (3.15) gives
1
-H{(J})=—— // (r —1')GL(R)ds — §J3Lj(r) X 1. (3.19)

Substituting (3.18) into (3.52), one obtains

yr- = // ds// ds' 37, (x) - (I, (') x (r — 1)) GL(R)
/ / P (r) x f) ds. (3.20)

Substituting (3.19) into (3.53), one obtains

VEE // ds// ds'J? . J2.(x') x (r — ') GL(R)
——// P (r) x A) ds. (3.21)

The ¢ and ¢ dependences of J” ;(r) and the ¢" and ¢ dependences of J, ;(r') are needed in
expression (3.11) for ngj(e .- Replacing (¢,¢) by (', ¢) in (2.10) and (2 11) and replacing

m by n in (2.20) and (2.21), one obtains

Jt.(r') = t’T( ) it (3.22)



J.(t') = ¢ p (3.23)
J () = ETZ'T@)@—W (3.24)
3 (r) = &TiT(t)e‘W (3.25)

where t/, &)/, and ' are, respectively, t, ¢, and p at t =t'. The surface divergence of a vector

function ££,(t,8) + @fult, 8) is V- (filt. 9) + ¢fa(t,0) ) given by

V. (6(0:0)+ 5olt.)) = - S0t ) + -2 ol ) (3.26)
so that the the surface divergences of (3.22)~(3.25) are
V.- I = % (%Tj(t/)) el (3.27)
V.- J0(r) = p—T( Neln? (3.28)
VeI u(r) = E (%Ti(t)) e~Ine (3.29)
V- J?,,(r) = %‘Ti(t)e—m (3.30)

Taking the derivative with respect to ¢ of (2.12) and then replacing ¢ by ¢’ in the resulting
equation, one obtains

d P(t)  Ppalt)

—T(t) =
ai () d; i

(3.31)

where P;(t) is the pulse function defined by

L teio St <o
Fi(t) = { 0, elsewhere. (3.32)

Equation (3.31) with j replaced by ¢ and ¢’ replaced by t is

d .. Bt Pl
STt = T i (3.33)
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Substitution of (3.31) into (3.27) and substitution of (3.33) into (3.29) give

VLT = & (Pj(” _ Bt >) i (3.34)
P\ d djt1

.3t = (Pi(t) _ B“(t)) e, (3.35)
p\ d; dit1

In view of (3.22)-(3.25), the dot products t - t/, t - ¢A)/, ¢ -t and ¢ - ¢A)/ are needed to
evaluate J” ,(r) - J7:(r’) in (3.11). These dot products are given by

t-t' = sinvsinv’cos(¢/ — ¢) + cosvcos v’ (3.36)
t-¢' = —sinvsin(¢' — ¢) (3.37)
¢ - t' = sinv'sin(¢’ — ¢) (3.38)
¢-@ = cos(¢) — o) (3.39)
where v is the angle between t and the z-axis and v’ is the angle between t’ and the z-axis; v
is positive if p increases with ¢ and v’ is positive if p/ increases with ¢'. Replacing ds by dt p d¢

and ds’' by dt' p’ d¢' in (3.11), letting p be either ¢ or ¢ and ¢ be either ¢ or ¢ in (3.11), and
then substituting (3.22)—(3.25), (3.28), (3.30), (3.34), and (3.35) into the resulting equations,

one obtains, upon use of (3.36)—(3.39),

]k: €, 1, — / / o
Zisrs = 22 [y [aenye) [ ao
0

2
. / d¢' G ey y(R)(sinvsin’ cos(¢' — ¢) + cos v cosv')e™# =7
0

J P(t) Pi+1(t)) / ,(Pm me) /
——— [ dt - dt - d
Amke,+,-) / ( d; dit d; djr1 0 ?

2T
a6 Gy (R (3.40)
0

Z' _ _IKero dtTi(t) [ dt' T;(t) %dgb

nijlet=) 47 ' ’ 0

21
/ d¢' Ge.+.—)(R)sinvsin(¢’ — ¢)eIn(@ —2)
0

2 2 T. / 2 21 ) ,
_I_L /dt (P (t) . P—I—l (t)) /dt/ & / d¢/ d¢/ G(e,—l—,—) (R)ejn(¢ —¢) (341)
d; dis1 P 0 0
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‘ 2T
o = ]k(e’+’_) : X aley
2T
/ dd' G ey (R)sinv'sin(¢/ — ¢)e¢=?)
0
3 (' . / 2
. n /dth(t)/dt/ (Pj(t) _Pj+1(t))/ 4
ke +,—) p d disy ;
2T
/ d¢’ G(e,+,—)(R)ej"(¢/‘¢) (3.42)
0
) 2T
Z¢¢ — ]k‘(e,—l—,—) /dtTZ(t)/dt/T(t/)/ d¢
nij(e,+,—) e J i
2T
/ d¢' Gey,—)(R) cos(¢’_¢)6ﬂ'n(¢’—¢)
0

-2
jn T;(t) / ;) / / (¢ —9)
LR B PR AVA do | d¢' G (R)&™O' =9, (3.43

47rk:<e,+,_)/ p v (o) () (3.43)

In view of (3.22)-(3.25), the scalar triple products t - (' x (r — '), t - (¢A)/ x (r—r')),
¢-(t'x(r—r)), and ¢ - (¢A)/ x (r —1')) are needed in expression (3.20) for Y,72". These
scalar triple products are given by

t-(t' x (r—r") = (psinvcosv’ — psinv’ cosv — (2 — z) sinvsinv') sin(¢ — @) (3.44)

t (¢A)/ X (r—1")) = p'cosv+ (—pcosv — (2 — z)sinv) cos(¢' — ¢) (3.45)

-t x(r—r)) = pcost/ + (—p cosv' + (2 — 2)sinv’) cos(¢/ — ¢) (3.46)

¢ (¢ x (r—1)) = ~(' — 2)sin(¢/ — 9). (3.47)
Other scalar triple products needed in (3.20) are, using (3.15), evaluated as

t-(txn)=0 (3.48)

t-(¢pxn)=—1 (3.49)

& (f; xh) =1 (3.50)

¢ (¢pxn)=0. (3.51)

Replacing ds by dt pd¢ and ds’ by dt’' p’ d¢’ in (3.20), letting p be either t or ¢ and ¢ be
either t or ¢ in (3.20), and then substituting (3.22)—(3.25) into the resulting equations, one
obtains, upon use of (3.44)—(3.51),

1 27
t— _ - i rp (4
Vi = 0 / dt T(t) / ' T;(t') /0 d
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2
/ d¢' (p' sinvcosv' — psinv’ cosv — (2 — z)sinvsinv’) sin(¢ — ¢)GL(R)e™? %) (3.52)
0

1 2T
tp— - i Nl
Vi = 0 / dt T (t) / dt' T;(t') /0 do

2m
/ d¢' {p/ cosv + (—pcosv — (' — 2)sinw) cos(¢' — ¢)} GL(R)e/™ ' %)
0

L T [

2/dt P /0 do (3.53)
o _ 1 . ey [

Yiije = —47T/dtTZ(t)/dt Tj(t)/o d¢

2m
/ d¢' {pcosv’ + (—p cosv' + (2 — 2)sinv’) cos(¢/ — ¢)} GL(R)e™¥ )
0
2m
‘|‘l/dt Ti(t)Tj(t) / do (3.54)
0

2 P
po— _ L , N
Y = . dtTZ(t)/dt Tj(t)/0 do
27
/ d¢’ (2" — z)sin(¢' — QS)G’e(R)ej"(¢/_¢). (3.55)
0

Because Y41 of (3.21) is similar to Y. of (3.20), i, Y,ff}i, Ynﬁﬁ, and Yn‘ﬁﬁ , are given
by expressions similar to the right-hand sides of (3.52)—(3.55).
With the help of the cosine law and the trigonometric identity [55, Formulas 410.01 and

404.12]

cos ¢ =1 — 2sin? % (3.56)
expression (3.7) for R expands to
o0 — ¢
R=\/(p—p)?+ (2 —2')2+4pp sin 5 (3.57)

Because each integrand of each integral with respect to ¢’ in (3.40)—(3.43) and (3.52)—(3.55)
is a periodic function of ¢’ with the period 27, ¢’ can be replaced by ¢’ + ¢ in each integrand
without changing the value of the integral. The replacement of ¢’ by ¢’ + ¢ eliminates the
¢-dependence of each integrand so that each integration with respect to ¢ can be replaced by
the factor 27. Integrating from —7 to 7 with respect to ¢ instead of from 0 to 2w, replacing
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e/ by cos(ng') + jsin(n¢’), and then exploiting the evenness of cos(ng¢’) about ¢ = 0 and
the oddness of sin(n¢’) about ¢’ = 0, one reduces (3.40)—(3.43) and (3.52)—(3.55) to

Zitensy = Jk(eso) /dtTi(t)/dt’ Ti(t') (Ga(ert,—) sinvsinv’ + Gy 4,y cos v cosv’)
J hi(t) B+1(t))/ /(Pj(t') Pj+1(t'))
— dt — dt — Giie+.—y (3.58
k‘(e,+,—)/ ( d; dit d; djr1 o) (3:58)
ijj(a vy = ket / dt T;(t) / dt' T;(t')Gs(e,+,—) sinw

n Pi(t) Py (t)) / , T()
" i N di' === e .- 3.5
k(e""’_) / ( dl di+1 p/ 1( + ) ( )

ijjj(e&’_) = —ke+) / dt T;(t) / dt' Tj(t")G3(e,4,—) sin v’

n T;(t) / , (Pj(t’) P (t’))
dt dt — Gie,+,— 3.60
k(e,+,—)/ P dj dj+1 1(e,+,-) ( )

/

in? T (¢
L ) / dt [Et) / PRI (3.61)

Y = —j/dtTi(t) /dt' T;(t") (p'sinvcos v’ — psinv’ cosv — (2 — z) sinvsinv') G5, (3.62)

YJ?; = —/dtTi(t) dt' T;(t") {((p — p) cosv — (2" — 2) sinv) Gy, + GY.p cosv}
[, o
p
Yj;’;g = —/dt Ti(t) | dat'T;(t") {((p — p') cosv' + (2' — 2) sinv’)GYy, + G pcosv'}
i(t)T
+7T/Mdt (3.64)
p
Y = / dt T(t) / dt' T; () (2 — 2)Gl, (3.65)
where
Giler) = / Gler.y(R) cos(ng) dg' (3.66)
0



Cotes) = /0 " Glevsy (1) cos ¢ cos(nd?) de (3.67)
Ga(et,-) = /0 ' Glet, ) (R)sin ¢’ sin(ng) d¢/ (3.68)
oo =2 | Glesy(B)sin(5) cos(and) o (5.60)
Yerti) = /0 ' Gl (R) cos ¢ cos(ng) dof (3.70)
s = [ Gl 0500 st . o)

where

/

R= \/(p—p’)2+ (z — 2)2 + 4pp’ sin® % (3.72)
The quantities G, G5, and G4, will be needed later. In obtaining (3.63), the trigonometric
identity (3.56) was used to replace p’cosv in (3.53) by p’cosv (cos(¢’ — @) + 2sin? <¢>’2;¢)
Similarly, pcosv’ in (3.54) was replaced by pcosv’ (cos(¢' — ¢) + 2sin? <¢>’2;¢) in order to
obtain (3.64). It is apparent that, as foreseen in the sentence before that which contains
(2.23), the fields of ¢/ dependent electric and magnetic current expansion functions have
e’ dependence.

3.3 The Z’s and Y’s Expressed as Summations

Points
_ 1
t:tpzi(tp+tp+1), p=1,2,...,2N; + 2 (3.73)

are defined on the generating curve of the BOR. The integrals with respect to ¢t and ¢’ in
(3.58)—(3.65) are approximated by sampling at these points. Thus, (3.58)—(3.65) become

2i+2  2j+2
= 9 Pq
an](e—l— = k(e +,-) g E TyTy G2(6+ _y sin v, sinvg + G1(6+ ) COS Uy COS Vg)
p=2i—1 q=2j—1
2i+2  2j+2

oY TTEh, (3.74)

p2zlq2jl

k(e +,—
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2442 2j+2
2% _ .
an,](e —+,— ) - k(ev+7_) Z Z T T Gs( -+, )Sln'Up
p=2i—1 ¢=2j—-1
n 2442 2j+2
I
D DD D
) p=2i—1 ¢=2j-1
2342 2j+2
Pq
> Y nnan,
p=2i—1 ¢q=2j—-1
2142 2542
I rt ¥Pq
> X LT
Fiet.-) p=2i—1 q=2j—1
21+2 2542
ol o
ng(e+, ) Tk(e+,-) Z Z TyTy G2(6+7 )
p=2i—1 q¢=2j—-1
2142 2542

YooY TITG

(e+’ p=2i—1 ¢=2j-1

e

Z¢t _ _kf(e,+,_)

nij(e,+,—) _) SNy,

2i42  2j+2
tt— . _ . — .
Yiie = —J E E Ty Ty (pgsinv, cosv, — p,sinv, cos v,

p=2i-1 q=2j—1
5 — 7 )si ; 'pq

—(2, — Z,) sin v, sinv,) G2
242 242

vito ==Y S 5,1, {(p

p=2i—1 q¢=2j—-1

— pp) cos v, — (%

242 2542

Ynﬁzg:_z ZTT{

p=2i—1 ¢=2j—-1

— Pq) cos Vg + (%

242 2542

Yo =3y, > Ty

p=2i—1 q¢=2j—-1

= )G’Pq

where
2 242 9 2i42
TooiaTy o9 .
p+2l—4 p+2z—2 p+2z—2
Yy =m{dy ) A + 0 PO Gy )
p=2i—1 p=2i—1 p=2i+1
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— Z,) sinv,) G2

— Z,)sinv,) G +

(3.75)

(3.76)

(3.77)

(3.78)

+ GPipgcos vy} — Vi

(3.79)

+ G ppcos vy} + Yy
(3.80)

(3.81)

) ,(3.82)
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0i; is the Kronecker delta function given by

and

5ij:{ b

0, i#J,

pr=p+20i-1)

/

q
Thi—3

T4i—2

T4i—1

q+2(j—1)

Ay

2d;

(Agiq + %Azi)Azi
d;

(Agira + 300i41) Agita

dit1
2
A5io

P2i
Thi 1
P2i+1
Ty
P2i+2
p(fp)
2(tp)
o(t), t, <t <ty
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G;;M(]ev'l'v_) - G(ev'l'v_) (qu) Cos(n¢/) d¢/ (3101)
Golemy = | Gletn (1) cos ¢ cos(ng') dg! (3.102)

J
J
Clet) = / Glet,) () sin ¢’ sin(ng’) d¢/ (3.103)
0
),
J

T ' ¢,

Gl = /(e,+,_)(qu)smz(E)cos(ngb’) d¢’ (3.104)

Gt = [ Gy (B cos  cos(ng!) dof (3.105)

Gltey = [ Gl (R sinsin(u) (3.106)
¢/

1=\ 7+ 5= 2+ it (3.107)

If p = g, none of the integrals in (3.101)—(3.107) except that in (3.103) converge. Convergence
is obtained for p = ¢ by replacing RP? by the equivalent radius RPP given by [53]

AN L
Rﬁp:\/ (Ip) +4pgsm2§. (3.108)

The quantities G7¢, G2¢, and GF{ defined by (3.104)(3.106) are needed to evaluate Y,f’;ﬁ
of (3.21). Because Y4} of (3.21) is equal to the right-hand side of (3.20) with e replaced by
+ and 3 replaced by —1, Y,ff;;, Y,f;ﬁ, Ynﬁﬁ, and Ynﬁﬁ, are given by the right-hand sides of
(3.78)—(3.81) with e replaced by 4+ and with the opposite sign of what came from the term
containing the factor 3 in (3.20):

2i+2 2j+2
t+ . _ . .
Ym.ij = —J E E Tp/Tq/ (pq SIN Uy, COS Vg — Pp SIN Vg COS Uy

p=2i—1 ¢=2j—1

— (2, — zp) sin v, sinv,) GF1 (3.109)

2i+2  2j+2
erj;j: = - Z Z Ty Ty {((ﬁq — Pp) cos vy, — (24 — Zp) sinv,) G + G p, cos Up} + Y
p=2i-1 q=2j-1 (3.110)

2i+2  2j+2
Yn(%j: = - Z Z TyTy {((ﬁp — Pg) cosvg + (24 — Zp) sin Uq)Gg)i] + Gipiﬁp cos Uq} - Y
p=2i—1 q=2j-1 (3.111)
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Vil =5 ) > TuTy(z — %)GH. (3.112)

p=2i—1 ¢=2j—-1

3.4 Properties of the Z’s and Y’s of (3.74)—(3.81) and
(3.109)—(3.112)

Because G(c,+,-) (1) and G, , _,(RP) do not depend on n, it is evident from (3.101)~(3.106)

that G, , ), Gyl ), G'lp(‘; e and Gzp(‘i .y are even functions of n and that Gif, , . and
G%Jr _, are odd functions of n. Therefore, inspection of (3.74)-(3.82) and (3.109)—(3.112)
reveals that Z%. . ., wa(e oy Y;:f;g, Yﬁ;i, Yn(%g, and Ynfj ' are even functions of n and
that Z:;fj(e o) Zfitj(& o) Ygfjg, YJ:;;, Yn(ffe , and Ynffi are odd functions of n.

Equations (3.74)—(3.81) with ¢ and j interchanged are

2j42  2i42
anz(e+ oy = Jkie+.) Z Z Ty Ty Gg‘(’eJr )s1nvps1nvq+G1(e+ _) COSUp COS V)
p=2j—1 g=2i—1
j 2j42 2042
Il 1Pg
Forr) > > LG, (3.113)
=) pmgjo1 g=2i-1
2j42  2i42
té . '
anz(e+ - = Ke,+,-) Z Z TyTy Gg‘(] Ly Sinp
p=2j—1 g=2i—1
2j+2 2142

.

(3.114)
P 2j—1 ¢=2i—1
2j+2 2i+2
@t _ .
anz(e—i— - _k(e,-l- Z Z T T G3( -+, )squ
p=2j—1 ¢=2i—1
2j+2 2i+2
Z > TG (3.115)
P 2j—1 ¢=2i—1
2j+2 2i+2
ety = Tk Y > TyTyGhl
p=2j—1 ¢=2i—1
2j5+2 2i+2

ooy miTea (3.116)

p2jlq2zl

k(e +,—

k(e +,—
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tt— . — . = .
Yiie = —J E E Ty Ty (pgsinv, cosv, — p,sinv, cos v,
p=2j—1 ¢=2i—1

— (2, — 2p) sinv, sinv, )G (3.117)

2542 2042
Yffﬁg == Z Z Ty Ty {((Pg — Pp) cOs v, — (24 — Z,) sinv, )Gl + Gl pg cos vy} — Yy
e (3.118)

2542 2042
an;'tz’g = = Z Z T,Ty { — Pq) €08 vy + (2, — Z,) sinvy) Gl + GF4p, cos vq} + Y
S (3.119)

2542 2042
Vi =0 > D TTu(z—5)GE (3.120)

p=2j—1 q=2i—1
where p’ and ¢’ are given, not by (3.84) and (3.85), but by

p=p+20-1) (3.121)
¢ =q+2(i—1). (3.122)

In view of (3.101)—(3.107), (3.6), and (3.17), each GP? in (3.113)—(3.120) is equal to itself with
p and ¢ interchanged. Therefore, (3.113)—(3.120) with their dummy indices of summation p
and ¢ interchanged (this interchange is accompanied by p’ of (3.121) — ¢+ 2(j — 1) = ¢’ of
(3.85) and ¢’ of (3.122) — p+2(i — 1) = p of (3.84)) are

2j42  2it2
Zriten) = Jhetm) Z Z TyTy(Gyf, . _ysinvgsinv, + GYY, | ) cosvgcosvy)
q=2j—1 p=2i—1
2j+2 2i+2
1t P
Z > TG (3.123)
q 2j—1 p=2i—1
2j+2 2i+2
t¢ _ .
Zugitery = Keerny 2 2 ToTyGi, ysiny,
q=2j—1 p=2i—1
L P2 22
2 2 LI (3.124)
et =) g=2j—1 p=2i-1
2j+2 2042

Zf;z(e+ 0 = ket Z Z TyTy Gy, .y sinvy

q=2j—1 p=2i—1

k(e +,—
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2542 2442
Z > TATGH L (3.125)
q 25—1 p=2i—1
2j+2 2442
ol —
Znyz(e—l— - ]k(e,+,—) Z Z Tq/T Gg?e+ -)
q=2j—1 p=2i—1
2j+2 2442

Y. D TG (3.126)

q2jlp2zl

k(e +,—

k(e +,—
2j+2 2142

tt— . —_ . .
Yiojie = —J E g Ty Ty (ppsin v, cos v, — pg sin v, cos v,

q=2j—1 p=2i—1

—(2, — Z,) sinv, sinv,) G2 (3.127)

2j+2 2042
Yffﬁg = = Z Z Ty Ty {((Pp — Pg) cOsvy — (2, — Z4) sinvy)Ga + GTp, cos v} — Vi
e (3.128)

2j5+2 2i+2
an;i; = - Z Z Ty Ty {((pg — Pp) cOS v, + (2, — Z4) sinw,)Gad + G1Ap, cos vy} + Yy,
e (3.129)

2j+2 2042

voor =5 Y N 1,1, 2)G (3.130)

q=2j—1 p=2i—1

where p’' and ¢’ are given by (3.84) and (3.85).

Comparison of (3.123) with (3.74), (3.124) with (3.76), (3.125) with (3.75), (3.126) with
(3.77), (3.127) with (3.78), (3.128) with (3.80), (3.129) with (3.79), and (3.130) with (3.81)
reveal that

Znjitertm) = Zni(eto) (3.131)
:z?i(e,+ - = = j::j(e,—i—,—) (3.132)
Zj:;i(erl',—) - _Z:L(fj(e—l— -) (3.133)
Zgiert ) = Drgtento) (3.134)
Yhe = —Yaise (3.135)

Yofe + Y5 = Vi =Y (3.136)
Vi = Vi = Yafie + Yy (3.137)
Yo = =Y (3.138)
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Equation (3.82) with ¢ and j interchanged is

< 2ZJ Lptoj-1Tpi2j—2 2jz+2 Ty 2j—s 2jz+2 Tpr2jTpr2j—2
Yii=m|0j-14 P PP 4 6 P92 4 i1 SPTETPTEE ) (3.139)
p=2j—1 PpAp Sy YAV poZit1 JNYANS

Because 6;-1; is not zero only when j = ¢ + 1, j can be set equal to 7 + 1 in the first
summation in (3.139). Because dj; is not zero only when j = 4, j can be set equal to 4 in the
second summation in (3.139). Because 0,41, is not zero only when j =i — 1, j can be set
equal to ¢ — 1 in the third summation in (3.139). Setting j = ¢+ 1 in the first summation in
(3.139), setting j = ¢ in the second summation in (3.139), and setting j = ¢ — 1 in the third
summation in (3.139), one obtains

2i42 2042 2 2i
Tpr2i2Tpi0i T, 0i s Tpi2i2Tpi2i4
Yii=m|0j-14 E = 44 E L + 041, E B - (3.140)
’ < ’ p=2i+1 Prlp ’ p=2i—1 Prlp ’ p=2i—1 Prlp

Since 9;; is given by (3.83), it is evident that the right-hand side of (3.140) is equal to the
right-hand side of (3.82) so that

Yji = Vi (3.141)

Substitution of (3.141) into (3.136) and (3.137) gives

Vi = (Vi ) Yy (3.142)
Vi = (Ve +Yy) + Y. (3.143)

The quantity in the parentheses in (3.142) is the negative of the double summation in (3.80)
and the quantity in the parentheses in (3.143) is the negative of the double summation in
(3.79).

Because (3.109)-(3.112) are similar to (3.78)~(3.81), Y,/ | V9t v and Y701 are
given by expressions similar to the right-hand sides of (3.135), (3.142), (3.143), and (3.138),
respectively.

S (3.144)
Yok = (Yﬁﬁi + Yz-j) +Y5 (3.145)
Vi = (Yiﬁi - Yz’j) — Y (3.146)
Yk =Yt (3.147)
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Chapter 4

Plane Wave Excitation

4.1 Introduction

In Chapter 2, the elements of V¥ and I, of the excitation vector for plane wave excitation
are given by (2.28) and (2.29) where p = t for the t-directed testing function and p = ¢
for the ¢-directed testing function. In Chapter 4, V¥ and I, are specialized to V2! and
17" where ¢ = 0 for the incident electromagnetic field whose electric field is 6-polarized and
q = ¢ for the incident electromagnetic field whose electric field is ¢-polarized. In Chapter 4,
expressions amenable to computation are given for V?¢ and 177,

4.2 X_/;gq and I_},L’g expressed as integrals

Two incident plane waves whose propagation vectors are in the xz-plane are considered. The
electromagnetic fields of these plane waves are (EY, H?) and (E?, H?) where

~inc

E’ = 6" ke K (4.1)
HY — _ykee—jki“-r (4.2)
E® = yken.e KT (4.3)
H? = 0 ke 75" (4.4)
where
k™ = —k (xsin 6™ + z cos ) (4.5)
6" = % cos 6™ — zsin o™ (4.6)

r = Xpcos ¢+ ypsin¢ + zz
where X, y, and z are the unit vectors in the z-, y-, and z-directions, respectively. The
electric field of (E?, H?) is #-polarized and the electric field of (E?, H?) is ¢-polarized. The
dot product of (4.5) and (4.7) is
k" -1 = —Fk,(psin 0™ cos ¢ + 2 cos 0™°). (4.8)
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Substitution of (4.6) and (4.8) into (4.1)—(4.4) gives

EG _ ()A( cos einc — % sin einc)keneejke(psineinc cos ¢+ cos §ir°) (4 9)
HO — _ykeejke(psinGinccosqﬁ—l—zCosGi“C) ( 0)
Egzﬁ — ykeneejke(psinGi“C cos ¢+2z cos B11°) (4 11)
H¢ — ()A( cos einc — Zsin einc)keejke(psinGi“C cos ¢p+z cos B1°) ) (4 12)
The column matrix elements Vi, V% It and I?, due to the incident electromagnetic
field (E™¢, H™) are given by
PLo <3t — [E™] (4.13)
ni —ni) . S .
. 1. .
¢ J— ¢ mc
Vi =<J%, — " [E™] > (4.14)
T t inc
I, =<J,, H™] > 4.15)
» _ ] inc
Iy =<J%,, [H™] > 4.16)
where
Jt = §5i) s (4.17)
p
CTi()
J°. ¢)Le_’"¢ (4.18)
p

and, given two vector functions f and g, < f, g > is the symmetric product of f and g given
by

2m
<f.g >:/dt,0/0 do (f-g) (4.19)

where the double integration is over the surface S of the body of revolution (BOR). In view
of (4.19), substitution of (4.17) into (4.13) and (6.15) and substitution of (4.18) into (4.14),
and (4.16) give

27

't = - t . i inc —jn¢

Vi / dt Ti(t) /0 dot ne [E™] e (4.20)
27

A / dt T(t) / dp - — [Emc} eI (4.21)
0

47



2T
I'y= [dtTi(t) | dot- [H™] e (4.22)
I = / dt Ty(t) / dp - [H™] e, (4.23)
0

For the incident electromagnetic field (E?, H?), the column matrix elements VY, V4, It

and I?., of (4.20)—(4.23) specialize to VIO v T and 199 respectively, given by

Vi = / dt T;(t) /0 " dgbf:-%[Ee}se_jm (4.24)
Ve = / dt Ty(t) /0 " dgsa;-%[E"}se—W (4.25)
I = / dt T(t) /0 %dgbf:- [H] e (4.26)
1% — / dt Ty(t) /0 %dgb&)- [H?] e (4.27)

For the incident electromagnetic field (E?, H?), the column matrix elements Vi Ve It

and ff:l of (4.20)—(4.23) specialize to VI Ve ' and I??, respectively, given by

Ve = faro | ot LB e (4.28)
Vor = / dt Ti(t) /0 " d¢¢3-i [E?] je (4.29)
1o = / dt T;(t) /0 %dgbf:- [H?] e (4.30)
1= / dt T(t) /0 %dgb&)- [H] e, (4.31)

7to
Substitution of (4.9) into (4.24) gives
— 2m ~ . . . . s s .
Vi =k, / dt T;(t) / dppt - (X cos O™ — 7 sin §n¢)eIke(psind cos otz cos61) p=ind (4 39)
0
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Because the dot product with t in (4.32) samples only a tangential component of the incident
electric field on S, the subscript S, which indicates evaluation of the tangential part of the
incident electric field on S, does not have to appear in (4.32). Use of

t = Xsinvcos ¢ + ysinvsin ¢ 4+ z cos v (4.33)

leads to

~

t- (Xcosf™ — 2sinf™) = cos 6™ sinv cos ¢ — sin 6™ cos v. (4.34)

Substitution of (4.34) into (4.32) gives

i 2 s s - s inc
V,ff = k. / dt Tj(t)ekez cos?" / do (cos 6™ sin v cos ¢ — sin 8™ cos v) eI (kepsin077¢ cos ¢ —ng)
0

(4.35)

Equation (4.35) is recast as

i ; 2 ; 3 inc
‘7;@9 — ke /Ti(t)ejkezcosemc{ cos e SiIl’U/ COS¢6J(keP51n9 cos ¢ —n¢) d¢
0
2m .
— sin #™¢ cos v / gfkepsin @ cos ¢ —ng) d¢} dt. (4.36)
0
In regard to (4.36), consider
m : i pinc i
/ I hepsind™cosd =) oy — o ] (k. psin 67) (4.37)
0
where
VI )

Jn(7) = — Jrcoso=no) qe, 4.38
@ = [ s (4.38)

Later, it will be shown that .J,, of (4.38) is the Bessel function of the first kind of order n. Use
of the complex exponential representation of the first cos ¢ in the first integral with respect
to ¢ in (4.36) gives

1

2m
- / 6j(kepsin9i“c cosp —(n+1)¢) d¢
0

2
/ COS¢6j(kepsin9i“ccos¢—n¢) d¢ —
2
0

1 2 ; 3 inc
_|_§ / 6](kep51n9 cos¢p —(n—1)¢) d¢ (439)
0
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Equation (4.39) is rewritten as

2T . . .
/ cos ¢ e eS0T s =10 Gy — ity (Kepsin 07€) — Ty (kepsin 07€))
’ (4.40)

where J,, is given by (4.38). Substitution of (4.37) and (4.40) into (4.36) produces

VY = j'rk, /TZ-(t)ejkezcos‘ginc {jcos0™ sinv (Jps1(kepsin ™) — Jo_i(kepsin 6))
—25in 6 cos v J, (kepsin 6°) } dt. (4.41)

It will now be shown that J,, of (4.38) is the Bessel function of the first kind of order n.
Because the integrand in (4.38) is periodic with the period 27, (4.38) can, upon replacement
of 77" by cos(ng) — jsin(ng), be written as

Jn(x) = 1 /7r eI 9(cos(ng) — jsin(ne)) de. (4.42)

2 ),

Because the cosines are even functions of ¢ and because sin(n¢g) is an odd function of ¢,
(4.42) reduces to

;=N

Jn(z) = - /7r 1059 cos(ng) de. (4.43)
0

™

Now, J,,(x) of (4.43) is the Bessel function of the first kind of order n given by formula 9.1.21
in [56].

Substitution of (4.9) into (4.25) gives
2m ) ; .
VY =k, / dt T;(t) / do @ - (X cos 0™ — zsin 6™) gIhe(psin @ cos o2 cosO) p=jné (4 44)
0

Use of
¢ = —Xsind + ycos (4.45)

leads to

~

¢ - (xcos 6™ — zsin ch) = — cos 0™ sin ¢. (4.46)
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Substitution of (4.46) into (4.44) gives
i ; m ; ; inc
Vn‘ie = —k, / dt Ti(t)ejkezcosgmc coS ch/ do singbe’(kepsme cos¢ —ne)
0
Use of the complex exponential representation of sin ¢ gives

2 . 2
/ Sin¢6j(kepsin9i“ccos¢—n¢) d¢ _ £</ 6j(kepsin9i“ccos¢—(n+1)¢) d¢
2
0 0

2T
_ / oI epsin 6™ cos ¢ —(n—1)¢) d¢) .
0

Equation (4.48) is rewritten as

(4.47)

(4.48)

27 X . .
/ sin ¢ el (kepsincos¢=nd) o — 7 jm (Jn+1(k:ep sin 0"¢) + J,—1 (kepsin ch)) (4.49)
0

where J,, is given by (4.38). Substitution of (4.49) into (4.47) produces

17,?;9 = j"rk, /TZ-(t)«e”"'“ezcos‘ginc cos B¢ (Jn+1(k:ep sin ™) + J,_1 (kepsin Qinc)) dt. (4.50)

10
Substitution of (4.10) into (4.26) gives
27 ) ' '
I_fg — _k;e/dt Tl(t)/ d¢ (E i y) 6jke(psin9“‘c cosqﬁ—l—zcos&‘“c)e_jnqﬁ‘
0

Use of (4.33) leads to
t -y = sinvsin ¢.

Substitution of (4.52) into (4.51) gives
i m : i ginc
I = —ke/dtTi(t)ejkezcosemc sinv/ d¢ sin ¢ e (kepsin07€ cos¢ —ng)
0

Substitution of (4.49) into (4.53) produces

I?f; = "k, / T;(t) pikez cos0 iy ) (Jn+1(k:ep sin ™€) + J,,_1 (kepsin ch)) dt.
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Substitution of (4.10) into (4.27) gives
2 ) ) )
I = —k‘e/dtTi(t)/ d (@ - y7) ehelpsind™e cosd 2 cosfR) o =jne (4.55)
0

The dot product of ¢ of (4.45) with y is

&y = cos . (4.56)
Substitution of (4.56) into (4.55) gives

i 2m 1 3 inc
"0 — —ke/dtTi(t)ejkezCOSGmC/ dgp cos ¢ ¢ (Repsind™e cosé —ne) (4.57)
0
Substitution of (4.40) into (4.57) produces

1% = —j"“wk‘e/Ti(t)ejkezcosemc (Jns1 (kepsin ™) = J_y (kepsin 67°)) dt. (4.58)

4.7 VI VO I and I

ne % “ny?

In expressions (4.28)(4.31) for (V?, V4 I [%?) E? and H® are given by (4.11) and

(4.12), respectively. Comparison of (4.11) with (4.10) and comparison of (4.12) with (4.9)
reveal that

1
—E’=-H’ (4.59)
Ne
1
H? = —E’. (4.60)
Ne
Substituting (4.59) into (4.28) and (4.29) and substituting (4.60) into (4.30) and (4.31), one
obtains

27
Vol == [dtTi(t) | dot- [H] e (4.61)
AL ; f% y [ 9} ing
Vi = — [ dtT(t) | do- |H | e™" (4.62)
0
I = / dt Ty(t) / %dqsf;-i [E?] eI (4.63)
ne 7 0 776 S
21
f¢¢ = T, b . i E? —Jng. 4.64
ni /dt (t)/o do ¢ ne[ lge (4.64)
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Recognizing that the right-hand sides of (4.61) and (4.62) are the negatives of the right-hand
sides of (4.26) and (4.27), respectively, one obtains

Vil = —1f (4.65)
ARSI o (4.66)

Recognizing that the right-hand sides of (4.63) and (4.64) are identical to the right-hand
sides of (4.24) and (4.25), respectively, one obtains

o=V (4.67)
00 =y, (4.68)

4.8 Calculation of V0, V% 10 %0 V0 o0 [0 and 17
As given by (4.41) and (4.58), V% and I° are even functions of n. As given by (4.50) and
(4.54), V% and I are odd functions of n. Also, V¢, V% I and I°? are, by (4.65)(4.68),
simply related to V%, V% 1% and I?°. Therefore, it is sufficient to calculate V¢, V% 1t
and I%? for n > 0.

The integrals with respect to ¢ in (4.41), (4.50), (4.54), and (4.58) are evaluated by
sampling at {t = t,,p = 20 — 1,2i,2i + 1,2 + 2}. Thus, (4.41), (4.50), (4.54), and (4.58)

become

2042
Vil = ' mhe Z Ty ii0e?¥e® 030 L 5 cos 0 sin v, (T, 41 (Kepp sin 6™)
p=2i—1
— Tt (kepp sin 0™)) — 2sin 6 cos v, J,, (kep, sin 6™) } (4.69)
2042 '
VY = rke Z Tpy0i—2e?" e 50 o8 0™ (g1 (Kepp sin 0) + Jy_1 (ke pp sin 6€) ) (4.70)
p=2i—1
2042 '
I = j"rk, Z T y2i—267" S0 sinvy, (g1 (kepp sin0™) + J—1(kepp sin 67))  (4.71)
p=2i—1
2042 '
Ij:f = _j’fl+17.rke Z Tp+2i_2ejkefp cos §n¢ (Jn+1 (keﬁp Sin einc) _ Jn—l (keﬁp Sin einc)) (472)
p=2i—1

where Ty;—3, Tai—o, Tyi—1, and Ty; are given by (3.86)—(3.89). Also, p,, Z,, and v, are,
respectively, p at t = t,, z at t = t,, and v for ¢, <t < t,41.
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From (4.69)—(4.72),
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Chapter 5

Scattered Field Far from the Scatterer

5.1 Introduction

In Chapter 5, reciprocity is used to obtain an expression for the scattered electric field
E5" far from the scatterer. Here, p = 6 for reception of the f-polarized scattered electric
field and p = ¢ for reception of the ¢-polarized scattered electric field. Also, ¢ = @ for
excitation by an incident electromagnetic field whose electric field is #-polarized and ¢ = ¢
for excitation by an electromagnetic field whose electric field is ¢-polarized. As given by
(5.56), the expression for E5*** contains elements of column vectors that are solutions of two
moment matrix equations and contains elements of excitation column vectors with the angle
ginc replaced by 652t Here, 0™ is the angle that the radius vector from the origin in the
vicinity of the scatterer to the distant source of the incident field makes with the z-axis, and
652t is the angle that the radius vector from the origin to the location of the receiver makes
with the z-axis. Expressed in terms of E¥* and the g-component of the incident electric
field, the radar cross section 0?7 is given by (5.61).

5.2 Reciprocity

The scattered field far from the scatterer is obtained by using the reciprocity theorem [23,
Section 3-8]. The reciprocity theorem for the two sets of electric and magnetic current sources
(J¢, M%) and (J°, M) is

/(E“-Jb—H“-Mb)d7:/ (E°-J* — H-M*) dr (5.1)
Vb

a

where (E¢, H?) is the electromagnetic field of (J¢, M%), (E®, H?) is the electromagnetic field
of (J°,MP"), V, is the volume where (J* M?) exists, V} is the volume where (J°, M?) exists,
and dr is the differential element of volume.

Let

(Ja> Ma) = (J6> M)
(J°, M) = (1¢,0)

where J. and M are the equivalent electric and magnetic currents that radiate the scattered
electromagnetic field (E*** H®") and I is an electric current element located at the point
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where the scattered field is observed. Here, I€ is a finite vector that represents a very small
vector length £ of very large electric current I at the point where the scattered field is
observed. Substitution of (5.2) and (5.3) into (5.1) gives

- E(J,, M) — / (E(16,0) - J. — FI(€,0) - M) ds (5.4)
S

where the first argument of an electric field E or a magnetic field H is its electric current
source and the second argument is its magnetic current source. In the transition from (5.1)
o (5.4), the volume integral on the left-hand side of (5.1) reduces to the left-hand side of
(5.4) where E(J., M) is the scattered electric field E** evaluated at the point where I€ is
located and the volume integral on the right-hand side of (5.1) becomes the surface integral
over the surface S where J, and M exist. The electric current element /¢ has no radial
component and is located far from S so that its electric and magnetic fields on S are given
by

jkorree

pp
H(I6,0) — — " x B(I£,0) (5.6)

e

E(16,0) = —jk.n. —[eeker T (5.5)

where r is the radius vector from the origin to the point where ds in (5.4) is located, r*°
is the distance from the origin in the vicinity of S to the location of I¢, and "¢ is the unit
vector that points from the origin toward the location of I€. Therefore, the radius vector
from the origin to the location of I€ is r*® given by

I,I‘OC — ,r,I‘OCf_I‘OC‘ (57)

Given that the location of I is where the scattered field is received, the superscript rec in
e ¢ and r"° stands for receiver. Substitution of (5.5) and (5.6) into (5.4) and subsequent
replacement of E(J., M) by the scattered electric field E®* give

k:e JkeTrcc rec M ; nrec
1¢ - Escat — ] 77 € — {/ I¢ - J 6gkerr ds ‘l‘/ ((f_roc % Iﬂ) X _) 6Jkel‘-l‘ dS}
4y Ne
(5.8)

5.3 The 6-Component of the Scattered Field

Let 6 be 6 at r™°. Substitution of @ for I€ in (5.8) produces

k:e jk‘e’f‘ ~ I‘OC rec ~rec M - arec
Eyet = JJRE { / ) e ds / (¢ ._) eher® ds} (5.9)
4aqryrec g e
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where

Escat _ éroc . Joscat (510)
is the #-component of the scattered field at r™¢ and
b =rCx0 (5.11)

is @ at 7™, As given by (2.7) and (2.9), the method of moments solution for J. and M /1,
is

N N
_ t g 19
J, = Z 3 (In‘;Jz;U Ianm) (5.12)

-N j—l
M
- Z S 1, (Vi 4 v, (51
"le —N j=1

where the extra superscript ¢ = 6 for the #-polarized incident electric field and g = ¢ for the
¢-polarized incident electric field. Also,

t ¢ ;
I — { 1, J;; and J,; are in an aperture (5.14)

0, Jt. and J°. are on a conductor.
’ nj nj

Substitution of (5.12) and (5.13) into (5.9) gives

scat jnee_jk“m tq Arec Lo p.prec
Ep = — I nt 0 ) e’ ds
q 47rrroc

:—N j= 1
+1% / ke (95,0 )eﬂ'f ds+Ljv;;? / ke (3t 97) e ds
S S
+L; Vo /S ke (Jﬁj-é ) pker e ds}. (5.15)
The extra subscript ¢ in E;Zat indicates the polarization of the incident electric field. The

factor k. in the integrands in (5.15) will simplify relations between these integrals and the
plane wave excitation quantities (4.69)—(4.72).

5.4 Evaluation of the First Integral in (5.15)

The first integral in (5.15) is iterated as

/S e (30 07°) hr T ds = / dt p /0 s (31, -67) ettere, (5.16)



Substitution of

into (5.16) gives

/ ke (Jgj : ér“) L / dt T; (t) /
S 0

In (5.18),

2

Arec

0 = xcos0 cos ™ + y cos 0 sin ¢ — z sin 6.
The dot product of (4.33) with (5.19) is
(f . 9mc) = cos 0" sinv cos(¢ — ¢™°) — sin 0" cos v.
In (5.18),
1'% = x 8in 6" cos @™ 4 y sin 6"°“ sin ¢*° + z cos §°°.
The dot product of (4.7) with (5.21) is
r- 1 = psin 0" cos(¢ — ¢*°) + z cos 6.

Substitution of (5.20) and (5.22) into (5.18) gives

2
/ke <J$LJ . éroc) ejkerv'i-rcc ds = ke/dt Tj(t)ejkez(;osgrcc/ d¢
. 0

. . ; i grec __irec
- (cos 07 sin v cos(p — ¢™°) — sin 7 cos v) ¢ (Fepsind™ cos(@=¢™) +ng)

i (£67) cor i

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

The integrand of the integral with respect to ¢ in (5.23) is a periodic function of ¢ with
the period 27. Therefore, ¢ can be replaced by ¢ + ¢™° in the integrand without changing

the value of the integral. Replacing ¢ by ¢ + ¢™° in this integrand, one obtains

27
/ke <J£LJ . érOC) 6jkel‘v'i-rcc ds — 6jn¢rccke/dtTj(t)ejkezcosgrcc/ d¢
S

0

. . y 1 rec
-(cos 07 sin v cos ¢ — sin 67 cos v)ed (Kepsin 8™ cos@+ng),
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Replacing i by j in (4.35) and replacing n by —n in (4.35), one obtains

V’te

—’ﬂj

i 271— 3 3 y 1 inC
=k, / dt T (t)edkez coso™ / d¢ (cos 0™ sinv cos ¢ — sin 0™ cos v)e’(kepsmg cos¢+ng)
’ (5.25)

Note that what multiplies e/"*" on the right-hand side of (5.24) is the right-hand side of
(5.25) with '€ replaced by 6. Therefore, what multiplies e/**™ on the right-hand side of

(5.24) is 17'_”2”» with 6¢ replaced by 6"°. Furthermore, because it can be shown that ij is

an even function of n, it follows that
/ ke (Jflj . 9mc) eIher ™ g = 9™ [Vjﬂ ' (5.26)
S 91DC_>91'CC

where the notation 6™ — @ means that 6'°° is replaced by 67,

5.5 Evaluation of the Second Integral in (5.15)

The second integral in (7.15) is iterated as

/S e (35, 07°7) er e ds = / dt p /0 s (35,67 ermere, (5.27)

Substitution of
T;(t)
p

Jo. =9 ein? (5.28)

into (5.27) gives
27
/ k. (Ji) . éroc) 6jker_f.fcc ds = k. / dt Tj (t)/ dQS <¢A) . éroc) 6jker-f-rcC6jn¢‘ (529)
S 0

The dot product of (4.45) with (5.19) is
-0 =—costsin(¢p — ™). (5.30)
Substitution of (5.22) and (5.30) into (5.29) gives
/ ke (Jij . émc) IR T s = — ke / dt T;(t)elhe= s cog grec /27r d¢ sin(¢ — ¢")
’ i (epsin e cos($—¢<) +ng) ’ (5.31)
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The integrand of the integral with respect to ¢ in (5.31) is a periodic function of ¢ with
the period 27. Therefore, ¢ can be replaced by ¢ + ¢™° in the integrand without changing
the value of the integral. Replacing ¢ by ¢ + ¢™° in this integrand, one obtains

/k‘e (Jij . 9mc) LRI PR L /dt Tj(t)ejkezcosem cos 0
S
2T
/ dp sin ¢ e7(kepsin 0" cosg+ng) | (5.32)
0
Replacing i by j in (4.47) and replacing n by —n in (4.47), one obtains

= 56
Vi

i 3 m ; ; inc
= —k, / dt T;(t)e7*e= «0s0™ cos e / d¢ sin ¢ e (kepsind™ecosg4ng), (5.33)
0

Note that what multiplies e/"* on the right-hand side of (5.32) is the right-hand side of
(5.33) with ' replaced by 6°. Therefore, what multiplies e/ on the right-hand side of
(5.32) is 17'_(% with ™€ replaced by 6™¢. Furthermore, because it can be shown that anf is
an odd function of n, it follows that

/ ke (Jij . 9mc) eIker T Jg = I [Vw
S

nj :| Qinc__,grec

(5.34)

where the notation 6™ — @ means that 6'°¢ is replaced by 67,

5.6 Evaluation of the Third Integral in (5.15)

The third integral in (5.15) is iterated as

/S e (Jij : ¢>) R G g / dt p /0 K do (Jgj : ¢) piker e (5.35)

Substitution of (5.17) into (5.35) gives

2

/51{:6 (Jij . a)roc) R k‘e/dtTj(t)/O deb (E . ¢A)r0c) piker A jng. (5.36)

In (5.36),

¢ = —Xsin¢™ + ycosp™. (5.37)
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The dot product of (4.33) with (5.37) is

~

(t-¢ ) = sinvsin(p — ¢™). (5.38)
Substitution of (5.22) and (5.38) into (5.36) gives

2T
/k;e (J:LJ ) ¢)roc) 6jkel"f'mc dS _ k‘e/dt Tj(t)ejkezcosgmc Sin'U/ d¢ sin(gb — ¢roc)
s 0
_6j(kepsin9mc cos(p—¢*ec) +ng) ] (539)

The integrand of the integral with respect to ¢ in (5.39) is a periodic function of ¢ with
the period 27. Therefore, ¢ can be replaced by ¢ + ¢™° in the integrand without changing
the value of the integral. Replacing ¢ by ¢ + ¢™° in this integrand, one obtains

/ ke (Jﬁlj . ¢A)mc) eIker T g = 6j"¢mck‘e/dt T (t)elhe s gin y
S
2 ) )
/ d¢p sin ¢ g7 (kepsind™*cosé+ne) (5.40)
0

Replacing ¢ by j in (4.53), replacing n by —n in (4.53), and changing the signs of both sides
of (4.53), one obtains

i m : i pinc
—fienj - ke/dtTj(t)ejkezcosemc sinv/ d sin ¢ g7 (kepsind™cosg+ne) (5.41)
0
Note that what multiplies e/"*" on the right-hand side of (5.40) is the right-hand side of

(5.41) with @' replaced by 6. Therefore, what multiplies e/**™ on the right-hand side of

(5.40) is —I t_(’nj with ¢ replaced by 6*¢. Furthermore, because it can be shown that I?g is
an odd function of n, it follows that

~rec 'ke .prec : rec —%0
/Sk:e (Jﬁlj X0 )e’ T s = I [Inj

where the notation 6™ — @ means that 6'°° is replaced by 67,

5.42
:| Qinc__,grec ( )

5.7 Evaluation of the Fourth Integral in (7.15)

The fourth integral in (5.15) is iterated as

/S ke (Jij : ¢>) R Y / dt p /0 K do (Jgj : ¢) e (5.43)
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Substitution of (5.28) into (5.43) gives

/S b (32, &) e a5 — i, / a0 /0 " s (b-5) hrmom. (s

The dot product of (4.45) with (5.37) is

~ ~rec

b " = cos(¢p— ¢™). (5.45)

Substitution of (5.22) and (5.45) into (5.44) gives
. ro ) 2
/k:e <Jﬁj @ ) eIker T s = k‘e/dt T;(t)eikezcost / do cos(¢p — ¢™°)
S 0
.J (kepsin 67 cos(¢p—¢™*%) +n¢) (5.46)

The integrand of the integral with respect to ¢ in (5.46) is a periodic function of ¢ with
the period 27. Therefore, ¢ can be replaced by ¢ + ¢™° in the integrand without changing
the value of the integral. Replacing ¢ by ¢ + ¢™° in this integrand, one obtains

/k‘e <Ji‘7 . & ) 6jkel‘vf‘rcc ds _ 6jn¢rcck‘e/dt Tj (t)ejkezcosercc
S
2w
/ iy cos g e hepsin 8" cos 6 ) (5.47)
0

Replacing ¢ by j in (4.57), replacing n by —n in (4.57), and changing the signs of both sides
of (4.57), one obtains

i 2 : ; inc
—ffflj = ke/dtTj(t)ejkezc"SGm/ dgp cos ¢ eI hepsindcosg4ng) (5.48)
0
Note that what multiplies e/"*" on the right-hand side of (5. 47) is the right-hand side of
(5.48) with "¢ replaced by 6¢. Therefore, what multiplies ¢/ on the right-hand side of

(5.47) is =17 ¢ ; with 6'¢ replaced by 6. Furthermore, because it can be shown that 7 ¢
an even functlon of n, it follows that

/k‘e (Jij : ¢A)mc) IR T gs = —eIn ™ [Ifﬂ ' (5.49)
S @inc__,grec

where the notation 6™ — @ means that 6'°¢ is replaced by 67,
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5.8 The ¢-Component of the Scattered Field

Recall that &)m is ¢ at r™°. Substitution of ¢A)m for 1€ in (5.8) produces

ke e ‘ykerrcc N I‘OC arec ~Trec M - frec
E;cat _ ] 77 € { / 6yker " ds — / (0 . —) 631{61‘.1‘ dS} (550)
4qryrec s TNe

where
Bt =g B (5.51)
is the ¢p-component of the scattered field at r*° and
6 =—1xg¢ . (5.52)
Substitution of (5.12) and (5.13) into (5.50) gives
b S S L [ () o

:—Ny 1

+I0 / ke (Jij-af“) T ds — I V; / k:e et ds
S S

v [k (35, 0) e “as) } (5.53)
S

where the extra subscript ¢ in E;‘;at indicates the polarization of the incident electric field.
The first, second, third, and fourth integrals in (5.53) are given by (5.42), (5.49), (5.26),
and (5.34), respectively.

5.9 Use of the Four Integrals That Were Previously
Evaluated

Substitution of (5.26), (5.34), (5.42), and (5.49) into (5.15) produces
scat __ ]7766 ker™ neree { t9 tq ol $q
Eeq - 47T/r=rCC Z ’ Z V 91nc_>9rcc In-y o |:an :|9inc_>9rcc In-y

10 t %0 P
_I—L‘y ( |:In-7:| 9inc_>9rcc Vn;] |:In-7 :| 9inc_>9rcc anq) } (554)

63



Substitution of (5.42), (5.49), (5.26), and (5.34) into (5.53) produces

Escat _ ]/r/ee —Jkerre® Z jngree Z { It@ I I¢9 I¢q
47T/r=I‘OC 91nc_>9rcc ’fL_] nj Qinc__,grec nj
) 0 tg _ |y, ¢0 ¢q
_L‘y ( [an:|9inc_>9rcc Vn-y |:an :|9inc_>9rcc Vn-y ) } (555)

Equations (5.54) and (5.55) are written in matrix form as

rec N

scat __ jnee—jkeT P g Jjnegree —
qu - _W Z RnTn € y Pyd = 97 ¢ (556)
a n=—N
where

~ ~t0 0 o ~p0
Rfl = [ V,n _Vn In _In :|9inc_>9rcc (557)
~ :t@ ~, 0 ;tG :(259
Ry=\|1 - -V, V, me@m (5.58)
T9 = [ It [90 ViaL VL], q=80,¢. (5.59)

where L is the diagonal matrix whose j™ diagonal element is L; given by (5.14). The tilde

on the right-hand sides of (5.57)—(5.59) indicates the transpose of a column matrix so that
510 90 tf 90

Vo, Voo L 1, ]flq I? ¢q th and V¢q are row matrices whose ;' elements are V;ff, Vj;e,
1537 Iff, Ifg, If:jq, V;Jq, and an;q, respectively.

5.10 Scattering Cross Section

The scattering cross section oy, is the area by which the power per unit area of the incident
plane wave whose electric field is g-polarized must be multiplied to obtain, by isotropic
radiation, the power per unit area of the p-component E*" of the scattered electric field
[24, p. 76]. Here, p is either 6 or ¢ and ¢ is either 6 or ¢. Because the isotropic radiator
of power P produces the power per unit area P/(4m (r**°)®) at the distance r™*¢ where a
receiver is located, this isotropic radiator will produce the power per unit area |E;f;ff‘t|2 /Me of
the p-component of the scattered electric field at the distance r**¢ if

P B |E'Zs)(éat 2
4 (7’“30)2 Ne

(5.60)
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where 7, is the intrinsic impedance of the medium. Using the definition of o,, to set P
equal to the product of o,, with the incident power per unit area |E?|?/n. of the g-polarized
incident electric field E?, one obtains

47'(' (,r,roc)2 |E;zs)zat 2

Opqg = |Eq|2 (561)
When the incident electric field is EY of (4.1) or E® of (4.3),
" = kinZ, ¢=10,0. (5.62)
Substitution of (5.56) and (5.62) into (5.61) leads to
N 2
5
n=—N
Opg = PR (5.63)
Let A\ = 27 /k. be the wavelength. Dividing both sides of (5.63) by A2, one obtains
N 2
3 (k)
9pq n=—N
= . 5.64
A2 1673 (5.64)

e
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Chapter 6

The Electromagnetic Field Inside the Scatterer

6.1 Introduction

As stated in the third paragraph of Section 2.2, the electromagnetic field inside the scatterer
is simulated as the electromagnetic field produced by the combination of the electric current
—J; on S, the electric current —J. on S,, and the magnetic current —M on S,, all radiating
in all space filled with the homogeneous medium that is inside the scatterer in the original
problem. The union of J; on S. and J. on S, is called J;.. Here, J;. and M are given by
(2.8) and (2.9) where the V’s and I’s are elements of column vectors that are solutions of
moment matrix

The general form of the method of moments solution for the electromagnetic field inside
the scatterer is obtained in Section 6.2. In Section 6.3, the electric and magnetic fields
inside the scatterer are expressed as (6.18) and (6.19) where, for ¢ =t and z = ¢, Zi, and
Y}, are given by (6.20) and (6.21) where Z,, and Y}, are given by (6.16) and (6.17) in
terms of the parts E4 and H. of the wave decomposition in the chiral medium. In
Section 6.4, the cylindrical components of Z},. and Y}, are given by (6.151) and (6.152)
where Zflji and ngi are given by (6.153) and (6.154) where the Zuf;ji’s and the Zuf;ji’s are
given by (6.116)—(6.127). In Section 6.5, the cylindrical components of Z7, and Y}, are
used to obtain first (6.161)—(6.166) for the cylindrical components of the electromagnetic
field inside the scatterer and next (6.188)—(6.193) for the rectangular components of the
electromagnetic field inside the scatterer. In Section 6.6 where the field point is assumed to
be on the z-axis inside the scatterer, the distance between source and field points does not
depend on ¢’ so that integrals with respect to ¢’ reduce to integrals of trigonometic
functions that are evaluated analytically to save computation time.

6.2 (General Form of the Solution for the
Electromagnetic Field Inside the Scatterer

As given by (2.8), the method of moments solution for J. is
N N
Te=— 3 S (v + L1) 3 + (L;.Vj;. + lejfj) 3?). (6.1)

n=—N j=1
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The method of moments solution for —M on S, is —M where M is given by (2.9).

N Ni
_ ¢ 19
M= 30 DL (Vi VT (6:2)

n=—N j=1
The electromagnetic field inside the scatterer is therefore (E;, H;) where

N

Nt
B = - > > {1 (VLB 0) + Vi E(I,,0))
n=—N j=1
y <IijEZ-(J§Lj,O) + ijjEZ-(Jij,O)) + L. (V;jEi(o It ) + VOE(0,37 )) } (6.3)

9 nj 9 nj

N Ny
Ho=— ) Z{L; (V;jHi(Jgj,O) +VﬁjHi(Jﬁj,0))

n=—N j=1

L (1 Ha(3L,, 0) + L H:IE,,0)) + Lime (ViHI(0,30,) + VHI(0,3%,) ) 1(6.4)

where the subscript ¢ in E; and H; indicates radiation in all space filled with the medium
inside the scatterer in the original problem. The first argument of each of E; and H; is
treated as an electric current and the second argument is treated as a magnetic current.

6.3 Use of the Wavefield Decomposition in (6.3) and

(6.4)
Setting (J, M) = (J7;,0) in (2.39) and (2.40), one obtains
1 ‘ ‘
Ei(J7;:0) = 5 (B4 (35, dnids;) + E_ (T, —mid};)) (6.5)
1 ‘ ‘
Hi(J;}LyO) = 9 (H+(J;]Lj7]77i']gzj) + H—(ng —]ﬁiJZj)) . (6-6)

Setting (J, M) = (0,J%.) in (2.39) and (2.40), one obtains

9 nj

1 J J

Bi0.3%) = 5 (Bo-La,01) v B Loz, ) 67)
1 J J

H0.9%) = 5 (Lo (L)) (65)
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Substituting into (6.3) and (6.4) the equations obtained by replacing ¢ by either ¢ or ¢ in
(6.5)—(6.8), one obtains

E;

N N
1 ‘ 4
= _5 E E {L;<VJJ<E+(J$U>O) +]77@E+(0>J$Lg) + E—(Jiyo) _]nZE—(ONIZJ))

n=—N j=1
+V5 (B (3%, 0) + jniEL(0,3%) + E_(3%;,0) — juE_(0, Jiﬂ))
+L (Iflj(E+(Jij, 0) + jnE+(0,J%,) + E_(J',,0) — jn,E_(0,J.)))
n Igj(E+(Jgj, 0) + jmE(0,J%.) + E_(J2,,0) — jnE_(0, Jﬁj)))

j j
+Lme(v;j( = B (J15,0) + B0, 7)) 4 2 B (J,,0) + B-(0, 3:))

j J
—l—Vj;( - %E—l—(']iw 0) + E+(0, Jij) + %E_ (Jiy 0) + E—(O’ Jiﬂ))) } (69)

N N
1 4 4
i = _5 E E {L‘/]<VTIL€]<H+(J$LJ7O) +]77@H+(0>J$Lg) + H—(Jiyo) _]nZH—(ONIZJ))

n=—N j=1
+V5 (HL (3%, 0) + i L (0, 3%) + HL (2, 0) — jniHL(0, J%)))
o, (1, (B3, 0) 4 jmiFL(0,31,) + H (3, 0) — jniH_(0,)))
+18,(HL (39, 0) + L, (0, 35,) + H_ (3, 0) — jpiH_(0, J%)))
+Ljne(v,fj( - %H+(J§Lj, 0) + H.(0,J,) + %H_(Jgj, 0)+H_(0,J")))

J J
+Ve (- amuij, 0) +H,(0,J%) + aH_(Jij, 0) +H_(0, Jﬁj))) } (6.10)

Using (2.45) and (2.46) to reduce all nonzero magnetic current arguments to zeros in (6.9)
and (6.10), next using (2.38), and then suppressing all zero magnetic current arguments in
the resulting equations, one obtains

N N
1 . .
E;, = b E E {L}(Vij (E+(J$Lj) —]UiH+(J$Lj) + E—(Jizj) +]77iH—(J$Lj))

n=—N j=1
+Vn¢;’(E+(Jij) - j77iH+(Jij) + E—(Jij) + ij—(Jij)))
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i, (10,8 (3L) — nHL T+ BT + i (3L)
(

E.(J5) - mH+<Jij> +E_(J5;) + ij_u;’ij)))

+IY;
+L; (Vrfj —_E+ ) - neH‘i‘(JiLj) + %E—(Jij) - neH—(Jij))
+V¢(——E+(J¢’) nH (37;) + %E—(Jij) —neH—(Ji,»)))} (6.11)
2 / Ja (1t ty_Jm oyt
H, ZN; {L ( I+ 77Z'E+(Jm) +H_(J!)) mE_(Jm))

+V¢ (H,(J2 i)+ 7‘; E+(Jij) + H—(Jij) - %E‘(Jiﬂ)))

J
+Lj Irtzj(HJr(Jij) + aE—F(JZj) + H—(Jﬁzj) - aE—(Jij))

/ j
‘I‘Ifj(H—i-(Jij) + aEJr(Jij) + H_(Jij) _ EE—(J%)))

j 1 J 1
+L; (Vrfj(__H-i-(Jizj) +—E.(J;) + H_H—(Jiﬂ') + B (1)

r rll r rll

Leay) b 6

j 1 j
+V$(—EH+(J%) +—E,(J5;) +—H_(J},) +

777"771' 777" 777"77@
where
i
e
Equations (6.11) and (6.12) are recast as
E {L//r/1< ng—i— ]Y j++Z +]Y£U—)

Ny 1
+V¢(Zig+ JY i+ T Zny— +jY2j—))
‘I'ij(lt (Ziﬁ ]Y nj+ + Zny— +jY£Lj ) + I(z) (Ziﬁr ]Yn3+ + Zij— +jY£j—))
—Ljne(v GZh + Yl — G2k, + YL )+ VEGZh + Y, — G2+ Yﬁj_))}
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(6.14)

N Ny
1 . ;
Hi-5 > j{L;(V;j(YZj++JZ2j++YZj— — ;)

n=—N j=1
WY, 2, Y0 7))

+Lj(lflj(Y£Lj+ + 52+ Yo — 52 ) + Ifj(YijJr +jzij+ + Yzﬂ'— B jzij‘))

L; ‘ ‘ ‘ ‘
+—2 (V;j(— G+ iYL 2 )+ V(=Y + 2+ Y+ zij_)) }

MNr
(6.15)
where
1
VAN —ﬁEi(JZj% q=1t¢ (6.16)
Yie = —Hi(Jy), a=t¢. (6.17)
Equations (6.14) and (6.15) condense to
N N
B= > > ALm(vViZ, +ViiZ,)
n=—N j=1
+LJ77@ (I:ngizy + Isziy) - Lyne(V;ngz + VnﬁYgz)} (618)
N N
n=—N j=1
L.
where
Z;]Ly =05 {Zgzj—i- + Z?Lj— - ](ng—i- - Y?Lg—)} y 4= t> ¢ (620)
Y?LZ = 05 {Ygzj—i- _I— Yng— + ](Zglj—‘r - Z?Lg—)} , 4= t> ¢ (621)

6.4 Evaluation of the Z’s and Y’s of (6.16) and (6.17)

Evaluation of E; and H; of (6.18) and (6.19) where ZJ, and Y}, are given by (6.20) and
(6.21) requires evaluation of Z!., and Y, of (6.16) and (6.17). With reference to (3.1),
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(3.3), and (3.4)(3.7),

Zl,. = — (eAL() + VVI) (622
Y, = —Miiv < A% (r) (6.23)
where
AL(r) =12 / [ 3,06 R as (6.24)
Vi(r) = 4W€i / (V) 39,()) G (R) ds’ (6.25)
GL(R) = & ?R (6.26)
—r—r. (6.27)

In (6.22)-(6.25), ¢ =t or g = ¢.
Substltutlon of (6.24) and (6.25) into (6.22) and subsequent replacement of (wp4,wey)
by (ke & o )y give

]k:l: /
zi, = // )G (R) ds’ +47rk:iV// (V- 30.(c)) Ge(R)ds'. (6.28)

Substitution of (6.24) into (6.23) gives

Yo = ——V X // ds'. (6.29)

Taking the gradient of the integrand instead of the integral in (6.28) and taking the curl of
the integrand instead of the integral in (6.29), one obtains

Zi., — ]ki / / )Gy (R)ds' — 47Tki / / (V.- J9(r))) G (R)(r — ') ds’ (6.30)
Yo, = _5//5 (30 x (r — 1)) CL(R) ds’ (6.31)

where, as in (3.17),

1+ jkeR .
;(R)=7+I‘_723* eIl (6.32)
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With reference to (3.22), (3.23), (3.34), and (3.28),

J) =t S el (6.33)
T .,
J4,) = & J[Ef)eﬂw (6.34)
1 /Pt P»+1(t’)) o
Vgt ()= = [ LL - eimo 6.35
» () P’( d; djt1 (6.35)
Vi Jn) = P IRTy(t)em. (6.36)

Substituting (6.33)—(6.36) into (6.30) and (6.31) and interating the integrals, one obtains

2T
7., = "% [ gy / 46/ /G (R)ei?
4T 0

L [ar (B8 B /Ozwdas'(r—r')G;(R)ej““f” (6:37)

_47T/{5:|: dj dj+1
2
Zij:t _ ]ki dt T, (t/)/ d¢/¢A)G:t(R)6Jn¢/
dm 0
(4! 2 o,
T / ) / 46 (x — ') (R)eT™ (6.39)
4ﬂki pl 0
1 2T R o,
Y. = - / dt' T;(t) / d¢' (t' x (r —r')) GL(R)e’™ (6.39)
0
1 2T N o,
Yo = -0 / d' T (t') / d¢' (¢ x (r — 1)) G (R)e™™. (6.40)
0

6.4.1 The Vectors on the Right-Hand Sides of (6.37)—(6.40)

The vectors on the right-hand sides of (6.37)-(6.40) are t, ¢A)/, r—r,t x (r—r'), and
¢A)/ X (r—r').

~ ~t
The vectors t' and ¢ are expressed as

' =p-p)+ o ¢)+2( - 2). (6.41)
¢ =p(d-p)+ I ) (6.42)
Similar to (4.33) and (4.45),
t' = xsinv’ cos ¢’ + ysinv’sin ¢’ 4 zcos v’ (6.43)
¢A) = —xsin¢’ +ycos¢'. (6.44)
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Use of (6.43) and
p=Xcos¢p+ysing
gives
t'- p =sinv’ (cos ¢’ cos ¢ + sin ¢’ sin @)

which reduces to

t'- p =sinv’ cos(¢ — o).

Use of (6.43) and (4.45) gives

~

t'- ¢ = sinv'(— cos ¢’ sin ¢ + sin ¢’ cos ¢)

which reduces to

~

t'- ¢ = sinv'sin(¢' — ¢).
From (6.43),

T/ A /
t' -z=cosv.

Use of (6.44) and (6.45) gives

At

¢ -p=—sing cos¢ + cos¢’ sing

which reduces to

At

& b= —sin(¢' — ).
Use of (6.44) and (4.45) leads to

¢ - =cos(¢) — 9).
Substitution of (6.47), (6.49), and (6.50) into (6.41) gives

~
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t' = psinv’ cos(¢' — ¢) + ¢sinv'sin(¢' — @) + zcos v’

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)



Substitution of (6.52) and (6.53) into (6.42) gives

¢ = —psin(¢' — ¢) + dcos(¢’ — ¢). (6.55)
The vector r — r’ is expressed as
r—1' =pp+2z—pp—22. (6.56)
In (6.56),
P =ppp)+op @) (6.57)
Use of (6.45) and
p = %xcos¢ +ysing¢ (6.58)
leads to
P b = cos(¢/ — &), (6.59)
Use of (6.58) and (4.45) leads to
(¢ §) =sin(¢/ — 0). (6.60)
Substitution of (6.59) and (6.60) into (6.57) produces
p = pcos(¢) — ¢) + psin(¢) — ¢). (6.61)
Substituting (6.61) into (6.56), one obtains
r—r' = p(p— p cos(¢) — §)) — @p'sin(¢) — ¢) + 2(z — 2). (6.62)

Use of (6.54) and (6.62) gives
' x (r—r') = (psinv’ cos(¢) — ¢) + psinv'sin(¢) — ¢) + zcos v/ )
x(p(p — pl cos(¢' — ¢)) — dp'sin(¢) — ¢) +a(z — ') (6.63)
which is evaluated as
' x (r—r) = p(sin/sin(¢/ — @) (z — 2) + cosv/ p sin(¢f — ¢) )
+(cost! (p — pf cos(¢! — 9)) — sin’ cos(¢/ — ) (= — )
+2( = sinv/ cos(@¢' — ¢) p'sin(¢/ — @) — sinv/sin(¢/ — 6) (p — p' cos(¢/ — 6)) ) (6.64)
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which reduces to
t'x(r—r) = ﬁ(p' cosv' + (z — 2') sin v’) sin(¢’ — ¢)
—|-¢A)(,0 cosv’ — (p'cosv’ + (z — 2')sinv’) cos(¢' — gb)) — zpsinv’sin(¢’ — ¢). (6.65)
Use of (6.55) and (6.62) gives
¢ x (r—1) = (- psin(¢' — ¢) + peos(¢ — 9))
% (p(p — o cos(d) — ¢)) — dp'sin(¢/ — 6) +a(z — =)  (6.66)
which is evaluated as
¢ x (r—r') = peos(¢/ = 9) (z = #) + $sin(¢' —9) (= — )
+2(sin(¢ — 6) f sin(¢/ — ) — cos(@/ — 6) (p — pl cos(¢ — 9)) (6.67)

which reduces to

¢ x (r—1) = plz = ) cos(&' — &) + (= — ) sin(¢/ — 6) + (s — peos(&’ — ). (6.68)
Replacement of ¢ by ¢’ — ¢ in (3.56) leads to

1 = 2sin? (¢/ 2_ ¢) + cos(¢' — o). (6.69)
With p and z — 2’ multiplied by the right-hand side of (6.69), (6.62) becomes
= o oo (U5 2) - e )
+2(z — 2) (2 sin? (Qy 2‘ ¢) + cos(¢' — ¢)) . (6.70)
)

With pcos v’ multiplied by the right-hand side of (6.69), (6.65) becomes

' x (r—1) = p(p cosv/ + (2 — ') sin’ ) sin(¢f — @)
+é (2,0 cos v’ sin’ (d’/ ; ¢)) +((p = p') cosv! — (z — 2')sin o) cos(¢f — ¢))
—zpsinv’sin(¢’ — ¢). (6.71)
With o/ multiplied by the the right-hand side of (6.69), (6.68) becomes
¢ x (r—1) = p(z— ) cos(¢ — ¢) + d(z — ') sin(¢/ — )

va (205t (C52) = (o= ) conlor — ). (6.72)
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6.4.2 The p-, ¢-, and z-Components of the Z’s and Y’s of
(6.37)—(6.40)

Substituting (6.54) and (6.70) into (6.37), (6.55) and (6.70) into (6.38), (6.71) into (6.39),
and (6.72) into (6.40), one obtains

Zije = D(Zhy)p+ B Ziji)e +2(Z050)- (6.73)
Zij:l: = p(Zy;:)p + ¢(Zf )o + 2( f:l:) (6.74)
Yin = P(Yaiw)e + O(Yin)e +2(Y,0)- (6.75)
Yo = P50, + d(Yi)e + 2V (6.76)
where
k 2 o .
(Zflji)p = ‘74; dt' T; (¢ )sinv’/0 d¢' cos(¢) — ¢) G (R)e™? — 47%7]& /dt
/ . / 27 r_
. (Pj(t) o PJ+1(t )) / d¢/ (2,osin2 (¢ ¢) + (,0 . ,0/) cos(gb' o ¢)) G/:E(R)ejnqﬁ’ (6.77)
dj dy—i—l 0 2
(Z%.1) _ dt' Ty(t') sin v’ 27ral’ in(¢' — ¢) G+ (R)e’™
)y = L0 sine! [ dd' sin(a’ =) G (R)e
J /AN Pj(tl) _ Pj-l—l(t/)) o / o / ing’
+47T/{5:|: /dt p ( ) i /0 d¢’ sin(¢’ — ¢) G'L(R)e’ (6.78)
t ]ki / 2m / ind’
(ani)z = 0 dt' T; (¢ )cosv/ d¢' G (R)el™®
0
[ (B Pj+1<t'>) T
47rk:i/dt ( d; dji1 (= Z)/o .
: (2 sin? (¢ 2_¢) + cos(¢’ — gb)) G'.(R)e’™? (6.79)
K °n /- / ing’
(20) = 4= [arme) [ a0 sin(o = ) Galmper
o / ' Tﬂ'éf/) /0 " (2psin2 (¢/2_¢) +(p—p) Cos(gb'—gb)) Qe (6.80)
'k o / / ing’
(25.), = 5= [y [ aof costsr = o) Gi(rper
2w
— 4:@ / dt' T;(t) /0 d¢ sin(¢' — ¢) G'.(R)e’™ (6.81)
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(25), = g f o0 e [T
: (2 sin? (¢/ 2_ ¢> + cos(¢' — ¢)) G (R)e’™ (6.82)

2
(Y,fji)p = —ﬁ /dt’ Ti(t") (p/ cosv' + (z — 2) sinv’)/0 d¢' sin(¢/ — ¢) G'.(R)e’™? (6.83)

1 2 r_
(Y,fji)¢ = _E/dtlTj(t/)/O d¢’ (2,ocosz/sin2 (¢ 5 ¢)

—I—((p —p)cosv' — (z — 2')sin v’) cos(¢ — QS))G;E(R)ej"‘Zﬁ/ (6.84)
2
(), = 32 [ T@psine’ [ d! sinfef - ) (e (6.5

_ L -2 /0 "¢ cos(d — 6) G (R)eim (6.86)

(v5)
(Y,j;i) - / dt' T () (2 — 2') /0 ¢ sin(¢' — ¢) Gy (R)el™ (6.87)
(v5)

= —E/dt’Tj(t’)/o d¢/ (20 sin? (¢/2_¢>
—(p—p) cos(' — 9) )G (R)e. (6.88)

The integrands of the integrals with respect to ¢ in (6.77)—(6.88) are periodic functions of
¢’ with the period 27. Therefore, ¢ can be added to ¢’ in each integrand without changing
the value of the integral. Doing this, integrating from —=m to 7 instead of from 0 to 2,
decomposing each integrand into an even function of ¢ and an odd function of ¢, and
then taking advantage of the even and odd properties of the resulting integrands to obtain
integrals from 0 to 7 instead of from —7 to 7, one obtains, for ¢ =t or ¢,

(Z3js), = (Ziji)p (ij) (6.89)

(Zgji)qﬁ = < njj:)¢ ( or ) (6.90)
(Zojs), = <ugj:|:)z (ij) (6.91)
(Vie), = <u7?j:|:)p (ij) (6.92)



where
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e
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Se
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he)

C

Se
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-

C

Se
H_
N

where, as in (3.66)—(3.71),

Gy = /7r Gi(é) cos(ng') d¢'

dt' T; (") psinv’ Gy,
- / 0 Ty(t') (= — )Gy
— / 0t Ty (t') (= — )Gl

= — [ TE) PGy — (- 9)Ghs)

0

/

= —/dt’Tj(t’)(pcosv’Glli—I—((p—p')cosv’—(z—z’)sinv’)G’zi)
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) (2= 2) (Gl + Ghy)

(6.97)
(6.98)

(6.99)
(6.100)
(6.101)
(6.102)
(6.103)
(6.104)
(6.105)

(6.106)

(6.107)



)
H_
¢
)
[}
n
A
)
[}
PN
3
S
S

)
w
i

I

(\]

)
H
¢
2.
=
S
2.
=8
3
S
S

where, similar to (3.6), similar to (3.17), and identical to (3.72),

G o 6_.7kié
R) = S
+(R) 7
L 14
() = T

nyle

= \/(,0 — )2+ (2 — 2/)2 + 4pp/ sin? (¢

(6.108)
(6.109)
(6.110)
(6.111)

(6.112)

(6.113)

(6.114)

(6.115)

The integrals with respect to ¢’ in (6.95)—(6.106) are approximated by sampling at the
points {t' =1,,p =1,2,...} given by (3.73) where the domain of T;(t') extends from ¢ = t5;_;

to t' = tj12. Thus, (6.95)-(6.106) become

2j+2 2542
S . . J _
(Z:Lj:l:)p = Jky Z Ty sinvg G351 — Fx Z Té/ (pGllqi +(p— pq)Glzqi)
q=2j—1 q=2j-1
2j+2 T
( 'fl,?:t) —= —ki Z Tq/ Sin 'Uq Gg:l: - k‘_ Z Té/ﬁq Glgq:t
¢ q=2j—1 + g=2j-1
2j+2 jour
(Ze2) = ke Y2 Tycosu, Gl =2 D7 Tyle = 2,)(GHy + GLL)
‘ q=2j—1 + =251
242 oo o
( j:j:l:) = ks Z TyGi + T Z = (pGYL + (p = pg) G )
g g=2j-1 * g=2j-1 P4
2j+2 in Y22
( j:jj:) = Jkx Z Tq’ng: - k‘_ Z Tq’Géqi
¢ q=2j—1 + g=2j-1
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(6.118)

(6.119)

(6.120)



o T,
( nj:l:) =" > E(r— 7)) (G + G (6.121)
z k‘:t =2j—1 Pq
2j+2
(Yffj:l:) == D Ty(pgcosvy+ (z — Z,) sinvy) G, (6.122)
L q=2j—1
2j+2
( ij:l:)(z) = — Z ,Ocos v, GYL + ((p — pg) cosv, — (2 — Z,) sin vq)Glzqi) (6.123)
q=25—1
2j+2
(Yffj:l:) =j Y Typsinv, G4, (6.124)
z q=2j—1
2j+2
(Yf}i) =—- > T Gy, (6.125)
p q=25—1
2542
(Yf}i) =—j > T, Gy (6.126)
¢ q=25—1
2j+2
(Yi}i) == ) Ty (pGY — (p— pg)Gs) (6.127)
‘ q=2j—1
where, with reference to (3.85)—(3.93), (3.98)—(3.106), (3.6), (3.17), and (3.107),
¢ =q+2(j-1) (6.128)
Tyig = =) (6.129)
! 2d,
Aot + LA Ay
T4j_2 — ( 2j—-1 2 2.7) 2j (6130)
dj
Aogiro + 1A VAo
T4j—1 _ ( 2542 D) 2]—1—1) 2541 (6131)
djy1
A2
Ty, = —2+2 6.132
4j 2d;1 ( )
Agjy
Tis = 0 (6.133)
Agj
Tijn = N (6.134)
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Ty = o (6.135)
;o Doy

T == (6.136)

Pq = pltq) (6.137)

zZ, = 2(t,) (6.138)

vy =0(t), t, <t <t (6.139)

Gly = /0 ' G+ (R%) cos(ng') d¢/ (6.140)

Gi, = /07r G+ (RY) cos ¢' cos(ng') do (6.141)

Giy = /07r G4 (R7) sin ¢’ sin(ng’) d¢’ (6.142)

Gy = 2/07r G, (R") sin? (%/) cos(ng’) d¢’ (6.143)

Gyl = /07r G'_(R?) cos ¢’ cos(ng') d¢’ (6.144)

Gy = /07r G'_(R?)sin ¢ sin(ng') d¢’ (6.145)
6—jkqu

Ge(R) = (6.146)

R = \/ (0= 22+ (o= 2+ appsin (5 ) (6.148)

Equations (6.73)—(6.76) condense to
Ziy = b (Zis), + ¢ (Z02) , +2(Z50). (6.149)
Yo =p(Vhe), + & (Vhe), +2 (Vi) (6.150)

where ¢ =t or ¢ = ¢. Substituting (6.89)—(6.91) into (6.149) and substituting (6.92)—(6.94)
into (6.150), the Z’s and Y’s of (6.16) and (6.17) are evaluated as

. cind
Zl,. =7l o (6.151)
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q N4 el
Yo=Y, . (6.152)

2
where
Z?Lj:l: =P <Zgji)p +¢ <Z§ji)¢ +z (szi)z (6.153)
Yo, =p <Y/7?ji>p +¢ <17;§i)¢ + 2 <Y/7?ji)z . (6.154)

For ¢ =t or ¢ = ¢, the Z’s and the Y’s on the right-hand sides of (6.153) and (6.154) are
given by (6.116)—(6.127). The ¢ in (6.116)—(6.127) is different from the ¢ in
(6.149)—(6.154). In (6.149)—(6.154), q is either ¢ or ¢ but, in (6.116)—(6.127), ¢ is a
summation index which is an integer.

6.5 The Cylindrical and Rectangular Components of
the Electromagnetic Field (E;, H;) Inside the
Scatterer

First, the cylindrical components of the inside electromagnetic field will be obtained and

then the rectangular components of the inside electromagnetic field will be obtained from
the cylindrical components of the inside electromagnetic field.

6.5.1 The Cylindrical Components of the Inside Electromagnetic
Field

Substituting (6.151) and (6.152) into (6.20) and (6.21), one obtains

L [ ind
zi, = 74, ( = ) Cq=t¢ (6.155)
Y, = Y¢ <ejn¢) g=t6 (6.156)
nz e\ g ) )
where
Z?Ly = Z?Lj—‘r + Z?Lj— - j(ngJr - ng—% q=t,¢ (6.157)
Y. = ng+ + ng— ‘l‘j(ZngJr - Z?Lj—)? q=t,0 (6.158)
Substitution of (6.155) and (6.156) into (6.18) and (6.19) produces
1 L Ny Ny
B> S (i, Vi)
n=—N j=1
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+ij<ft Z! +1¢ Z8) — L (VYL + VEYe )} (6.159)

nj=ny ny—ny

N
n¢> oyt d~rd
L;
+Lj(I£jY$LZ + Ii}Yﬁ )t L (Vi 2t + Vi 25, } (6.160)

The p-, ¢-, and z-components of (6.159) are E;,, E;, and E;, given by
N

By= g 3 WZ{L/”Z( (2), v (23))

n=—N

+Lim; (I;;j (Z“;;y) +Ij;< )p) jne( (Yt) + Ve (Yni)p) } (6.161)
By = — eWZ{L'm (V;J (7 y) + v (%, )¢)
)

n=—N

+Lim; (I;;j (Z“;;y)¢ + 10 ( ¢ ¢) Lyne ( (1“/;2)¢ + Ve (W;)J } (6.162)
Ei, = %n:i—]v 6jn¢jN§tl{L;77i VJJ ( y) —I—V(z) <Z¢) )
crn (1, (22) +15(28) ) — 1 (Vi (v2) + v (72) )} o169

The p-, ¢-, and z-components of (6.160) are H;,, H;s, and H,, given by
N

H,, = E eﬂ“¢z {L’ ( Yt VS (m)p)

n=—N

VL (I;j (Y/;; ) + 18 (Y/n )p) +% (V;j (Z;;y)p + Ve (Z“jfy)p) } (6.164)



(6.166)

AL
ny

). v

ny

St

t
nj

)+
z Ny

¢
nz

Y,

¢
+ 15 (

t
nz

Y,

t
nj

+1,

Y]

Y]

The Z,,’s and Y,.’s on the right-hand sides of (6.161)-(6.166) are obtained by taking
the p-, ¢-, and z-components of each of (6.157) with ¢ = ¢, (6.157) with ¢ = ¢, (6.158) with

g =t, and (6.158) with ¢

= ¢

(6.167)

Q <
|
| .
uYn S
N— ~—
_ _
Q <
+
>y Oy
N v N—
N~ —
4j 4j
_ _

QU <
P \I_/
! .
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(6.178)

AL
nj—+

¢
nj

Y,

v

The resulting Z,,’s

The cylindrical components (E;,, Eiy, Ei., Hi,, His, H;.) of the inside electromagnetic field
and Y,,.’s are then substituted into (6.161)—(6.166).

are obtained by first substituting (6.116)—(6.127) into (6.167)—(6.178).
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6.5.2 The Rectangular Components of the Inside Electromagnetic

Field

The rectangular components of the
and H;, given by

< 8 N < 8
[ T

I

inside electromagnetic field are Ei,, Eiy, Ei., Hiy, Hyy,

%. (pEip + GEis+ zE) (6.179)
¥+ (PEip+ $Fis + 285 (6.180)
7 (pEZ-,) + PEis+ zE) (6.181)
x- (pHi, + pHiy + 2H;.) (6.182)
y- (ﬁHip + ¢Hiy + zH) (6.183)
7 (pHiP + GHiy + zH) (6.184)

where E;,, Eiy, Ei., H;,, H;y, and H;, are the cylindrical components of the inside electro-

magnetic field. Using

>.<>

<<.>

) ;e_> AW
<>
0>

> p>

~~
N>
>
N>

in (6.179)—(6.183), one obtains

S

1T

S

y

&

z

T

Y

z

>
0>

-2) = (cos ¢, —sing, 0) (6.185)
-2) = (sin¢, cos¢, 0) (6.186)
2) = (0, 0, 1) (6.187)

N>

= E;,cos¢p — Ejysin¢ (6.188)
= E;,sin¢ + B, cos ¢ (6.189)
— E,. (6.190)
= H,;,cos¢ — H;psin ¢ (6.191)
= H;,sin¢ + H;y cos ¢ (6.192)
— H.. (6.193)

Equation (6.190) verifies that E;, serves as both a rectangular and a cylindrical coordinate
and (6.193) verifies that H;, serves as both a rectangular and a cylindrical coordinate.
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6.6 The Special Case Where the Electromagnetic Field
Inside the Scatterer is Observed on the z-Axis

On the z-axis, the spatial position where the rectangular components of the inside electro-
magnetic field are evaluated does not depend on ¢ so that, if they vary continuously with
spatial position, the rectangular components (6.188)—(6.193) on the z-axis do not depend
on ¢. On the z-axis, the value of ¢ on the right-hand sides of (6.188)—(6.193) is therefore
arbitrary. It is suggested that ¢ be set equal to zero for evaluations of the field components
(6.188)—(6.193) on the z-axis.

The G?’s of (6.141)—(6.143) on the 2-Axis and the G'”’s of (6.45)—(6.47) on the
z-Axis

On the z-axis, p = 0 so that R? of (6.148) does not depend on ¢’ and therefore neither
G+ (R?) of (6.146) nor G'_(R?) of (6.147) depend on ¢'. As a result, (6.140)—(6.145) and
(6.148) become

Gl = GL(R?) /7r cos(ng’) d¢’ (6.194)
0

G, = GL(R?) /7r cos ¢’ cos(ng’) d¢’ (6.195)
0

G, = GL(RY) /7r sin ¢’ sin(n¢’) d¢’ (6.196)
0

Gy = 2G' (RY) /7r sinz(ﬂl) cos(ng') d¢’ (6.197)

0 2

Gyl = G/ (R9) /7r cos ¢’ cos(ng’) d¢’ (6.198)
0

Gy = G'.(R9) / ' sin ¢’ sin(n¢') d¢’ (6.199)
0

R = /P2 + (2 — 2, (6.200)

The integrals in (6.194), (6.195), (6.197), and (6.198) are even functions of n and the integrals
in (6.196) and (6.199) are odd functions on n. Therefore, the values of the integrals in
(6.194)—(6.199) for negative integers n can easily be obtained from their values for positive
integers m. In the rest of Section 6.4.1, the integrals in (6.194)—(6.199) are evaluated for
nonnegative integers n.
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The integrals in (6.194) and (6.195) are evaluated as

T Nau ) om n=0
/0 cos(n¢’) d¢’ = { 0, n=12 (6.201)
/ cos ¢’ cos(ng’) d¢' = { 2’ n i 0 (6.202)
0 20 =
™ 1 ™
/ cos ¢ cos(ng’) d¢' = 5/ (cos((n+1)¢’) +cos((n —1)¢')d¢’, n=2,3,... (6.203)
0
i , , 1 [sin((n + 1)¢") s1n((n -1 "
/0 cos ¢ cos(ng’) d¢’ 2{ o] 1 ) 0, n .3, (6.204)
Equations (6.202) and (6.204) combine to give
- 0, n=0
/ cos ¢’ cos(ng’) d¢' = B 1, n=1 (6.205)
0 0, n=23,....
The integral in (6.196) is evaluated as
" sin ¢ sin(ng) o/ o=y 6.206
/0 sin ¢’ sin(n¢') d¢’ = =1 (6.206)

/7r sin ¢’ sin(ng') d¢' = /W(Cos((n —1)¢') —cos((n+1)¢')d¢', n=2,3,... (6.207)
0 0

[QM?:EWﬁ_QM?jSWﬂ::o,n:za””(6%&

N = N Ny

/7r sin ¢’ sin(n¢’) d¢' =
0

Equations (6.206) and (6.208) combine to give

i T 0, n=>0
/ sin ¢’ sin(n¢’) d¢' = 3 1, n=1 (6.209)
0 0, n=2.3,....
For the integral in (6.197), use of (3.56) gives
™ / 1 ™
/ sin? (%) cos(ng') d¢’ = 5/ (1 —cos @) cos(ng’) de'. (6.210)
0 0
Using (6.201) and (6.205) to evaluate the integral on the right-hand side of (6.210), one
obtains
T ¢/ T 2, n = 0
/ sin? (5) cos(ng')d¢’ = 1 -1, n=1 (6.211)
0 0, n=23,....
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Substituting (6.201) into (6.194), (6.205) into (6.195), (6.209) into (6.196), (6.211) into
(6.197), (6.205) into (6.198), and (6.209) into (6.199), one obtains

1, n=0
q I q ?
G, = rGL(R ){ 0 w1 (6.212)
0, n=0
q 5
G1, = WGiT(R) 1, n=1 (6.213)
0, n=2,3,...
0, n=0
q 5
Gl = WGiT(R) 1, n=1 (6.214)
0, n=2,3,...
2, n=0
G’ (R )
G, = WiT() 1, n=1 (6.215)
0, n=23,...
0, n=0
G.(ro) | ¥
Gl = WiT() 1, n= (6.216)
0, n=2,3,...
W 7GRy [V
G = iT 1, n= (6.217)
0, n=2,3...

where R? is given by (6.200).

6.6.1 Properties of the Fourier Coefficients of the Cylindrical and
Rectangular Components of the Inside Electromagnetic Field
on the z-Axis

Equations (6.161)—(6.166) are rewitten as

N
Eip= ) Ape (6.218)
n=—N
N
By = Y Abelm (6.219)
n=—N
N
E.= ) A" (6.220)
n=—N
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N

Hy, = > B (6.221)
N

Hiy = Y Ble™ (6.222)

N
Hi. = Y B (6.223)

where the A’s and B’s are the quantities that multiply e/ on the right-hand sides of (6.161)-
(6.166). Because, as stated at the beginning of Section 6.6, the rectangular components of
the inside electromagnetic field on the z-axis do not depend on ¢, F;, and H;, do not depend
on ¢ so that (6.220) and (6.223) reduce to

Ei, = A} (6.224)
H;. = B;. (6.225)
Upon replacement of cos ¢ and sin ¢ by their complex exponential representations, (6.188)

and (6.189) become

Eiw = = ((Eip + jEip)e’® + (Eip — jEig)e7?) (6.226)

1
2
1 ‘ . o
By = 2 ((Ez¢ - ]Eip)EJ(z) + (Eip + jEip)e m)-) (6.227)

Substituting (6.218) and (6.219) into (6.226) and (6.227), one obtains

N
Ei, = L < Z (AP + jAS)I Mt 1 Z P jAS)eI (19 ) (6.228)
2 n=—N n=—N
R N
Ey = 3 < D (AL — AN 4 N " (A9 + jAg)eﬂ"—W) : (6.229)
n=—N n=—N

Equations (6.228) and (6.229) are recast as

N+1
1 .
E;, = 5( Y (AL + AL )+ § AZH A2 ) W) (6.230)

=—N+1
N+1
1 |
By = 5( S (AL, — AL e + Z oA W) (6.231)
=—N+1 —-N-1
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which become

N
1 ; ‘ —j
i = —(( > (A AT AL —inH)eW) — (A% + ALy e

2
n=—N

(AR A+ JAR)NHDO - (A2 — jA? JeTVTDE — (AR — jA}%H)eW) (6.232)

1
2
n=—N

N
(( > (A - AL+ AL, +jAZ+1>ej"¢) — (A% — AP )N

—I—(Aﬁ, _ jAfV)ej(N“W + (AaiN —I—jA’iN)e_j(NHW — (A%H —|—jA§’\,+1)ejN¢). (6.233)

If N is extremely large, the terms outside the summations from —N to N in (6.232) and

(6.233) can be neglected so that (6.232) and (6.233) reduce to

N
1 ‘ ‘ n
Eiy = 2 Z (A% +3Ai—1 + AL~ ]Aiﬂ)e’ i
n=—N
| N
Eiy = 2 Z (Ai—1 —jAL .+ Ai-i—l ‘|’jAZ+1)€m¢-
n=—N
Two combinations of (6.234) and (6.235) are
N
Eix +jEiy = Z (AL + AT )el?
n=—N
N
Eix — jEiy = Z (Af 4 — inH)eymﬁ.
n=—N

(6.234)

(6.235)

(6.236)

(6.237)

Because, as stated at the beginning of Section 6.4, the rectangular components of the inside
electromagnetic field on the z-axis do not depend on ¢, the right-hand sides of (6.236) and

(6.237) do not depend on ¢ so that, because {e/" n = —N,—N +1,.
independent set of functions of ¢,

AP+ §A? | =0 for all integer values of n except 0

AP — jAﬁJrl = 0 for all integer values of n except 0.

Equations (6.238) and (6.239) are rewritten as

AP +jA? = (0 for all integer values of n except — 1
AP — jA? =0 for all integer values of n except + 1.
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For all integer values of n except £1, (6.240) and (6.241) are

AP + jA? = 0 for all integer values of n except =+ 1. (6.242)
AP — jA? =0 for all integer values of n except + 1. (6.243)

For n = +1, only (6.240) holds:
AP+ jA? = 0. (6.244)
For n = —1, only (6.241) holds:
AP —AY =0. (6.245)
Adding (6.243) to (6.242) and subtracting (6.243) from (6.242), it is seen that
AP = A? =0 for all integer values of n except = 1. (6.246)
Equation (6.246) reduces (6.218) and (6.219) to

E;, = Ale?® 4 AP e3¢ (6.247)
Eiy = AJe?® 4+ A? e79°, (6.248)

where A% and A? are related by (6.244) and A”, and A?, are related by (6.245). According
to (6.224), E;, does not depend on ¢:

B = A} (6.249)

Similarly, it can be shown that (6.221) and (6.222) reduce to

H,, = Byel® + B? e™7? (6.250)
H,y = Be’® + B? e77¢ (6.251)

where B and BY are related by
BY +jB) = (6.252)

and B?, and B?, are related by
B, — jB® =0. (6.253)
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According to (6.225), H;. does not depend on ¢:
H;. = B:. (6.254)

Substitution of (6.212)(6.217) into (6.116)—(6.127) gives (Z“nji) ’s, (ani)¢’s, (Y/nji) ’s,
) p
and (?nji)¢’s that are not zero only for n = + — 1 and also gives (ani) ’s and (Y/nji) ’s
that are not zero only for n = 0. As given by (6.161)(6.166), where the Z,,’s and Y;.’s are
given by (6.167)—(6.178) where the (ani) ’s, (ani)¢’s, (ani) ’s, (?njj:) ’s, (?nji)¢’s,
p z p

and (Y/nji) 's are those described in the previous sentence, the cylindrical components

(Eip, Eip, Eiz, Hip, Hig, H;,) of the inside electromagnetic field on the z-axis satisfy (6.244),
(6.245), (6.252) and (6.253). In numerical solutions, (6.244), (6.245), (6.252) and (6.253)
were satisfied within roundoff error.
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Chapter 7
Computed Results

7-1 Chiral Sphere

X

(Einc, Hinc) Z-axis

Figure 7-1.1 A chiral sphere is illuminated by a plane electromagnetic wave (E™,H™ )

( Figure 7-1.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).

93



7-2.1 Computed Results

In this section we will present and compare relevant characteristics of our results and graphs that are
plotted in the following sections with the corresponding results and the graphs taken from
Altunkilic [3]. We will also explain and clarify the results and the graphs wherever such elucidation
is conducive in understanding the mapping of the graphs.

Figure 7-2.2.1 and the Figure 7-2.2.3 (taken from Altunkilic [3]) plot the o, (co-polarized
bistatic radar cross section). Graphs of these two figure show striking almost one hundred percent
resemblance to each other. Figure 7-2.2.2 and the Figure 7-2.2.4 (taken from Altunkilic [3]) plot
the o, (cross-polarized bistatic radar cross section). Graphs of these two figures bear almost one

hundred percent resemblance to each other. Figures 7-2.2.5-7-2.2.6 are the graphs of the
magnitudes of the &-component of the external and the internal equivalent electric currents in the
¢ =0 plane. These two graphs of ours are compared with the graph of the Figure 7-2.2.7 (taken
from Altunkilic [3]) that includes analytically computed exact graph representing magnitudes of the
0 -components of external and internal equivalent electric currents in the ¢=0 plane. Our two
graphs show almost one hundred percent pictorial conformability of graph mappings as well as
graph readings with respect to the exact graph (shown in red color ) of the graph of the Figure 7-
2.2.7. Comparison of our graph of the Figure 7-2.2.8 with the graph of the Figure 7-2.2.9 (taken
from Altunkilic [3]) that includes analytically computed exact graph representing magnitude of & -
component of the equivalent magnetic current in the ¢ =0 plane show almost one hundred percent
conformability in every respect with the exact graph of the Figure 7-2.2.9. Comparison of our
graph of the Figure 7-2.2.10 with the graph of the Figure 7-2.2.11 (taken from Altunkilic [3]) that
includes analytically computed exact graph representing magnitude of x-component of the field
internal to chiral sphere along the z-axis show almost one hundred percent resemblance in every
respect to the exact graph of the Figure 7-2.2.11. Comparison of our graph of the Figure 7-2.2.12
with the graph of the Figure 7-2.2.13 (taken from Altunkilic [3]) that includes analytically
computed exact graph representing magnitude of y-component of the field internal to chiral sphere
along the z-axis show almost one hundred percent pictorial conformability in every respect to the
exact graph of the Figure 7-2.2.13.

7-2.2 Characteristic Graphs of the Chiral Sphere.

In most of the graphs we used the value of ka=15. Therefore with A=1m,
ka=15-—>a=13 —>a=1-5/y =1-5/ =0.2387meter , here a is the radius of the sphere.
k 27 27

We will compare our results, wherever possible, with those of Altunkilic [3] and Denchai [57].

Figure 7-2.2.1 shows o, (co-polarized bistatic radar cross section) and Figure 7-2.2.2
shows o, (cross-polarized bistatic radar cross-section). Figure 7-2.2.3 and Figure 7-2.2.4 are
inserts of Figure 3.7 and Figure 3..8 taken from the research work of Altunkilic [3]. One can
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notice almost one hundred percent conformity of the Altunkilic's two figures with the figures
produced by our programs ( i.e., Figure 7-2.2.1 and Figure 7-2.2.2).

Chiral sphere, ka=13,F =032 =2 4 =1

S A e
S N N W S
S S R U N N S N

g{degrees)

Figure 7-2.2.1 o,, of the chiral sphere. The generating curve is approximated by 426 straight line
segments.

Chiral sphere, ka=1.3.% =032, =2, u, =1

' ' ' ' '
- ' ' ' ' ' ' '
' ' ' ' ' ' ' '
' ' ' ' ' ' ' '
- ' ' ' ' ' ' ' '
Qzr---- L e e ----- F----r----r-----
' ' ' ' ' ' '
' ' ' ' ' ' ' '
_ 1 1 ' 1 1 1 1 1
D15k =-=== R L L L L I == - e m ke —— =
' ' ' ' ' ' ' '

' ' ' ' ' ' ' '
1 1 ' 1 1 1 1 1
Qlp==== +----+-----‘---E\B ----- === == R EE T
' ' ' ' ' ' '
' ' ' ' ' ' ' '
] R SRS SR SO ke SN AU SN S
' ' ' ' '
' ' ' ' '

Q 20 4 2] 1] 100 120 140 160 180

Figure 7-2.2.2 o, of the chiral sphere. The generating curve is approximated by 426 straight line
segments.
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Figure 7-2.2.4 o, of the chiral sphere ( Insert taken from Altunkilic [3] ).



Chiral sphere, ke=135F =072 =2 u =1

& -component of external electric current

20 40 G0 8D 100 120 140 160 180

& (dﬁgre 2g)

Figure 7-2.2.5 Magnitude of &- component of the external equivalent electric current in the
¢ =0 plane. The generating curve is approximated by 426 straight line segments.

Chiral sphere, fm=1.3.F =076 =2. 4 =1

& -component of internal electric current

& (degrees)

Figure 7-2.2.6 Magnitude of &- component of internal equivalent electric current in the ¢ =0
plane. The generating curve is approximated by 426 straight line segments.

Graph of Figure 7-2.2.7 is an insert taken from Altunkilic [3] that plots magnitude of 6-
component of external and internal currents in the ¢ =0 plane compared with the exact solution of

a chiral sphere. Comparison of graph of Figure 7-2.2.7 with our graph of Figure 7-2.2.5 and that
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of Figure 7-2.2.6 shows excellent pictorial conformability between these graphs, particularly, with
the exact plot shown in red color [57] in Figure 7-2.2.7. Altunkilic [3] had to use a very small

perfectly conducting 1° circular metallic patch at the north pole (top) of the chiral sphere in order
to run his program in Matlab code and to obtain the graph shown in blue color in the Figure 7-

2.2.7. Because of the placement of the perfectly conducting metallic patch at the north pole at 0°

external and internal equivalent currents show high value at 0° in the Altunkilic's graph
(shown in the blue color). Altunkilic [3] refers this structure as a perfectly conducing sphere

with 179° aperture that exposes the chiral material.

SPHERE with 179° aperture. ka=15. & =07 £ =2 1 = 1, unfmowns = 5500
1.8

T T ; T -
| [—ExacT-D.Worasawat= | |

'
e —

1.6

—

14
1.2
1+
= 0.8
0.6
04

I [ 1 1 1 1 1 1 I 1
R N7 2 E R B e e e B R

A N7 e R A A R

%

T S T S S S
60 90 120 150 180
6 (degrees)

Figure 7-2.2.7 Magnitude of & —component of external and internal equivalent electric currents in
the ¢ =0 plane compared with the exact solution of a chiral sphere ( Insert taken from Altunkilic

[31).

Figure 7-2.2.8, produced by our Matlab program, represents magnitude of of the
equivalent magnetic current in the ¢ =0 plane. Figure 7-2.2.9 is an insert of the graph of Figure
3.13 taken from Altunkilic [3]. Figure 7-2.2.9 includes a red dotted line representing exact graph
obtained by analytical solution by D. Warasawate [57]. Our graph of Figure 7-2.2.8, shows
striking, almost one hundred percent, resemblance with the exact graph of D. Warasawate [57].
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Chiral sphere, Jm=154 =075 =2, 4 =1

Q5p----- B Sl SUEETISEREEY EEPREY ERPRERERLREE ERRESS

T R R TR e TP TR EEE P T EEEEEE AP EETEEERREE

&- component of magnatic current

e e

Figure 7-2.2.8 Magnitude of & -component of the equivalent magnetic current in the ¢ =0 plane.
The generating curve is approximated by 426 straight line segments.

SPHERE with 179° aperture, ka=15. & =07 ¢=2u =1, unknowns = 5500

14 T T T T T T

: : : : : : : ~— EXACT-D.Worasawate :

! 1 1 1 ! ! ! _lMuI 1
1_2—[— + ———|————Ir————4‘-————:————:————4‘-————1————»————{-———-1'————

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1
1-%_ LS N SR PRSPV PR SO SR ISR SR S

1 1 1 1 1 1 1 1 1 1

T A T

1 1 I 1 1 1 1 1 1 1 1
D_B—|»——+————|————\;\—\——+————|————|————+————|————»————i————-|————

= 1 1 I 1 1 1 1 1 1 1 1

[+ 1 1 1 1 1 1 1 1 1 1 1

1 1 T 1 1 1 1 1 1 1

- 1 ! [ ! ! ! ! ! 1 !
= oﬁ-y—-f-—-1—---r--w§;--1----r---f---ﬂ----r---r---1---—

1 1 1 1 1 1 1 1 1 1

1 1 1 1y 1 1 1 1 1 1 1

1 1 1 [ 1 1 1 1 1 1
T B A

] 1 1 1 ™ 1 1 1 1 ] 1

[ U U W U . VO N A I R I
I T S R e ooty e

1 1 1 1 1 1 1 L 1 1

1 | 1 1 1 1 1 1 | 1 |

1 I 1 1 1 L 1 L 1 1 I
DU 30 60 90 120 150 180

& (degrees)

Figure 7-2.2.9 Magnitude of @ —component of equivalent magnetic current in ¢=0 plane
compared with exact solution of chiral sphere ( Insert taken from Altunkilic [3] ).

Altunkilic [3] had to use a very small perfectly conducting metallic patch at the north pole (top)
of the chiral sphere in order to run his program in Matlab code and to obtain the graph shown
in blue color in the Figure 7-2.2.9. Because of the placement of the perfectly conducting

metallic patch at the north pole at 0° , equivalent magnetic current plunges to zero value at the
north pole which is 0° in the Altunkilic's graph (shown in the blue color).
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Chiral sphere, ka
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Figure 7-2.2.10 Magnitude of x-component of electric field internal to the Chiral sphere along

axis. The generating curve is approximated by 426 straight line segments.
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Figure 7-2.2.10 represents magnitude of x-component of electric field internal to the chiral sphere

Figure 7-2.2.11 Magnitude of x-component of electric field internal to chiral sphere along the z-
along z-axis.

axis ( taken from Altunkilic [3] ).

Figure 7-2.2.11 ( taken from Altunkilic [3] ) plots magnitude of x-component of

Figure 7-2.2.11 includes exact graph

obtained by analytical solution carried out by D. Worasawate [57]. Comparison of our graph of
100

electric field internal to chiral sphere along the z-axis.



Figure 7-2.2.10 with the exact graph of the Figure 7-2.2.11 shows excellent agreement between
them.

Chiral sphere, Jx=13,F =035, =2 u, =1
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Figure 7-2.2.12 Magnitude of y-component of electric field internal to the Chiral sphere along z-
axis. The generating curve is approximated by 426 straight line segments.
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Figure 7-2.2.13 Magnitude of y-component of electric field internal to the chiral sphere along the z-
axis ( taken from Altunkilic [3] ).

Figure 7-2.2.13 is an insert taken from Altunkilic [3]. Figure 7-2.2.13 includes exact graph
obtained by analytical solution carried out by D. Worasawate [57]. Our graph of Figure 7-2.2.12
shows almost one hundred percent resemblance with the exact graph [57] of Figure 7-2.2.13.
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7-3 Conducting Sphere

A conducting spherical shell, shown in Figure 7-3.1, is illuminated by a plane
electromagnetic wave from the bottom of the sphere.

0.5~

'0.5 ~

0.5

(Einc’ Hincj

Figure 7-3.1 Perfectly conducting metallic spherical shell. This shell is illuminated by a plane
electromagnetic wave.

( Figure 7-3.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following section).

Figure 7-3.1 shows perfectly conducting metallic spherical shell showing t—directed or 6-—
directed (longitudinal) curves at 10° intervals as well as ¢— directed (latitudinal) curves . This

metallic shell is illuminated by a plane electromagnetic wave (E‘”°, H‘”°)from its bottom along the
z-axis.
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7-3.1 Characteristic Graphs of the Conducting Sphere

Figure below shows magnitude of & —component of physical electric current produced when a
plane electromagnetic wave impinges on the perfectly conducting sphere, shown in Figure 7-3.1.

Metallic sphere, ka=027, & =1 =1

0 coyp pome 8 Lo phys cal ca et

_________________

""" Pl "":"\;\'\' ;
1 1 1
. : e 'f :
20 il = 80 100 120 4 i =]
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Figure 7-3.2 Magnitude of & —component of physical electric current in the ¢=0 plane. The
generating curve is approximated by 426 straight line segments.
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Figure 7-3.3 Magnitude of & —component of physical electric current in the ¢ =0 plane compared
with exact solution of conductor sphere ( Insert taken from Altunkilic [3] ).
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We plotted a graph of the &—component of physical current produced by the plane electromagnetic

wave illuminating from the bottom of the perfectly conducting metallic spherical shell as shown in
Figure 7-3.2. Figure 7-3.3 is an insert of the graph of Figure 3.19 taken from Altunkilic [3]. This
inserted graph includes exact analytical graph, shown in red color, of Dr. S. Rao . Our graph of
Figure 7-3.2 exhibits marked resemblance with the exact graph of Dr. S. Rao . The two graphs,
shown above, originate around 2 along the y-axis and terminate at about 1.7 reading on the y-axis.
Both of these graphs take a low ebb at about 1.4 reading on the y-axis corresponding to about 115
degrees on the x-axis. Aside from different scales of these two graphs, the readings of our graph
conform almost one hundred percent with the readings of the graph of exact graph of S. Rao.

Figure 7-3.4, shown below, plots o, of the perfectly conducting metallic spherical shell which is
impinged upon by a plane electromagnetic wave at its bottom as shown in Figure 7-3.1.

Metallic sphere, la=02m, 8 =L =1

Figure 7-3.4 o,, of the Metallic sphere. The generating curve is approximated by 426
straight line segments.
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7-4  Spherical-Shaped Perfectly Conducting BOR Surface enclosing Chiral
material with an Aperture of 30 degrees at its bottom.

In this section, we will treat, in particular, the case of a spherical-shaped chiral BOR contained in a
perfectly conducting thin metallic spherical shell with a single aperture of 30° at its bottom that
exposes the chiral material to the plane electromagnetic wave that illuminates the BOR along z-axis
from the bottom of the spherical shell, as shown in Figure 7-4.1. The purpose of choosing a single
apertured perfectly conducting thin metallic shell enclosing chiral material in it is to compare our
results with early researchers, particularly with graphic results of Altunkilic [3].

Perfectly PR ot :
conducting SRR
surface.

Chiral Material

Figure 7-4.1 Plane wave incident from the bottom of a perfectly conducting thin metallic shell that
encloses chiral material in it.

( Figure 7-4.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).
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7-4.1 Computed Results

In this section we will present and compare relevant characteristics of our results and graphs that are
plotted in the following section(s) with the corresponding results and the graphs taken from
Altunkilic [3]. We will also explain and clarify the results and the graphs wherever such elucidation
is conducive in understanding the mapping of the graphs.

Figure 7-4.2.2 and the Figure 7-4.2.3 (taken from Altunkilic [3]) plot the &-component of
external equivalent electric current of varying chiralities in ¢ =0 plane. These two graphs show

acceptable accuracy of graph readings on the conducting surface (almost 85% of the total sphere
surface).

Our graph of the Figure 7-4.2.2 shows extreme smoothness on the conducting surface compared to
the graph of the Figure 7-4.2.3 (taken from Altunkilic [3]). In the aperture area(150° —180°), our

graph shows sharp up and down swings averaging to a graph reading of 1. Transition from a
conducting surface to an aperture exposing the chiral material is the cause of this up and down
sharp fluctuations. Mautz and Harrington [36] have published theories regarding an improved E-
Field Solution for a conducting body of revolution. Our case consists of the E-Field as well as the
H-Field solution of the problem giving rise to such sharp upward and downward swings in the
aperture space (about 15% of the total surface of the sphere). However, these fluctuations in the
aperture space give an unmistakable average graph reading. In this case the average graph
reading is 1. The graph of the Figure 7-4.2.3 (taken from Altunkilic [3]) produces abrupt upward
and downward zigzagging in direction along the course of the graph mapping not only on the
conducting surface but in the aperture space as well.

Figure 7-4.2.4 and the Figure 7-4.2.5 (taken from Altunkilic [3]) plot the &-component of
internal equivalent electric current of varying chiralities in ¢=0 plane. These two graphs show

acceptable accuracy of graph readings on the conducting surface (almost 85% of the total sphere
surface). The remarks in italics in the above paragraph are applicable in regard to these two graphs.

Figure 7-4.2.6 and the Figure 7-4.2.7 (taken from Altunkilic [3]) plot the &-component of
the physical electric current of varying chiralities in ¢=0 plane. These two graphs show

acceptable accuracy of graph readings on the conducting surface (almost 85% of the total sphere
surface). The remarks in italics in the above paragraph are applicable in regard to these two graphs
on the conducting surface of the sphere. Both graphs, as expected, show zero values in the aperture
space.

Figure 7-4.2.8 and the Figure 7-4.2.9 (taken from Altunkilic [3]) plot the &-component of
equivalent magnetic current of varying chiralities in ¢ =0 plane. The remarks in bold italics above

are applicable in regard to these two graphs on the aperture surface of the sphere. Both graphs, as
expected, show zero values on the conducting surface.
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Figure 7-4.2.10 and the Figure 7-4.2.11 (taken from Altunkilic [3]) plot the ¢-component
of external equivalent electric current of varying chiralities in ¢ =0 plane. The remarks in italics in

the above paragraph are applicable in regard to these two graphs on the aperture surface of the
sphere. Our graph, as expected, shows zero values on the conducting surface whereas graph of the
Figure 7-4.2.11 (taken from Altunkilic [3]) keeps close to zero values on the conducting surface.

Figure 7-4.2.12 and the Figure 7-4.2.13 (taken from Altunkilic [3]) plot the ¢-component
of internal equivalent electric current of varying chiralities in ¢ =0 plane. The remarks in italics in
the above paragraph are applicable in regard to these two graphs.

Figure 7-4.2.14 and the Figure 7-4.2.15 (taken from Altunkilic [3]) plot the ¢-component
of the physical electric current of varying chiralities in ¢ =0 plane. The remarks in italics in the

above paragraph are applicable in regard to these two graphs on the conducting surface of the
sphere. Both graphs, as expected, show zero values in the aperture space.

Figure 7-4.2.16 and the Figure 7-4.2.17 (taken from Altunkilic [3]) plot the ¢-component
of the equivalent magnetic current of varying chiralities in ¢ =0 plane. The remarks in italics in the

above paragraph are applicable in regard to these two graphs on the aperture surface of the sphere.
Both graphs, as expected, show zero values in the conducting surface.
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Perfectly  conducting

metallic shell radius a

Aperture of 30°

(Einc, Hinc)

Figure 7-4.2.1 Perfectly conducting metallic shell with an aperture of 30° at its bottom.

In this section we will present and compare relevant characteristics of our results and graphs that are
plotted in the following sections with the corresponding results and the graphs taken from
Altunkilic [3]. We will also explain and clarify the results and the graphs wherever such elucidation
is conducive in understanding the mapping of the graphs.

Equations developed in Chapters two through six are applied to obtain graphs of
magnitudes of &—component of external, internal and physical surface electric currents that are
produced as a result of a plane electromagnetic wave impinging on the afore-mentioned spherical
shell from its bottom. These graphs are shown below in Figure 7-4.2.2, Figure 7-4.2.4, Figure 7-
4.2.6, and Figure 7-4.2.8. Inserts of graphs taken from Altunkilic [3] in Figure 7-4.2.3, Figure 7-
4.2.5, Figure 7-4.2.7, and Figure 7-4.2.9 are placed below each of our four graphs for comparison
purpose. Pictorial graph mappings of Altunkilic's and our graphs show marked conformability.
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7-4.2 Chirality vs. Surface Currents

Figure 7-4.2.2 plots & —component of external electric current in ¢ =0 plane.

Sphers with 30F aperture kv=13,2 =2 4 =1

p component of external cument

B(deg ress )

Figure 7-4.2.2 Magnitude of € —component of external equivalent electric current in ¢=0 plane
(varying chiralities) . The generating curve is approximated by 426 straight line segments.
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Figure 7-4.2.3 Magnitude of 6—-component of external equivalent electric current in the ¢=0
plane (varying chiralities) ( taken from Altunkilic [3] ).
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Figure 7-4.2.4 plots € —component of internal electric current in ¢ =0 plane.
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Figure 7-4.2.4 Magnitude of &-—component of internal equivalent electric current in ¢ =0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.

SPHERE with 30° aperture, ka=15.¢ =2 u =1 unknowns = 6200

90
& (desrees)

Figure 7-4.2.5 Magnitude of &—component of internal equivalent electric current in ¢ =0 plane
(varying chiralities) ( Insert taken from Altunkilic [3] ).

Oour graph of the Figure 7-4.2.4 and Altunkilic's graph of the Figure 7-4.2.5 are obtained
by using two distinctly different numerical approaches. Therefore variations in these two graphs
cannot be evaluated and accuracy of the one graph with respect to the other cannot be established.

110



Figure 7-4.2.6 plots & —component of physical current in ¢ =0 plane.
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Figure 7-4.2.6 Magnitude of & —component of physical electric current in the ¢ =0 plane (varying
chiralities). Physical current shows zero values in the aperture space (150° —180"). The generating
curve is approximated by 426 straight line segments.
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Figure 7-4.2.7  Magnitude of &-component of physical electric current in the ¢=0plane
(varying chiralities) ( Insert taken from Altunkilic [3] ).
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Both graphs of the Figures 7-4.2.6 —7-4.2.7 show zero values in the aperture space (150" —180").

Our graph of the Figure 7-4.2.6 and Altunkilic's graph of the Figure 7-4.2.7 are obtained by using
two distinctly different numerical approaches. Therefore variations in these two graphs cannot be
evaluated and accuracy of the one graph with respect to the other cannot be established. However,

graph readings of these two graphs for & =0.2and & =0.4 are about the same. Graph mapping of
our graph of the Figure 7-4.2.7 is smooth and free from zigzagging in up and down directions.

Figure 7-4.2.8 plots & —component of magnetic current in ¢ =0 plane.
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Figure 7-4.2.8 Magnitude of &-—component of equivalent magnetic current in the ¢=0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.

Graph of the Figure 7-4.2.8 shows sharp up and down swings in the aperture space (150° —180").

Transition from a perfectly conducting surface to an aperture which exposes chiral material to the
advancing plane electromagnetic wave is observed to produce sharp up and down swings.
Improvement in the E-field solution of this situation has been published. Our theory involves the E-
field as well as the H-field solution of the problem, as such up and down fluctuations in the
aperture space cannot be improved. However the average of these fluctuations agrees with the
computed result.
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Figure 7-4.2.9 Magnitude of &—component of equivalent magnetic current in the ¢

(varying chiralities) ( Insert taken from Altunkilic

[31).
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Figure 7-4.2.10 Magnitude of ¢ —component of external equivalent electric current in ¢
(varying chiralities). The generating curve is approximated by 426 straight line segments.
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(varying chiralities). The generating curve is approximated by 426 straight line segments.

Figure 7-4.2.12 Magnitude of ¢—component of internal equivalent electric current in ¢



SPHERE with 307 SpErtTe, kna =1.5, E= 2. u_=1, unknowns = 8200
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Figure 7-4.2.13 Magnitude of ¢—component of internal equivalent electric current in ¢ =0 plane
(varying chiralities). This graph is taken from Altunkilic [3].

Graph readings for £, =0.2 and & =0.4 in the Figure 7-4.2.12 and the Figure 7-4.2.13 are about

the same in the conducting space which is about 72% of the total sphere surface. Graph mapping
of our graph of the Figure 7-4.2.12 is smooth and free from any zigzagging in direction in this
space. However, in the aperture space which is about 28% of the total sphere surface our graph
shows sharp and down swings compared to the graph of Altunkilic [3]. The reason for these up
and down fluctuations are explained above.

Figure 7-4.2.14 plots ¢—component of physical electric current in ¢ =0plane and Figure 7-4.2.13
plots ¢ —component of magnetic current in ¢ =0plane.
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Figure 7-4.2.14 Magnitude of ¢—component of physical electric current in the ¢=0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.
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Figure 7-4.2.16 Magnitude of ¢—component of equivalent magnetic current in the ¢=0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.



SPHERE with 30° apermre, ]cna =15, !'J =1, a = 1, unknowns = 6200
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Figure 7-4.2.17 Magnitude of ¢—component of equivalent magnetic current in the ¢=0 plane
(varying chiralities). This graph is taken from Altunkilic [3].

The graphs of the Figures 7-4.2.16 —7-4.2.16, show zero values on the conducting surface. In the
aperture space (150° —180°) our graph of the Figure 7-4.2.16 shows sharp up and down swings. As
explained above transition from the conducting surface to the chiral space produces sharp
fluctuations in the graph. Suggestion for improved E-field solution of this problem has been
published by Harrington and Mautz. Suggestion for improved E-field and H-field solution of this
problem that pertains to our case has not been published. However, the average value of the graph
readings in the aperture space agrees with the averaged computed result in this space.

7-4.3 Computed results of the Chirality vs. Bistatic RCS

Figure 7-4.4.1 and the Figure 7-4.4.2 (taken from Altunkilic [3]) plot the o,, (co-polarized bistatic
radar cross section) of varying chiralities. Our graphs of the Figure 7-4.4.1show overlapping
because of extremely small variations in the graph readings. Figure 7-4.4.3 produces graphs of the
cross polarized o, of the obstacle for varying chiralities. Figure 7-4.4.4 and the Figure 7-4.4.5
(taken from Altunkilic [3]) plot the o, (co-polarized bistatic radar cross section) of varying wave

numbers. Graphs of the Figure 7-4.4.4 and the graphs of the Figure 7-4.4.5 (taken from Altunkilic
[3]) show markedly almost one hundred resemblance to each other. Figure 7-4.4.6 plots graphs of
the cross polarized o, of the obstacle for varying wave numbers.

7-4.4 Chirality vs. Bistatic Radar Cross Sections (RCS)

Figure 7-4.4.1, shown below, indicates insignificant variations in the overall RCS values as chirality
varies from & =0.2 to £ =0.9 with parameters k, =1.5, ¢, =2, and g, =1.

117



Sphere with 30° aperfure Ja=1.5,2
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Figure 7-4.4.1 o, of the obstacle (varying chiralities) . Generating curve is approximated by 1200

straight line segments.

Figure 7-4.4.2 o,,0f the obstacle (varying chiralities) ( Insert taken from Altunkilic [3]}.

-4.4.1 and that of the insert of Altunkilic's
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Sphers with 30° aperture ka=1.3,5 =2, 4 =1
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Figure 7-4.4.3 o, of the obstacle (varying chiralities) . Generating curve is approximated by 1200
straight line segments.

Figure 7-4.4.4 o,, of the perfectly conducting spherical shell with 30" aperture at its bottom that

exposes enclosed chiral material (varying wave numbers). Generating curve is approximated by
1200 straight line segments.
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Figure 7-4.4.6 o, 0f the perfectly conducting spherical shell with 30" aperture at its bottom That
exposes enclosed chiral materia | (varying wave numbers). Generating curve is approximated by

1200 straight line segments.



7-4.5 Computed Results of the Internal fields

At the end, we wanted to obtain the best results, therefore, we chose 102 points on the z-axis, in
contrast with 52 points on the z-axis, which Alltunkilick [3] uses. In pursuit of our goal of
attaining the utmost we divided the generating curve into 3132 straight line segments leading to
two matrices of size 6260x6260 to produce each graph of the following section. We have been
using 426 straight line segments leading to two matrices of size 848x848to produce our earlier
graphs. The graphs of the Figures 7-4.6.1—-7-4.6.6 are the results of our great effort.

7-4.6 Internal fields

Sphers with 30° aperture ka=135.s =2, 4 =1
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Figure 7-4.6.1 Magnitude of x-component of internal electric field along z-axis (varying
chiralities). Generating curve is approximated by 3132 straight line segments and 102 points on z-
axis were used to obtain the graph.
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Sphere with 30° aperture, lm=1.5,5,=2 4, =1

Magnitude of v component of E field

Figure 7-4.6.2 Magnitude of y-component of internal electric field along z-axis (varying
chiralities). Generating curve is approximated by 3132 straight line segments and 102 points on z-
axis were used to obtain the graph.

Sphers with 30 aperfure, £ =07,5.=2, u, =1

Magnitude of x component of internal E field along = axis

Figure 7-4.6.3 Magnitude of x-component of internal electric field along z-axis (varying wave
numbers). Generating curve is approximated by 3132 straight line segments and 102 points on z-
axis were used to obtain the graph.
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Magnitude of v component of internal E field along =axi

Figure 7-4.6.4 Magnitude of y-component of internal electric field along z-axis (varying wave
numbers). Generating curve is approximated by 3132 straight line segments and 102 points on z-
axis were used to obtain the graph.
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Magnitude of x component of internal E field along = ax<is

Figure 7-4.6.5 Magnitude of x-component of internal electric field along z-axis (varying
permittivities). Generating curve is approximated by 3132 straight line segments and 102 points on
z-axis were used to obtain the graph.
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Magnitude of y component of intemal E field along z-axis

Figure 7-4.6.6 Magnitude of y-component of internal electric field along z-axis (varying
permittivities). Generating curve is approximated by 3132 straight line segments and 102 points on
z-axis were used to obtain the graph.
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7-5 Cylinder

7-5.1 A Cylinder and its Generating Curve.

The
generating

Curve.

7-5.1 The generating curve of the cylinder in the ¢ =0 plane.

Figure 7-5.1 shows a cylinder shaped body of revolution (BOR) that illustrates the generating curve
and the direction of unit vectors @, and @; placed on the generating curve. Unit vector &, traverses
along the length of the generating curve as shown in the Figure 7-5.1 and unit vector @; provides

transverse perpendicular direction along the length of the generating curve as shown in the Figure 7-
5.1. This figure also shows the three dimensional coordinate axes as well height "h™ of the cylinder.

It also shows the length | along the perimeter of the cross section of the cylinder in the ¢=0

plane. We will use the direction of unit vectors, perimeter length | and radius and height of the
cylinder for computational purposes.

Figure 7-5 shows a plane electromagnetic wave incident from the bottom of the Chiral
Cylinder. The cylinder is assumed to be illuminated by a & -polarized plane wave incident from the
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bottom of the chiral cylinder where 6™ =180°,¢"™ =0°, E™ =—a E™e ™, and H™ = -a H ncg ik
Here k is the wave number of free space.

7-6 A Chiral Cylinder

Chiral

. inc inc
material E™xH Einc

Hinc

Figure 7-6 A chiral cylinder.
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( Figure 7-12.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).

7-6.1 Computed Results of the Internal Fields

Figures in this section include figures of the graphs plotted by the application of our numerical
approach and the figures of the corresponding graphs obtained by Altunkilic [3] by the application
of a distinctly different numerical approach than ours. Graphs taken from Altunkilic [3] are
included for comparison purpose.

Figures 7-6.2.1—7-6.2.4 that include the graphs taken from Altunkilic [3] for comparison
purpose, deal with internal electric fields. Figure 7-6.3.1— 7-6.3.4 that include the graphs taken
from Altunkilic [3] for comparison purpose, plot o, (co-polarized) and o,, (cross-polarized)

bistatic RCS. "Figures 7-6.4.1—7-6.4.7 that include the graphs taken from Altunkilic [3] for
comparison purpose, plot t-transverse and | -longitudinal components of equivalent surface
currents in the ¢ =0 plane.

. Figure 7-7.1 and Figure 7-7.2 plot amplitude of the E -field along the axis of an open
cylinder of perfectly conducting surface whose top surface is taken as aperture thereby filling it up
with air.

Parameters shown as part of the title of each graph in this section are used in the plotting of
that graph.

Characteristics of the graphs produced by the application of our numerical approach is
compared and contrasted with the corresponding graphs produced by Altunkilic's numerical
approach. Comments are properly placed below the graphs that are being compared and contrasted.

All the graphs produced in this section involve two matrices of 688x688 compared to the
huge size matrix from a size of 5500x5500 up to a size of 6350x6350 used by Altunkilic [3] for
producing each of his graphs. We thus save enormous amount of computer memory and
computational time.
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7-6.2 Internal Fields

Chiral cylinder, ka =1.5, h=0.35), E»*r =0.4, g = 2, u, =1
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Figure 7-6.2.1 Magnitude of x-component of the internal E-field along z-axis.

CYLINDEFR. with 17"9lJ aperture l:oa=1.5_ h=035k, ._:"F_= 04 =2 _.t{r = 1, unknovns = 5500

r
16 i i i i i
[ J=sem DWorasawate |-~} ~—-—F—-—- it S =
1.4F Computed L _L____ L __L____
_____ L Ll i __li____
| | I I
- I Y E Y B Lo——_
12 I I 1 1
_____ S Y N U [ U O s Mg
] ] 1 1
| | 1 1 1
g 1.0p---- [ Mt *= et it Hieiail S N A
a1 1 1 1 1 1
S i e w T T
- Te— | 1 1
= 0.8F---- [ =m-r---- T T
| | 1 1 1
————— F————F-————t-———F-———ft————+
I I 1 1 1
06F---- F————F---——t-———F---- e
I I 1 1 1
=== e T T Fmm——p————
I I 1 1 1
D4F---- Femmm—pem e ——————— Fmm——p————
I I 1 1 1
I T T b ———
| | 1 1 1
U 1 1 1 1 1
45 04 03 02 0 0.1

5

Figure 7-6.2.2 Magnitude of x-component of the internal E-field along z-axis (taken from
Altunkilic [3]).

Figure 7-6.2.2 shows a graph (in red color) plotted from data computed by D. Worasawate. Our
graph of Figure 7-6.2.1 shows striking almost one hundred percent resemblance to the exact graph
of the Figure 7-6.2.2. In order to run his Matlab program Altunkilic [3] places a small circular
perfectly conducting metallic patch of radius 0.01a, where a is the radius of the sphere, at the top
(north pole) of the chiral sphere. Because of the placement of the metallic patch the x-component of
the internal E-field along z-axis, shown in the Figure 7-6.2.2 in blue color, plunges to zero at the
north pole.
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Chiral cylinder,ka = 1.5, h = 0.354, § = 0.4, ¢ =2, p =1
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Figure 7-6.2.3 Magnitude of y-component of the internal E-field along z-axis.
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»
F T T T T T T
[ Vo R R S
SN S R S OIS S S S
I 1 1 1 1 1 I ; 1 I
1 1 1 1 1 1 o |
1 1 1 1 1 1 ;y 1 1 |
T T R S B e R
g I 1 1 1 1 ) 1 1
T | | 1 1 1 ! !
~ === e e Iy - -=== r- -r-----r—---ﬂ---—ﬂ--—-'l-
= 1 1 1 1 e 1 I 1 1
53 1 1 1 |-_!_,,»’| 1 1 1 1
R e s B e e
. e ol Lo i _4____,

% T A
0'4""};‘"""T"__T""l_""r"".r""T_""I""T""|
- 1 1 1 1 1 I 1 1
-,71’:—+————+————-|—————|—————|—————i-————+————-|—————|—————

I 1 1 1 1 1 I 1 1
0 I : : : : : I : :
'—8_5 -04 03 -02 01 0 0.1 02 0.3 04 05
z'h

Figure 7-6.2.4 Magnitude of y-component of the internal E-field along z-axis (taken from
Altunkilic [3]).

Figure 7-6.2.4 shows a graph (in red color) plotted from data computed by D. Worasawate. Our
graph of Figure 7-6.2.3 shows remarkable almost one hundred percent resemblance to the exact
graph of the Figure 7-6.2.4. In order to run his Matlab program Altunkilic [3] places a small
circular perfectly conducting metallic patch of radius 0.01a, where a is the radius of the sphere, at
the top (north pole) of the chiral sphere. Because of the placement of the metallic patch the y-
component of the internal E-field along z-axis, shown in the Figure 7-6.2.4 in blue color, plunges to
zero at the north pole. Altunkilic [3] refers this structure as a perfectly conducting body of
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revolution with an aperture of 179° that exposes the chiral material to the plane electromagnetic
wave.

Chiral cylinder, ka = 1.5, h = 0.354, E_,r =04,g=2p =1
0.7

0.6

0.5

0.4 A

2
Geelk

0.3

0.2

0.1 <

e,
T povorevTo

0 20 40 60 80 100 120 140 160 180
0 (degrees)

Figure 7-6.3.1 o, of the obstacle.
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Figure 7-6.3.2 o, of the obstacle (taken from Altunkilic [3] ).
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Our graph of Figure 7-6.3.1 shows remarkable almost one hundred percent conformability with the
graph (shown in red color) of data computed by by D. Worasawate of the Figure 7-6.3.2.

7-6.3 Bistatic RCS

Chiral cylinder, ka = 1.5, h=0.354, £ = 04,¢ =2, p =1
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Figure 7-6.3.3 o, of the obstacle.
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Figure 7-6.3.4 o, of the obstacle (taken from Altunkilic [3])
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Again our graph of Figure 7-6.3.3 shows striking almost one hundred percent likeness with the
graph (shown in red color) of data computed by D. Worasawate of the Figure 7-6.3.4.

7-6.4 Surface Currents

Chiral cylinder,ka = 1.5, h = 0.35%, § =04, =2, p =1
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Figure 7-6.4.1 Magnitude of t-component of magnetic current in the ¢ =0plane.
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Figure 7-6.4.2 Magnitude of t-component of magnetic current in the ¢=0plane (taken from
Altunkilic [3]).

Our graph of the Figure 7-6.4.1 maps smooth curve from the start of the generating curve till it

traverses the distance of 1 m on the generating curve where a sharp change in the geometry of the

cylinder occurs as shown in the Figure 7-6.4.3. Our graph reacts to the abrupt change in the
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geometry of the cylinder by producing sharp abrupt upward swing at this point. Thereafter graph
mapping of our graph resumes its smooth course until it encounters another abrupt change in the
geometry of the cylinder when it has traversed a distance of 2.5 meter on the generating curve as
shown in the Figure 7-6.4.3. The graph, as expected, reacts to this abrupt change in the geometry of
the cylinder as shown in the Figure 7-6.4.1 and resumes its almost smooth mapping thereafter.
Noticing the sensitivity, and smoothness, as well as abrupt glitches that occur in our graph which
correspond to the abrupt sharp changes in the geometry of the cylinder we assert that accuracy of
the graph mapping of our graph stands to be more in the fitness of things than Altunkilic’s graph of
the Figure 7-6.4.2. The fact of the matter is that our and Altunkilic’s graphs are produced by using
two distinctly different numerical approaches and, therefore, in the absence of analytically
calculated exact graph to compare with, it is just a matter of opinion as to which of the graph is
correct. One may notice that graph readings of our earlier graphs and Altunkilic’s earlier
graphs are about the same. The caption at the top in Figure 7-6.4.2 reads ka=1.5and h=0.351,

therefore, h = 0.35(277[] —>kh= (0.35)(272') S0 that, because ka=1.5 and

@ _ E _ (0.35)(27z) 146607657, @ _ D _ (0.35)(27:)
ka a 15 ka a 15

2+ % =2+1.46607657 = 3.46607657 ~ 3.5 and 1+ % =1+1.46607657 =2.46607657 = 2.5

=1.46607657 —

1+ h/a =2.5) 1m (2 + h/a =3.5)

The generating

Curve.
A
7 h/a=1.5m
ry

15m |~

Y Figure 7-6.4.3 A cylinder and

Im the readings on its generating

curve.
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Chiral cylinder,ka = 1.5, h = 0.354, ir =04, =2 =1
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Figure 7-6.4.4 Magnitude of | -component of magnetic current in the ¢ =0 plane.

CYLINDER with 179° aperture, ka=15h= 0.354, £ =04 & =2 p =1, unknowns = 5500

v D Worasawate
—— Computed-M [ext)

Figure 7-6.4.5 Magnitude of | -component of magnetic current in the ¢=0 plane (taken from
Altunkilic).

Graph readings of the Figure 7-6.4.4 and Figure7-6.4.5 in which red markers represent the graph of
D. warasawate show good agreement.
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Chiral cylinder,ka = 1.5 h=0.35%, § =0.4,¢ =2, p =1
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Figure 7-6.4.6 Magnitude of | -component of equivalent electric current in the ¢ =0 plane.
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Figure 7-6.4.7 Magnitude of | -component of equivalent electric current in the ¢ =0 plane (taken
from Altunkilic).

Graph readings of the Figure 7-6.4.6 and Figure 7-6.4.57 in which red markers represent the graph
of D. warasawate show good agreement.
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7-7 Empty Conducting Cylindrical Shell with an Aperture:

Air

Perfectly
conducting
cylindrical shell

Figure 7-7 Plane wave incident on conducting shell of empty cylinder.

Figure 7-7 shows an empty conducting cylindrical shell top surface of which is open and has air
(gﬁ =0,& =L 4, :1)inside it. Top surface of the cylinder is taken as aperture. Plane

electromagnetic wave is illuminates from the top ( ™ =0° and ¢™ =0°) as shown in Figure 7-7.
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Figure 7-7.1 Amplitude of E -field on the axis of an open ended cylinder.
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Figure 7-7.2 Amplitude of E -field on axis of an open ended cylinder (taken from Altunkilic).

Graphs of Figure 7-7.1 and Figure 7-7.2 show agreeable graph mapping.
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7-8 Cylinder-shaped Perfectly Conducting Cylindrical Surface of
Revolution enclosing Chiral material with b/a =0.5 at its top.

i Chiral material

Perfectly

conducting
cylindrical
shell

Einc Einc % Hinc

Figure 7-8 Plane electromagnetic wave impinges on the top of the cylinder.
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7-8.1 Computed Results

Figures in this section include figures of the graphs plotted by the application of our numerical
approach and the figures of the corresponding graphs obtained by Altunkilic [3] by the application
of a distinctly different numerical approach than ours. Graphs taken from Altunkilic [3] are
included for comparison purpose.

Figure 7-8.2.1 and the Figure 7-8.2.2 (taken from Altunkilic [3]), representing Magnitude
of x-component of the internal E -field along z-axis, show close conformability of the graph
mappings as well as the graph readings. Figure 7-8.2.3 and the Figure 7-8.2.4 (taken from
Altunkilic [3]), representing Magnitude of y-component of the internal E -field along z-axis, also
show close conformability of the graph mappings as well as the graph readings. Figure 7-8.3.1 and
the Figure 7-8.3.2 (taken from Altunkilic [3]), representing bistatic co-polarized cross section o,
of the obstacle, show close almost one hundred percent conformability of the graph mappings as
well as the graph readings. Our graphs of the Figure 7-8.3.1 plotted for varying chiralities show
overlapping of these graphs thereby pointing out clearly that chiralities of the chiral material do not
affect o,,0f the obstacle in the far away zone. Figure 7-8.3.3 and the Figure 7-8.3.4 (taken from
Altunkilic [3]), representing bistatic cross polarized cross section o, of the obstacle, show variance
of the graph mappings as well as the graph readings. The graph readings of these two graphs are so
extremely small that differences with respect to the pictorial conformability of these two graphs
may be inconsequential. After all, the graphs of the Figure 7-8.3.3 and the Figure 7-8.3.4 (taken
from Altunkilic [3]), are plotted using approximate values by applying two distinctly different
numerical approaches.

Figure 7-8.4.1 and the Figure 7-8.4.2 (taken from Altunkilic [3]), representing magnitude
of | -component of magnetic current in the ¢ =0 plane show one hundred percent conformability of
the graph mappings as well as the graph readings on the conducting surface (about 85% of the total
cylindrical surface). However, our graph of the Figure 7-8.4.1 shows sharp up and down swings in
the aperture space (about 15% of the total cylinder surface). However, the red colored graph of the
Figure 7-8.4.1 plotted for the chirality value of & =0.3gives the position of the average value of the
graph reading in the aperture space as 0.15. The green colored graph of the Figure 7-8.4.1 plotted
for the chirality value of & =0.7 gives the position of the average value of the graph reading in the
aperture space as 0.5. The reason for these fluctuation in the aperture space are thoroughly
discussed and summarized above in a paragraph in italic in the the context of the surface current
graphs of the sphere. The graph of the Figure 7-8.4.2 (taken from Altunkilic [3]) shows up and
down zigzagging in direction along the course of the graph mapping in the aperture space.

Figure 7-8.4.3 and the Figure 7-8.4.4 (taken from Altunkilic [3]) representing magnitude
of t-component of magnetic current in the ¢ =0 plane show one hundred percent conformability
of the graph mappings as well as the graph readings on the conducting surface (about 85% of the
total cylindrical surface). Reason for the variations of the graph mapping in the aperture space in
our graph of the Figure 7-8.4.3 is the same as that explained above.
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Our graphs of the Figure 7-8.4.5 representing magnitude of | -component of physical
electric current in the ¢=0 plane show smooth graph mapping of both the graphs on the
conducting surface of the cylinder (about 85% of the total cylindrical surface) and show correct zero
values in the aperture space. Graphs of the Figure 7-8.4.6 (taken from Altunkilic [3] ) representing
magnitude of | -component of physical electric current in the ¢=0 plane show correct zero values
in the aperture space. However, these graphs show up and down zigzagging in direction along the
course of the graph mapping on the conducting surface. Graph readings of our graph of the Figure
7-8.4.5 differ slightly on the conducting surface from the graph readings of the Figure 7-8.4.6
(taken from Altunkilic [3]) on the conducting surface. The reason for the slight variations in the
graph readings is due to the approximate values used, based on the different numerical approaches,
in the compilation of ours and Altunkilic's graphs.

Our graphs of the Figure 7-8.4.7 representing magnitude of {-component of physical
electric current in the ¢=0 plane show smooth graph mapping of both the graphs on the
conducting surface of the cylinder (about 85% of the total cylindrical surface) and show correct zero
values in the aperture space. In Matlab overlapping of the graphs is shown in a single color.
Graphs of the Figure 7-8.4.8 (taken from Altunkilic [3] ) representing magnitude of t -component
of physical electric current in the ¢ =0 plane do not show zero values in the aperture space. His
graphs show up and down zigzagging in direction along the course of the graph mapping on the
conducting surface as well as in the aperture space. Altunkilic's graphs of the Figure 7-8.4.8
incorrectly do not show zero values in the aperture space. Graph readings of our graph of the Figure
7-8.4.7 differ slightly on the conducting surface but sharply in the aperture space from the graph
readings of the Figure 7-8.4.8 (taken from Altunkilic [3]). The reason for the variations in the
graph readings is due to the approximate values used, based on the different numerical approaches,
in the compilation of ours and Altunkilic's graphs.

All the graphs produced in this section involve two matrices of 688x688 compared to the
huge size matrix from a size of 5500x5500 up to a size of 6350x6350 used by Altunkilic [3] for
producing each of his graphs. We thus save enormous amount of computer memory and
computational time.
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7-8.2 Internal Fields
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Figure 7-8.2.1 Magnitude of x-component of the internal E -field along z-axis.
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Our graph of Figure 7-8.2.1 is pictorially in good agreement to a great extent with the graph of
Figure 7-8.2.2 (taken from Altunkilic [3] ).

b/a = 0.5, k = 1.5, h = 0.35\Imbda, \epsilon_r =2, \mu_r=1
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Figure 7-8.2.3 Magnitude of y-component of the internal E -field along z-axis.
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Figure 7-8.2.4 Magnitude of y-component of the internal E -field along the z-axis (taken from
Altunkilic [3]).
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CYLINDEE with b/a=0.5.k a

Our graph of Figure 7-8.2.3 is pictorially in good agreement to a great extent with the graph of
1.6

Figure 7-8.2.4 (taken from Altunkilic [3] ).
7-8.3 Chirality versus Bistatic Radar Cross Sections (RCYS)

Figure 7-8.3.1 o, of the obstacle.
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Figure 7-8.3.2 o, of the obstacle (taken from Altunkilic [3] ).
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Graphs of Figure 7-8.3.1 and Figure 7-8.3.2 show striking almost one hundred percent resemblance.
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7-8.4 Chirality versus Surface Currents

Chiral cvlinder, k=15, p=0354 & =2, u =1.
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Figure 7-8.4.1 Magnitude of | -component of magnetic current in the ¢ =0 plane.

CYLINDER with b/z=0.5, k a=1.5, h= 0354, £ =2 u =1, uninowns = 6350
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Figure 7-8.4.2 Magnitude of | -component of magnetic current in the ¢=0 plane (taken from
Altunkilic [3]).

Graphs of Figure 7-8.1.9 and Figure 7-8.1.10 as expected show zero values on the perfectly
conducting surface. These graphs show different up and down variations in the chiral space. These
variances shown in the chiral space of these two graphs cannot be evaluated because of the fact that
both of these graphs are obtained by the application of two distinctly different numerical
approaches.
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Chiral cvlinder, k=135, w0354 £ =2, u =1.
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Figure 7-8.4.3 Magnitude of [ -component of magnetic current in the ¢ =0 plane.
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Figure 7-8.4.4 Magnitude of [ -component of magnetic current in the ¢=0 plane (taken from
Altunkilic [3]).

Graphs of Figure 7-8.4.3 and Figure 7-8.4.4 as expected show zero value on the perfectly
conducting surface. These graphs show different up and down variations in the chiral space. These
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variances shown in the chiral space of these two graphs cannot be evaluated because of the fact that
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Graphs of Figure 7-8.4.5 and Figure 7-8.4.6 (taken from Altunkilic [3] ), as expected, show zero
values over the chiral surface. Our graph of Figure 7-8.4.5 is smooth and is free from any zigzag
direction changes along the course of graph mapping in the conductor space. Variations in graph
readings between these two graphs cannot be evaluated because of the fact that both of these graphs
are produced by the application of two distinctly different numerical approaches.

Chiral cvlinder, ke=15, h=0354 & =2, u =1.
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Figure 7-8.4.7 Magnitude of t -component of physical electric current in the ¢ =0 plane.
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Figure 7-8.4.8 Magnitude of T -component of physical electric current in the ¢=0 plane (taken
from Altunkilic [3] ).
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Our graph of Figure 7-8.4.7 unlike the graph of Figure 7-8.4.8 (taken from Altunkilic [3] ), as
expected, shows zero values of physical current in the aperture space and is smooth and free from
zigzagging in direction on the conducting surface except at the edge of the aperture.

7-9 Perfectly Conducting Cylindrical surface of revolution enclosing
Chiral material with an Aperture ratio of b/a =1 at its top.

i Chiral material

Perfectly

conducting
cylindrical
shell

Einc Einc % Hinc

Figure 7-9 Plane electromagnetic wave impinges on the top of the cylinder.
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( Figure 7-9 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).

7-9.1 Computed Results

Figures in this section include figures of the graphs plotted by the application of our numerical
approach and the figures of the corresponding graphs obtained by Altunkilic [3] by the application
of a distinctly different numerical approach than ours. Graphs taken from Altunkilic [3] are
included for comparison purpose.

Figure 7-9.2.1 and the Figure 7-9.2.2 (taken from Altunkilic [3]), representing Magnitude
of x-component of the internal E -field along z-axis, show close conformability of the graph
mappings as well as the graph readings. Figure 7-9.2.3 and the Figure 7-9.2.4 (taken from
Altunkilic [3]), representing Magnitude of y-component of the internal E -field along z-axis, also
show close almost one hundred percent conformability of the graph mappings as well as the graph
readings. Figure 7-9.3.1 and the Figure 7-9.3.2 (taken from Altunkilic [3]), representing bistatic
co-polarized cross section o,,0f the obstacle, show striking almost one hundred percent

conformability of the graph mappings as well as the graph readings. Figure 7-9.3.3 and the Figure
7-9.3.4 (taken from Altunkilic [3]), representing bistatic cross polarized cross section o, of the

obstacle, show variance of the graph mappings as well as the graph readings. The graph readings of
these two graphs are so extremely small that differences with respect to the pictorial conformability
of these two graphs are not worthy of great weight. After all, the graphs of the Figure 7-9.3.3 and
the Figure 7-9.3.4 (taken from Altunkilic [3]), are plotted using approximate values by applying
two distinctly different numerical approaches.

Figure 7-9.4.1 and the Figure 7-9.4.2 (taken from Altunkilic [3]), representing magnitude
of t-component of magnetic current in the ¢ =0 plane show one hundred percent conformability of
the graph mappings as well as the graph readings on the conducting surface (about 85% of the total
cylindrical surface). However, our graph of the Figure 7-9.4.1 shows sharp up and down swings in
the aperture space (about 15% of the total cylinder surface). However, the red colored graph of the
Figure 7-9.4.1 plotted for the chirality value of &£ =0.3gives the position of the average value of the
graph reading in the aperture space approximately as 3.5. The blue colored graph of the Figure 7-
9.4.1 plotted for the chirality value of & =0.5 gives the position of the average value of the graph
reading in the aperture space approximately as 3.5. The reason for these fluctuation in the aperture
space are thoroughly discussed and summarized above in a paragraph in the context of the surface
current graphs of the sphere. The graphs of the Figure 7-9.4.2 (taken from Altunkilic [3]) show up
and down unexplainable zigzagging in direction along the course of the graph mapping in the
aperture space.

Figure 7-9.4.3 and the Figure 7-9.4.4 (taken from Altunkilic [3]) representing magnitude
of | -component of magnetic current in the ¢ =0 plane show one hundred percent conformability of
the graph mappings as well as the graph readings on the conducting surface (about 85% of the total
cylindrical surface). Our graph of the Figure 7-9.4.3 produces smooth curves in the aperture space.
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The graph of the Figure 7-9.4.4 (taken from Altunkilic [3]) shows up and down unexplainable
zigzagging in direction along the course of the graph mapping in the aperture space. Comparison of
the graph readings between these two set of graphs in the aperture space is impossible.

Our graphs of the Figure 7-9.4.5 representing magnitude of t-component of physical
electric current in the ¢ =0 plane show smoothness on the conducting surface of the cylinder.
The three graphs of the Figure 7-9.4.5 for the chiralities of & =0.1,¢£ =0.3, and & =0.5, as
expected, show zero values in the aperture space. These three graphs overlap in the aperture space
showing just one color representing zero values instead of the three colors. The graphs of the
Figure 7-9.4.6 (taken from Altunkilic [3]) show up and down unexplainable zigzagging in direction
along the course of the graph mapping not only on the conducting surface but in the aperture space
as well. Only one of the graphs of the Figure 7-9.4.6 (taken from Altunkilic [3]) that corresponds to
the chirality of &£ =0.1 shows zero values in the aperture space.

Graphs of the Figure 7-9.4.7 and the Figure 7-9.4.8 (taken from Altunkilic [3]),
representing magnitude of | -component of the physical current in the ¢ =0 plane show zero values
in the aperture space (about 15% of the total cylindrical surface). Our graphs of the Figure 7-9.4.7
show smooth curves on the conducting surface. The graphs of the Figure 7-9.4.2 (taken from
Altunkilic [3]) show up and down unexplainable zigzagging in direction along the course of the
graph mapping in the aperture space. It is difficult to compare the graph readings between these
two set of graphs. The graph plotted for the chirality value of & =0.5shows a peak value of about
2.3 right at the left end of the graph in our graph as well as in the graph of Altunkilic [3]. However,
graphs representing the chiralities of & =0.1 and & =0.3show variance in the graph readings all

along the graph mappings.

All the graphs produced in this section involve two matrices of 688x688 compared to the
huge size matrix from a size of 5500x5500 up to a size of 6350x6350 used by Altunkilic [3] for
producing each of his graphs. We thus save enormous amount of computer memory and
computational time.
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7-9.2 Internal Fields

Cylinder with b/a=1, ka=1.5h=035L¢ =2, =1
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Figure 7-9.2.1 Magnitude of x-component of the internal E -field along z-axis.
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Figure 7-9.2.2 Magnitude of x-component of the internal E -field along z-axis (taken from
Altunkilic).

Graph of the Figure 7-9.2.1 shows good agreement with the graph of Figure 7-9.2.2 (taken from
Altunkilic).
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Cylinder with b/a =1, ka = 1.5, h = 0.354, =2, =1
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Figure 7-9.2.3 Magnitude of y-component of the internal E -field along z-axis

CYLINDEE. with b/a=1.k a=1.5.h= 035k £ =12, & = 1. unknowns = 6710
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Figure 7-9.2.4 Magnitude of y-component of the internal E -field along z-axis (taken from
Altunkilic).

Our graph of the Figure 7.9.2.3 shows striking resemblance with the graph of Figure 7.9.2.4 (taken
from Altunkilic).
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7-9.3 Chirality versus Bistatic Radar Cross Sections (RCS)
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Graph of the Figure 7-9.3.3 and the Figure 7-9.3.4 represent cross polarization and as expected have
small graph readings. The accuracy of one graph relative to that of the other cannot be evaluated

Figure 7-9.3.4 o, of the obstacle (taken from Altunklic).
because both graphs are approximate.



7-9.4 Chirality versus Surface Currents
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Figure 7-9.4.1 Magnitude of t-component of magnetic current in ¢ =0 plane.
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Figure 7-9.4.2 Magnitude of {-component of magnetic current in ¢=0 plane (taken from
Altunkilic).

Graph of the Figure 7-9.4.1 shows, as expected, is one hundred percent accurate with respect to the
graph of the Figure 7-9.4.2 (taken from Altunklic) on the conducting surface (both showing zero
values) which is almost 85 % of the total conducting cylinder shaped BOR space which encloses
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chiral material and exposes it through an aperture at its top. The up and down variations in these
two graphs in the chiral space ( about 15% of the total cylinder surface), with respect to each other,
cannot be evaluated because both these graphs are produced by approximate numerical values.
However, it is to be noted that in the chiral space both graphs give almost the same average value.
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Figure 7-9.4.3 Magnitude of | -component of magnetic currentin ¢ =0 plane.
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Figure 7-9.4.4 Magnitude of |-component of magnetic current in ¢=0 plane (taken from
Altunkilic).

Graph of the Figure 7.8.4.3 shows, as expected, one hundred percent accuracy with respect to the
graph of the Figure 7-9.4.4 (taken from Altunkilic) on the conducting surface. Both graphs showing
zero values in the conducting space which is almost 85 % of the total conducting cylinder surface
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which encloses chiral material and exposes it through an aperture at its top. The up and down
variations in these two graphs in the chiral space ( about 15 % of the total cylinder surface) with
respect to each other cannot be evaluated because both these graphs are produced by approximate
numeerical values. However, it is to be noted that in the chiral space both graphs give almost the
same average value. It is also to be noted that our graph of the Figure 7-9.4.3, unlike the graph of
the Figure 7-9.4.4, shows smooth curves in the chiral space.
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Figure 7-9.4.5 Magnitude of t -component of physical electric current in the ¢ =0 plane.
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Figure 7-9.4.6 Magnitude of t-component of physical electric current in the ¢=0 plane (taken
from Altunkilic).

Graph of the Figure 7-9.4.5, unlike the graph of the Figure 7-9.4.6 (taken from Altunkilic), shows
smooth curves joined with abrupt upward swings at 1 meter and (1+h/a) meter. The reason for this
abrupt changes is thoroughly explained above. Our graph of the Figure 7-9.4.5, unlike the graph of
the Figure 7-9.4.6 (taken from Altunkilic), correctly shows zero values for all the chiralities in the
aperture space. Correctness of our graph with respect to the graph taken from Altunkilic cannot be
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evaluated because of the fact that both of these graphs are produced by different numerical
approaches.
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Figure 7-9.4.7 Magnitude of | -component of physical electric current in the ¢ =0 plane.
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Figure 7-9.4.8 Magnitude of | -component of physical electric current in the ¢=0 plane (taken
from Altunkilic).

Both the graphs of the Figures 7-9.4.7 —7-9.4.8 show zero values in the aperture space. Graph of
the Figure 7-9.4.7, unlike the graph of the Figure 7-9.4.8 (taken from Altunkilic), shows smooth
curves. The graph taken from Altunkilic shows zigzagging in direction all over the mappings of the
graph on the conducting surface.
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7-10 Cone

7-10.1 Chiral Cone

Z-axis

Origin (0,0)

Chiral cone

2 meters

z=—/3m )

The
generating
curve

Plane  electromagnetic
wave (E™,H"™)

Figure 7-10.1 Chiral Cone

( Figure 7-10.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).
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7-10.2 Computed Results.

In this section we will present relevant characteristics of our results and graphs that are plotted in
the following section(s). We will also explain and clarify the results and the graphs wherever such
elucidation is conducive in understanding the mapping of the graphs.

Figure 7-10.3.1 and the Figure 7-10.3.2 plot the graphs of the t-directed component of
external and internal equivalent electric current (varying chiralities). Since the figure of reference
is the chiral cone, therefore, we expect the graphs of the external and internal equivalent electric
current (varying chiralities) to be exactly the same. The graphs of the Figure 7-10.3.1 and the
Figure 7-10.3.2 met this expectation. We see in both graphs a glitch at 1 meter from the point P of
the generating curve. In the Figure 7-10.1, this location is named 'a "' which is precisely 1 meter to
the right of P on the generating curve of the cone. At the point 'a' a sharp change in the geometry
of the cone takes place. It is encouraging to note that a glitch in both the above-mentioned graphs
and the graphs that follow occurs right at the point 'a' of the Figure 7-10.1. The graphs, therefore,
have to be correct. Figure 7-10.3.3 represents magnitude of t-directed component of physical
current (varying chiralities). In the case of a chiral cone magnitude of t-directed component of
physical current (varying chiralities) is expected to be zero. The graph of the Figure 7-10.3.3 met
this expectation. Figure 7-10.3.4 produces graphs of the magnitude of t-directed component of
equivalent magnetic current (varying chiralities). Figure 7-10.3.5 produces magnitude of ¢—
directed component of equivalent external current (varying chiralities). Figure 7-10.3.6 plots
graphs of the magnitude of ¢ — directed component of internal electric current (varying chiralities).

Figure 7-10.3.7 plots graphs of the magnitude of ¢— directed component of physical current

(varying chiralities). Both the graphs of the Figure 7-10.3.7, as expected, show zero values and the
overlap. Figure 7-10.3.8 plots the magnitude of ¢ —directed component of magnetic current

(varying chiralities).

Figure 7-10.4.1 plots the co-polarized o,,0f the obstacle (varying chiralities) and the
Figure 7-10.4.2 plots the cross polarized o, of the obstacle (varying chiralities).

Figure 7-11.2.1 plots the magnitude of t-component of equivalent external current of a
perfectly conducting cone shell. Figure 7-11.2.2 plots the co-polarized o,, of the perfectly

conducting cone shell.

7-10.3 Surface currents

As expected graphs of Figure 7-10.3.1 and Figure 7-10.3.2 show that external and internal currents
are the same giving rise to zero value of physical current shown in Figure 7-10.3.3. As expected,
graphs of Figure 7-10.3.1 and Figure 7-10.3.2 show a little deviation from their normal path at 1
meter from the origin. Point 'a‘, shown in Figure 7-10.1.1, where the base of the cone meets
its hypotenuse precisely at a distance of one meter from the point P represents cause of the glitch
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in the graph. These graphs show variations as chirality of the chiral material changes from & =0.3
to £ =05.

Chiralcone, ik, =135 =2 u =1

Mac bk of tdiected compore s tofe e mal corent
.

Figure 7-10.3.1 Magnitude of t-directed component of external equivalent electric current (varying
chiralities). k, =1.5 is the free space wavenumber. The generating curve is approximated by 426

straight line segments.

Chiral cone, k =135, =2 u =1

Maq bk of tdiected comnpore s tofe ke ralc oment
.

Figure 7-10.3.2 Magnitude of t-directed component of internal equivalent electric current (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.3 Magnitude of t-directed component of physical current (varying chiralities). The
generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.4 Magnitude of t-directed component of equivalent magnetic current (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.5 Magnitude of ¢ —directed component of equivalent external current (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.6 Magnitude of ¢—directed component of internal electric current (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.7 Magnitude of ¢ — directed component of physical current (varying chiralities). The
generating curve is approximated by 426 straight line segments.
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Figure 7-10.3.8 Magnitude of ¢—directed component of magnetic current (varying chiralities).
The Generating curve is approximated by 426 straight line segments.
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7-10.4 Bistatic co-polarize and cross polarized RCS.

Radar cross sections of the chiral cone shown in Figure 7-10.1 are plotted in Figure 7-10.4.1 and
Figure 7-10.4.2.

Figure 7-10.4.1 o,,0f the obstacle (varying chiralities) .  Generating curve is approximated by
426 straight line segments
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Figure 7-10.4.2 o, of the obstacle (varying chiralities). Generating curve is approximated by 426
straight line segments
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7-11.1 Perfectly conducting metallic cone

Figure 7.11.1 shows a perfectly conducting metallic cone. A plane electromagnetic wave
illuminates the cone at its bottom along the z-axis.

Z-axis

Perfectly  conducting
metallic cone

Origin

2 meters

1 meter

Plane electromagnetic wave
(Einc’ Hinc)

Figure 7-11.1 Perfectly conducting metallic cone
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( Figure 7-11.1 will be the frame of reference in relation to the results and the graphs that are

obtained in the following section).

7-11.2 Surface currents and a radar cross sections
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Figure 7-11.2.1 Magnitude of t-component of equivalent external current.
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Figure 7-11.2.2 o,, of the perfectly conducting cone shell. The generating curve is approximated
by 1200 straight line segments.
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7-12.1 Cone-shaped perfectly conducting metallic BOR surface enclosing chiral
material with an aperture of radius 0.5 meter at its bottom.

z-axis Perfectly  conducting

metallic cone

Origin

2 meters

[
»

Chiral material enclosed in the
perfectly conducting cone shell

N

0.5 meter 1 meter

Plane electromagnetic wave
(Einc Hinc)

Figure 7-12.1.1 Perfectly conducting conical shell with an aperture enclosing chiral material

( Figure 7-12.1 will be the frame of reference in relation to the results and the graphs that are
obtained in the following sections).
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7-12.2 Computed Results.

In this section we will present relevant characteristics of our results and graphs that are plotted in
the following section(s). We will also explain and clarify the results and the graphs wherever such
elucidation is conducive in understanding the mapping of the graphs.

Figure 7-12.3.1 plots the magnitude of t-directed component of equivalent external
current (varying chiralities). The graph shows up and down swings in the aperture space followed
by smooth curve on the conducting surface of the shell cone. Figure 7-12.3.2 plots the magnitude
of t-directed component of equivalent internal current (varying chiralities). The graph shows up
and down swings in the aperture space followed by smooth curve on the conducting surface of the
shell cone. Figure 7-12.3.4 plots the magnitude of t-directed component of equivalent magnetic
current in ¢ =0 plane (varying chiralities). As expected, the graphs of the Figure 7-12.3.4 show

zero values on the conducting surface. Figures 7-12.3.5-12.3.6 plot the magnitudes of ¢ -
component of equivalent external and internal electric current in ¢ =0 plane. These graphs show

sharp up and down fluctuations in the aperture space. We have discussed about it above in a
paragraph (initalics.). Figure 7-12.3.7 produces magnitude of ¢-component of physical electric

current in ¢ =0 plane (varying chiralities). The graphs of the Figure 7-12.3.7,as expected, show
zero values in the aperture space. Figure 7-12.3.8 plots Magnitude of ¢—component of equivalent
magnetic current in ¢ =0 plane (varying chiralities). The two graphs of the Figure 7-12.3.8 show
correctly zero values of equivalent magnetic currents on the conducting surface of the shell cone.

7-12.3 Surface currents

Cone with 0.3 meter aperturs, k=135 =2, 4 =1

Magnituds of t-directed component of curent.

Figure 7-12.3.1 Magnitude of t-directed component of equivalent external current (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Cone with 0.5 meter aperturs, k=13, =2, 4 =1
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Mapnituda of {-directad comy

timeters)

Figure 7-12.3.2 Magnitude of t-directed component of equivalent internal electric current (varying
chiralities). The generating curve is approximated by 426 straight line segments.

Cone with 0.5 meter aperture, k=13¢ =2 u =1

[XE]

el ted component of cumant

Mapnituda of t-din

Figure 7-12.3.3 Magnitude of t-directed component of physical current (varying chiralities). The
generating curve is approximated by 426 straight line segments
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Cone with 0.3 meter aperture, k=135 =2, 1 =1
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Figure 7-12.3.4 Magnitude of t-directed component of equivalent magnetic current in ¢ =0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.

Cone with 0.5 meter aperture, £=135.z =2, 4 =1

Magnitude of  comporent of extemal cument

Figure 7-12.3.5 Magnitude of ¢-component of equivalent external electric current in ¢ =0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.
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Cone with 0.5 meter aperture, k=135 =2 u =1

i agnitude of p component of intemal cument

Figure 7-12.3.6 Magnitude of ¢-component of equivalent internal electric current in ¢ =0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.

Cone with 0.3 meter aperture, k=13¢s =2 u =1

Magnitude of § component of physical curment

timeters)

Figure 7-12.3.7 Magnitude of ¢-component of physical electric current in ¢=0 plane (varying
chiralities). The generating curve is approximated by 426 straight line segments.
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Cone with 0.5 meter aperture, k=13, =2, u =1
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Figure 7-12.3.8 Magnitude of ¢—component of equivalent magnetic current in ¢=0 plane
(varying chiralities). The generating curve is approximated by 426 straight line segments.

7-12.4 Computed Results.

Figure 7-12.5.1 plots the bistatic co-polarized RCS o, of the obstacle (varying chiralities) and the
Figure 7-12.5.2 plots the bistatic cross polarized RCS o, of the obstacle.

7-12.5 Radar cross sections

Cone with 0.5 meter aperturs, k=135 =2, u =1
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Figure 7-12.5.1 o,, of the obstacle (varying chiralities). Generating curve is approximated by 3132
straight line segments.
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Cone with 0.3 meter aperture, k=152 =2 u =1
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Figure 7-12.5.2 o, of the obstacle. The generating curve is approximated by 3132 straight line
segments.

7-12.6 Computed Results.

Figures 7-12.7.1-7-12.7.2 plot the x- and y- components of the external electric fields, respectively
along z-axis (varying chiralities). Figures 7-12.7.3—7-12.7.4 plot the x- and y- components of the
internal electric fields, respectively along z-axis (varying chiralities). Figures 7-12.7.5-7-12.7.6
plot the x- and y- components of the internal electric fields, respectively along z-axis (varying wave
numbers).
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7-12.7 Internal fields

Cone with 0.3 meter aperture, k=152 =2, u =1
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Figure 7-12.7.1 Magnitude of x-component of external electric field along z-axis (varying
chiralities). Generating curve is approximated by 3132 straight line segments and 98 points on z-
axis were used to obtain the graph.
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Figure 7-12.7.2 Magnitude of y-component of external electric field along z-axis (varying
chiralities). Generating curve is approximated by 3132 straight line segments and 98 points on z-
axis were used to obtain the graph.
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Cone with 0.3 meter aperture k=154 =1

o component of E field along z axis
[3

Figure 7-12.7.3 Magnitude of x-component of internal electric field along z-axis (varying
permittivities). Generating curve is approximated by 3132 straight line segments and 98 points on
z-axis were used to obtain the graph.
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Figure 7-12.7.4 Magnitude of y-component of internal electric field along z-axis (varying
chiralities). Generating curve is approximated by 3132 straight line segments and 98 points on z-
axis were used to obtain the graph.
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#- component of internal electric field along the z-axis

Magnitude of

Figure 7-12.7.5 Magnitude of x-component of internal electric field along z-axis (varying wave
numbers). Generating curve is approximated by 3132 straight line segments and 98 points on z-axis
were used to obtain the graph.

Cone with 0.3 meter aperture &, =2, 1 =1

Magritude of y-component of intamal decnc field along the z-axs

Figure 7-12.7.6 Magnitude of y-component of internal electric field along z-axis (varying wave
numbers). Generating curve is approximated by 3132 straight line segments and 98 points on z-axis
were used to obtain the graph.
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Chapter 8

Conclusion.

We sum up in conclusion:

@ The sound theoretical framework developed in chapters two through six was validated by
comparison of our results for various BOR's with exact results and existing numerical results
whenever available. We have proven that our graphs of Figure 7-1.1.1 and Figure 7-1.1.2, bear
remarkable almost one hundred percent resemblance with the analytically calculated graphs of
the Figure 7-1.1.3 and the Figure 7-1.1.4. Our graph of the Figure7-1.1.5 bears striking almost
one hundred percent likeness with analytically calculated graph of the Figure 7-1.1.7. Our graph
of the Figure 7-1.1.10 bears noticeable almost one hundred percent likeness with analytically
calculated graph of the Figure 7-1.1.11. Our graph of the Figure 7-1.1.12 bears striking almost
one hundred percent likeness with analytically calculated graph of the Figure 7-1.1.13. Our
graph of the Figure 7-2.2 bears striking almost one hundred percent resemblance with
analytically calculated graph of the Figure 7-2.3. Our graph of the Figure 7-5.2.1 bears
remarkable almost one hundred percent resemblance with analytically calculated graph of the
Figure 7-5.2.2. Our graph of the Figure 7-5.2.3 bears striking almost one hundred percent
resemblance with the analytically calculated graph of the Figure 7-5.2.4. Our graph of the Figure
7-5.3.1 bears striking almost one hundred percent likeness with analytically calculated graph of
the Figure 7-5.3.2. Our graph of the Figure 7-5.3.3 bears noticeable almost one hundred percent
resemblance with analytically calculated graph of the Figure 7-5.3.4. Due to good grounding and
validity of our theoretical framework by reason of almost one hundred percent pictorial
conformability of our graph mappings, our graph forms and accuracy of our graph readings with
the exact graphs is established.

From comparisons, our graph mappings and our graph readings with respect to the
graphs of Altunkilic [3] representing the same parameters vary in degrees from almost the same to
being at variance primarily with respect to the smoothness of the graph mappings. His graph
mappings veer along in a zigzag course moving up and down alternately thereby depriving
meaningful comparison of his graph readings with ours. Our graphs are remarkably quick to detect
and respond to sharp changes in the geometry of the cylinder and the cone with instant sharp surges
that correspond to the sharp changes in the geometry of the figure. Altunkilic's graphs have shown
lack of response to sharp changes in the geometry of the figure. It is assumed that the above-
mentioned disadvantages in Altunkilic's graphs have to do with the basic numerical approach he
uses in obtaining his graphs. Aside from these disadvantages in comparison of our graphs with his
graphs, graph readings between ours and his graphs in most cases show about the same values. For
example, our graph of the Figure7-3.2.1 with Altunkilic's graph of the Figure7-3.2.2 show
remarkable likeness with respect to graph readings and the form of these two graphs. The graph of
the Figure 7-3.2.1 bears striking almost one hundred percent resemblance with the graph of the
Figure 7-3.2.2. Similarly our graph of the Figure 7-3.2.4 bears remarkable almost one hundred
percent likeness with Altunkilic's graph of the Figure 7-3.2.5. Our graph of the Figure 7-7.3.1
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bears striking almost one hundred percent resemblance with Altunkilic's graph of the Figure 7-7.3.2.
Our graph of the Figure 7-8.3.1 bears remarkable almost one hundred percent likeness with
Altunkilic's graph of the Figure 7-8.3.2.

@ Our thesis primarily pertains to the case of a partially shielded chiral body of revolution
(BOR) with rotationally symmetric aperture(s) that exposes chiral material and the shielded
surface of the body to a plane electromagnetic wave that impinges upon the chiral material that is
exposed through the aperture(s) as well as upon the shielded perfectly conducting surface. The
method discussed and applied in our thesis is that of Harrington and Mautz [10 ], [38], one of the
most commonly used methods of solving BOR problems using the method of moments (MoM)
technique.

Our formulation involves surface currents on a BOR using triangular expansion functions
that are sub-sectional and piecewise linear in the longitudinal T -direction and a finite Fourier series

in the azimuthal ¢ -direction. The advantage of this method is that the expansion functions are one

dimensional and its coefficients exist only on the generating curve that defines the BOR, resulting
in a matrix equation of compact size for each Fourier mode.

Taking e~ Im¢ dependent testing functions and el dependent expansion functions where
{m,n:O, +1 irZ,...}, the electromagnetic field of an erependent expansion function tested

with an e‘jm¢testing function is because of the rotational symmetry of the BOR, zero for M+ Nso
that the moment matrix consists of diagonally arranged sub-matrices surrounded by sub-matrices all
of whose elements are zero. We thus save enormous amount of computational time and computer
memory.

Altunkilic's [3] formulation uses the method of moments (MoM) involving primarily the
case of a perfectly conducting surface of arbitrary shape which encloses chiral material and has
arbitrarily shaped aperture(s) that expose the chiral material as well as the perfectly conducting
surface to a plane electromagnetic wave that impinges upon the chiral material that is exposed
through the aperture(s) as well as upon the perfectly conducting arbitrary surface. Ours is a special
case of Altunkilic's problem. For example our theory cannot handle the case of a cubic-shaped or
square-shaped partially shielded chiral body with aperture(s) for the simple reason that cubes and
squares are not bodies of revolution.

Altunkilic [3] uses computer aided design (CAD) software using planar triangles which
have the ability to conform to an arbitrarily shaped surface. CAD programs have the ability to
generate triangular meshes of exceptionally high quality. Altunkilic [3] uses Rao-Wilton_Glisson
(RWG) triangular expansion and testing functions. His theoretical formulations, unlike ours, are
deprived of rotational symmetry. Moreover using two dimensional expansion and testing functions
leads to very huge size matrices. He uses matrices of size of 5500x5500 up to size
6200x6200 to produce the same graphs which we have produced by using two matrices of size
848x848, thereby saving an enormous amount of computer memory and computational time.
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The curves of our graphs were smooth and without zigzag changes of direction compared with the
curves of Altunkilic [3]. Moreover our graphs demonstrated acute sensitivity to abrupt changes in
the geometry of the cylinder and the cone by producing a sharp abrupt upward swing at points
where changes in the geometry of the figure occur. Noticing the sensitivity, smoothness, as well as
abrupt glitches in our graphs that correspond to the abrupt sharp changes in the geometry of the
cylinder and the cone we assert that the accuracy of the graph mapping of our graphs stand out to
be more in the fitness of things.

The fact of the matter is that ours and Altunkilic's graphs are produced by using two
distinctly different numerical approaches. Therefore, in the absence of an analytically calculated
exact graph to compare with, it is just a matter of opinion as to which graph is correct. It is to be
noted that graph readings unlike the graph mappings of ours and Altunkilic's graphs are about the
same.

@ If computer time and memory are limited, our BOR formulation can handle BORs that are
much larger than those handled by Altunkilic's formulation [3]. For example, we analyzed and

obtained, for the free space wavelength of f—zm ~4.2m, graphs of surface currents induced on

the two meter diameter and /3 meter high chiral cone covered by a perfectly conducting surface
with an aperture at the bottom of the cone. We also obtained internal electromagnetic fields and
radar cross sections of this object. Our theoretical framework is applicable to the rocket shaped
BOR structure which encloses chiral material as shown in Figure 8 (a). We can obtain radar
cross sections of this huge structure. Altunkilic [3] uses value of ka =1.5 in most of his graphs.
Hence, for a wavelength of 1 meter he uses a radius of length 0.2387 m and matrices of the size
6200x 6200 to produce requisite graphs of the sphere. His theoretical framework, as such,
cannot handle a huge structure shown in Figure 8(a) because of the extremely huge size
unsolvable matrices this structure needs for producing graphs of radar cross sections.

Future research:

It is very tempting to suggest that our research work can produce the radar cross section of a rocket
in flight such as shown in Figure 8(c). The main drawback in this suggestion is that our theory is
based on the homogeneous case of a chiral material. However, if future research establishes that
the flue gases emitted from the bottom aperture of a rocket in flight are homogeneous and also
determines the constitutive parameters of the flue gases then MoM based integral formulations of
our theory may go a long way in furthering the theoretical framework with respect to the flue gases.
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curve of the P (t=13, z=0)
rocket
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Figure 8 (a), Figure 8 (b) Figure 8 (c)

Figure 8(a) A rocket-shaped perfectly conducting body of revolution with a single aperture at its
bottom which encloses chiral material.

Figure 8(b) Generating curve of the rocket of the Figure 8(a), Figure 8(c) A rocket in flight.
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APPENDIX A

A 1.1 - Equivalence Principle

In the application of Equivalence Principle, we need to make sure that,

e Original impressed sources that existed in the original problem are preserved
in the Equivalent problem.

e The same mediums that existed in the original problem are preserved.

e All boundary conditions that existed in the original problem are preserved.

A 1.1(a) - Original Problem

A pictorial representation of the original problem (Figure A_1.1.1) shows two regions separated by
a bounding surface. The internal region has dielectric with parameters (&, 4 ) and the external

region has a different dielectric parameters (ge,ye). A plane electromagnetic wave, generated by
impressed sources, would produce in all space filled with the medium of region R, the fields
(E‘“C,H‘“C) in the both external region R, and the internal region R;. Now due to the presence of

medium of region R, bounded by S, the total electric and magnetic fields that come into play in
the external region are

E,=E™+E° (A 1.1.1)
H, = H™ + H® (A_1.1.2)

Here E°® and H° are the scattered electric and magnetic fields in the external region. We are
interested in finding E® and H°®

In order to find E* and H’ conveniently, we formulate two equivalent problems namely the
External Equivalence and the Internal Equivalence.

A 1.1(b) External Equivalence
In the External Equivalence we create an equivalent representation in the external region by

replacing the bounding surface of the original problem by a fictitious surface S as shown in Figure
A_1.1.2. We fill up the internal region of space with the external dielectric with parameters
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Boundary surface of Region R :S
Plane electromagnetic|

wave (E‘"°, H‘"°)

Region: R,
(5i 11 )

Region : R,
(£ 44)

Figure A-1.1.1 Original problem.

(&..4,) thereby creating an unbounded space filled with the dielectric (&,, ,) that existed in the

external region of the original problem. We denote the region R, of the original problem as the

region of no interest or excluded region . As such, we choose the internal fields in this region as we
please. In this case we will choose the fields in the region R, to be E=0=H. Now with
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E=0=H in the region R, and fields (E,,H,) in the external region R,, the jump from the
external electric field E, to the internal electric field E=0 and the jump from the external

magnetic field H, to the internal magnetic field H=0 can only be obtained by placing on the
fictitious boundary surface S the equivalent currents,

J, =AxH, (A_1.1.3)
M =-AxE, (A_1.1.4)

J,=nxH, and M=-ixE, are the equivalent sources on S which radiating all over the space in
the external region R, produce the scattered electric and magnetic fields E,(J,,M) and

He(Je,M) all over the region R,. From these equivalent currents (Figure A_1.1.2) we can

compute the far away fields in the external region. With reference to (A_1.1.1) and (A_1.1.2), we
can deduce that

E° =E,(J,,M) (A_1.15)
H* =H,(J,.M) (A_1.1.6)

The internal face of S thatis S~ does not belong to the region R,. Since E=0=H in
the internal region R, we can deduce that

[Eily ] =0 (A_1.17)
[Hily Jy =0 (A_1.18)
We can write (A_1.1.1) and (A_1.1.2), with reference to (A_1.1.5) and (A_1.1.6) as:
E,=E™+E° =

E, =E™+E,(J,,M) (A_1.1.9)

H,=H™+H =
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Figure A-1.1.2 External equivalence.




H, =H"™ +H,(J,,M) (A_1.1.10)

Substituting (A_1.3.9) into (A_1.3.7) , we obtain

) =[E"
o) ="

Eqg. (A_1.1.11) implies

_I:Ee (‘]e’ M):IS’ - [Einc]sr

(E™+E.(3.M))

tan + Ee (Je’ M)|tan i|s, =0=

—[Ee (3.,.M) tanlf (A_1.1.11)

Since E™ remains unchanged taken either tangential to S or tangential to S, as such, we can
write

—[E.(3.M)], =[E™], (A_1.1.12)

or

—i[E (J.M)] =i[Ei”°] (A_1.1.13)
776 e e S~ 778 S —

Substituting (A_1.1.10) in (A_1.1.8), we obtain

tan l— :[Hinc ta
tan ]S’ - |:Hi"° tan i|S’

Since H™ remains unchanged taken either tangential to S or tangential to S-, as such, we can
write

[(H™+H,(3,,M))

n +He(Je,M)|tanL —0=

-[H. (3, M)

~[H. (3 M) ] =[H™ ], (A_1.1.14)
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A _1.1(c) Internal Equivalence

In the Internal Equivalence we fill up the whole space, including the external region, with the

Fictitious Boundary surface of Region R;:S

Region: R,
(8i 1 Hi )

_‘Je
Region : R,

(gi'lui)

Figure A-1.1.3 Internal equivalence.
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filled with the dielectric that existed in the internal region of the original problem This time, the
external region R, is designated as the region of no interest in which we are free to choose

whatever fields we desire. It will be convenient to choose E=0=H in the region R,. The

internal region of the original problem had no impressed source. Therefore the whole unbounded
space has no impressed source.

Now we have fields (E,,H,) in the internal region and E=0=H in the external region. Asa
result a jump in electric field from E, in the internal region to E =0 in the external region occurs.

Similarly a jump in magnetic field from H, in the internal region to H =0 in the external region

takes place. These jumps in the electric and magnetic fields are supported by placing equivalent
electric and magnetic currents on the fictitious boundary. In this case the equivalent currents are

~J,=Ax(0—H,) =

~J, =—AixH, (A_1.1.15)

M =hxE, (A_1.1.16)

The derivations of (A_1.1.15) and (A_1.1.16) accord with the direction of unit vector i which
points into the external region.

The equivalent surface currents thus placed on the fictitious bounding surface radiate in
unbounded space filled with the dielectric which existed only in the interior region of the original
problem. These surface currents produce electric and magnetic fields at every point in the
unbounded space. These electric and magnetic fields brought about by the equivalent surface
currents —J, and —M placed on the fictitious bounding surface are denoted as

M) (A_1.1.17)

H, (-J,,-M) (A_1.1.18)

e

E=0=H exists in the external region. We meet this situation with the knowledge that zero
tangential components of E, (-J,,—M) and H,(-J,,—M) on S* guarantee that E=0=H in the

external region. S” is the side that faces the external region. The statement that the tangential
field components are zeroon S is expressed by the following two equations.

[E(-3.-M)|,, | =0 (A_1.1.19)
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[H(-3.-M)],, |, =0 (A_1.1.20)
Egs. (A_1.1.19) and (A_1.1.20) imply

[Ei(-J..-M)]. =0 (A_1.1.21)
[H,(-3..-M) ] =0 (A_1.1.22)

Multiplying (A_1.1.21) by an arbitrary constant « and adding it to (A_1.1.13) gives

((E.(3M)], +a[E (-3.,-M)]. ) :i[E‘"ﬂs (A_1.1.23)

1
7, 7,

Multiplying (A_1.1.22) by an arbitrary constant g and adding it to (A_1.1.14) gives
(R ML AR (M), ) (7], (1120

The unknowns in (A_1.1.23) and (A_1.1.24) are J, and M on S. Therefore (A_1.1.23) and

(A_1.1.24) can be solved by the Method of Moments (MoM). The equations that can be solved by
the method of moments are the tangential components of (A_1.1.23) and (A_1.1.24).
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APPENDIX B

B 1.1 The Method of Moments (MoM)

Electromagnetic problems usually involve solution of linear partial differential or integral
equations. The general form of such a linear equation is the operator equation.

Lf(x)=g(x) a<x<b (B_1.1.1)
where L is a linear operator

f is the function to be calculated

g is a known function

To solve (B_1.1.1), the method of moments begins by approximating the unknown function f(x)
by a linear combination of known functions @n(x) referred to as basis functions (expansion
functions). Let us choose a set of N basis functions @, (x) and expand the unknown function
f(x) as a linear combination of these:

F(x)~F ()= a,d, (x) (B_11.2)

n=1

Here o, are expansion coefficients to be determined. These basis functions are so selected that with

appropriate values for the parameters «,, the right side of (B_1.1.2) is exactas N —oo . In other
words, we want to make

Lf(x)=g(x) (B_1.1.3)

Substituting (B_1.1.2) into (B_1.1.3) results in the following equation,
N

Lf(x):L(Zanch(x)ng(x) a<x<b (B_1.1.4)
n=1

By subtracting (B_1.1.1) from Lf(x) of (B_1.1.4), we obtain a residual ‘R equal to

N

R(x)= L@ancpn (x)j_ Lf(x)= L(Zand)n (x)j—g(x) (B_115)

n=1
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We would like to force the residual to zero, that is

SR(x):i“oanCI)n(x)—g(x)zO a<x<b (B_1.1.6)

If we can find coefficients , that make the residual small for all x, a<x<b, then we take f(x)

to be a good approximation for f(x).
To determine ¢, , one of two methods is generally used.

B_1.2 Method of collocation (Point matching)

Rather than seeking o, that require the residual R to be small for all x in [a,b], we set the

residual R identically zero at N discrete match points X, as many as basis functions d)n(x)
that lie within this interval.

R(x=x,)=0 m=12,..,N (B_1.2.1)

Therefore, from (B_1.1.6), we deduce that

R(x) :gan Lo, (x)],, ~0(x,)=0 (B_1.2.2)
2% (Lo, (X)],, =9(x) (B_1.2.3)

For the point matching solution, we can choose N equidistant points defined as

m=12..,N B 124
m N +1 . (B_1.2.4)

The point matching solution process can be implemented by satisfying (B_1.2.2) at the points X,.
This approach results in the following matrix equation

[l ][2n]=[b0] m=12,..,N (B_1.2.5)

and b, =9(x,) m=12,..,N ) (B_1.2.6)
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Once the «, have been determined, they can be used in (B_1.1.2) to obtain approximation f(x) to

f(x).
B_1.3 Method of Weighted residuals

An alternative to Collocation (or point matching) is to set the N weighted averages of the residual
to zero. In the weighted residual method, the weighting functions or testing functions w_ ( which,

in general, are not the same as the expansion functions) are chosen as many as expansion functions
such that the integral of a weighted residual of the approximation is zero, i.e.,

b

[w, (x)R(x)dx=0 m=12,.,N (B_13.1)
or
(w,,R)=0 (B_13.2)

b
where J'wm(x)iR(x)dx or (w,,R) are referred to as the inner product.
Substituting (B_1.1.6) in (B_1.3.1), we get

i(i%L[q’n (X)]—Q(X)]Wm(x)dx=0:>

2 \Un=1

ganiL[q)n(X)]Wm(x)dXzig(x)wm(x)dx m=12,.,N (B_1.3.3)

The system of linear equations (B_1.3.3) can be cast into matrix form

[l ][ ]=[00 ] m=12,..,N (B_1.3.4)
Here

I, :.TL[(Dn(x)]Wm(x)dx (B_1.3.5)
and

193



b :j.g(x)wm(x)dx (B_1.3.6)

Solving for «, in (B_1.3.4) and substituting these values in (B_1.1.2), we get an approximate
solution to (B_1.1.1). Collocation is a special case of the weighting function method with

W, (X)=38(X—X,) m=12,.,N (B_1.3.7)

m

here &(x—x,) is called the dirac delta function..

B_1.4 Choice of basis (expansion) and weighting(testing) functions.
Basis and weighting functions can be broadly classed as follows

1. subdomain functions are defined only over part of the domain of the unknown function.
Included in this category are:

B-1.4(a). Piecewise uniform or pulse functions:

Let us consider the range of interest or domain size as 0 <x <1, and divide this range into N +1
equal subintervals (subdomains) of width

A= (B_1.4.1)

Xo=rg M=0123..N+1 (B_1.4.2)

The subintervals and points x_ are shown in Figure B_1.4.1 for N =4. A pulse function which is
centered about X, is defined as

A A
1 for X ——2X<x<x +—=% 1

0 elsewhere

N
A linear combination of pulse functions according to f (x)=>_a,P(x—x,)gives a step or
n=1

staircase approximation as shown in Figure B_1.4.2. It may be noted that Pulse functions are
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orthogonal in nature because they do not overlap with others. The derivative of a pulse function
consists of two Dirac delta functions.

P(x=%,) Pulse basis functions

o 1 - 77 | /J Figure B-1.4.1

X, X, X, 1

e

Figure B_1.4.2

Step approximation of a function using pulse functions

B 1.4 (b). Triangular basis functions

A triangular function or piecewise linear function is defined as

X—X
—nl for Xy g SX<X,
Xin = X
X, — X
T(Xx-X,)= ﬁ for Xy SX< Xy (B_1.4.4)
m+l~ 'm
0 elsewhere
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For N =4, the function T(x—xz) is shown in Figure B_1.4.3(a). Figure B_1.4.3 shows a
piecewise linear approximation to f .

0 X % X Xy 1

Figure B_1.4.3 Triangular functions and approximation using them: (a)a

triangular function and (b) piecewise linear approximation of a function using
triangular functions

__________________________________________________________________________________________

How does one select the "best" testing functions for a choice of basis functions? Equation (B_1.1.1)
is tested the best by any set of testing functions that is a basis for the range of the operator L. the

N
range of L is the space of ZanL[d)n (x)] where «, is arbitrary. A basis for a space is a linearly
n=1

independent functions that are in the space and are such that any function in the space can be
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written as a linear combination of them. As far as forcing the residual to zero, the best we can do is
to require the residual to be orthogonal to each basis function in the sense.

[w, ()R (x)=0 m=123,.,N (B_1.4.5)
Substituting (B_1.1.5) in (B_1.4.5), we get

iwm(X)(g“"L[‘Dn(X>]—9(x)jdx=03

nZi:anZL[CDn(x)]\Nm(x)dx=ig(x)Wm(x)dx (B_1.4.6)

Equation (B_1.4.6) is identical to (B_1.3.3).
Consider

w, (x)=®,(x), m=123..,N (B_1.4.7)

m

This special case of the MoM in which basis and weighting functions are identical is called
Galerkin's method.

B 1.5 - Galerkin's method
We will illustrate application of Galerkin's method by an example [24].

Example(B1.5) —Consider the following differential equation

2
d I =1+4x? (B_1.5.1)
dx

subjectto f(0)= f (1) =0. The analytical solution of (2.5.1) is
fX)=—-—-— (B_1.5.2)

We will use method of moments to solve (B_1.5.1), compare results with the exact solution
(B_1.5.2) and plot graphs of both exact solution and MoM solution.

With reference to the theoretical framework developed in above paragraphs, we have
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L=—— B 1.5.3
dx? B )

and

g(x)=1+4x? (B1.5.4)

We will choose basis function @, (x) to be
@, (x)=x-x"*, n=123..,N (B_1.5.5)
and, therefore from (B_1.5.3) and (B_1.1.2),
_ N d2 N
Lf(x)= L(Zanq)n (x)j :-W(Zancpn (x)j (B_1.5.6)
n=1 n=1

Substituting (B_1.5.5) into (B_1.5.6), we get

LT (x)= L(nZN;anCDn(x)jz—s—;(nZN;an(x—x””)j (B_1.5.7)

—| = (x=x"") |=n(n+1)x"* (B_15.8)

Galerkin's approach requires replacement of weighting function w, (x) with ®_(x) according to
(B_1.4.7). We will now use (B_1.3.3) replacing in it w, (x) with @, (x) thus obtaining

1 1

Y o, [L[®, (0)]®, ()= [g(x)®, (x)dx mM=123,...N (B_15.9)

n=1 0 0

Eq. (B_1.5.9) can, according to (B_1.3.4) be cast in matrix form
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[l [ ] =05 ] m=12,3,..,N

Here , unlike (B_1.3.5) and (B_1.3.6), we have

=|L[®,(x)]®,(x)dx m=123..,N

Substituting (B_1.5.13) , (B_1.5.5) and (B_1.5.3) into (B_1.5.11), we obtain

:l.L[QDn (x)]®, (x)dx = i(_s_;(x_xm)j(x_xmﬂ)dx

Substituting (B_1.5.8) into (B_1.5.14), we get
1 1
:IL[CDn(x)JCD x)dx =n(n+1) I X™)
0 0

1

0

|- n(n+1)(j‘xndx_j‘xm+ndXJ=n(n +1)£:n++1‘ - m+n+1‘
0 ’ ’

1 1 m+n+1-n-1
m=n(n+ )(n+1 m+n+1) n(n+ )K(n+1)(m+n+1) -

mn
(m+n+1)

mn

We substitute (B_1.5.4) and (B_1.5.13) into (B_1.5.12) and obtain

1

j 1+4x ””l)dx:jx(1+4x2)dx—jxm+1(1+4x2)dx
0 0

oI

1 , X
.!x(1+4x )dx: 5

0

0

199

(B_1.5.10)

(B_15.11)

(B_15.12)

(B_15.13)

(B_1.5.14)

(B_1.5.15)

(B_1.5.16)

(B_15.17)

(B_1.5.18)



m+2

¢ X
—I X (1+ 4x2)dx = {
0

1}4{( x™4 q 1 4 (Mm+4+4m+8)

(m+2)), +4)|| " (m+2) (m+4) (m+2)(m+4)
(B_1.5.19)
Substituting (B_1.5.17) and (B_1.5.18) into (B_1.5.17), we obtain
(3m? +18m+ 24) — (10m + 24) 3m? +8m
b, = = =
" 2(m+2)(m+4) 2(m+2)(m+4)

_ m(3m+8)
on = 2(m+2)(m+4) (B_15.20
We will rewrite (B_1.5.16) and (B_1.5.20) as
Ly = (®,, (X), LD, (X)) =(m:’+l) (B_1.5.21)

B _ m(3m+9))
b, = (@, (x),9(x)) = 2(m2)(m+4) (B_1.5.22)

Galerkin method

In the matlab script L(m,n) stands for I, and N stands for number of expansion and
weighting functions and g(m) stands for b, .

Using Matlab program, we obtained the following results including graph of f
and f.
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L(m,n)

0.3333

g(m)

0.3667

alpha =

1.1000

Galerkin method

L(m,n)
0.3333 0.5000

0.5000 0.8000

g(m)
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0.3667

0.5833

alpha =

0.1000

0.6667

Galerkin method

L(m,n)
0.3333 0.5000 0.6000
0.5000 0.8000 1.0000

0.6000 1.0000 1.2857

g(m)
0.3667

0.5833
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0.7286

alpha =
0.5000
0.0000

0.3333

Galerkin method

0.3333 0.5000 0.6000 0.6667 0.7143 0.7500 0.7778 0.8000 0.8182 0.8333
0.5000 0.8000 1.0000 1.1429 1.2500 1.3333 1.4000 1.4545 1.5000 1.5385
0.6000 1.0000 1.2857 1.5000 1.6667 1.8000 1.9091 2.0000 2.0769 2.1429
0.6667 1.1429 1.5000 1.7778 2.0000 2.1818 2.3333 2.4615 25714 2.6667
0.7143 1.2500 1.6667 2.0000 2.2727 2.5000 2.6923 2.8571 3.0000 3.1250
0.7500 1.3333 1.8000 2.1818 2.5000 2.7692 3.0000 3.2000 3.3750 3.5294
0.7778 1.4000 19091 2.3333 2.6923 3.0000 3.2667 3.5000 3.7059 3.8889

0.8000 1.4545 2.0000 2.4615 2.8571 3.2000 3.5000 3.7647 4.0000 4.2105
203



0.8182 1.5000 2.0769 2.5714 3.0000 3.3750 3.7059 4.0000 4.2632 4.5000

0.8333 1.5385 2.1429 2.6667 3.1250 3.5294 3.8889 4.2105 4.5000 4.7619

g(m)
0.3667
0.5833
0.7286
0.8333
0.9127
0.9750
1.0253
1.0667
1.1014

1.1310

alpha =
0.5000
0.0000
0.3333
-0.0001
0.0001
-0.0003

0.0005
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-0.0002

0.0000

-0.0000

Graphs(Example B1.5,Galerkin method), using 1,2,3, and 10 expansion functions

0.35

0.3

0.25 74
0.2 /
0.15

0.05 % —95— fexact

f approximate for N=1

f approximate for N=2

f approximate for N=3

—=— f approximate for N=10
T

0 T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

f(x)

Figure B_1.5.1 Graph of Exact and Approximate solution (Galerkin's method).
B 1.6 - Point Matching method
We will illustrate application of the Point Matching method by an example [24].

Example(B1.6) —Consider the following differential equation

2
d I =1+4x? (B_1.6.1)
dx

subjectto f(0)= f(1)=0. The analytical solution of (B_2.6.1) is
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f)=2-2_2 (B_1.6.2)

We will use method of moments to solve (B_1.6.1), compare results with the exact solution
(B_1.6.2) and plot graphs of both exact solution and MoM solution.

With reference to the theoretical framework developed in above paragraphs, we have

d2

- B 1.6.
L v (B_1.6.3)
and
g(x) =1+4x? (B_1.6.4)
We will choose basis function @, (x) to be
D, (x)=x—x"" (B_1.6.5)
and, therefore from (B_1.6.3)
LF(x)= L(ianq)n (x)j :—%(ianq)n (x)j (B_1.6.6)
Substituting (B_1.6.5) into (B_1.6.6), we get

LT (x)= L(ZN:anCDn(x)jz—%(ian(x—x””)j (B_1.6.7)

n=1 n=1

—[i(x x””)j: (l—(n +1)x”):>

dx
9 (ex) | =~ (0-(n+1) () ) =

X2

d2

_[W(X_XM) =n(n+1)x"* (B_1.6.8)

For the Point Matching solution, we choose N equidistant points defined as
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X =— m=123,...,N (B_1.6.9)

Matching (B_1.6.7) and (B_1.6.4) at x,, we obtain

L, =[N(n+1)x"*]  m=123..,N, n=123,..,N (B_1.6.10)

X=Xn,

g(xm)=[1+4x2] m=12,3,...,N (B_1.6.11)

we can cast (B_2.6.9) — (2.6.11) into a matrix form as

[l ][ ]=[90] m=123..,N (B_1.6.12)

Point Matching method

In the matlab script L(m,n) stands for I, and N stands for number of expansion and
weighting functions and g(m) stands for b, .

Using Matlab program, we obtained the following results including graph of f
and f.

g(m)
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alpha =

0.2026

L(m,n)
8.5473 34.1893

8.5473 -34.1893

g(m)

1.4444 2.7778

alpha =
0.2470

-0.0195

208



6.9789 39.4784 62.8098
9.8696 0.0000 -88.8264

6.9789 -39.4784 62.8098

1.2500
2.0000

3.2500

alpha =
0.2625
-0.0253

0.0067
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2.7806

5.3359

7.4589

8.9777

9.7691

9.7691

8.9777

7.4589

5.3359

2.7806

21.3436

35.9108

39.0766

29.8358

11.1224

-11.1224

-29.8358

-39.0766

-35.9108

-21.3436

1.0331

1.1322

1.2975

1.5289

1.8264

2.1901

2.6198

3.1157

3.6777

4.3058

67.1305 143.6433 244.2287 351.6893 439.9077 477.3728 432.2088 278.0589

87.9223 119.3432 69.5147 -100.1012 -365.4885 -625.2253 -727.1943 -533.5911

48.0232 -44.4894 -224.4427 -323.1975 -136.2489 341.4983 791.3008 745.8949

-25.0253 -156.3063 -133.3978 192.0928 478.6882 177.9577 -604.1749 -897.7708

-80.7994 -85.3746 186.4737 268.5222 -261.4596 -574.5733 225.2277 976.9146

-80.7994 85.3746 186.4737 -268.5222 -261.4596 574.5733 225.2277 -976.9146

-25.0253 156.3063 -133.3978 -192.0928 478.6882 -177.9577 -604.1749 897.7708

48.0232 44.4894 -224.4427 323.1975 -136.2489 -341.4983 791.3008 -745.8949

87.9223 -119.3432 69.5147 100.1012 -365.4885 625.2253 -727.1943 533.5911

67.1305 -143.6433 244.2287 -351.6893 439.9077 -477.3728 432.2088 -278.0589
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alpha =
0.2798
-0.0314
0.0130
-0.0036
0.0025
-0.0009
0.0007
-0.0003
0.0002

-0.0001
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Graphs(Example B1.6, Point Matching method) using 1,2,3, and 10 expansion functions

0.35

0.3

0.25

0.2

f(x)

0.15

01 g,f/ .
0.05 / o fexact 9

f approximate for N=1
f approximate for N=2 W
f approximate for N=3 \
—= f approximate for N=10
T T T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure B_1.6.1 Graph of Exact and Approximate solution ( Point Matching method).

B_1.7- Triangular function

We will illustrate application of Triangular function or piecewise linear function application by an
example [24]. Both basis and triangular functions are triangular functions.

Example(B1.7) —Consider the following differential equation [24].

d’f »
=1+4x B 1.7.1
dx® (B_1.7.1)
subjectto f(0)= f(1)=0. The analytical solution of (B_1.7.1) is

f)="-2-2_ (B_1.7.2)

212



We will use the method of moments to solve (B_1.7.1), compare results with the exact solution
(B_1.7.2) and plot graphs of both exact solution and MoM solution.

We will choose basis function @, (x) to be

X=X,4

X —X ! Xn—lsxn
n n-1
CI)n(X)— X . —X
n+1 X <X
! n — n+l
Xns1 — Xy

With reference to theoretical framework developed in above paragraphs, we have

d2
L=—— B 1.7.3
dx? (B_17.3)
and
g(x)=1+4x* (B_1.7.4)
Here
2(N +1) m=n
I ={—(N+1) Im-n|=1 (B_1.7.5)

«©«
3
Il
—_—

Xn = X1 = X=X m =A
let

U=X—X,,

V= Xm+l_X

then
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A

g, = i'f(1+4(u + xm_l)z)udu —ii[(1+4(xm+l —v)z)vdv

9y =

A
g, = %_{[{1+ 4(u+ Xm—1)2 +1+4(x

1
A

0

- —V)Z)Vdv

A ) 1 A
_c[l+ 4(u+X,_,) udu +Z;[(1+ 4(x
m+l

u)z}udu

m+l

0. :ij-{2+4(uz +2uX .+ X2+ X 2uxm+l+u2)}udu
0

17 2
. :Z_([{2+4(2u —2u(x

2 2
Xpg )+ X g + X )}udu

m+1~ 'm m+1

g ZET{2+4(2u2—4uA+(m—1)2A2+(m+1)2A2)}udu
|

g, = iJ:‘{2+4(2u2 —4uA+(m® —2m+1) A% +(m’ + 2m+1)A2)}Udu

_EA 2 2 2
gm_A£{2+4(2u 4uA+(2m* +2) A% )} udu

g, = %I{1+ 4u? —8uA+(4m2 +4)A2}udu

2 A
g, = Z{{u +4u® —8u2A+(4m2 +4)A2u}du

On =

On =

2
A

2
Al 2

— 2 2 A
u—+u“—§u3A+(4m2 +4)U—A2
3 2 |,

2

- .
A a8y +(4m2 +4)A—
3 2
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2
g, _2 A—+A“(2m2 +1—§+2j
Al 2 3

A2
g, _2 A—+A“(2m2+1j
Al 2 3

On = [A+2A3 (2m2 +%)

g, = A{l+ £4m2 + gj A?

g -2 1+4m2+(2£3) (B_1.7.6)
N+1 T (N+)

Triangle function method

In the matlab script L(m,n) stands for I, and N stands for number of expansion
and weighting functions and g(m) stands for b_. Five triangle functions are used.

Using Matlab program, we obtained the following results including graph of f
and f.

12 6 0 0 O
6 12 -6 0 O
0 6 12 6 0
0 0 -6 12 -6

0 0 0 -6 12
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0.1867
0.2423
0.3349
0.4645

0.6312

alpha =
0.1241
0.2171
0.2697
0.2665

0.1858

12 6 0 0 O
6 12 -6 0 O
0 6 12 6 0
0 0 -6 12 -6

0 0 0 -6 12

0.1867

0.2423
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0.3349
0.4645
0.6312
alpha =
0.1241
0.2171
0.2697
0.2665

0.1858

Graphs (Example B1.7, using Triangule function and five expansion functions

0.35

0.3

9997690

0.25
/

0.2

S A

0.1 :
i \
// \
q
\
\
&
0.05

\
—=— fexact
f approximate
0 T T T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

f(x)

Figure B-1.7.1 Graph of Exact and Approximate solution (Triangle function method), using
five expansion functions
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Triangle function method

In the matlab script L(m,n) stands for I, and N stands for number of expansion
and weighting functions and g(m) stands for b, . Ten triangle functions are used.

Using Matlab program, we obtained the following results including graph of f
and f.

L
22 -1 0 0 0 0 0O O O O
-11 22 -11 0 0 0 0 0 O O
0 -11 22 -11 0 0 0 O O O
0 0-11 22 -11 0 0 O O O
0 0 0-11 22 -11 0 0 O O
0O 0 0 0-11 22 -11 0 O O
0O 0 0 0 O0-11 22 -11 0 O
0O 0 60 0 0 O-11 22 -11 O
0 0o 0o 0 0 0 0-11 22 -11

0 0o 0o 0 00 0 O0-11 22

0.0942
0.1032
0.1182
0.1392

0.1663
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0.1993
0.2384
0.2835
0.3346

0.3917

alpha =
0.0715
0.1344
0.1880
0.2308
0.2609
0.2759
0.2728
0.2481
0.1975

0.1166
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Graphs (Example B1.7, using Triangule function and ten expansion functions

0.3

0.25 P \
N

0.2

f(x)

0.15

S \

—=— fexact \
f approximate \
I I

0 I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure B-1.7.2 Graph of Exact and Approximate solution (Triangle function method), using
ten expansion functions.

Triangle function method

In the matlab script L(m,n) stands for I, and N stands for number of expansion and
weighting functions and g(m) stands for b_. Fifteen triangle functions are used.

Using Matlab program, we obtained the following results including graph of f
and f.

L
32 -16 0 0 0 0 O OO O OOO OO
-16 32 -16 0 0 0 0O O O O O O O O O

0 -16 32 -16 0 0 0 0 0 0O O O O O O
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0 0-16 32 -16 0 0 0 0 0 0 0 O 0 O

0O 0 0-16 32 -16 0 0 0 0 O O O O O

0O 0 0 0-16 32 -16 0 0 0 O O O O O

0O 0 0 0 O0-1 32 -16 0 0 O O O0 O0 O

O 0 0 0 0 O-16 32 -16 0 0 O O O O

0O 0o 0 0O 0O O0-106 3+-16 0 0 0 00

0O 0o 0 0O 0O0O O O-16 32-16 0 0 0 O

0O 0o 0o 0O OO0 O O O¢-11 32-16 0 00

o 0 0 0O OO O OO O®=-16 32 -1 0 O

o 0 0 0O OO O OOTUO O0-16 32 -16 0

0O 0 0 0O OOO O OO O O0-16 32 -16

o 0o 0 0 0OO O O0OOOUO O O0-16 32

0.0636

0.0665

0.0714

0.0782

0.0870

0.0977

0.1104

0.1251

0.1417
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0.1602
0.1807
0.2032
0.2276
0.2540

0.2823

alpha =
0.0501
0.0962
0.1382
0.1757
0.2083
0.2354
0.2565
0.2707
0.2770
0.2745
0.2620
0.2382
0.2016
0.1509

0.0843
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Graphs (Example B1.7, using Triange function and fifteen expansion functions

0.35

0.3

%W%\x

v N

0.2

f(x)

0.15

o
L/

0 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

—=— fexact
f approx N=15
I I

Figure B-1.7.3 Graph of Exact and Approximate solution (Triangle function method), using
fifteen expansion functions.

Example(B1.8) —Consider the following differential equation [24].

d?f )
=1+4x B 18.1
dx? (B_1.8.1)

subjectto f(0)= f (1) =0. The analytical solution of (B_1.7.1) is

f)=2X_X _X (B_1.8.2)

We will use the method of moments to solve (B_1.8.1), compare results with the exact solution
(B_1.8.2) and plot graphs of both exact solution and MoM solution.
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Solution

N 2 N
LT (x)= L(Zanq)n (x)j =—d—2(2an®n (x)j
n=1 dX n=1
d2
L=——
dx?
g =1+4x

We will choose basis function @, (x) to be
@, (x)=sin(nzx)

L[@,(x)]=- dzixnz(x) — (nz)’sin(nzx)

| = '1. L[ @, (x) @, (x)dx

I = j;((nzz)z sin (n;zx))sin (mzx)dx =

mn

(n;r)2 isin (nzx)sin(mzx)dx =

For m=n

|| = (n7)° j)-sin2 (nzx)dx

Let
ZX=U
hence
zdx =du

substituting (B_1.8.10) and (B_1.8.11) into (B_1.8.9), one obtains
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(B_1.8.3)

(B_1.8.4)

(B_1.8.5)

(B_1.8.6)

(B_1.8.7)

(B_1.8.8)

(B_1.8.9)

(B_1.8.10)

(B_1.8.11)



. =(n7r)2 Isin2 (nu)(%uj

72_ V4
| = in? d
ml ~ Ism (nu)du=
L :(nﬂ) J-(l cos(2nu)]du:>
S

b, i(l+ 4x* )sin (mzx) dx

o'—.»—-

(mzx) dx+4jx sin(mzx)dx

0
1

=
0

isin (mzx)dx = —[miﬂj[cos(mﬂx)u =

!sin(mﬂx)dx:

{_ cos(mzx)

mz

:[sin(mﬁx)dx [ 1

— J [1-cosmz]
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(B_1.8.12)

(B_1.8.13)

(B_1.8.14)

(B_1.8.15)

(B_1.8.16)



Ixzsin(mﬂx)dx=(x2)_—cosr(nr27rx)_—j(zx){_%@}dx:
szsin(mzzx)dx=(x2)_—cosr(n2ﬁx)_+(miﬁ)j(x)cos(m7zx)dx:>
Ixzsin(mﬂx)dx:(xz)_—cosr(nr:][ﬂx)_+(m%[j{x sir;fnrrjlsx) —miﬁj‘sin(mﬂx)dx}:

2 sin( ) dy — (2 __cos(mzzx)_Jr 2 X_sin(mzx)__i _cos(max) ||

I (mzx)d ( ) mz : (mﬂj{ - (mz) ] m;r{ mz }}
J‘xzsin(myzx)dx{—(x )C(::?gmﬂx) +(miﬂj(miﬂj{xsin(mnx)+miﬂcos(m7rx)}:>
Ixzsin(mﬂx)dx:—(Xz)c:imﬂx)+(m : xsin(m;rx)+(m2 - cos(mzx) (B_1.8.17)
and

lxzsin mzx)dx = _(xz)cos(mzzx)+ 2 ysin(mzx)+ cos(mzx ]l:
Jsin(mex)c e a0 Eos(un) |

lxzsin mzx)dx = _cos(m;r) 2 cos(mrx) |- 2 1:>

Jsin(mx)d ne e )] L(mﬂ)e’]o

lxzsin mzx)dx = _cos(mn)+ 2 cos(mr) |- 2 =

Jran(med ﬂ o) <mn>3}

l Zsin(mzx x=—L —cos(mz)+ 2 cos(mz)— 2 _|__2 8.
! (mzx)d m”{ ( )(mﬂ)z ( )(mﬂ)zj (mﬂ)z} (B_1.8.18)
4j-X25in(m7Z'X)dXmiﬂ{{—4005(mﬂ)+(m%COS(mﬂ')— mi)zJ} (B_1.8.19)
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Substituting (B_1.8.16) and (B_1.8.19) into (B_1.8.15), one obtains

1 1
b, = [sin(mzx) dx+4[ x* sin(mzx)dx = (ij{l—cos mz —4cos(mz)+ cos(mz)—
0 0

(B_1.8.20)

(mz)’

Using Matlab program, we obtained the following results including graph of f and f .

Galerkin method

In the matlab script L(m,n) stands for I, and N stands for number of expansion and
weighting functions and g(m) stands for b, .

Galerkin method

g(m)

1.3938

alpha =
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0.2824

N
2
L(m,n)
4.9348 0
0 19.7392
g(m)

1.3938 -0.6366

alpha =
0.2824

-0.0323
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4.9348 0 0
0 19.7392 0

0 0 444132

1.3938
-0.6366

0.6175

alpha =
0.2824
-0.0323

0.0139

4.9348 0 0
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0 19.7392

1.3938
-0.6366
0.6175
-0.3183

0.3778

alpha =
0.2824
-0.0323
0.0139
-0.0040

0.0031

0 0

0 0

0 78.9568 0

0
0 44.4132
0
0 0

0 123.3701
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Graphs (Example B1.8, using Galerkin method) for 1,2,3, and 5 expansion functions

0.35 T T T T T T T T T
0.3— -
0.25 -
0.2~ -
z
0.15— -
0.1~ -
| —6— fexact
0.05 — ’ '. i f approximate for N=1 :g .
/ f approximate for N=2 W\
g f approximate for N=3 g
f approximate for N=5
0¥ [ L [ I I I [ L [ %
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Figure B-1.8.1 Graph of Exact and Approximate solution (Galerkin method), using
1,2, 3, and 5 expansion functions. @, (X)=sin(nzx) is the expansion function .
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APPENDIX C

C 3.1 Chiral media

Because of novel features of chiral media, we have chosen our research field to be a chiral BOR
enclosed within a perfectly conducting thin metallic BOR with apertures which is exactly similar in
form and symmetrical around z-axis with the chiral BOR.

Chiral media exhibit electromagnetic chirality which embraces optical activity and circular
dichroism. Optical activity refers to the rotation of the plane of polarization of optical waves by a
medium while circular dichroism indicates a change in the polarization ellipticity of optical waves
medium. Chiral media has been known in optics under the more common name of optically active
materials. Such materials are characterized by an intrinsic left- or right-handedness at optical
frequencies, due to a helical natural structure. Consequently, waves of different circular
polarization propagate in these media at different velocities. As a result linearly polarized
electromagnetic wave incident on a chiral medium emerges with its plane of polarization rotated
about its direction.

A chiral medium is a particular case of bi-isotropic medium, characterized by linear
constitutive relations which couple the electric and magnetic field by three scalars (&,1,&) .

Beside the potential application of chiral media in optical and sub-optical frequencies [58]—[61],
considerable interest has been generated in isotropic chiral media. This interest is based on the
existence of one additional parameter, the chirality admittance &, that could make the practical
design more flexible. Chirality means a lack of bilateral symmetry. The most outstanding properties
of chiral media concerning the propagation of electromagnetic fields are their ability for rotating the
plane of polarization of an electromagnetic wave. Electromagnetic properties of unbounded chiral
media have been investigated and published [62] —[65].

Electromagnetic plane wave scattering and Maxwell's Equations

The twentieth century has been the century of electromagnetic waves. With Maxwell’s
electromagnetic theory and Hertz’s experiments in the nineteenth century, as the point of departure,
Marconi’s “wireless” communication systems have been running and various types of
electromagnetic waves in the form of radio and television are now criss-crossing the earth, endlessly
carrying information.

The wireless systems using the propagation of electromagnetic waves in space include
other applications such as satellite communication systems, cell phones, automobile telephones,
radar and GPS systems. Waveguides and strip lines use the propagation of electromagnetic waves
over long tubes and strip conductors. Optical fibers guide waves along thin dielectric wires called
cores.
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The aforementioned phenomena or devices are all treated as electromagnetic wave
problems in which Maxwell’s equations are to be solved under some boundary, media, or excitation
conditions. Maxwell’s equations form an intellectual edifice in this thesis.

C_3.3 ELECTRIC AND MAGNETIC FIELD EQUATIONS AND FIELD SOURCES IN
CHIRAL MEDIA

In the past few years, the attention paid to the study of electromagnetic wave propagation in
biisotropic and bianisotropic chiral media has increased notably. This increasing interest is raised
by the potential applications of the chiral material. A chiral object is one that can not be brought
into congruence with its mirror image by translation or rotation. A collection of such objects is then
characterized by right or left-handedness and, therefore, chirality means a lack of bilateral
symmetry. The most outstanding properties of chiral media concerning the propagation of
electromagnetic fields are their ability for rotating the plane of polarization of an electromagnetic
wave.

The description of chiral media is contained in the material parameters of the constitutive
relations. The literature contains several ways of writing the constitutive relations for chiral media.
We will use the following commonly used set of constitutive relations:

D=¢E- jéH (C_3.1.1)
B=uH+ j¢E (C_3.1.2)

where ¢, and Sare permittivity, permeability and chirality of the chiral media. Equations
(C_3.1.1) and (C_3.1.2) can be cast into matrix form as

o W car

We define the relative chirality &, as

£ = Ji_e (C_3.1.4)
The Maxwell equations in frequency domain can be written as

VxE=—jowB-M (C_3.15)
VxH= joD+J (C_3.1.6)
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where E,B,D and H are the electromagnetic field vectors and J and Mare the electric and
magnetic current source vectors.

Substituting (C_3.1.2) and (C_3.1.1), in (C_3.1.5) and (C_3.1.6), respectively, we obtain
VxE=—jo[uH+ JEE]-M = jo[-uH - jEE]-M = jo[- EE— uH]-M (C_3.1.7)
VxH= jo[sE—jEH]+J (C_3.1.8)

Equations (C_3.1.7) and (C_3.1.8) can be cast in matrix form as

Vx{E}:ja{_K _H}{E}{_M} (C_3.1.9)
H e —jE|lH] |3
We denote

| ¢ —u
K = C 3.1.10
o ] c3110

and write (C_3.1.9) as

SRR

Choose a matrix

1 1
A=l | -j (C_3.1.12)
n

n

The inverse of matrix A is

-
A= 1[ _m} (C_3.1.13)
21 Jn

We can bring about diagonalization of matrix A

i.e.,
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-1 _|:k+
A"KA=
0

where

and

k_:a)(\/y_g—f):a) y{l—

where

kand » are given by

kzw\/;;

Uzﬁ
£

The right-handed (+) and left-handed () fields and currents are defined by

E, o E
E | H

0
-k

|

|

K, =a)(\/y_g+§)=a) yg[1+

S

N

jzw wE(1eE) =
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k(1+¢&,)

(C_3.1.14)

(C_3.1.15)

(C_3.1.16)

(C_3.1.17)

(C_3.1.18)

(C_3.1.19)

(C_3.1.20)

(C_3.1.21)

(C_3.1.22)

(C_3.1.23)



3 =+jM (C_3.1.24)
n

Substituting (C_3.1.13) into (C_3.1.19), we obtain

B 11~ E]_1/E-jyH (C_3.1.25)
E | 2|1 jp ||H| 2|E+jpH -
i.e.,

E. :%[E— i7H] (C_3.1.26)
E :%[E+ jnH] (C_3.1.27)

Adding (C_3.1.26) and (C_3.1.27), we get
E=E,+E_ (C_3.1.28)
Substituting (C_3.1.26) into (C_3.1.21) and (C_3.1.27) into (C_3.1.22), we get

1

~[E- jnH] -
H. :ﬂ-z—:l[HJ,E} (C_3.1.29)
n 2 n
and
.;[E+ ] qr e
H :_J—:_{H__} (C_3.130)
1 2 77
Adding (C_3.1.29) and (C_3.1.30), we get
H=H,+H_ (C_3.1.31)

Similarly, substituting (C_3.1.13) into (C_3.1.20), we get
M, __p -M _ 1 1 —jp||-M 1 M+ jnd
M_ J 211 jn || J 2| M—jnd
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M, :%[M+ i3] (C_3.1.32)
and
M :%[M ~ind] (C_3.1.33)

Adding (C_3.1.32) and (C_3.1.33), we get
M=M, +M_ (C_3.1.34)

Substituting (C_3.1.32) and (C_3.1.33) respectively into equations (C_3.1.23) and (C_3.1.24), we
get

1 .
J+=—J—=—[J——M} (C_3.1.35)
n 2 n
and
1 .
QM ar
J=+J—={J+—M} (C_3.1.36)
n 2 n
or
1]
J, :{J +—M} (C_3.1.363)
2 n

Adding (C_3.1.35) and (C_3.1.36), we get

J=J,+J (C_3.1.37)
From Equation (C_3.1.3), we get

D=¢E- j¢H (C_3.1.38)
and
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B = jfE+ uH (C_3.1.39)

By using Equations (C_3.1.21), (C_3.1.22), (C_3.1.28), and (C_3.1.31), we can write Equation
(C_3.1.38) as

D=¢E, +6E - JSH, - JCH_=¢E +¢E - Jé{] E+j— jf(—JEJ
n n

D=¢E, +¢E_- jﬁ(jij— jﬁ(—j Ej :(8+£j E, +(8—£j E_ (C_3.1.40)
n n n n

Similarly from Equation (C_3.1.39), we obtain

B=j¢E+uH=jé(E, +E_)+u(H,+H_ )= jg(E++E)+ﬂ[j 'f? _ J%]
B= jf(E++E-)+ﬂ[15— iE—j=(jé+j—“JE++(j§—j—”jE_
n n n n

B{J’?”—”j&{j&—j—”jE Z(M]E++LMJE (C_3.1.41)
n n n n

We can cast Equations (C_3.1.40) and (C_3.1.41) into matrix form as

D 8+£ g—é £
" n .
- C 3.1.42
{B} j(u+én) —i(u-<¢n) {E} (C_3.1.42)
n n

We define the right-handed (+) and left-handed () electric displacement and magnetic

flux density vectors D, and B, as

D, =¢.E, (C_3.1.43)

+

D =¢E (C_3.1.44)
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B, =uH, (C_3.1.45)

B.=uH._ (C_3.1.46)

where

g, =€ +é (C_3.1.47)
n

E =& _¢ (C_3.1.48)
n

U, =u+én (C_3.1.49)

Ho=pu—En (C_3.1.50)

Use of (C_3.1.40), (C_3.1.47), (C_3.1.48), (C_3.1.43), (C_3.1.26), and (C_3.1.44) gives

D=D,+D.

(C_3.1.51)

Use of (C_3.1.41), (C_3.1.21), (C_3.1.22), (C_3.1.49), (C_3.1.50), and (C_3.1.46) gives

B=B, +B.

(C_3.1.52)

From (C_3.1.15)

_ S ¢
K, = \/,ug[1+ EJ[H «EJ (C_3.1.53)

Equation (C_3.1.53) is rewritten as

k, =a)\/(,u+§77)[8+§j (C_3.1.54)

Equations (C_3.1.49) and (C_3.1.47) simplify (C_3.1.54) to
k, =\ u.e, (C_3.1.55)

+

From (C_3.1.16)
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(=0 J(l Ji_J[l ﬁ_] €315

Equation (C_3.1.56) is rewritten as

k_ :a)\/(,u—én)(g—gj (C_3.1.57)

Equations (C_3.1.50) and (C_3.1.48) simplify (C_3.1.57) to

k =Jue (C_3.1.58)

So far, we have formulated the values of

E..E ,H,,H ,M,,M 3,3 ,D,,D ,B,,B ,¢,¢,u and x . Now, we will formulate the values
of VxE,, VxE_, VxH, and VxH_in the following way;

From Equation (C_3.1.19), we get

E E,
{H} - A{EJ (C_3.1.59)

We now manipulate (C_3.1.11), and (C_3.1.59)

wmwx/{i: KEH‘E"} (C_3.1.60)
e el
vXAEj: KAEj{‘ﬂ (C_3.1.61)

Substituting values of A™ and A"KAfrom (C_3.1.13) and (C_3.1.14) into the above Equation
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we obtain

e s el Wl

E7 [kE “M— jn
v R I B 17 (C_3.1.62)
E | |—«E | 2/-M+jnJ

From (C_3.1.32) and (C_3.1.33),

%[—M ind]=-M, (C_3.1.63)

%[—M +jnd]=-M_ (C_3.1.64)

Substituting (C_3.1.63) and (C_3.1.64) into (C_3.1.62), we obtain

“le e

E_ -k E_ -M_

i.e.,

VxE, =k,E, =M, (C_3.1.65)
VxE =-kE -M_ (C_3.1.66)
From (C_3.1.21),

E, =—jnH, (C_3.1.67)
From (C_3.1.22),

E = jnH_ (C_3.1.68)

From (C_3.1.23),
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M, =jnd, (C_3.1.69)
From (C_3.1.24),
M_=-jnJ_ (C_3.1.70)

Substituting (C_3.1.67) — (C_3.1.70) into (C_3.1.65) and (C_3.1.66), we obtain

VxH, =k H, +J, (C_3.1.71)
and
VxH =—k H +J (C_3.1.72)

Substituting (C_3.1.67) into (C_3.1.65) and substituting (C_3.1.21) into (C_3.1.71), we obtain

VxE, =—jknH, —M, (C_3.1.73)
Kk

VxH, =j—+E, +J, (C_3.1.74)
n

Substituting (C_3.1.68) into (C_3.1.66) and substituting (C_3.1.22) into (C_3.1.72), we obtain

VXE =—jk nH —M_ (C_3.1.75)
k.

VxH =j—E +J_ (C_3.1.76)
n

Wave impedance 7, and 7_ are defined by

n, = |2 (C_3.1.77)

- &

+

Substituting (C_3.1.47) — (C_3.1.50) into (C_3.1.77), we obtain

HESn
L= ’— C 3.1.78
77, gi% ( )

Equation (C_3.1.78) is rewritten as
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(C_3.1.79)

where 7 is given by (C_3.1.18). In view of (C_3.1.18),

1 1

n

d_= - (C_3.1.80)
e Jue

Equation (C_3.1.80) reduces (C_3.1.79) to

n.=n (C_3.1.81)

Using (C_3.1.81), (C_3.1.77), (C_3.1.55), and (C_3.1.58), we cast (C_3.1.73) — (C_3.1.76) as

VxE, =—jouH, —M, (C_3.1.82)
VxH, = joe E, +J, (C_3.1.83)
VxE =—jouH, -M_ (C_3.1.84)
VxH_ =jwe E_+J_ (C_3.1.85)

Equations (C_3.1.82) and (C_3.1.83) are the Maxwell equations for the hypothetical medium
characterized by (g+, ,u+). Equations (C_3.1.84) and (C_3.1.85) are the Maxwell equations for the
hypothetical medium characterized by (g_,,u_). The electric and magnetic fields Eand H in the
chiral medium are given by (C_3.1.28) and (C_3.1.31) where E, and H, are obtained by using
vector and scalar potentials to solve (C_3.1.82) and (C_3.1.83), and E_and H_are obtained by
similarly solving (C_3.1.84) and (C_3.1.85).

The (+) subscripts appearing in all the above equations represent right-handed fields and
waves and their constitutive parameters. The right-handed fields are due to the right-handed

sources radiating into a homogeneous isotropic medium characterized by (¢,, 4, ).
The (—) subscripts appearing in all the above equations represent left-handed fields and

waves and their constitutive parameters. The left-handed fields are due to the left-handed sources
radiating into a homogeneous isotropic medium characterized by (gf,,uf).
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C 3.2 The vector potential A for an electric current source J in a
homogeneous medim

For a vector field A we will prove in the following steps that V-VxA =0; that is the
divergence of the curl of any vector field is zero.

<
<
X
>
fl_\\
R[>
2|
R
\f/
F R
> 2o <
> R~

I 1
7 N\

)22

V-VXA:2(%_%]_2(%_%j+2(%_%]
ox\ oy oz oy\ ox oz oz\ ox oy

2 62 2 2 62 2
v.uxa= A _TA TA A TA A
OX0y OXO0Z ©oyox o0yoz 010X 010y

V-VxA=0

O’A _°A A _OA g CA A

because : , =
OX0y OyOX OX0Z 010X oyoz  oroy

One of the Maxwell's equations for time harmonic fields is V-B =0 (the magnetic flux B is
always solenoidal)

Any solenoidall vector is the is the curl of some other vector. Hence
V-B=0=B=VxA (C_3.21)

We will refer to A, vector potential. A is useful in solving for the electromagnetic field generated
by a given harmonic electric currentJ. We will particularize (C_3.2.1) as

B,=uH, =VxA (C 3.2.2)

or
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H,=1VxA (C_3.23)
y7;

where subscript A indicates the field due to the A potential.

The time-harmonic Maxwell’s equations in terms of vector fields E and Hand sources (p,,J) in
a simple (linear, isotropic, and homogeneous) medium are

VxE =— jouH (C_3.2.33)
VxH=J+ jowecE (C_3.2.3b)
V.E= % (C_3.2.3c)
V.H=0 (C_3.2.3d)

Substituting (C_3.2.2) into Maxwell’s curl equation (C_3.2.3a), we obtain

VxEA:—ja)/,zHA=—ja)y[Mj=—ja)VxA (C_3.2.43)
Y7

We can write the above equation as

VxE,+ joVxA=0

or

Vx[E,+ joA]=0 (C_3.2.4b)
In general, as shown below, the curl of a gradient of a scalar is always zero.

Vx(—V¢ )=—Vx[% o, %j

ox ' oy oz
X y 2
Vx(vg)=—| L 2 2 “MMJ%MMJ(M%HO
ox oy oz o0yoz oyoz OX0Z 0OX0z OXoy  oxoy
¢, 04, 04,
x oy o
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Vx-Vg¢, =0

Furthermore, any curl-free vector is the gradient of some scalar so that (C_3.2.4b) implies that

[E, + joA]=-V¢ (C_3.2.5)
or
E,=-V@ — joA (C_3.2.6)

The scalar function ¢, represents an arbitrary electric scalar potential which is a function of position.

Taking the curl of both sides of (C_3.2.2),

we getHA=1VxA:>
y7]

UV xH, =VxVxA (C_3.2.7)
A

Now we will use the following vector identity and the above equation

VxVxA=V(V-A)-V?A (C_3.2.9)
to obtain
VxuH,=V(V-A)-V’A (C_3.2.9)

We will now use Maxwell’s Equation (C_3.2.3b) with fields subscripted with A to obtain

VxH, =3+ jocE, (C_3.2.10a)
or
VxuH, =pd+ joucE, (C_3.2.10b)

Substituting Equation (C_3.2.10b) into (C_3.2.9), we get
VxuH, = 1+ jousk, = V(V-A)—VZA
i.e.,
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W+ jousE, =V(V-A)-V’A (C_3.2.11)
Substituting (C_3.2.6) into the above equation we get

pl+ jous(-V, — jwA) =V (V-A)-V2A

ie.,

W+ joue(-Ve, — joA) =V (V-A)-V’ A= 1) -V (jouep, )+ o’ ueA=V (V- A)-V’A

or

1=V (jouep, ) +K?A=V(V-A)-V A= V A+ K A=—pJ+V (V- A+ joucg,)

or

VEA+KPA=—pd+V(V-A+ jousd,) (C_3.2.12)
where

k? = o’ us

A vector is uniguely determined by its curl and divergence . In (C_3.2.1), we specified the curl of
A . We are still free to choose the divergence of A. In order to simplify (C_3.2.12), let

1

=~ VA (C_3.2.13)
joue

V'A:_jwﬂg¢e :¢e =

which is known as the Lorentz condition. Before (C_3.2.13) is applied ¢, is arbitrary but after
(C_3.2.13) is applied ¢, is no longer arbitrary. Substituting (C_3.2.13) into (C_3.2.12), we get

VPA+K* A=~ +V(V-A+ ja)yg(—_iv-A)]:»va+ K’A=-pJ+V(V-A-V-A)
Joue

i.e.,
VPA+K? A =—1d (C_3.2.14)

Now substituting (C_3.2.13) into (C_3.2.6), we get

247



! V-A)— JoA=E, =— joA+-
wLE Joue

E,=-V¢ — joA=E, =-V(-

V(V-A)

E, = joA— -2 V(V.A) (C_3.2.15)
o

That is,

once A and ¢, are known, H,can be found from (C_3.2.2) and E, from either (C_3.2.6) or
(C_3.2.15).

3.3 The vector potential F for a magnetic current source M in a homogeneous
medium

Although magnetic currents appear to be physically unrealizable, equivalent magnetic currents arise
when we use the volume or surface equivalence theorems. The fields generated by a harmonic
magnetic current in a homogeneous region, with J =0 but M = 0 must satisfyV-D=0. Therefore
E. can be expressed as the curl of the vector potential F by

E, ——1uxF (C_3.3.1)
&

We can particularize Maxwell’s curl equation VxH=J+ jocE as

VxH. = jocE, (as J=0) (C_3.32)
Substituting (C_3.3.1) into (C_3.3.2), we get

VxH, = ja)g(—%Vij =—JoVxF

i.e.,

Vx(Hg+ joF)=0 (C_3.3.3)
Because a vector whose curl is zero can be written as the gradient of a scalar, it follows that
H.=-V¢ — joF (C_3.3.4)

where ¢, represents an arbitrary magnetic scalar potential which is a function of position.
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Taking the curl of (C_3.3.1), we get

VxE; :—EVxVxF
g

Now we will use the following vector identity to simplify the above equation

VxVxF=V(V-F)-V*F (C_3.3.5)

as

VxE, =—1[VV.F—VZF] (C_3.3.6)
&

We will now particularize the Maxwell’s equation
VxE=-M- jouH
as

VxE. =-M- jouH_ (C_3.3.7)
Now substituting (C_3.3.7) into (C_3.3.6), we get

1 2 . 1 2
VxE, =—=[VV-F-V’F |=-M- jouH, =—=[ VV-F-V°F |

& &
The above can be simplified as

; 1 2 ; 2
~M - jouH, === VV-F-V’F | = &(M+ jouH, ) =[ VV-F-V°F |
&

i.e.,
V?F+ jousH, =VV-F—eM (C_3.3.8)
Substituting (C_3.3.4) into (C_3.3.8), we get

V°F + jous(-Vé, — joF)=VV-F—eM :>V2F—V( jousg,))+ K’F=VV-F-¢M

i.e.,
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V?F +k’F = —sM +V(V-F)+V (jouss, ) (C_3.3.9)

By letting

1
joue

V-F=-joucp, = ¢, =— V-F (C_3.3.10)
and substituting the above equation into (C_3.3.9), we get

V?F +k*F =—¢M +V(V-F)+v(jwyg(—_i(v- F)D:—gM +V(V-F)-V(V-F)
Joue

ie.,
V’F+k*F =—¢M (C_3.3.11)

Now substituting (C_3.3.10) into (C_3.3.4), we get

HF=—V£— 1 V-Fj—ij:HF:—ja)FJ{_ 1 V(V-F)j

Joue Jope

ie.,

H. =—joF——Lv(v-F) (C_3.3.12)
WOUE

Once F and ¢, are known E_. can be found from (C_3.3.1) andH. from either (C_3.3.4) or
(C_3.3.12)

C 3.4 Electric and magnetic fields for electric (J) and magnetic (M) current
sources

In Sections 3.2 and 3.3 we developed equations that can be used to find the electric and magnetic
fields generated by an electric current source J and a magnetic current source M. The procedure
requires that the potential functions Aand Fgenerated, respectively, by J and Mare found first.
In turn, the corresponding electric and magnetic fields are then determined (E,,H, due to Aand
E;,H. dueto F). The total fields are then obtained by superposition of the individual fields due to

Aand F (J and M).
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In summary form, the procedure that can be used to find the fields is as follows:

Summary

1. Specify J and M (electric and magnetic current source).
2. a. Find A (dueto J )using

~jkr
A =% [ J 3 erv’ (C_3.4.1)

which is the solution of the inhomogeneous vector wave equation of (C_3.2.14)

b. Find F (dueto M ) using

~ kR

F- i w M erV, (C_3.4.2)

which is the solution of the inhomogeneous vector wave equation of (C_3.3.11).

In (C_3.4.1) and (C_3.4.2), k* =w’ue and R is the distance from any point in the source to the
observation point.

a. Find H, using (C_3.2.2) and E,using either (C_3.2.6) or (C_3.2.15).
b. Find E. using (C_3.3.1) and H. using either (C_3.3.4) or (C_3.3.12).

3. The total fields are then given by

E=E, +E, :-ja;A—wse—leF (C_3.4.3a)
&

. o1 1

E=E,+E.=—joA- j——V(V-A)-=VxF (C_3.4.3b)

ouE &

H=H,+H, _lyxa joF -V (C_3.4.49)
U

or
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H=HA+|—|FzleA—ij—jiv(v-F) (C_3.4.4b)
y7] wus

C 3.5 Equivalent representations in chiral media of equations (C_3.4.3a) and
(C_3.4.4a)

Equivalent representations in chiral media of equations (C_3.4.3a) and (C_3.4.4a), which are
reproduced below are the following equations:

Ei = EA +EF :_ja)Ai _v¢e+ _iVXFi
- &

+

H, =H, +H. =~ Vx A, - joF, -V
He

We will replace ¢,, which represents an electric scalar potential which is a function of position,

with V' and replace ¢, which represents a magnetic scalar potential which is a function of
position, with U’ and write the above two equations as

E.(r)=—joA.(r)-VV.(r)-Vx F*’g(r) (C_35.1)

Hi(f)Z—J'a)F;(r)—VU;(r)WXA;(r) (C_35.2)
My

where

(E.,H, )represents the right handed electromagnetic field in the chiral media, and (E_ H.)
represents the left-handed electromagnetic field in the chiral media.

In (C_3.5.1) and (C_3.5.2),

AL (r)= Z‘_ [3.(r)G.(r.r)ds’ (C_35.3)
T

F;(r)=ji [ M.(r)G, (r.r)as (C_35.4)
T

Vi’(r)=4; Ipei(r')Gi(r,r')ds’ (C_3.5.5)
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Ui(r)= Ipmi (r')G,(r,r')ds’ (C_3.5.6)

G.(r.r')= 1 il (C_35.7)

The electric surface charge density p,. and the magnetic surface charge density p, . are given in
termsof J,and M, as

o (r=——V"-3.(r C 3558

ei(r) j S i(r) ( — )

Yo, +(r') —_——1 V! -M+(r') (C 359)
m jo * N -

The scattering problem will be formulated with J and M as independent unknowns. For this
purpose we will substitute Equations (C_3.1.35) and (C_3.1.36), which are reproduced below

1 )
-E[MHUJ] 1 j
J+=—j—=—{]——|\/|} (C_3.5.10)
n 2 7
and
1
LM ar
J=4j&—==|J+=M (C_3.5.11)
n 2 n
i.e., substituting
10 .-
J. :—{J +—M} (C_35.12)
2 n

A IJ (r,r')ds’ _&IE{J TrlM}L(r,r’)ds’
4 2 -
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()= (L Vs 5 e (L)1 ds'
A+(r)_4ﬂ'|'2J(r)G+(r,r)ds+4EIZL7M}G+(r,r)ds

From (C_3.1.81), (C_3.1.77), we obtain

’ _/'Ii l ’ ,_/Ji 1 J ' '
Ai(r)—MJ‘ZJ(r)G (r r)ds+47rj'2 MM .(r,r')ds
&y

i.e.,
’ _,ui 1 ’ ' ' “+ 1 H 4 4
A (r) =25 [23()6. (rr)as F 2= S IM. () ds
with
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and

F.(r)= j—; M(r')G, (r,r')ds’ (C_3.5.17)

we can write Equation (C_3.5.15) as

Ag(r):%(Ai(r)Tr inF. (1)) (C_35.18)

Similarly combining (C_3.1.32) and (C_3.1.33), which are,

M. =%[|v|+ ind] (C_35.19)
1.

M. =Z[M— 3] (C_3.5.20)

as

M, :%[Mi i3] (C_35.21)

and substituting the above equation into (C_3.5.4), we get

AN - . N € 1 N e 1l N
E(r)_EI[E(Mi mJ)}Q(r,r )ds _EJEMGi(r’r )ds +EJ§(1n)JGi(r,r )ds

now substituting Equation (C_3.5.14) into the above equation, we get

(=L Vs + e (L] A Nds'
Fi(r)_4ﬁ 2MGi(r,r)ds J_r4ﬂj'2(1 . }JGi(r,r)ds
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FL(r)=

&, 1 ' vy My &y 1. ' !
47[.|'§MGi(r,r)ds, 14—( ]J‘E(J)J&(r,r)ds

a\a

i.e.,

’ _ &, 1 ' ro My 1 1. ! !
Fi(r)_EJ.EMGi(r,r )dS ia(;ij(J)JG+(r,r )dS (C_3522)

Equation (C_3.5.17) is rewritten as

F;<r>=—[a(r>i(i]Ai(r)} € 3529

where A, (r) and F,(r) are defined by (C_3.5.16) and (C_3.5.17), respectively

In a similar way , we derive the following two equations

Vi(r) =%(V+ (r)F jnu.(r)) (C_3.5.24)
and

(1) =3[ L. (0= v ) (c.3525)
where

V. ()= ; [ £.(r)G. (r,r)ds (C_35.26)
and

U.(r)=1 ; [ £ (r')G. (r,r)ds’ (C_35.27)

+

The electric surface charge density and the magnetic surface charge density are given in terms of J
and M as
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' =__vI.J '
pe(r) JCO S (r)
pu(r)==-2Vi-M(r)

m Ja) S

E, (r)=—joA, (r)=VV,(r)-Vx Fi(r)

as

and

E_(r)=—joA’ (r)-VV/(r)-Vx F'(r)

(C_3.5.28)

(C_3.5.29)

(C_3.5.30)

(C_3.5.31)

(C_35.32)

In (C_3.5.31) and (C_3.5.32), A (r), F.(r), and V/(r) are, according to (C_3.5.18), (C_3.5.23),

and (C_3.5.24), respectively, given by

L(1)=3(A. ()7 InF. (1))

Equation (C_3.1.28), reproduced below, is

E(r)=E,(r)+E_(r)

First, we substitute (C_3.5.31) and (C_3.5.32) into (C_3.5.36) to get

(C_3.5.33)

(C_3.5.34)

(C_3.5.35)

(C_3.5.36)



E(r)=—joA (1) joA” (1) -V v B0 gy vv 1)

£, &

E(r)= {ja}[A; (r)+A’ (r)]_v{ﬁ' (), F (r)}_v[v;(r)w'(r)]

Substituting (C_3.5.33) — (C_3.5.35) into the above equation, we obtain

Knowing that 7 = fﬁ = |He ”u— , We can obtain
g g, &

A AT W{Mr} A

) e

o A0 200

(C_3.5.38)
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Substituting (C_3.5.38) into (C_3.5.37), we get

E(r)=5 —Jw[A+<r>+A<r>J—v[v+<r>+v(r)]—w[E(f)f—(f)}

2 P &

+ —

-on[F (1)F ()] V[, (1)U (1] javx| 20 A0

(C_3.5.39)
Now, we expand (C_3.5.2), reproduced below,
o, , AL (r)
H, (r)=-joF (r)-VU.(r)+Vx (C_3.5.40)
He
- , A (r)
H, (r)=—joF.(r)-VU(r)+Vx (C_3.5.41)
M.
. , A’ (r)
H_(r)=—joF (r)-VU’(r)+Vx (C_3.5.42)

73

In (C_3.5.41) and (C_3.5.42), A., F,, and U] are, according to (C_3.5.18), (C_3.5.23), and
(C_3.5.25), respectively given by

AL(r) =5 (A, () I (1) (.3543)
F+’(r)=%[F+(r)i(%jA+(r)] (C_3.5.44)

A (r)j (C_3.5.45)

Equation (C_3.1.31),reproduced below, is
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H=H,+H

First, we substitute (C_3.5.41) and (C_3.5.42) into (C_3.5.46) to get

H(r):‘ijl(r)—VUl(V)NX%@_ joF’ (r)-VU’ (r)+Vx A;Er)

AL(r)

H(r)=—jco[F+'(r)+F_'(r)]+Vx{A';ir)+ = }—V[Ui(r)+ul(r)]

Substituting (C_3.5.43) — (C_3.5.45) into the above equation, we obtain
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v[;£U+(r)+;V+(r)j+;(U(r);V(r)ﬂJ (C_3.5.47)

knowing that n = \/E: ,& = /ﬂ— , we will simplify the middle two terms in (C_3.5.47)
£ g, £

Vo L4 1) 08 () |+ 2 2(A (1) inF (1)
:_jv{nz;ir)—nz;l(_r)}+Vx{i%A+(r)+i%A_(r)}

v L2 005 0) [ L2 )07 ()

u, 2 U

JVX!\/%Z(O \/zzz(r)}w[iék(rp:;A(r)}
Vx{i%(AJr)— jna(r))}v{ﬂi%(um jnF(r))}

11 y 11
2 u 2 -
F.(r) F (r) 11 11
jov {Za)\/r_Za)\/E}Lv{u_ZA (r)+z§A_(r)}
v E%(A (r)- inF (r))}v{ﬂi_(A (r)+ inF (r))}



e N (Tt (] I o 11
= jwV {21& 2 }v [ﬂ+2A+(r)+ﬂ_2A(r)} (C_3.5.48)

Substituting (C_3.5.48) into (C_3.5.47), we get
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THE FOLLOWING SET OF EQUATIONS REPRESENT THE ELECTRIC AND
MAGNETIC FIELDS OF ELECTRIC AND MAGNETIC CURRENT SOURCES

IN
CHIRAL MEDIA
£ (r)-1 —'a)[A+(r)+A_(r)}—V[V+(r)+V_(r)]—V><[F*g(+r)+Fg(_r)}

—aﬂ?[ﬁ (r)—Ff (r)]+ j77V[U+ (r)—Uf (r)]_ ja)Vx{AL(r) _ A (r)}

(C_3.5.50)
H(r)=2 —-w[a<r)+p<r>]—v[u+(r)+u(r)]w{’*;lfr)ﬁ;fr)}
+§[A+(r)—A_(r)]—%v[v+(r)—v_(r)]— jwvxmr)_ Fk(_r)}
(C_3.5.51)

Where (see (C_3.5.16), (C_3.5.17), (C_35.26), (C_3.5.27), (C_357), (C3.5.28),

and
(C_3.5.29),respectively)

A.(r) =f—;IJ(r')G¢ (r,r')ds’ (C_35.52)
Fi(r):j_;z_ (r’)Gr(rir')dS’ (C_3.5.53)

264



V. (r)= o [p.(r)G.(r,r)ds’ (C_3.5.54)
U.(1)= [ ()G (r. ) c 355
G "N _ 1 = jkyfr-r|
L(rr)= |r-—r’e (C_3_.5.56)
P, (r'):—iV’S -J(r") (C_35.57)
e Ja) _
! 1 ! !
pm(r)=—j—wvs~M(r) (C_35.58)

When the chirality { =0,

Ho=p o=

With the above substitutions (3.5.50) and (3.5.51)reduce to:

E(r)=—jcoA(r)—VV(r)—%VxF(r) (C_35.59)
H(r)=—jcoF(r)—VU(r)+iVxA(r) (C_3.5.60)

265



APPENDIX D

p =cosgk+singy ....(5)

p=cosgk+singy...(6)

—_—_— e



r=pp+122= pcosgX+ psingy +z2...(7)
r'=pp'+22=p'cosg'’X+p'singy+27.....(8)
r—r'=(pcosg—p'cosg’)X+(psing—p'sing')y+(z—7')z......(9)
=\/(pCOS¢—,0'COS¢')2+(pSin¢—p'Sin¢')2+(Z—Z')2 ...... (10)

r—r'

Figure D-1 Rectangular and Cylindrical Coordinates
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t =sinyp+cosv2
P =|p|cos g% +|p|sin gy = cos gk +sin gy
t = sinv cosgX +sinvsin ¢y +cosvz

>>

angle v

angle ¢

>

X-axis

Z-axis

¢

&

sin ¢$(+‘¢3‘ COS @Y = —sin g + coS ¢y

angle (90-¢)
; -» Y-axis

S

) angle
X-axis gle ¢

AR
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<>

—+>

y-axis

~+>

S

Figure D2 Three dimensional

directional vector relationships




From Figure D 2, we deduce:

t =sinvp+cosv?2 (D.1)
L =COS@gX+Sin gy (D.2)
t =sinvcosgX +sinvsin ¢y +cosv2 (D.3)
@ = —sin gX+Ccos ¢y (D.4)
Following the same steps as applied in the derivation of vectors t, p and ¢, we can derive the
following: t' =sinv)p’ +cosv'2 (D.5)
P =|p|cosg’k+|p'|sin @'y =cos@'X+sing'y (D.6)
t' =sinv’cosg’k +sinv’sin ¢y +cosv'2 (D.7)
@ =—|d/|sin g’k +|d| cos ¢y = —sin @' +cos ¢y (D.8)
From Figure D1, we obtain
r—r'=(pcosg—p'cosg’)X+(psing—p'sing')y+(z—17')2 (D.9)
Ir—r|= \/(pCOS¢—p'COS¢')2 +(psing—p'sin ¢’)2 +(z— z')2 (D.10)
r—r'=x(x-x)+y(y-y)+2(z-7) (D.11)
i N2 2 "2
Ir—r =\/(X_X) +(y-y') +(z-7) (D.12)

From (A.7) and (A.9), we get

A A a

X y 2
t'x(r-r)= siny'cos¢’ sinv'sin ¢’ cosv' (D.13)
(pcosg—p'cosg’) (psing—p'sing’) (z-2')

from (D.3) and (D.13), we get
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cosgsiny singsiny cosv
f—(f'x (r— r')) = sinv'cosg’ sinv'sin ¢’ cosv’ (D.14)
(pcos¢g—p'cosg’) (psing—p'sing’) (z-2')
We will expand the above matrix equation in the following steps:
f—(f’x(r—r’)) = cosgsinv| (z—2)sinv'sing’ —cosv'( psing— p'sing’) |
—singsinv[ (z—2')sinv'cos¢’ —cosv'(pcosg— p'cosg’) |
+cosv| sinv'cosg’ (psing— p'sing’)—sinv'sing'(pcosg— p'cosg’) |
t-(tx(r-r))=(z-2')sinvsinv'(sin ¢'cos g—sin gcos ¢')
+sinv'cosv(cos¢’(psin ¢—p’sin¢’)—sin¢’(pcos¢—p’cos¢'))
+sinvcosV'(—cosg( psing—p'sing'))+sing(pcosg—p'cosg')
t(tx(r-r))=(z-2)sinvsinv'(sin ¢'cos g—sin gcos ¢')
+sinV' cosv( p(sin gcos ¢’ —sin g’ cosg) + p' (sin g’ cos ¢’ —sin ¢’ cos ¢'))
+sinvcosv'(p(sin¢cos¢—sin¢cos¢)+p’(sin¢'cos¢—sin¢cos¢’)) (D.15)
f-(fx(r—r'))=(z—z’)sinvsinv’sin(¢'—¢)—psinv’cosvsin(¢'—¢)
+sinvcosV'( p'sin(¢' - 4))
f.(fx(r—r’)):(—psinv’cosv+p’sinvcosv'+(z—z’)sinvsinv')sin(¢'—¢) (D.16)
From (D.3), (D.7), and (D.12), we get
t-t' = (Xcosgsinv+ysingsinv+2cosv)-(Xsinv'cos¢’ +¥sinv'sing' +2cosv')
t-t' = cosgsinvsinv’' cos ¢’ +sin gsinvsinv'sin ¢’ +cosvcosv’
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t-t' =sinvsinv'(cosgcosg’ +sin gsing')+cosvcos V'

t-t' =sinvsinv'cos(¢ —¢)+cosvcosv’ (D.17)
From (D.4) and (D.7), we obtain

¢ = (—sin g +cosgg)-(sinv'cos g’k +sinv'sin @'y +cosv'2) =

¢?-f’ =—singsiny'cos¢’ +cosgsinv'sing’ =

-1 =sinv'(cosgsin ¢’ —sin gcos¢') =

é-t' =sinv'sin(¢' - ¢) (D.18)
From (D.4) and (D.8), we obtain

¢-¢' = (—sin gx+cosgy)-(—sin PX+Cosgy) =

¢-¢' =(—sing&+cosgy)-(~sing'X+cosg'y) =

¢3-$’:sin¢sin¢'+cos¢cos¢’:>

¢-¢'=cos(¢' - ¢) 19

Ir—r’ =\/(x—x’)2 +(y-y) +(z-2Y (D.20)
: N (o o0 .0 \edr

velrer )_[X&W&”&J ] (0.21)

And
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= T " o . (D.22)
X |r—=r X =
T [ -y a2
And
P e*iki\r*r'\ P e‘jkt[(x‘x,)z+(y—y')2+(2—2')2]%

0" o 1
I [y s ty-y )+ (2-2)

— jky|r=r'| . N2 N2 "2 % 1
0 e’ 9 [e’k{(”)+(yy) e-2] J[[(x—x’)2+()’—>")z+(z—z'ﬂ 2}]

ox' Ir—r| Y

And

RN (S Al ey 2 2 N
&W&&e [(x—x) +(y-vY') +(z—z)}

e e N
e e [y ey ey T

o Ml (—g[u—x')ﬁ(y—yoz+<z—z'>2}3<z<x—x'><—1>>]
And
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a e*jkz‘r*r"

2t [y -y -y T

o' Ir—r'| B

= ke |r—r i -r : i
0 e {1+Jk+|r r }(xx’)e'k*” (D.23)

(=]

And

o e 1t jk,Jr—r]
ox [r—r| r—rf

}(x —x')e (D.24)

Carrying out the same steps as done in the derivation of (D.23) and (D.24 ), we get
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o e 14 jk, r—r ofrr]

— = = —y)e D.25
oy =] { e |V (029
And

o e*iki\rfr" 1+ jk+|r_rr| irer]

2 =) Tl Ty _y)e ik D.26

o e 1 jk,|r-r
o r-r| s

}(z —7')e el (D.27)

Ir—r’

And

e it jkfr-r
oz |r-r| 3

}(z— z')e I (D.28)

Ir—r’

Substituting (D.23), (D.25), and (D.27) into (D.21), we get

B g

|r—r’|3 Ir—r

1+ jk, r—r

X*—S_(x—x’)+y

v, (r-r)-=

, , 1+ jk, [r—r’
VGKV‘W){W

[X(x=x)+Y(y-Y)+2(z-7)] ejkmr}

VG, ([r-r

): {1+ Jki |r— r’| (r_ r;)ejkﬂr’}

rrf

' ' 1+ jkt|r_r’| — jKy|r=r '

VG, (r-r)= —|r—r’|3 e A (r—r) (D.29)
W can write (D.29) as

V'G, (R)=G.(R)(r-r) (D.30)

where
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, 1+ kR _.
G+(R):$e iR (D.31)

In a similar way, we can derive
V’Ge(R):LHR%e‘jkeRj(r—r') (D.32)

W can write (D.33) as

V'G,(R)=G.(R)(r-r") (D.33)
where
G;(R):%eike'* (D.34)
Substituting (D.24), (D.26), and (D.28) into (D.22), we get

1+ jk [r=r|,. . N N o ikl
VG+(|rr’|)=[%J{x(xx)+y(yy)+z(zz)}e el
VG+(|r—r’)_—{—1+|Jk+|r;r }(r—r’)ejk*”' (D.35)

r-r'

From (D.29) and (D.35) , we conclude
VG, (Jr-r()=-v'G,(Ir-r) (D.36)

that is, the gradient of G, (|r—r’

) with respect to the primed variables equals the negative of the

gradient of G, (|r—r'

) with respect to the unprimed variables.

1+ jki|r—r'|e

Since the term -

o Il in (D.29) is a scalar term, hence we can write
r—r
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t-(txve,(r-r)= {M ejmr}

o7 t-(t'x(r-r)) (D.37)
substituting (D.16 ) in (D.37), we get
t-(txve, (|r—r’|)):{—1+|ik_* |rr’|3_ r] e”‘*”}(—,osin V'cosv + p'sinveosy' +(z—2z')sinvsiny)sin (¢ —¢)

(D.38)

Equations (D.8), and (D.3) are recalled as
¢'=—Xsing’ +ycos¢’ (D.39)
t=%sinvcosg+ysinvsing+2cosv ( D.40)
t-¢' =—sinvsin g’ cosg+sinvcos¢'sin g =
t-¢'=—sinv[sing' cosg—cosg'sing] =
t-¢'=—sinvsin(¢' - ¢) (D.41)
Equation (D.9) is repeated as
(r—r')=X%(pcosp—p'cosg’)+y(psing—p'sing')+2(z-2') (D.42)
¢'=—Xsing’ +ycos¢’ (D.43)

Using (D.35), (D.34), and (D.37), we get
sinvcos ¢ sinvsing cosv
f-(&;’x(r—r')) = —sing’ cos ¢’ 0
(pcosg—p'cosg’) (psing—p'sing’) (z-2')

¢ (3 .\ [(sinvcosg)cosg'(z—2")~(sinvsing)(~sing')(z—2')
.(¢ x(r—r )_ +(cosv)[ —sing'(psing— p'sing')—cos g’ (pcosg— p'cosg’) |
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’ ' sinv(z—2")[cos ¢’ cos ¢ +sin¢'sin¢|
t.(d) <(r-r )) - +c05v[—psin #'sing+ p'sin® ¢’ + p’ cos’ ¢’—pcos¢’cos¢]

N , sinv(z—2z")cos(¢'—¢)
E(§'x(r-r))= +cosv[—p(cosg cosg-+sing'sing)+ p']

s N |sinv(z=2')cos(¢'~¢)

t(¢ X(r—r ))_{+Cosv[_pcos(¢l_¢)+p!:|}
f.(&,'x(r—r’))=p’COSv—pCOSvcos(¢’—¢)+sinv(z—z')cos(¢’—¢)

f-(&)'x(r—r’)) = p'cosv —(pcosv +(z'—z)sinv)cos(¢' - ¢) (D.44)

From (D.4), (D.7), and (D.9), we derive

—sing CoS ¢ 0
sinv'cos ¢’ sinv'sing’ cosV’
(pcosg—p'cosg’) (psing—p'sing') (z-1')

p-(Ux(P-9))=

~n

¢-(f’><(f’— ?’)) =(=sing)[sinV'sing'(z—2') - (psing— p'sing’)cosV' |
—(cosg)[sinv'cos¢'(z—2')—(pcosg— p'cosg)cosv' | =
&-(’E’x(f’—f’)) =—singsinV'sing'(z—z')+sing( psing— p'sing’)cosv’

—cosgsinV'cosg’(z—2")+cos¢(pcosg— p'cosg’)cosv' =

-

&-(f'x(

—f")) =—sinV'(z-z')[singsin ¢’ +cosgcosg']+ psin® gcosv’
—p'singsin g’ cosV' + pcos® ¢cosv’ — p' CoS ¢ Cos ¢’ cosV' =
@-(Ux(F—¢"))=—sinv'(z—2")cos(¢' — ¢)+ p(sin’ g+cos’ ) cosV’

—p'(singsin g’ +cosgcosg’)cosv' =
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- ((F—#) = ~sinv (2-2)c0s(¢/~ )+ pcosy — o/ cos( - )cosv' =
§-(x(F =) = peosv+[p cosv'—sinv' (2— ') cos (¢ —¢) =
§-(/x(F ")) = peosv'+ [/ cosv'+ (2 ~2)sinv Jcos (¢~ 9)
From (D.4), (D.7), and (D.38), we obtain
—sing cos ¢ 0

$-(¢x(F-1))= —sing’ cos ¢ 0
(pcosp—p'cosg’) (psing—p'sing’) (z-17')

~sing)cosg)(2-7)]-cosg{ -sing (2~ )] =
(2-2')[sing'cosg—cos¢'sin¢| =

-)=(
)=

§'x(F 1)) =(z-2)sin(¢'~¢)=
-F))=

—(Z'-2z)sin(¢' —9¢)

Trigonometric identities:

sin(mx)sin(nx) = %(cos[(m—n)x]—cos[(m+ n)x])
sin(mx)cos(nx) = %(sin [(m—n)x]+sin[ (m+ n)x])

cos(mx)cos(nx) :%(cos[(m—n)x]+cos[(m+n)x])
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