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ABSTRACT

Let X be an algebraic subvariety of C* and X be its closure in P*. Coman-Guedj-
Zeriahi proved that any plurisubharmonic function with logarithmic growth on X extends to
a plurisubharmonic function with logarithmic growth on C” when the germs (X, a) in P" are
irreducible for all @ € X \ X. In this dissertation, we consider X for which the germ (X, a)
is reducible for some a € X \ X and give a necessary and sufficient condition for X so that
any plurisubharmonic function with logarithmic growth on X extends to a plurisubharmonic
function with logarithmic growth on C".

We also study a problem in complex dynamics. Quadratic automorphisms of C3 are
classified up to affine conjugacy into seven classes by Fornaess and Wu. Five of these classes
contain maps with interesting dynamics. For these maps, Coman and Fornzaess estimated the
rates of escape of orbits to infinity and described the subsets of C* where they occur. Using
these estimates, they constructed invariant measures for the maps in three of these classes.
By the work of Coman on the fourth class later, the dynamics of the maps from the first
four classes is completely understood. This dissertation focuses on the dynamics of maps

from the fifth class:

H(xvyaz) = (xy+azux2+by7x)7 (Z%O%b

We investigate the behaviors of H at infinity and construct a dynamically interesting closed

positive current of bidimension (1,1).
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Chapter 1

Introduction

This dissertation focuses on a problem of extension of plurisubharmonic functions and on
the dynamics of polynomial maps in higher dimensions. Although these two problems are
not directly related, some similar tools of pluripotential theory are used in working on both
of them. A main tool in the study of dynamics of polynomials in the complex plane is
Montel’s theorem, which states that a family of holomorphic maps of the unit disk to P!
which omits three distinct points is normal. In higher dimension, we do not have an analogue
of Montel’s theorem. It was first discovered by Sibony that some similar equidistributional
results for polynomials can be obtained for the maps in higher dimension using the theory
of plurisubharharmonic functions and currents. Since then, the pluripotential theory has

played an important role in the dynamical study of maps in higher dimensions.
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1.1 Extension of Plurisubharmonic Functions

An upper semicontinuous (usc) function ¢ in C" is called plurisubharmonic (psh) if the
restriction of ¢ to any complex line in C™ is subharmonic. Plurisubharmonic functions relate
very closely to holomorphic functions. For instance, if f is a holomorphic function on C",
then log |f| is a psh function. Plurisubharmonicity is a local property, hence psh functions
are defined on complex manifolds naturally. Plurisubharmonic functions can also be defined
on (possibly) singular sets. A set X C C" is called an analytic variety if it is locally the
zero locus of a finite number of holomorphic functions. In particular, if the holomorphic
functions which define the variety can be chosen as holomorphic polynomials, then it is
called an algebraic variety. Let X be an analytic variety in C". A function ¢ on X is called
plurisubharmonic if at any point z € X, ¢ is the restriction of a psh function which is defined
in a neighborhood of z in C". A plurisubharmonic function ¢ on X is in the Lelong class
L(X) if it satisfies the growth condition ¢(z) < log™ ||z|| + C for all z € X, where C is a
constant that depends on ¢.

Let P" be the complex projective space with the Fubini-Study Kahler form w. By the
maximum principle, a plurisubharmonic function on P" is constant. However there are
many functions, called quasiplurisubharmonic (qpsh), in P" which are locally given as the
sum of psh functions and smooth functions. A quasiplurisubharmonic function ¢ is called
w—plurisubharmonic (w — psh) if dd°¢+w > 0 where dd° = %85. These functions were intro-
duced by Demailly. Guedj and Zeriahi [GZ] developed a pluripotential theory on compact
Kéhler manifolds using w — psh functions. For a subvariety X C P", we define w|x— psh

functions on X, roughly speaking, as locally the restriction of w—psh functions (see Section
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2.5 for the precise definition).

Let X be an analytic variety in C". It is well know that a psh function on X extends to
a globally defined psh function on C" by the works of Sadullaev [SA] when X is smooth and
Coltoiu [CO] when X is (possibly) singular. In [CGZ, Thereom A], Coman-Guedj-Zeriahi
showed that psh functions on X extend to psh functions on C" with a global growth control.
In particular, their result implies that psh functions in the Lelong class £(X) extend to psh
functions on C" with an arbitrarily small additional logarithmic growth.

A function n € L£(C") induces a w — psh function 7 on P" (see Section 2.5 for the
definition of 77). The map n — 7 gives a one to one correspondence between £(C") and the
set of w—psh functions PSH(P",w). When X C C" is an algebraic variety, we denote by X
the closure of X in P". Similarly, a function n € £(X) induces a function 7 on X. However,
7] is not necessarily w|x-psh on X (see Section 2.5 for an example). In [CGZ, Proposition
3.1], they show that a function n € £(X) extends to a function in £(C") if and only if 7
defines an w|y-psh function on X. The same proposition also implies that if the germ (X, a)
is irreducible for every a € X \ X, then any function n € £(X) extends to a function in
L(C™).

When (X, a) is reducible at some a € X \ X, the extension of functions in the Lelong class
of X with the same growth is not guaranteed (see [CGZ, Example 3.2]). In [Y, Theorem 1.2],
we give a geometric condition saying that the extension is possible with the same growth if
and only if the irreducible components of X are linked at infinity in an appropriate sense

(see Section 3.1).

Theorem 1.1.1. Let X be an algebraic variety in C* where n > 2. Then any function in
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L(X) estends to a function in L(C™) if and only if for all a € X \ X, any two irreducible

components of the germ (X, a) are linked.

For X C C2, the intersection of two irreducible components of the germ (X, a) is given by
at most a finite set of points. Hence if (X, a) is reducible then the irreducible components of
the germ (X, a) are not linked. Therefore Theorem 1.1.1 implies that any function in £(X)
extends to a function in £(C?) if and only if the germs (X, a) are irreducible for all points
ac€ X\ X.

We prove Theorem 1.1.1 in Section 3.2. In Section 3.3, we give interesting examples
of algebraic varieties in C" and check if they meet the condition of Thereom 1.1.1 for the

extendibility.

1.2 Complex Dynamics

The dynamics of rational functions of one complex variable was first studied by Fatou and
Julia. For a rational function f : C — C, the Fatou set is defined as the largest open set
where the sequence of iterates {f"} is a normal family. The complement of the Fatou set
is called the Julia set. Most of the time rational functions have a chaotic behavior on Julia
sets and Julia sets are usually complicated fractal subsets of P!

Let us consider a polynomial p of degree d on C with complex coefficients. Let K be
the set of points in C with bounded orbit {p"(z)}. This set is called the filled-in Julia set.

The Julia set is then the boundary of K. Let €, be the Dirac measure at w. In [Br], Brolin
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showed that the sequence of measures

converges weakly to p, where p is the harmonic measure of K with respect to the point at
infinity.
In [S1], Sibony realized that this convergence can be obtained using the tools of complex

potential theory, by considering the Green’s function

1
lim — log™ [p"(2)].

o n—oo "

G(z)

Then G is a continuous subharmonic function in C with G(p(z)) = dG(z). Also K = {z €
C: G(z) = 0}, G is harmonic in C\ K and AG = u where A is the Laplacian operator and
/4 is the harmonic measure considered by Brolin.

The idea of using Green’s function inspired the study of complex dynamics in higher

dimension. The maps of the form
h(Z,U)) = (P(Z) - CLU),Z),

where P is a polynomial in C of degree d > 2 are called Hénon maps. In [BS, FS1, H], the

Green’s function of Hénon maps was defined by,

1
G*(z,w) = lim — log™ ||R*"(z,w)]].

n—oo 21
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The Green’s functions G* are continuous psh functions on C? and pluriharmonic outside of
the sets

K* = {(z,w) : B*"(z,w) is bounded},

respectively. Also KT = {GT = 0} and K~ = {G~ = 0}. The currents defined by ut =
dd°G™ and p~ = dd°G~ are supported on 9K and 0K ~, respectively. These currents define
an h—invariant (h*pu = p) measure g = pt A p~ which is supported on K+ N K.

In [S2], Sibony adopted the idea of Hénon maps from C? to C" by introducing the notion
of regular automorphism. A polynomial automorphism f of C" and its inverse f~! define
meromorphic maps of P* which are well-defined away from the indeterminacy set I (resp.
I7). An automorphism f of C" is called regular if the indeterminacy sets I and I~ of f
and f~! are disjoint. This assumption on the indeterminacy sets gives a relation between
the degree of f and the degree of f=!.

The more general class of weakly reqular automorphisms of C" was studied by Guedj and
Sibony in [GS]. Roughly speaking, these are the maps for which I and X+ = f({t = 0}\I")
are disjoint where {t = 0} is the hyperplane at infinity in P".

In [FW], the quadratic polynomial automorphisms of C? are classified up to affine con-
jugacy into 7 classes, 5 of which are dynamically interesting as they are non-linear. In [CF],
Coman and Fornaess studied these classes by estimating the rates of escape of orbits to in-
finity and by describing the subsets of C3 where such orbits occur. Using these estimates,

they construct invariant measures for the maps in some of the classes. The maps in 2 of
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these classes are the most complicated. They have the form

H4(ZL’,y7Z) = (P({L‘,y) + CLZ,Q(y) —I—x,y),

Hg,(x,y,z) = (P(l’,y) + CLZ,Q(I) + by,l’),

where max{deg(P),deg(Q)} = 2 and a # 0 # b. The complication is due to their strange
behavior at infinity. They both map {¢t = 0} \ It onto I~. For Hj, the extended indeter-
minacy set I consists of union of two lines, {t = x = 0} U {t = y = 0} and there are two
points, {[1:0:0:0],[0:1:0:0]} = IX NI, where the orbits that tend to infinity with a
slow rate may accumulate.

The dynamics of H, is explained in detail by Coman in [C]. We focus on the class Hj

and work on the maps

H: (z,y,2) = (zy +az,2* + by, x), ab # 0,

for simplicity. The iterates of H will be denoted by H"(w) = w, = (2, Yn, 2,) where

w = (x,y,z) € C>. The induced map H : P> — P3 is defined by

Hlz:y:z:t)=|zy+azt:2z®+ byt : ot : 7).

Then H is not (weakly) regular since I™ = {t = z = 0}, XT =1~ = {t = z = 0} and
XtNIt=[0:1:0:0].

In Section 4.1, we define the invariant sets K~ and U~ for H~! and prove that the orbits



CHAPTER 1. INTRODUCTION 8
H=(w) of points in U~ escape to [0: 0 : 1 : 0] with a super-exponential rate (const)?". We
also show that if the coefficient b of H has modulus |b] > 1, then the orbits H"(w) are
bounded for all w € K.

In Section 4.2, we define the H-invariant sets U and K+ = C*\ U™. Then we show that
on U™, the orbits H"(w) escape to infinity at the super-exponential rate (const)?", while on
K™ the orbits escape to infinity at a much slower rate. In the same section, we show that
unbounded orbits of points in KT can only cluster at two points at infinity, [1 : 0 : 0 : 0]
and [0 : 1:0:0]. If the orbits H"(w) of points in Kt are nearby the point [1 : 0 : 0 : 0]
for every other iterate, then the orbits escape to infinity at the highest possible rate, which

V3" and the Yo, coordinates stay bounded near 4++/—b. More precisely, we prove

is (const)!
the following in Section 4.4.
Let M, (w) = max{R, 2a|z,|, |z,|*?, L|y,|*’*}} and B(a,r) be the ball in C" with center

a and radius r > 0 which is defined by the Euclidean distance.

Theorem 1.2.1. On K if |w9,|* > My, (w) for all n then for any r > 0, yo, € B(£v—0,7)

for alln > N, for some N = N(r). Moreover H"(w) = CV3" for some C = C(w).

In [GS, Theorem 3.1], given an automorphism f of C* such that f~! is weakly regular and
I~ is f-attracting, they construct an f-invariant positive closed current o, of bidimension
(s, s) supported on FJF, where dim X~ = s—1. Using this current, a dynamically interesting
invariant measure is constructed by u = o, AT® where T_ = lim(1/d™)(f~")*w. Their results
apply to our map H only when |b| > 1, since I~ is H-attracting if and only if |o] > 1 (see
[GS, Lemma 5.4]). We also know that [T is not H!-attracting regardless of |b|. However

I"> X =1[0:0:1:0]is H '-attracting and this allows us to construct an H~! invariant
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current o of bidimension (1,1) on P? which is supported on dK-. Namely we prove the

following in Section 4.3 :

Theorem 1.2.2. There exists a closed positive current o of bidimension (1,1) on P3 such

that (HY)*o = 20 and supp o C OK .

We note here that an H~!-invariant measure can not be constructed using only the powers
of T_ since T_AT_ =0 in C? (see Section 4.3). However the H '-invariant current ¢ which

is constructed in Theorem 1.2.2 may lead to an H~'-invariant measure by wedging with 77, .



Chapter 2

Preliminaries

In this chapter, we provide some basic tools of pluripotential theory, analytic spaces and
complex dynamics which are used in the thesis. For more details of these concepts, we refer

the reader to the book of Klimek [K] and Demailly [D2], [D3].

2.1 Plurisubharmonic Functions

Let z = (z1, ..., z,) be the standard coordinates in C". The Euclidean norm in C" is defined
by

12| = (2121 + ... + 2020) Y2

Let © be an open subset of C" and let u : @ — [—00,00) be an upper semicontinuous
function which is not identically —oo on any connected component of €2. The function w is
said to be plurisubharmonic if for each a € 2 and b € C", the function A — u(a + Ab) is
subharmonic or identically —oo on every component of the set {\ € C: a + b € Q}. We

denote by PSH(S?), the set of all plurisubharmonic functions in 2.

10
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The following theorem gives an equivalent definition of plurisubharmonic functions.

Theorem 2.1.1. Let u: Q — [—00,00) be upper semicontinuous and not identically —oo
on any connected component of @ C C". Then u € PSH(Q) if and only if for each a € Q
and b € C" such that

{a+X:XeC |\ <1} CQ,

we have

1 2m )
< it .
u(a) < _27r/0 u(a + e"b)dt

It should be noted that plurisubharmonicity is a local property. Hence one can define
plurisubharmonic functions on complex manifolds in the same way. Let 2 C C" be open. If
Q # C", define

Qeo:={z€Q: dist(z,00) > €}

for e > 0. If Q = C", we set 2. = C". The following theorem shows that plurisubharmonic
functions can be approximated by smooth plurisubharmonic functions u. defined in smaller

domains €2, contained in 2.

Theorem 2.1.2. Let Q be an open subset of C", and let u € PSH(Q2). Then there ex-
ists a sequence {ucteso C C° N PSH(Q) such that u. decreases with decreasing €, and

im0 uc(2) = u(z) for each z € Q.

Note that by an example of Bedford [B], in general it is not possible to approximate a
plurisubharmonic function by smooth plurisubharmonic functions which are defined in the

original domain 2.



CHAPTER 2. PRELIMINARIES 12

The following theorem describes some properties of sequences of plurisubharmonic func-

tions.

Theorem 2.1.3. Let Q) be an open subset of C".
(i) If u,v € PSH(Q) then max(u,v) € PSH().

(i) The family PSH(S) is a convex cone, i.e. if o, B are non-negative numbers and u,v €

PSH(QY), then au + fv € PSH().

(111) If Q2 is connected and {u;}jen C PSH(Q) is a decreasing sequence then u = lim;_, u; €

PSH(Q) or u = —oc.

(iv) Let {untaca C PSH(Q) be such that its upper envelope u = SUpyecqUa @5 locally
bounded above. Then the upper semicontinuous regularization u* is plurisubharmonic

in ), where

u*(y) = limsupu(z), y e
zEQ

Two psh functions can be glued together to produce another psh function as follows.

Proposition 2.1.4. Let 2 be a domain in C* and V' C Q be an open subset. If u € PSH(Q),

vePSH(V), and

limsupv(z) < u(y), y € 0VNQ,

Z*)y
zeV

then

max{u,v} inV

u in Q\V
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18 plurisubharmonic in €.

2.2 Currents

Let 2 be an open set in C™. By DP4(2) we denote the space of compactly supported smooth

forms of bidegree (p,q). Any such form can be written as

o= budzndz,

[I|=p,|J]=q

where dz; = dz;, N ... Ndz;, with 1 <4y < ... <14, < nand dz; = dz; A ... A dz;, with
1 <ji <..<j, <n. A continuous linear functional on the space DP4(2) is called a current
of bidimension (p,q) ( or bidegree (n — p,n — q)). The space of all currents is denoted
by D, (). A current S € D, (€2) can be represented as a differential form of bidegree

(n — p,n — q) with distributional coefficients:

S = Z S[/”]/dz_[/ ANdzy.

|[I'|=n—p,|J' |=n—q

The differential operators d and d° are defined by

where

ou = Z g—:jdzj and Ju = %dfj, for u e CHQ).
J

0z;
j J
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Note that

dd® = —00

and if u € C*(2), then

———dz; NdZ
Z &zjazk % 1 0%

If S is a current of bidimension (p, p), then the currents dS, d°S are defined by

(dS,¢) = — (S,d¢) and (d°S.¢) = — (S.d") .

So (dd°S, ¢) = (S, dd°e) .

A current S of bidimension (p, p) is called positive if for each test form
¢ =iay ANag A ... Ny, A @,

we have < S, ¢ > > 0, where a;; € D'O(Q).
For u € PSH(Q) and ¢ € D" 5"1(Q) we have that dd°u is a current of bidegree (1, 1)

and

ddu(yp) :/Quddc(cp).

Theorem 2.2.1. Ifu € PSH(QQ), then dd°u is a positive current of bidegree (1,1). If S is
closed positive current of bidegree (1,1), then for every zy € ) there exists a neighborhood U

of zg and a plurisubharmonic function u in U such that dd‘u = S in U.

Let M and N be complex manifolds of dimension m and n respectively. Let f: M — N

be a smooth map and S be a current of bidimension (p, p) on M. Suppose that f is a proper
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map on the support of S, that is, for any compact subset X of N, f~1(X) N supp S is

compact. The pushforward f,S of S is defined by
< [ S, >=< S, f*¢ >, ¢ € D*P(N).

Let f: M — N be a smooth submersion. The map f, : D"~ P™~P — D" PP ig defined
by

< fub, o >=<, f*¢ >, Y € D"PTP(M), ¢ € DPP(N).

Then the pullback f*S of a current S € D, (N) is defined by the formula

n—p,n—p

< frS ) >=< S, fub >, € DTPMTP(M).

Let M be a Kahler manifold with Kahler form w. For a positive current S of bidimension

(p,p) on M, the trace measure of S is defined by

Then the mass of a current S over a compact set K C M is

D
mK:/SAi
K

p
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When M is compact we denote the total mass of the current S by

p
1S]| = /S/\ =
o

Let P* be complex projective space and 7 : C**1\ {0} — P* be the canonical projection.
Let S be a closed positive current on P* of bidegree (1,1). Since 7 is a submersion, we can
consider the pull back 7*S and extend it to C*™1. By a theorem of Skoda [Sk], 7*S is a
closed positive (1,1) current in C***. Then there exists a unique plurisubharmonic function
u such that ddu = 75, u(Az) = clog|A| + u(z) and ||S|| = ¢ for some ¢ > 0 and for all
A € C (see [FS2] for details). This u is called the potential of the current S.

Let f : P¥ — P* be a dominant rational map and S be a closed positive (1,1) current
on P* with the potential u. Then there exists F' = (Fy, ..., F},), where ijs are homogeneous
polynomials of degree d on C**!, which represents f, that is, 7 o F' = f o w. We define f*S
by

7 (f*S) = dd°(uo F).

Then f*S is a closed positive (1,1) current on P* with potential u o F' and
LS| = dl[S]]-

Let S be a closed positive current of bidimension (p,p) in an open set 2 C C™. Let
8= 5>, dz Adz; denote the standard Kéhler form on C™. The trace measure |S| of S is
defined by

1
S| = S A8



CHAPTER 2. PRELIMINARIES 17

If u is a locally integrable psh function with respect to the measure |S| then the product uS

is a current on (2. In this case the exterior product of currents is defined by

dd°u N\ S = dd°(uS).

This is a closed positive current of bidimension (p — 1,p — 1) in Q. In particular when w is
locally bounded, the exterior product dd‘u A S is defined for all S. dd‘u A S can also be
defined in more general settings when « is not locally bounded below everywhere (see [D2]

for more details).

2.3 Complex Analytic Sets

An analytic set is a set which can be defined locally by the zero locus of finitely many
holomorphic functions. Complex submanifolds can be considered as examples of analytic
sets. However, not all analytic sets are complex manifolds as they may have singularities.
Here we will give some basic properties of analytic sets. For a more detailed discussion, we

refer to the book of Gunning [G] and Demailly [D2]

Definition 2.3.1. A holomorphic subvariety X of an open set U C C™ is a subset X C U
with the property that for each point € U there exists an open neighborhood U, of x in U

and finitely many holomorphic functions fi, ..., f,;, in U, such that

XNU,=4{2€U,: fi(z) =...= f(2) = 0}.

The functions fi, ..., f,, are called local defining functions of X. X is called an algebraic
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subvariety if polynomials can be chosen as defining functions.

Let us state some basic properties of analytic subvarieties.

Theorem 2.3.2. Let U be an open subset of C".

(i) Union and intersection of two analytic subvarieties of U are also analytic subvarieties

of U.

(i1) A proper analytic subvariety of an open set U C C is discrete.

(11i) A proper analytic subvariety X of U is nowhere dense in U. U \ X is connected if U

18 connected.

We will focus on local properties of analytic subvarieties. Let X; and X, be two analytic
subvarieties of open neighborhoods U; and U; of a point x € C". X; ~ Xj if there is a
neighborhood V' of x such that V' C Uy NU; and X; NV = Xy, NV. This is an equivalence
relation and an equivalence class is called a germ of an analytic subvariety at the point x.

A germ X at x will be denoted by (X, x).

Definition 2.3.3. A germ (X, x) is said to be reducible if it has a decomposition (X, z) =
(X1, 2) U (Xs, x) where the germs (X, z) # (X, ), j = 1,2. A germ is irreducible if it is not

reducible.

Let (X, z) be a germ of an analytic subvariety of U C C". We denote by Jx . the ideal of

the ring Oy, (germs of holomorphic functions on U at x) which vanish on the germ (X, x).

Proposition 2.3.4. A germ (X, x) is irreducible if and only if Jx . is a prime ideal of the

ring Ou,z.
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The ring Oy, is Noetherian, i.e. every ideal J of Oy, is finitely generated. The following

theorem is a consequence of this fact.

Theorem 2.3.5. Any germ (X, x) of an analytic subvariety has a unique finite decomposition

where the germs (X, x) are irreducible and (X;,x) ¢ (Xg, x) for j # k.

Definition 2.3.6. Let X be an analytic subvariety of an open set U C C" and z € X. x is
called a reqular point if X NV is a complex submanifold of V' for some neighborhood V' of
x. x is singular if it is not regular. The set of all regular (singular) points will be denoted

by Xyey (Xsing), respectively.

It follows from the definition that X,., is an open subset of X. Hence X, a closed

subset of X. Connected components of X,., are complex submanifolds of U \ Xi,.

Proposition 2.3.7. If (X, x) is irreducible, there exist arbitrarily small neighborhoods V' of

x such that X,., NV is dense and connected in X N'V.
This proposition enables us to define the dimension of a germ of an analytic variety.

Definition 2.3.8. The dimension of an irreducible germ of an analytic variety (X, x) is
defined by

dim(X, z) = dim(X,¢,, x).

If (X, z) has several irreducible components (X, z) then we define

dim(X, z) = max{dim(X;, )}, codim(X,z) =n — dim(X, z).
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An analytic variety of codimension 1 is called hypersurface. Let (X, z) be an irreducible
hypersurface. Then (X, z) is defined by the prime ideal Jx, = (f) for some irreducible
f € Ocn ;. In other words, an irreducible hypersurface is given locally by the zero set of a
single irreducible holomorphic function. More generally, any hypersurface is given locally by
the zero set of a holomorphic function.

Next we state the Weierstrass preparation theorem (WPT) which is a very useful tool in
the study of several complex variables. A Weierstrass polynomial is a polynomial in z, of
the form

20 e ()2 L+ ()

where the coefficients ¢;(z’) are holomorphic functions of 2’ = (z1,...,2,-1) on some small
polydisc in C"! vanishing at the origin. We will use WPT to write down a hypersurface

locally as the zero set of a Weierstrass polynomial.

Theorem 2.3.9 (Weierstrass preparation theorem). Let f be a holomorphic function on a
neighborhood of 0 in C™. Assume that f(0) = 0 and f # 0. By change of coordinates, we may
assume that f(0,...,0, z,) #Z 0. Then there exists a unique Weierstrass polynomial g,/(z,) =

g(Z', z) and a holomorphic function h on some polydisc contained in the neighborhood of 0

such that f = gh and h(0) # 0.

It follows from WPT that any Weierstrass polynomial can be written as a product of
irreducible Weierstrass polynomials. It also follows that if g is irreducible as a Weierstrass
polynomial, then it is irreducible as an element of Ogn g.

Let (X,z) be an irreducible hypersurface defined by f € Ocn,. By the Weierstrass

preparation theorem, f = gh for some Weierstrass polynomial g and a holomorphic function
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h defined locally near z with h(z) # 0. Thus the germ (X, z) can also be defined by the
Weierstrass polynomial g. This helps us to study the irreducible components of the germ
(X, z) as these components are defined by irreducible factors of g which are also Weierstrass

polynomials.

2.4 Plurisubharmonic Functions on Analytic Spaces

Definition 2.4.1. Let X be an analytic subvariety of C". A function ¢ : X — [—00, +00)
is called plurisubharmonic (psh) if ¢ # —oo on any open subset of X and every point z € X

has a neighborhood U in C" so that ¢ = u|x for some psh function u on U.

In [FN, Theorem 5.3.1] they prove that psh functions on an analytic variety can also be

defined as follows.

Theorem 2.4.2. Let X be an analytic subvariety of C*. An usc function ¢ : X —
[—00, +00) is psh if and only if for any holomorphic map f of the unit disc A C C to

X, ¢o f is subharmonic or ¢p o f = —o0.

Using this description of psh functions, Demailly [D3, Theorem 1.7] proved the following

extension result.

Theorem 2.4.3. Let X be a locally irreducible analytic variety and'Y be an analytic subset
of empty interior in X. Let ¢ be a psh function on X \'Y which is locally bounded above

near Y. Then there exists a unique psh function ¢* on X extending ¢, given by

¢*(y) = limsup ¢(z), yeY.
XeX\Y,z—y
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Let ¢ be a locally integrable function on X with respect to the area measure given by
the restriction of 57 /p! to the irreducible components of X of dimension p. Then ¢ is called
weakly psh if ¢ is locally bounded above and dd‘¢ > 0 on X,.,. A weakly psh function on
X is not necessarily equal almost everywhere to a psh function on X. For example, we take
X : 2120 = 0 in C? and define ¢ on X by ¢(21,0) = 1 and ¢(0, 25) = 0 if 29 # 0. Tt is clear
that ¢ is weakly psh on X, however by Theorem 2.4.2 and the maximum principle, there is
no psh function on X which is almost everywhere equal to ¢.

We have the following characterization of weakly psh functions due to Demailly [D3].
Theorem 2.4.4. For ¢ : X — [—00,00), TFAE:

(i) ¢ is weakly psh on X.

(i1) ¢ coincides almost everywhere with a psh function ¢, on X,., and ¢, is locally bounded

above near each point on Xgipng.

2.5 w-plurisubharmonic Functions on P”

We denote by P" the complex projective space and consider the standard embedding

z2€C"—[1:2] P,

where [t : z] denotes the homogeneous coordinates on P™. Let w be the Fubini-Study Kéahler
form on P" with the potential function p(t,z) = log\/[t|? + ||z||?, that is, T*w = dd
where m : C"™' \ {0} — P" is the canonical map. We call ¢ a quasiplurisubharmonic

(gpsh) function in P™ if ¢ is locally the sum of a psh function and a smooth function. Let
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L' (P, [—00, +00)) be denote the integrable functions on P with respect to the measure w”.

Then the class of w- plurisubharmonic (w — psh) functions on P” is defined by

PSH(P",w) = {¢ € L'(P",[~00,+0)) : ¢ qpsh, dd°¢ +w > 0}.

The following theorem gives some basic properties of w — psh functions. These are the

consequences of the properties of psh functions. For details, we refer [GZ].
Theorem 2.5.1.
(i) If u,v € PSH(P",w) then max(u,v), “*, logle* 4 €"] € PSH(P",w).
(11) If {u;}jen C PSH(P™, w) is a decreasing sequence then u = lim;_,o u; € PSH(P", w)
or u = —0o0.

(111) If {u;}jen C PSH(P", w) is an increasing and uniformly bounded above sequence then
the upper semicontinuous reqularization u* of u = limu; is w — plurisubharmonic in
P".
By L(C") we denote the Lelong class of psh functions ¢ on C" which verify ¢(z) <
log™ ||z|| + C for all z € C*, where C'is a constant that depends on ¢.
The following theorem shows that there is a one-to-one correspondence between the
Lelong class £(C™) and PSH(P",w). Although this is a folklore result, we provide a proof

of it here for the convenience of the reader.

Theorem 2.5.2. The mapping

F: PSH(P",w) — L(C"), F(¢)(2) = p(1,2) + ([1 : 2]), (2.1)
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is well defined. Its inverse F~': L(C") — PSH(P",w) is given by F~'(n) = 1, where
77(2)—0(172) ift =1,

([t : z]) =
Hm supens e s0.2 (1(¢) — p(1,¢)) if t =0.

Proof. Let ¢ € PSH(P™, w). Since ¢ is usc and P" is compact, ¢ is globally bounded above.

Thus F'¢ has logarithmic growth. F'¢ is usc since ¢ is usc. We also have

dd*(Fp(z)) = dd*(¢([1 : 2]) + p(1,2)) = dd°¢ + w > 0.

Hence F(¢) € L(C™).
Conversely, let n € L£(C"). We will show that 7 € PSH(P",w). Let a € {t # 0} C P™.

Near a, 77 is given by the gpsh function 7(z) — p(1, z) and

dd‘n+w = dd°(n(z) — p(1, 2)) + w = ddn(z) > 0.

Thus 7 is w-psh in {t # 0} C P™.
Let a be point in the hyperplane at infinity. Without loss of generality, we may assume
thata=[0:1:0:...:0]. Let U, ={[t: 1: 22 :...:2,] € P": |t| < 1} be a neighborhood of

a contained in the chart {z; # 0} C P". In the neighborhood U,, 7 is given by

n(t, 1,29, ..., 2n) — p(t, 1, 29, ..., 2n) ift #£0,

([t : 2]) =
Hm sup oy spcj—o:) (1(E: €) — p(¢,C)) if t = 0.
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We construct

B, 20, 20) = plt 1, 20, 20) + Llog ] [£: 2] € U\ {t = 0},
([t 2]) =
—00 if [t:2z2]eU,N{t=0}.

Then 7, is an increasing sequence of w-psh functions in U, which is uniformly bounded above

and

Jim ([t 2 2]) = n(t,2) = p(t, 2) in Ua \ {t = 0}

Thus (limy_eo ([t : 2]))* =7 in U,. By Theorem 2.5.1 (iii), 7 is w-psh in U,,.

]

Let X be an algebraic subvariety of P”. An usc function ¢ : X — [—00,+00) is called
w|x— psh if ¢ # —oo on any open subset of X and if there exist an open cover {U;};cr of
X in P™, psh functions ¢; and p; defined on U; where p; is smooth and dd®p; = w, so that
pi + ¢ = ¢; holds on X NU; for all i € I. The class of w|y— psh functions on X is denoted
by PSH(X,w|x).

We will say a function ¢ : X — [—o00,00) is weakly w|x-psh if it is bounded above on X
and it is w|x,., — psh on the set X, 4 of regular points of X. This definition is analogous to
weakly psh functions which are defined in the previous section.

Let X be an algebraic subvariety of C". We define the Lelong class £(X) in a similar way
as we define £(C"). By X we denote the closure of X in P" so X is an algebraic subvariety of
P, Tt is natural to ask if there is a correspondence between £(X) and PSH (X, wl|) like the
one between £(C") and PSH(P", w). However the map F : PSH(X,wl|x) — £(X) which

is defined similarly as in (2.1) is not necessarily surjective. In fact any n € £(X) induces an
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usc function

n(z) — p(1, z) ift=1z¢€X,
e #)) = 2.2
Hm sup y s 1:¢1 0.2 (M(C) — p(1,C)) if t =0,

on X. However 7 is not necessarily w|sx — psh on X. It is in general only weakly w|s-psh.

For example, let X = {y =0} U{y =1} C C? and n(x,y) be defined by

p(1, z) if z = (z,0)
n(z) =
p(L2)+1 i 2 = (2,1)
where z = (x,y). Then 7 is psh on X and it has a logarithmic growth on X. Hence n € L(X).
Note that X = X Ua C P2, a = [0: 1:0]. For the induced function 7, we have that 7j(a) = 1

and ([t : x : 0]) = 0 when ¢ # 0. Then (7 + p)(a) =1, (7 + p)([t : 2]) = 0 on the line

{y = 0} C P? near a and hence the subaverage inequality fails for 77 + p near a on {y = 0}.

2.6 Dynamics of Polynomial Automorphisms of C*

2.6.1 Regular Polynomial Automorphisms of C*

Let f = (fi, fo, ..., fx) be a polynomial automorphism of C* of degree d = max;(deg f;). By
homogenizing the polynomials f;, f defines a map f = [F} : ... : F}, : t9] : P¥ — P* where
[21 1 ... : 2, : t] are the homogeneous coordinates of P* and Fj(z,t) = tf;(2/t). For simplicity,
we will use f for f. The extended map f of P* is not defined on the indeterminacy set I =

7(F~1{0}) where F = (Fy, ..., Fi, t) is the map from C**! to C*** and 7 : C*1\ {0} — Pk
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is the canonical map.

A rational map f : P*¥ — P* is called algebraically stable if there does not exist any
integer n and a hypersurface V' C P* such that all the components of F™ are zero on 7= (V).
For an algebraically stable map f of degree d, f™ has degree d" (see [S1, Proposition 1.4.3]).

An automorphism of CF is called regular if I* NI~ = () where IT and I~ denote the
indeterminacy sets of f and f~'. Regular maps are algebraically stable. Indeed, f({t =
0} \ I") C I~ for any polynomial automorphism f of C*. If f is regular, then no points in
{t=0}\I" can be sent to IT as It NI~ = 0.

As examples of regular automorphisms of C?, we consider the Hénon maps:

f(z,y) = (p(z) + ay, ),

where p is a polynomial of degree d > 2 and a # 0. The extension of f to P? is given by
flz:y:t) = [tdp (%) + aytd s ptdTt gl

and the inverse is given by

(- (2)) ]

SN

Py = [

Then the indeterminacy sets of f and f~! are two points, T =[0:1:0/and I~ =[1:0:0].

Hence f is a regular automorphism of P2. Any automorphism of C? is either conjugate to a
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finite composition of Hénon maps or elementary maps of the form

e(z,y) = (azx + p(y), by + ¢),

where p is a polynomial of degree d > 2 (see [FM]). Elementary maps have simple dynamics,
thus Hénon maps play an important role in the study of the dynamics of polynomial au-
tomorphisms of C2. Hénon maps were studied extensively in the papers [BS],[FS1],[H] and
[HR).

Regular automorphisms were first introduced by Sibony as a generalization of Hénon
maps in the higher dimensions C*, k > 2, and studied in [S2]. A subset X of C* (or P¥) is
said to be attracting for f if there exists a neighborhood U of X such that f(U) € U and

X =Ny>of"(U). We define the set of points with bounded orbits by
Kt ={z¢cC": f*(z) is bounded},

and denote the complement by Ut = C*\ K*. K~ and U~ are defined similarly for the

inverse map f~!. The Green’s functions for f and the inverse f~! are defined by

G*(2) = lim - log™ | "(2)],

and

1 o
G~ (2) = lim o log® |f7"(2)],

where d and d_ are the degrees of f and f~'. In [S2, Proposition 2.2.6], Sibony showed
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that for a regular automorphism of C*, G* are continuous in C* and K+ = {GT = 0},

K~ ={G~ =0}. The closures K+ and K~ of K and K~ in P* satisfy

KtcKtUultand K- c K- UIl".

Moreover, IT is attracting for f~! and I~ is attracting for f.
Let f be an algebraically stable polynomial automorphism. A decreasing sequence {X}

of analytic sets is defined by

Xy = F{E = O]\ I), o X, = F(X A\ ).

This sequence is stationary as it is decreasing. We denote the limit set of the sequence {X;}
by Xt = X, for some s. Note that X # () since f is algebraically stable. X is contained

in ™.

Proposition 2.6.1. [S1] Let f be a regular automorphism of C*. Then X is f-attracting.
If X7 is a point, then G is pluriharmonic in UT and the Green’s current T, := dd°G™ is

supported on OK™.

Let us consider the induced meromorphic map f by f in P*. We will still denote f by f.
f is called dominant if the Jacobian J(f) is not identically zero. The Green’s current T of

f in P* is defined by the following theorem.

Theorem 2.6.2. [S1] Let f be a dominant and algebraically stable meromorphic map of

degree d onP*. The sequence of currents { 2 (f")*(w)} converges to Ty and f*(Ty) = d-T,.
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For a polynomial automorphism f of C*, d < (d_)*~! where d and d_ are the degrees of
fand f~1. (see [S1, Proposition 2.3.1] ). When f is regular, we have a more precise relation

between the degrees of f and f~!.

Proposition 2.6.3. [S1] Let f be a reqular automorphism of C¥. Then

dl — (d,)k‘*l

where dim It =k — 1 — 1. Moreover, dim I +dim I~ = k — 2.

Let f be a regular automorphism of C*¥ with dim I* = k — [ — 1. Since the potential of
the current 7', is locally bounded outside I*, the currents Ti are well-defined for 7 <1+1
by [S1, Theorem A.6.4]. Similarly, the currents Tj_ are well-defined for j < k — 1+ 1 as the

codimension of I~ is k — [ 4+ 1. Then an f-invariant measure p in C* is defined by

p=T. AT

Indeed, f*u = f*Tl+ A FT = lefr A (d_—ﬁk_lTl_“’l = .

2.6.2 Weakly Regular Automorphisms of C*

A polynomial map f of CF is called weakly regular if X+ N I = (). This definition was
first introduced by Guedj and Sibony in [GS]. Note that X* C I, hence regular maps
are weakly regular by definition. The Green’s function G and the Green’s current T, are
defined similarly as in the case of regular maps. Let UT = {z € C* : f*(2) — X*} be the

basin of attraction of X+, K+ :=Ck\ UT, K+ = {2z € C¥: f*(2) is bounded} C K.
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Theorem 2.6.4. [GS] Let f be an automorphism of C* such that f=1 is weakly reqular and

I~ is an attracting set for f. Then K~ = K~ = {2 : G~ (2) =0} and K+ = C*\ B(I~) where

B(I7) is the basin of attraction of I~. Moreover, K n {t=0} =X~ =0K*Tn{t=0}.

In [GS], with the same assumptions as in Theorem 2.6.4, they construct an f-invariant

current of bidimension (s, s) supported on FJF, where dim X~ = s — 1.

Theorem 2.6.5. [GS] Let f be an automorphism of C* such that f=' is weakly regular
and I~ is an attracting set for f. Then there is a positive closed current og of bidimension
(s,s) supported on K" which satisfies f*o, = d* o, and llos|lpr = ||os||cx = 1. Moreover, if

d* > d57 ) then

1

dﬁs (fn)*(wkfs) - 0,

in the weak sense of currents, where w is the Fubini-Study form on P*.

Using the current oy, an f-invariant measure supported in the compact set K = {z :

(f™(2))2_, is bounded} can be constructed by p:=os AT* (see [GS, Theorem 4.1]).

2.7 Quadratic Polynomial Automorphisms of C?

Quadratic polynomial automorphisms of C* have been classified up to affine conjugacy into
seven classes by Fornaess and Wu [FW]. Two of these classes consist of affine automorphisms

and elementary polynomial automorphisms

E(z,y,2z) = (P(y,2) + ax,Q(2) + by, cz + d),
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where P and @) are polynomials with max{deg(P),deg(@)} = 2 and abc # 0. These maps
have simple dynamics as they reduce to two dimensional maps (see [FW]). The other five

classes are given by

Hy(z,y,2) = (P(z,2) + ay, Q(2) + v, cz + d)
Hy(z,y,2) = (P(y, 2) + ax, Q(y) + bz, y)
Hs(x,y,2) = (P(z,2) + ay, Q(z) + z,x)
Hy(z,y,2) = (P(z,y) +az,Qy) + z,y)

H5($7y72) = (P(.%‘,y) + aQO(x) + by,l‘)

where P and @) are polynomials with max{deg(P),deg(Q)} = 2 and abc # 0.

Note that some of these automorphisms are not regular. In [CF], Coman and Fornaess
studied the dynamics of maps from these five classes. For all these classes, they construct
the set U™ of points whose orbit escapes to infinity at the highest super-exponential rate
(const)?". In contrast to regular maps, the set K= = C3\ U" does not consist only of points
with bounded orbits. The Green’s functions G* are pluriharmonic in U* and K* = {G* =
0}. Hence the Green’s currents u* = dd°G* are supported on dK=. For these maps, it
is impossible to construct invariant measures using only the currents py* as in the case of
regular maps, since u™ Aput = = Apu~ = 0. For some of these maps deg H = 2, deg H! = 3
and hence H*pt = 2u* and H*p~ = 3. In [CF] for the first two classes Hy and Ha, they

construct an invariant measure by wedging u* A p~ with a current of integration along a
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hypersurface whose intersection with K™ N K~ is H-invariant.

To understand the dynamics of these maps, one looks at their behavior at infinity {¢t = 0}.
For the maps in Hy, Hy and H3, the second iterate H% maps {t = 0}\ /™ to a single point. The
maps in Hy and H; map {t =0} \ I onto I~. Hence their dynamics are more complicated
than that of the maps in the first three classes.

In [C], Coman described the dynamics of the automorphisms of the form H, in detail.
For the maps in class Hy, there is a subset BT C K™ of points with orbits converging to
[1:0:0:0] at infinity with a rate of (const)®?". B¥ is an open set in K+ however it has
empty interior in C3. Points in the complement K, = K\ BT have bounded orbits. In the
other words, orbits of points in K are either bounded or escape to [1 : 0 : 0 : 0] with the

rate (const)®?". The partial Green’s function

o) = Tim (2 tou* 10

is well-defined for w € K+ and K,” = {g = 0}. The function g is continuous on K" hence

the probability measure
p=dd°g At ApT = dd(gpt ApT)

is well-defined. Moreover, p is supported in K;” N K~ and p is H-invariant. Indeed,

3 1
H' = H*(dd"g) NH™ (") NH (7)) = Sdd°g A 2p" A o™ = g

since g(H(w)) = 2g(w).
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In this thesis, we will focus on the maps of the form Hjs. For simplicity, it suffices to
consider

H(z,y,2) = (vy + az,2° + by, z)

where a # 0 and b # 0. The induced map H : P> — P3 is defined by

Hlz:y:z:t)=|zy+azt:2z®+ byt : ot : 7).

Then H is not (weakly) regular since I™ = {t = z = 0}, XT =1~ = {t = z = 0} and
XtNIt=[0:1:0:0.X" =[0:0:1:0] hence H* is weakly regular and I~ is H-
attracting if and only if [b] > 1 by [GS, Lemma 5.4]. Therefore Theorem 2.6.5 applies to H
only when |b| > 1 and we can construct an invariant measure for H in this case. In [CF], they
construct the sets K+ and U* for Hs. We have the growth estimate ||H™(w)|| < C(w)V®"
for orbits of the points in K. Exact growth on K is not known. There are two points at
infinity, [0:1:0:0] and [1 : 0 : 0 : 0] at which orbits of points in K™ may accumulate.

Hence it is difficult to make a filtration of K as in case of Hjy.



Chapter 3

Extension of Plurisubharmonic

Functions in the Lelong Class

3.1 Introduction

Let X be an algebraic subvariety of C* for n > 2. By X we denote the closure of X in
P" so X is an algebraic subvariety of P". A psh function 1 with logarithmic growth on X
(n € £(X)) induces an usc function 7 on X by

(2) — p(1,2) ift=1,2¢€ X,
([t z]) = ! ’ (3.1)

lim Suan[l:C]—ﬂO:z](”(C) - p<17 C)) ift= 07

As we discussed in Section 2.5, 7] is not necessarily w|g — psh on X. It is in general only
weakly w — psh, that is, it is bounded above on X and w|x: — psh on X,, where X, is the

regular part of X.

35
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We denote by L£,(X), where 7 is a positive constant, the Lelong class of psh functions on
X which verify ¢(z) < ylog™ ||z]|+C for all z € X, where C is a constant that depends on ¢.
For an analytic subvariety X C C" [CGZ, Theorem A] implies that any function ¢ € £(X)
has an extension in £,(C") for every v > 1. In [CGZ, Section 3] the question whether this
additional arbitrarily small growth is necessary on an algebraic variety to have an extension
is addressed. More precisely, is every psh function with logarithmic growth on an algebraic

variety X C C™ the restriction of a function in £(C")? The following is proved.

Proposition 3.1.1. [CGZ] Let X C C" be an algebraic variety and n € L(X). The following
are equivalent:

(i) There exists 1 € L(C") so that ¢ =n on X.

(i) 7 € PSH(X,w|%).

(iii) For every point a € X \ X, the following holds: if (X, a) are irreducible components of

the germ (X, a), then the value

limsup (n(¢) — p(1,¢))

X;3[1:«(]—a

1s independent of j.
In particular, if the germs (X,a) are irreducible for all points a € X \ X then L(X) =

L(C)[x.

Here we consider the converse of the last statement : If X is such that the germ (X, a)
is reducible for some a € X \ X, then is there always a function in £(X) which does not
extend to a function in £(C")? That is, is the inclusion £(C")|x € L(X) strict?

We need to give a definition before we state our main result answering the above question.
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Let X, be the irreducible components of the germ (X,a). We will say that X; and X;
are linked if there exist some irreducible components X;, s such that all the intersections
X,nX;, NnC", X;, nX;,NC",..., X;,, N X; NC" have positive dimension. Now we can state

our main result.

Theorem 3.1.2. Let X be an algebraic variety in C* where n > 2. Then any function in
L(X) extends to a function in L(C™) if and only if for all a € X \ X, any two irreducible

components of the germ (X, a) are linked.

The proof of this theorem will be given in Section 3.2. In Section 3.3, we will consider some
well known examples of algebraic varieties X and check whether our condition in Theorem
3.1.2 holds for X, hence whether £(X) = L£(C")|x. In cases where L(X) # L(C")|x we
will construct a function n € £(X) which has no extension in £(C"). By [CGZ, Theorem
A] we know that there is an extension of 1 in £,(C") for all v > 1. Here we give such an
extension of n explicitly. In Example 3.3.1 and Example 3.3.2, we have smooth varieties of
P". Therefore for all @ € X \ X, the germ (X, a) is irreducible and £(X) = £(C")|x by
Proposition 3.1.1. In Example 3.3.3 and Example 3.3.4, the germ (7, a) is irreducible for
any singular point @ € X \ X. Thus by Proposition 3.1.1, £(X) = £(C")|x. In Example
3.3.5, there is only one singular point @ € X \ X and at this point the irreducible components
of the germ (X, a) intersect along a line which is not contained in the hyperplane at infinity.
Thus irreducible components of the germ (X, a) are linked and £(X) = £(C")|x by Theorem
3.1.2. In Example 3.3.6, there are three singular points in X \ X. At two of these points
the germ (X, a) is irreducible. At the other point the germ (X,a) has two irreducible

components which are linked. Thus by Theorem 3.1.2 £(X) = £(C")|x. In Example 3.3.7,
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Example 3.3.8 and Example 3.3.9 for some singular point @ € X \ X, the germ (X, a) has
two irreducible components whose intersection lies in the hyperplane at infinity. Therefore
these irreducible components are not linked and by Theorem 3.1.2 £(X) # L£(C")|x. In
these cases we construct a function n € £(X) which has no extension in £(C"). Then we

give an explicit extension of n in £,(C") for any v > 1.

3.2 Proof of the Theorem 3.1.2

We need some lemmas to prove Theorem 3.1.2.

Lemma 3.2.1. Let X be as in Theorem 3.1.2 and let a € X\ X. If two irreducible components
X; and X; of the germ (X, a) are not linked then (X,a) = X; U X, where X; and X; are

germs of subvarieties of X at a such that X; N X']- NC" = 0.

Proof. Let (Xy,a), k € I, be irreducible components of the germ (X,a). We take X; =
Xi U{Uper X3} and X = X; U {Upgre X} where K = {k € T : X}, linked to X;}. We claim
that X; N X; N C" has dimension 0. Otherwise one of the irreducible component of X; is
linked to an irreducible component of X ;. Consequently this irreducible component of X JRE
linked to X; and this contradicts the definition of the set K.

Let Y be an irreducible component of the germ X; N Xj at a. Then the previous claim

implies that Y C {t = 0}, hence X; N X; C {t = 0}. Thus X; N X; NC" = {. O

The following lemma will show that for a qpsh function v on a germ of an irreducible
analytic variety (X, p), limsup,_,, v(z) is attained along the complement X\ Y for any proper

germ of subvariety (Y, p) of (X,p). Although it is well known, we will include its proof for
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the convenience of the reader.

Lemma 3.2.2. Let (Y, p) C (X, p) be germs of analytic varieties in C" such that dim(X, p) =

k>0, (X,p) is irreducible and (Y,p) # (X,p). Then

limsup v(z) = v(p),
X\Y>z—p

for any gpsh function v on (X, p).

Proof. We construct a non-constant holomorphic function f : A, — X such that f(0) =p
and f(A)NY = {p} where A, is a disc of radius € in C. Let 7 : C¥ x C** — CF be the
projection map onto the first k& coordinates. By Local Parametrization Theorem (see [D2,
Theorem 4.19 on page 95]) there is a choice of coordinates in C™ such that the restriction of
the projection map 7 : X N"U — U’ is a finite, proper, holomorphic map where U and U’ are
some neighborhoods of p € C" and 0 € C* with 7(p) = 0. By Remmert’s Proper Mapping
Theorem (see [D2, Theorem 8.8 on page 118]) 7(Y NU) C U’ is an analytic subvariety. Since
7 is a finite map, dim7(Y NU) =dimY < k by [D2, Lemma 8.1 on page 118]. Let B, C U’
be a polydisc in C* centered at 0 with radius 7 > 0. Let a € By \ w(Y NU). We define
a holomorphic map ¢ from unit disc A C C to B, C U’ by ¢(({) = 2a{. Then ¢(0) = 0
and ¢(3) = a ¢ 7(Y NU). Thus ¢~ (7(Y NU)) is a proper subvariety of A C C. This
implies that 0 is an isolated point in ¢~ (7 (Y NU)). We take a smaller disc A, such that
H(A)NT(Y NU) ={0}. 71 (4(A,)) is an analytic subvariety of X NU and its dimension is

1 since 7 is finite. By parametrization of curves (see [D2, Example 4.27 on page 98]) there
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is a non-constant holomorphic map
fiA.CcC—ale(A)) C X,

with f(0) = p for some disc A, of radius e. It follows that f(A.) NY = {p}.

Let v be a gpsh function on the germ (X, p). Since v is locally the sum of a psh func-
tion and smooth function, it is enough to prove the lemma when v is psh. Since vo f is
subharmonic in A,

v(p) =v(f(0)) =limsupvo f(t) < limsup v(z) < limsupv(z) = v(p).
0#£t—0 X\Y>z—p X>z—p

O

Proof of Theorem 3.1.2. First we assume that the germ (X, a) has two irreducible compo-
nents X; and X; which are not linked. Then we will show that there exists a n € L(X)
which has no extension in £(C"). For simplicity, we can assume that a =[0:0:...: 1] €

{t = 0} € P*. We take a neighborhood V ); of a where
Ve = {(21, 22y vy 2) € C" 1 |2] > M max(1, |z1],|22], ..., [2n-1]) }-

For M big enough X NVy; =Y, UY;, and YiNnY; C {t = 0} where we can choose Y, = Xz

and Y, = )E'j as in Lemma 3.2.1. Let

1
U(Zl, -'-7Zn> = max{log ’21|710g |22‘> e 5 lOg ‘Zn‘}
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Note that u € L(C"). We will show that
u(z) +2log M > p(1, 2) on OV, (3.2)

if M is sufficiently large. In order to prove (3.2) we consider four cases for z € V).

Case 1: |z,| = M for z = (21, ..., z,) € OVis. Then

1
p(l,z) = 5 log(1 + 21> + ... + |za]?)

1
< —log(n+ M?) <

5 log(2M?) < 2log M,

DN | —

when M is big enough. On the other hand u(zy,...,2,) = %logM and inequality (3.2) is

satisfied.

Case 2 : |z,| = M|z| and |z,| < |21|>. Then u(z1, ..., z,) = log |z1| and

1
p(1721,...72n) = §log(1+|zl|2++|zn|2)
1 o1
< §log((n+1)|zn| ) = 510g(n+1)+10g|zn|
< 2log M + log |z |.

Thus inequality (3.2) is satisfied in this case.

Case 3 : |z,| = M|z | and |z,| > |21|*. Then

1 1
w(21, ey 2n) = §log |zn| = é(log | 21| + log M)
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and

1 1
Pl z) < Slog(n +1) +logza| = 5 log(n + 1) + log |z + log M

IN

1 3 1
§log |21 | + élogM—l— §log(n+ 1),

since |z1| < M. Therefore (3.2) is satisfied in this case too.
Case 4 : |z,| = M|z]| for some i : 2,...,n — 1. Then the same argument as above works.

Thus we obtain the inequality (3.2). We consider

max(u(zy, ..., 2n) + 2log M, p(1, 21, ..., z,)) on Y7,
(21, ey 2) =
w(21, ey 2n) + 2log M on X\ Y.
Let p € Y1 N0Vys and let U, C C" be a neighborhood of p disjoint from Y5. It follows that
n = ¥|x, where
max(u(zy, ..., z,) + 2log M, p(1, 21, ..., 2,)) on U, N Vi,

V(21,0 2n) =
w(21, .oy 2n) + 2log M on U, \ Vi.

The inequality (3.2) implies that ¢ is psh on U,. Therefore 7 is psh on U, N X, hence on X.

Since u € L(X), n € L(X). Let

Vi ={(21: 29 oot 25) € C" 1 |z,] > M max(1, |z1], |22, .-, [20-1]) },
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where M’ > e** M* and k is any positive number. In Vi, p(1,2) > log|z,| and

1
u(z) +2logM < max(log|z,| — log M, 3 log |z,]) + 2log M

1
< log|z,| — §logM’+210gM <loglzn| — k < p(1,2) — k.

Thus 7n(z) = p(1, 2) on Y7 near the point a and n(z) — p(1,2) < —k on Y, near the point a.
These imply that

limsup  (n(21,...,20) — p(1,21,...,2,)) =0

Y13[1liz1:..i2n]—a
and

limsup (921, ..., 20) — p(L, 21, ..., 2)) = —00.
Y23[1iz1:.izn]—a

Hence by Proposition 3.1.1, n € £(X) does not extend in £(C").

Now we assume that any two irreducible components of the germ (X, a) are linked for
any a € X \ X. Let n € £(X) and X; and X; be arbitrary irreducible components of
(X,a). By the assumption there exist some irreducible components X;,'s such that all the
intersections X; N X;, NC", X;, N X,;,NC",..., X;  NX,; NC" have positive dimension. Let C
be a positive dimensional irreducible analytic subvariety of X; N X;, which is not contained

in {t=0} CP ¢

x;n{t=1} induces a function 7 on X; C P" defined by

. n(z) — p(1, 2) ift=1, € X, NC"
([t :2]) =
lim SUP x;5[1:¢]—[0:2] (77({) - p(la C)) ift = 07 [07 Z] € Xi.

Since X; is locally irreducible near a, [D3, Theorem 1.7] implies that 7 is w|x,-psh on Xj.
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Then 7]¢ is w|c - psh on C. It follows that

limsup (n(¢) — p(1,¢)) = () = iilc(a) = limsup qle([L: =)

X;3[1:¢]—a CrNC3[1:z]—a

= limsup (n(2) — p(1, 2)).
C3[1l:z]—a

Note that the third equality above follows from the Lemma 3.2.2. By changing X; with X,

above, we obtain that

limsup (n(¢) — p(1,¢)) = limsup (n(¢) — p(1,¢)) = limsup (n(¢) — p(1,()).

Xi; 3[1:]—=a C3[1:(]—a X;3[1:(]—a

By applying the same argument as above to the other irreducible components X;, of the

germ (X, a) we conclude that

limsup (n(¢) — p(1,¢)) = limsup (n(¢) — p(1,¢))-

Xi3[1¢]—a X;3[1¢]—=a

It follows from Proposition 3.1.1 that n € £(X) extends in L(C™). O

Remark 3.2.3. For X C C? the intersection of two irreducible components of the germ (X, a)
is given by at most a finite set of points. Thus any two irreducible components of the germ
the (X, a) are not linked when (X, a) is reducible. Therefore Theorem 3.1.2 has the following

immediate corollary in dimension two:

Corollary 3.2.4. Let X be an algebraic variety in C?. Then any function in L(X) extends

to a function in L£(C?) if and only if the germs (X, a) are irreducible for all points a € X\ X.
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3.3 Examples

In this section, we study some well known examples of algebraic varieties X and check that
whether all functions in £(.X) extend to a function in £(C™). In cases where £(X) # L(C")|x
we construct a function n € £(X) which has no extension in £(C"). Then we find explicitly

an extension of 7 in £.(C") where v > 1.

Example 3.3.1. Let X be the surface in C? given by equation z* + y* + 2% + 1 = 0. The

closure of X in P3 is

X={t:zx:y:z]eP:t* +2* +y* +2* =0}.

This surface is known as the Fermat quartic surface in P?. One checks that X is a smooth
surface. Thus the germ (X, a) is irreducible for all @ € X \ X and £(X) = L£(C?)|x by

Proposition 3.1.1.

Example 3.3.2. We consider the Segre map

o:P' x P! - P3

given by o(([so : s1],[to : t1])) = [Soto : Sot1 : s1to @ sit1]. The image of o is the surface
in P* with the equation tz — 2y = 0. One checks that it is a smooth surface. Therefore

L(X) = L(C?)|x by Proposition 3.1.1.

Example 3.3.3. Let X be the surface in C? given by equation 22 — y?z = 0. This surface
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is called Whitney’s umbrella. The closure of X in IP? is given by

X={[t:z:y:2] €P:2* —y’2 =0}

Let H = {t = 0} be the hyperplane at infinity in P3. Then XNH = {t = y = 0}U{t = z = 0}.
First we will find the singular points of X in the hyperplane at infinity. In {z # 0}, X is
defined by f(t,y,2) =t — y*2 = 0. The gradient Vf = (1, —2yz, —y?) never vanishes. Thus
X does not have any singular point in the open set {z # 0} c P3. In {y # 0}, X is
defined by f(t,z,2) = 2% — 2 = 0. Again Vf = (2%,2tx, —1) never vanishes. Thus X does
not have any singular point in the open set {y # 0} C P?. In {z # 0}, X is defined by
f(t,x,2z) = 2*t — y* = 0. Then Vf = (2%, 2tz, —2y) vanishes only when z = y = 0. Thus
a=1[0:0:0:1] is the only singular point of X in the hyperplane at infinity.

Near a, X is given by

{(t,l’,y) € (Cg : f(t,I,y) = y2 _th = O},

near the origin in C*. We will show that the germ (X, a) is irreducible. This is equivalent to
show that f is irreducible in Ogs . Since f is a Weierstrass polynomial, it is enough to show
that f is irreducible in Ocz[y]. Suppose that f is reducible in Oczo[y]. Then f(t,z,y) =
(y —g(t,z))(y — h(t,z)) = 0 where g € O¢2 and h € Ocz with ¢(0,0) = h(0,0) = 0. It
follows that gh = —2%t and g + h = 0. Since t divides gh, we may assume without loss of
generality that t|g. Since h = —g, t|h. Then t?|gh which is a contradiction. Thus the germ

(X, a) is irreducible and £(X) = £(C?)|x by Theorem 3.1.2.
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Example 3.3.4. Let X be the surface in C? given by equation xyz + xy + yz + zz = 0.
Then

X={t:xz:y:2]€P?: F(t,n,y,2) = toy + xyz + yzt + 2tz = 0}.

X is known as Cayley’s cubic nodal surface in P3. Let H = {t = 0} C IP? be the hyperplane

at infinity. One checks that
XNH={r=t=0}U{y=t=0}U{z=t=0}

and the only singular points of X in H are [0: 1:0:0], [0:0:1:0] and[0:0:0 : 1].
Note that X is symetric with respect to x,y,z. Without loss of generality we can take

a=1[0:1:0:0]€ X\ X. Near a

X ={(t,y,2) € C*: ty +yz + 2t + yzt = 0},

near the origin in C3. We change the coordinates by y = ¢/ + 2/, 2 =y — 2/, t = t. Then

near (0,0,0)

P 21(:/
X = {(tlvy/VZ/) < (Cg : f(t/7y/72/) = y/2 + 1+

y — 2% =0}.

We will show that the germ (X, a) is irreducible. Suppose that the Weierstrass polynomial

f is reducible in Ocz2[y']. Then f(t',y',2") = (v — g(t', %))y — h(t',2’)) where g € Ocz2
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and h € O¢z with ¢(0,0) = h(0,0) = 0. We have

g(t', (', 2) = =2 (3.3)

and

=2t

g(t', 2"+ h(t', ) = 1+t

(3.4)

Equation (3.3) above implies z’|g or z|h. If 2’ divides both, then z’|g+ h but this contradicts
to equation (3.4) above. Thus we may assume that 2’ fg. It follows that h(t, 2') = 2"2h(t’, 2')
for some h € Ocz2 9. This with equation (3.3) and equation (3.4) above imply that

=2t
1+

g(tl,zl)h(t/, ZI) _ ZIQB(t/, Z’) . %2(75/,2/)2/4 — _2/2'

When ' = 0 above equation becomes 2/2h%(0, 2') = 1 which is a contradiction since h(0, 2') is
holomorphic near 0 in C. Therefore the germ (X, a) is irreducible and by Proposition 3.1.1,

LX) = L(C)]x.

Example 3.3.5. Let X be the surface in C? given by equation zz? + zy? — 22y = 0. This

surface is called Pliicker’s conoid. Then

X={[t:z:y:2]€P: F(t,x,y,2) = za® + zy* — 22yt = 0}.

HNX = {t = z(2*> + y?) = 0}. One verifies that a = [0: 0 : 0 : 1] € X \ X is the only
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singular point of X in the hyperplane at infinity. Near a, X is given by

{(t.z,y) € CP f(t,x,y) = 2* — 2wty +y* = 0},

near the origin in C3. In a neighborhood of the origin, f = f; f, where

filt,z,y) =x—y(t+vt2—1)and fo(t,z,y) =z —y(t — V> —1).

Here we take a branch of the root function with v/—1 = 4. One verifies that {f; = 0} N{f, =
0} = {z = y = 0} near the origin in C3. Thus the germ (X, a) has two irreducible components
whose intersection lies along a line not contained in the hyperplane at infinity. So these

irreducible components are linked and £(X) = £(C3)|x by Theorem 3.1.2.

Example 3.3.6. Let X be the surface in C3 given by equation zy? + 5?2 + 2?22 — zyz = 0.
Then

X={[t:z:y:2] €P:aty* +y*2* + 2%2° — wyzt = 0}.

This surface is called the Roman (Steiner) surface. HNX = {t = z = 0} U{t = 22+ = 0}.
One checks that [0:1:0:0],[0:0:1:0] and [0:0:0: 1] are the only singular points of

X in the hyperplane at infinity.

Near a =1[0:1:0:0], X is given by

t 2t
; =0},

3. 2 _
{(t,y,2) € C°: f(t,y,2z) =2 _1+y22+1—|—y2_
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near (0, 0,0). We claim that the Weierstrass polynomial f € O¢z g[z] is irreducible. Otherwise

f(t,y,Z) = (Z - g(t,y))(Z - h(tvy)>7

where g € Oz and h € O¢z with g(0,0) = ~(0,0) = 0. We have

2
Y-t
h=-—"2— 3.5
g 1+y2’ ( )
and
yt
h = . 3.6
g+h=1"03 (3.6)

Since t divides gh, we may assume without loss of generality that ¢|g. By equation (3.6) t|A.
This implies that #2|gh which contradicts equation (3.5). Thus the germ (X, a) is irreducible.
Let a=1[0:0:1:0]. Near a, the germ X is given by

Tt n xt
z
1+ 22 1+ 22

{(t,r,2) € C*: f(t,x,2) = 2% — = 0}.
We claim that the Weierstrass polynomial f € Ogz (2] is irreducible. Otherwise f(¢,z,2) =
(z—g(t,z))(z — h(t,z)) where g € Oz and h € Ocz2 with g(0,0) = h(0,0) = 0. It follows

that

xt

[
g 14 22’

and

g+h:1+x2. (3.8)
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Since t divides gh, we may assume without loss of generality that t|g. By equation (3.8)
t|h and this implies that t?|gh which contradicts equation (3.7). Thus the germ (X, a) is
irreducible.

Let a=[0:0:0:1]. Near a, X is given by

xt x?

_ —0
T/ Tiga =%

{(t,2,y) €C: ft,2,y) =y

near the origin in C3. The function f can be written as f = f; fo where

At z,y) =y — M(H V&~ dat — 4),

f2(t7x7y) =Yy—- L(t— \/?f2 —4ZL’t—4).

2(1+ zt)

Here we take a branch of root function with v/—4 = 2i. One checks that {fi =0} N {fy =
0} = {x = y = 0} near (0,0,0). Thus the germ (X,a) has two irreducible components
whose intersection lies along a line not contained in the hyperplane at infinity. Therefore

these irreducible components are linked and by Theorem 3.1.2, £(X) = £L(C?)|x.
The following example is a generalization of [CGZ, Example 3.2].

Example 3.3.7. Let z = (z1,...,2,) € C"and X = {2,011 = ... = 2, = 0} U{zpy1 = ... =

z, = 1} € C™ be an m dimensional subvariety of C". Let p(t, z) = log+/|t|?> + ||z||>. The
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function

p(1, z) if z€ X; ={zpy1 = ... = 2z, =0},
n(z) =
p(1,2)+1 ifze Xo={zp41=... =2, = 1},
is in £(X) and

limsup (n(¢) —p(1,¢)) =0, limsup (n(¢) — p(1,¢)) =1,
X13[1:¢(]—a X23[1:(]—a

where a = [0 : 1:0:..:0] € X\ X. Proposition 3.1.1 implies that 1 does not extend
in £(C"). However by [CGZ, Theorem A], we can find an extension with arbitrarily small

additional growth. Explicitly we take

i(2) = p(1,2) + elog |1 + z,(e* —1)].

Then 77 € L£1,.(C™) and 7|x = 7.
The following example is a generalization of [CGZ, Example 3.3].

Example 3.3.8. Let X be given by the equation 2,2, = 27 +1. It is clear that X is irreducible

in C". The closure X of X in P" is given by

X={t:z1: 2] EP": zyzpt = 20 + 13} = X U {t = 2z, = 0}.

We take @ = [0 : ... : 0 : 1] € X \ X. First we will show that the germ (X,a) has

two irreducible components X; and X whose intersection lies in the hyperplane at infinity.

Let (s, ..., Sn—1) be affine coordinates near a € {z, # 0} where sy = Zi, s; = Z+. In these
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coordinates the germ (X, a) is defined by sgs; = sg + s;. We change the coordinate sq by
u = so+5;. In the new coordinates the germ (X, a) is defined by the Weierstrass polynomial
’lL3

fu, 81,0y Sp1) = S%—slu—i—gu+1 =0and f = fi fo where f; and f; are germs of holomorphic

functions in O¢n o defined by

1 4u
e Sn1) =81 — zu [ 14+4/1— ,
fl(u7317 S 1) S1 2“( + 3U+1)

1 4u
Smo1) =81 ——u | 1—4/1— .
f2(u7 51, y S 1) 51 2“ ( 3U+ 1)

Then {fi = 0} N {f, = 0} = {s1 = u = 0} near a. In the original coordinates, {f; =
0} N{foa =0} = {so = s1 = 0}. Thus the germ (X, a) has two irreducible components X,
and X5 whose intersection is contained in the hyperplane at infinity. Therefore X; and X,
are not linked and by Theorem 3.1.2, £(X) # L(C")|x.

Now we will give an explicit example of a function in £(X) which has no extension in
L(C™). Let

$(z) = max(log |2 — 22|, 2log |24| + 1) and n == ¢ x.

Using that z, = 27 + 1/2; on X,

,log

Zp — —
21

r).

Thus n € £(X). On X, in the coordinates (so, ..., S,_1) near a, we have s; # 0 as z; # 0 and

n(2) = max (log

21

S0 # 0 since X C C" = {t # 0}. In these coordinates near a, the functions n and p are given
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by

S0
S1

S1

+1).

,2log

n(So, -y Sp—1) = mMax <log
S0

and

|—=

2
+ ..+

Sn—1
S0

S1
S

|50l

2 2
1 1
+—= ] =log— +o(1),
0 |SO|2) ()

p(S0y vy Sn1) = log (1 +

as (S0, ..oy Sn—1) — (0,...,0).

On the germ (Xj,a) in the coordinates (s, ..., Sp—1),

1
fl(So, ...,Snfl) = —S9 — 5(80 -+ 81>O(‘80 + 81’) =0.

This implies that

si| 2+ 0([so + 1))

O(Js0 + s1)) %)

S0

as (sg,s1) — (0,0).

On the germ (X, a) in the coordinates (s, ..., Sp—1),

1
fa(s0, -, Sn—l) =51+ 5(30 + 31)0(’30 + 51|) =0.
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This implies that

_ 24+ O(|so + s1]) ~
O([so + 51]) ’

S0
S1

as (s, s1) — (0,0). Since sps; = sj + s3 on X near a,

1
limsup (n(¢) — p(1,{)) = limsup (QIOg S —log —)
X13[1:¢]=a (50,51)—(0,0) 50 | 0]
52
= limsup log|=|+1
(80,51)*}(0,0) SO
2
= limsup log 1- 2% +1=1.
(50,51)—(0,0) S1
Similarly we obtain that
. . S0 1
limsup (7(¢) — p(1,¢)) = limsup (1og &l —1og—)
X25[1:¢]—a (50,51)—(0,0) s1 |50
2
= limsup log|—
(s0,51)—(0,0) S1
2
= limsup log|l— 2| =0.
(80,81)%(0,0) SO

Thus by Proposition 3.1.1, 7 has no extension in £(C"). However we know from [CGZ,
Theorem A] that with an arbitrarily small additional growth 7 has an extension in £,(C")
where v > 1. We will give an explicit extension using a similar idea given in the proof of
[BL, Proposition 3.3].

Let © = {2 € C": |21z, — 2} — 1| < e3}. Clearly X € ©. In © C C" when |z| < 2, ¢
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has logarithmic growth. In © when |2;| > 2, 9(2) = log |21|? + 1 and

541 §+1
21" = = <zl < |l + —— (3.9)

where § = e~®. Thus 1 has logarithmic growth in ©. One can easily check that ¥(z) <

log™||z]| + 3 in ©. Indeed, if z € © and |2;| < 2 then

¥(2) < max(log(|z,| +4),log4 + 1) < max(log(5|2,]),3) < log™ ||z|| + 3.

If 2 € © and |z| > 2 then inequality (3.9) implies that

P(z) = log ]21]2 +1 <log(|z| +1)+1

< max(log2,log(2|z,])) + 1 < log™ ||2]| + 3.

Let ¢(z) = €(5log|z12, — 2§ — 1| + 1) where € > 0. Then ¢ € L(C"), ¢ = —co on X and

¢ >0 on C"\ ©. We now define

max(1)(z),log™ ||z|| + ¢(2) +3) ifz €O,

log™ [|2]| + &(2) + 3 if € C"\ ©.

We have ¥(2) < log™ ||2]| + ¢(2) + 3 on 0. So 7j € PSH(C"). Since ¢ € L(O) and

¢ € L(C), 1 € L14(C") and 7j|x = n.
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Example 3.3.9. Let X be the surface in C* with the equation 3z — 3zy + 23 = 0. Then

X ={[t:z:y:2] €P®:32* — 3wyt + 2° = 0}.

This surface is called Cayley’s ruled cubic surface. One verifies that X N H = {t = 2 = 0}
and all the points on the line {t = x = 0} are singular.
Let (sq, s1,2) be affine coordinates near ¢ = [0 : 0 : 1 : 1] € {z # 0} where 59 = £,

s1 =< and s, = . In these coordinates the germ (X, a) is defined by

3

S
{(80a31752) S Cg : f(30731>52) = 3(2) — 818980 + 31 — O},

near (0,0,1). The function f can be written as

f(So, S1, 32) = f1(30, 51, Sz)fz(so, S1, 32)

where

and

S18 4s
f2(s0, 51, 82) = 80 — % (1 +4/1—= _1)

are holomorphic near (0,0, 1). In a small neighborhood of (0,0, 1),

{fi=01n{fa =0} ={s0 =51 = 0}.
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Thus the germ (X,a) has two irreducible components whose intersection lies along a line
contained in the hyperplane at infinity. Therefore these irreducible components are not
linked and by Theorem 3.1.2, £(X) # L(C?)|x.

Now we will give an explicit example of a function in £(X) which does not extend to
C? with logarithmic growth. Let X, X, be two irreducible components of the germ (X, a)

2

defined by f1 and fy respectively. Let C; be the curve {(z, ”32;‘6, %)z € C} C X. In the

2
coordinates (s, s1, $2) near a, Cy is given by the equations sy = %1 and sy = % + 1. On ()

near a

Therefore C contained in X; near a.
Let Cs be the curve {(1,y,y — 1) : y € C} C X. In the coordinates (s, s1, s2) near a, C,

is given by the equations sy = %0 + 1, s1 = sg. On (5 near a

S
fa(S0,51,82) = fo <80780, go + 1)
1 (s 450

Thus C5 contained in X5 near a.

Let ¥(z,y,2) = max(log|z|,2log|z|) € PSH(C?) and n := ¢|x. First we show that

n € L(X). When |z| > |z|?, n(z,y,2) = log |z|. Hence we may assume that |z| < |z|. Tt

— 2 L S a2
follows that 7(x,y, 2) = log|z|* and |y| > 5 > 5~ — |z| > %~ when |z| > 6 on X.

||
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Thus n € L(X).

N

Note that C; = C; U {a} and X; D C} > (a, 5”2;”3, %) — a as x — 00. N|x;np=1) induces

a function 7; on X; C P3 defined near a by

77(7—) - p(LT) t= 17

mi([t = 7]) =
lim SupXm(Cga[l:g]_)[o;T] (U(C) - p(17 C)) t= 07

where 7 = (z,y, 2). Since X; is locally irreducible near a, [D3, Theorem 1.7] implies that 7;

is w|x, — psh on X; and 7j;|a, is w|g, — psh on C;. Then

limsup (n(¢) — p(1,¢)) = m(a) = ﬁ1|él(a) = thUPﬁl’él (1)

X1NC33[1:¢]—a C1o7—a

I 2+ 2 1 2+ z? | 3
= limsu r,—— | — x - =10gl —F= ).
p T] b 3 73 p b ) 3 ’3 g \/§

T—00

The third equality holds by Lemma 3.2.2. Similarly

limsup (n(¢) — p(1,(Q)) = M2(a) = 12|a,(a) = limsup 1z| 4, (7)

XoNC33[1:¢]—a C237—a

. 1 1 1
= lim sup (77 (Ly,y— 5) —p (1,1,y,y— g)) = log (E) :

Yy—00

By Proposition 3.1.1, n does not extend in £(C?).

We know from [CGZ, Theorem A] that with an arbitrarily small additional growth n

extends in £, (C?) where v > 1. We will give an explicit extension using a similar idea given

in the proof of [BL, Proposition 3.3].

Let © = {(z,y,2) € C3: |32 — 3zy + 23| < e73}. Clearly X is contained in ©. First we

show that 1 € L£(©). When |z| < 6, ¥(z,y,2) < log|z| + 4. When |z| > |z|?, ¥(z,y,2) =
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log |z|. Hence we can assume that |z| < |z|* and |z| > 6. It follows that |y — 2 — §| < %.

Therefore |y| > % and

V(z,y,2) = log|z|* < log|y| + log 12.
Thus in O, ¥(x,y, z) <log||(x,y, z)|| + 4. That is, ¥ € L(O). Let

1
Pz, y,2) =€ (g log |32 — 3zy + 2°| + 1) ,
where € > 0. Then ¢ € L(C?), ¢ = —occ on X and ¢ > 0 on C*\ ©. We now define

max(Y(7),log||7]| + &(7) +4) if = (z,y,2) € O,

log||7|| + ¢(7) + 4 ifreC?\ 6.

Since we have ¢(7) < log||7||+¢(7)+4 on 90, 71 € PSH(C?). As ¢ € L(O) and ¢ € L(C?),

7 € L14(C?) and 7| x = 7.



Chapter 4

Dynamics of the Automorphisms in

the Class Hj

Automorphisms in Hj are of the form
(z,y,2) = (P(z,y) + az,Q(z) + by, x)

where P and @) are polynomials with max{deg(P),deg(Q)} = 2 and abc # 0. Some of these

maps are not regular and for simplicity, we will consider the irregular automorphisms

H(z,y,z) = (xy + az,2” 4+ by, x)

where a # 0 # b. We note that most of the results that we prove here for this simplified

maps hold in fact for an arbitrary irregular map in Hs.

61
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Let P be the projective space with coordinates [z : y : z : t]. We identify C* with {¢t = 1}

in P3. H defines a birational map of P? by

H(z:y:z:1]) = [vy+azt:a®+byt: at: 7]

The indeterminacy sets of H and H™ ' are [T = {t =2z =0} and [~ = {t = 2 = 0}. The
extended indeterminacy set [} = U Iy = [T U{t=y =0}, XT = H{t =0} \I") =1~
and X~ = H({t =0} \ I7)=[0:0:1:0]. We will start with the dynamics of H~' which is less

complicated than the dynamics of the map itself.

4.1 Dynamics of H!

H~!is given by

L2 1 2
H Y (z,y,2) = (z,y bz ,a(w—zy bz ))

We will denote the iterates of H=! by H"(w) = (Zn, Yn, 2n), where w = (z,y, z) € C3. Let

us define the sets

Vi o= {we C: e > max{R, |al, (1 +0)[y['*}},
U™ = U2 HM(VY),

K- = C*\U",
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where § > 0 and R is sufficiently big. In [CF, Lemma 6.1, Lemma 6.2], it was shown that
the H~'-orbits of points in U~ converge locally uniformly on U~ to [0 : 0 : 1 : 0] with
super-exponential rate (const)®”", and for w € K, ||[H ™ (w)|| < C"M(w) where C > 1 and
M (w) > 0 depends on w continuously. We will show that when |b| > 1, the H'-orbits of

points in K~ are actually bounded. Let’s assume that |b| =144, 0 > 0.

Proposition 4.1.1. (i) There exists Ry > 1 such that for all R > Ry, we have H- (V1) C

V*toand if w = (z,y,2z) € V' then

01|Z|3 < |Zl| < 02|Z|3

where C7 and Cy depend on 6.

(i) ||H™™(w)|| is bounded when w € K.

=

Proof. Let a > 0 be a constant satisfying o + m < land Ry = ('(%') *. First we note
that on VT,
wl < eyl < PE and 2> B> o= (M) (4.1)
(1+0)? !

It follows from (4.1) that on V* we have

z _zy| _ |2 kiR
2o
a ab la] (14 9)2|ab|

B 1 NEP (L P
22 (146)%) |ab] — (146)2/ [ab]’
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which implies the estimate in part (7).

On V*, R < |z|, |z1] = |#] and

(1+0) (1+0) [ |27 12
(1+ 5)|3/1’1/2 < BEE ly — 22‘1/2 < |b[1/2 ( + ’ZP

146 1 1/2
= (1+9) 1+ |2].
|b]1/2 (1+46)2

Since |z1| > C4|z]3, these estimates imply that H~ (V") C VT when R is big enough.

We will show part (ii) now. By definition, on K~ we have that

2| < max{R, |z,|, (1 + 8)|ya|2} = M,

for all m > 0 and |zp41| = |2n| < M.

Let us consider the case when |z,| < 1. Then

: [yl 1)% ( M? 1)%
1+ ypsi2 <A+ | +—) < 14+9)|—ZLr—+—
Ottt <100 (e 5r)" < 040 (G +

(Mg (1+5)2)%
-+
ol "l
1 (1+0)2\?
< M, — M,.
: "(W |b|R2> =
When |z, > 1

Ty QZpg1|? 1
< (140) (Mo + [a M)

(14 0)|ynsa|? = (1+6)

n ZTL
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We also have that |x,.1| = |2,| < M,,. Hence

Myy1 < max{M,, (1+ 6)(My + |a| My41)"/*}.

If the right hand side of the above inequality is equal to M, then M, < M, and we are
done. Hence we can assume that M2, < (1+ §)*(M, + |a|M,41). Choosing R big enough

we obtain that
M3y — (1+0)%|al Mt
(146)2

M, < < M,,.

Therefore ||H™(w)|| is bounded for w € K. O

We now construct the Green’s function of H~1. Note that deg H™" = 3". We let

1 . . 1
Gn(w) = 3—nlogJr ||H"(w)|| and G, (w) = T log™ |2,].

The estimates in [CF, Lemma 6.1, Lemma 6.2] imply that G, and G, converge locally
uniformly to the same Green’s function G~. Hence the Green’s function G~ is pluriharmonic
onU", K~ ={G~ =0} and G- oH ! = 3G~. We define the Green’s current by u~ = dd°G~.

Then H*pu~ = %u‘ and supp u~ = 0K ™.
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4.2 Dynamics of H

We will denote the nth iteration of H by H"(w) = w,, = (Zp, Yn, 2n). For € > 0 and R big

enough, we define the sets

1
Vo = {(:E,y, 2) € C: |zy| > maX{R, 2alz], |:1:|3/2, —|y|3/2}},
€
Ut = UeH(V) 42

Kt = C*\U".

In [CF], they showed that the orbits H™(w) of points in U* escape to infinity with super-
exponential growth rate (const)?". For the sake of completeness, we give a short proof of this

fact for our simplified map.

Theorem 4.2.1. There exists ¢ > 0 and Ry > 1/e'° such that for all R > Ry, we have

H(V-)CV~ and

3|zy|

; (4.3)

< x| <

zy]
2

(1= [ple)z* < [yl < (L+[0]e*)]x

Hence on U, H™(w) escape to infinity with the super-exponential growth (const)?".

Proof. For the points in V', we have that |2az| < |zy|. Hence |z; — zy| = |az| < |zy|/2

which proves the first inequality above. On V—, |zy| > %|y]% which implies that |y| < €?|z|*.



CHAPTER 4. DYNAMICS OF THE AUTOMORPHISMS IN THE CLASS Hj 67

Thus

[y1 — 27| = [by| < [Ble*]x]”

and this implies the second inequality above. We now prove that V'~ is invariant under H.

On V~, |zy| > |z|2 which implies that |z| < |y|2. Since ¢2|z|® > |zy| > R > 1/,

1 1
|| > o and |y| > = (4.4)

on V~. Using this with the first inequality in (4.3), we obtain that

1— |ble?
2

1— |ble?

= 2lallzflzly] 1a|

|z1y1| > |:v|3|y|

1—|ble?

> 2|CL||»21|€1T4|@|

> 2|az|.

(4.3) and (4.4) with the inequality |y| < €?|z|*> imply that

3
1 3 2 1] 3
max {2 2} < mx{( ) ,_<1+|b|€2)2|x|3}
€ €

3 3/2 5/2 1 2\3/2 3
< max< e 3 || |y|ag(1+|b|€) ||

3\ /2 3 1— |ble?
< |x|3|y|max{e3(§) ,e(1+|b|62)2}s|x|3|y| HE < el

Thus H(V-)Cc V™. O

We now discuss the dynamics of H on K. Let

1
M, = My(w) = max {37 2azal, a2, —|yn|3/2} . (4.5)
€
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Lemma 4.2.2. On K™, if R is sufficiently large, then we have
, 3M,—
(1) el < ===,
(ii) M, < max{(25=1)2, L]y, |2},
3
(1ii) M,, < Cmax{M}? |,|z,_1]*} for some constant C,

(iv) M, < M(w)Y3" for some continuous function M(w).

Proof. (i) Note that on K, |x,y,| < M, for all n > 0. It follows from the definition of map

H and the set M,, that

Mn—l o 3Mn—1

|xn| S |xn—1yn—1| + |azn—1’ S Mn—l + 9 9

2
(ii) The inequality |z,| = |z,—1| < M? | with the estimate in (¢) implies that

3
2 SM,_1\2 1
M, < max<{ M, 1,2la|M? - 7_|yn’%
n—1 2 €

{(3Mn_1)3 1 }
= max e
2 €

(iii) By definition of y,

3
2

3
a2 < (lznaal® + [Bllyn-1])

IN

3 3 3
22 max {|xn—1‘37 |b‘§|yn—1’§} :

Then

1, s 3 1 3
Honlt < 2w { oo P L
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This estimate with (ii) proves (iii).
(iv) Since H is a degree two polynomial map, M, < CM?_, for some constant C' . So

by (i) and (iii) we obtain that

3
M, < C'max {M,E’;Q, (3MQ”‘2> } = CM?,.

Hence if n is even then M, < CM3?_, < .. < (C’Mo)(‘/g)n. If nis odd then M, <

(CM)? % < ((CMy)2)VYA" Thus M, < M(w)V®" where M(w) = max{CM,, (CM;)?}.

]

We now define the Green’s function G* of H by

1 1 1
GT(w) = lim 2—logJr [|H" (w)|| = hm —logJr |z,| = hm 2—logJr Y-
n—oo 2™

Theorem 4.2.3. [CF] The above limits exist and are equal. G is a continuous psh function

in C3 and it is pluriharmonic on UT. Moreover, KT = {G* = 0} and G* o H = 2G™*.

The Green’s current of H is defined by ut = dd°G*. Then H*u™ = 2u* and supp
ut = 0K, Let us consider the induced map H on P? and the Fubini-Study form w on P3.
Sibony ([S2, Theorem 1.6.1]) showed that 5+ (H™)*w converges to a closed positive current
T, of bidegree (1,1) which satisfies H*T, = 2T, on P3. Moreover, by [S2, Theorem 1.8.1],
T, does not charge the hyperplane at infinity and T'y|cs = p has mass one in C3.

Unlike the regular automorphisms (see [S2] for regular automorphisms), orbits of points
in K may escape to infinity. For example, H(0,y,0) = (0,b"y,0) — [0:1:0: 0] if |b] > 1.

By Lemma 4.2.2 (iv), any such orbit may escape to infinity with a smaller super-exponential
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rate (const)(‘/g)n. We will show that unbounded orbits of points in K+ may accumulate only
at two points, P =1[0:1:0:0] and @ = [1 : 0: 0 : 0]. First we show that points in KT

accumulate at infinity on the set IL = It U {t =y = 0}.
Theorem 4.2.4. K+ =K+t U1

Proof. Since

1
V=" ={[w:y:2:1] € P |ay| < max{R|t?|, 2alz=t], |z|2[t|7, = |y|2|t|2 }}
€

we have that

V=V U{z=t=0}U{y=t=0}=V""UL,.

Then

Ktcv-°cv ull

which implies that K+ C K+ U I,
Let H be a homogeneous representation of the extension of H to P? so that ||H(w)|| <

||w||* and T, be the Green’s current of H in P?. By [S2, Theorem 1.6.1], we have on C*,
1 Frn ~ * e
2—nlog\|H (w)|| \y G(w) and 7Ty = dd°G,

where 7 : C*\ {0} — P3 is the canonical map. Note that for any p € I, there exists a

p € C*\ {0} such that H2(p) = 0 and p = n(p). Since G(w) < +log||H%(w)||, by comparison

1
4
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theorem for Lelong numbers (see [D2]) we have that

3 1 .
V(G5 > v (ZlogHHQH,ﬁ) -0

Hence p € supp #*T, C 7 (supp T, ), that is, p € supp 7. [CF, Theorem 6.5] implies that

supp Ty C OK T, hence I}, C OK+. ]

Theorem 4.2.5. Unbounded orbits of points in Kt under H can only cluster at I7 NI~ =

{[1:0:0:0],[0:1:0:0]}.

Proof. Since K™ is invariant under H, Theorem 4.2.4 implies that an unbounded orbit can
only cluster on If. Let w € K* and w,, = H"(w) — wy. If wg ¢ I~, then w,, ; =
H" Y w) = H Yw,,) = H '(wy) = X~. Since H! is weakly regular H"~!(w) avoids a
neighborhood of I~ = I. Thus H~ ™~V is well-defined. Since H~! is weakly regular X~
is H~! attracting. So H~(~UH"i~1(y) = w — X~. This contradicts the fact that w is a

fixed point in C*. Thus wo € IZ NI~ ={[1:0:0:0],[0:1:0:0]}. O

Let p € I™. We denote by B(p,e) C P the ball with center p and radius € with respect

to the distance given by Fubini-Study metric. The blow-up B, of H at p is defined by

By = NesoH (B(p, €) \ I).

This is an analytic set consisting of all limit points of H(w) as It Z w — p. Since B(p,¢e)\ I
is connected for all € > 0, B, is connected. The dimension of B, is not 0, otherwise H would
extend holomorphically at p and p would not be in I™. We will write B, for the blow-up of

H at p and B, for the blow-up of H=1!at q.
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Proposition 4.2.6. By = [~ for anyp € [T\ {[0:0:1:0]}.

Proof. Let w, —p € IT C {t =0} and H(w,) — p. If p ¢ {t = 0} then w, = H*H(w,) —
H=Y(p) ¢ {t = 0}, a contradiction. Therefore we may assume that p € {t = 0}. Now we
suppose that p = [z :y:1:0] ¢ I". It follows that w, = H 'H(w,) - X~ =[0:0:1:
0] # p, which gives a contradiction. Thus B C I~. Since the dimension of B, is non-zero,

Br =1 0
Proposition 4.2.7. By = {t = 0} where p={[0:0:1:0]}.

Proof. First we show that I~ = {[z : y : 0 : 0]} C B}. Consider the points w, = [z :
z:1:2] 5 p=1[0:0:1:0 as z — 0. We have H(w,) = [z* + ax : 2% + bz?* :

2> 2] - [1:0:0:0/asz — 0. Hence [1:0:0:0] € Bf. For a fixed a € C we

consider a sequence Wy, = [z 1z : 1 : (aj)xz] —p=[0:0:1:0] asz — 0. Since
H(wy,) = [ax? : 2? + @ﬁ ol @x‘*] — [a:1:0:0] as z — 0, it follows that

ImcBfasI ={[z:y:0:0]}={[1:0:0:0}U{[a:1:0:0]|acC}.

Let

a+ /a2 —4(=2L +bg3)
poty
2
be a root of the equation
9 ab
“—all——+08=0 (4.6)
x
where o and [ are some constants in C. We take
z(a—T)

x
Wafz = lef —p=1[0:0:1:0]
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as x — 0. It follows from (4.6) that

H(wa,ﬁ,x) =

—2’T? + ol'2? + abr  aa® 2?  a?
T'b T 12

= [5;a;1:%}—>[5:a:1:0],

asx — 0. Hence [3:a:1:0] € Bf. Since {t =0} =" U{[f:a:1:0]|a,p € C},

{t=0} C B} O

4.3 Invariant Measures

For regular automorphisms of C", Sibony ([S2, Theorem 2.5.2]) constructed an invariant
probability measure p = T,' A T_""" where dim I~ = [ — 1. It is impossible to construct
an invariant measure for H and H~! by using the powers of the Green’s currents since

pt Apt =p Ap~ =0in C3. Indeed,
pe = dd°max{GT e} Ayt — put Aput

as € — 0. We note that K™ = {G* = 0} and supp u. C OK*. Let w € OK' and B be a
neighborhood of w in C? such that G™ < € in B. Hence max{G*,e} = € and pu. = 0 on B.
Thus e = 0= put A p® in C3.

When f~! is weakly regular and I~ is f-attracting, by [GS, Theorem 3.1], there is an
invariant current o of bidimension (s, s) where the dim X~ = s—1. Then the wedge product
=0y ANT? is an f-invariant measure. It is well-defined since G~ is locally bounded near

K.
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In our case, H! is weakly regular. If |b| > 1, then [~ is H—attracting and the con-
struction of invariant measure as in [GS] works for H. However, when [b] < 1, I~ is not
H—attracting and their construction does not work.

Since H~! is weakly regular, X~ = [0: 0 : 1 : 0] is an attracting point for H~!. Using this
fact with the estimates on K~ and some ideas from [GS], we construct an H~'— invariant

current of bidimension (1,1) which is supported on 9K —.

Theorem 4.3.1. There is a closed positive current o of bidimension (1,1) on P such that

(HY)*0 =20 and supp o C OK—.

Proof. Let w be the standard Kahler form in P? and w|cs be the restriction of w to C3. We

define
1 ZN (H™")w?|cs
RN - N — 2—"

N N
1 (F[—n)*uﬂ 1 (E[—n)*wQ
Ry|| = —y — 2 Aw=[ =) LT A
1] /PSNZ on “ /@NZ on “

n=1 n=1
N N
1 — (H"Yw 1 — (HYw
Loa X arnet= [y A

Therefore there is a subsequence Ry, which converges to a current o in the sense of currents.

Since ||Ry,|| = 1, o has mass 1 in P? and it is invariant under the pullback by H|z;. Indeed,

(H 'Ry, =

J
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—(Nj+1 )
as ||(H2T|| = 1. On the other hand (H~1)* is continuous on currents in C*. Thus

(H_l)*a = 20 on C3.

We first prove that supp ¢ C K—. By [GS, Theorem 2.2],

K- =K UIl.

Let X~ = N52,U; where U;’s are decreasing open sets in P* and € > 0. Since dim(X~) = 0
and T, is a current of bidimension (2,2), Ty A w?(X~) = 0. Hence there is a U; such that
T, ANw?(Uy) <e. Let BCP3\ K- be a ball. Since H~! is weakly regular, X~ is attracting,
with basin U~ in C3. Thus there exists M > 0 such that H™"(B) C Uy for all n > M. By

[S2, Theorem 1.6.1],

H’VL * w TL
(2)% — T, and Z; T,.
Also the subsequence
1 &
Iy, = N; Z
n=M
N; M-1
L[~ (HY) (H")"(w)
= T
N] n=1 ; 2n o

as N; — oo. Hence Ty, Aw? = T Aw® as measures and

lim sup Tl AN (Uy) < Ty AN (Uy) < €

Nj*)OO



CHAPTER 4. DYNAMICS OF THE AUTOMORPHISMS IN THE CLASS Hj 76

This implies that T, A w?(U;) < € for all N; > N for some N > 0. Since Ry, does not

charge the hyperplane at infinity, we have that

1 H—n *, 2
/ Ry, Nw = / — # A w
B BNC3 “Y5 2
N,
1 J Hn *
iy (Y (@), o
i = Ju-nncsy 2"
M-1 n\* Nj n\*
< LY LEXC Y o L KO YW
Nj \ &= Ju-nncsy 2" = Jy, 2
M—-1
< + TN ANw® < 26,
N; Uy

if N; is big enough. This shows that o A w(B) = 0.
Now we will show that ¢ has no mass in the interior of K—. Let U CC int K—. Since

K- = K~ UI_, U is actually contained in K. By [CF, Lemma 6.3], there is C' > 1 such

that ||[H~"(z)|| < C" for all z € U and n > 0. In C?,

L& (EH YW 1 L (H ") w
%_M;<MW)_4W;h@
= (dd°Gy;)?

o NI
where Gy, (2) := ﬁ Zﬁzl ! g(1+\|({1/§)n( ISER

On U,

- log C
nlo

0< Gy < .

= NJ—N;/2Z(\/§)n

J n=1




CHAPTER 4. DYNAMICS OF THE AUTOMORPHISMS IN THE CLASS Hj 7

Thus G, converges to 0 locally uniformly on int K~ and hence
Ry, < (dd°Gy,)* — 0,

which implies that o has no mass on int K. Thus supp o C 9K .

4.4 Possible Behavior on K™

We know from Theorem 4.2.5 that an unbounded H —orbit of points in Kt may accumulate
only at two points, [0:1:0:0] and [1:0:0:0]. We will first investigate the behavior of

the orbits near the point [1:0:0:0]. We recall the set M, is defined by
1,
My = 00 ) i= e { .2l b 7 2} (47)
€

If H"(2,9,2) = (Tn,Yn,2n) is close to [1 : 0 : 0 : 0] at infinity, then M, = |2,]|*/? so
|| > M2

Lemma 4.4.1. If w € K and |z,_1| > M’%—l? then

(@) lan] < €52, and fo] < Xy,

(B) [yn1] < la] 222 4+ 14 /3,

() |wns] < €2 M3y,

Proof. (a) Since |z, _1]* > M,,_1 > |Tn_1Yn_1|, we have |y,_1| < |z,_1|. It follows that

Mn—l
2

1 3
< §|$n—1|2 <yn| = |22_1 + byp_1| < §|$n—1|2,
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since |z,_1| > M2 > R'2 is large. Hence | 2| = |2n_1Yn_1 + azn_1| < BMat < 3)y,|. This
implies that
s 103 L, s
|[Zayn| < My = max{R, [2az,1], [zn|?, Z'yn’2} = Z’yn’2>

that is,

2

(eMn)% =3 M3,

Swim

1

A | =

(b) As |z,| < %\yn\% we obtain

| < 1 3‘ ‘2 3 1\/§’ |
Tp—1Yn—1 + ATy — — | =|rn— = =/ =|Tn-1l.
1Yn-1 2 € \ 2 ! eV 2 !

T e 1 /3
This gives |y,-1 +a3"=2| < E\/;'

(¢) If |z,_s| < €2 R3 we are done. Otherwise |z,_o| > ¢ 2 R3 and by part (b) we get

n— - b n— < - -.
sl = [y bl < fal g 23
This implies that
byn—2 |alez 1 /3 1
1 — /=<
’ i Tpo|” Re  RiV2 2
So
1 3
§|$n—2’2 < |byn—2| < §|$n—2|2
and
2 2
[nal® < 20bllyns| < 2[ble3 M, < M3,
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1
Remark 4.4.2. Lemma 4.4.1 (a) and (b) implies that if w € Kt and |2, ;| > M2 ;, then

1 1
|z,| < M2 and |x,_of < M?2_,.

Now we consider the orbits of points in K for which every other iterate, H"(w) is near

the point [1:0:0: 0].

1 1
Lemma 4.4.3. Ifw € KV, |x,1| > M? |, |,_3| > M2 5 and R > 5 then

M,y = (4.8)
€
3
M, < il (4.9)
€
Proof. On K, we have |z, _3y,_3| < M,_3 < |x,_3|?, which implies that
[Yn—s| < |Tn_3]. (4.10)
It follows from (4.10) that
2 |xn—3|2 o
Yn—2| = [T + byn—s| = —— > |zn-s| = |202|. (4.11)

1
Since |x,—3| > M?_5, by Lemma 4.4.1 (a), we have |z,,_o| < %|yn,g|%. We also have |y,_a| =

2
|22 5 + byp—3| > @ > & Hence

3/2 ‘yn72’3/2 ‘yn72|g
M,,_o = max < R, |2az,_s|, |xn_2|""*, ; ==
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We will prove the second part now. Suppose that

|Zn_s| < (¢R)? (@) . (4.12)

Then by (4.8),
raal? < D(er)t < Py . (4.13)

Using 4.4.1 (b),
| < m% + %\/g < %Ri < %|xn_1|é. (4.14)

It follows from (4.11),(4.12), (4.13) and (4.14) that

bl 2 2 b 1 1
Bletnrt, = Bl o) <12y + byl = lgs] < Hlaal?
2 2 €
1 3 1 3
1 1 bl \ 2 1 1 bl \ 2
< ;((eR)s (5) !ynz\ﬂaznz!) <Ly ((d%)i (5) +!a\>
E%M%
1
< —_n=2pg

€

1 1
But this implies that R3 < M?, < Qﬁ%lz‘ so R < ‘b|266€8 which gives a contradiction since
€3

R > <. Therefore (4.12) does not hold. So

0] > (cR)} (@) (4.15)
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It follows that

: 3 2
[Tnsyn—a| > (€R)3 (@) |22 4 + by,_s| > (eR)s ('g) |$n2—3\ 7

since |y,_3| < |x,_3|. Then

W=
N
| =
N——
D=
?
1
w
o
V
oy

|l‘n—1| = |xn—2yn—2 + axn—?)l > (GR)
Since |z, 1||yn-1| < My—1 < |z,_1|%, we have
[Yn—1| < |znal.

We also have

‘xnfB‘Q _ |an2’2
2 2

|yn—2| = |x31—3 + byn—3| Z

It follows from (4.15) and (4.18) that

1
b\ 2 |yn—
el 2 fanallin-el ~ lasaal 2 (e’ ()52

By Lemma 4.4.1 (a) we have |y,_s| > €%|z,,_»2|*>. Hence we obtain

W=
/|\
~_

NI
=
o §
~
IV
—
(@)
my)
SN—
W=
7N
o=
~_
NI
(@)
_n
8
ok
no
T

|[Zna| > (€R)

81

(4.16)

(4.17)

(4.18)
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Thus

’xn_1’3/2

€

(4.19)

12az, 1| = [2ax, 5| <

3
Combining (4.16), (4.17) and (4.19), we obtain that M,,_; < —'I"j'Z .

Using Lemma 4.4.3, we obtain the following relation between M,, and M, .

1 1
Theorem 4.4.4. If w € KV, |z,_q| > M2, |vo3] > M2 4 and R > &5 then M, >

C(e)M3_, where C(€) is a constant depends on e.

Proof. Since |yn—1| < |x,—1|, we have

|37nfl|2

|yn| > |$i—1| — |byp—1| >
2

This inequality with the second inequality of Lemma 4.4.3 implies that

a2 _ a0
M, > ; > 5372 > 2—%Mn_1. (4.20)
By Lemma 4.4.1 (b),
Tn—2 1 3
[Yn—1] = |27 + byn—2| < \a]’ nt | + 3 (4.21)

This implies that
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since |7,_o| > (€R)3 (%)E > R by (4.15) and R is large. So
(4.22)

1 2
o ltn— < bn— <z n— 2'
2|5L’ of” < by 2|_2|$ 2|

Then using (4.11) in the proof of Lemma 4.4.3 and (4.22), we get

by b\
ns] = [ nstinz + azns] > ('3—') vnalt = (g) M,y
Hence
b\ * 3
Mn—l Z |xn—1|% Z <‘3_’> E%an_g (423)

Remark 4.4.5. If we assume that |xg, 1|?> > My, ; for all n > 1, then by Theorem 4.4.4,

M2n > C(E)Mgan > .2 C(€)1+3+..‘+3”_1M3n > [C(E)MO](\/g)2n7

since 143 + ... + 31 < 3". By (4.23),

Moy 1 > C()Mg,_y > C()[(Cle) M) ]
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Hence M, > M(w)V3" for all n > 0 for some continuous function M(w) of w = (z,y, z) €
C?. Combining this with Lemma 4.2.2 (iv), we obtain that ||[H"(w)|| ~ C'(w)V3". One can

get the same result if |29,|? > My, for all n > 0 is assumed.

In the following, we describe the behavior of |y,| for the points of KT satisfying the

condition in Theorem 4.4.4.
1 1
Lemma 4.4.6. If w € KT, |z,_1| > M? | and |z,_3| > M? 5 then |y,—1| < |a| + %\/g

Proof. If |z,_s| < R2, then by Lemma 4.4.1 (b) |y,_1| < |a| + %\/g So we can assume that

|Za_s| > R2. Since [yn_o| = |22_5 + byn_s| > w > |Tp—3| = |2zn—2|, we have
Rz |y |
e e (4.24)
1

By Lemma 4.4.1 (a) with (4.24) we have |z,_1| > £*€?|2,_5|*. Thus

ol o _Zens] 2 o2 oy

[Zn-1] T @Rz|z, 5>  E@Rz|z,|  €R
choosing R > %. Hence by Lemma 4.4.1 (b), |y,—1] < |a| + %\/g O

Lemma 4.4.7. On KV, if |x3,|* > My, for all n, then for any r > 0, ya, is contained in

the ball B(+£+/—b,r) with center /—b and radius v for alln > N for some N = N(r).

Proof. Since |Ta,yon| < Moy < |Ton|?, [Yon| < |72,] holds for all n. First we show that for

any 0 > 0, |z2,] < d|xa,| for n big enough. We have

’$2n72’2

|Yon—1] = |25,_s + byon—2| > > |Ton—2| = |22n-1]-
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If |2, < R3, then |29,| > R2 > ‘%’" choosing R > (3)® big enough. Thus we may assume

that |20n| = |#2n_1| > R3. Using this with Lemma 4.4.1 (a), we obtain that

R%|y2n71| > R%€2|x2n71|2 _ R%EZIZznP

n| — n—1Y2n— n—1| > >
’1752\ ’952 1Yon—1 + a29 1| 9 B B
Then
|22n| 2 2
< <0
[Zon| — ERY3|29,| 2R3

3
2

choosing R > (3%)2. By Lemma 4.4.6,
Yantal = 125,01 + byons1] = |(Z2nyon + a22n)? + 023, + DPyan| < A
for some constant A depending on €. Since |ya,| < |22,| we have
azon \
Lon

for R big enough and some constant A. That is, ys, + “m e B(+v -0, §2). Since % <90,

A
< —— <0
| T2y

Yon € B(+v/—b, 62 + |a|d). Lemma follows by choosing 82 + |a|d < . O

4.5 More on the Behavior of H at Infinity

Let ¢ be an w — psh function on P”. The Lelong number of ¢ at x € P" is defined by

v(g,z) =sup{y > 0: ¢(w) < ylogdist(w,z), w near x}.
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The Lelong number of a (1,1) current 7' = w + dd°¢ at a point z is defined by v(T, ) :=
V().
Let h : P? — P? be a weakly regular map of degree A > 1 with indeterminacy set |I| = 1

and such that
dist(h(w), I) > Cdist(w, I)°, (4.25)

for all w € P?\ I and for some constants C' > 0, 0 < § < A. For such maps, in [CG,
Proposition 2.7], they show that the Lelong numbers v(A~"(h")*w, I) converge to v(T,1)
where w is the Fubini-Study form of P?. This result can be used to calculate v(T, 1) for
concrete maps of P? satisfying the inequality (4.25). In order to obtain a similar convergence

towards Lelong numbers of the Green current of our map H, we would need the estimate
dist(H (w), I1) > C dist(w, IT)°, (4.26)

for all w € P?\ I and for some constants C' > 0, 0 < § < 2. However, this is impossible
with 6 < 2. For example, let w = [z :1:=2:1]so H(w) =[0:2?+b:x:1]. If |z] is large,

then dist(w, 1) = dist(w, {t = y = 0}) ~ = and

|z

1
dist(H(w), [) = dist(H(w), ") ~ E dist(w, I1)?.

Hence if the inequality (4.26) holds for H, then 6 must be at least 2. Below we show that

this inequality holds for § = 4.
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Proposition 4.5.1. dist(H(w),I[1) > Cdist(w, [1)* for all w € P>\ I and for some

C>0.

Proof. Here we use the distance which is induced by Fubini-Study metric. It is equivalent
to the Euclidean distance between two points in the same chart of P2, Let’s recall that the
indeterminacy set of H is I = {t = z = 0} and the extended indeterminacy set I = ItUI,
where I, = {t =y = 0}. We will consider several cases for w.

Case 1. We first assume that w = [1 :y:2:0 € {t =0} \ [T, Hw) =[y:1:0:0].
If y = 0, then dist(w, ) = dist(H(w),If) = 0. Hence we can assume that y # 0. If
|z| > max{]|yl|, 1}, then

1 1
dist(H (w), I1) ~ min {ﬂ, ]y\} > min {—, M} ~ dist(w, ).
Y

|21 ||

If | 2| < max{|y|, 1}, then dist(H (w), [%} ~ dist(w, [%) ~ min {ﬁ, |y\}.
Case 2. We consider now w = [z : y : z : 1] € {t = 1} and |z| > max{|y|, |z|}. In this
case, w is closer to the line I, than I and

1
dist(w, I) = dist(w, I5) ~ max { i } :

2| ||

We recall that H([z:y:z:1]))=[z1:p: 2z : 1] =[zy+az: 2> +by:z:1].

If |y| > max{2|a|,2|b|,1}, then |by| < |bx| < % and |az| < |ax| < @ These imply that
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Since |y| > 1,
1 2
dist(H (w), I[1) ~ max{m, —} > max{ vl : 2} vl —dlst(w It).
il s 3la|” 3|z 3|
If |y| < max{2l|al,2|b,1}, then
_ 1|z 3|x|? 3|x]?
dist(w, I1) < —, = <|y| < d|z| <
18 (wa oo) ~ |Q§'|7 9 = |y1| = 9 ar | 1| )

Hence

1 2
dist(H (w), I} %max{|x1| } ist(w, I1)?.
IO M Tl f 2 e = P )

Case 3. We now assume w = [z : y : z : 1] € {t = 1} and |y| > max{|z|,|z|}. In this

case, w is closer to the line I™ than I, and

1
dist(w, I1) = dist(w, I'") ~ max {m, —} :
[yl 1]

If |z| > max{1,2]a|} and |by| < % then

leyl _ 3!$y| Ib’v!2 3|z
< ay| < < Jyi| < :
2 9 2

We obtain that
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If || > max{1,2[a|} and |by| > 2 then

x 3|z
B <t < 229 ana ) < 3,

and hence

1 2 2
dist(H (w), I[1) = > > :
1S ( (U)), oo) ~ |£lf1| - 3‘1‘y| - 3|2b|1/2|y‘3/2

On the other hand,

2h 1/2
dist(w, IT) ~ Jz] < | |1 R
lyl =yl

Therefore

dist(H (w), I1) = dist(w, I])>.

If |z| < max{1,2|a|} then
. 1
dlSt(U),I;) 5 ?lu |y1| < C’max{|y|, 1}7 |Ji1| < C’max{|y|, 1}7 |le = |[E|,

for some constant C' > 0. We have

1

> dist(w, IT).
i

dist(H (w), I1) > dist(H (w), {t = 0}) > min {ﬁ |71|} 2

Case 4. We assume w = [z : y : z: 1] € {t = 1} and |z| > |z| > |y|. In this case w is

closer to the line I, than /T and

1
dist(w, I1) = dist(w, I5) ~ max {%, m} .
2|’ |z
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If |z| < 2|b| then |z;| < C|z|, |11] < C|z| and |z1| < C|z| for some C' > 0 since |y| < |z|. It

follows that dist(H(w),I1) = é ~ dist(w, I]). Hence we can assume that |z| > 2|b].

If [y]> > 2|az|, then |zy| > |y> > 2|az| and hence 22 < |z;] < 2. We also have

by| < |bx| < 1221 \hich implies that lz? < |y < CII follows that
Y 2 2 2

1
dist(H (w), [1) ~ max{m, —} > Iyl > ol ~ dist(w, I1).
yal” ol [ — 3]z]

If |y|* < 2]az|, then

|2a|1/? 1}N 1

. + < |t ~
dist(w, I}) < max{ 27 T2 ErE

and

1] < CLPP2, [l < 2, |l < 2],

Thus
. e (111 1 i
dist(H (w), [[) > dist(H(w), {t =0}) 2 min§ —, —, B > —= 2 dist(w, I3)"

Case 5. Lastly, we assume w = [z :y: z:1] € {t =1} and |z| > |y| > |z|. Then

1
dist(w, I) = dist(w, ") ~ max {m } :

EINE!

If |z|* > max{|2al, |20|}|z|, then |zy| > |z|* > 2|az| and hence |m2—y| <] < @ We also
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have [by| < [bz| < 21 which implies that 22 < |y;| < 32E Tt follows that

1
dist(H (w), [1) ~ max{ 1] } > 2] > 2] > dist(w, I).

|$1|7 |$1| N 3|y| N 3|Z| ~

If |z|* < max{|2al, |20|}|z], then

1
: +

and

3 1
1| < Cl2l2, ] < Clz], |z1] < Oz,

for some C > 0. Thus

dist(H(w), I*) > dist(H (w), {t = 0}) > min {i =S i} > o2

> dist(w. I1)3.
il ol Tl = (w L)

3 ~

z|2

4.6 A Two Dimensional Model

We will consider the case a = 0. Then H becomes a map of C?,
H(z,y) = (zy,2* + by).

We note that H is not an automorphism anymore. It determines a map H : P? — P? by

H([z :y:t]) = [zy : 2* + byt : t*]. The indeterminacy point is I = [0 : 1 : 0]. The sets KT
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and U™ are defined as in (4.2) without the z coordinate. Then all the estimates for the map
in C? in Sections 4.2 and 4.4 hold for the reduced map in C2.

In the following examples, when b* = 1, we have some lines which are contained in K+ and
invariant under the second iterate H2 of H. If w lies on these lines then H™(w) ~ C'(w)V3)",

so the maximal growth on KT given by the estimates from Section 4.2 does occur.

Example 4.6.1. The second iterate of H is

H?(z,y) = H(zy,2” + by) = (zy(a® + by), 2*(y* + b) + b%y),

50 Ty = xy(x? + by) and yo = z%(y? + b) + b%y.
If b* =1 and y*> = —b then y3 = b'y? = —b® = —b. We have four choices for b.

Case 1. If b =1 then H*(z,y) = (x3y + 2y*, 2*(y*> + 1) + y). Hence H?*(z,1) = (ix3 — x,1)
and H?(z, —i) = (—iz® — x, —1). So the lines {y = i} and {y = —i} are invariant under H?.
Case 2. If b= —1 then H*(z,y) = (23y — xy? 2*(y* — 1) + y). Hence H?*(z,1) = (2* — z,1)
and H*(z,—1) = (—2% —x,—1). So the lines {y = 1} and {y = —1} are invariant under H2.
Case 3. If b =i then H2(x,y) = (23y + izy?, 22(y2 + i) — y). Hence H2(z,e) = (e'5 2® +
z,—e'T) and H2(z,—e%') = (—e T 2%+ z,e1).

Case 4. If b = —i then H2(z,y) = (23y — iay® 22(y2 — i) — y). Hence H%(z,e™) =

(e%ﬁ + z, —e%) and H?(z, —e%) = (—e%x‘3 + 7, e%i).

In all of the cases above, since b* = 1 and y? = —b, we have

H?(x,v/=b) = (2*V/—b — b%z, b*\/=D).
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Thus |yan| = 1, |x2n| ~ |x|3na |x2n+1| = |x2ny2n| ~ |x|3n and |yon+1| = |x%n + byan| = |x|2'3n

for all n > 0. Hence H"(w) ~ C(w)V®" if w is contained in these lines.
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