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Abstract

It is well known that the standard Breusch and Pagan (1980) LM test for cross-equation
correlation in a SUR model is not appropriate for testing cross-sectional dependence in panel
data models when the number of cross-sectional units (n) is large and the number of time periods
(T) is small. In fact, a scaled version of this LM test was proposed by Pesaran (2004) and its
finite sample bias was corrected by Pesaran, Ullah and Yamagata (2008). This was done in the
context of a heterogeneous panel data model. This paper derives the asymptotic bias of this
scaled version of the LM test in the context of a fixed effects homogeneous panel data model.
This asymptotic bias is found to be a constant related to n and T, which suggests a simple bias
corrected LM test for the null hypothesis. Additionally, the paper carries out some Monte Carlo
experiments to compare the finite sample properties of this proposed test with existing tests for

cross-sectional dependence.
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1 Introduction

Cross-sectional dependence, described as the interaction between cross-sectional units (e.g., house-
holds, firms and states etc.), has been well discussed in the spatial literature. Intuitively, dependence
across “space”, can be regarded as the counterpart of serial correlation in time series. It could arise
from the behavioral interaction between individuals, e.g., imitation and learning among consumers
in a community, or firms in the same industry. This has been widely studied in game theory and
industrial organization. It could also be due to unobservable common factors or common shocks
popular in macroeconomics.

As is the case under serial correlation in time series, cross-sectional dependence leads to effi-
ciency loss for least squares and invalidates conventional t-tests and F-tests which use standard
variance-covariance estimators. In some cases, it could potentially result in inconsistent estimators
(Lee, 2002; Andrews, 2005). Several estimators have been proposed to deal with cross-sectional
dependence, including the popular spatial methods (Anselin, 1988; Anselin and Bera, 1998; Kele-
jlan and Prucha, 1999; Kapoor, Kelejian and Prucha, 2007; Lee, 2007; Lee and Yu, 2010), and
factor models in panel data (Pesaran, 2006, Kapetanios, Pesaran and Yamagata, 2011; Bai, 2009).
However, before imposing any structure on the disturbances of our model, it may be wise to test
the existence of cross-sectional dependence.

There has been a lot of work on testing for cross-sectional dependence in the spatial econometrics
literature, see Anselin and Bera (1998) for cross-sectional data and Baltagi, Song and Koh (2003)
for panel data, to mention a few. The latter derives a joint Lagrange Multiplier (LM) test for the
existence of spatial error correlation as well as random region effects in a panel data regression
model. Panel data provide richer information on the covariance matrix of the errors than cross-
sectional data. This is especially relevant for the off-diagonal elements which are of particular
importance in determining cross-sectional dependence. With panel data one can test for cross-
sectional dependence without imposing ad hoc specifications on the error structure generating the
covariance matrix, e.g., the spatial autoregressive model in the spatial literature, or the single or
multiple factor structures imposed on the errors in the macro literature. Ng (2006) and Pesaran
(2004) propose two test procedures based on the sample covariance matrix in panel data. Ng (2006)
develops a test tool using spacing method in a panel model. Pesaran (2004) proposes a cross-
sectional dependence (C'D) test using the pairwise average of the off-diagonal sample correlation

coefficients in a seemingly unrelated regressions model. The CD test is closely related to the Rav g



test statistic advanced by Frees (1995). Unlike the traditional Breusch-Pagan (1980) LM test,
the CD test is applicable for a large number of cross-sectional units (n) observed over T  time
periods. Recently, Sarafidis, Yamagata and Robertson (2009) develop a test for cross-sectional
dependence based on Sargan’s difference test in a linear dynamic panel data model, in which
the error cross-sectional dependence is modelled by a multifactor structure. Hsiao, Pesaran and
Pick (2009) propose a LM type test for nonlinear panel data models. Baltagi, Feng and Kao
(2011) propose a test for sphericity following John (1972) and Ledoit and Wolf (2002) in the
statistics literature. Sphericity means that the variance-covariance matrix is proportional to the
identity matrix. However, rejection of the null could be due to cross-sectional dependence or
heteroskedasticity or both. For a recent survey of some cross-sectional dependence tests in panels,
see Moscone and Tosetti (2009).

In the fixed n case and as T" — oo, the Breusch and Pagan’s (1980) LM test can be applied
to test for the cross-sectional dependence in panels. Under the null hypothesis, the test statistic
is asymptotically Chi-square distributed with n(n — 1)/2 degrees of freedom. However, this test is
not applicable when n — oco. Therefore, Pesaran (2004) proposed a scaled version of this LM test,
denoted by C Dy, which has a N(0,1) distribution as T' — oo first, followed by n — oco. As pointed
out by Pesaran (2004), the CDy,, test is not correctly centered at zero for finite 7" and is likely
to exhibit large size distortions as m increases. To solve this problem, Pesaran (2004) proposes
a diagnostic test based on the average of the sample correlations, which he denotes by the C'D
test, and this is valid for large n. Additionally, Pesaran, Ullah and Yamagata (2008) develop a
bias-adjusted LM test using finite sample approximations in the context of a heterogeneous panel
model.

This paper derives the asymptotic bias of this scaled version of the LM test in the context of
a fixed effects homogeneous panel data model. Because it is based on the fixed effects residuals,
we denote it by LMp to distinguish it from CDy,,. The asymptotic bias of LMp is found to
be a constant related to n and T which suggests a simple bias corrected LM test for the null
hypothesis. This paper differs from the bias-adjusted LM test of Pesaran, Ullah and Yamagata
(2008) in that the latter assumes a heterogeneous panel data model, whereas this paper assumes
a fixed effects homogeneous panel data model. Also, the bias correction derived in this paper
is based on asymptotic results as (n,7") — oo, while the bias adjustment in Pesaran, Ullah and
Yamagata (2008) is obtained using finite sample approximation. Phillips and Moon (1999) provide

regression limit theory for panels with (n,7T) — co. Here, we adopt the asymptotics used in the



statistics literature for high dimensional inference, see Ledoit and Wolf (2002) and Schott (2005), to
mention a few. This literature usually deals with multivariate normal distributed variables where
the number of variables (in our case n) is comparably as large as the sample size (T'). Our paper
finds that under this joint asymptotics framework with (n,7) — oo simultaneously, the limiting
distribution of the LMp statistic is not standard normal under the assumption of a fixed effects
model. Consequently, it can suffer from large size distortions.

The organization of the paper is as follows. The next section discusses the LM tests for cross-
sectional dependence in the context of a fixed effects panel data model. Section 3 derives the
limiting distribution of the LMp test in the raw data case. Section 4 derives the corresponding
limiting distribution of the LMp test in the context of a fixed effects model. Section 5 compares
the size and power of the proposed test as well as other tests for cross-sectional dependence using
Monte Carlo experiments. In section 6, we show that the proposed bias-corrected LM test can be
extended to the dynamic panel data model. Section 7 concludes. The appendix contains all the

proofs and the technical details.

2 LM Tests for Cross-sectional Dependence

Consider the heterogeneous panel data model:
Vit = Ty B3; + Ui, fori=1,...n; t=1,...,T, (1)

where ¢ indexes the cross-sectional units and ¢ the time series observations. y;; is the dependent
variable and x;; denotes the exogenous regressors of dimension £k x 1 with slope parameters 3; that
are allowed to vary across ¢. u; is allowed to be cross-sectionally dependent but is uncorrelated
with x;. Let Uy = (ut, -+ ,une)’. The n x 1 vectors Uy, Us, - -+, Ur are assumed iid N(0,X,) over
time. Let o;; be the (4, j)th element of the n x n matrix ¥,. The errors uy (i =1,...,n;t =1,...,T)
are cross-sectionally dependent if ¥, is non-diagonal, i.e., 0;; # 0 for ¢ # j. The null hypothesis of

cross-sectional independence can be written as:
Hoio'ij :()forz';éj,

or equivalently as

Hy : pjj = 0 for i # j, (2)

where p;; is the correlation coefficient of the errors with p;; = . Under the alternative hy-

pothesis, there is at least one non-zero correlation coefficient p;;, i.e., Hy : p;; # 0 for some i # j.
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The OLS estimator of y;; on x; for each i, denoted by Bi, is consistent. The corresponding

OLS residuals 4;; defined by @ = yir — xfuﬁl are used to compute the sample correlation Z)Z-j as

Pij = (Z ﬂz’t) (Z ﬂjt) t; Ut Uy - (3)

i=1 t=1
In the fixed n case and as T' — oo, the Breusch and Pagan’s (1980) LM test can be applied to test

follows:

for the cross-sectional dependence in heterogeneous panels. In this case it is given by:
n—1 n 9
LMpp =T %, > p;
i=1 j=it1
This is asymptotically distributed under the null as a x? with n(n — 1)/2 degrees of freedom.
However, this Breusch-Pagan LM test statistic is not applicable when n — oo. In this case,
Pesaran (2004) proposes a scaled version of the LMpp test given by:
LY 5 (Tp3 —1). (4)
n( -1) = j=i+1

Pesaran (2004) shows that CDy, is asymptotically distributed as N(0,1), under the null, with

CDyp =

T — oo first, and then n — co. However, as pointed out by Pesaran (2004), for finite 7', E[T' bfj —1]
is not correctly centered at zero, and with large n, the incorrect centering of the C Dy, statistic
is likely to be accentuated. Thus, the standard normal distribution may be a bad approximation
of the null distribution of the CDy,, statistic in finite samples, and using the critical values of a
standard normal may lead to big size distortion. Using finite sample approximations, Pesaran, Ullah
and Yamagata (2008) rescale and recenter the C Dy, test. The new LM test, denoted as PUY’s

LM test, is given by

2 il (T- k)b?j AT

PUYSILM =,/ —— , 5
n(n —1) z; j:zi;&—l oTij 5)
where
1
Hrij = mtr{E(MiMj)]

is the exact mean of (T — k) ,b?j and
ori; = {tr[B(M;M;))]Yarr + 2tr { E[(M; M;)*|}aar

is its exact variance. Here

1
(g
(T—k—8)(T—-k+2)+24 17

ar = (T—k+2)(T—k—-2)(T—k—4)| "’

alr = a1 —

4



M; = I — X;(X!X;)"*X], where X; = (i1, -+ ,2;7)" contains T observations on the k regressors
for the i-th individual regression. PUY’s LM is asymptotically distributed as N(0, 1), under the
null, with T" — oo first, and then n — .

This paper considers the fixed effects homogeneous panel data model
Vit = o+ 2B+ p; vy, fori=1,..mn; t=1,....T (6)

where p; denotes the time-invariant individual effect. The k£ x 1 regressors z;; could be correlated
with u,, but are uncorrelated with the idiosyncratic error v;. This is a standard model in the
applied panel data literature and differs from (1) in that the 3;s are the same, and heterogeneity
is introduced through the p}s. The intercept a appears explicitly so that the regressor vector z;
includes only time-variant variables. Throughout our derivations for the fixed effects model, we

require the following assumptions:

Assumption 1 7 — c€ (0,00 ) as (n,T) — 0.

¢ is a non-zero bounded constant. This assumption approximates the case where the dimension
n is comparably as large as T.

For a static panel data model, we assume:

Assumption 2 i) The nx 1 vectors of idiosyncratic disturbances Vi = (vig, -+ ,vnr), t =1,...,T,
are iid N(0,%,) over time'; i) Elvi|zi1,...,zi7] = 0 and Elilzj,...,zjr] = 0,4 = 1,--- ,n,
t=1,---,T; iii) For the demeaned regressors Ty = i — % Zstl Tis, %Zle Tit, % Zthl o%itfc;»t
are stochastic bounded for alli =1,--- ,n and j =1,--- ,n, and lim, 1y_, % Yo Z?:l Ty,

exists and is nonsingular.

The normality assumption 2.i) above may be strict but it is a standard assumption in the
statistical literature and is also assumed by Pesaran, Ullah and Yamagata (2008). Other distri-
butions will be examined for robustness checks in the Monte Carlo experiments. Assumptions
2.i) is standard. Assumption 2.iii) excludes nonstationary or trending regressors. Under these
assumptions, the within estimator B is v/nT-consistent. This estimator is obtained by regressing

Tit = Yit — % 23:1 Yis on Zj. The corresponding within residuals given by 0;; = ;¢ — &, 3 are used

'V, and X, form triangular arrays as both n and T increase. Strictly speaking, V; (X,) should be written as V4 p,
(X4,n). To avoid index cluttering, we suppress the subscript n.



to compute the sample correlation p;; as follows:
T -1/2 , p , -1/2 1
pij = (Z ”z’t) (Z @jt) > Vitje. (7)
t=1 =1 t=1
For a dynamic panel data model with the lagged dependent variable as a regressor, more as-
sumptions are needed. We will discuss this case in Section 6.
The scaled version of the LMpp test suggested by Pesaran (2004) but now applied to the fixed

effects model is given by:
LMp =\ |——— 3 5 (Thy—1). (8)

This replaces p;; with p;; and it now tests the null given in (2) only applied to the remainder
disturbance v;;. In order to see this, let uy = p; + v;r denote the disturbances in (6). The fixed
effects estimator wipes out the individual effects, and that is why it does not matter whether the
wis are correlated with the regressors or not. The test for no cross-sectional dependence of the
disturbances given in (2) becomes a test for no cross-sectional dependence of the v;. This LMp
test, for the fixed effects model (8), suffers from the same problems discussed by Pesaran (2004)
for the corresponding C Dy, statistic (4) for the heterogeneous panel model. We show that it will
exhibit substantial size distortions due to incorrect centering when n is large. Unlike the finite
sample adjustment in Pesaran, Ullah and Yamagata (2008), this paper derives the asymptotic
distribution of the LMp statistic under the null as (n,T’) — oo, and proposes a bias corrected LM
test. The asymptotics are done using the high dimensional inference in the statistics literature, see
Ledoit and Wolf (2002) and Schott (2005), to mention a few. Our derivation begins with the raw
data case and then extends it to a fixed effects regression model. We find that in a fixed effects
panel data model, after subtracting a constant that is a function of n and T', the LMp test is
asymptotically distributed, under the null, as a standard normal. Therefore, a bias-corrected LM

test is proposed.

3 LMp Test in the Raw Data Case

In the raw data case, the n x 1 vectors Z,Z5 --- , Zp are a random sample drawn from N (0,3,).
The " observation Z; has n components, Z; = (214, - , Znt)’. The null hypothesis of independence

among these n components is the same as (2) but now pertaining to ¥, rather than 3,,. For fixed n,

n—1 n
and as T' — oo, the traditional LM test statistic is 7" Y. > rfj, which converges in distribution
i=1 j=i+1



to Xi(n_l) /2 under the null of independence. The sample correlation 7;; is defined as
—-1/2 —-1/2
T 2 T 2 T
Tij = <Zt:1 zit) (Zt:l th) Dot ZitZjt- 9)
However, as the dimension n becomes as comparably large as 7', this traditional LM test becomes

invalid. A scaled LM test statistic

1
LM, = n(n_1>2 2 (Tr? — 1) (10)

=1 j=i+1
is thus considered. This LM, statistic (10) is closely related to the test statistic proposed by Schott

(2005)
n-l n n(n —1)
£ 5 a-ned
For high-dimensional data, as n/T — ¢ € (0,00 ), Schott (Theorem 1, 2005) shows that under the

null of independence,

n—=1 n
o nn—1) 4 ) nin—1)(T —-1)
2o N (0’ e TAT 1 2)

Using Schott’s (2005) result and the fact that

T2T+2) [l o n(n —1)
\/n<n—1><T >[ZZ+ o

it is straightforward to infer that the limiting distribution of LM, is N (0,1) under the null.?

4 LMp Test in a Fixed Effects Panel Data Model

This section derives the limiting distribution of the LMp test defined in (8). This tests the null of
no cross-sectional dependence in the fixed effects regression model given in (6). The null hypothesis

of no cross-sectional dependence is the same as (2) but now pertaining to ¥, rather than ,,.

Theorem 1 Under Assumptions 1, 2 and the null hypothesis of no cross-section dependence

"4 N(0,1).

LMp— ——
Pror -1

%Srivastava (2005, Theorem 5.1) also derives the null limiting distribution of the LM, statistic given in (10) using
T — oo and focusing on the case where T = O(n®) where 0 < § < 1.

7



The proof of the theorem is provided in the Appendix. The asymptotics are derived under the
joint asymptotics of (n,T) — oo with n/T — ¢ € (0,0).
Based on this result, this paper proposes a bias-corrected LM test statistic given by:
n 1

n—1 n n
LMpc = LMp — = S5O (TP -1) = ———.
31\ 5,2 T ) s

(11)

Theorem 1 shows that, under the null, the limiting distribution of the bias-corrected LM test is
standard normal.

Comparing LMp in the fixed effects model versus the corresponding LM, in the raw data case,
it is clear that LMp exhibits an asymptotic bias, while LM, does not. This result is similar to the
analysis in Baltagi, Feng and Kao (2011) for the John test for sphericity under the panel regression
model with and without fixed effects. The asymptotic bias in the fixed effects model results from the
incidental parameter problem. Due to the presence of unobserved heterogeneity 1, the idiosyncratic
error v;; can not be estimated accurately by the within residuals U3 = 75+ —%;tﬁ = Vi —% Zstl Vis —
#,(B — B). The second term %Z;‘le v;s, created by the within transformation to wipe out the
unobserved heterogeneity p;, is Op(%). Hence, the accuracy of the within residuals depends on 7.
For small T', the within residuals are inaccurate, and so are the sample correlations p;;’s computed
using the within residuals. For large T, the terms involved with odd power of % ZZ;I v;s vanish due
to the law of large numbers. However, the sum of a large number of squared terms of % Zle Vis
can not be ignored. The inaccuracy due to the within transformation accumulates in the sum
of squared terms of the statistic with comparably large n and n/T — ¢ € (0,00), consequently,

resulting in asymptotic bias.

5 Monte Carlo Simulations

This section employs Monte Carlo simulations to examine the empirical size and power of our bias-
corrected LM test defined in (11) in a static panel data model. We compare its performance with

that of Pesaran’s (2004) CD test given by
esaran’s nn E ' E pU’

and PUY’s LM test given in (5). The sample correlations p;; are computed using OLS residuals,
see (3). We also include the John test for the null of sphericity discussed by Baltagi, Feng and Kao
(2011). Sphericity means that ¥, is proportional to the identity matrix. The John test statistic is

8



given by R )
J T(LtrS)2Ltr(S?)-T—n 1 n
- 2 2 2T -1)

where S = % Zg‘rzl th/;’ is the n x n sample covariance matrix computed using the within residuals
V; = (014, ey Ont)'. trS is the trace of the matrix S. Under normality and homoskedasticity, the
John test can be used to test for cross-sectional dependence. However, John’s test is not robust
to heteroskedasticity, and rejection of the null hypothesis using the John test could be due to
heteroskedasticity or cross-sectional dependence. For this reason we include the John test in our
experiments only under the homoskedastic case. The John test is not recommended for testing

cross-section dependence when heteroskedasticity is present.?

5.1 Experiment Design

The experiments use the following data generating process:

Yit = O[+5£L'it+ui+1)it,izl,"‘,n;tzl,"‘,T, (12)

Tit = CTip—1 + p; + Ny (13)
Following Im, Ahn, Schmidt and Wooldridge (1999) x;; in (13) is correlated with the p,;, but not
with Vit

To calculate the power of the tests considered, two different models of the cross-sectional de-

pendence are used: a factor model and a spatial model. In the former, it is assumed that
Vit = Vi ft + €it, (14)

where f; (t =1,---,T) are the factors and ~,; (i = 1,--- ,n) are the loadings. In a spatial model,
we consider a first-order spatial autocorrelation (SAR(1) in (15)) and a spatial moving average

(SMA(1) in (16)) model as follows:

vir = 0(0.5vi—14 + 0.5vi41,¢) + €it, (15)

Vit = 5(0.551;1,15 + 0.56,’+17t) + &it. (16)

3Tt is also important to note that for the raw data case, Kapetanios (2004) suggests transforming the data by
dividing by the estimated standard deviations for each individual before applying the John test. In this case, the
sample correlation matrix will be the same as the sample covariance matrix after transforming the data. One can
show the asymptotic equivalence between the Kapetanios (2004) two-step John test and the LM, test given in (10).
Both test statistics are based on the sum of the squared off-diagonal sample correlations, but with different scale
parameters.



Cross-sectional dependence can also be modelled by including a spatially lagged dependent variable,

denoted as the mixed regressive, spatial autoregressive (MRSAR) model:
Yit = @+ 6(0.5yi—1+ + 0.5yi41,4) + Bair + p1; + vit, (17)

where, similar to the SAR(1) model in (15), the term §(0.5y;—1,+ + 0.5y;41,+) represents the spatial
interaction in the dependent variable. The null can be regarded as a special case of v, = 0 in the
factor model (14) and 6 = 0 in the spatial models (15), (16) and (17).

vt (under the null) and e; (under the alternative) are from #dN(0,0?). To model the het-

eroskedasticity, we follow Baltagi, Song and Kwon (2009) and Roy (2002) and assume that
o? = o?(1+0z;)%, (18)

where Z; is the individual mean of x;;. Here 6 is assigned values 0, 0.5 with § = 0 denoting
the homoskedastic case. For non-zero #, we fix the average value of a% across ¢ as 0.5 in our
experiments. We obtain the value of 0% = 0.5/ [1 3" | (1 + 62;)?] using (18) and subsequently the
value of a?. For the case of § = 0, 012 = 02 is fixed at 0.5.

The parameters o and [ are set arbitrarily to 1 and 2 respectively. p, is drawn from i@dN (¢u’ ai)
with ¢, = 0 and ai = 0.25fori = 1,--- ,n. For the regressor in (13), ¢ = 0.7 and n;, ~ #idN(¢,), 0127)
with ¢, = 0 and o7 = 1. For the factor model in (14) f; ~ iidN(0,1) and two sets of experiments
are conducted for v, ~ iidU(—0.5,0.55) and ; ~ iidU(0.1,0.3). For the spatial model § = 0.4 in
(15), (16) and (17).

The Monte Carlo experiments are conducted for n = 5, 10, 20, 30, 50, 100, 200 and 7" = 10, 20, 30, 50.
For each replication, we compute the bias-corrected LM test, Pesaran’s CD, the John test and
PUY’s LM test. 2,000 replications are performed. To obtain the empirical size, the proposed
bias-corrected LM test, PUY’s LM and the John tests are conducted at the positive one-sided 5%
nominal significance level, while Pesaran’s CD test is implemented at the two-sided 5% nominal

significance level.

5.2 Results

Tables 1 and 2 present the empirical size of these tests under the null of cross-sectional independence
with homoskedasticity (6 = 0) and heteroskedasticity (6 = 0.5), respectively. The size of the bias-
corrected LM test is close to 5%, even for micro panels with small 7" and large n. For example, the

size of the bias-corrected LM test is 4.1% and 5.1% for n = 200 and T = 10, under homoskedasticity
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and heteroskedasticity, respectively. The simulation results are consistent with the asymptotic
theory given in Theorem 1 in Section 4. As discussed in Pesaran, Ullah and Yamagata (2008),
for large T there is no bias issue, so PUY’s LM test has the correct size for large T'. For large n
and small T, it is slightly oversized. For example, the size of PUY’s LM test is 7.9% and 9.2% for
T = 10, n = 200 under homoskedasticity and heteroskedasticity, respectively. Pesaran’s CD test
has the correct size for all combinations of n and 7.* The size of the John test is also reported in
Table 1 for comparison purposes. It performs well except for micro panels, in which case the John
test is oversized under homoskedasticity.

Table 3 shows the size adjusted power of these tests under the alternative specified by a factor
model. The bias-corrected LM test has bigger size adjusted power than PUY’s LM test for small 7.
However, both tests have size adjusted power that is almost 1 when n and T are larger than 20. By
contrast, the power of Pesaran’s CD test is much smaller than those of the two LM tests. While the
power of the LM tests becomes one for large n and T, the power of the CD test reaches a maximum
of 36.5% for n = 200 and T" = 50 when ~; is drawn from U(—0.5,0.55). This is expected under
the current design. As pointed out by Pesaran, Ullah and Yamagata (2008), in the factor model
above in (14), Cov(vit,vjt) = E[v;]E[y,], implying that the value of Pesaran’s CD test statistic is
close to zero if the mean of 7, is zero. This explains the low power of Pesaran’s CD test when -, is
drawn from U(—0.5,0.55). However, this is not the case for the proposed LM and PUY’s LM tests
which involve the squared terms of sample correlation coefficients. For the case of v; drawn from
U(0.1,0.3), the power of Pesaran’s CD test increases to 1 with n or T

Tables 4, 5 and 6 give the size adjusted power of these tests under the alternative specifications
of SAR(1), SMA(1) and MRSAR, respectively. In these cases, the size adjusted power of Pesaran’s

CD test performs much better than in the case of a factor model, increasing to 1 with 7°.°

4Pesaran’s CD test is designed for hetergeneous panels and is based on the sample correlation of the residuals of
individual heterogeneous OLS regressions. We performed the experiments again using the CD test but computed
with fixed effects residuals. Pesaran’s CD test always has correct size for all combinations of n and 7' under the
homoskedastic case. However, it is a little oversized under heteroskedasticity for large n and small T'.

®Tables 4 and 5 show that in the SAR(1) and SMA (1) models, the size-adjusted power of tests is low when 7 is
relatively large and T is small. For example, in the SAR (1) model, when 7" = 10,n = 200, the size-adjusted power
is 73.6%,45.6% and 52.9% for the proposed bias-corrected LM, PUY’s LM and Pesaran’s CD tests, respectively.
However, when T gets large, the size-adjusted power of these tests increases to 1. By contrast, Table 6 shows that
in the MRSAR model, the size-adjusted power of these two LM tests is large and increases to 1 with n no matter
whether T is small or large.

The power of the tests under the spatial model depends upon the spatial autocorrelation parameter 6. For example,
for § = 0.8, in the SAR (1) model, when T' = 10, n = 100, the size-adjusted power is 100%, 100% and 93.9% for
the proposed bias-corrected LM, PUY’s LM and Pesaran’s CD tests, respectively. Pesaran (2004) discusses the local
power of the CD test in factor model and SAR(1) model. Similarly, one can investigate the asymptotic power of
the proposed bias-corrected LM under different alternatives. Since our proposed test statistic is based on the sum of
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Table 7 provides the results of robustness check on the size of the tests with some non-normal
or asymmetric distributions on the errors. We ran experiments with uniform distribution U1, 2],
Chi-square distribution with 1 degree of freedom, x2, and t-distribution with 5 degrees of freedom,
t(5), and we compare these results with those of Gaussian case N(0,0.5). By and large, these
experiments show that the size of the bias-corrected LM, PUY’s LM and Pesaran’s CD tests are
not that sensitive to the normality assumption on the errors. The same results obtain although
the magnitude are different. PUY’s LM test is still oversized around 8% for large n = 100, small
T = 10 no matter what distribution is used. The bias-corrected LM test has size close to 5% for

the uniform and ¢ distributions and is a little oversized for T > 10 when using the x? distribution.’

6 Dynamic Panel Data Models

In a dynamic panel data model
Yit = o+ &EYip—1 + B+ vy, fori=1,..,nt=1,...,T (19)

yit—1 is the lagged dependent variable. As documented by Nickell (1981), the within estimator
is inconsistent for finite 7" as N — oo. Various consistent estimators have been proposed in the
literature, including Anderson and Hsiao (1981), Arellano and Bond (1991), Kiviet (1995), Bun and
Carree (2005), Phillips and Sul (2007) etc., to name a few. For a detailed discussion, see Baltagi
(2008). Recently, Hahn and Kuersteiner (2002) studied the asymptotic properties of the within
estimator in a dynamic panel model with fixed effects when n and 1" grow at the same rate. They
show, after a bias-correction, the within estimator is v/nT-consistent.

For the dynamic panel data model in (19), let us denote 6 = (&, 8’)’. Based on the bias-corrected
estimator /@\ proposed by Hahn and Kuersteiner (2002), we can compute the within residuals vy =
Uit — (Ui t—1, :E;t)/@\ with §; -1 = yir—1— % Zstl Yi,s—1, and the corresponding sample correlations p;;

and the bias-corrected LM test statistic (LMpc).” We show that as long as 6 is v/nT -consistent,

squared sample correlations constructed from within residuals, these derivations will be quite involved and are not
pursued in this paper.

SWe performed Monte Carlo simulations where the true DGP is a heterogeneous panel. When T is large (T = 50)
and n is small (n = 10), the size of the proposed bias-corrected LM, PUY’s LM and Pesaran’s C'D test is 5.6,5.4
and 5.5 respectively. When n is relatively larger than T, our simulations show that the proposed bias-corrected LM
test is not robust to slope heterogeneity. For example, the size of our proposed bias-corrected LM test is 13.4% for
T = 30 and n = 50. The proposed test used in the heterogeneous panels is actually C D, minus ﬁ When T is
much larger than n, the C'Dy,, test has size close to the nominal level. Since the term is small in this case,
the estimated size of the proposed test is also close to the nominal level.

"Theorem 1 of Hahn and Kuersteiner (2002) shows that the limiting distribution of v/nT(6 — ), where 6 denotes
the within estimator, is not centered at zero when both n and T are large. Due to this noncentrality, we find in Monte

2(Tn—1)
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the proposed LMpc test in the dynamic panel data model still has standard normal limiting
distribution under the null. However, stronger assumptions are needed than the static panel data

model. In particular,

Assumption 3 i) VaT(0 — 0) = O,(1); i) || < 1; @) 230, y2o = Op(1) and £ >0 p?
= Op(1)§ iv) %23:1 Zi;ﬁ 57_1%,sz = Op(l) and % 23:1 Zi;i ET_lvi,sz = Op(T_lﬂ)’
Assumption 3.iii) is the same as condition 4.iv) in Hahn and Kuersteiner (2002). It implies

¥i,0 = Op(1) and p; = Op(1). Under Assumptions 3.iii), iv) the dependent variable y;; and its time

average % Z?:l ¥i+ are stochastically bounded.
Theorem 2 Under Assumptions 1, 2, 8 and the null hypothesis of no cross-section dependence
LMpe % N(0,1).

Under Assumption 3.iii), the proof follows along the same lines as that of Theorem 1. See the
Appendix.
To examine the finite sample properties of the proposed bias-corrected LM test in a dynamic

panel data model, we follow the same design as that of Hahn and Kuersteiner (2002):

Yit = @+ fyi,t—l + 1 + Vit, i = 17 ey = _507 _497 ”'707 17 "'7T7

where v;; is assumed N(0, 1) independent across ¢ and ¢, p; ~ N(0,1), yio|lp; ~ N <1lii§7 thli(gét)>
and ¢ = {0.3,0.6,0.9}. For this model, Hahn and Kuersteiner (2002) propose a bias-corrected
estimator ? = %Z + %, where E is the within estimator of . Hahn and Kuersteiner (2002) show
that v/nT (? - &) 4N (0,1 — £2). In our Monte Carlo experiments, heteroskedasticity of v; is
allowed. In fact, vit ~ N(0,0%) where 07 ~ x*(2)/2 as in the dynamic setup of Pesaran, Ullah and
Yamagata (2008). The first 50 observations are discarded to lessen the effects of the initial values
of y;p on the results.

Table 8 reports the size of the tests for the dynamic panel data model. It shows that the
proposed bias-corrected LM test has the correct size, close to the 5% nominal significance level,

e.g., 5.1% and 5.4% for n = 100, T = 10 and n = 200, T' = 10 in the case of £ = 0.3. For the cases
of £ =0.3,0.6, it is slightly oversized for n = 200, T' = 10. The PUY’s LM test tends to over-reject

Carlo experiments that the proposed bias-corrected LM test using the within estimator is oversized in micro panels

when n is much larger than 7. This is why we use the bias-corrected estimator 0 proposed by Hahn and Kuersteiner
(2002).
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in micro panels with large n and small T', and this fact is also observed in Table 6 of Pesaran, Ullah
and Yamagata (2008). Pesaran’s CD has correct size as in Pesaran (2004) and Pesaran, Ullah and
Yamagata (2008).8

7 Conclusion

This paper derives the limiting distribution of the scaled version of LM test proposed by Pesaran
(2004) but applied to a fixed effects model. We find that this LM test exhibits an asymptotic
bias which is related to the number of cross-sectional units n and the number of time periods T
Therefore, a bias-corrected LM test is proposed and its finite sample properties are examined using
Monte Carlo experiments. The simulation results show that the bias-corrected LM test successfully
controls for size distortions as n gets large relative to T'. It also maintains reasonable power under
the alternative of a factor model or a spatial SAR, SMA, or MRSAR models. However, our proposed
LM test is not robust to slope heterogeneity. More importantly, the simulation results show that
the bias-corrected LM test can be applied in typical micro panel data case with large n and small
T. The asymptotic distribution of our proposed LM test is derived under the normality assumption
and no time series dependence. While these are indeed restrictive assumptions, they are needed
because they are also assumed in the statistics literature of high dimensional inference for the raw
data case. To our knowledge, these asymptotic results have not been extended in the statistics

literature to deal with non-normality.

8We also tried the dynamic setup in Pesaran, Ullah and Yamagata (2008) except that a homogeneous slope is
assumed. We conducted experiments with € = 0.3,0.6,0.9. The results are similar to those in Table 8 and are
available as Table 9 upon request from the authors.
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Table 1: Size of Tests under Homoskedasticity (6=0)

Size T\n| 5 10 20 30 50 100 200

Bias-corrected LM 10 6.0 4.8 4.5 4.8 4.4 5.3 4.1
20 53 4.7 5.4 5.2 5.4 4.7 4.9
30 53 6.4 5.4 5.8 6.0 4.6 5.2
50 5.8 5.5 5.5 6.1 6.4 5.1 4.8

PUY's LM 10 7.1 6.1 6.0 6.5 6.9 8.4 7.9
20 5.5 53 6.4 6.4 6.5 54 6.7
30 5.7 7.0 53 5.8 6.3 4.4 4.7
50 5.7 5.6 5.5 6.8 6.1 5.5 4.6

Pesaran's CD 10 6.0 5.3 5.0 5.2 4.8 5.5 6.8
20 5.4 5.2 5.5 4.7 5.2 4.8 49
30 5.1 4.7 5.7 5.0 49 4.7 5.0
50 49 5.7 5.5 4.3 5.1 4.4 4.8

John 10 5.8 6.5 7.2 6.5 6.7 9.0 7.0
20 54 6.1 6.5 6.0 6.6 6.4 5.8
30 5.1 6.3 6.4 6.6 6.7 5.8 5.9
50 4.9 5.4 5.7 6.1 6.9 6.5 5.5

Note: This table reports the size of the bias-corrected LM test, Pesaran, Ullah and
Yamagata (2008) (PUY) LM test, Pesaran's (2004) CD and the John test, in a fixed effects
panel data model specified in Section 5. The bias-corrected LM, PUY's LM and John
tests are one-sided, while Pesaran's CD is two-sided. These tests are conducted

at the 5% nominal significance level. Homoskedasticity and normality of the

idiosyncratic errors are assumed.
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Table 2: Size of Tests under Heteroskedasticity (6=0.5)

Size T\n 5 10 20 30 50 100 200
Bias-corrected LM 10 5.4 5.5 5.8 5.4 6.2 5.9 5.1
20 56 6.3 5.0 4.8 6.2 5.5 5.4

30 6.5 5.5 5.0 6.1 6.0 6.1 5.3

50 5.8 6.0 5.4 5.9 5.1 5.7 4.3

PUY's LM 10 6.7 6.9 5.9 6.1 6.5 7.3 9.2
20 6.4 6.3 5.6 6.0 7.2 5.2 6.7

30 7.0 6.0 4.8 6.0 5.5 5.8 5.7

50 6.7 6.5 5.8 5.5 4.7 5.3 4.5

Pesaran's CD 10 4.9 5.9 5.0 4.9 5.9 5.3 5.4
20 49 5.5 5.3 5.8 4.5 4.7 49

30 5.5 5.1 5.0 6.2 5.1 5.3 4.8

50 5.0 5.3 5.1 4.8 4.4 4.2 54

Note: This table reports the size of the bias-corrected LM test, Pesaran, Ullah and
Yamagata (2008) (PUY) LM test and Pesaran's (2004) CD test, in a fixed effects
panel data model specified in Section 5. The bias-corrected LM and PUY's LM
tests are one-sided, while Pesaran's CD is two-sided. These tests are conducted at

the 5% nominal significance level. Heteroskedasticity and normality of the idiosyncratic

errors are assumed. The form of heteroskedasticity is specified in Section 5.
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Table 3: Size Adjusted Power of Tests: Factor Model

Size Adjusted Power [T\n| 5 10 20 30 50 100 200
y;~iid U(-0.5, 0.55) Bias-corrected LM 10 | 23.8 504 821 929 992 999 100.0
20 | 504 829 985 100.0 100.0 100.0 100.0
30 | 61.9 932 99.7 100.0 100.0 100.0 100.0
50 1 79.1 98.1 100.0 100.0 100.0 100.0 100.0
PUY's LM 10 | 21.6 448 779 889 98.0 99.7 100.0
20 | 49.0 81.7 982 99.8 100.0 100.0 100.0
30 | 60.5 93.0 99.7 100.0 100.0 100.0 100.0
50 | 782 97.3 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 10 | 7.6 7.8 8.0 8.7 9.2 10.6  13.8

20 [ 164 142 13.7 126 133 17.7 215

30 | 180 17.8 179 184 189 221 272

50 | 264 258 27.1 291 293 328 365
y;~iid U(0.1, 0.3) Bias-corrected LM 10 | 153 355 648 833 950 99.2 100.0
20 | 33.6 68.8 956 989 100.0 100.0 100.0
30 | 46.5 834 989 100.0 100.0 100.0 100.0
50 1 66.7 932 999 100.0 100.0 100.0 100.0
PUY's LM 10 | 147 292 596 762 919 98.0 100.0
20 | 335 68.7 941 988 999 100.0 100.0
30 | 46.3 83.6 98.7 100.0 100.0 100.0 100.0
50 | 653 928 999 100.0 100.0 100.0 100.0
Pesaran's CD 10 | 20.8 514 865 966 99.7 100.0 100.0
20 [ 42.6 83.3 99.1 999 100.0 100.0 100.0
30 | 52.8 93.2 100.0 100.0 100.0 100.0 100.0
50 | 72.3 98.6 100.0 100.0 100.0 100.0 100.0

Note: This table computes the size adjusted power for a factor structure model that allows for cross-sectional

dependence in the errors. Heteroskedasticity is assumed, see Section 5.
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Table 4: Size Adjusted Power of Tests: SAR (1) Model

Size Adjusted Power | T\n 5 10 20 30 50 100 200
Bias-corrected LM 10 62.4 66.0 65.8 68.3 68.2 69.9 73.6
20 96.0 98.1 99.4 99.9 99.8 99.9 100.0
30 99.5 100.0 100.0 100.0 100.0 100.0 100.0
50 | 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PUY's LM 10 57.5 54.9 55.8 534 54.3 54.6 45.6
20 95.4 97.5 98.8 99.4 99.1 99.7 100.0
30 99.3 100.0 100.0 100.0 100.0 100.0 100.0
50 | 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 10 70.5 59.4 55.6 53.7 52.6 53.9 52.9
20 94.5 88.6 84.2 83.7 84.2 86.0 83.4

30 98.5 97.0 95.9 94.4 95.6 95.5 96.1

50 | 100.0 100.0 99.8 99.6 99.8 99.7 99.8

Note: This table computes the size adjusted power for a SAR(1) structure model that allows

for cross-sectional dependence in the errors. Heteroskedasticity is assumed, see Section 5.
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Table 5: Size Adjusted Power of Tests: SMA (1) Model

Size Adjusted Power | T\ n 5 10 20 30 50 100 200

Bias-corrected LM 10 | 503 523 53.0 53.0 50.8 52.3 57.4
20 | 923 952 97.7 97.8 977  99.0 99.0
30 | 992 999 1000 100.0 100.0 100.0 100.0
50 [ 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PUY's LM 10 | 451 40.1 45.4 41.8 409  40.6 33.6
20 | 90.0 932 96.0 95.9 95.8 97.0 95.9
30 | 984 998 1000 100.0 100.0 100.0 100.0
50 [ 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 10 | 46.8 40.7 38.2 37.3 356 369 37.3
20 | 80.5 709 66.7 63.1 659  69.1 66.4
30 | 90.8 87.6 84.2 81.8 80.9 784 80.2
50 [ 99.5 98.1 97.3 97.0 96.1 97.3 96.8

Note: This table computes the size adjusted power for a SMA(1) structure model that allows
for cross-sectional dependence in the errors. Heteroskedasticity is assumed, see Section 5.
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Table 6: Size Adjusted Power of Tests: MRSAR Model

Size Adjusted Power | T\n 5 10 20 30 50 100 200

Bias-corrected LM 10 645 70.1 86.6 963 99.7 100.0 100.0
20 97.6  99.0 100.0 100.0 100.0 100.0 100.0
30 99.9 100.0 100.0 100.0 100.0 100.0 100.0
50 | 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PUY's LM 10 477 315 417 499 650 849 96.7
20 947 945 994 998 100.0 100.0 100.0
30 99.7 100.0 100.0 100.0 100.0 100.0 100.0
50 | 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 10 783 613  60.1 549 52,6 547 53.2
20 989 899 849 80.8 81.5 83.5 82.7
30 | 1000 971 947 93.0 925 92.5 92.6
50 [ 100.0 99.7 993 995 99.3 99.5 99.0

Note: This table computes the size adjusted power for a mixed regressive, spatial
autoregressive (MRSAR) structure model that allows for cross-sectional dependence in the errors.
Heteroskedasticity is assumed, see Section 5.
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Table 7 :Size of Tests: Robustness to Non-normal Errors

N(0,0.5) U[1.2] Chi2(1) t(5)
Size T\n| 20 50 100| 20 50 100 | 20 50 100 | 20 50 100
Bias-corrected LM 10 [ 58 62 59|56 62 60| 65 74 68 6.1 57 58
30150 60 61|53 54 56|78 75 87 6.1 6.0 5.6
PUY's LM 10159 65 73159 69 83|71 74 179 6.4 80 7.6
30 148 55 5862 56 55|83 71 80| 59 59 6.2
Pesaran's CD 10 |50 59 53147 57 55|55 52 48| 49 45 5.7
30 150 51 53148 47 44| 47 44 46 5.3 50 4.0

Note: In order to check the sensitivity of the tests to non-normal disturbances, the uniform distribution
U[ 1,2], Chi-square distribution with 1 degree of freedom, Chi2(1) and t-distribution with 5 degrees of
freedom, t(5) are considered. The normal case is also presented for comparison. The form of

heteroskedasticity is specified in Section 5.
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Table 8: Size of Tests: a Dynamic Panel Data Model

Size T\n| 5§ 10 20 30 50 100 200

£=0.3 Bias-corrected LM 10 5.3 5.8 5.5 4.5 5.6 5.1 54
20 | 6.5 49 5.1 5.5 5.5 4.8 5.0
30 | 6.2 6.2 5.6 4.8 5.7 4.8 4.5
50 | 6.1 6.1 5.0 5.1 5.1 5.6 5.2

PUY's LM 101 72 76 90 9.9 159 295 65.5
20| 64 57 72 6.9 7.9 11.1 17.8
30 1 7.5 6.1 59 6.2 7.4 7.9 8.8
50 ] 6.0 63 6.2 5.4 6.3 6.9 7.0

Pesaran's CD 10 6.5 59 5.5 6.2 5.0 6.1 4.5
20 5.1 5.4 4.5 5.1 5.3 5.1 5.7
30 5.1 4.6 5.7 5.6 5.1 5.5 5.7
50 52 50 4.0 5.0 4.5 4.9 5.4

£=0.6 Bias-corrected LM 10 4.1 5.2 5.1 4.4 5.2 5.5 6.3
20 | 49 53 42 4.7 5.7 5.4 4.9
30 | 49 49 4.6 5.1 5.0 5.2 5.1
50 | 64 5.1 53 5.7 4.8 5.3 5.9

PUY's LM 101 74 91 115 124 220 428 84.6
201 60 69 6.0 7.9 9.6 17.9 36.3
30 ] 63 58 6.7 7.4 8.2 11.0 17.8
50 ] 67 6.0 6.5 6.9 5.7 7.4 7.8

Pesaran's CD 10 6.2 6.0 5.5 4.6 5.1 5.2 5.7
20 | 59 5.7 7.1 5.5 6.0 6.4 5.0
30 | 63 53 5.2 4.7 4.9 4.5 5.5
50 | 46 5.7 5.5 5.5 4.5 5.1 4.5

£=0.9 Bias-corrected LM 10 | 54 53 5.1 5.7 5.2 6.4 7.5
20| 62 62 52 5.0 5.9 5.9 6.5
30 | 60 55 46 5.5 5.7 5.8 6.2
50 | 62 56 55 5.7 5.3 6.1 4.5

PUY's LM 10 1 67 73 9.1 12.1 159  29.6 57.9
20| 80 7.7 9.7 106 146 29.0 63.7
301 71 70 74 8.9 11.9  20.1 47.5
50 ] 69 6.7 6.8 6.9 7.8 13.9 22.0

Pesaran's CD 10 5.8 6.3 5.6 6.6 4.6 5.2 4.3
20 | 53 64 5.0 5.1 5.7 54 6.0
30 | 57 5.1 4.9 5.0 5.1 5.5 5.6
50 | 50 6.0 5.3 5.0 4.5 5.9 5.1

Note: This table reports the size of the bias-corrected LM test, Pesaran, Ullah and Yamagata (PUY) (2008)
LM test and Pesaran's (2004) CD test, in a dynamic panel data model with fixed effects specified in Section 6.
This setup follows the Monte Carlo design of Hahn and Kruersteiner (2002), except that heteroskedasticity

is allowed here. Hahn and Kuersteiner estimator of the autoregressive parameter is used to compute

the proposed bias-corrected LM test. The bias-corrected LM and PUY's LM tests are one-sided N(0,1),

while Pesaran's CD is two-sided. These tests are conducted at the 5% nominal significance level.
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Appendix

This appendix includes the proofs of the main results in the text.

In the fixed-effects model yir = a + 2,8 + p; + vi, B is the within estimator and the within
residuals are given by Uy = U — :E;tB, where ¥ = yit — ¥i. and Ty = x4 — Ty, with g;. = % ZST:1 Yiss
and ;. similar defined. Define ¥;; = v;; — ;. with v;. = %Z;‘le ;5. The within residuals can be
written as 9y = Oy — @4 (B — B). Let Vi = (vir, -+, vir)s Vi = (0, 0i)s Vi = (Tioy -+, ),
Xi = (v, o), Xi = (&, &), Y = Wity vir)s Yi = (@, Gir) fori=1,--- n.
In vector form,

V=V Vi~ X(5 - ). (20)

Using this notation, the sample correlation r;; in the raw data case can be written as

Vv,
i = 21
T RV 2
and its sample counterpart using within residuals in the fixed effects model is given by
A 0,
Pij = 1)z o 1/2° (22)
(ViVi)l2(V]Vj)
Dividing 9;; by o;, we obtain
Oig v 1 v Ty,
ponli TS; 5. (5, ) (B=B).

As shown below, the terms involving (Zit)’ (B — () have no effect on the test statistic asymptotically.

o
Without loss of generality, o; is assumed to be 1 in the derivations below. Under Assumption 2,

LXIX; = 0y(1), £X!X; = Op(1) and (B — B) = O,((nT)~1/2). In addition, we need the following

lemma in the proofs below.

Lemma 1 Under Assumptions 1, 2 and the null,
1) VIV = 14 0,(T/2);
2) LV/V; = 0,(TV2) for i # j;

3) $ViVi=gV/Vi=0p(T);
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8) $ XV = 0p(T1/2),

Proof. To calculate the order of magnitude of a random variable, we can use Lemma 1 in Baltagi,
Feng and Kao (2011). Specifically, for a random sequence {Z,}, if EZ2 = O(n") and EZ, = 0,
where v is a constant, then Z,, = Op(n”/ 2). Using this result, we can prove this lemma by calculating
the order of magnitude of the second moments of random variables.

1)

TV 1= 13— 1) = 0, )
T T = P ‘
2)
1 T _
7ViVi Z viwje = Op(T7?).
_ T _
3) Since %V’VQ = % S vt = (9;.)% = %Egﬁi, the order of magnitude of %V/VZ can be obtained
=1
as follows:
PUT =0 = % Y vt = gy SR 5 3 Y 0,(TY). (23)
T i Vi=" T2 P VitVis = T2 2 V5 + = VitVis =
4) For i # j,

—_

T 1 T
woy = (3 X o) (7 X ) = 0,020,077 = 0,7,
5) Suppose k =1,

T
iVi= T > vy = Op(T712).

Lemma 2 Under Assumptions 1, 2 and the null,

27



1) V/V; = V/V; = V/V; + E;, where E; = —2(B— ) X[V; +2(B— B)' X!V + (B—B)' X! X;(B— B) =
Op(n_l/2)3

2) V{Vj = V/V; = V/Vj + F, where F = —(B — ) X}V; + (B — BYX[Vi — (B — B) X[V, + (B ~
BY XV + (B = B) X[ X;(B — B) = Op(n™"1?).

Proof. 1) Using (20), we have

Z0 = %[W—\Z—X(B—ﬁ)]’[‘/ (3-8
= VIV~ 20V — 2B — BY (Vi VWi + 28 — 8Y X(Vit (5 — 6Y Xi(B — )]
= VIV 2V 23 - B XiVi + 2B — BY £ XLVi+ (B - B 1 XIKi(B - )
By Lemma 1,
(5 BY XV = Oy((nT) )0, (T12) = O (n~ 2T,
(5 BY XV = Op((nT) )OI ) = Oy(n T )
(5 BY XK= B) = Op(nT)2)0,(1)0,(nT)™2) = O(n~'T 7).
Thus,

ViV = VIV, = V[V + E;,
where E; = —2(8 — B)/X/V; +2(8 — B) X[V + (B — B) X/ X;(B — B) = Op(n~1/2).
2) Similarly, V/ Vj can be written as:

VIV, = Vi-Vi—X(B-BIV; -V, -
= VIV, = VIV, —V/X;(B—B) = VIV, + V]V + V/X;(B — B)

—(B—=B)X]V;+ (B —B)X[V; + (B— B) X/ X;(B—B)

= V/V; - T0.05. — (B — B) X}Vi+ (B — B) X}V
—(B—BYX[V;+ (B—B)X[Vi+ (B—B)X|X;(B - B).
By Lemma 1, T0;.9;. = Op(1) and
—(B—=B)X[Vi+ (B—B)X[Vi— (B—B)X]V; + (B - B)X[V; + (B — B) X|X;(B— B)
= Op((nT)™V2)0,(TY?) + Op((nT) )0y (T) O ((nT) ")
= Op(n_1/2)a

thus, we obtain
VIV, =V/V; = V!V, + F,

where F = —(B — B X[V; + (8 = B) X}V — (B = 8) X[Vj + (B = B) X[V; + (B — B) X[ X;(B - B8) =
Op(n=1/%). m
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Lemma 3 Under Assumptions 1, 2 and the null,

1) (V/Vy)? = (V) VIV VIV VIV (VIV)))
(V/V

Vi)
N(VVi?2 [ (ViVi)+ (VI Vi) (V]Vi)?/

j %
0,(1) + 0,0,/B). and H = F2 — 20150 ~ (Vs — (VI + (VY s~ (7/T)
BEJVIVVVI(VV)] = Oyfn /)

) (Y055 = (- bz v o 1),

Proof. 1) Using Lemma 2, we obtain,

Vi)? = (Vi (V) VIV 1V (ViV))]

Vi) + (VIV)2 4+ F? = 2(VIV))(VIV;) + 2(V/V;)F — 2(VIV;)) F
—((ViVi)(VjVy) = (V)Vi)(V]Vy) + (VIVi) B — (V] Vi) (V] Vy) + (Vi Vi) (V] V;)
—(_’V)Eﬁ(V’ ) —(‘73 N Ei + EEj(ViV;)?/[(VIVi) (V] Vy)]

i)+ (Vi (VIVi)? [ (ViVy) + (VVi) (ViVy)? ) (ViVa)

2/(VIVD(VIV)] + 2V Vi) F

~[(V/Vi)E; — (V{Vi)Ej + (V]V}) E; — (V]V}) E; + E:E)(ViVy)? [ [(ViVi) (Vi V))l.

W
= (VV; = V]V, + F)? = V]V, = V[V, + E|][V]V; = V]V, + Ej](V]V;)?/[(V{ Vi) (V]V}
\4

= G+ H, where G = (V/V;)2—2(V/V;)(V/V;) +
VIVi)—(V; ‘7)( Vi (VIVi)? [I(VIVi) (Vi V) +2(V Vi) F =
E; +

(25)
(26)
(27)
(28)

By denoting G the sum of expressions (25) and (26), and denoting H the sum of expressions (27)

and (28), we obtain (V/V;)2 — (V/Vi)(V/V;)(V/V;)?2/[(VIVi)(V]V;)] = G + H.
By Lemma 1,

G = (V)P -2V

—(VV)(ViV)VIVi)? VIV (ViVi)] + 2V Vi) F
= Op(T %) + Op(T2)0p(T ™) + Op(T1)O0p(T) + Op(T1)Oy(T)
+O0p(T ™) 0p(T1)O0p(T) + Op(T2)0p (n~1/?)

and

= op<n*1>+op<T JOp(n 1/2> (T(1+ O(T~2)0p(n"Y2) + 0,(1)0,(n ™)
0,(T )

T (1 + Op(T7%)0p(n™2) + 0,(1)0p(n~1/2) + Op<n*1)]m

= Op(n_l/Q)-

29

VH(VVy) + (VIV) (VIVi)? [(ViVi) + (V) (V] V)2 ) (Vi V)

— (VI E; = (VD E; + (ViVi) E; = (V]V) Ei + B E;)(V/Vy)?/[(V] Vi) (V] V)]
1



Note that the term H contains terms involved with F', E; and F;. We will show that this term

vanishes asymptotically.
2) As in the proof of Lemma 1,

AL

T T
P
= = Vit — 75 v; — Vit V4
TSt et TPE e
1
= (1= )+ 0p(T72).

By Lemma 2, it follows that

AN
() B
BN A A

T T T T T T
1

= |a= pror o] - )4 0T 4+ 0yt AT

1 _
= (1- T)Mop(T 1/2),

Lemma 4 Under the Assumptions 1, 2 and the null,

7
L

) AL zn: ZT: 2,2 _ n(n=1) nx/ﬁ)
a) =5 vovs, = —5— + Op( :
™ =1 j=i+1t=1 et = PiryvT?
1 n—1 n T T 9 /i
b) 72 > 2 2 vivitvjr = Op(=5);
1=1 j=i+1t=1 7+t
1 n—1 n T T 9 e/
c) Tz IIEDIDY VitVisVjy = OP(T);
i=1 j=i+1t=1 s#t
1 n—1 n T T
d) 7z Yo D0 > vavivisvis = Op(7);

~
Il
Ju
<
I
~
+
=
~
I
—
oy
LS
-~

i
L

UitvthiS’UjT = Op(%)

o
-
M=
M=
M=
+
=

<
Il
—
<
I
<
+
—
~+~
I
—
»
LS
My
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Proof. a)

b) Since

we obtain

d) Since

i
L

™
NIE
M=
<
S
S

3 o~
[
_
<.
Il
.
+
=
o~
Il
—_

=
=
—
4
S
|
—
N—
<
w0
|
[a—y
SN—r
+
—~
=
o~
|
[a—y
SN—
+
—~
S
o~
|
—
N—
+
M

3
|

[= = J-
-~
I
_
I
3 ~
M= L
—
o~
M= |
_
—
<
N
I
—_
S—
—~
s
=N
—
N~—
+

i=1 j=i+1i=1

—i—Ti j_lljélté(vft -1)+ n(T;; 1)
= M0, 4 0,
B e

2
E (1 S zz)

=1 j=i+1t=171#t

1 n—1 n T T n—1 n T T 9 9
Al |2 2 XX 0 D DD X UpljttirlinVijatiirl
i=1 j=i4+1t=1 14t 11=1 jl=i1+1t1=1 71#¢t1
1 n—1 n T T n—1 9 9 9 o
ﬁE IIEDIEDID DY ViVt Vr Vi1
i=1 j=it1t=1rAtil=1
1 n3
—O’T?) = 0(),
1 n—1 n T T n\/ﬁ
T2 IEDIEDIDS Uz'QththT = OP(T)’
i=1 j=i+1t=1 14t

1 n T T

Yo D Y UiUjtUisUjs Vit V1 Vil s1 Vil s1
=1 j=itli=1 sAtil=1jl=il+1¢1=1 siZt1
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we have

n T T
X Y vivivisvjs = Op(

s
[
iR
<
[
d
R
o
I
L
w
H*
~+
NS

e) Similarly, since

T T T 2
E Z SN Y vivjive
1=1 j=i+1t=1 s#t T#t+s

1 n—1 n T T T n—1 n T T T
= ﬁE DD DL D> > D D ViUjtlisUir Ui V141 Vits1 VT
i=1 j=i+1t=1 s£t T£t£si1=1 jl=i1+1 t1=1 s1£t1 T1£t1%£s1
1 nl o T LT,
= ﬁE Z Z ZZ Z vztvjtvzsvﬁ'
i=1 j=i+1t=1 s#t T#t#s
1 93 n?
we have
SIS 0,(-2)
— VitUitVisVir = =
2 = J=i+1t=1 s£t Tt Es e P VT
|

D oy &3 RV = o [+ 0,9 + 0,(2)]
VR & 2 T ) | oT T
n—1 n
2) Vamen X 2 (Vi) = \/ame ["(351) +0p(#)};
=1 j=i1+1

n—1 n |:

3) n(nl—l) Z Z T(VIV)(V,V) /(ijl‘/]) = n(nl_l) n(n=1)(T+2) + Op(%)} ;

272

n—1 n
D Jamn o 8 RTTWV VIV =\ fag [P 4 0, |

=1 j=1+1
1y 1 V/V VIV V/V VIV VIV _ 1 n(n—1)(T?+207T+60) O nyn | .
5) n(n—l) zjl Z‘,—lT( )( )( ) /[( )( )] n(n_]_) T4 + p(T2\/T> N
i=1 j=t
n—1 n
- i 5 2 1 =\ [06(3) + O/

The proof of part 1) is given below. Part 2) through part 6) can be shown in the same way.
The proofs are included in the Supplementary Appendix which is available upon request from the
authors.
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Proof of 1).

n—1 n 1 o
EDIEABIAY
=1 j=i+1
n—1 n 1 1 T 1 T
- 5.5 g r(r5m) (5 5)
1 n=1 n T T T
= = DD D D VitUjtvisUjr (31)

There are 5 cases of (t,s,7): (1)t=s=7;(2) (t=8)#7;3) (t=7)#s; (4) t# (s=71); (5)
t # s # 7. We can write

1 n=1 =n T T T
T2 D0 D0 D VitVjvisUjr
i=1 j=itlt=1s=17=1
1 n=1 =n T 9 2 1 n=1 n T T n
= ﬁ Z E ViV gt Ti Z Z Z Z UJtUJT Z E Z Z U’ltU’LSv]t
i=1 j=i+1t=1 i=1 +1t=17#t 1=1 j=i+1t=1 s#t
1 n=1 n T T 1 n=1 =n T T
+ﬁ Z Z Z UztU]tUzsU]s Ti Z E Z Z Z VitVjtVisVjr-
f S s Py i=1 jEitL =1 sEt TAs

Using Lemma 4, we get

1 n=1 =n T T T
= Z Z Z Z VitVjtVisVjr
i=1 j=i+1t=1s=171=1
_ n(n—1) n ny/n ny/n n n
_ n(n—1) ny/n n

Now we are in good position to prove Theorem 1.

Proof of Theorem 1. It is equivalent to show that for large n and T,

n

LM (p;y) — LM (14) — m = op(1).
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By (21), (22) and Lemma 3,

_ LS S ) - LSS @
TL(TL - 1) =1 j=i+1 Y TL(TL - 1) i=1 j=i+1 “
_ 1 onal i T(Vz/ )2 — (V/Vz)(‘ff AJ)(‘A/Z"‘A/}V/[(V/Vi)(Vj/V})]
n(n—1) =1 ;= (VYVi)(ViV;)
ISR EICE) El j:Zi;rl (V/Vi/T)(V]V3/T)/(1 = 4)?
1 1 nl oo G 1 1 nl oo H
=42\ nn-1)H j=§r1 T (1—4)2\ n(n-1) z; j:;ﬂ T
1 1 n-l n 1 1
B S e R B e [ a7 VIR S e

1 1 n=l a H 11 1 n=l n Jn
== = Op(nY2) = 0,( %+
(1—-7)2\nn-1) z;j:zi;dT (1—£)2T\ n(n—1) z;j:zi:l 4 ) p(T)
lA./A' l/\',/\‘ _ _l2 71/2 . 1 B
By Lemma 3, ($V/Vi)(V;Vj) = (1—7)*+ Op(T~ /%), it follows that AN AR 5

O,(T~%/2). Thus, it is straightforward to calculate the order of magnitude of the third term,

e & e T
- _1%)2; n(nl_ 0 n;lj_fi IOp(T‘W)[O (1) + Op(\/;) +0p(n~1?)]
= Oyl =)+ Oul )
Now we consider the first term,
e & o 7
o T & 5, FUETR - €V + (G0
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By Lemma 5,

1 1 n=1 n J
1—=72\nn-1) &5 j:Zi;i-l T
B 1 1 n(n —1) ny/n n
= aore\ a2 e T O
2D 0,28
nn—1)(T+2 ny/n
P22 0,
n(n—1)(T +2) ny/n
e O
n(n — 1)(T? + 20T + 60) ny/n
- T4 +OP(T2\/T)
+0,(2)+ 0,0y 1) 52)
For large n and T', the expression above (32) can be approximated by
1 vn
(1_%)2(—2ﬁ+ﬁ+ﬁ+ﬁ 2T2)+O (s 5) + Op(—~ T )+ Op (ﬁ)
_ ﬁjto (;2)4—0 (‘f)+0 (\/1T)
Combining these 3 terms, we obtain
LM (py) — LM (Tz’t)
— gy + Osl) + OulY) + Opl )] + Op(0) + (04 ) + O )
_ ﬁ-ﬁ-o (T2)+O (‘f)+0 (\/1T>
Therefore, as (n,T) — oo with n/T — ¢ € (0, 00),
LM (py;) — LM (ri) — ﬁ % 0.
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Proof of Theorem 2

For the dynamic panel data model (19), the sample correlations pi; used in the bias-corrected LM
test statistic LM pc are computed using the within residuals vy = §it — (9it—1, :E;t)/ﬁ\ where @ is the
bias-corrected estimator proposed by Hahn and Kuersteiner (2002). Denote the regressors in (19)
by wit = (yit—1, ©;) and the (il\emeaned regressors by Wit = (Yi—1, Thy)'. LeAt W, = (Wi1, -+ W)
Under Assumption 3.i) vnT (5 — ) = 0,(1). Replacing 8 and X; with 6 and W;, the proof of
Theorem 2 follows along the same lines as above. We need to verify that Lemmas 1.5, 1.6, 1.7, 1.8
and Lemma 3.6 still hold for the dynamic panel data model.

Lemma 5. Under Assumptions 1, 2, 3 and the null,

2) %WZ/V; = OP(T_I/Z)a
3). FWIVi= 0y(T/2);
4). WV = Op(T~1/3);
n—1 n = ~ =
5. Vi & 2 HVIVIF = /o5 [0p(3) + 0p(/F)], where F = —(0—0)'WiV;+(0 -

i=1 j=i+1

0)W!Vi — (0 — 0)W/V; + (0 — 0)W!V; + (6 — 0)W;W;(0 — 0).

»

Proof. In (19), the within residual is given by Uy = §ir — W0, Wit = (Yit—1, Tfy) with g1 =
Yit—1 — %ZST:l Yis—1. From (19),
Yis—1 = a+E&yis o+ 1B+ ;4 vis1
= a+&(a+Eyis s+ o+ i+ vis2) + T 1+t vis
= Eis—s+ (a+ 1)1 +8) + (2] s 18+ 7 2BE) + (Vis1 + Evis2)
= &+ ot + 7o g+ +viams) + (@ + ) (1+E) + (2] 18 + 75 5)
+(vis—1 + &vis—2)

= (a+p)(L+E+ - +E2) 4 (@] B+l 0B+ + a1 567
+ (V551 + Evis—a + -+ E201) + E Yo
S0,

I 7
T Zs:l yi,s—l
Yol — ¢l

(@ + ;) 1 s—2 o7, 1 T 5—2 o1 1 1 s—2 o1
= T Zs:l ZTZOé. + TB/(Zszl ZT=O§ $i,s—r—1) + f Es:l ZT=0£ Vis—1—1 + T ﬁ

Under Assumption 3, % 23:1 Yis—1 = Op(1).
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Proof of 1): Without loss of generality, assume k = 1,
1 - 1 N 5 1 . 1 .
TW{Vi =7 S ikt Fit)vie = (T ST Giio1vi, T Sy xit%t) .

Under Assumption 2, as in the proof of Lemma 1.5 in the static model above, %Zthl Tt =
0,(T~1/?). Consider

1 7 . 1 7 1 7
f thl Yit—1Vit = f Zt:1(yz’,t—1 - T 25:1 yi,sfl)vit

I —r Il v 1 1
= 7 > i1 Yit—1Vit — T thl(f > o1 Yiys—1)Vit
Since v;; is uncorrelated with y; ;1 for s <t and v;, is uncorrelated with y; ;1 for s > t,

1

1 1 1
E (f S Yig—1va)? | = T2 S S ElYit-1vitYi,s—1vis) = T2 S By} vk = O(f),

the first term is % Z,f:l Yit—1Vit = Op(T*I/Q). Consider the second term, we obtain

1 1 1 1 _ _
T ZL(T S Yis—1)vi = (T S @/i,sfl)(f S vie) = 0p(1)0,(T~12) = 0,(T~1/2).

T
The proof of 2): Since T;. = (& Y- vis) = Op(T~V2), LT G = 2 S Wit1— 4 S Yis—1) =

s=1

Op(1) and %Zthl Zit = Op(1), we obtain
L= L5 i da)oe = (@)= ST s (00)= S G ) = Op(T12),
T 7 T t=1\Yi, s L4t)Us 4 T =1 Y1, 5 P T t=1 L1 D

The proofs of 3) and 4) are similar. The proof of 5) can be found in the supplementary appendix

which is available upon request from the authors. m
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