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Abstract

A counterexample to a conjecture on the number
of constraint lengths required to achieve the free dis-
tance of a rate 1/n systematic convolutional code is

presented.
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A rate 1/n systematic convolutional code is the row space of a

generator matrix of the form shown in Figure 1, where

2
g =(l,g(§2)1---cg(§n),0,g{2),...,g{n),-..,OIgn(l ),---,gn(‘n))-

A code word t is thus defined by

where iz(iO’il' ++»+) 1is the input sequence. Let ij = (io,il,...,ijL

Gj denotes the matrix consisting of the first (j+l)n columns of G.

Costellol defines the order i_column distance, dj, to be

d. = min W_,(i.G.)
; H'=373]
10#0
where WH(x) is the Hamming weight of x. He then defines the free

distance to be

Since dj is a monitonically increasing function of j and dfree is
upper bounded by WH(g), we have
< < .o
dj - dfree hae WH(g‘) J - O,l,ooo .
for all

For a systematic code, there exists an L such that dj = dfree
3 Z L. Costello showed that L = (n-1) (m+1l)m. If an algorithm for
computing the free distance of a given code were dependent on this
bound, it would probably be impractical for all but small codes.

Costello conjectured that the bound could be improved to L = 2m.



This, however, is not the case. In fact there exists no fixed integer
s such that L = sm for all m, as we shall now show.

For simplicity, we will consider only rate 1/2 binary codes. It
will be apparent that our result extends to rate 1/n codes. The
generator matrix of a rate 1/2 gystematic code can be written in the

form shown in Figure 2. The weight of a code word t is then given by
Wo(e) = W, (1)+W, (16 (2))
H = H — H = *

Consider now a code of odd memory order m in which the subgenerator

(2) (2)
g. =d9g
1 i+m;l

g(z) = (géZ)’g{Z)'.._'g£2)) is conztrained as “cllows:

for i = 0,1,...,‘1‘%-:L . In this case, the matrix G(z)

the form shown in Figure 3. The column distance of the code generated

is of

is bounded by

d = W, (g')+k k=1,2,.0. .

km+kr2
.
This can be seen by considering the code word constructed from the

rows of G that correspond to the shaded blocks of G(2). Let k* denote

the smallest integer for which

Wylg')+k* = deree

Then

> k*m+k*-2 > k*

= - *
5 3 m for k*>1.

Now suppose it is possible to find a class of codes for which

s . . . . _ or
WH(g ) is an increasing function of m and for which dfree’ ZWH(g')+l.



Then

k* = dep o Wylg') = Wylgh+l
and
s Wyl(gh)+l
L=———-2-—————-m ’

which shows that there exists no fixed integer s such that L = sm

for all m. We now present such a class.

h

The generator polynomial for the kt code in the class is defined

By 601
gy (x) = gp 1 (X)+x -

¢k = deg(gi(x))+l
20,

g, P 0 = gL (x5

where gi(x) = 1, {Note that this construction inserts 0's between

the two copies of g'. This is not inconsistent with above; see
Figure 4.)
Theorem
= 1 =
roof

For k = 1, gp(x) =1, ¢; =1 and g{z)(x) = 1+x%. The reader

may easily verify that the free distance of the rate 1/2 binary

systematic code with g(z) = 101 is

d = -
freel = 2WH(gi)+l = 3,

—~— ]
Now assume that dfreek = 2WH(3k)+l' We must show that



= ' j v = ' i this
. 2W, (g 1) *1. Since Wylgy ,) = Wy(gp)+l by construction,

amounts to showing that dfreek+l = dfreek+2' Suppose t, ., 15 a

minimum weight code word in the (k+1)st code. The corresponding code
th

dfree

» 3 — 3 > Z
word in the k™" code is t, = iG . We claim that Wy(t, ) = Wy(t, )+2.

k —_)
This is most easily seen by reference to Figure 4. If Ek+l is to have

minimum weight in the code, then it cannot be the sum of two disjoint
code words. This requires that at least one out of every ¢, rows of
Gk be included in the sunm, iﬁk. There are two cases to consider.

(1) Suppose that is formed from some combination of the first

Erv1
5¢§ rows of Gk+l' In this case, the 1 added in going from gi to

9i+1 cannot be cancelled because of the spacing allowed. Hence

tr+1 = 16y, will have at least two more l's than t, = iG,.

(2) Suppose on the other hand that el

ation of rows that includes a row beyond the first 5¢§ rows of

is formed from some combin-

G In the case, the assumption that Ek+l has minimum weight

k+1°
requires that at least 5¢§/¢k = 5¢k rows be included. But then

2 w4y 256 2 N 2 .
Wallpey? = Wyld) = 56, = SWy(gy) = 2w, (gp)+3.

Therefore d = dfree +2 in either case and the proof is

fre.ek+l k+1
complete.
We have shown here that L increases more rapidly than m, and it
seems unlikely that L increases as rapidly as m2. This would appear

to leave m log m as the next most likely candidate.
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Figure 3
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