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General Model Theoretic Semantics for Higher-Order
Horn Logic Programming™

Mino Bai** Howard A. Blair™*

School of Computer and Information Science
Syracuse University, Syracuse, NY 13244, USA

Abstract. We introduce model-theoretic semantics [6] for Higher-Order Horn logic program-
ming language. One advantage of logic programs over conventional non-logic programs has
been that the least fixpoint is equal to the least model, therefore it is associated to logical
consequence and has a meaningful declarative interpretation. In simple theory of types [9}
on which Higher-Order Horn logic programming language is based, domain is dependent on
interpretation [10]. To define Tp operator for a logic program P, we need a fixed domain
without regard to interpretation which is usually taken to be a set of atomic propositions. We
build a semantics where we can fix a domain while changing interpretations. We also develop
a fixpoint semantics based on our model, and show that we can get the least fixpoint which
is the least model. Using this fixpoint we prove the completeness of the interpreter of our
language in [14].

1 Introduction

Many extended versions of Prolog are developed which incorporate higher-order features in logic
programming languages to make programs more versatile and expressive [16, 8, 1]. In this paper, we
build a model-theoretic semantics for a higher-order logic programming language which is suitable
for describing declaratively operations of such programming langunage.

Church [9] introduced a simple theory of types as a system of higher-order logic. This system
incorporated A-notation in its particularly simple syntax which actually be viewed as a version of
simply typed A-calculus. Henkin first gave a semantics for Church’s system based on general models.
Domain members of a general model are truth values, individuals, and functions. Church’s system
was proved to be complete with respect to Henkin’s semantics [10]. Andrews studied general models
further in (3, 4, 5], and built a non-extensional model which is suitable under settings of resolution
theorem proving [2]. The proof theory for this system is shown to have a close resemblance to that
of first-order logic: there is, for example, a generalization to Herbrand theorem that holds for a
variant of this system [12, 13].

AProlog [16] was the first language to show that higher-order logic could be used as the basis of
a practical programming language. AProlog is based on typed A-calculi which have their ultimate
origin in Russel’s method of stratifying sets to avoid the set theoretic paradoxes. One advantage
of logic programs over coventional non-logic programs has been that they have simple declarative
model-theoretic semantics. That is, in logic programs the least fixpoint is equal to least model,
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therefore it is associated to logical consequences and has a meaninful declarative interpretation. In
higher-order logic on which AProlog is based, compared to first-order case, it is extremely difficult
to build an effective model-theoretic semantics. One of these difficulties is that the definition of
satisfaction of formulas is mutually recursive with the process of evaluation of terms (see [10, 2, 3,
4, 5]). In first-order case, the model-theory is two level [11]. First we define a domain of individuals,
and then define satisfaction wrt this domain. As a result of this in higher-order logic it is difficult to
define Tp operator for a logic program P: In a definition of Tp operator for a logic program P, we
consider a set of atomic propositions as an interpretation, and need a fixed domain without regard
to interpretations. The second reason is that since higher-order logic programming languages are
usually formulated in non-ezxtensional form, we need a non-extensional model to describe properly
such languages.

Henkin’s general model semantics is extensional: i.e., if two objects in a model have the same
extension, then they must be equal. Extensional models are very difficult to deal with, and unsuitable
to describe a higher-order logic programming language like AProlog which contain a propositional
type in its primitive set of types. For example, we can define a program P = {p(a) — T,¢(a) —
T,r(p(a)) — T} in AProlog. Given program Py, the goal r(p(a)) will succeed in AProlog, but the
goal r(g(a)) will fail, since the unification of r(g(a)) and r(p(a)) will simply fail. For any extensional
model M for Py, M will assign the value T for p(a) and ¢(a). So p(a) = ¢(a) is a logical consequence
of P;. M will also assign the value T to r(p(a)), so the extension of the predicate which M will
assign to r contains T. Therefore r(g(a)) is a logical consequence of the program P;. Note that for
this program the valuation of terms is mutually recursive with the satisfaction of formulas, since a
formula can occur as an argument of predicate or functional symbols.

As shown above extensional models are difficult to define and unsuitable for higher-order logic
programming. In this paper, we develop a non-extensional model where domain is independent from
interpretations and build a fixed point semantics, and we prove the completeness of the interpreter

in [14].

2 Higher-Order Horn Logic Programming Language

In this section we describe a higher-order logic programming language for which we build models
in the later sections. For the exposition of our logic programming language £ we will follow closely
those in [16, 15].

The set T of types contains a collection 7y of primitive types and is closed under the formation
of functional types: i.e., if @, 8 € T, then (a« — B) € 7. The type constructor — associates to the
right. The type (@ — ) is that of a function from objects of type « to objects of type f.

We introduce a very convenient notation from [17]. For each type symbol «, and each set S
containing objects or expressions, we write S, to denote the set of things in S which are of type a.
We sometimes write {Sy}o to denote S. We can also define a type assignment mapping 7 on the
set S such that 7: S — T andforall s €S, 7(s) = a if s € S,.

Let S,T,T;,T> be sets. Given a mapping f : S — T, a € S, and b € T, let f[b/a] be that
mapping f’ : S — T such that for f'a = band f'c = fc for all ¢ # a. Let b be an element in T} x Ty,
then 5! and b? are the first and second components of b, so b = (b, b%). If f is a mapping whose
values are in Ty x T, let f* and f? be mappings with the same domain as f defined so that for
any argument ¢, f’t = (ft)* for i = 1,2. Thus ft = (f1t, f2t). If f : S — T is a mapping, then we
say that f is type consistent if for all s € S, 7(f(s)) = 7(s). If f: S — T} x Ty, then we say that f
is type consistent if f! and f? are type consistent. For each integer n € w, we write [n] for the set

{1,...,1‘}'



We assume that there are denumerably many variables and constants of each type. Let the set
of variables and constants be A and X, respectively. Simply typed A-terms are built up in the usual
fashion from these typed constants and variables via abstraction and application. OQur well formed
terms (wfts) are simply typed A-terms. We, as usual, can define the set T(Z) of all wits by giving
the definition of the set T(X), of wfts of type o by induction.

It is assumed that the reader is familiar with most of basic notions and definitions such as
bound, free variables, closed terms (c-terms), substitution and A-conversion for this language; only
a few are reviewed here. Letters fo, Sa,ta, - + -, will be used as syntactical variables of wfts of type a.
Type subscript symbols may be omitted when context indicates what they should be or irrelevant
to discussion. By Church-Rosser theorem [7], a A-normal wfts of a wft is unique upto a renaming
of variables. For most part we shall be satisfied with any of these normal forms corresponding to
a wft ¢, and we shall write Anorm(t) to denote such a form. In certain situations we shall need to
talk about a unique normal form and, in such cases, we shall use p(t) to designate what we shall
call the principal normal or p-normal form of t; i.e. p is a mapping from wfts to A-normal terms.
There are several schemes that may be used to pick a representative of the a-equivalence classes of
A-normal terms and the one implicitly assumed here is that of [2].

So far we have introduced A-term structures and operations on A-terms. We can introduce logic
into A-term structures by including o, a type for propositions, amongst the set of primitive types
To, and requiring that the collection X of constants contain the following logical constants: A and
V of type 0 — 0 — o; T of type o; and for every type a, 3, of type (@ — 0) — o. The constants
in X other than A,V,3 and T are called as non-logical constants. A type will be called a predicate
type if it is a type of the form ¢; — --- @, — 0, or a non-predicate type otherwise. We let I C ¥
be the set of predicate constants. Expression of the form 3(AzG) will be abbreviated by 3zG.

Terms of type o are referred to as goal formula. The A-normal form of a goal formula consists,
at the outermost level, of a sequence of applications, and the leftmost symbol in this sequence is
called its top level symbol. We shall have use for the structure of A-normal formulas that is described
below. A goal formula is said to be an atom (atomic) if its leftmost symbol that is not a bracket is
either a predicate variable or constant. A A-normal goal formula G, then, has the following inductive
characterization: (a) it is T, (b) it is an atom, (c) it is Gy A G2 or G1 V G2, where G; and G are
A-normal goal formulas, or (d) it is 3zG, where G is a A-normal goal formula.

Now we identify the formulas that we call higher-order definite clauses, goal formula, and equa-
tions. Let G be the collection of all A-normal goal formulas. An afom is an atomic goal formula A.
A rigid atom is an atom A, that has a predicate constant as its head. An atom is thus a formula
of the form pt, ---{, where v = a1,---,a, — 0, p is a predicate constant., or variable,, and, for
each i € [n], t; is a A-normal term,,, it is a rigid atom just in case p is a constant. Sometimes we
write p(ty,---,t,) or p(f) for the above atom. Let G be an arbitrary goal formula and A, be any
rigid atom. Let a formula C be of the form A, « G. Then C is a (higher-order) definite clause. Let
Sa,ta € T(X). Then, as usual, an equation e is of the form s, = t,, and an eztensional equation is of
the form s = t,. Let Def be the set of all definite clauses. Then given the collection X of constants,
our logic programming language £ = L(X) is completely determined as the triple (T(X), G, Def).
A formula F in a language £ is a goal formula, or a definite clause, or an equation. We refer a
set P of formulas from Def as a higher-order definite logic program. As usual, variables in definite
clauses are implicitly universally quantified. Note that in the above definition all wfts in T(X) do
not contain such symbols as =, =, «, hence a goal formula G and s, and t, in an equation s, = t,
do not contain those symbols.

We say that a predicate symbol p occurs extensionally in a goal formula G if (a) G is p(%), or
(b) G is G1 A Gz or G1 V G2, or and p occurs extensionally in Gy or G2, or (¢) G is 3zGYy, and p
occurs extensionally in G;. In following sections, we will define semantics for AProlog. We will take



advantage of the following situation: Since logic programs compute extensions of predicates, and
relations between arguments of predicate symbols constitute extensions of predicates, we don’t need
extensions of terms until we meet extensional occurrences of predicate symbols in the definition of
satisfaction of formulas.

3 General Model Theoretic Semantics

In this Section we build model-theoretic semantics for the language £. As introduced in Section 1
we need a non-extensional model to prove that a resolution system in type theory is complete. The
model in [2] is in a sense non-extensional. But it doesn’t provide an adequate notion of “general”
non-extensional model for our purpose: Domain is defined by indexing extension of the element in
it by wfts. The indexed entity like (¢, p) is called a V-complexe where V is a truth value evaluation
of formulas. So only one kind of domain is used in [2], since the set of all wfts is predetermined
given a language £. In [2], in order to define the domain of interpretation we need a semivaluation
function V, as above, which evaluates proposional formulas to T or F. The definition of domain or
the evaluation of terms is mutually recursive with the definition of evaluation of formulas.

Now we generalize Andrews model to a model where we index the extension by an element from
a general domain which we call frame. From this model we build a model where the definition of
domain is independent from the definition of satisfaction. These two models will be shown to be
isomorphic and elementarily equivalent in the sense that the sets of valid sentences in each semantics
are same. Since our language £ is based on A-calculus and application is a basic operation of the
A-calculus, any model of £ should be an applicative structure which is a A-model.
Definition Let A be a set and - a binary operation over A such that for all a,8 € 7T, for all
a € Aq—p,b € Aq, a-bis an element in Ag. Then A = (A, ) is said to be an applicative structure.
An assignment into a set A is a type consistent mapping ¢ : A — A. A A-modelis a triple (4, -, ||-{})
such that (4, -) is an applicative structure and ||-|| a binary function such that for each assignment ¢
into A and term 24, ||ta]|, € A and for all terms f € T(Z)q—p and t € T(X)q, | ftlle = || Flle-IItle-
We call the function || - || a valuation function in A. O

Note that in the usual definition of extensional A-model, we need one more condition, which
can be expressed as for all term ¢, variable z,, [|Az4t|l, = Aa € Aq - |}tl|p[a/za]- This condition is
equivalent to extensionality. Since we want non-extensional model, we do not include this condition
for A-model.

A frame is a nonempty set D of objects each of which is assigned a type symbol from the set
7 in such a way that every object in Dy is a function from D, to Dy for all type symbols «
and 3. A pre-interpretation F of the language £ is a pair (D, J) where D is a frame, and J is a
type consistent mapping in ¥ — D. An assignment into a pre-interpretation is an assignment into
the frame of the pre-interpretation. Note that D,_.g is some collection of functions mapping D,
into Dg, i.e. Dyp C Doy — Dpg. A pre-interpretation F = (D, J) is said to be general iff there is a
binary function VZ = V such that for each assignment ¢ and term tq, Vyto € Dy, and the following
conditions are satisfied for each assignment ¢ and all terms: (a) if ¢ € A, then V,z = pz. (b) if
¢ € X, then Vo = Je. (¢) Vp(ft) = (Vo f)Vpt  (the value of the function V,, f at the argument
Vet ). (d) Vu(Azatp) = Ad € Dy - Vya/z)tp e that function from D, into Dg whose value for
each argument d € Dy is V(a/2ts.

If a pre-interpretation F is general, the function V* is uniquely determined. We can prove this
by induction on the definition of terms. We call the unique function V* the connotational valuation
function of terms in the pre-interpretation F. V‘f t is called the connotation of t in F wrt . We

sometimes write Vg as Vy, as V7, or as V, when pre-interpretation or assignment is clear from



context, or irrelevant. It is clear that if ¢ is a c-term, then V7t may be considered meaningful
without regard to any assignment. In this case, V*¢ is called the connotation of t in F and written
as t’. Obviously for a general frame D, (D, -, V) where - is interpreted as a functional application is a
A-model, but in a pre-interpretation logic symbols such as logical operators and predicate constants
are pot fully interpreted. So we call it a pre-interpretation.

Now we will give interpretations to logical symbols, after discussing a few constructions of posets.
Any non-empty set A can be considered a poset under the identity relation where z C4 yiff z = y.
We call this type of poset discrete. Let Py and P, be disjoint posets. Py U Py is a poset P = P, U P,
such that for all 2,y € P,z Cp yif 2 Cp, yor 2 Cp, y. P, x P, is a poset P = P; x P, where
for all z,y € P,z Cp y if z* Cp, y' and 2% Cp, y. Let S be a set, and P a poset. S — P is
a poset F' such that for all f,g € F, f Cr g if for all s € S, f(s) Cp g(s). Let B be the set of
boolean values T and F where F Cg T. We shall write V and A for Ug and Mg, respectively. Let
A be a set. We can consider A a discrete poset. A predicate P over A of type a1,---,a, — 0 isa
mapping in Ay, X -+ X Aq, — B, or equivalently a subset of Ay, X :-- X Ay, . And we consider
truth values T and F as null-ary predicates over A of type () — o such that T() = T and F() = F,
respectively. More generally, we define predicates Téx,---,a.. for each list oy, ---, o, of types where
n>0as Ay, X --- X Aqy, . We write $(A) for the set of all predicates over A. Given two predicates
P,Q € $(A), it is obvious that P C @ if P and Q are of same type and P is a subset of Q.
Definition Let D be a frame. A semivaluation of D is a function V with domain D, and range the
set B of truth values such that the following properties hold: for all ¢,, d,, famo € D, (a) V(T’) = T.
(b) V(V'eodo) = V(co)VV(d,). (€) V(N'cods) = V(co)AV (do). (d) V(3 famo) = T iff there is some
e € Dy such that V(fy—.€) = T. Given a frame D and a semivaluation V of D, we define the set
D of V-complezes based on D as follows: For each type v we define the set D, of V-complexes, and
one-one onto mapping k : D, — D, as follows by induction on v: (a) D, = {(d,Vd) : d € D, }. For
d € D,, kod = (d,Vd). (b) When a € To — {0}, Dy = {(d,d) : d € D,}. For d € Dy, kaod = (d, d).
(¢) Da—vp = {{f, k5" 0 forp) : f € Da—p}. For f € Do—p, Kapf = (f, k3 0 forp). We say that
D is the set of V-complexes based on D. We can also introduce one-one onto mapping & : D — D
such that for @ € 7,d € D,, £d = Kkod, and function v whose domain is D such that for d € D,,
v(d) = (kd)?. n]

Now it is easy to see that (a) if f € Da_p, then v(f) : Dy — Dg, (b) for a € Dy, v(f)a =
(fa',v(fa')), and (c) D = {(d,v(d)) : d € D}. And for any a € D, ra! = a, and for any mapping
x whose values are in D, x' ok = x. Let D be a set of V-complexes. Then we define the applicative
operation % of type (@ — f),a — B: For a € Dy_g and b € Dy, a*b is defined to be a2b. The
operation x is left associative. Let a € Da,,....a,—~p and b; € Dy, for i € [n]. Then by definition of
D it is easy to see that ax by x---xb, € Dg. Moreover, (D, +) is an applicative structure and for all
f € Dasp,d € Dy, (£f) *(kd) = &(fd).

Definition Let D be a set of V-complexes. We can define a binary mapping V such that for all
assignment ¢ into D, V,, : T(Z) — D, and for all t € T(X), Vit = Vit. (]

Let ¢ be an assignment into D. Then for all term ¢, kV,t = V,oxt. If ¢ is an assignment into
D, then for a € Dy, Vyo(Azat) xa = Vela/za1t- If D be a general frame and D a set of V-complexes,
then there is the unique V satisfying that for all ¢, € T(Z) and assignment ¢ into D, V,t., € D,,
since the function V is unique. Therefore (D, x, V) is a A-model.

Definition Given a frame D, we define a primitive extensional domain E, for a € Ty: (a) E, = B.
(b) Eq = Dy for @ € T — {0}. Given an a € Dq,,....a,—p Where n > 0 and 8 € Ty, we define a
mapping a® in Dy, — -+ — Do, — Ep by induction on n: (a) When n = 0, a® = a2. (b) When
n >0, a®=Ad1€Da,-(a*ndl)®. ]

Let a € Dg,,....an—p Where n > 0 and B € To. Then (a) for all d; € D, i € [n], a®d; ---d, =

(axkdy % ---Kkdy)?, (b) If B € To — {0}, then a® = a'. We can show this by induction on n.



Definition 4 Let F = (D,J) be a general pre-interpretation and V a semivaluation of D. An
L-structure A is a pair (D, J) such that D is a set of V-complexes based on D. We say that A is
based on F or on D. An assignment ¢ into A is an assignment into D. When F is a formula in
L, we write AEF[p] to say that A satisfies F wrt ¢. (a) When sq,ta € T(Z), AEsa = talp] iff
Vosa = Veta, Aksa = talp] iff (Vp54)® = (Vpta)®. (b) When G is a goal formula, AEGly] iff
VZG = T. (c) When A « G is a definite clause, ARA — Gly] iff A=A[p] whenever AEG[p). We
write AEF to say that a formula F is valid in A if AF[p] for all assignments ¢ into A. Given a
set of definite clause P, we say that A is a model or D-model for P, and write AP, if each definite
clause in P is valid in .A. Given a closed goal formula G, we say that G is a logical consequence of
P, and write PG if G is valid in all models of P. (]
Definition Let D be a general frame and S a subset of D,. Then S is upward saturatedifa) T' € S,
b) ¢ € S implies V'ed, V'dc € S for d € D,, c) ¢,d € S implies Ned € S, and d) fa—ods € S implies
3, fano €S. o

Let S C D,. Then there is a smallest upward saturated set extending S. Let C be the collection
of upward saturated set extending S. C is not empty, since D, € C. So NC exists. It is easy to check
that it is upward saturated. It fulfills the other considerations, by definition. The smallest upward
saturated set extending S is called the upward saturated closure of S, and is denoted as SUY.

If S C D, we can always find by the above method an extension of S which is saturated. The
above definition is certainly simple, but it is unsatisfactory on several grounds. For example, it does
not make explicit how the elements of the closure of S are generated from the elements of S. From
this reason we give a more constructive definition, involving restricted set-theoretic methods.
Definition Let S C D,. An elementary S-derivation is a sequence c!,---,¢™, m > 1, of elements
from D,, where for each i € [m], at least one of the following conditions is satisfied: (a) ¢! = T".
(b) ¢ € S. (c) There is a j < i such that ¢' is either V/¢’d or V/'dc’ for some d € D,. (d) There
are j,k < i such that ¢ = A’c/cF. (e) There are j < i and f € Dy—, such that ¢/ = fd for some
d€ Dy and ¢ =3, f. O

Note that if ¢!,---,¢™ and d?, - - -, d" are two elementary S-derivations, then the concatenation
ct,---,¢™,d,--.,d" is also an elementary S-derivation. Furthermore, a nonempty initial segment
of an elementary S-derivation is again an elementary S-derivation. An element d € D, is elementary
S-derivable if there is an elementary S-derivation c!,---,c™ where ¢™ = d. This is equivalent to
requiring that d be an element (not necessarily the last) in some elementary S-derivation. The set
of all d € D, that are elementary S-derivable is denoted by E(S). We shall show that E(S) is the
upward closure of S referred to above.

Theorem 1. Let S C D,. Then: (a) S C E(S). (b) E(S) is upward saturated. (c) If SC S’ and S’
is upward saturated, then E(S) C S'. (d) SV = E(S).

Proof The proofs of (a) and (b) are obvious. (¢) Let S C S’ and S’ be upward saturated. We
prove by induction on m that whenever c!,---,c™ is an elementary S-derivation then ¢! € S’ for
i € [m]). When m = 1. it is clear. If the property is true for m, and ¢, - - -, ¢™,¢™*! is an elmentary
S-derivation, then by IH we have that ¢! € S’ for i € [m]. Furthermore ¢™*!is T, orac e SC &,
or it is obtained by one of the defining rules from the elements in S’. In all cases it is easy to see,
by IH and definition of upward saturatedness, that ¢™! ¢ §'. D0

Definition Let (D, J) be a general pre-interpretation. Then we write I7(D) for the D-base which
is defined to be the set {p(a,---,as) : p € I4,,... ap—o and a; € Dy, for all i € [n]}. ]

* Note that in this definition the symbol for satisfaction in A is the small . The normal size |= is used for
another definition of satisfaction which is defined later in this paper.



A subset K of IT(D) induces a unique mapping Ix in II — (D) as follows: for all d € D,
(d) € Ix(p) iff p(d) € K. Let Ky C K2 C II(D), then it is easy to see that Ix, Crr—e(D) Ik,-
Sometimes given K C ITI(D), we write simply K to mean the mapping Ix.

Given I C II(D), we can introduce set Sy such that S; = {p'd : pd € I}. We define a function
Vi : D, — B as follows: for each d € D,, Vid = T if d € SY, F otherwise. And V7 is obviously a
semivaluation of D. And foralld € D,, d € .S'U only if there is an Sy-derivation for d. This follows
from Theorem 1.

Theorem 2. Let I C II(D). d € SY only if there is a finite I' C I such that d € ST..
Proof Assume d € SY. Then by the fact that a derivation sequence is finite, it is clear that there
is a finite I’ C I such that there is a finite elementary Sp-derivation sequence. O

Definition Let 7 C IT(D). Then I induces the set D of V;-complexes based on D and that one-one
onto function k7 : D — D! given by the definition of V;-complexes, and the following functions
whose domain is D: the function v; such that for each d € D, vr(d) = (x1d)?, and the function e
such that for d € D, e;d = (x1d)®. Let d € Dy—p. Then for all dy € D,, er(d)d; = ey(dd,). n}

Lemma3. Let ) C I, C II(D). Then (a) Vi, C Vy,. (b) v1, Cvyp,. (c) er, Ceyp,. O

Definition Let (D, J) be a general pre-interpretation. An interpretation M is a pair (D, I) where
I is a type consistent mapping in IT — &(D). We call M a D-interpretation. An assignment ¢ into
M is a type consistent mapping ¢ : A — D. When F is a formula in £, we write M | F[y] to say
that M satisfies F' wrt . For all goal formulas G, Gy, G, for each rigid atom A, (a) When s4,%4 €
T(D)a, M | sa = ta[p] iff Vpse = Vota, M | s = ta[p]iff €7(Vysa) = er(Vota). (b) M = Tle].
() M Ep(ty,- -, ta)[@) iff (Vpty, -+, Vytn) € Ipif pis a constant, or (V,ty,- -, Vytn) € poer(p)
if p is a variable. (d) M E G1V G3l¢] iff M E Gi[p] or M | Galp]. () M E G1 A Gafy) iff
M k= Gi[¢] and M = Ga[g]. (f) M [ 324G iff there is a d € D, such that M = Glp[d/z.]]. (g)
M E A — Glp] iff M | Alp] if M E Gly].
We write M = F to say that a formula F is valid in M if M |= F[yp)] for all assignments ¢ into
M. Given a definite program P, we say that M is a model or D-model for P, and write M E P,
if each definite clause in P is valid in M. Given a closed goal formula G, we say that G is a logical
consequence of P, and write P = G if G is valid in all models of P. 0O
Definition Let F = (D, J) be a general pre-interpretation, V a semivaluation of D, and D be the
set of V-complexes based on D. Given an L-strucure A = (D, J) based on F, the D-interpretation
A9 induced by A is defined to be (D,I) where I = Jo ko (-)® t II. Conversely, given a D-
interpretation M = (D, I) based on F, we can get the set D® of V;-complexes based on D. Then
M® is an L-structure (D®,J) induced by M. m]
Using the above facts and since assignments into D and D have one-one correspondence between
them, we can show that the two semantics are elemetarily equivalent in the following sense.

Theorem 4. (a) For all formula F in L, |= F iff =F. (b) If P be a definite program and G a closed
goal, then P |= G iff PeG. a

Theorem 5. The extensionality is not valid.

Proof Take an extensionality formula p, = ¢, — po = ¢o. It is obvious that V2 oPo = ngo does not
imply that V,p, = V,q,. For the extensionality formula (Vz, - fz = gz) — f = g, we take a € Ty
and B = o and D-interpretation I such that If = Ig = T2. Then f=¢ but not always f =g¢. O

Let M = (D, I) be an interpretation based on F = (D, J), we can identify M with the subset I
of IT(D). And every subset I of IT(D) is a D-interpretation. Obviously the set of all D-interpretation
is a complete lattice with the usual set inclusion ordering between D-interpretations.



Theorem 6. Let I} C I, C (D). If I = Glg], then I |= Gly].

Proof By induction on G. When G is T, it is obvious. When G is a rigid atom p(t1,---,ts),
since I1p C Izp, I, = G[p). When G is p(t1,--+,t,) where p is a variable. Since e;, C ey,
I = p(ty,- -, ta)[¢). When G is G1 A G2. I |= Gilp] and I) | Galy]. By IH I = Gi[yp] and
I, E Ga[y]. So I, | Glp]l. When G is G1 V G,. Assume, wlog, I; k= Gi[p]. By IH I |= Gi[y].
When G is 3z,G;. There exists a d € D, such that I) | Gi[p[d/z.]]. By IH Iz | Gip[d/z4]]. So

I = Gly].

Let F = (D, J) be a general pre-interpretation. We can define a mapping Tg from the lattice
of D-interpretations to itself. Let F be a pre-interpretation (D, J) of a definite program P and I a
D-interpretation. Then TB(I) = {p(d1,---,dn) € II(D) : there exist an assignment ¢ into D and a
clause p(ty,- - -,ts) «= G € P such that d; = V,t; for each i € [n] and I |= G[y]}

Lemma7. T2 is monotonic, i.e. given I, C I, C II(D), TB(5) C TR(L2).

Proof Assume p(dy, - --,ds) € T5(ly) for p(dy,---,dn) € II(D). Then there are an assignment ¢
into I, and a clause p(t1,---,t,) <« G € P such that V,t; = d; for all i € [n] and I = G[yp]. By
Theorem 6, I = Gly]. a

So T% is a monotonic transformation on the set of all D-interpretations.

Lemma8. Let I C II(D). Then I =P iff TB(I) C L.

Proof =) Assume p(dy, - - -,dn) € Tp(I) for some p(dy,- - -,dn) € II(D). Then there are an assign-
ment ¢ into D and a clause p(t1,---,t,) « G € P such that V,t; = d; for all i € [n] and I |= G[g)].
Then since I =P, I k= p(t1,---,tn)[p]. Therefore p(dy,---,dn) € I.

<) Similarly. (]

Lemma9. Let I and Iy be D-models of P. Then I, NI, is also D-model of P.
Proof Since Tp(I;) C I; and Tp(I) C Iz, by monotonicity of Tp operator, Tp(I1NI) C Tp(1) C C
I, and T‘p(Il Nnh)c T'p(Iz) CI,.So T'p(I] n Iz) CcChLnNnD.

But the set of all D-models is not closed under join operation, i.e. I; U I, is not necessarily a D-
model, whenever I; and I are D-models. Take for example the definite program P, = {p — ¢,r}.
Then IT(D) = {p, ¢,7}. {q} and {r} are D-models for P5, but {q,r} is not a D-model.

Lemma10. Let (I.)ne. be w-chain of D-interpretations. Then for each goal G and assignment ¢
into D, UpewlIn | G[yp] only if there is an n € w such that I, = G[y].

Proof Let I = UnewIn. Then I = G[y] only if V;(V,G) = T. So there is a finite I’ C Isuch that
Vi (V,G) = T. Therefore there is an n € w such that I’ C I,,. By monotonicity I, = G[y)]. o

Lemmall. Tg is conlinuous.

ProofLet (I,)new be a w-chain of D-interpretations. We need to show: Tp(Unewln) = Unew Tr(Zn)-
The monotonicity of Tp implies that Unew Tp(Jn) € Tp(Unewln). Now we need to show that
T’P(Uﬁewln) Cc UnENT'P(In)~ Let dl; Ty dﬂ € Ds and p(dla ] dn) € H(D)' Assume P(dl, Tt dﬂ) €
Tp(Unewln), to show p(dy,---,dn) € Unew Tp(In). There are p(t1,---,t,) < G € P and an assign-
ment ¢ into H such that ¢t; = d; for all i € [n] and Une, I, | G[p]. So there is n € w such that
I, = Glg]. Therefore there is n € w such that p(dy,- -, d,) € Tp(I,). o

So we can show that every definite program has the least D-model as follows:
Theorem 12. (TB)“(¢) is the least fizpoint of T3. (]

Theorem 13. Let M3 = N{I C II(D) : I = P}, then MB is the least D-model of P and MB =

W
$(4).
Proof By Lemmas 8,9,7 and Theorem 12. (]



4 Herbrand Models

In order to determine validity or logical consequences, we need to consider all interpretations of the
language L. In this section we shall show that we can restrict our attention to Herbrand models.
That is, we show that if A is true in all Herbrand (that is symbolic) models it follows that A is true
in all models and a fortiori in the model intended by the person who wrote the program.

Definition The Herbrand frame H is a set such that (a) H is the set of all p-normal c-terms. (b)
Let f € Ho—p, then for all t € H,, f(t) = p(ft). u]

It is obvious that the Herbrand frame H is countable.

Definition The Herbrand pre-interpretation HF is a pre-interpretation (H, J) such that H is the
Herbrand frame and J satisfies the following: (a) If ¢, is a constant such that o is a primitive type,
then Jeo = ¢q. (b) If dy—p is a constant of type a — B, then for all t, € H,, (Jdap)(ta) =
doa—pta. [m]

Lemma 14. The Herbrand pre-interpretation is general. o

Definition An Herbrand interpretation M is an interpretation (H,I) based on the Herbrand pre-
interpretation. The Herbrand base HB is the set II(H). O

Let I C I1(H) be an Herbrand interpretation and ¢ an assignment into I. Then we can consider
¢ as the generalized substitution ¢ such that for each term t € T(X), ot = (¢ T FV(t))t. It is easy
to see that for every term ¢, ot is a c-term and V,t = ¢t, for each goal formula G, ¢G a closed goal
formula, and for each definite clause C, ¢C a closed definite clause.

Let I be a D-interpretation based on F. The Herbrand interpretation I induced by I is an
Herbrand interpretation such that for every A € II(H), A € I* iff I | A. Let ¢ and ¢’ be
assignments into H and D, respectively. Then we say that ¢’ is induced by ¢ if ¢’ = p o V7. The
ma.ppmg V7 : H — D is a homomorhism from I* into I, since for p € Ha,,....an—o, hi € Hay,i € [n],
if (hq,-- n) € I*p, then (VFhy,---,VFh,) € Ip Let h € Hq,,....a,—o. Then for all h; € H,, i €
[n], (h1,---,h,) € er-(h) implies (thl, ,VZh,) € er(VFh).

Lemmal5. Let I,I*,¢', ¢ be as above. Then (a) Ift is a term, then V (pt) = Vr,t (b) If A is
a rigid atom then I"‘ E Alp] iff I & A[¢'], (c) If G is a goal formula such that I E Glg], then
I = Gl¢'], (d) If C is a definite clause such that I |= C[¢'], then I* |= C[p), () Then if I = ’P
then I* = P.

Let F be a general pre-interpretation. Then = denotes logical implication in the context
of fixed domains and functional assignment. Specifically =y denotes logical implication in the
context of Herbrand frame and functional assignment.

Let G be a goal formula. We write 3(G) to denote the existential closure of free variables in G.

Theorem 16. Let P be a definite program and G a goal formula. Then P |= 3(G) iff P Eunr I(G).
Proof <=) Let an Herbrand interpretation induced by the given interpretation I be I*. Assume
I P. Then I* |= P, so I* |= 3(G). Then there is an assignment ¢ into I* such that I* = G[y].
Let the assignment ¢’ into I be induced by ¢. Then I = G[¢'] by Lemma 15 (c). So I = 3(G). D

If ¢ is a substitution, then ¢_,, is that substitution o such that o = ¢ 1 (A — {z4}).
Lemmal7. Let I C II(H). Then for all closed substitution o, assignment ¢ into H, and goal

formula G, I = oGly] iff I | ¢oG.
Proof We prove by induction on G. When G is T or a rigid atom, it is obvious. When G is



p(t1, - ts) where p € A. I |= 0Gly] iff (pot,---,potn) € er(pop) iff (P'potr, -, @' pots) €
er(¢'[pop/plp) for all assignment ¢ into H iff I |= poGly'] for all assignment ¢' into H iff
I E ¢oG.

I_—.When G is 324G1. I |= 0Glp] iff I | Jzq0-5,Gi[p) iff there is an h € Hq such that
I | o_z Gilplh/za]] iff there is an h € H, such that I |= p[h/za]o-z,G1 by IH iff for all
assignment ¢’ into H, I = ¢'p[h/z4lo-2,G1, since p[h/zalo_z,G1 is a closed goal. iff I |
(@' [h/2a))Pm2a0-2,G1 il I | 0z, 0z, G1[¢'[h/2a]] iff [ |E 32ap—s,0-2.G1[¢'] Iff I |5 90G. O

Corollary 18. For all assignment @ into H, goal formula G, I |= Glo] iff I |= ¢G. al

Theorem 19. For all closed substitution o and goal formula G such that 03z,G is closed, I |=
03z4G iff there is an h € Hy such that I = ofh/z,)G.

Proof Let ¢ be an assignment into H. I = 03z,G[y] iff I | 2405, G[p] iff there is an h € Hq
such that I |= o_,_ G[p[h/zo]] iff there is an h € Hq such that I |= ¢[h/z4]o_.,G by Corollary 18
iff I |= o[h/z4)G[p] by Corollary 18, since p[h/zo])o— -, = po[h/za]. n}

Corollary 20. Let MZ = {I C II(H) : I = P}. Then ME = P.
Proof Follows from Theorem 13. 0

Theorem 21. (TH)“(4) is the least fized point of TE and ME = (TH)“(4).
Proof Follows from Lemma 11. o

Theorem 22. Let A € IT(H). Then P = A if ME | A.
Proof P = A iff P |=y 75 A iff for all H-interpretation I such that I =P, Ac Iif Ae ME. O

For the definite program P; introduced in section 1, it is easy to see that

5.(¢) = {p(a), ¢(a), 7(p(a))}

So r(p(a)) is a logical consequence of Py, while r(g(a)) is not.

The program P; is non-extensional in the sense that extensional identity of arguments of the
predicate r does not imply extensional identity of proposition r(-). In [18] Wadge defined a fragment
of higher-order logic programming language (in fact it’s a pure subset of HiLog [8]) where every
program behaves extensionally.

Example We can define the following higher-order logic program P;3 in the language of [18]: Let
M AP be predicate constant of type (int — o0),list — o and - be an infix functional constant of
type int,list — list and p and ¢ predicate constants of type int — o and Ps include the following
definite clauses.

MAP(z,z-1) — zz AN MAP(z,1).

MAP(z,nil) — T.

Assume that the above clauses are the only clauses that defines the predicate M AP. Let I be
a fixpoint of Tp,. We shall show that p = ¢ - MAPp = M APq is valid under I. Let p = q valid
under I. Then for all a € Hjpne, pa € I iff ga € I. Moreover the set Hj;, has the following inductive
characteriztion. (a) nil € Hy;y:. (b) For a € Hint, a1 € Hijse if | € Hyiye. To prove MAPp = MAPgq
is valid in I, it’s enough to show that for all I € Hy,y, MAP(p,1) € I iff MAP(q,1) € I. We
prove this by induction on I. Obviously M AP(p,nil), MAP(q,nil) € I. Let a -l € Hj;5;. Assume
MAP(p,a-1) € I to show MAP(q,a-1) € I. Then pa, MAP(p,1) € I. So by IH, MAP(q,l) € I.
Therefore MAP(q,a-1) € 1. o
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5 Completeness

In this section we prove completeness of interpreter in [14]. Our actual interpreter is that of [14]
plus backchaining when atomic goals need to be solved. The definition of this non-deterministic
interpreter can be given by describing how a theorem prover for programs and goals should function.
This interpreter, given the pair (P, G) in its initial state, should either succeed or fail. We shall use
the notation P + G to indicate the meta proposition that the interpreter succeeds if started in the
state (P, G). The search related semantics which we want to attribute to the logical constants can
be specified as follows: (a) P+ T.(b) PF G VG only if P F Gy or P+ G3. (¢) P F Gy AG3 only
if P+ Gy and P + Ga. (d) P + 32,G) only if there is some term t € T(Z)4 such that P + [t/z,]G:.
(e) P+ A only if there are a definite clause A; «+ G1 € P and a substitution o such that A = g4,
and P F oG;.

Let F be a formula of £. Then |F| denotes the set {¢F : ¢ is an assignment into H}. It is easy
to see that if F is a goal formula, [F| is a set of closed goal formulas, and if F is a definite clause,
then |F| is a set of closed definite clauses. This notation can be extended to set I" of formulas of L:
I =U{IF|: Fer}.

Definition Let I" be a set of formulas that are either closed atoms or definite clauses, and let G
be a closed goal formula. Then a I'-derivation sequence for G is a finite sequence G!,G2,---,G" of
closed goal formulas such that G™ is G, and for each i € [n], (a) if G' is a closed atom, then i) G* is
T,orii)G* € I', or 111) there is a definite clause G* «— G7 € |I'| such that j < i, (b) if G* is G VG,
then for some j < i, G is either G, or G, (c) if G* is Gi A G4, then for some j, k < i, G] G,
and G* = G,, (d) if G is 32,G}, then there is at € H, and j < i such that [t/z,]G; = o

Theorem 23. Let I C II(H). Then for all closed goal formula G, I |= G iff there is an I-derivation
sequence for G.

Proof <=) Let G,---,G" be an I[-derivation sequence. We prove by induction on ¢: for all ¢ € [n],
I = G'. When i = 1 then it is obvious. When i > 1. If G* = G} A G3, then by IH, I E G1 and
IEG2. S0 I =GiA G2 If G = 3z,G, then by IH, there is a t € H, such that I k= [t/22]G1. So
I = 32,G; by Theorem 19.

=>) Follows from Theorem 1, since for a Herbrand interpretation I, we can identify I with S;. O

Lemma24. Let G be a closed goal formula. Then P + G iff there is a P-derivation for G.
Proof See [16]. D

Theorem 25. Let G be a closed goal formula. Then P+ G iff P | G.

Proof By Theorems 22,21, P |= G iff T$(¢) = G. Let I, = T%(4) for n € w. Now we need to
prove that there is a P-derivation G!,- G’ for G iff there is an n € w such that I, = G.

=) By induction on I. When Gis T, I, |= T. When G is G1 A Gy, then there are P-derivations for
G:1 and G3 whose lengths are less than l. So by IH, there are ni,ny € w such that I,, = G; and
I, |E Ga. Assume, wlog, ny < na. Then I, k= G2, so I, = G1 A Ga. When G is 32,G;. Then
there are a term ¢ € H, and a P-derivation for [t/x,]G; whose length is less than 1. So by IH,
there is an n € w such that I, |= [t/z,]G1. Therefore I, | 32,G; by Theorem 19. When G is a
rigid atom A. Then there are a number j < I and a definite clause 4 — G’ € |P|. By IH, I,, = GJ.
Therefore Iy, = A.

<=) We prove the claim by induction on n. First assume the claim true if I, = G. To prove the claim
for n + 1 assume I,y |= G. Then there is an I,4,-derivation G!,---,G™ for G by Theorem 23.
Now we prove, by induction on i, that there is a P-derivation for G*, for eachie[m]. IfG'is T, it
is immediate. If G* is a rigid atom A, then since 4 € I.41, there is a definite clause A — G; € IPI
such that I,, = G1. Then by our ﬁrst assumption, there is a P-derivation for G;. We now get a P
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derivation for A by appending A to this sequence. When G® is G1 A Ga. Then by our second IH,
there are P-derivations for G; and G2. Now we get a P-derivation for G* by appending G* to the
end of concatenation these sequences. When G' is 3z,G1. By second IH, there is a term ¢ € Ho,
such that there is a P-derivation for [t/24)G1, to which we attach G* to get P-derivation for G.o

6 Conclusion

We have built a general model theoretic semantics for Higher-Order Horn logic programming lan-
guage and established the least model and least fixed point semantics. We also showed soundness
and completeness of those interpreters developed in [16, 14] by establishing equivalence between the
fixed point semantics and the operational semantics of those interpreters based on P-derivations.

7 Acknowledgements

We wish to thank Prof. Sanchis for pointing out a serious error in the previous version of this
paper. The first author also would like to thank Prof. Dale Miller for the encouragements and
helpful suggestions.

References

1. James H. Andrews. Predicates as parameters in logic programming: A set-theoretic basis. In
P. Schroeder-Heister, editor, Extensions of Logic Programming, pages 31-47, 1989.

2. Peter B. Andrews. Resolution in type theory. The Journal of Symbolic Logic, 36(3):414-432, 1971.

3. Peter B. Andrews. General models and extensionality. The Journal of Symbolic Logic, 37(2):395-397,
1972.

4. Peter B. Andrews. General models, descriptions, and choice in type theory. The Journal of Symbolic
Logic, 37(2):385-394, 1972.

5. Peter B. Andrews. An Introduction to Mathematical Logic and Type Theory: To Truth through Proof.
Academic Press, 1986.

6. Mino Bai. A declarative foundation of AProlog with equality. Technical Report SU-CIS-92-03, Syracuse
University, 1992.

7. H. P. Barendregt. The Lambda Calculus. North-Holland, 1984.

8. Weidong Chen, Kichael Kifer, and David S. Warren. Hilog: A first-order semantics for higher-order
logic programming constructs. In Ewing L. Lusk and Ross A. Overbeek, editors, Logic Programming
Proceedings of North American Conference, pages 1090-1114, 1989.

9. Alonzo Church. A formulation of simple theory of types. The Journal of Symbolic Logic, 5:56—68, 1940.
10. Leon Henkin. Completeness of the theory of types. The Journal of Symbolic Logic, 15:81-91, 1950.
11. John W. Lloyd. Foundations of Logic Programming. Springer-Verlag, 1987.

12. Dale A. Miller. Proofs in higher-order logic. PhD thesis, Carnegie-Mellon University, 1983.

13. Dale A. Miller. A compact representation of proofs. Studia Logica, 46(4):347-370, 1987.

14. Dale A. Miller, Gopalan Nadathur, Frank Pfenning, and Andre Scedrov. Uniform proofs as a foundation
for logic programming. Technical report, University of Pennsylvania, 1989.

15. Dale A. Miller, Gopalan Nadathur, Frank Pfenning, and Andre Scedrov. Uniform proofs as a foundation
for logic programming. Annals of Pure and Applied Logic, 51:125-157, 1991.

16. Gopalan Nadathur. A higher-order logic a the basis for logic programming. PhD thesis, University of
Pennsylvania, 1986.

17. J. A. Robinson. Mechanizing higher-order logic. Machine Intelligence, 4:150-170, 1969.

18. William W. Wadge. Higher-order horn logic programming. In U. Saraswat and K. Ueda, editors,
Proceedings of International Logic Programming Symposium, pages 289-303, 1991.

12



	General Model Theoretic Semantics for Higher-Order Horn Logic Programming
	Recommended Citation

	SU-CIS-92-09_001c
	SU-CIS-92-09_002c
	SU-CIS-92-09_003c
	SU-CIS-92-09_004c
	SU-CIS-92-09_005c
	SU-CIS-92-09_006c
	SU-CIS-92-09_007c
	SU-CIS-92-09_008c
	SU-CIS-92-09_009c
	SU-CIS-92-09_010c
	SU-CIS-92-09_011c
	SU-CIS-92-09_012c
	SU-CIS-92-09_013c

