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Abstract

We build general model-theoretic semantics for higher-order logic programming languages.
Usual semantics for first-order logic is two-level: i.e., at a lower level we define a domain of indi-
viduals, and then, we define satisfaction of formulas with respect to this domain. In a higher-order
logic which includes the propositional type in its primitive set of types, the definition of satisfac-
tion of formulas is mutually recursive with the process of evaluation of terms. As result of this in
higher-order logic it is extremely difficult to define an effective semantics. For example to define
Tp operator for logic program P, we need a fixed domain without regard to interpretations. In
usual semantics for higher-order logic, domain is dependent on interpretations. We overcome this
problem and argue that our semantics provides a more suitable declarative basis for higher-order
logic programming than the usual general model semantics. We develop a fix point semantics based
on our model. We also show that a quotient of the domain of our model can be the domain of a
model for higher-order logic programs with equality.

1 Introduction

Many extended versions of Prolog are developed which incorporate higher-order features in logic pro-
gramming languages to make programs more versatile and expressive [22, 7, 1]. One important motiva-
tion for adding higher-order features to logic programming is the need to allow programs to manipulate
such things as formulas, predicates, and programs themselves in the same way as they manipulate object
level terms (for further motivation for higher-order logic programming see [11, 12, 19, 20]).

In this paper, we build a model-theoretic semantics for a higher-order logic programming language
which is suitable for describing declaratively operations of such programming language.

Church [8] introduced a simple theory of types as a system of higher-order logic. This system
incorporated A-notation in its particularly simple syntax which actually be viewed as a version of simply
typed A-calculus. Henkin first gave a semantics for Church’s system based on general models. Domain

members of a general model are truth values, individuals, and functions. Church’s system was proved to
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be complete with respect to Henkin’s semantics [13]. Andrews studied general models further in [3, 4, 5],
and built a non-extensional model which is suitable under settings of resolution theorem proving [2].
The proof theory for this system is shown to have a close resemblance to that of first-order logic: there
is, for example, a generalization to Herbrand theorem that holds for a variant of this system (18].

AProlog [22] was the first language to show that higher-order logic could be used as the basis of
a practical programming language. AProlog is based on typed A-calculi which have their ultimate
origin in Russel’s method of stratifying sets to avoid the set theoretic paradoxes. In higher-order logic
on which AProlog is based, compared to first-order case, it is extremely difficult to build an effective
model-theoretic semantics. One of these difficulties is that the definition of satisfaction of formulas is
mutually recursive with the process of evaluation of terms (see [13, 2, 3, 4, 5]). In first-order case,
the model-theory is two level [16, 21, 24]. First we define a domain of individuals, and then define
satisfaction wrt this domain. The second reason is that since higher-order logic programming languages
are usually formulated in non-extensional form, we need a non-extensional model to describe properly
such languages.

Henkin’s general model semantics is extensional: i.e., if two objects in a model have the same
extension, then they must be equal. Extensional models are very difficult to deal with, and unsuitable
to describe a higher-order logic programming language like AProlog which contain a propositional type in
its primitive set of types. For example, we can define a program P; = {p(a), ¢(a),r(p(a))} in AProlog.
Given program P;, the goal r(p(a)) will succeed in AProlog, but the goal r(g(a)) will fail, since the
unification of r(g(a)) and r(p(a)) will simply fail. For any extensional model M for Py, M will assign
the value T for p(a) and ¢(a). So p(a) = ¢(a) is a logical consequence of P;. M will also assign the
value T to r(p(a)), so the extension of the predicate which M will assign to r contains T. Therefore
r(g(a)) is a logical consequence of the program P;. Note that for this program the valuation of terms
is mutually recursive with the satisfaction of formulas, since a formula can occur as an argument of

predicate or functional symbols.

2 JAProlog

In this section we describe a higher-order logic programming language for which we build models in the
later sections. For the exposition of the logic programming language AProlog we will follow closely those
in [22, 20].
The set T of types contains a collection 7q of primitive types and is closed under the formation of
functional types: i.e., if o, 8 € T, then (a« — B) € T. The type constructor — associates to the right.
The type (@ — B) is that of a function from objects of type o to objects of type 8. We assume

that the type constructor — associates to the right, and we shall often write type expressions such as
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Qp — g — +++ — an — B in the form oy, ---,a, — B, or even in the form @ — B, with § an arbitrary
type.

For v € To, the set 77 of types of kind v [10] is the subset of 7 defined inductively by:

(a) yeT".
(b) fa €7 and B €T, then (a - B) € T".

We introduce a very convenient notation from [23]. For each type symbol , and each set S containing
objects or expressions, we write S, to denote the set of things in S which are of type a. We sometimes
write {S,}s to denote S. We can also define a type assignment mapping T on the set S such that
7:S— 7T andforall s € S, 7(s) = a if s € S,.

Let S and T be sets. The set S — T is the set of all mappings from S into T. Given a mapping
f:S—>T,a€S,and be T, let f[b/a] be that mapping f' : S — T such that for f'a =b and f'c= fc
for all ¢ # a. Given a set Sy C S, we write f(S;) for {f(a):a € S1}.

Let S,Ty, T, be sets, and f : S — Ty and g : Ty — T2. The composition of f and g is the function
fog:8 — T, such that for all s € S, f o g(s) = g(f(s)).

Let T3 and T be sets and b be an element in T} x T3, then 4! and b% are the first and second
components of b, so b = (b',b?). If f is a mapping whose values are in T} X T5, let f! and f? be
mappings with the same domain as f defined so that for any argument ¢, fit = (ft) for ¢ = 1,2. Thus
7t = (f't, f21).

Let S,T,T1,T, be sets. If f : S — T is a mapping, then we say that f is good if for all s € S,
7(f(s)) = 7(s). If f: S — T\ x Ty, then we say that f is good if f! and f? are good. In this paper we
consider only good mappings, so a mapping is always assumed to be good unless said otherwise.

Let 7; be a subset of 7 and S a set. By S T 7T; we mean {S,}aer; the subset of S consisting of
elements in S of types in 7;. When f is a mapping whose domain is S, then f T 77 is defined to be
f1(S 1 T) the restriction of f to S T 7;.

For each integer n € w, we write [n] for the set {1,---,n}.

We assume that there are denumerably many variables and constants of each type. Let the set of
variables and constants be A and ¥, respectively. Then for each type symbol a, A, is the set of variables
of type a and X, is the set of constants of type a. So, A = U,er Ao and ¥ = U, 1 Za.

Simply typed A-terms are built up in the usual fashion from these typed constants and variables via
abstraction and application. Our well formed terms (wfts) are simply typed A-terms. We define the set
T(X) of all wits by giving the definition of the set T'(X), of wits of type o by induction:

(a) Aq C T(X),.
(b) o CT(X)a-
(c) If tg € T(X)p and z, € Aq, then [Azatg] € T(Z)amp-



(d) If fasp € T(E)amp and to € T(X)a, then [fosta] € T(E)g.

It is assumed that the reader is familiar with most of basic notions and definitions such as bound,
free variables, closed terms (c-terms), substitution and A-conversion for this language; only a few are
reviewed here.

Letters fa, S, ta, -+, Will be used as syntactical variables of wfts of type a. Type subscript symbols
may be omitted when context indicates what they should be or irrelevant to discussion. We use the
expression FV(t) to denote the set of free variables of a wft ¢.

By Church-Rosser theorem [6], a A-normal wfts of a wft is unique upto a renaming of variables.
For most part we shall be satisfied with any of these normal forms corresponding to a wft ¢, and we
shall write Anorm(t) to denote such a form. In certain situations we shall need to talk about a unique
normal form and, in such cases, we shall use p(t) to designate what we shall call the principal normal
or p-normal form of t; i.e. p is a mapping from wfts to A-normal terms. There are several schemes
that may be used to pick a representative of the a-equivalence classes of A-normal terms and the one
implicitly assumed here is that of [2].

We define a notion of substitution as a mapping from and to wits. A substitution is any total good
mapping o : A — T(X) such that o(z) # z for only finitely many z € A. Given a substitution o, the
domain of o is the set of variables Dom(o) = {z € A : o(z) # z}. A substitution whose domain is
empty is called the identity substitution, and is denoted by €. Given a substitution o, if its domain is
the set {zy,---,zn}, and if ¢; = o(z;) for ¢ € [n], then o is also denoted by listing its binding explicitly:
[t1/z1,- -, tn/zn]. We say that o is A-normal(p-normal, closed) substitution if each ¢;, for ¢ € [n], is in
A-normal (p-normal, closed) form. Given a term t, we define o(t) = p([Azy-: -z, - t]t1---¢,). Finally
given an arbitrary mapping x : A — T'(X), we can consider x as a generalized substitution such that for
each term ¢, x(¢t) = (x T FV(2))(2).

So far we have introduced A-term structures and operations on A-terms. We can introduce logic into
A-term structures by including o, a type for propositions, amongst the set of primitive types 75, and
requiring that the collection ¥ of constants contain the following logical constants: A and V of type
0 — o0 — o; T of type o; and for every type o, 3, of type (a — 0) — o. The constants in ¥ other than
A,V,3 and T are called as non-logical constants.

A type will be called a predicate type if it is a type in the set 7° of types of kind o, or a non-predicate
type otherwise. A variable of predicate type will be called predicate variable. And a non-logical symbol
in ¥ of predicate type will be called predicate constant. We let Il C ¥ be the set of predicate constants.

The type subscript on 3 will be omitted except when its value is essential in a discussion and can

not be inferred from the context. Expression of the form 3(AzG) will be abbreviated by JzG.



Terms of type o are referred to as goal formula or just formula. The A-normal form of a formula
consists, at the outermost level, of a sequence of applications, and the leftmost symbol in this sequence
is called its top level symbol. We shall have use for the structure of A-normal formulas that is described
below. A formula is said to be an atom (atomic) if its leftmost symbol that is not a bracket is either a
predicate variable or constant. A A-normal goal formula G, then, has the following inductive character-
ization:

(a)itis T.
(b) it is an atom.
(c) it is G1 A G, or Gy V G2, where G; and G; are A-normal formulas, or

(d) it is 3zG, where G is a A-normal formula.

Now we identify the formulas that we call higher-order definite clauses, sentences, goal formula, and
equations.

Let G be the collection of all A-normal formulas. A goal formula is a formula G in G. An atom is
an atomic goal formula A. A rigid atom is an atom A, that has a predicate constant as its head. An
atom is thus a formula of the form pt, ---t, where ¥ = a;,---,a, — o0, p is a predicate constant.,, or
variable,, and, for each i € [n], ¢; is a A-normal term,,, it is a rigid atom just in case p is a constant.
Sometimes we write p(t1,---,t,) or p(%) for the above atom.

Let G be an arbitrary goal formula and A, be any rigid atom. Let Z be an arbitrary listing of all the
variables free in either G or A,. Let a formula C be of the form A, « G. Then C is a (higher-order)
definite clause and the formula VZ - D is a (higher-order) definite sentence.

Let s4,ty € T(X). Then, as usual, an equation e is of the form s, = t,, and an extensional equation
is of the form s, = t,.

Let Def be the set of all definite clauses. Then given the collection ¥ of constants, our logic
programming language £ = L(X) is completely determined as the triple (T(X), G, Def). A formula in a
language L is a goal formula, or a definite clause, or an equation.

We refer a set P of formulas from Def as a higher-order definite logic program. As usual, variables
in definite clauses are implicitly universally quantified.

We say that a predicate symbol p occurs eztensionally in formula G if
(a) G is p(?), or
(b) Gis Gy A Gy or G V G2, and p occurs extensionally in G or G,.

(c¢) G is 3zG4, and p occurs extensionally in G;.
In following sections, we will define semantics for AProlog. We will take advantage of the following

situation: Since logic programs compute extensions of predicates, and relations between arguments of



predicate symbols constitute extensions of predicates, we don’t need extensions of terms until we meet

extensional occurrences of predicate symbols in the definition of satisfaction of formulas.

3 Extensional Domains

We shall have extensive use of structures of partially ordered set (poset) in this paper. It is convenient
to study structures of this type in a more general setting.

If P is a non-empty set with binary relation Cp which is a partial ordering (i.e., the relation Cp is
reflexive, transitive and anti-symmetric), we say that P is a partially ordered set, or simply a poset.

There are many examples of posets, but we are interested only in those satisfying special requirement
below. In particular, we note that any non-empty set A can be considered a poset under the identity
relation where z C4 y iff z = y. We call this type of poset discrete.

Let z and y be elements of a poset P. We say that y is an upper boundof zin Pifz Cpy. lf zis an
element of P such that every element of P is an upper bound of z, we say that z is a bottom element of
P. If this element exists it is clearly unique, it is denoted in the form Lp. An element z in the poset P
is mazimal if whenever z Cp y, then z = y, or equivalently when the only upper bound of z is z itself.
If P is a discrete poset, then every element of P is maximal.

Let z and y be elements of a poset P. We say that z and y are consistent in P if they have a
common upper bound, i.e., there is an element 2z in P such that 2 Cp z and y Cp 2. A subset M of P
is consistent if any two elements in M are consistent.

Let M be a subset of the poset P. If z is an element of P which is an upper bound of every element
of M we say that z is an upper bound of M. We say that M is directed if every finite subset of M has
an upper bound in M. An element z of P is the least upper bound (lub) of M in P if it satisfies the
following two conditions: (a) z is an upper bound of M; (b) if y is any upper bound of M, then y is an
upper bound of z. It is clear that the least upper bound of a set M is unique if it exists. We shall use
the notation Lip M to denote the least upper bound of a subset M of a poset P whenever such element
exists.

There is a dual notion that also plays a role in our discussion. We say that an element z of a poset
P is a lower bound of a subset M if z is a lower bound of every element in M. An element z of P is the
greatest lower bound (glb) of M if it satisfies the following conditions: (a) z is a lower bound of M; (b)
if y i1s any lower bound of M, then y is a lower bound of z. We shall use the notation MpM to denote
the greatest lower bound of a subset M of a poset P whenever such element exists.

If M is the two element set {z,y}, then we write z Up y for UpM and z Mp y for MpM.

A lattice is a poset in which each two element subset has both an lub and a glb. Thus in a lattice L

for any z,y € L both z Ug y and = My, y exist. A lattice L is a complete lattice if Uy M and My M exist
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for every subset M of L.
A poset D is a domain if every consistent subset of D has a least upper bound. Since the empty set

is consistent, it follows that D has a bottom element.

Lemma 3.1 tdomdglb:* Let D be a domain. If M is a non-empty subset of D, then M has a greatest

lower bound. a

A transformation of a poset P is a total mapping T from P to P which satisfies the following
monotonicity condition for all z and y in P: if z Cp y, then Tz Cp Ty. If T is a transformation on P,
and z is an element of P such that T'z Cp z, we say that z is closed under T. If Tz = z we say that z

is a fixed point of T'.

Theorem 3.2 {dfifp: Let T be a transformation on the domain D. There is a unique element z in D
such that:

(a) The element = is a fized point of T'.

(b) If y is an element of D which is closed under T, then y is an upper bound of x. 0O

We call the unique element z in the above theorem the least fized point of the transformation T'. This

least fixed point has a more convenient formulation by recursion using transfinite ordinals:

Theorem 3.3 {dtlfpo: Let T be a transformation of a domain D. Define T" for all ordinals v: for
z €D,

(a) Tz =z
(b) T**'z = T(T*z)
(¢) Tz = Uy, THz v is a limit ordinal

Then T has a least fized point given by TV Lp where v is the first ordinal such that T 1Lp = TV 1 p.
We call the ordinal v closure ordinal for T'. a

Let T be a transformation of a domain D. We say that T is continuous if T(UpM) = UpT (M), for
every directed subset M of D.

Theorem 3.4 ftcontlfp: Let T be a continuous transformation of a domain D. Then the least fized
point of T ts T Lp. m]

Now a few constructions of posets will be discussed.
Let P, and P, be disjoint posets. P, U P, is a poset P = P, U P, such that for all z,y € P, z Cp y
ifzCp yorzCp y. PAx Prisaposet P= P, x P, where for all z,y € P, z Cp y if ' Cp, y! and

Z2 §_Zp2 yz.

1We use the label starting with tonly for editing purpose. In the following, ignore them.
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Let S be a set, and P a poset. S — P is a poset F' such that for all f,g € F, f Crgifforalls €S,
f(s) Cp g(s).

Theorem 3.5 Let S be a set, and D a domain. Then S — D is also a domain.
Proof Let M be a consistent subset of S — D, and g be a mapping in § — D defined as: for all s € S,
g(8) = Up{f(s) : f € M}. Then it is easy to see that g = Lls_.pM. 0

In the following, given a poset the poset subscript on C and U and 1 will be omitted except when
its value is essential in a discussion and cannot be inferred from the context.

Let B be the set of boolean values T and F where F Cg T. Then B is a domain. We shall write V
and A for Ug and Mg, respectively.

Let A be an arbitrary set. We can consider A a discrete poset. A predicate P over A of type
Qy,++,0p — 08 a mapping in A,, X -+ X A,, — B, or equivalently a subset of A,, X -+ X A,,. And
we consider truth values T and F as null-ary predicates over A of type () — o such that T() = T and

F() = F, respectively. More generally, we define predicates Tﬁh_,_ , for each list oy, -+, an of types

SO

where n > 0 as A, X -+ X Ag,. We write ®(A) for the set of all predicates over A.
Lemma 3.6 ®(A)z_, is a domain. 0

Given two predicates P, Q € ®(A), it is obvious that P C @ if P and @ are of same type and P is a
subset of Q.

Theorem 3.7 Let S be a set, and F the set of all good mappings in S — ®(A). Then F is a domain.O

Given a list &, -+, oy, of types and ¢ € [n], i-th identity function I'* is a function in A4, X - - - X Aq, —
Aq; such that for all (a1, -,a,) € Agy X +-+ X Aq,,, I‘(al, sy an) = a;.

Operations on ®(A) can be introduced as follows.

Let P, € ®(A)z—,. Then predicates PAQ and PVQ defined by
(Disjunction) Pv@Q =PUQ and
(Conjuction) PAQ=PNQ
are in ®(A)z—..
Let P € ®(A)s—,. Then a predicate AP defined by
(Adjoining of a variableg) BP(b,a) = P(a)
is in ®(A)gz—0-
Let P € ®(A)gz—o- Then a predicate 9P defined by
(Projection) OP(@)=3be€ Ag- P(b,a)
= There exists a b € Ag such that P(b,3a).

8



is in Q(A)‘a-»o.

Given a list of types a3, -+, 0y, and a function 7 : [n] = [n],

and P € <I>(A)%(l),...,a”(n)_.o, the predicate = P defined by

(Simple substitution) xP@@) = P(I"W(a),---,I"™M(a))
is in ®(A)z—o-

Theorem 3.8 Let p be a subset of ®(A) where p is closed under conjunction and disjunction. Then

P50 18 a domain. O

Given a subset p of ®(A), we can extend p to the unique estensional domain p' = {pl}a based on A:

p=pUAT(T-T°)

In a situation where a set A is given, we shall use p to mean g'.

Let p be an extensional domain. We say that g is elementarily closed if p contains predicates T
and F and is closed under conjunction, disjunction, projection, adjoining of a variable, and simple
substitution.

Given any extensional domain p, we call an extensional domain p* as a elementary closure of p if

p* is a minimal extension of p which is elementarily closed. We can also give inductive definition of p*.

Definition Given a subset p of ®(A), for each ordinal v, g, is defined by:
(a) po = p
(b)) Pep,1 iff P€p,,or
P can be obtained by conjunction or disjunction or projection or adjoining of a variable, or simple
substitution from predicates in g,.
(c) v is a limit ordinal.
P = U;t<l/ Pu-
Finally p* defined to be U, p..
Note that P € p* iff P € p, for some ordinal ». O

4 General Model Theoretic Semantics

In this Section we build model-theoretic semantics for the language £. As introduced in Section 1 we
need a non-extensional model to prove that the resolution system in type theory is complete. The
model in [2] is in a sense non-extensional. But it doesn’t provide an adequate notion of “general” non-

extensional model for our purpose: Domain is defined by indexing extension of the element in it by wfts.



The indexed entity like (¢, p) is called a V-complexe where V' is a truth value evaluation of formulas.
So only one kind of domain is used in [2], since the set of all wits is predetermined given a language L.

In [2], in order to define the domain of interpretation we need a semivaluation function V, as above,
which evaluates proposional formulas to T or F. The definition of domain or the evaluation of terms is
mutually recursive with the definition of evaluation of formulas.

Now we generalize Andrews model to a model where we index the extension by an element from an
arbitrary set which we call universe. Since our language £ is based on A-calculus and application is a
basic operation of the A-calculus, any model of £ should be an applicative structure which is a A-model.
Definition Let A be an arbitrary set and - a binary operation over A such that for all o, 8 € T, for all
a € Aup,b € Ay, a-bis an element in Ag. Then A = (A, ) is said to be an applicative structure. An
assignment into a set A is a good mapping ¢ : A — A. A A-model is a triple (A, -, V) such that (A,-) is
an applicative structure and V a binary function such that for each assignment ¢ into A and term t,,
Vota € Aa. We call the function V' a valuation function in A. O
Definition A universe is a nonempty set D of objects each of which is assigned a type symbol from the
set 7 in such a way that every object in D, is a function from D, to Dg for all type symbols o and
B. A pre-interpretation F of the language L is a pair (D, J) where D is a universe, and J is a function
which maps each constant ¢, € ¥ of type « to an element of D,. We say that F is based on D. An
assignment into a pre-interpretation is an assignment into the universe of the pre-interpretation. O

Note that D, is some collection of functions mapping D, into Dg, i.e. Dyg € Dy — Dy.

A pre-interpretation F = (D, J) is said to be general iff there is a binary function V¥ = V such
that for each assignment ¢ and term ¢,, V,to, € D,, and the following conditions are satisfied for each
assignment ¢ and all terms:

(a) if z € A, then V,z = pz. (b) if ¢ € £, then Ve = Je.

(c) Vo(ft) = (V )Vt (the value of the function V,, f at the argument V¢ )

(d) Vo(Azatp) = Ad € Do - Vyats i.e. that function from D, into Ds whose value for each
argument d € Dy is Vja/zjtp.

Lemma 4.1 fsvfuni: If a pre-interpretation F is general, the function VF is uniquely determined.

Proof By induction on the definition of terms. O

We call the function V¥ the connotational valuation function of terms in the pre-interpretation
F. VIt is called the value of ¢ in F wrt . We sometimes write V2 as V,, as V7, or as V, when
pre-interpretation or assignment is clear from context, or irrelevant.

A universe D is called a standard universe iff for all @ and 8, D,z is the set of all functions from
D, into Dg,i.e. Dypg = Dy — Dg. We call a pre-interpretation as a standard pre-interpretation if its

universe is standard. Clearly a standard pre-interpretation is general.
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Lemma 4.2 Let a pre-interpretation F be general, t a term, and ¢ and ¢ assignments which agree on
all free variables of t. Then V,t = Vyt.

Proof By induction on the construction of ¢. O

It is clear that if ¢ is a c-term, then V7t may be considered meaningful without regard to any
assignment. In this case, V¥t is called the connotation of ¢ in F and written as t’. Obviously for a
general universe D, (D,-,V) where - is interpreted as a functional application is a general A-model,
but in a pre-interpretation logic symbols such as logical operators and predicate constants are not fully
interpreted. So we call it a pre-interpretation.

Definition Let D be a universe. A semivaluation of D is a function V with domain D, and range the
set B of truth values such that the following properties hold: for all ¢,,d,, fa—mo € D,

(a) V(T =T.

(b) V(V'e,d,) = V(o) VV(d,).

() V(Neod,) = V(eo,)AV(d,).

(d) V(3. famo) = T iff there is some e € D, such that V(f,—.e) = T. ]

Lemma 4.3 Let ¢ be an assignment into D. Then for all goal formula G, V(V,G) = V(V,(p(G))).
Proof V,G = V,p(G). O

Definition Given a universe D and a semivaluation V of D, we define the set D of V -complezes based
on D as follows: For each type v we define the set D, of V-complexes,, as follows by induction on 7:
(a) D, = {(d,Vd) : d € D,}.

(b) D, = {{d,d) : d € D,} when a € 75 — {o}.

(¢) Dasp = {{f,P) : f € Dacp and p : Dy — Dp such that for a € D, pa = (fa',r) for some r}.

We say that D is the set of V-complexes based on D. a

Lemma 4.4 {dvduni: Given a universe D and a semivaluation V of D, the set D of V-complezes based
on D is unique.
Proof We prove by induction on v: For each d € D,, there is only one p such that (d,p) € D,.

For 4 € T it is obvious. For y = a — B, let f € D,o_5. Assume (f,p), (f,q) € Du_p to show p = g.
Then p,q : Dy — Dy. For any a € D,, pa = (fa',r;) and ga = (fa',r;). By IH »; = r,. Therefore
pa=gqaforalla € D,. Sop=q. O

Definition Let D be a set of V-complexes. Then we define the applicative operation % of type (a —
B),a — B: For a € D5 and b € D,, a * b is defined to be a2b. The operation x is left associative. O

Let a € Day,..ansp and b € D,, for 7 € [n]. Then by definition of D it is easy to see that
axby x---%b, € Dp.
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Lemma 4.5 (D,*) is an applicative structure. 0

Lemma 4.6 2 tdev: For each d, € D.,, there exists a v such that (d,,v) € D,.
Proof We choose v as a function of d, by induction on v, and show that (d,,v(d,)) € D,. This is
trivial when v is in Tg. If y = @ — B, let v(da—p)a = (damspa’, v(da—pa’)) for each a € D,. ]

Let F = (D, J) be a pre-interpretation, V a semivaluation of D, and D a set of V-complexes based
on F. Then we can introduce an isomorphic mapping & between D and D: For alld € D, kd = (d, v(d)).

Then for any a € D, ka' = a, and for any mapping x whose values are in D, xlok =x.

Lemma 4.7 For the above mapping & the following holds:

For all f € Da—p,d € Dy, (kf) % (kd) = k(fd).

Proof

(k) * (8d) = (£ f)*(rd) = (v(f)){d, v(d)) = (fd,v(fd)) = £(fd). o

Definition Let D be a set of V-complexes. We can define a binary mapping V such that for all
assignment ¢ into D, V,, : T(X) — D, and for all t € T(X), V, = Vut. O

Lemma 4.8 tksc: Let ¢ be an assignment into D. Then for all term t, kV,t = V,oit.
Proof ¢ o % is an assignment into D and (¢ o £)! = ¢.

Voort = (Vot, v(Vyt)) = £V,t. O

Lemma 4.9 tgdcvuni: Let D be a general universe and D a set of V-complezes. Then there is the
unique V satisfying that for all t, € T(X) and assignment ¢ into D, V,t., € D,.
Proof Follows from Lemmas 4.8, 4.1. o

Theorem 4.10 If D is a general universe and D a set of V-complezes, then (D,%,V) is a A-model.

Proof Follows from Lemma 4.9. 0

From now on we always assume that our universe D is general, and we are given a fixed set D of

V-complexes based on D for some semivaluation V of D.

Lemma 4.11 V:()\:l:at) = Aa € Dy * Vyla/zq)t-
Proof V2(Az.t) = v(V,1(Azat)). For a € Dy,
V:()\:Cat)a = (le(/\wat)al, 'v(V(p:(/\mat)al)) = <V¢1[al/za]t, 'U(V‘pl[allza]t)) = "Vq:'[a‘/za]t = V‘p[a/%]t. O

21t is easy to see that given D, the function v in the proof of this lemma is unique. Note also that we use boldface
character for extension.
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Lemma 4.12 Let ft,---t, be a wft in T(E) where n > 0.
Then Vo(ft1---ta) = (Vo f) * (Vot1) % ==+ % (Vets).

Proof By induction on n.

Lemma 4.13 tcvapp: Let Gy and G, be goal formulas.

(a) V(G V Gq) = V3G1VV]Gs.

(b) V2(G1 A G2) = VIGIAVG:.

(¢c) V2(32aGh) = T iff there exists an a € Dy such that Vi, 1Gr = T.

Proof (a) V2(G1V Gs) = V(V(Vu G1)VuGa) = V(VaG1)VV (V1 Ge) = VIGIVVEGs.

(b) Similarly as in (a).

(c) Let f = Vi (AzaGh). Then Vi(3zaGy) = V(3,f) = T iff there exists a d € Dy such that V(fd)=T.
fd =V, (Az2oG1)d = Vy1(4/2,)G1 = T. Therefore there is an @ = xd such that Viie/eaG1 = T. 0

Definition Given a universe D, we define a primitive extensional domain E, for a € To:

(a) E, = B.

(b) E, = D, for a € Ty — {o}. ]
Definition Given an a € D,,,...a,—s Where n > 0 and B € To, we define a mapping a® in Do, — -+ —
D,, — Eg by induction on n:

(a) When n = 0, a® = a?.

(b) When n > 0, a® = Ady € Dy, - (ax kdy)®. u]

Lemma 4.14 teapp: Let a € Da,,..qn—p where n > 0 and B € To. Then for all d; € Dy, ¢ € [n],
a®d; - -d, = (a* kdy % - - - £dy)?.

Proof By induction on n. When n = 1. a®d; = (ax kd;)® = (ax rd;)?.

When n > 1.

a@d1 "'dn = (a*ﬁdl)Gdz '°'dn
= (a* kdy * kdy % -+ - % kd,)® by IH.

Lemma 4.15 fextsam: Let a € D,,,...a,—p wheren > 0 and B € Ty — {0}. Then a® = a'.
Proof By induction on n. When n = 0. a® = a? = a! by the definition of Dg. When n > 0. For all
dy € D,,, (a* kdy)® = a'd; by IH. Therefore a® = a’. 0

Definition Let F = (D, J) be a general pre-interpretation and V' a semivaluation of D. An L-structure
A is a pair (D, J) such that D is a set of V-complexes based on D. We say that A is based on F or on

D. An assignment into A is an assignment into D. 0O
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Definition 3 Let A = (D,J) be an L-structure, ¢ an assignment into A. When F is a formula in £,
we write AEF[p] to say that A satisfies F' wrt o.

(a) When sq4,tq € T(E), Aksa = ta[p] iff Vesa = Vla,

Aksa = tofp] iff (Vysa)® = (Vota)®.

(b) When G is a goal formula, ARGly] iff V3G = T.

(c) When A « G is a definite clause, ArA — G[y] iff AA[p] whenever AEeGly)].

We write ALF to say that a formula F is valid in A if AF(p] for all assignments ¢ into A. Given a
set of definite clause P, we say that A is a model or D-model for P, and write AP, if each definite
clause in P is valid in A. Given a closed goal formula G, we say that G is a logical consequence of P,

and write PG if G is valid in all models of P. 0

Lemma 4.16 fatom: Let A = (D, J) be an L-structure, ¢ an assignment into A and p(ts,---,ta) an
atom. Then

(a) Aep(ti,- -« ta)[p] iff (Vrts, -, Viatn) € (Vep)®.

() Aep(ty, -, ta)l@] iff (Vorts,- -, Vaatyn) € (J o k(p))® if p is a constant

or (Vyity, -+, Vt,) € (op)® if p is a variable.

Proof

Vg(P(tl, ) tn))= (thp* vgotl koo ok thn):’

= (Vpp* kV ity % -+ -k KV t,)? by Corollary 4.8.
= (Vuop)®(Vprty, -+, Vyitn) by Lemma 4.14.
a

Lemma 4.17 tlop: Let A = (D, J) be an L-structure, ¢ an assignment into A. Then
(a) AeT[g].
(b) A=G1 V Galp] off A=Gile] or ARG2[e].
(¢) AEGy A Gy iff AGhlp) and AEGaly).
(d) A=3z,Gp] iff there is an a € Dy such that A=Glpla/z,]].
Proof (a) By (a) in the definition of semivaluation. (b), (c), and (d) follow from Lemma 4.13. O

Definition Let (D, J) be a general pre-interpretation. Then we write II(D) for the D-base which is
defined to be the set {p(ai,--,an) : p € l4;,...an—0 and a; € Dy, for all i € [n]}. ]

3Note that in this definition the symbol for satisfaction in A is the small =. The normal size |= is used for another
definition of satisfaction which is defined later in this paper.
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A subset K of TI(D) induces a unique mapping Ix in Il — ®(D) as follows: for all d € D, (d) € Ix(p)
iff p(d) € K. Let Ky C Ko C II(D), then it is easy to see that Ix, Cne) Ix,. Sometimes given
K C II(D), we write simply K to mean the mapping /x.

Definition Let D be a general universe and S a subset of D,.

(1) S is upward saturated if

a) ¢ € S implies V'cd, V'dc € S for d € D,.

b) ¢,d € S implies A'ed € S.

¢) famods € S implies I, foro € S

(2) S is downward saturated if

a) If Vied€ S,thence Sord € S.

b) If A'ed € S, then ¢,d € S.

¢) If 3, fao € S, then there is a d € D, such that fo—.d € S.

(3) S is saturated if S is both downward and upward saturated. a

Lemma 4.18 Let S C D,. There is a smallest upward saturated set extending S.
Proof Let C be the collection of upward saturated set extending S. C is not empty, since D, € C. So NC
exists. It is easy to check that it is upward saturated. It fulfills the other considerations, by definition.

O

Definition For S C D,, the smallest upward saturated set extending S is called the upward saturated

closure of S, and is denoted as SU. m]

Lemma 4.19 Let S; € S; C D,. Then SY C SY.
Proof Let C; be the collection of upward saturated sets extending Sy, and similarly for C;. Then C, C Cy;
hence S¥ =NC, CNC, = S7. ]

Lemma 4.20 If S is downward saturated, SV is saturated.

Proof It is enough to show that SU is downward saturated. Say ¢ ¢ SU; we show A'ed & SU. The
other cases are similar. If ¢ ¢ SY, we cannot have A'cd € S, since S is downward saturated. So we
would have ¢ € S, but S C SY. Hence S C SV — {Acd}. But SV — {A’cd} is still upward saturated. So

SV C 8V — {Acd}. Then N'ed & SU. 0

Definition Given I C II(D), we can introduce set Sy such that S; = {p'd : pd € I} U {T’}. We define
a function V; : D, — B as follows: for eachd € D,, Vid=T if d € S}f, F otherwise. 0O

Lemma 4.21 S} is downward saturated and S}J saturated. And Vi is a semivaluation of D. ]
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Lemma 4.22 tiivmon: I, C I, CII(D). Then V;, C Vp,.
Proof Sg - Sg. a

Definition Let I C II(D). Then I induces the set D' of V;-complexes based on D and the following
functions whose domain is D: the function v; such that for each d € D, (d,v(d)) € D', the function
k; : D — DI such that for d € D, kid = (d,vi(d)), and the function ey such that for d € D,

e;d = (KId)G. 0

Lemma 4.23 I, C I, CII(D). Then vy, C vy,.
Proof We prove vy, d, C v,d, for all d, € D by induction on 7. When v = o. Follows by Lemma 4.22.
When v € 7o — {0}. By definition of Vi-complexes,v;, d, = vp,d,.

7y=a— p. Let a € D,.

(vhd‘v‘)a = (d‘val’vh (d‘val»
C (dya',vp,(dyal)) by IH

= (vfzd"r)a‘
O
Lemma 4.24 teiapp: Let I CTI(D) and d € Do_g. Then for all dy € Dy, ej(d)d, = er(dd,).
Proof ej(d)d, = (k1d)®dy = (k1d % £1d1)® = (kddy)® = ef(dd,). o
Lemma 4.25 I; C I, CII(D). Then ey, C ey,.
Proof We prove for d € Dq,,...an—p,8 € To,n 2 0, e, (d) C er,(d) by induction on n.
n=0.e,d=(dv,d)° =v,d Cv,d=(d,v,d)° =epd.
n > 0. For d; € D,,,
(er,d)d1= e, (ddy) by Lemma 4.24
C e, (ddy) by IH
= (elzd)dl.
(]

Definition Let (D,J) be a general pre-interpretation. An interpretation M is a pair (D, I) where
I:11 — ®(D). We call M a D-interpretation. An assignment into M is a good mapping ¢ : V — D.
[}

Definition Let M = (D, I) be an interpretation of £, ¢ an assignment into M. When F' is a formula
in £, we write M = F[o] to say that M satisfies F wrt ¢. For all goal formulas G, Gy, Gz, for each
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rigid atom A,

(a) When $q4,tq € T(E)ay M = 80 = talp] iff Vysa = Vola,

M | 5o = tolp] iff €/Vy54 = erVota.

(b) M |= Tyl

(c) M = p(t1,- -+, ta)[e] iff (Vota,- -+, Vytn) € Ipif p is a constant

or (Vot,«++,Vyts) € poer(p) if p is a variable

(d) M = G1V Galy] it M | Gilp] or M |= Galy)]

() M = Gi A Galy] iff M |= Gilp] and M |= Gafy]

(f) M |= 32,G iff there is a d € D, such that M [= Glp[d/z.]|

(8) M E A« Glp] iff M = Alp] if M = Glgl.

We write M |= F to say that a formula F is valid in M if M | F[g] for all assignments ¢ into M.
Given a definite program P, we say that M is a model or D-model for P, and write M |= P, if each
definite clause in P is valid in M. Given a closed goal formula G, we say that G is a logical consequence

of P, and write P |= G if G is valid in all models of P. O

Assume that G is any formula where the predicate variable p of type @ — o does not occur free. We

call any formula of the following form
Ipva(p(z) « G]

as a relation comprehension formula.

Theorem 4.26 Relation comprehension formulas are valid.

Proof By induction on the goal formula G. O

Definition Let F = (D, J) be a general pre-interpretation, V a semivaluation of D, and D be the set
of V-complexes based on D. Then D? is defined to be the set {a® : a € D}. Let A = (D,J) be an
L-structure based on F. Then the D-interpretation A® induced by A is defined to be (D, I) where
I=Joko(-)® 11 ]

Lemma 4.27 Let D® be as above. Then p = D® is an elementarily closed ertensional domain based
on D.

Proof Assume P,Q € pz_,, to show PVQ € pz_.,. Then there are a,b € D5_,, such that P = ¢® and
Q@ = b®, and an assignment ¢ into D satisfying ¢y = a and gz = b. Let ¢ = V, (AT - yT V 2T) € Dy,
Then it is easy to see that ¢® = PVQ. O

Lemma 4.28 jind: Let ¢ be an assignment into D. Then for all formulas F in L, A® = Flo] iff
AEFlpok&].
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Proof Fis s, = 1,.
AF[p 0 ] iff Vyorsa = Vyorta Iff £Vy84 = £Vta iff Vosa = Voia.

F is s, = t,.
AEF[p 0 £] iff (Vporsa)® = (Vporta)® Iff (£V54)® = (kVta)® iff €1Vysa = €1V ta.

Fis p(t1, -+ ,tn)-
If p is a constant, Akp(ts,--,ta)p 0 ] iff (Voti,--+,Vota) € Jo ko (-)®(p). If pis a variable,
Arp(ty,- -+, ta)lp 0 K] iff (Vita,- -+, Vitn) € @0 k0 (1)(p).

Ae3z,Gy[pok]. There is an a € D, such that A=Gi[pokla/z.]]. So by IH, A® = Gi[pa’/z,] 0 &].
O

Lemma 4.29 {eimp: For all formula F in £, A® = F iff AF.
Proof Assignments into A® and .4 have one-one correspondence between them. So the lemma follows

from Lemma 4.28. m]

Theorem 4.30 te2a: Let P be a definite program and G a closed goal. Then P |= G implies PEG.
Proof Let A=P. Then by Lemma 4.29 A° |= P, so A® = G.
Therefore A=G by Lemma 4.29. o

Definition Let F = (D, J) be a general pre-interpretation, M = (D, I) a D-interpretation based on
F, and D® be a set of Vj-complexes based on D. Then M® is an L-structure (D®,J) induced by M. D

Lemma 4.31 For all formula F in £ and assignment ¢ into D,

MOeFlpo k] iff M = Flg)]. a
Lemma 4.32 {d2aval: For all formula F in L, M®:F if M F. m]
Theorem 4.33 taZe: Let P be a definite program and G a closed goal. Then

PEG implies P |= G.
Proof Assume M |= P. Then M®LP. So M®:=G. By Lemma 4.32, M |= G. a

Theorem 4.34 For all formula F in L, E F iff £F. 0

Theorem 4.35 Let P be a definite program and G a closed goal. Then P |= G iff P:G.
Proof =) By Theorem 4.30. <) By Theorem 4.33. O

Theorem 4.36 The extensionality is not valid.
Proof Take an extensionality formula p, = ¢, — p, = ¢,. It is obvious that V:po = ng,, does not imply
that V,p, = V..

For the extensionality formula (Vz,- fz = gz) — f = g, we take @« € Ty and 8 = 0 and D-
interpretation I such that Ip = Iq = F2. Then p = ¢ but not always p = q. ]
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Let M = (D, I) be an interpretation based on F = (D, J), we can identify M with the subset I of
II(D). And every subset I of II(D) is a D-interpretation. Obviously the set of all D-interpretation is a

complete lattice with the usual set inclusion ordering between D-interpretations.

Theorem 4.37 t{itmon: Let Iy C I; CII(D). Then
If I = Glyp), then I, = G[y).
Proof By induction on G.
When G is T, it is obvious. When G is a rigid atom p(ty,---,%,), since I1p C Ip, I, = G[p]. When
G is p(t1,- -+ ,t,) where p is a variable. Since ef, C ey, I = p(t1,- -, t.)]e]-
When G is Gy A Ga. I) = Gip] and I = Galy]. By IH I | Gif¢] and I = Gafy]. So I = Gly].
When G is Gy V G2. Assume, wlog, I1 = G1[¢]. By IH I; | Gy[yg]-
When G is 3z,Gy. There exists a d € D, such that I = Gip[d/z.]]. By IH I, = Gi[p[d/z,]]. So

I = Glel. =

Let F = (D,J) be a general pre-interpretation. We can define a mapping T% from the lattice of

D-interpretations to itself.

Definition Let F be a pre-interpretation (D, J) of a definite

program P and I a D-interpretation. Then

T5(I) = {p(dy,---,dn) € II(D) : there exist an assignment ¢ into I and
a clause p(t1,-:-,t,) &« G € P such that
d; = V,t; for each i € [n] and

I E Glel}

Lemma 4.38 {tmonf: T} is monotonic, i.e. given I; C I, C II(D), T5(I;) C T5(1,).

Proof Assume p(dy,---,d,) € T3 (1) for p(dy,- -+, d,) € TI(D). Then there are an assignment ¢ into I
and a clause p(ty,---,t,) « G € P such that V,t; = d; for all i € [n] and I; = G[g]. By Theorem 4.37,
I |= Gle). o

So T% is a transformation on the set of all D-interpretations.

Lemma 4.39 fdmodel: Let I CII(D). Then I |=P iff T5(I) C 1.

Proof =) Assume p(dy,---,d,) € Tp(I) for some p(d;,---,d,) € II(D). Then there are an assignment
¢ into I and a clause p(t1,---,t,) « G € P such that V,t; = d; for all i € [n] and I | G[¢]. Then
since I =P, I |=p(ty,---,ta)|p]. Therefore p(d;,---,d,) € I.

<) Similarly. O
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Lemma 4.40 tdmints: Let I and I be D-models of P. Then Iy N I3 is also D-model of P.

Proof Since Tp(I;) C I; and Tp(lz) C I, by monotonicity of Tp operator,

Tp(lhinlk) C Tp(ly) € I and

Tp(IiN1) € Tp(ly) C L.

So Tp(Ihnl) C LN 0

But the set of all D-models is not closed under join operation, i.e. I; U I, is not necessarily a D-
model, whenever I; and I, are D-models. Take for example the definite program P, = {p « q,r}. Then
(D) = {p,q,7}. {¢} and {r} are D-models for P;, but {g,r} is not a D-model.

Still we can show that every definite program has the least D-model as follows:

Theorem 4.41 {4min: Let Mp = N{I C I(D) : I |= P}, then Myp is the least D-model of P and
Mp = T3 (@) for the closure ordinal 7.
Proof By Lemmas 4.39,4.40,4.38, and Theorem 3.3. 0O

5 Herbrand Models

Definition The Herbrand domain H is a set such that
(a) H is the set of all p-normal c-terms.
(b) Let f € Hyp, then for all t € H,, f(t) = p(ft). O

It is obvious that the Herbrand domain H is countable.

Definition The Herbrand pre-interpretation HF is a pre-interpretation (H,J) such that H is the
Herbrand domain and J satisfies the following:
(a) If ¢, is a constant such that « is a primitive type, then Je¢, = c,.

(b) If dy—p is a constant of type a — J, then for all t, € Hy, (Jdoop)(te) = dampta- 0
Lemma 5.1 The Herbrand pre-interpretation is general. O

Definition An Herbrand interpretation M is an interpretation (H,I) based on the Herbrand pre-
interpretation. The Herbrand base HB is the set II(H). o

As for D-interpretations, we can identify an Herbrand interpretation M with a subset I of the
Herbrand base II(H).

Let I C II(H) be an Herbrand interpretation and ¢ an assignment into I. Then we can consider ¢
as the generalized substitution ¢ such that for each term ¢t € T'(X), ot = (¢ T FV(¢))t. It is easy to see
that for every term ¢, ¢t is a c-term and V,t = pt, for each goal formula G, G a closed goal formula,

and for each definite clause C, ¢C a closed definite clause.
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The Herbrand interpretation M* induced by M is an Herbrand interpretation I'* such that for every
Aell(H), A€ I*iff M = A. Let ¢ and ¢’ be assignments into I and M, respectively. Then we say
that ¢ is induced by ¢ if ¢’ = ¢ o VF. The mapping VF : H — D is a homomorhism from I* into I,
since for p € I, ....anm0, ki € Hagyt € [n], if (B1,---, h,) € I*p, then (VFhy,---,VFh,) € Ip. Moreover,

Lemma 5.2 thdhom: Let h € H,, ... 4p—0- Then for all h; € Hy,yt € [n], (hy,---,hn) € er(h) implies
(VFhy,---,VZh,) € er(VFR).

Proof By induction on n. 0

Lemma 5.3 td2h: Let M, I*,¢',p be as above. Then

(a) If t is a term, then VI, (¢t) = VI,

(b) If A is a rigid atom then I* = Alp] if M E Al¢'),

(¢) If G is a goal formula such that I* |= Gly], then M = G[¢], and
(d) If C is a definite clause such that M |= C[¢'], then I* = C[yp)].

Proof (a) Let all free variables of ¢ are in z,,-- -, z%.

VZ.(pt) = VL([Az1 - - - Azit](pz1) - - - (1)) by the definition of substitution
= (Vo [Azy - Azit])VE (px1) - - VI (pxi) by definition of V
= (Vo[ Az - Azit]) (@'z1) - - - (9'zk) by definition of ¢’
= Vg,t

(b) Let A = p(t1,---,t,) where p is a predicate constant.

I" = Alp] iff (pt,- -, ptn) € I'p iff p(ty,- -, ptn) € I*iff
M E p(pty, - -, ota)[¢'] iff p(--+) is a closed goal.
(Viipts, -, Vit,) € Ip iff

(Vot, -, Vot,) € Ipiff By (a)

M = Aly'].

(c) By induction on the construction of G.

G is T, trivial. G is an atomic formula A = p(t;,---,t,). When p is a constant, then by (b),
I* = Alp] iff M = Al¢]. When p is a variable, similarly, by Lemma 5.2 (pt1,- -, ptn) € er(pp)
implies (V2,t1,---,Voit,) € er(V2ep).

G is zoG1. Then there is an h € H, such that I* |= G1[p[h/z.]]. So by IH M |= Gy [¢'[VIh/z.]).
Therefore M = 3z2,G1[¢’].

(d) Let C = A « G. Assume I* |= G[p] to show I* |= Afyp]. M F G[¢'] by (c). M |= A[¢'] since
M E Cly]. I" |= Alg] by (b). o
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Theorem 5.4 Let I be the Herbrand interpretation induced by an interpretation M and P a definite
program. Then if M |= P, then I = P.
Proof By Lemma 5.3 (d). a

Let F be a general pre-interpretation. Then =z denotes logical implication in the context of fixed
domains and functional assignment. Specifically =3+ denotes logical implication in the context of
Herbrand domain and functional assignment.

Let G be a goal formula. We write 3(G) to denote the existential closure of free variables in G.

Theorem 5.5 Let P be a definite program and G a goal formula.

Then P = 3(G) if P Enr 3(G).

Proof <=) Let an Herbrand interpretation induced by the given interpretation M be I. Assume
M = P. Then I |= P, so I = I(G). Then there is an assignment ¢ into I such that I |= G[y]. Let the
assignment ¢’ into M be induced by ¢. Then M | Gl¢'] by Lemma 5.3. So M = 3(G). w]

If ¢ is a substitution, then ¢_., is that substitution o such that o = ¢ T (V — {z4}).

Lemma 5.6 Let I CII(H). Then for all closed substitution o, assignment ¢ into H, and goal formula
G, I EoGly] iff I E ¢oG.

Proof We prove by induction on G. When G is T or a rigid atom, it is obvious. When G is p(t1,---,t,)
where p € V. I |= oG] iff (poty,---,poty) € er(pop) iff (¢'pots, -, ¢'pot,) € er(¢'[pop/p)p) for all
assignment ¢’ into H iff I |= poG[y’] for all assignment ¢’ into H iff I |= poG.

When G is 32,G1. I | oGly] iff I |= Fz,0_,,G1[p] iff there is an A € H, such that I |
0-zaG1[p[h/za]] iff there is an h € H, such that I | ¢[h/z4|o-.,G1 by IH iff for all assignment ¢’
into H, I |& ¢'¢[h/za]o_z,G1, since lh/zs]o_;,G1 is a closed goal. iff I = (¢'[h/20])@-p,0-2,G1 iff
I E ¢ero0an Gl b/2al) i I b= Fo0prn0—u Gal!) i T = oG 0

Corollary 5.7 For all assignment ¢ into H, goal formula G, I }= Glp] iff I k= ¢G. O

Corollary 5.8 For all assignment ¢ into H, goal formula G, I f= ¢3z,G iff there is an h € H, such
that I = p[h/z4]G.

Proof I |= ¢3z,G iff I | 32.G[p] iff there is an h € H, such that I = Glp[h/za]) iff there is an
h € H, such that I |= ¢[h/z.]G. O

Lemma 5.9 fbsisub: Let (I,)ne. be w-chain of Herbrand interpretations. Then for all assignment 7
winto H, goal formula G, |,¢., In |= ¢G only if there is an n € w such that I, = oG.

Proof We prove the lemma by induction on G. (a) When G is T or a rigid atom, it is obvious.
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When G is a flexible atom. If G is an atom, by (a). If oG = G1 A G3. Then |l,¢, In | G1,Ga. So
by IH, there are I, m € w such that I; = Gy and I, = G;. Assume, wlog, I < m. Then by Theorem 4.37,
I, k= Gy. Therefore I, = Gy AGs. If G = 3z,G}, then there is b € H, such that | |,.c,, In = [h/2a]G
by Corollary. Therefore by IH, there is n € w such that I, |= [h/24]G1. So I, E Jz,Gh.

When G is 3G;. There is an h € H, such that | |,c., In | ¢[h/zs)G1. By IH there is an n € w such
that I, = p[h/z4]G1. So I, = ¢3z.Gh. O

Lemma 5.10 Let (I,)new be w-chain of Herbrand interpretations. Then for each goal G and assignment
¢ into H, |,eo In = Glp] only if there is an n € w such that I, = G[yp)].
Proof By Lemma 5.9. m]

Corollary 5.11 Let Mp =N{I CII(H) : I = P}. Then Mp = P.

Proof Follows from Theorem 4.41. a
Let e be an expression with free variables in the list T. By |e|, we mean p-normal instances of e,
le] = {oe: o is a closed p-normal substitution for Z}.
If C = A « G is a definite clause, then |C| denotes instances of C. This notation can be extended

to set of definite clauses.
IPl={ICl:C eP}
We note that, given above definition, |C| is a collection of definite sentences, so also is |P|.
We can now give another equivalent definition of the transformation TH* on the set of all H-
interpretations. Let I C II(H). We define TH7(I) = {A € II(H) : there is a A — G € |P| such that
IEG}.

Corollary 5.12 T¥” is monotone. O

Lemma 5.13 t{5cont: TH” is continuous.

Proof Let (I,)ne. be a w-chain of Herbrand interpretations. We need to show:

Tp(Unew In) = Unew Tr(Zn)-

The monotonicity of Tp implies that | |,¢, Tp(Ln) C Tp(U,ew In)-

Now we need to show that Tp(U,eo In) € Unew TP(In).

Let h1,---,hn € H,and p(h,---, h,) € II(H). Assume p(hy,- -, hs) € Tp(Lrew In), to show p(hy,---, h,) €
Unew T2 (1n)-

There are p(t1,---,t,) « G € P and an assignment ¢ into H such that V,¢; = h; for all i € [n] and
Unew In | Glep]-

So there is n € w such that I, |= G[y]. Therefore there is n € w such that p(hy,---,hs) € Tp(l,). O
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Theorem 5.14 (TH)“(4) is the least fized point of THT and Mp = (T37)“(¢).
Proof Follows from Lemma 5.13 and Theorem 3.4. 0

Theorem 5.15 Let A € II(H). Then
PEAIffMp A

Proof PE At P Enr Aiff

for all H-interpretation I such that I =P, A€ I iff A € Mp. O
For the definite program P; introduced in section 1, it is easy to see that T (¢) = {p(a), ¢(a),r(p(a))}.

So r(p(a)) is a logical consequence of Py, while r(¢g(a)) is not.

6 JM\Prolog with Equality and H/&-Interpretations

Much of the research in logic programming concentrates on extensions of Prolog. An important issue is
the integration of the essential concepts of functional and logic programming. Another issue is the use
of equations to define data types. Works along these lines can be found in [9, 15].

In this section we will develop semantics for AProlog augmented with an equality theory £ We will
establish the existence of the least model and least fixed point semantics.

Let D be a universe and R an equivalent relation on D consistent with the intended equality theory
E. For each a, we write R, for the restriction of R to D,. Then

R=UR,,

a€T

Let d be an element of D,. Then [d]R is the equivalent class containing d. We also say that R is a
congruence relation on D consistent with the intended equality theory £ if R is an equivalent relation
on D consistent with £ and for all @, 8 € T, for all d € D,_g, for all ¢ € D,, [d]r[c]r = [dc]g. We
sometimes write [d]R as [d] when the congruence relation is clear from the context.

Given a universe D and a congruence relation R on D, we define a quotient universe D/R as a
universe {Dy/Ra}a-

If F = (D, J) is a pre-interpretation, F/R is defined to be a pre-interpretation
(D/R,J") such that for each constant ¢, J'c = [Jc]R.

Lemma 6.1 If a pre-interpretation F = (D, J) is general, then F/R is also general.
Proof Let V be a valuation function in F, and /R = (D/R,J’) and ¢ an assignment into F/R. Then
there is an assignment ¢’ into F such that ¢ = ¢’ o [-]g. Define a binary function V’ such that for each

term t, Vit = [V t]g. We show V' is a valuation function in F/R by showing that for each term t,,
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Vota € Da /R4 by induction on t,.
When i, is a variable z,,

Voo = [Veza] = [¢'2a] = 2o

When ¢, is a constant c,,
Vico = [Vyrca] = [Jeo] = J'ea

When ta is fg_,c,,s[g,

V. (fo—asp) = [V (fomasp)] = (Ve fo—a)(Versp)]
= [V fo—al[Verss] by definition of R

= (Vifpmo)Vise)  byIH
When ¢, is Azgs,, let

d = V:p(’\xﬂs’v) = [V‘p:A:cﬁs,y] = [Ab < Dﬁ . V<p'[b/z,s]3’v]

For b € Dg,
d'b] = [V Azps,|[b]

= [(Vyr Azgsy)d] by definition of R

= [Vetp/z18n]

= Volp1/ss151 by IH

0

Corollary 6.2 Let HF be the Herbrand pre-interpretation, then HF /R is general. 0O
By analogy with the first-order case in [14, 17}, we have
Proposition 6.3 Let A be a closed atom. Then
P,EE A P,E g r A for all R. ]

We want the existence of a canonical model for the equality theory, i.e. we wish the existence of a

congruence Ry such that

Proposition 6.4 £ = s, = t, iff [s4|R, = [ta]r, where 54 and t, are closed terms. a

But this can be achieved only if the theory £ has a finest congruence relation Rg. This motivates our
choice of using Horn equality clauses in our framework presented below.

A definite clause logic program P is defined to be a finite set of definite clauses

Ae—e, - ,eq,G
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where A is a rigid atom in G, i.e. not an equation, each ¢; is an equation and G is a goal formula in G.

A Horn equality clause takes one of two forms
€ €1, ", €p

or
€ €147 ,€n

where n > 0 and all the e;’s therein are equations. As usual, variables in Horn equality clauses are

implicitly universally quantified. We define a Horn clause equality theory to be a set of equality clauses.

A given consistent Horn clause equality theory £ defines a logic programming language whose programs,

called logic programs, are the pairs (P, €) where P is a definite clause logic program.

Lemma 6.5 There exists a finest congruence over H generated by each definite equality theory £.

Proof Consider models of £ over the Herbrand domain H, and for our purposes here, a model is a set
of pairs in H x H. Suppose now that I is the intersection of a set of models of £. If I is not a model
itself, then some closed instance of a clause in £, say e « e;,-- -, e,, is falsified by I. This means that e
is not in I while ey,---, e, are in I, contradicting the fact that e is in the models of the set in question.
The finest congruence then is given by the intersection of all models of £, with the obvious functional

assignment J' such that (J'fowp)([ta]) = [fampta) for each functional constant fo_pg € X. O

We thus may now write H/E to denote this finest congruence. As a consequence

Lemma 6.6 Let A be a closed atom. Then

(P.E)EA iff (P,€) i=H/£ A

Proof It suffices to prove that (P,€) l=n/e A iff (P,€) g/r A for all R

=) Let Ro be the finest congruence relation. For some R, let I be any H/R-interpretation such that
I'E= (P,£), but I j= A. Construct the following H/E-model I' by defining that I’ |= p([ti]g,, - - -, [ta]R,)
iff I |=p([t1]R, -, [te]R) for all predicate constant p. This is well defined because Ry is finer than R. O

Proposition 6.7 Let A be a closed atom. Then

(P,€) EAiff P Enye A o
Let  denote a sequence of terms ¢y, -+, t,, n > 0. We now give definitions wrt a given logic program
(P, €).

The &-base is the set II(H/E). We write [s] to denote the element of H,/E assigned to the ground

term, s. Similarly, [7] is an element of H,, /€ x -+ X H,,, /€ and p([T]) is an element of the E-base.
Where S is a set of closed terms, [S] denotes {[s]: s € S}.

We are now in a position to give the declarative semantics of higher-order logic program with equality

as a natural extension of the declarative semantics of the traditional first-order logic programs.
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Theorem 6.8 There is a least H/E-model M(p ¢y of (P,E), and for all A € II(H),
(P,E) EAiff Mppe) | A. 0

We now consider the fixpoint formalization of an intuitive semantics of our logic programs. T(p ¢)

maps from and into H/E-interpretations and is defined as follows:

Tp.e)(I) = {p(d) € II(H/E) : there is a closed H-instance of a clause in P
p(3) « ey, +,€en, G such that
5] =4,
€ |= e for all k € [n], and
IEG}

Lemma 6.9 T(p¢) is continuous. Q
Theorem 6.10 M(p¢) = T(p £)(4)- 8]

7 Conclusion

We have built a general model theoretic semantics for AProlog and established the least model and
least fixed point semantics. We have not given any definition of interpreters for AProlog. But we can
prove soundness and completeness of those interpreters developed in [22, 20] by establishing equivalence
between the fixed point semantics and the operational semantics of those interpreters based on P-

derivations.
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