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KHOVANOV HOMOLOGY, SUTURED FLOER HOMOLOGY, AND
ANNULAR LINKS

J. ELISENDA GRIGSBY AND STEPHAN WEHRLI

ABSTRACT. In [28], Lawrence Roberts, extending the work of Ozsvath and Szabé in [23],
showed how to associate to a link, L, in the complement of a fixed unknot, B C S3, a
spectral sequence whose E? term is the Khovanov homology of a link in a thickened
annulus defined in [2], and whose E*° term is the knot Floer homology of the preimage
of B inside the double-branched cover of L.

In [6], we extended [23] in a different direction, constructing for each knot K C S3
and each n € Z4, a spectral sequence from Khovanov’s categorification of the reduced,
n—colored Jones polynomial to the sutured Floer homology of a reduced n—cable of K.
In the present work, we reinterpret Roberts’ result in the language of Juhdsz’s sutured
Floer homology [8] and show that the spectral sequence of [6] is a direct summand of
the spectral sequence of [2§].

1. INTRODUCTION

Heegaard Floer homology [19] and Khovanov homology [10] have transformed the land-
scape of low-dimensional topology in the past decade, generating a wealth of applications,
most notably to questions in knot concordance (cf., [16], [27], [26]), Dehn surgery (cf., [22],
[29]), and contact geometry (cf., [20], [25]). The philosophies underlying the theories’ con-
structions are quite different, yet there are intriguing connections between the two. The
best-understood such connection is an algebraic relationship, discovered by Ozsvath-Szabd,
between the homology of a Khovanov-type chain complex associated to a link and the ho-
mology of a Heegaard Floer-type chain complex associated to its double-branched cover.

Specifically, in [23] Ozsvath and Szabé show how to associate to a link . € S® a spec-

tral sequence whose E? term is KNh(E) and whose E> term is ﬁ'(E(S?’,L)). Here (and

throughout), Kh denotes the reduced version of Khovanov homology defined in [I1], L de-
notes the mirror of L, 3(A, B) denotes the double-branched cover of A branched over B,

and HF denotes (the A version of) Heegaard Floer homology. Unless explicitly stated oth-
erwise, all Khovanov and Heegaard Floer homology theories discussed in this paper will be
considered with coefficients in Zs.

Later work of Roberts, building on work of Plamenevskaya, demonstrated that this re-
lationship was both useful and more general than originally believed. Specifically, given a
link L in the complement of a fixed unknot, B C S®, Roberts exhibits, in 28], the exis-
tence of a spectral sequence from Kh*(LL) (where Kh* is a version of Khovanov homology
for links in product manifolds defined in [2]) to (a variant of) the knot Floer homology of
B C X(S?, L), where B is the preimage of B in £(5%,1L). This allowed him to establish
a relationship, first conjectured in [25], between Plamenevskaya’s transverse invariant [25]
and Ozsvéath-Szabd’s contact invariant [20]. Baldwin and Plamenevskaya, in [4], used (an

JEG was partially supported by an NSF postdoctoral fellowship and NSF grant number DMS-0905848.
SW was supported by a postdoctoral fellowship of the Fondation Sciences Mathématiques de Paris.
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extension of) this relationship to establish the tightness of a number of non Stein-fillable
contact structures.

In [6], we extended [23] in a different direction, using a version of Heegaard Floer ho-
mology for sutured manifolds (Definition 223)) developed by Juhdsz in [§], yielding a proof
that a simple variant of Khovanov homology, categorifying the reduced, n—colored Jones
polynomial and defined in [I2], detects the unknot whenever n > 2.

The goal of the present work is to propose a single general framework unifying all of
these results. As in [6], this general framework uses Gabai’s sutured manifold theory [5] and
Juhdsz’s sutured Floer homology [8]. It not only incorporates all known results of this type
but also clarifies their relationship to each other. In particular, it can be shown to satisfy
nice naturality properties with respect to certain TQFT operations, as detailed in [7].

More specifically, let ' be an oriented surface with OF # @), F x I a product sutured
manifold (see Definition 23] and Example[2.4), and T C F x I a tangle (properly imbedded
1—manifold) that is both admissible, i.e.,

TN(OF xI)=0,
and balanced, i.e.,
e, [TN(F x{1})|=|TN(F x{0})| =n € Zx>o.

Then there should exist a spectral sequence whose E? term is an appropriate version of
the Khovanov homology of T, which we will denote Kh*(T), and whose E* term is the
sutured Floer homology of 3(F x I,T), which we will denote SFH (3(F x I,T)). We shall
explore these ideas more fully in the sequelEl focusing here on the case when F' = A is an
annulus and 7' = L is a O-balanced tangle (link):

Theorem 2.1} Let L C A x I be a link in the product sutured manifold A x 1. Then there
is a spectral sequence whose E* term is Kh* (L) and whose E* term is SFH(X(A x I,L)).

Note that we treated the case when F' = D in [6]:

Theorem 1.1. [6, Prop. 5.20] Let T C D x I be an admissible, balanced tangle. Then there
is a spectral sequence whose E? term is Kh*(T) and whose E* term is SFH(X(D x I, T))E

In fact, Theorem Z]is a reinterpretation (and modest extension) of Roberts’ main result
in mﬁ To understand this, let A be an oriented annulus, I = [0,1] the oriented closed
unit interval, and . C A x I a link, where A x I has been identified as the standard sutured
complement of a standardly-imbedded unknot, B C S3, via the identification:

AxT = {(r,0,2)|re€[l,2],0 €[0,27),2z €[0,1]} CR*Uoco = S?,
B = {(r,60,2)|r=0}UccC 5>

In [28, Prop. 1.1], Roberts constructs a spectral sequence from Kh*(L), where Kh* is a
version of Khovanov homology for links in product manifolds defined in ﬂZIE to (a variant
of) the knot Floer homology of B C X(S3,L), where B is the preimage of B in ¥(S3,L).

We show (see Proposition [Z24]) that this (variant of) the knot Floer homology of B is, in
fact, just the sutured Floer homology of (A x I,L).

n particular, the appropriate version of Khovanov homology for balanced tangles in product sutured
manifolds should be similar to what appears in [I], with abelianized gradings.

2Kh*(T) is denoted V(T) in [6] Sec. 5].

SIn [28], Roberts restricts to those L intersecting a spanning disk of B in an odd number of points.
Theorem 2] requires no such restriction.

4Kh*(L) is denoted H(L) in [28, Sec. 2].
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F1GURE 1. Cutting an annular link projection along a homologically non-
trivial oriented arc

Furthermore, there is a nice relationship between the spectral sequences of Theorems [[1]
and 271 Specifically a link . € A x I can be cut along a vertical disk as in Figure [l to form
an admissible, balanced tangle T'C D x I. The following is a corollary of [7, Thm. 4.5].

Theorem B3l Let L. C A x I be an isotopy class representative of an annular link admit-
ting a projection, P(L), and let X C A be a properly imbedded oriented arc representing a
nontrivial element of H1(A,0A) such that X intersects P(L) transversely. Let T C D x I
be the balanced tangle in D x I obtained by decomposing A x I (Definition [Z.8) along the
surface A x I endowed with the product orientation.

Then the spectral sequence

Kh*(T) — SFH(X(D x I,T))
is a direct summand of the spectral sequence
Kh*(L) — SFH(XZ(A x I,1L)).

Furthermore, the direct summand is trivial iff there exists some ' C A x I isotopic to L
satisfying
[(Ax ) mL'| < |(AxT) ML

Theorem [B.I]can be viewed as the first example of the “naturality” of the relationship be-
tween Khovanov homology and Heegaard Floer homology; under various natural geometric
operations, the spectral sequence behaves “as expected.” See [7] for more examples.

It is also interesting to note that, given a link, L. C S3, any unknot, B C S* — N(L),
endows the Khovanov chain complex associated to L. C B® with a Z-filtration, via the
identification

S® —N(B) < Ax1I
(see [28] and Proposition[Z24]). The extra grading inducing this Z—filtration has the following
representation-theoretic interpretation. Suppose T' C D x I is an n—balanced tangle obtained
by decomposing L. C A x I along A x I, as in Theorem B3Il Then the U, (sl2) tangle invariant
associated to T' is an endomorphism, J(T'), of the U, (sl2)-module V®", where V denotes the
standard 2-dimensional irreducible representation of U,(sls). Denoting by ax(T) € Z[g*?]
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the trace of the restriction of J(T') to the k-th weight space in V®", one can show that the
sum,

> (tg)*an(T) € Zlg*', 1+,

kcz
is precisely the graded Euler characteristic, x; (K h*(L))), of Kh*(L), defined as in [28§],
with the power of ¢ corresponding to the extra grading. Thus, the extra grading is related
to the decomposition of J(T') according to weight spaces in V™,

We also remark that choosing an alternative rational slope on 9(S® — N(B)) corresponds

to choosing an alternative Dehn filling of B, furnishing a plausible means of constructing
Khovanov-type invariants for links in lens spaces.

Acknowledgments: This work has benefitted greatly from conversations with Ken Baker,
John Baldwin, Matt Hedden, Andras Juhéasz, Mikhail Khovanov, Rob Kirby, Robert Lip-
shitz, Peter Ozsvath, Lawrence Roberts, and Liam Watson. In addition, a portion of this
work was completed while the second author was a visiting postdoctoral fellow at Columbia
University, supported by a Swiss NSF fellowship for prospective researchers. We are grateful
to the Columbia mathematics department for its hospitality.

2. SPECTRAL SEQUENCE FROM KHOVANOV TO SUTURED FLOER
This section is devoted to proving the main theorem:

Theorem 2.1. Let L C A x I be a link in the product sutured manifold A x I. Then there
exists a spectral sequence from Kh*(LL) to SFH(X(A x I,1L)).

In the above, K h*(LL) is the homology of a Khovanov-type chain complex associated to L,
the mirror of L, while SFH (3(A x I,1L)) is the sutured Floer homology of (A x I,1), the
homology of a Heegaard Floer-type chain complex. Both constructions begin by associating
a cube of resolutions to a projection (diagram) of L C A x I. As in [6], the main step in
the proof will be a verification of the equivalence of Khovanov and sutured Floer “functors”
applied to the vertices and edges of this cube. We begin by fixing notation and recalling some
standard definitions in Section 2l We go on to describe the Khovanov and sutured Floer
functors on resolved link projections in Sections and 23] establishing their equivalence
in Proposition

2.1. Notation and Standard Definitions.

Notation 2.2. Throughout, A denotes an oriented annulus and I := [0,1] denotes the
oriented closed unit interval.
Whenever we write A x I, we shall always assume we have fixed an identification:

AxT:={(r0,2)|recl,2,z€[0,1]} CR*xR.}
Let Ay (resp., A_) denote A x {1} (resp., A x {0}).

Most of the following definitions can be found in [5], [§], [9], and [6]. See also [10] and
[19].

Definition 2.3. [5] A sutured manifold (Y,T') is a compact, oriented 3-manifold with bound-
ary 9Y along with a set I' C 9Y of pairwise disjoint annuli A(T") and tori 7'(T"). The interior
of each component of A(T") contains a suture, an oriented simple closed curve which is
homologically nontrivial in A(T"). The union of the sutures is denoted s(T").

Every component of R(I') = 0Y — Int(T") is assigned an orientation compatible with the
oriented sutures. More precisely, if § is a component of OR(T"), endowed with the boundary
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orientation, then ¢ must represent the same homology class in H;(I") as some suture. Let
R (T) (resp., R—(T")) denote those components of R(I') whose normal vectors point out of
(resp., into) Y.

We omit mention of the distinguished annuli, I", from the notation when Y is one of the
following standard sutured manifolds:

Example 2.4. Let I be an oriented surface with OF # (). Then F x I denotes the product
sutured manifold (F x I,T), where I' = 9F x I, and s(I') = 0F x {3}.

Example 2.5. Let (Y,T") be a sutured manifold and
(B,0B) C (Y,0Y)
a smoothly imbedded 1-submanifold satisfying
oBNT = 0.
Let X(Y, B) be any two-fold cyclic branched cover of Y over B with covering map
m:3%(Y,B)—Y.

Then we denote by (2(Y, B),T') the sutured manifold with I' = 7—Y(T') and sutures

s(T) = 7= (s(I")). If (Y, T) is a product sutured manifold, then we omit mention of I’ from
the notation for 3(Y, B).

Remark 2.6. Note that in general the construction of a 2—fold cyclic branched cover of Y
over B depends upon a choice of homomorphism

¢ Hi(Y — B;Z) — Zs.
In the present work, we make the following canonical choices:

(1) When Y = D x I and B =T C D x I is a balanced tangle with m connected

components,
H\(Y — B;Z) = 7™,

with basis given by the meridians p1,..., ;. We choose the homomorphism, ¢,
satisfying ¢(u;) = 1 € Zo for all p;.

(2) WhenY = Ax T and B=L C AxI is a0-balanced tangle (link) with m connected
components,

H\(Y — B;Z) = 72m*,

with basis given by the meridians p1, . . ., tm, along with v, where « is represented by
either connected component of s(I'). We choose the homomorphism, ¢, satisfying
o(p;) =1 for all p; and ¢(y) = 0. Note that, since the two components of s(T") are
homologous mod 2 in Y — B, the choice of + is irrelevant.

Definition 2.7. [0 Defn. 2.7] A decomposing surface in a sutured manifold, (Y,T), is a
properly imbedded, oriented surface, (S,95) C (Y,9Y) such that for every component, A,
of (0S) NT, one of the following occurs:

e )\ is a properly imbedded non-separating arc in T" such that |A N s(T)| = 1.

e )\ is a simple closed curve in an annular component, A, of ' representing the same
homology class in A as s(T).

e ) is a homotopically nontrivial curve in a torus component 7" of I, and if  is another
component of TN (95), then X\ and ¢ represent the same homology class in 7.

Definition 2.8. Given a decomposing surface, S, in a sutured manifold, Y, the result of
decomposing Y along S is a new sutured manifold, (Y’,T”), obtained as follows.
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Y' =Y — Int(N(S)),

I'=TNY)UN(S. NR_(I')) UN(S_NR(T)),

Ry() = (R (D) N Y)) U SL) — Int(I"),

R_(I")=(R-(T)NY")US") — Int(I),

where S’ (resp., S”) is the component of N (S) Y’ whose normal vector field points out
of (resp., into) Y.

Definition 2.9. A link L C A x [ is a smoothly imbedded, unoriented, closed 1-manifold.
Two such imbeddings IL;, Lo are said to be equivalent if there is an ambient isotopy taking
Ly to Ly which acts trivially on A x I. A knot is a 1-component link.

Definition 2.10. Let 7, : A x I — A be the standard projection defined by
7. (r,0,2) = (r,0).
For any link L. € A x I for which 7, (L) C A is a smooth imbedding away from finitely many

transverse double points, we denote by P(L) the enhancement of 7,(L) which encodes
over/undercrossing information. We call P(LL) the projection of L.

Definition 2.11. A link I C A x I is said to be resolved if P(LL) is an imbedding.

Definition 2.12. A saddle cobordism S C A x [0,1] is a smooth cobordism between two
resolved link projections P(L') and P(L”) with the property that 3 a unique ¢ € [0, 1] such
that

(1) SN(Ax{c}) is a smooth 1-dimensional imbedding away from a single double-point.
(2) SN (A x {s}) is a smooth 1-dimensional imbedding whenever s # c.
Let [L'| (resp., |L”]) denote the number of connected components of " (resp., L”). There
are two cases:

(1) When || = [L”| + 1, we call S a merge saddle cobordism, and
(2) when |[L/| = |L”| — 1, we call S a split saddle cobordism.

2.2. Khovanov functor. Let . € A x I be a resolved link with connected components
Kl, ce 7Kt7Kt+17 N 7Kt+n7 where
P(K) =0e H1y(A;Z) itied{l,...,t}, and
! #0e€ Hi(A;Z) ifie{t+1,...,t+n}.

Denote
Ltriv = KlLIHKt
]L'n,on = Kt+1H...HKt+n.
Definition 2.13. For L = K; IT...II Ky, C A x I a resolved link, let Z(LL) denote the
Zo—vector space formally generated by [Ki], ..., [Kiin]:
Z(]L) = Spanz2([K1], AR [Kt+n])

Define a bigrading on Z(LL) by
deg([K;]) := {E(}2_72_)2) Z(;Sre_l =it
The space Z(L) decomposes as Z(IL) = Z(Ltri) © Z(Lnon), where
Z(Liriv) = Spang,([Ki],..., [K]).
Z(Lnon) = Spang,([Kia], ..., [Kign])-
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Definition 2.14. Let V(L) denote the exterior algebra
V(L) := A*Z(L),
i.e. the polynomial algebra over Z, in formal variables [Ki], ..., [K+y] satisfying the re-
lations [K1)? ~ ... ~ [Ky1n]? ~ 0. The bigrading on Z(L) induces a bigrading on V (L),
via
deg([Ki, | A N[y ]) o= deg([Kay]) + -+ deg (K, ])-

Given a bigraded vector space V and a pair (a,b) € Z?*, we denote by V{a,b} the vector
space V, with gradings shifted by (a,b). Le., degy (4} (v) := degy (v) + (a,b) for allv € V.
Let

V(L) := V(L){n,t +n}.
We can write V(L) as a direct sum

V(L) = P V(L f,9)

f.q€Z
where V(L; f, ¢) denotes the subspace consisting of all v € V(L) with deg(v) = (f, q).
Now consider a merge saddle cobordism S, C A x [0,1] between two resolved link pro-

jections P(L') and P(L”), where the saddle merges two components of L labeled K| and
K. Then there is a natural identification

Z(L)/ K] ~ [K5] = Z (L")

i J
and, correspondingly, there is an isomorphism

a:V(L)/[K] ~[Kj] = V(L")
Definition 2.15. Associated to S, is a linear map V,, : V(L) — V(L"), referred to as the

multiplication map, and defined as the composite

VL) —"— ey —— VL),

where 7 denotes the quotient map. Let GV, denote the part of V,, which is f-grading
preserving on V(L'), V(). More explicitly, if x € V(L") is a homogeneous element in
f-grading fo, then

GV (x) :=pyy 0 Vin (%),

where py, is the projection map py, : V(L") — V(L"; f = fo). Now extend linearly.
Running the merge saddle cobordism S, backwards produces a split saddle cobordism

Sa : P(L") — PL).

Definition 2.16. Associated to Sa is a comultiplication map Va : V(L") — V(IL'), defined

as the composite

. ,
VL) —"— mipe —— VL),

with ¢ given by ¢(a) := ([K]] + [K}]) A @, where a is any lift of a in 7' (a). As above, we
denote by GVa the part of Va which is f—grading perserving, i.e., GVa linearly extends the
map which sends elements x € V(L") in f-grading foy to

Py, © VA(X)'

The maps GV,,, GV are used to define chain complexes associated to a projection P(L)
of alink L C A x I as follows.

Label the crossings of P(IL) by 1,...,¢. For any ¢-tuple Z = (my,...,mg) € {0,1, 00},
we denote by Pz(LL) the link projection obtained from P(L) by
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Po(LL)

Pi(L)

FIGURE 2. Replacing the i-th crossing of a projection, P(L), with a 0 or 1 resolution

e leaving a neighborhood of the ith crossing unchanged, if m; = oo,
e replacing a neighborhood of the ith crossing with a “0” resolution, if m; = 0, and
e replacing a neighborhood of the ith crossing with a “1” resolution, if m; = 1.

See Figure Note that our conventions for the “0” and “1” resolutions of a crossing
match those of [23] and [6], which are opposite of Khovanov’s standard convention [10], used
by Roberts in [28].

Definition 2.17. Giving the set {0, 1, 00} the dictionary ordering, we call Z’ € {0,1, 00} =
(m1,...,mg) an immediate successor of T if there exists some j such that m; = m/} if i # j

and (m;, m}) is either (0,1) or (1,00).

Definition 2.18. Given a projection P(L) C A of a link L. C A x I, we define a chain
complex

cvV(PL)=| @ V(Pr(L). D],
Ze{0,1}¢

where D = 3", -, Dz 7/, with the sum taken over all pairs 7,7’ € {0,1}* such that 7’ is an
immediate successor of 7, and

Dz 1 :V(Pz(L)) — V(Pr/(L))

is given by Vy, (resp., Va) when Pz/(L) is obtained from Pz(L) by a merge (resp., split)
saddle cobordism.

If L is equipped with an orientation, then the complex C'V (P (L)) can be endowed with
three Z gradings, called the 4, j and k-grading.

Definition 2.19. An element v € CV(P(L)) is said to have degree deg(v) = (i,75,k) € Z3
if it is contained in the subspace

CV(P(L);i,j, k) :== @ Vz(P(L); f.q) € CV(P(L))
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where the sum ranges over all triples (Z,q, f) € {0,1}* x Z? satisfying

’L':|Z|—TL+7
]ZQ+|I|+TI’*_2TL+5
k=f

where ny (resp., n_) denotes the number of positive (resp., negative) crossings in P (L),
and |Z| denotes the number of 1’s in the /~tuple Z € {0,1}*.

Remark 2.20. For a resolved link, L. C A x I, our V(L) is equivalent, as a Zs vector
space, to what Roberts denotes V(L) in [28] Sec. 2], and our (f, ¢)-bigrading matches his
for resolved links. For an unresolved link I, Roberts’ f-grading (for L) matches ours (for
L), and his g—grading matches our j—grading (which in turn matches our g—grading up to
an overall shift). Note also that, if one forgets the k—grading, then CV(P(L)) becomes
the chain complex that Ozsvath and Szabd associate to . C S% in [23]. In particular, the
homology of C'V(P(L)) is the Khovanov homology of L C S3.

Lemma 2.21. The differential, D, on CV(P(L)), is non-increasing in the k grading.
Hence, CV(P(L)) has the structure of a Z-filtered chain complex, with the Z—filtration
induced by the k—grading.

Proof. Let Z,7" € {0,1}*, where 7' is an immediate successor of Z, and let Pz(LL), Pz (L)
denote the associated resolutions.

Suppose that Pz (L) is obtained from Pz(L) by merging two components, K; and Kj,
of Pz(L) to form a component, K’, of Pz(L). Let deg;(K;),degs(K;) (resp., degs(K'))
denote their f—degrees as elements of Z(Pz(L)) (resp., Z(Pz/(L))).

There are three possibilities:

(1) Ki, Kj C (Pz(L)) g,

(2) one of K;, K is in (Pz(L))

(3) Ki, K; C (Pz(L))
In the first two cases,

while the other is in (Pz(L))

or

triv? non’

non’

degp(K') = min{degy(K;), degs(K;) },
and since, in these two cases, Pz(L) and Pz (IL) have the same number of non-trivial com-
ponents, the f-grading shift relating V (Pz(L)) to V (Pz(L)) is the same as the f—grading
shift relating V (Pz/(L)) and V (Pz(L)). Hence, Dz 7 := a o7 will be non-increasing
(specifically, either degree 0 or —2) in the (k = f)-grading.

In the third case, degs(K') = 0, while deg;(K;) = degs(K;) = —2. Since Pz/(L) has two
fewer non-trivial components than Pz(L), after applying the f-grading shift to V (Pz(L))
(resp., V (Pz/(L))) to obtain V (Pz(LL)) (resp., V (Pz/(L))) as above, we similarly conclude
that Dz 7/ is non-increasing in the (k = f)-grading.

The case where 7' is obtained from Z by a split saddle cobordism is completely analogous.

0

Definition 2.22. Let GCV (P(L)) denote the associated graded complex of the k—filtered
complex CV(P(L)). Le.,

GCV(P(L)) =2 (CV(P(L)),GD),

where GD =37 7, GDz,7/, with the sum taken over all pairs 7,7’ € {0, 1} where 7' is an
immediate successor of Z and

GDzz: V(Pz(L)) — V(Pr (L))
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is given by GV, (resp., GVa) when Pz (L) is obtained from Pz(L) by a merge (resp., split)
saddle cobordism. Let V(L) denote the homology of GCV (P(L)).

Remark 2.23. Our chain complex GCV (P(L)) is isomorphic to the triply-graded chain
complex C***(P(L)) that Roberts associates to L. C A x I in [28]. Roberts’ complex,
in turn, is essentially equivalent to the Asaeda-Przytycki-Sikora chain complex for P(L),
L C A x I, defined in [2], except that the Asaeda-Przytycki-Sikora construction requires L
to be framed (but not oriented), whereas Roberts’ construction requires L to be oriented
(but not framed). Note that Asaeda-Przytycki-Sikora’s s—grading appears (without loss of
information) as Roberts’ f—grading and that the relative i— and j—grading on GCV (P(L)), as
well as the absolute k—grading, do not depend on the choice of an orientation for L. Finally,
we remark that the Khovanov-type homology of L, Kh*(L), referenced in the introduction

and in the statements of Theorems 2T and 3] is V(IL). See Remark

2.3. Sutured Floer Functor. Given a link . C A x I, we alternatively obtain a filtered
chain complex using sutured Floer homology (see [8]), a theory developed by Juhdsz which
assigns Floer homology groups to balanced sutured manifolds. Recall ([8, Defn. 2.2]) that
a sutured manifold (Y,T") is said to be balanced if x(R+) = x(R-), and the maps mo(I") —
m0(0Y) and 7y(9Y) — mo(Y) are surjective. Given a balanced sutured manifold (Y, T')—for
example the branched double-cover, 3(A x I,L), where L. C A x I is a link as above—one
obtains its sutured Floer homology, SFH(Y,T'), by the following procedure:

(1) Construct a balanced, sutured Heegaard diagram (|8, Defn. 2.7, 2.8]), (%, «a, 3),
for (Y,T'), where ¥ is a compact, oriented surface with non-empty boundary and
no closed components, and o = {ay,...,aq}, B8 = {f1,...,084} are two sets of
pairwise disjoint simple closed curves in Int(X) satisfying the condition that the
set a (resp., B) is linearly independent in Hi(3;Z). Recall that one obtains a
unique balanced, sutured manifold from a balanced, sutured Heegaard diagram by
attaching 3—dimensional 2-handles to ¥ x I along the curves o; x {0} and 5; x {1}
fori,j € {1,...d}. I'is 98 x I, and s(T') = 9% x {3}.

(2) The data of a balanced Heegaard diagram

S a={a,...,aq},B={b1,...,04})

and a generic (family of) complex structures on ¥, is used to construct a Floer chain
complex using the half-dimensional tori T, = a1 x ... X ag and Tg = 31 X ... X Bq
in Sym<(X). Specifically, one obtains a chain complex with:

(a) Generators: {x € T, NTg},

(b) Differentials:

ox) = > > M(¢) -y

YETaNTg {pema(x,y)|u(¢)=1}

As usual, m3(x,y) denotes the homotopy classes of disks (disjoint from 9%) con-
necting x to y, u(¢) denotes the Maslov index of ¢ € ma(x,y), and J\//\l((b) denotes
the moduli space of holomorphic representatives of ¢, modulo the standard R action.

(3) Denote by CFH(Y,T') the chain complex constructed in (2), and by SFH(Y,T) its
homology.

In preparation for describing a sutured Floer-type “functor” analogous to the Khovanov-
type “functor” defined in Section [Z2] we now establish, in Proposition [Z24] a relationship
between the sutured Floer homology of 3(A x I, L) and the knot Floer homology of a certain
link in 3(S3,L). We shall see that SFH(X(A x I,1L)) can be identified as the homology
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of the associated graded complex of a natural filtered complex for this link in 3(A x I,L).
Proposition provides a sutured-Floer theoretic interpretation of the Floer homology
invariants studied in [28].

In what follows:

e Ax I ={(r6,2)|r € [1,2,0 € [0,27),z € [0,1]} € R*Uoco = S? denotes the
standard imbedding of A x I into S3, with . C A x I a fixed (isotopy class of) link,
B={(r,0,2) |7 =0} Uoco C S denotes a standardly-imbedded unknot,
7:2(93,L) — S? denotes the branched-covering projection,

B := 7~ (B) denotes the preimage of B in (53, L),

DaxI:={(r0,2)eR®|re0,2],z € [0,1]} denotes the product sutured manifold

obtained by “capping off” one of the sutures of A x I as described in [6, Defn. 2.8,

Prop. 6.2],

e i: AXx I — Dy x I denotes the inclusion map,

o L= i(L) € D4 x I denotes the image of I under the inclusion,

e p(L) := (Ik(L, B) mod 2) denotes the “mod 2 linking number” of I and B, which
we will sometimes call the parity of L,

e O denotes the bigraded Z, vector space formally generated by 61,0~ :

© := Spanz,(0F,07),

with bigrading given by:
deg(0™) = (0,0),
deg(0~) = (—1,-1), and

e O denotes the singly-graded Zo vector space obtained by forgetting the first of the
two gradings on ©.
We will also periodically use the following abbreviated notation:

Y. = 3(AxI,L), and
Yo = B(DaxI,L).

Proposition 2.24. CFH(X(D4 x I,L)) can be given the structure of a filtered chain com-
plex whose associated graded complex has homology

HFEK(X(S3,L),B)®0 ifp(L)=1,
HFEK(3(%,L), B) if (L) =0,

Moreover, the spectral sequence associated to this filtered complex converges to

SFH(X(A x I,L)) = {

HF(2(S%,L) ® 6 if p(L) =1, and

SFH(Z(Da x I,L)) = { HF(2(S%,L) {1} @6 ifplL)=0.

Remark 2.25. The bigrading referenced in the above proposition is the (A, M) bigrading
associated to the null-homologous link B C (53, L), where A is the filtration (Alexander)
grading on knot Floer homology defined in [I7], [27] and elaborated in [21], [I3] (see also
[15], [B]), and M is the homological (Maslov) grading on Heegaard Floer homology defined
in [24].

lﬂ\%ﬂte that an absolute (A € Q)-grading is only well-defined once a (homology class
of) Seifert surface has been chosen for E, and an absolute (M € Q)-grading is only
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well-defined in torsion Spin® structures of X(S3,L). (The proof of) Proposition as-
serts the existence of a canonical identification between filtered chain complexes, preserving
relative bigradings[] Therefore, SFH(%(A x I,1)) inherits an (A, M)-bigrading (resp.,
SFH(3(Dy x I, IE)) inherits an M-grading), subject to these parameters.

Proof of Proposition [2.24 Note that 3(A x I,L) is the sutured manifold (Y,I') where
Y =5(8%, L) — N(B) and s(T') = {1, ., o, i},

where the u; represent meridians of B and the Wi represent oppositely-oriented meridi-
ans of B. To see this, observe that A x I is the standard sutured knot complement of
B C S2, hence its preimage under 7 is the complement of B C 3(S3,L). It follows that
each meridional (resp., oppositely-oriented meridional) suture lifts to two meridional (resp.,
oppositely-oriented meridional) sutures in X(A x I,L).

Furthermore:

e when p(L) = 0, B = By I By is a 2-component link. (V,T) is then the standard
sutured link complement (see [8, Example 2.4]), with a pair, (u;, u;), of sutures on
cach boundary component, —(N(B;)), and

e when p(LL) = 1, B is a 1-component link. Hence, (Y,T) is a sutured link complement
with both pairs, (i, u;), of sutures on the single component of Y = —d(N(B)).
Note that this is a non-standard sutured link complement, since there is an extra
pair of sutures on the single component of —(N(B)).

Similarly, we see that (D4 x I,L) is obtained from 2(53,1L) by deleting two B%’s in
N(B). Put differently, one obtains 3(D4 x I,L) from 2(A x I,L) = X($3,L) — N(B) by
filling in two B¥s in N(B).

Now, suppose that (X, o, 3) is a sutured Heegaard diagram for (A x I, B). Then the
topological observations above imply that one obtains a 4—pointed Heegaard diagram

(217 aluﬁlu 0= (017 02)7X = (X17X2))
for 3(53,1L) compatible with the link B (in the sense of [I7], [21], [13]), by taking

[ )
Y := Y Uj=1,2 Do, Ui=1,2 Dx,,
where Dx, (resp., Do,) are disks containing a distinguished basepoint X; (resp.,
0,) filling in the boundary components of 3 corresponding to the meridians (resp.,

oppositely-oriented meridians) of B ,
e a/ (resp., B'), are the images of a (resp., 3) under the inclusion map ¥ — ¥'.

Similarly, by gluing in only the disks Dx,, Dx, to (2, a, 3), one obtains a sutured Hee-
gaard diagram, (X, &, 3), for X(D4 x I,L).
Let C’ represent the Heegaard-Floer chain complex associated to (¥, o/, 3,0, X) with
e Generators: {x € T, N Ty}

e Differential:

Ix) = > > M(9) -y,

yETNTgr {pema(x,y) | n(¢)=1,n0(¢)=0}

SWith respect to a fixed Seifert surface, relative A—gradings lie in Z, while in a fixed Spin® structure,
relative M—gradings lie in some quotient of Z. See [I7, Sec. 2], [I9, Sec.4].
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where ng(¢) := Z?Zl no,(4). Then the sutured Floer chain complex associated to (3, @, B)
is canonically isomorphic to C’[d since the condition that no(¢) =0 for ¢ C X' is equivalent
to the condition that ¢ C X is never adjacent to 3. Hence,

HF(3(S3,L)® 6 if p(L) =
HF(S(s* L) {}.4}©6 ifp(L)

and

SFH(S(Da x I,L)) = { (1)’
as desired. The extra {%, %
HOFK (Y, L), for L an ¢{—component link, is defined to be the knot Floer homology of the
“knotification” of L in Y#/~1(St x S§2) (see [IT, Sec. 2.1]).

Furthermore, since intersection positivity guarantees that nx(¢) > 0 for all holomorphic
¢ € ma(x,y), we can endow C’ with the structure of a Zfiltered complex by decomposing

the differential as
y-3 o
i=0

} grading shift when p(IL) = 0 arises due to the convention that

where

ox) = > > M(¢) -y.

yEToNTgr {pem2(xy) [ 1(#)=1,n0(6)=0,nx($)=i}

The associated graded complex, (C’,9}), is therefore chain isomorphic to the sutured
Floer complex obtained from (X, e, 3), since counting ¢ C ¥’ with nx(¢) = np(¢) = 0 is
equivalent to counting ¢ C X disjoint from 0%. Hence, SFH(X(A x I,L)) is the homology
of the associated graded complex of the filtered complex CFH (X(D4 x I,1L)).

This immediately implies (see [8, Examples 2.3, 2.4], [8, Prop. 9.2], and [21, Thm. 1.1],
combined with [14] Lemma 2.12]):

HFE 3 = e
SFH(E(AXI,L)):{ HFEK(%(S 7L)7B~)®® ifp=1,

HFK(2(S%,L)), B) if p =0,
as desired.
O
We are now ready to define a sutured Floer-type “functor”.
In what follows, let (L = Ly I Lyon) C A X I be a resolved link with
Liriw = KiII...II K, and
Lpon = Kt+1 Im... 1o Kt—i—nu
and L = i(L) C (D4 x I) its image under the inclusion i : A x I — Dy x I as before.
Definition 2.26. Let Zy (L) denote the Zs—vector space formally generated by [K1], . .., [Kitn]:

ZH(]L) = Spanzz([Kl], AR [Kt+n])a
endowed with the bigrading:

0,—1 for 1 <i<t,and
gD = { (*0)

Bafter fixing a generic choice of almost complex structure on i, which extends uniquely to a generic
choice of almost complex structure on %/
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The space Zg (L) decomposes as Zg (Liyiv) © Zi (Lnon ), where

Zg(Liriv) = Spang,([Ki],...,[K:]),

Zy(Lnon) = Spangz,([Kit1],- -, [Kitn])-
Definition 2.27. Let V y(IL) denote the exterior algebra

Vu(L):=AZg(L),
with its bigrading induced from Zp:
deg([Ki | A ... AN[KG]) = deg([Ki,]) + ... + deg([Ky,]),

as in Definition 214 and let Vi (IL) denote the following normalization of V g (IL):

Vir(L) ::VH(L){TL—;Q(L),t—i—n;p(L)}'

Recall that p(L) := lk(LL, B) mod 2. In particular, when L is a resolved link,
p(L) =n mod 2.

Proposition 2.28. Let L C A x I be a resolved link, as above. Then
SFH(YL) = Vg(L)
as an (A, M)-bigraded Zs vector space.

Proof. Recall (see [I9] Sec. 4.2.5], [6], Sec. 3.4]) that if (Y, T') is a balanced sutured manifold,
then SFH(Y,T') admits an action of A*(H7(Y,0Y)), where here (and in what follows), we
use H?(—) to denote H.(—;Z)/Tors.

Since Proposition tells us that SFH(YL) is the homology of the associated graded
complex of CFH(Ys), it will be convenient for us to begin by examining SFH (Y;).

In particular, [6, Lem. 5.16] tells us that SF'H(Y%) is a free, rank 1 module over

A*(HY (Yz,0Yz) @z Zs).
Furthermore, in the proof of [6 Lem. 5.16] we see that
Hy(Yz,0Yz) @72y = H*(#'"S' x 5%, Zs)
~ Zy(L),
as ungraded vector spaces and hence
A*(H}(Yg, 0Yg) @2 Zs) = Vi (L)

as ungraded algebras. To see that they agree as bigraded algebras—and, hence, that SFH (Y1)
Vi (L) up to an overall bigrading shift-we need only show that under the identification:

¢ : ZH(L) — Hf(Y]E,@YIE) ®7, Lia,

o~

elements of
ZH(Ltriv) S ZH(L) (resp., Of ZH(Lnon) S ZH(L))
are sent to algebra generators of (A, M)-degree (0, —1), (resp., (-1,-1)).

Since it is immediate, by definition of the Hy action (see [19, Sec. 4.2.5], [0 Sec. 3.4]),
that the image of each element of Zy (L) has M—-degree —1, as desired, we are left to verify
that the A—degrees of elements of Z(IL) are as stated.

To see this, we will study the HY action on a chain complex, CF'H(Y;), associated to a
particularly nice sutured Heegaard diagram for Y;. The generators of CF'H(Yr) will have
well-defined absolute A—-gradings, and the homology of the associated graded complex will
be SFH(YL), as in Proposition 2:24
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LCAxI A%

]L’TLOTL

Ltriv N A%

FIGURE 3. The lefthand figure shows (L = L4y, IT Ly,0p ) standardly imbed-
ded in A x I. The righthand figure shows the middle level, A 1. The black
dots represent the intersection points, L N A 1, the dotted lines are the
branch cuts, and the red (resp., blue) arcs are the projections of the cups

(resp., caps).

Accordingly, we proceed as in [0, Sec. 5.3] by choosing an isotopy class representative of
L satisfying K; M A% # () for all i € {1,...t +n}, where A% = A X {%} )

Let 7 : YL — A x I be the double-branched covering projection, and Ty wfl(A%) — A%
its restriction to the % level. Then (X, a, 3) is a sutured Heegaard diagram for Yi,, where

° X = Wzl(A%)
o o= W;l(,P(CupS))
o 8= (Pleaps)

See Figures Bl and [l along with [6 Sec. 5.3] for more details.
Furthermore, as described in the proof of Proposition[2.24], we obtain a sutured Heegaard

diagram, (3, @, 8), for Y; = X(Da x I,L) by gluing in disks Dx,, Dy, to two of the
boundary components. Let

= {al,...,at,aHl,...aHn}, and

{Bla'"7Bta§t+la"-7gt+n}

™ Q)
|

be labeled as in Figure Bl
Since
8 —ang o o) ifi=j
@ N =a:np= { 0 otherwise,
we obtain the following set of Zy-module generators for both CFH (Yy) and CFH(Ys):

{(v:i:)l K- & (U:I:)tJrn}-
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FIGURE 4. A sutured Heegaard diagram, (3, t, 3), for Y1, where LL is as in
Figure[3l The dotted lines are identified as labeled, and the colored circles
are isotopic to the preimages of the colored arcs in Figure

Q1 Qi Qs Bi B2 B3

FIGURE 5. A sutured Heegaard diagram for Yz. The a, B curves are nums-
bered in increasing order from left to right (resp., from inside to outside)
in the Ly, (resp., the L, ) section of 3.

Furthermore, as in the proof of [6, Lem. 5.18], H} (Y}, 0Y;) has a basis whose elements,
{[K;]}!27, are in one-to-one correspondence with the components, {K;}/17, of L, and the

H?-action on the filtered complex, CF'H(Y) is extended linearly from the following action
on generators:
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FI1GURE 6. The shaded region represents a domain, ¢, connecting two gen-

erators, x and y, in (f], a,3). x is represented by the square intersection

point(s), while y agrees with x everywhere except at as N 2, where y is
represented by the circular intersection point.

Let z; € {(v4)i, (v=);} for all s € {1,...,t+n}, then

1. L I1®...®(’Uf)j®---®xt+n iij:(er)j?and
(K] (21 ® ... @ Tpqn) = { 0 if z; = (v_);.

Recalling that if x,y € Ta N1 T3 and ¢ € m (x,y), the relative A grading is given by:
A(x) — A(y) = nx(¢)

where
2

nx(¢) ==Y nx,(9),

i=1
there are two cases to consider.

Case 1: Kj € Ly
Let z; € {(v4)i, (v—);} for all i = 1,...,¢t + n. [K;] acts non-trivially on a generator, x,
iff it is of the form:

X=201®...0 (v4); @ ... ® Trin,
in which case:
K] X)=21®...0 (1_); ®...® Tyin.

Since x and [Kj]| - (x) are connected by a domain, ¢, as in Figure [l and ¢ satisfies
nx(¢) = 0, we conclude that

as desired.
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Fi1GURE 7. The shaded region represents a domain, ¢, connecting two gen-
erators, x and y, in (X, &, 3). x is represented by the square intersection

point(s), while y agrees with x everywhere except at as N 5, where y is
represented by the circular intersection point.

Case 2: K; € Lyon
As in Case 1, above, [K;] acts non-trivially on a generator, x, iff it is of the form:

X=21®...0 (V1); @...Q Tiqn,
in which case:
K] x)=21®...0 (v_); ® ... Tiyn.

When K; € Lyon, x and [K] - (x) are connected by a domain, ¢, as in Figure[7l Since ¢

satisfies nx(¢) = 1,
A(x) - A([K;]-x) =1,

as desired.

We conclude that, with respect to this choice of sutured Heegaard diagram,

CFH(Y.) 2 Vg (L)

as relatively (A, M) bigraded Zs modules, and, hence, that SFH (Y1) = V(L) as relatively
(A, M) bigraded modules, since:

21" = rR(CFH(YL)) > rk(SFH(YL)) > rk(SFH(Yz)) = 21+,

Note that the second inequality above arises because CFH(YL) can be identified as the
associated graded complex of the filtered complex CFH(Y;), as in Proposition 2.24

To see that the absolute A and M gradings on SFH (Y1) are as stated, it suffices to show
that the extremal generator,

Vi = (1}+)1 ®X...Q ('U+)t+n7
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has bigrading

(A, M) = <n—§)(L)7t+n2—p(L)>.

To see that A(v,) is as claimed, use Proposition 2224] combined with the symmetry
properties of knot Floer homology with extra basepoint pairs [I7, Sec. 3.5], [2I] Sec. 8],
[14, Lem. 2.12], which tell us that for a multiply-pointed Heegaard diagram associated to
an £ component link K = HleKi for which there are n; (0, X) basepoint pairs associated
to the link component K;, we have:

(ITF?((Y, K)® @@s) S (ITF?((Y, K)® @®S)

a,m) (—a—s,m—2a—s)

where s := Ele (n; — 1), © is the bigraded Zsy vector space generated by 67,0~ satisfying

(AOF),M(07)) = (0,0),
(A(67),M(07)) = (=1,-1),

and (ﬁﬁ((Y, K) ® ©9%)(4m) denotes the summand in (A, M) bigrading (a,m).

Since the above symmetry in the case of interest (Y = £(S3,L), K = B) identifies v
with ve = (v4)1 ® ... (V1) ® (V)41 ® (V- )t4n, We Obtain

A(vi)—A(vo) = A(vy) = (A(vy) = 9)
n = 2A(vy)+s
5 = Alvy)
i _§(L) = A(V+),
as desired.
To see that
M(v,) = )

we use the fact that

E(SB, L) _ #(tJrn)*l(Sl > 82),
combined with the fact that, by convention, the knot Floer homology of a multi-component
link in Y come from the “knotification” of the link [I7, Sec. 2.1] in Y# (¢ —1)S* x S%. Using
the Heegaard Floer Kiinneth principle ([I8 Thm. 1.5]) and the fact (cf. [19, Subsec. 9.1])
that HE (S x §2) is the free Zy-module on generators {w, w_} with

1
implies that
t+n—p()
M(vy) = 9 )
as desired. [ O

The following proposition establishes the equivalence of the Khovanov and sutured Floer
“functors” on resolved links, . C A x I. In what follows,
e V(L) (resp., Vi(L)) denotes the (f,q)-bigraded (resp., (A, M)-bigraded) vector
space of Definition [2.14] (resp., Definition [2.27]).
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e For resolved links I/, I C A x I connected by a saddle cobordism S, GFgs denotes
the map
SFH(Yy)— SFH(YL)
induced by performing surgery on the corresponding knot in Y1, as in [6 Sec. 4].

e (Vg denotes the f—grading-preserving part of the map induced by the saddle-
cobordism S, as in Definitions .15 and 2.16]

Proposition 2.29. For each resolved link
L = (Lipip T Lpon) CAXT
there is a canonical isomorphism
Uy, : V(L) — SFH(YL).
Furthermore, this isomorphism is natural in the sense that if L', 1" C A x I are resolved

links and S : ' — " is a saddle cobordism, the following diagram commutes:

vw) Y=, ovyw

"Z’L’ l l’l/ly/

SFH(YL) —S55 SFH(YL.)

Proof. Let L. C Ax I be any resolved link. Proposition 228 tells us that SFH (Y1) = Vi (L),
so the canonical isomorphism, ¥y, : V(L) — SFH(YL) for any resolved L C A x I is the one
induced by the canonical isomorphism Z (L) — Zg(L).

Now denote by L the image of L under the inclusion i : A X I — D4 x I. Then L is an
admissible, 0-balanced, resolved tangle in D4 x I, in the sense of [6, Defn. 5.1-5.5], so [G]
Prop. 5.17] gives us an isomorphism

g - V(L) — SFH(Y;)

such that if I/, I” are resolved links in A x I connected by a saddle cobordism S, and
I/, I” their induced images in D4 x I, then the following diagram commutes:

VL) 2 v(@y

1/}@ J{ J{wi//
SFH(Y:) —— SFH(Y:,)

Furthermore, for any resolved L C A x I, V(L) = V(L) (resp., SFH(Y;) = SFH(YL))
as Zs vector spaces. In fact, V(L) is obtained from V(L) (resp., SFH (Y7) is obtained from
SFH(YL)) by forgetting the f-grading (resp., A-grading), and the isomorphism v agrees
with W, subject to this forgetful map. Lastly, given any saddle cobordism S connecting
a resolved link I € A x I to L” C A x I, GVg (resp., GFg) is the f-grading-preserving
(resp., A—grading-preserving) part of the map Vg (resp., Fs) corresponding to the saddle
cobordism connecting I/ to L”.

Thus, to show that

VL) = VL)

"/JL/ l le//

SFH(Y) 25 SFH(Yi,)
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is a commutative diagram it suffices to show that for any two f-homogeneous generators
x € V(L) and y € V(L"),

fx)=fly) & A(Tr(x) =AY (y)).
But Definitions 2.14] and imply that
f(x) —p(L')

AT (x) = — and

Agp(y) = (O 2ED

so f gradings agree iff the corresponding A gradings agree. The result follows.

We are now ready to prove Theorem 211

Proof of Theorem [2l We proceed exactly as in the proof of [6, Thm. 5.19]. Recall (see
Definition 222 and Remark 23] that if L C A x [ is a link and L is its mirror, then

Kh*(L) := V(L), where V(L) is the homology of the cubical complex constructed by
(1) numbering the crossings of a projection, P (L), of L,
(2) forming the associated cube of resolutions whose vertices are the resolved links,
Pz(L), described in Section 22 arranged so that two vertices 7,7’ are connected
by an edge iff Pz(L), P-(L) are connected by a saddle cobordism, S,
(3) assigning to each vertex of the cube the vector space V(Pz(L)) and to each edge of
the cube the differential map GVs.

Similarly, using the link surgeries spectral sequence for sutured Floer homology (see [6]
Sec. 4]) associated to the link in Yi, formed by taking the preimage of simple arcs at each
crossing of the projection P(L) as in [0, Fig. 7], we see that SFH (Y1) is the homology of
the filtered cubical complex constructed by proceeding as in steps (1) and (2) above, but in
step (3) assigning the vector space

SFH(Yp,w)) = Va(Pz(L))

to each vertex of the cube, assigning the map GFgs to each edge of the cube, and assigning
higher polygon maps as in [6, Sec. 4] to higher—dimensional faces of the cube.

The E? page of this link surgeries spectral sequence is the homology of the chain complex
whose underlying vector space is

@ SFH (YPI(L))
Te{0,1}

and whose differential consists solely of those maps assigned to the edges of the cube.
Proposition 2.29 yields a canonical isomorphism between this chain complex and the chain
complex whose homology is V(L) = Kh*(LL). The result follows.

O

3. A RELATIONSHIP BETWEEN ANNULAR LINKS AND BALANCED TANGLES

We close by establishing the relationship between Roberts’ spectral sequence, [28, Prop.
1.1], for annular links (or, more precisely, its reinterpretation in Theorem ) and the
spectral sequence for balanced tangles introduced in [0, Prop. 5.20]. The following is
a direct consequence of [7 Thm. 4.5], which generalizes Juhész’s surface decomposition
theorem, [0 Thm. 1.3], to filtered complexes arising in the context of link surgeries spectral
sequences. See [7] for a more complete discussion of related naturality results.
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Theorem 3.1. Let . C A x I be an isotopy class representative of an annular link admit-
ting a projection, P(L), and let X C A be a properly imbedded oriented arc representing a
nontrivial element of H1(A,0A) such that X intersects P(L) transversely. Let T C D x I
be the balanced tangle in D x I obtained by decomposing along the surface, A x I, endowed
with the product orientation.

Then the spectral sequence

Kh*(T) — SFH(X(D x I,T))

is a direct summand of the spectral sequence

Kh*(L) — SFH(Z(A x I,L)).
Furthermore, the direct summand is trivial iff there exists some ' C A x I isotopic to L
satisfying
[(Ax )M L'| < |(AxT) ML

Proof of Theorem [31l Let

e p:= (A x I) M L denote the collection of transverse intersection points of L with
Ax I,

e S :=3(A x I,p) denote the preimage of A x I in (A x I,L), and

e L denote the link in 3(A x I,L) obtained as the preimage of trivial arcs at each
crossing of L as in [6] Fig. 7].

Then S, L C 3(A x I,L) satisfy the assumptions of [7, Thm. 4.5]. Furthermore, the
decomposition of X (A x I,IL) along S is precisely the sutured manifold 3(D x I,T), and
L' € X(D x I,T), the image of L in the decomposed manifold, is precisely the link in
3(D x I,T) obtained as the preimage of the trivial arcs associated to the crossings of
P(T)cC D.

Now [T, Thm. 4.5] implies that the filtered complex, X (L’), associated to L’ is a direct
summand of the filtered complex, X (L), associated to L. But X(L’) is precisely the fil-
tered complex whose associated spectral sequence has E? term Kh*(T) and converges to
SFH(X(D x I,T)), while the spectral sequence associated to X (L) has E? term Kh*(L)
and converges to SFH(X(A x I,1L)), as desired.

Furthermore, the direct summand, X (L) < X (L), is trivial iff the intersection of A x I
with L is non-minimal, for:

e if [L M (A x I)| is non-minimal among isotopy class representatives of L, then all
resolutions of T' backtrack, in the sense of [0, Defn. 5.8], so the associated chain
complex for Kh(T) has no generators, hence the entire filtered complex, X (L’), and
its associated spectral sequence are trivial, while

e if [L M (A x I)| is minimal, then (D x I,T) is a taut, balanced sutured manifold
and, hence rk(SFH(X(D x I,T))) > 1 by [9, Thm. 1.4]. Hence, the entire spectral
sequence associated to X (L’) is non-trivial, since its F°° term is.

O

Remark 3.2. Note that the intersection of I with A x [ is minimal in its isotopy class iff
S is Thurston norm-minimizing in its homology class in X(A x I,1L).
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