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ON THE NATURALITY OF THE SPECTRAL SEQUENCE FROM
KHOVANOV HOMOLOGY TO HEEGAARD FLOER HOMOLOGY

J. ELISENDA GRIGSBY AND STEPHAN WEHRLI

ABSTRACT. In [I8], Ozsvdth-Szabé established an algebraic relationship, in the form
of a spectral sequence, between the reduced Khovanov homology of (the mirror of) a
link L. ¢ S% and the Heegaard Floer homology of its double-branched cover. This
relationship, extended in [I9] and [4], was recast, in [B], as a specific instance of a
broader connection between Khovanov— and Heegaard Floer—type homology theories,
using a version of Heegaard Floer homology for sutured manifolds developed by Juhész
in [7]. In the present work we prove the naturality of the spectral sequence under certain
elementary TQFT operations, using a generalization of Juhdsz’s surface decomposition
theorem valid for decomposing surfaces geometrically disjoint from an imbedded framed
link.

1. INTRODUCTION

Let L C S be a link. There is an algebraic connection, discovered by Ozsvath and
Szabd, between the Khovanov homology [10] of L and the Heegaard Floer homology [17]
of the double-branched cover of L. Specifically, in [I8], Ozsvéth-Szabd construct a spec-
tral sequence whose E? term is KNh(E) and whose E* term is ﬁ'(E(Ss,L)). Here (and
throughout), Kh denotes Khovanov’s reduced homology [11], I denotes the mirror of L,
3 (A, B) denotes the double-branched cover of A branched over B, and HF denotes the
(A version of the) Heegaard Floer homology [17]. Unless explicitly stated otherwise, all
Khovanov and Heegaard Floer homology theories discussed in this paper will be considered
with coefficients in Zs.

Later work, of Roberts in [I9] and the authors in [4], placed Ozsvéth-Szabd’s work in a
more general context, leading to:

e a proof, in [4], that Khovanov’s categorification, [12], of the reduced, n—colored
Jones polynomial detects the unknot whenever n > 2, as well as

e a new method, due to Baldwin-Plamenevskaya [2], for establishing the tightness of
certain contact structures.

In [5], we recast [I8], [19], and [4] as specific instances of a broader relationship between
Khovanov- and Heegaard Floer-type homology theories, using a version of Heegaard Floer
homology for sutured manifolds developed by Juhdsz in [7]. The aim of the present work
is to prove that the connection between Khovanov and Heegaard-Floer homology behaves
well under certain natural geometric operations.

In particular, let D represent an oriented disk, A an oriented annulus, and I = [0, 1] the
oriented closed unit interval. In [4] we prove the existence of a spectral sequence from the
Khovanov homology of any admissible balanced tangle, T C D x I, to the sutured Floer
homology of (D x I, T). Here, D x I is viewed as a product sutured manifold in the sense

JEG was partially supported by an NSF postdoctoral fellowship and NSF grant number DMS-0905848.
SW was supported by a postdoctoral fellowship of the Fondation Sciences Mathématiques de Paris.
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FIGURE 1. Adjoining a trivial strand, separated from an n—balanced tangle,
T C D x I, by a vertical disk, F, to form an n + 1-balanced tangle, T’ C
D x 1.

of Gabai [3] (Definition 21]), sutured Floer homology [7] is an invariant of balanced sutured
manifolds (see Definitions 2.1l and 22]), and an admissible n—balanced tangle (Definition 2.4))
is a properly-imbedded 1-manifold satisfying:

(1) TN (0D x I) =0, and

2) 1T (D x{1})][ =T N (D x{0})| = n € Zxo,
where two admissible n—balanced tangles are considered equivalent if they are ambiently
isotopic through admissible n—balanced tangles. In [5], we prove the existence of a similar
spectral sequence from the Khovanov homology of a link (admissible 0-balanced tangle), L,
in the product sutured manifold A x I to the sutured Floer homology of ¥(A x I,L).

These spectral sequences are constructed, following [18], by associating to an enhanced
projection (diagram) of ' C D x I (resp., L C A x I) a framed link, Ly, C (D x I,T)
(resp., L, C 3(A x I,L)). By counting holomorphic polygons in a particular choice of
Heegaard multi-diagram compatible with Ly (resp., L), one obtains a filtered complex,
X (L) (vesp., X(Lp)), with an associated link surgeries spectral sequence whose E? term is
an appropriate version of Khovanov homology for T' (resp., for L) and whose E* term is
the sutured Floer homology of (D x I, T) (resp., of 3X(A x I,1L)).

Roberts, in [20, Sec. 7|, proves that the filtered quasi-isomorphism type (Definition 2.6])
of X(Lr) (resp., X(Ly)) is invariant of the choice of multi-diagram, and Baldwin, in [I],
proves that the filtered quasi-isomorphism type of X (L) is independent of the projection
of T (resp., L), yielding, for any n—balanced tangle T C D x I (resp., any link L. C A x I)
a sequence of invariants, one for every page of the link surgeries spectral sequence for L
(resp., LL)El

In the present work, we show that these invariants behave “as expected” with respect to
the following standard TQFT-type operations:

(1) trivial inclusion (see Figure [I),
(2) horizontal stacking (see Figure[2), and
(3) vertical cutting (see Figure [3).
In particular, let F(T) := X (L) (resp., F(L) := X (L)) denote the filtered chain
complex, described above and in Notation 2.7] associated to the balanced tangle T'C D x I
(resp., link L € A x I). We prove:

IBaldwin and Roberts state their theorems only for the case where T' C D X I is a 1-balanced tangle,
but their arguments are all local, hence work equally well in our more general setting. See Remark
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FIGURE 2. Stacking two (projections of) balanced tangles, T1,T> C D x I,
to obtain a new balanced tangle, 77 + 15 C D x I.
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F1GURE 3. Cutting a link, . C A x I, to obtain a balanced tangle, T'C D x I.

Theorem 5.1l (Trivial inclusion) Let T C D x I be a balanced tangle in the product sutured
manifold D x I, and let T C D x I be the tangle obtained from T by adjoining a trivial
strand separated from T by a properly-imbedded I—invariant disk, F, as in Figure[d. Then

F(T)=F(T).
Theorem (Stacking) Let T; C (D x I);, for i = 1,2, be two n—balanced tangles, and

let Ty +To C D x I be any n—balanced tangle obtained by stacking a projection, P(Ty), of
Ty on top of a projection, P(Ta), of To as in Figure[d. Then

.7:(T1 + Tg) = .7:(T1) ®.7:(T2).

Theorem 5.8l (Cutting) [5, Thm. 3.1] Let L C A x I be a link, and let T C D x I be any
balanced tangle admitting a projection whose closure in A x I is a projection of .. Then

F(T) < F(L).

In the above, “F; = F»” means that F; is filtered quasi-isomorphic (Definition 2.6) to
Fo, and “F; < F3” means that Fi is filtered quasi-isomorphic to a direct summand of Fs.
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These naturality theorems follow from an extension of work of Juhédsz, who proves, in
[8], that the Floer homology of a sutured manifold behaves nicely in the presence of ad-
missible decomposing surfaces (Definition FLTI), properly-imbedded surfaces with boundary
intersecting the sutures in a controlled fashion. In particular, an admissible decomposing
surface, S, induces a splitting of the sutured Floer chain complex, and performing a surface
decomposition (Definition ) along S picks out a direct summand of the splitting.

Using degeneration techniques suggested to us by Robert Lipshitz, we prove a generalized
version of Juhdsz’s surface decomposition theorem, applicable to filtered chain complexes
arising from sutured multi-diagrams. More precisely:

Theorem Let L C (Y,T') be a framed link in a strongly-balanced sutured manifold
(Definition[2.2), and let S C (Y,T) be a connected decomposing surface satisfying:
(1) SNL=10, and
(2) for every component V. of R(T') the closed components of the intersection V NS
consist of parallel oriented boundary-coherent curves (Definition [{4).

Let (Y',T7) be the sutured manifold obtained by decomposing along S and L' C (Y',T)
the induced image of L. If X (L) (resp., X(L)) is the filtered complex associated to L (resp.,
L), then

X (L") < X(L).

The paper is organized as follows:

e In Section 2l we fix notation.

e In Section Bl we discuss splitting of the link surgeries spectral sequence in the pres-
ence of a decomposing surface disjoint from the link.

e In Sectiond] we prove the surface decomposition theorem for sutured multi-diagrams
(Theorem [£3).

e In Section [ we prove the naturality results (Theorems 5.1l [5.2] and [5.8). In this
last section, we also discuss the relationship between the stacking operation and a
generalized version of the Murasugi sum.

Acknowledgments: We thank John Baldwin, Matt Hedden, Nathan Habegger, Andras
Juhész, Mikhail Khovanov, Rob Kirby, Robert Lipshitz, Peter Ozsvéath, Lawrence Roberts,
and Liam Watson for interesting conversations. We are particularly indebted to Robert
Lipshitz for providing us with both the key idea in the proof of Theorem .3l and extremely
valuable feedback on a preliminary draft. A portion of this work was completed while
the second author was a visiting postdoctoral fellow at Columbia University, supported
by a Swiss NSF fellowship for prospective researchers. We are grateful to the Columbia
mathematics department for its hospitality.

2. DEFINITIONS AND NOTATION CONVENTIONS

We shall assume familiarity with [4] and [5], where most relevant background material
and notation is collected. See, in particular:

e [4, Sec. 2], which contains necessary definitions and results related to sutured man-
ifolds and sutured Floer homology collected from [3], [7], and [8];

e [4 Sec. 4], which develops Ozsvath-Szabd’s link surgeries spectral sequence ([I8])
for framed links in sutured manifolds;

e [4 Sec. 5] (resp, [Bl Sec. 2]), which explains how to associate to an admissible
balanced tangle, T (resp., link L) in the product sutured manifold, D x I (resp,
A x I), two chain complexes and a spectral sequence from the first to the second,
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one arising from a Khovanov-type construction and the other arising from Juhasz’s
Heegaard Floer-type construction applied to X(D x I,T) (resp., (A x I,L)).

We repeat the following definitions and establish the following notation for the conve-
nience of the reader:

Definition 2.1. [3] A sutured manifold (Y,T') is a compact, oriented 3-manifold with bound-
ary 9Y along with a set I' C 9Y of pairwise disjoint annuli A(T") and tori 7'(T"). The interior
of each component of A(T") contains a suture, an oriented simple closed curve which is
homologically nontrivial in A(T"). The union of the sutures is denoted s(T').

Every component of R(I') = 0Y — Int(T") is assigned an orientation compatible with the
oriented sutures. Let Ry (T') (resp., R_(I")) denote those components of R(I") whose normal
vectors point out of (resp., into) Y.

Definition 2.2. [7, Defn. 2.2] A sutured manifold (Y,T) is said to be balanced if x(R) =
x(R_), and the maps mo(I') — m(8Y) and 7,(8Y) — mo(Y) are surjectived

A sutured manifold (Y, T') is said to be strongly balanced if for each component F of 9Y,
X(FN R () = x(FNR-(7).

Definition 2.3. A product sutured manifold is a sutured manifold of the form (FxI,0F xI),
where F' is an oriented surface with OF # () and I = [0, 1] is the closed unit interval.

Definition 2.4. [4, Defn. 5.1-5.2] Let F be an oriented surface with 0F # (), and let
(F x I,0F x I) be the associated product sutured manifold, with F; := F x {1} (resp.,
F_:=F x {0}).
An admissible n—balanced tangle, T C F x I is (any representative of) an equivalence

class of properly-imbedded (unoriented) 1-manifolds satisfying

e TNI(F xI)C Int(Fy)UInt(F-),

e T4,T, are equivalent if they can be connected by an ambient isotopy acting trivially

on OF x I,
° |TﬂF+| = |TﬂF_| =nc ZZQ.

We will often refer to 0—balanced tangles as links.

Let D represent an oriented disk and A an oriented annulus. In the present work, we will
focus on admissible balanced tangles T C D x I and links L. C A x I.

Notation 2.5. Let F be a filtered chain complex. We will denote by ss(F) the spectral
sequence induced by F and E*(F) its i—th page.

Definition 2.6. Let F;, F2 be two filtered chain complexes. We shall say that F;, F» are
filtered quasi-isomorphic if there exists a third filtered chain complex, F’, and filtered chain
maps
¢j . .7:j - .7:1,
such that
¢; : B'(F;) — E"(F')
is an isomorphism for all i € Z, j =1, 2.
If 1 and Fy are filtered quasi-isomorphic, we shall say

Fi = Fo.

2The equivalence of this definition to the original definition in [7] is immediate.
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Notation 2.7. Let D denote an oriented disk, A an oriented annulus, and I = [0, 1] the
oriented closed unit interval.

Let T C D x I (resp., L C A x I) be an admissible balanced tangle (resp., link) in
the product sutured manifold D x I (resp., A x I), and let Ly C X(D x I,T) (resp.,
Ly, C (A x I,L)) be its associated surgery link in the double-branched cover, constructed
as in [ Sec. 5] (resp., [5 Sec. 2]) by taking the preimage of simple arcs at each crossing of
the projection of T C D x I C R3 to the xz plane (resp., of L C A x I to A).

We will denote by F(T') (resp., F(L)) the filtered complex inducing the link surgeries
spectral sequence associated to L (resp., Ly). Recall that E?(F(T)) (resp., E*(F(L))) is
an appropriate version of the Khovanov homology of T' (resp., L) and E*(F(T)) (resp.,
E>~(F(L))is SFH(X(D x I,T)) (resp., SFH(X(A x I,L)). Note that F(T) (resp., F(L))
is well-defined, up to filtered quasi-isomorphism (see Remark B.9)).

In addition, we note:

(1) Unless explicitly stated otherwise, every sutured manifold encountered in the present
paper may be assumed to be strongly balanced with no toroidal sutures (i.e., T(T') =
(). Each sutured manifold will furthermore be endowed with a Riemannian metric,
along with a canonical unit vector field along 9Y", denoted vy (Notation BI]).

(2) If (Y,T) is a “standard” sutured manifold of one of the types describe in [4, Ex.
2.5-2.7] or obtained from such a sutured manifold by taking a cyclic branched cover
over an admissible, properly imbedded 1-manifold as described in [4, Defn. 2.11],
we will sometimes omit reference to I' in the notation.

(3) SFH(Y) will denote the sutured Floer homology [1] of (Y,T'), and SFH(Y};s) will
denote the sutured Floer homology of (Y,T') in the Spin® structure s. Recall that
a Spin® structure on a sutured manifold is a homology class of unit vector fields on
(Y, T), all of which agree with vy on Y (see Definition B:2). SFH(Y) is the homol-
ogy of any chain complex, CFH(Y'), obtained by applying the standard Heegaard
Floer construction to the two half-dimensional tori, T, Tg C Symd(E), associated
to a balanced Heegaard diagram, (X, o, 3), for (Y,T'). In particular, generators of
CFH(Y) are elements x € T, NTg. See [7] for more details.

3. SPLITTING THE LINK SURGERIES SPECTRAL SEQUENCE
In [4 Sec. 4] (following [I8, Sec. 4]), it was proved that an oriented, framed link
L=L1U...UL,

in a balanced, sutured manifold (Y,T') induces a link surgeries spectral sequence which
converges to SFH(Y,T'), the sutured Floer homology of (Y,I'). In this section, we prove
that this spectral sequence splits as a direct sum of spectral sequences in the presence of
a properly-imbedded surface (S,9S) C (Y,0Y) satisfying L NS = (). This generalizes [19,
Sec. 7], which treats the case of a Seifert surface in a sutured knot complement.

3.1. Sutured multi-diagrams, Spin® structures, and Alexander gradings. In order
to set up the statement of the result, we recall some definitions.

Notation 3.1. [7, Not. 3.1] Let vg be a non-zero vector field along Y that points into ¥’
along R_(T"), points out of Y along R (T"), and on T is the gradient of the height function
s(T)yx I —1.

Definition 3.2. [7, Sec. 4] A Spin® structure, s, on a sutured manifold, (Y,T") is a homology
class of nowhere-vanishing vector fields on Y, all agreeing with vy on dY. Two non-vanishing
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vector fields are said to be homologous if, away from finitely many points in Int(Y'), they
are homotopic through non-vanishing vector fields, rel 9Y. The set of Spin® structures on
(Y,T) will be denoted Spin®(Y,T).

Definition 3.3. [8, Defn. 3.6] If s € Spin®(Y,I'), and ¢ is a trivialization of vy, then c; (s, t)
is the relative Euler class of (vg)1 with respect to t.

Remark 3.4. Note that if (Y,T) is strongly-balanced, then (vg)' is trivializable (|8, Prop.
3.4]).

With these notions in place, we see that a properly-imbedded surface, (S,95) C (Y,9Y),
in a balanced, sutured 3-manifold, (Y, T"), induces a splitting of any chain complex, CFH (Y'),
used to compute SFH(Y). In particular, let [S] € H2(Y,0Y;Z) denote the homology class
of S and define:

s5x(S) = {s € Spin°(Y,T) | {c1(s,1),[S]) = 2k.}

Subject to the map s : T, N Ty — Spin®(Y,T") defined in [7, Sec. 4] (following [I7
Sec. 2.6]), [S] endows the generators of CFH(Y') with a $Z-grading, which we will call the
Alexanders—grading, or Ag—grading, for short. In particular, if x € T, N Tg is a generator
of CFH(Y'), then we define

As(x) = 5 (e1(s60), 1), [8]):
Since the differential on the complex is Spin®-structure preserving, it is, in particular, Ag—
grading preserving. Hence, [S] induces a decomposition of SFH(Y):

SFH(Y) = @D SFH(Y;sk(S5)).
keiz

In other words,
Ag(x) =k < s(x) € 51(9).

Remark 3.5. Gradings induced on sutured Floer chain complex generators by properly-
imbedded surfaces were defined by Juhdsz in [9, Sec. 4]. Note that changing the trivialization
induces an overall shift in the Ag gradings by half the rotation number around 9.5 of the
new trivialization with respect to the old, by [9, Lem. 3.11].

Now, suppose L = L1 U...U Ly is an oriented, framed link in a sutured manifold (Y, T).
Denote by (A1,...,A¢) the {~tuple of framings and (u1,...,us) the f~tuple of meridians.
Then to each “multi-framing,”

T =(mi,...,my) € {0,1,00}",
in the sense of [I8, Sec. 4], we can associate a sutured manifold, Yz, obtained by doing m;—
framed surgery on L; for each i = 1,...,¢. Here co means no surgery, 0 means \;—framed
surgery, and 1 means (\; + u;)—framed surgery.

Beginning with the data of a bouquet LUaq U...Ua, (where a; is an embedded arc in Y
whose interior is disjoint form L and from a; for j # ¢, and which connects a point on L; to

a point on R4 (T")), we can construct a sutured Heegaard diagram (X, e, ;) representing a
sutured manifold, Y (Z), homeomorphic to Yz, as follows. Let

(E, {041, ey ad}, {6@+17 . 6(1})

be a sutured Heegaard diagram for Y — L', where

L':=N(LUay U...Uay)
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is a regular neighborhood of the bouquet, and let v1,...,7 C (Y — L’) be disjoint simple
closed curves specifying the multi-framing Z = (mq ..., myg). If we set (0z); := ~; for i < /¢
and (Oz); := B; for £ < i < d, then (X, a,37) is a Heegaard diagram representing the
sutured manifold, Y (Z), obtained from Y — L’ by attaching 3-dimensional 2-handles along
the curves 7; C Y — L’. Furthermore, there is a diffeomorphis

fz: YI I Y(I),

which restricts to the identity map on Yz —L” = Y — L”, where L” denotes a suitably chosen
thickening of the regular neighborhood L’. In particular, this implies that Y7 and Y (Z) are
equivalent as sutured manifolds and that we have a canonical inclusion iz := fz|y_r~ of
Y — L" into Y (Z) for each T € {0,1, 0o}*. Moreover, fz|sy, agrees with the identity map on
(0Yz) — L”, and since L N Y7 is a disjoint union of disks, this determines fz|sy, uniquely
up to isotopy relative to (0Yz) — L”.

Definition 3.6. We endow the set {0, 1, 00} with the dictionary order, and we call a tuple
' = (mh,...,m}) € {0,1,00}" an immediate successor of T = (my,...,my) if there exists
some j such that m; = m; when i # j and (m;, m’) is either (0, 1) or (1,00).

It is explained in [4, Sec. 4] (following [18, Sec. 4]) how to construct a sutured Heegaard
multi-diagram

(30.8z,...8z,)
for every subset
{Z.,,....,T;,,} €{0,1,00}",
beginning with the data of a bouquet subordinate to L.

Notation 3.7. Let {Z;,,...,Z; } C {0,1,00}* be any nonempty subset. We denote by

.....

outlined in [4 Sec. 4]. Le.,

(E, avﬁ{Ll,...,Lm}) = (Eu aaﬁzil yoee aﬁzim) .

In particular, for each 7 € {Z;,,...,Z;, }, (Z,,87) is a sutured Heegaard diagram for
Y (2).

We will have particular interest in {0,1,00}* C {0,1,00} and {0,1}* < {0,1,00}".
Accordingly:

Definition 3.8. Given a framed ¢—component link L, we call any (E, a,ﬁ{oylm}e) a full
sutured multi-diagram for L and (E, o, ,8{071}@) a (0,1) sutured multi-diagram for L.

From these sutured multi-diagrams, one obtains chain complexes:
e From a full sutured multi-diagram for L, one constructs a chain complex
X= (P CFHY (@),
Ze{0,1,00}¢
where CFH(Y (Z)) is the chain complex associated to (X, e, 37). The differential
D:X—-X

Swhen considered as a map between smooth manifolds with corners, cf. [13].
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is specified, on a generator £ € CFH(Y (Z)), by

D¢ = Z Z Dric. <7 (§).

J {I=1<..<Ti=7J}

Here the index set of the inner sum is taken over the set of all increasing sequences 7
to J having the property that Z¢*! is an immediate successor of Z¢, and Dzo. . i
is defined by counting certain holomorphic j 4 2—gons in the sutured multi-diagram,

(E,a,,@zl,.. '7/617')'

e From a (0,1) sutured multi-diagram for L, one similary constructs the complex
XD ¢ X, with restricted differential D). Tt is then proved, in [4, Prop. 4.1],
that X (O is a filtered chain complex, whose associated spectral sequence has E!
term

D srHEID),
Ze{0,1}*
and £ term SFH (Y (Z)), where Zo, := (00, ..., 00).

Remark 3.9. By work of Roberts in [20, Sec. 7], we know that the filtered quasi-
isomorphism type of X (resp., X(®1) is independent of the choice of full (resp., (0,1))
sutured multi-diagram for L and, hence, each term of the associated spectral sequence is an
invariant of the framed link L C (Y,T).

More specifically, any two full or (0,1) sutured multi-diagrams compatible with a given
framed link L C (Y,T) are related by a sequence of (de)stabilizations, isotopies, and han-
dleslides. Roberts, in [20] Sec. 7], constructs a filtered chain map associated to each type of
move, which he proves is a filtered quasi—isomorphismﬁ In the case of a (de)stabilization,
this map is the obvious filtered chain isomorphism [I7, Sec. 10], while in the case of an
isotopy (resp., handleslide), the map is obtained by counting holomorphic polygons in a su-
tured multi-diagram containing the curves before and after the isotopy (resp., handleslide).
To prove that each map is a filtered chain map, he uses polygon associativity [I8 Sec. 4],
verifying in each case that certain ends of 1-dimensional moduli spaces of polygons cancel
in pairs as in [I8, Lem. 4.5]. Since each map agrees with the one defined by Ozsvath-Szabé
in the proof of the isotopy (resp., handleslide) invariance of Heegaard Floer homology (see
[17], [7]), it induces an isomorphism on the E! page.

Furthermore, if a link Ly € 3(D x I,T) (resp., L, C X(A x I,L)) is obtained from
an admissible balanced tangle T C D x I (resp., a link L. C A x I) as in [4] (resp., [5]),
then each page of the link surgeries spectral sequence associated to Ly (resp., Lp) is an
invariant of T' (resp., ). This follows immediately from [I], in which Baldwin proves that if
two projections of a link L in S® are related by a sequence of Reidemeister moves, then the
resulting link surgeries spectral sequence for Ly, is an invariant of .. His arguments transfer
to our more general setting without change. We need only note:

(1) Any two projections of a balanced tangle T C D x I are related by projection
isotopies, Reidemeister moves, and insertion/deletion of a braid at either the top
or bottom. Projection isotopies do not affect Ly, and insertion/deletion of a braid
at the top or bottom results in a filtered quasi-isomorphic complex, because all
resolutions of a braid have backtracking except the trivial one (see [, Sec. 5.2]).

4More precisely, Roberts proves the existence of a “l—quasi-isomorphism,” a filtered chain map inducing

an isomorphism on the E' page (and, hence, an isomorphism on every subsequent page) of the associated
spectral sequence.



10 J. ELISENDA GRIGSBY AND STEPHAN WEHRLI

(2) Any two diagrams for a link . C A x I are related by diagram isotopies and Reide-
meister moves which, by [1], yield filtered quasi-isomorphic complexes.

Bearing Remark in mind, if L C (Y,T) is a framed link, we will henceforth refer to
the link surgeries spectral sequence associated to L. Similarly, if a link Ly € 3(D x I,T)
(resp., Ly, C (A x I, L)) is obtained from an admissible balanced tangle T C D x I (resp.,
alink L ¢ AxI) asin [4] (resp., [B]), then we will refer to the spectral sequence associated
to T (resp., L).

Now suppose L = L U...U Ly, C (Y,T) is geometrically disjointﬁ from a given ori-
ented, imbedded decomposing surface (S,95) C (Y, 9Y) satisfying all of the hypotheses of
Theorem In view of [8, Lem. 4.5], we can then assume that S may be isotoped in a
neighborhood of dY so that it is good, i.e. so that each component of 9.5 intersects both
Ry(T") and R_(I"). This, in turn, implies that each component of ¥ — S intersects both
Ry (T") and R_(I"), so we can find a bouquet L Uaq U...Ua, geometrically disjoint from S.
Denoting by L” a (thickened) regular neighborhood of L Ua; U...Uay as in the paragraph
preceding Definition B.6 we can in fact assume that S is fully contained in Y — L”. In the
following definitions, Z € {0, 1,00} is an arbitrary multi-framing, and Y (Z) is the sutured
manifold defined in the paragraph preceding Definition

Definition 3.10. Let (S,95) C (Y,0Y) be a decomposing surface that is fully contained in
Y —L”. Then we denote by Sz the image of S under the natural imbedding Y — L — Y (Z),
and we say that Sz C Y (Z) is compatible with S C Y.

Now fix a trivialization, ¢, of the oriented 2-plane field (vo)* on 9Y. Recall that Y7 is
the sutured manifold obtained by performing Z—surgery on L C Y, hence 0Y7 = 9Y for all
T € {0,1,00}".

Definition 3.11. For each T € {0,1,00}", let fr : Y7 — Y(Z) be the smooth map intro-
duced in the paragraph preceding Definition and

dfr : TY7 — TY(T)
its differential. Then we denote by t7 := dfz(t) the trivialization of (vg)* on Y (Z) induced
by t, and we say that t7 is compatible with t¢.

Given the trivializations tz, we can endow each chain complex, CFH (Y (Z)), with Ag,—
gradings and this, in turn, endows

X= € crHY©®)
Ze{0,1,00}¢
with Ag gradings. The following lemma verifies that the differential, D, in the complex, X,
respects this grading.

Lemma 3.12. Let L =Ly U... UL, C (Y,T') be an oriented, framed link and S C (Y,T)
a decomposing surface satisfying the conditions of Theorem [[.3, Suppose T' < ... < IF
is a sequence of multi-framings such that T is an immediate successor of I' for each
te{l,....k—1}, and (X, e, B71,...,B7r) is an associated sutured multi-diagram. Then
the map D1 7 obtained by counting holomorphic (k + 1)-gons preserves A g—gradings.

Proof. Let ¥ € ma(x,0,...,0,y) be a domain representing a (k + 1)—gon contributing to
DII<...<Zk7 where

(1) xeT,N Tﬁzl

S5Note that if L;NS = 0 algebraically, one can find a homologous surface, S’, which satisfies this condition.



KH, SFH, AND NATURALITY 11

(2) y e TaNTp,,, and

(3) € is the canonical top-degree generator in each of Tg , N Tp ,,, for each i €

i+1

{1,...,k—1}.
Recall (see [4, Sec. 3]) that one associates to a sutured multi-diagram, (X,7°,...,7%), a
4-manifold:

(P x D) [T g (e x Us)
et T TS ~ (e % OUG)
Here, U; is the compression body obtained from ¥ x [0,1] by attaching a 3-dimensional
2-handle along each curve nj— x {1}, for each 77;- € n'. Pyy1 is a topological (k + 1)-gon, with
vertices labeled v;, for ¢ € Zy41, clockwise, and e; is the edge connecting v; to v;41. Note
that for each i € Zgy1, the sutured manifold

—Ynini+1 = Ul U —Ui+1

2x{0}
sits naturally as a subset of OW,o ., so we may define:
(1) Z = 8W7707~~~x77k - U Int(—Ynini+1).

1€y,

Letting W denote the 4—manifold obtained as above from the sutured multi-diagram
(3,0, Br1,- .., Bzx), we obtain a related 4-manifold, W, by appropriately “capping off”
certain subsets of the boundary of W. We will view W as a cobordism (with corners)
between Yo 5., and Yo g , -

More explicitly, let U, (resp., Ug,,) denote the compression body obtained from ¥ x [0, 1]
by attaching 3-dimensional 2-handles along the curves a;; x {1} (resp., (8z:); x {1}). Since
T+ is an immediate successor of Z¢ for i € {1,...,k—1}, the compression body Ug,.y, can
be obtained from Up_, by performing surgery on a framed knot K; C Ug_, corresponding to
the component of L on which the multi-framings Z° and Z'*! disagree. More precisely, we
have a diffeomorphism f;: Ug , (Ki) — Ug,,,, where Up_, (K;) is the result of performing
surgery on K; C Up_,. Let g;: OUp_, — O0Up_,,, be the restriction of f; to dUs_, (K;) =
AU, and let W; be the 4-manifold obtained from Up_, x [0, 1] by attaching a 4-dimensional
2-handle along the framed knot K; x {1}. Then

OW; = (=Up,, x {0}) U (8Us,, x [0,1]) U (Up,, (K:i) x {1})
= (_Uﬁzi x {0}) U (aUﬁl—i x [07 1]) U (Uﬁzi+1 X {1})7

where, in the second line, Up_, x [0, 1] is glued to Ug_,,, x {1} using the map g; x idy;.
The boundary of W; contains a subset diffeomorphic to Y3, 5..., = —Up_, Usx{o} Up,. .
(namely the subset (=Ug_, x {0}) U (X x {0} x [0,1])U (Up,, (K:) x {1})), and hence we can
use W; to cap off the copy of —Yj_, 5., that appears in the boundary of W' = W, g _,
(see FigureH]). After doing this for each i € {1,...,k — 1}, we obtain

W:=WUWiU...UWs_1,
and, by analogy to ({l) above, we denote:
7= 0W = (Int (Yas,1)) = (Int (Yas,, )
Note that Z can be identified with the mapping cylinder of the map

g: 6Ya7511 - 6Ya751k7
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defined as the identity map on (90U, ) — (X x {0}) and as the composition
ge-10...091: Ry (Up,,) — R (Ug,,)

on Ry (Us,,) = (0Us,,) — (5 x {0}).
Now recall (cf. [, Defn. 3.5]):

Definition 3.13. A relative Spin® structure for a pair (W, Z) with W a 4-manifold and
Z C W a closed, smoothly-imbedded submanifold is an equivalence class of pairs (£, P)
where P is a finite collection of points in W — Z, and £ is an oriented 2-plane field on
W — P, agreeing with a fixed, oriented 2—plane field, &, on Z. Two such pairs (£, P)
and (¢, P’) are considered to be equivalent if there is a compact l-manifold C C W — Z
containing P and P’ and with the property that {|w_¢ and £'|w_¢ are isotopic rel. Z. We
denote by Spin®(W, Z) the set of all relative Spin® structures for the pair (W, Z).

In [4, Sec. 3.1] (following [I7]) it is shown how to associate to the domain, ¥ &
7o (x,0,...,0,y), a relative Spin© structure (V) € Spin(W, Z). Moreover, s(¥) extends
uniquely to a Spin® structure 5(¥) € Spin¢(W, Z) satisfying

5(W)lyz) =s(x) and 5(V)|y ) = s(y),
where the fixed oriented 2-plane field, £, on Z 2 (0Ya,5,,) x [0,1] is defined as
&= (vo)" @O,

The proof of the lemma is now based on the following two observations:

(1) The surfaces S71 and Sz« are isotopic in W rel. Z.
(2) The trivializations, t71 = df71(t) and tzx = dfzx (t), of (vo)* on Y (Z') and 9Y (Z*)
extend naturally, via the map g, to a trivialization, ¢, of EO on Z.

Observation (1) implies that
[Sp1] = [S7v] € Ho(W, Z;Z),
and observation (2), combined with the naturality of the relative first Chern class, imply
that
c1(3(),t) € H*(W,Z,7)
restricts to
ci(s(x),tn) € H*(Y(T'),0Y (I'); Z)
and
ci(s(y), trv) € HA(Y(Z*),0Y (T%); Z).

Here, we use the following definition for the first Chern class of a relative spin® structure,
s € Spin®(W, Z), with respect to a trivialization, ¢, of the fixed 2-plane field, &, over Z:
Definition 3.14. Let s € Spin®(W,Z) be represented by a pair, (£, P), where P is a finite
collection of points in W — Z, and { is an oriented 2-plane field on W — P, agreeing with
&y over Z. Then

c1(5,t5) € H*(W,Z;Z)

is the relative Euler class of & with respect to t. It is the obstruction to extending ¢ to a
trivialization of £ over the (relative) 2-skeleton of (W, Z).
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e X Ugﬂ

(0% mam v/ I,
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b
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YOZ,/BII I YOK,ﬂIk

FIGURE 4. Before capping off, the figure on the left represents the 4—
manifold W 5, 6,8 - Capping off Y3 , s, and Yp_, g, with a copy
of the restriction to the upper compression body of the appropriate 4—
dimensional 2-handle attachment (pictured in green) yields the 4-manifold
cobordism associated to the sequence Z', 72,73, as illustrated on the right.
The red dotted lines represent the critical levels of the associated relative
Morse decomposition.

We conclude:

As(x) = (s(x),tz), [S71])
(5(V),t7), [S11])
(5(V), tz), [Szx])

(er(s(y), tze), [Szx])
¥,
as desired. ]

N =N =N =N =
—~ —~ ;}\
o5 S

I
>
0

With this lemma in hand, it is now straightforward to construct a splitting of the link
surgeries spectral sequence of [4) Prop. 4.1], as follows.

Proposition 3.15. Let (Y,T') be a sutured manifold, (S,0S) C (Y,9Y) an oriented surface,
and L = Ly U...U Ly C (Y,T) an oriented, framed link satisfying LN S = (. For each
m € %Z, let
xXQ0Y c xOb
be the subcomplex of X OV corresponding to those elements x € CFH(Y (T)) satisfying
Ag, (x) =m,

where T ranges over all elements in {0,1}".
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If Dﬁ,?’” denotes the restricted differential, then (Xy(no’l), DﬁB’”) is a filtered chain complex

whose associated spectral sequence has E' term

B SFH(Y(Z); sm(S1))
Te{0,1}¢
and whose E*° term is
SFH(Y (Zxo) ; 5m(5)),

where Zoo 1= (00,...,00).

Proof. By analogy to the notation established above, let X,,, C X denote the subset of the
full complex,
X:= P CFH{Y ()
7€{0,1,00}¢
corresponding to those elements in A g, —grading m and let D,,, denote the restricted differ-
ential. Lemma BI2 tells us that (X,,, Dy,) is a subcomplex of (X, D) and (X,(,g’l), D&?’l))

is a subcomplex of (X(O’l), D(O’l)) for each m € Z.

Furthermore, recall that (X1, D) is a filtered chain complex, where the filtration
arises from a different grading on the complex. Namely, if x € CFH(Y(Z)), with T =
(ma,...,myg), then we say that x is in filtration-grading Zle m;. (XOV DOD) is then
a filtered chain complex, since D(%1) is non-decreasing with respect to this grading. This
filtration-grading descends to each component, (X,(no ’1), DSS’”), of the splitting, endowing

Xf,?"l), D$’1)> with the structure of a filtered chain complex for each m € Z.

Now the proof follows exactly as in the proof of [4 Prop. 4.1], following the proof of
[18 Thm. 4.1]. Lemma tells us that the various chain maps and homotopy maps
split according to Ag,—grading. Furthermore, domains representing 1-dimensional moduli
spaces of holomorphic polygons, which we degenerate to prove polygon associativity (see
[T, Sec. 8.4], [I8| Sec. 4], [, Sec. 3.3]), also respect Ag,—grading, by the same argument
used in the proof of Lemma One need only note that each pair of cancelling terms
in the proof of an analogue of [I8, Lem. 4.5] appears in the same A g,—graded component.
The rest of the argument, applied to each A g, —grading separately, is identical. O

4. SURFACE DECOMPOSITIONS

In the previous section, we proved that the link surgeries spectral sequence associated to a
framed link in a sutured manifold splits in the presence of a properly-imbedded surface whose
intersection with the link is empty. In this section, we will investigate the algebraic effect
on the link surgeries spectral sequence of cutting the sutured manifold open (decomposing)
along such a surface. The main result is a generalization to multi-diagrams of Juhdsz’s
surface decomposition theorem ([8, Thm. 1.3]).

4.1. Background and statement of theorem. We recall a few definitions related to
surface decompositions in sutured manifolds in preparation for stating the main theorem.

Definition 4.1. [8, Defn. 2.4] A decomposing surface in a sutured manifold, (Y,T'), is a
properly imbedded, oriented surface, (S,9S5) C (Y,9Y) such that for every component, A,
of (0S) NT, one of the following occurs:

e )\ is a properly imbedded non-separating arc in I" such that |A N s(T)| = 1.
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e ) is a simple closed curve in an annular component, A, of I" representing the same
homology class in A as s(T).

e )\ is a homotopically nontrivial curve in a torus component 7" of ', and if § is another
component of T'N (95), then A and 0 represent the same homology class in 7.

Definition 4.2. Given a decomposing surface, S, in a sutured manifold, Y, the result of
decomposing Y along S is a new sutured manifold, (Y’,T”), obtained as follows.
o Y/ =Y —Int(N(9)),
IM=TNY)UN(S, NR_(I')) UN(S"_ N R (I)),
R(I) = (R (1) 1Y) U S,) — Int(I"),
R_(I")y=(R_(T)NY’")US") — Int(T),
where S’ (resp., S ) is the component of ON(S) MY’ whose normal vector field points out
of (resp., into) Y.

Definition 4.3. [8, Defn. 3.7] Let (Y,T') be a strongly-balanced sutured manifold, vy the
fixed unit vector field on Y as in[B], ¢ a choice of trivialization of vy, and S a decomposing
surface in (Y,T'). Then

I(S

o(5.6) = x(8) - "2 _ns.o)
where x(5) is the Euler characteristic of S, I(S) = |05 N s(T")| is the geometric intersection
of 3S with s(I'), and r(S,t) is the rotation of the projection into vg of the positive unit
normal field of S along 05 with respect to t.

Definition 4.4. [§ A curve C' C R(I') is said to be boundary-coherent if either [C] # 0 in
H,(R(T")) or C is oriented as the boundary of its interior.

Now recall (Definition B8] that one obtains a filtered chain complex, X (%1 from a (0,1)
sutured multi-diagram, (¥, , B 1¢), for a framed ¢-component link, L, in a balanced
sutured manifold. If S is a decomposing surface geometrically disjoint from L, then X (%1

splits according to A g gradings:
x O _ @Xr(g,l)7

where X """ is the subcomplex of X (®1 corresponding to those elements x € CFH(Y (T))
satisfying Ag, (x) = m.
Theorem 4.5. Let L C (Y,T') be a framed link in a strongly-balanced sutured manifold, and
let S C (Y,T) be a connected decomposing surface satisfying:
(1) SNL=10, and
(2) for every component V. of R(T') the closed components of the intersection V N S
consist of parallel oriented boundary-coherent curves.

Let (Y',T7) be the sutured manifold obtained by decomposing along S and L' C (Y',T”)
the induced image of L. If XD (resp., (X(O*l))l) is the filtered complex associated to a
(0,1) sutured multi-diagram for L (resp., L), then (X(O1D) is filtered quasi-isomorphic to
X,go’l) for k= 1c(S,t).

We have abused notation above, using ¢(S,t) to refer to ¢(Sz,t) for any choice of Z €
{0,1}* (since ¢(Sz,,t) = ¢(Sz,,t) for all pairs Z;,Z, € {0,1,00}¢). The above theorem says
that (X (D) is filtered quasi-isomorphic to a direct summand of X (®) under the splitting
induced by S C (Y,T'). Furthermore, ¢(S,t) identifies the Alexander grading of this direct
summand.
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4.2. Surface multi-diagrams. To prove Theorem [£5] we will need special multi-diagrams
compatible with a collection of decomposing surfaces.

Definition 4.6. Let
{(Y5,T)li =1,....n}
be a finite collection of balanced, sutured manifolds and S; C Y; a decomposing surface
for each j € {1,...,n}, in the sense of [§ Defn. 2.4]. A balanced sutured multi-diagram
adapted to the collection {S; C Y;|j =1,...,n} is a tuple (£, e, B4, ..., B, P) such that
(1) (¥, ,B;) is a balanced sutured Heegaard diagram defining the sutured manifold Y
in the sense of [7, Defn. 2.8],
(2) P C X is a closed subsurface of ¥ with P a graph satisfying:
e 0P = AUB such that BNa=0and ANB; =0 forall j=1,...,n, and
e AN B = PNOoX is the set of vertices of the graph.
(3) (¥, a, B8, P) is adapted to S; in the sense of [8, Defn. 4.3]. In particular, for each

j=1,...,n, the surface obtained by smoothing the corners of

1 1 1
(reap) (o] o (e og] o
is equivalent to S; (in the sense of [8 Defn. 4.1]).

As in [8, Defn. 4.3], we call a tuple (X, e, By, ...,03,, P) satisfying the above properties a
surface multi-diagram.

Definition 4.7. Given a sutured multi-diagram (X, e, B4,...,08,,, P) adapted to a col-
lection, {S; C Y;}, of decomposing surfaces, we can uniquely associate to it a tuple
(¥, a,8,...,8,, Pa, Pg,p), where (X', a’, B, ..., 3,) is a balanced sutured multi-diagram
such that for each j = 1,...,n, the tuple (X', o/, ﬁ;-, Py, Pp,p) represents the balanced su-
tured manifold obtained by decomposing (Y;,T';) along S; and satisfies the properties listed
in [8, Defn. 5.1].
In particular, Py, Pg C Y/ are closed subsurfaces, p : ¥’ — X is smooth, a local diffeo-

morphism on its interior, and its restrictions,

e p: (¥~ (PaUPs) — (S P),

e p: Py — P, and

e p:Pp— P
are diffeomorphisms.

Suppose that L = Ly I ... II L, is a framed link in a sutured manifold (Y,T') and
(S,05) C (Y,0Y) is a decomposing surface satisfying conditions (1) and (2) in the statement
of Theorem As in Section B for each Z € {0,1,00}¢ we let Y(Z) denote the sutured
manifold obtained by doing Z—surgery on L and let S7 denote the surface in Y (Z) compatible
to S C Y in the sense of Definition

Since surgery on L C Y affects neither 9SNT nor 9SNR(T), Sz is a decomposing surface
satisfying conditions (1) and (2) in the statement of Theorem FELH for each Z C {0, 1, 00}*.

A decomposing surface in a sutured manifold, (Y,T'), determines a distinguished set of
elements in Spin®(Y,T") as follows. This set will play a large role in the proof of Theorem

Definition 4.8. [8 Defn. 1.1] A Spin® structure s € Spin®(Y,T") is said to be outer with
respect to a decomposing surface (S,05) C (Y,0Y) if there exists a unit vector field on Y
representing s which is nowhere equal to the negative unit normal vector field on S. As in
[8], we denote the set of S—outer Spin® structures on (Y,T') by Og.
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Notation 4.9. Given a compatible collection, {S7 C Y (Z)}, of properly-imbedded, oriented
surfaces as in Definition 310, we denote by Oy, the subset

[10s. c [] Spin“(v (1))
A A

corresponding to the union over all Sz—outer Spin¢ structures.

Given a link L C (Y,T') and a decomposing surface S C Y satisfying conditions (1) and
(2) of the statement of Theorem [ the following two results explain how to construct a full
sutured multi-diagram for L that is also a surface multi-diagram adapted to the collection
{S7 CY(T)|Z € {0,1,00}%}.

Lemma 4.10. Let L be an oriented, framed link in a strongly-balanced sutured manifold
(Y,T) and let S C (Y,T') a decomposing surface satisfying conditions (1) and (2) in the
statement of Theorem [J-5} For each T € {0,1,00}", let (Y(Z)',T') the sutured manifold
obtained by decomposing (Y (Z),T') along Sz.

Then S is isotopic, in the complement of L, to a decomposing surface S’ such that each
component of 3’ intersects both Ry (I') and R_(T). Furthermore, for each T € {0,1, 0},
decomposing Y (Z) along S7 also gives (Y (Z)',I"), and O, = Oy .

Proof. The isotopy S — S’ described in the proof of [8, Lem. 4.5] takes place in a neigh-
borhood of 9Y, hence avoids L C Int(Y"). The rest of the result then follows from [8, Lem.
4.5]. O

Proposition 4.11. Let L be an oriented, framed link in a strongly-balanced sutured mani-
fold, and let S be a decomposing surface satisfying:

(1) SNL=10, and

(2) each component of JS intersects both Ry (T") and R_(T).

Then there exists an admissible full sutured multi-diagram for L that is also a surface
multi-diagram adapted to the collection {Sz C Y(I)|Z € {0,1,00}'}.

See [4 Sec. 3.2] for the definition of an admissible sutured multi-diagram.

Proof. Since each component of 9S intersects both Ry (T'), it follows that the boundary
of each component of S intersects both Ry (T") and there are no closed components of 9.5
contained entirely in I'.

We begin as Juhdsz does in the proof of [8, Prop. 4.4], by defining a function

f:0YUS —[-1,4]

with f~1 (%) NS a polygon, P C S. Since SN L = ), L is contained in the complement,
Y — N(S). Furthermore, since the boundary of each component of S intersects R4 (T"), each
component of Y — N(S) intersects R (T).

We now form a bouquet on L as in [4][Sec. 4] by choosing a collection of arcs ay, ..., as
from the link components Li,...Ly to Ry(T'). Let L' := N(LUa; U...Uay) as in the
discussion preceding Definition B.I0] and extend the function, f, to a Morse function, fq,
onY — L'. We deform this Morse function to a self-indexing one with no index 0 or index
3 critical points. In the process, we may need to move S to an isotopic surface, S’.

Let ¥ = f~1 (2) and let & = (o, ..., q) (vesp., Bg = (Be+1,---,Ba)) be the intersection
of gradient flow lines from the index 1 critical points (resp., to the index 2 critical points).
Then (X, a, B) is a (non-balanced) sutured Heegaard diagram for Y — L’ compatible with

S’. Each T € {0, 1, 00}’ specifies an extension of 3, to 87 as in [4, Sec. 4]. (E, a, ﬁ{o,l,oo}@)
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is then a full sutured multi-diagram for L that is also a surface multi-diagram adapted to
the collection, Sz C Y(Z). In particular, P C ¥ is a closed subsurface with 9P a graph
satisfying:

e OP = AUB such that BNa =0 and ANB; = for all Z € {0,1, 00}, and

e AN B = PNOoX is the set of vertices of the graph.

To make (E, a,ﬁ{o)lm}z) admissible, wind the curves in By ¢ in the complement

of A C P, asin [ Prop. 4.8], employing the inductive argument from the proof of [4, Lem.
3.12]. O

Note that Proposition [£I1] implies the existence of an admissible surface multi-diagram
for L adapted to {S7 C Y(Z)|Z € {Z,,,...,Z;, }} for any subset, {Z;,,...,Z;, } € {0,1,00}".

4.3. Polygon counts in cylindrical sutured Floer homology. In [14], Lipshitz provides
a reformulation of the Heegaard Floer homology of a closed 3-manifold, Y, using counts of
holomorphic curves in the symplectic manifold ¥ x [0, 1] x R, where ¥ is a Heegaard surface
for Y. Sutured Floer homology admits an analogous reformulation, as briefly described in [4]
Sec. 2.1]. In this section, we discuss the cylindrical analogue of holomorphic polygon counts
in sutured multi-diagrams. This construction is implicit in [I4] Sec. 10], which describes
holomorphic triangle and 4-gon counts.

We will also make use of some of the theory describing moduli space degenerations ap-
pearing in [I6]. In order to place ourselves in the correct context to directly apply relevant
results, we will sometimes find it convenient to fill in each boundary component of ¥ with
a disk containing a basepoint, obtaining a closed Heegaard surface, . This poses no ex-
tra complications, since counts of holomorphic polygons whose domains miss the basepoint
regions correspond naturally to holomorphic polygon counts in the original sutured setting.

Definition 4.12. By a holomorphic n—gon (n > 2 € Z) we mean any region in C with
smooth boundary and n cylindrical ends, as pictured in Figure B When n < 3, all such ob-
jects are conformally equivalentﬂ and when n > 3, the moduli space of (marking-preserving
conformal equivalence classes of) such objects is parameterized by a space homeomorphic to
R™3[ We will use P,, to denote an n—gon, considered as a topological object, and (P, jp)
to denote an n—gon equipped with a specific complex structure, jp € R" 3.

As in [I4, Fig. 7], each P, is equipped with a clockwise labeling of its boundary com-
ponents: eg,...,e,—1, and an associated labeling of its cylindrical ends: vg 1,...,v,,0. We
denote by Mp_ the moduli space of marked conformal equivalence classes of n—gons.

Now let (X, ng,...,n,) be a sutured multi-diagram, where, for each i = 0,...,n,

n; = ()1 L... 1L (n)a

is a disjoint union of d circles (d > 0 a fixed integer) imbedded in ¥, such that the set,
{{mi)1],---+[(m:)a]}, is linearly-independent in H; (X;Z).
We form the 4-manifold
an,...,nn =X X Pn+17

6Any such region is conformally equivalent to the unit disk in C with n boundary punctures.

"When n = 2, the space of conformal equivalences is homeomorphic to R.

8This parameterization is not natural, but can be accomplished by, for example, using a conformal
equivalence to identify three of the boundary punctures with three specified, fixed points on the unit circle
and parameterizing by arclength from the variable punctures to a fixed puncture.
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V2,3
V1,2

V3.4

vo,1 V40

FIGURE 5. A holomorphic 5-gon C C (left) with edges labeled e, ..., eq4
and cylindrical ends labeled v 1, . . ., v4,0, conformally equivalent to the unit
disk C C with 5 boundary punctures (right).

equipped with the obvious projection maps, ms : W,
let

n, — 2 and mp : W — P4, and

.....

W771177H+1 =X x Vi i+1

denote the cylindrical ends of Wy, .., . We now endow W, ., with a split symplectic
form, w = wy + wp and choose generic almost complex structures on the cylindrical ends

satisfying [I4] (J1)-(J5)] along with a family,

{Ja |a € M[P’n+1}7
of almost complex structures on W, ., satistying [14] (J°1)-(J’4)] when n + 1 = 3 and
the obvious analogues of conditions (1)-(7) of [I4, Sec. 10.6.2] when n+1 > 4[ We will say

that a family of almost complex structures as above satisfies Lipshitz’s conditions.
An intersection point, x € , NN, , is now defined to be any d-tuple of distinct points,

Xx=(T1,...,Td) €EM; N Nyiy1s
such that exactly one x; lies on each circle of 1, and exactly one z; lies on each circle of
MNiv1-
For each i = 0,...,n, let Cp denote the disjoint union of cylinders, n; x e; C Wy, ;..
Now, given

(X0, Xn) € (Mg NMy) X ... X (M, N1p),

let 72 (xg, ..., X,) denote the set of homology classes of continuous maps
f : (Ra aR) - (WTIO,---,WM U C”L)
i=0

9Conditions (5) and (6) are made recursively with reference to all possible degenerations of an n—gon as
in [I7, Sec. 8.1.5], [4 Fig. 3].
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such that

e R is a (non-compact) surface with boundary and cylindrical ends, and
e the cylindrical ends of R are asymptotic to x; X v; ;41 in a one-to-one fashion. In
particular, there is a bijective correspondence between cylindrical ends of R and
cylinders, (Il)J X Ui7i+1.
If A € ma(x0,...,X,) is a homology class as above (see [14, Sec. 10]), then it corresponds
naturally to a homotopy class ¢4 € m2(Xo,...,X,) (in the sense of [I7, Sec. 8.1.2]).
Furthermore, let (W, ..) s, represent the 4-manifold, Wy, . ., , equipped with the
complex structure, J,. Then if we denote by /\/lj‘a the moduli space of embedded holomor-
phic curves

f:(R,OR) — ((W,,O,___mn)(]a 'y Cm) :
=0
and by
M Y omd

aEM[PnJrl

the union over the moduli spaces associated to the marked equivalence classes, then there is
a “tautological correspondence’l ([21], [14] Sec. 13]) between M4 and M(¢4), the moduli
space of holomorphic n + 1-gons in Sym?(X) representing ¢4 (with respect to suitable
almost complex structures).

4.4. Proof of surface decomposition theorem for sutured multi-diagrams. With
the relevant background material in place, we turn to the proof of Theorem The
following technical lemma is crucial to allowing an identification of the appropriate moduli
spaces appearing in the definition of the boundary map for the chain complexes in Theorem
The idea for the proof was suggested to us by Robert Lipshitz.

Lemma 4.13. Let (3,719,771, -.,M,, P) be an admissible surface multi-diagram (Definition
@) Recall that P C X is an imbedded subsurface with OP = AU B, such that
n,NB=0 ifi=0, and
n,NA=0 ifi#0.
Let x; € m; N,y for each i € Zny1, and suppose that Xo, %, are outer in the sense of
[8, Defn. 5.3].
Fiz A € ma(X0,X1,...,Xy) such that p(pa) = 0 (resp., u(pa) = 1) if n > 1 (resp., if
n= 1)
Then there exists a family, {J, |a € Mp, .}, of almost complex structures on Wy, . .
satisfying Lipshitz’s conditions such that for every (R,OR) € M4,

Rp:=RN7s' (P)
splits as a disjoint union
Rp=RasURp,
where ¢4 = w2 (Ra) and ¢p := 1w (Rp) satisfy
0ps C (A U 170)
065 C  (BUizon,).

Owith respect to suitable almost complex structures

1n Definition we used the notations o instead of g and 3; instead of m;, for 1 <7 < n.

12\We make this index restriction because the proof of Theorem only requires an identification of
0-dimensional moduli spaces of polygons. Furthermore, Lipshitz imposes transversality requirements on
families of almost complex structures [I4] Sec. 10.6.2, (1)—(7)] only for curves of index < 1.
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We summarize Lemma[Z T3] as follows: There exists a family of almost complex structures
_____ Tn w1th respect to which the intersection of a fixed Maslov index 0 holomorphic
curve with Tsy (P) splits as the disjoint union of a curve having boundary of type A and a
curve having boundary of type B.

Proof. Let as,...,a, (resp., by,...,b) be the edges in A C OP (resp., B C OP). Form %
by ﬁlhng in the boundary components of X Wlth disks containing basepomts. Denote by
P C S the i image of P, and by Z1,...,Z,, C S the i images of the boundary components of
P, under the inclusion map.

Given an almost complex structure, j, on i, let (Z) denote the length of a closed curve,
7, with respect to a fixed complete hyperbolic metric associated to j (c.f.[6, Chp. IV]).

Choose a generic sequence, {js};cy; 5
which ((Zy),...,0(Zy) — 0 as i — oo and a corresponding sequence, {Jyla € Mp, ., }
of families of almost complex structures on Wy, .. .. satisfying Lipshitz’s conditions.

Suppose MA #£ () for infinitely many choices of (jx);, i € N. Then there exists a
subsequence of imbedded holomorphic surfaces,

(le ’ 8R1k> - Wno »»»»» Mn

of almost complex structures on ¥ with respect to

€N

such that

e each R;, represents the homology class A,

e the associated domain, ¢(A) = mx(R;, ), of each R;, misses the basepoints, and

e the sequence converges to a matched pair of szmple holomorphzc combs Rp and
Rs.—p, where Rp (resp., Rx_p) projects to P (resp., to > P) under the map 7.
We say that Rp (resp., Ry p) is the holomorphic comb over p (resp., over S— P)

Here we adopt the terminology from [I6] Sec. 5, 9]. By a straightforward analogue of
the arguments found in [I6, Prop. 5.20] and [I5l Prop. 4.2.1], matched pairs of simple
holomorphic combs form the top stratum of the compactification of M.

Recall that a simple holomorphic comb [I6, Defn. 5.15] is a pair, (u,v), of holomorphic
imbeddings of surfaces with decorated cylindrical ends, where v maps to X x P, 41, v maps to
(Z,1...11Z,,) xRxP,, 41, and there is a 1 to 1 correspondence between the Reeb decorations
of u at east oo and the Reeb chord decorations of v at west co. See [I6] Sec. 5.2, Conditions
(1)-(5)] for the appropriate conditions on the curve v in (Z; IT... 11 Z,;,) x R x P41 in the
case n = 1. When n > 1, we replace condition (3) with the requirement that dv C OP,41.
This condition, combined with the maximum principle, will force P, 1 to be equipped with
a degenerate holomorphic structure, and, under the map 7p, v will map to a single point in
(the degeneration of) P, 1.

More explicitly, since mp : R;, — Pp41 is holomorphic for each i, ([I4, Condition J’4]),
the projections, 7p, of the 1nter10rs of the limiting curves, Rp and Rx_p, must also be
holomorphic. Hence, any cylindrical end of Rp (resp., Rs—p) must project to a cylindrical
end of P, 11. In other words, P, 1 is equipped with a (degenerate) holomorphic structure
such that the images of the cylindrical ends of Rp (resp., Ryx—p) project to cylindrical ends
of (the degeneration of) P,41. Each cylindrical end can be topologically identified with
some open half-neighborhood of a smoothly-imbedded arc in P,,;;. We will refer to these
arcs as vanishing arcs and label them ~1,...,7,. See Figure [G

Each connected component of P,, 1 — U;; is then conformally equivalent to some holo-
morphic k—gon (1 < k < n 4+ 1) which, upon fixing a parameterization (see Definition

13See the discussion at the beginning of Section I3]
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FIGURE 6. A polygon, P, (left), pictured as a unit disk with boundary
punctures, along with the oriented vanishing arcs, {7;}, induced by the
degeneration of the holomorphic structure on ¥ along 71, ..., Z,,. The half-
neighborhoods, Ny (;), of the smoothly imbedded arcs, +;, are equipped
with cylindrical holomorphic structures, as indicated in the figure on the
right. (Note that we may need to rescale to deal with flat components as
in, e.g., [I4, Proof of Lemma 8.2].)

[4T12), can be conformally identified with the standard unit disk with marked points on the
boundary Each holomorphic curve,

v C(Zy .. M Zp) X R X Ppq,

is mapped, under 7p, to the image of one of the vanishing arcs under this identification.

A pair, (u1,v1) and (ug,v2) of holomorphic combs is matched if the asymptotics of vq
at east oo match the (orientation-reverse) of the asymptotics of vy at east oo [16, Sec. 9].
More precisely, let P11 be equipped with a (possibly degenerate) holomorphic structure as
above, with vanishing arcs v1,...,7,. Choose orientations on the 7; and label by N, (v;)
(resp., N_(7;)) the open half-neighborhood of v; oriented compatibly (resp., incompatibly)
with %- Then we say that (u1,v1) and (u2,vs) are a matched pair of holomorphic combs

14Neighborhoods of the marked points correspond to cylindrical ends under this identification.
15Note that an orientation on the circles, Z;, will induce an orientation on the vanishing arcs, ~;.
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if, under the map, 7p, the interior of u; maps holomorphically to the interior of

Pri1 —Uivi
in such a way that

e there is a 1 to 1 (cyclic-orientation-reversing on each boundary component) identi-
fication of the limiting Reeb chords of v; at east oo with the limiting Reeb chords
of vy at east oo, and

e if a cylindrical end of uy projects to N4 (7;) under the map 7p, and it is identified
(under the sequence of 1 to 1 correspondences described above and in the defini-
tion of a holomorphic comb) with a cylindrical end of ug, then the corresponding
cylindrical end of us maps to N_(7;).

e If n =1 (hence P,11 ~ [0,1] x R), the evaluation maps ev : u; — R (as described
in [I6] Sec. 5.1]) agree under the correspondence.

Remark 4.14. Since our chosen sequence, {js},y, of almost complex structures on X is
generic, and we are restricting our attention to index 0 (resp., index 1) domains when n > 1
(resp, n = 1), we may assume, for any comb, (u,v), we encounter, that the part, v, mapping
into (Z11I1... 11 Z,;,) x R X P,,41 is trivial, in the sense of the discussion following [16, Defn.
5.14].

Bearing this in mind, whenever we refer to a holomorphic comb, we will henceforth
mean a holomorphic imbedding, u, into ¥ x P, 1 of a (possibly disconnected) surface with
decorated cylindrical ends limiting on Reeb chords in (Z; II... 11 Z,;,) x P, 41.

Since we are interested in the topology of ¢p, let us focus on the holomorphic comb over

P. More specifically, for each iy, let (Rp);, represent R;, N7y 1(ﬁ), and let Rp represent

ik
the holomorphic comb which projects, via ms;, to P in the limit.
Then Rp has cylindrical ends of two types:

e those asymptotic to x; X v; ;41 (these are the analogues of Reeb chords at +oo, in
the language of [16] Sec. 5]), and
e those asymptotic to p, where p is a Reeb chord in (Z1I1...11Z,,) X Pyiq.

We now make two key observations:

(1) Each cylindrical end of R p limits on a Reeb chord whose boundary points are either
both of type A or both of type B. Recall that a type A (resp., type B) boundary
is one that lies on curves in n, (resp., m, for ¢ # 0). This follows because the
cylindrical ends of Rp are asymptotic to Reeb chords in either x; X v; ;41 or in
(Z,1...11Z,,) x Ppyq. All cylindrical ends of the first type have boundaries of type
B only since, by assumption, xg and x,,—the only intersection points corresponding
to Reeb chords with boundaries of both type A and B-lie in outer Spin® structures,
hence do not appear among the cylindrical ends of Rp. By the positioning of the
basepoints in the regions adjacent to the circles, Z; (see Figure[), each cylindrical
end of the second type will have boundary points which are either both of type A
or both of type B.

(2) Each of

7 R, — Ppya
along with the limit

R — Prig
is a d-fold branched covering map [14] [16].
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basepoints

)

type B
curves

FIGURE 7. A subsurface P C & associated to a surface multi-diagram.
The positioning of the basepoints in the regions adjacent to the boundary,
(Z, ... 11 Z,), of P forces the east co cylindrical ends of holomorphic
combs to have boundary of either type A or type B but not both.

Orient the circles, Z1, ..., Z,, as the boundary of ﬁ, and let v; be the associated oriented
vanishing arcs of P,,4+1 with respect to the sequence {(js) | ¢ € N} (see Footnote [[H). Then
each east co cylindrical end of R p is mapped to a particular element of { Ny (7;)} under the
projection, mp.

Now let {N(v;)} denote the set of connected components of the d-fold branched covers
in R of {N4(v;)}. Similarly, let {C;} denote the set of connected components of

Py — N (),

and let {6’1} denote the connected components of their d-fold branched covers in R. By
observation 1, above, if C; C Rp, then C; has curves of only one type (either type A or
type B) on its boundary. Hence, the (necessarily connected) projection of C; to ¥ has the
same property.
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Furthermore, each N (7i) has boundary curves of only one type. Let
(GP)A = U {51 CRp | 651 is type A}
(Ve = U{N+00) | 0(N: () is type A}

Analogously define (Cp)g and (N4 (7))5.

Then ((GP)A | (N+(7))A) n ((éP)B U (1\7+(7))B) _

R ((00),0(%0) ).

7 = ()0 (%m),).

we therefore can realize Rp as a disjoint union:

=

Taking

Rp=RallRp,
such that the projection, 7 (Rp) = ¢p, can be decomposed as

¢p = ¢a + 9B,

where ¢4 (resp., ¢p) has boundary of type A (resp., type B), as desired.
O

Lemma .13 implies that we can choose a suitable almost complex structure with respect
to which a holomorphic polygon represented by any fized domain, A (representing a topo-
logical polygon between generators in outer spin® structures), must split as claimed. If the
surface multi-diagram is admissible, we can find a suitable almost complex structure with
respect to which holomorphic polygons for all such domains split as claimed:

Corollary 4.15. Let (¥,mg,...,n,,P) be an admissible surface multi-diagram. Then there
exists some generic almost complex structure, js, on ¥ such that for every choice of the
following data:

e a non-empty ordered subset,
{io = O;ilv"'aik} c {O,,TL}
e an associated family, {Jala € Mp, .}, of almost complex structures on W,
satisfying Lipshitz’s conditions,
o a (k+1)~tuple (xo,...,xx) withx; € Ty, NT
e a domain A € ma(xg,...,Xx),

each surface (R,0R) € MA satisfies the property that

05705 5005 iy

Mijis and Xg, X outer, and
J

Rp :=RNmy" (P)
splits as a disjoint union
Rp=RalRp,

where ¢4 = m(Ra) (resp., ¢p := m(Rp)) has boundary of type A only (resp., type B
only).
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Proof. Since (X,1n,,...,n,) is admissible, there are a finite number of domains that can
represent holomorphic (k + 1)-gons, for any 1 < k < n, since there are a finite number of
domains with non-negative coeflicients. Of these domains, let ¢1, ..., ¢,, be those for which
¢p = ¢;N P does not split as ¢4 + ¢p. Now choose a sequence {js},.y, of almost complex
structures on ¥ as in the proof of Lemma [£.13] along with a choice of family,

{Ja|a € MPk+1}7

of almost complex structures on Wy, . iy for each 1 < k < n. If, for each (jx);,
there exists some ¢, with [ € {1,...,m}, such that M(¢;) # 0, then, by the pigeonhole
principle, there exists some fixed lp € {1,...,m} and some subsequence {(jx)i.}.cy such
that M(¢y,) # 0 for all (jx)i,, contradicting Lemma .13

U

Proposition 4.16. Let (E,a,ﬁ{o)l}z,P) be a (0,1) sutured multi-diagram for L C Y
adapted to a collection,
{Sz CY(@D)T € {0,1}°},

of decomposing surfaces St for Y(I), and let L' be the image of L in (Y',T7), the sutured
manifold obtained by decomposing along S.

Let (E',a’,ﬁf[071}g,PA,PB,p) be the tuple obtained from this data as in Definition [J.].
Then (X', a',ﬁf[o)l}z) is a (0,1) sutured multi-diagram for L' C'Y".

Furthermore,

X'= P (X;s),
s€01,

where “2” denotes a filtered quasi-isomorphism.

In the above, X (resp., X') is the filtered chain complex obtained from the (0, 1) sutured
multi-diagram, (E, «a, ,8{0)1}() (resp., (E', o, ﬁi{OJ}e)), as in the discussion following Def-
inition B8 and @SGOHI (X;s) refers to the complex whose generators lie in Orr,, the outer
spin® structures, with restricted differential.

Proof. (X', a/,3%) is a sutured Heegaard diagram for Y’(Z) for each Z, by [, Prop. 5.2,
since (¥, a, Bz, P) is adapted to Sz C Y(Z) for each Z € {0,1}*. Hence,

(2/7 a/7 /8/{071}5)
is a (0,1) sutured multi-diagram for L' C Y.

In order to prove that
X'= P (X;9),
s€01,
we first note that, since (3, at, 87, P) is adapted to Sz C Y (Z) for each Z, and the generators

x € Ty NTs, lying in Og, are precisely those satisfying x N P = @, by [8, Lem. 5.4].
Furthermore, there is a set-wise bijection

{xe€TaNTs[xNP =0} < To NTg,

for each Z, hence a bijection between the generators of (P, ., (X;s) and of X',
z

To prove that the chain complexes are filtered quasi-isomorphic, it will suffice to show
that the differentials on the complexes X’ and @, o, (X;s) agree for a suitable generic
z

almost complex structure on ¥ (inducing a generic almost complex structure on ).
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To this end, let
(Ziy, .-, Tiy,) € {0, 1}

be any ordered subset as in Section Bl We will construct a one-to-one correspondence
between embedded holomorphic surfaces representing holomorphic k-gons in

Wa»ﬁflr")ﬁfk =N X Py
and

e !
Wal76ll-l7...)ﬁ%k =2 X Pk—i—l-

First, note that Corollary[d.T5ensures the existence of a generic almost complex structure,
jx, on X with respect to which the intersection, ¢p := ¢N P, of any given candidate domain,
¢, for any holomorphic k—gon associated to any ordered subset

(Zilv ce 71%) C {Oa 1}2
as in Section [3.I] can be decomposed as

op = ¢a+ ¢B,

where ¢4 (resp., ¢p) has boundary curves of type A only (resp., of type B only).
Fix such an almost complex structure, jx, on X, and choose a family, {J,|la € Mp,_, },
on X x Piyq satisfying Lipshitz’s conditions for each k£ =1,...,n. Now let

(R,OR) — % x Py

be a holomorphic embedding representing a holomorphic (k+1)-gon, and let ¢ = m(R) C ¥
be its associated domain.

By Lemma [£T3] ¢p splits as ¢4 + ¢, so we can lift ¢ uniquely to a domain, ¢ C ¥/,
satisfying p(¢’) = ¢ under the covering projection, p : ¥’ — 3. We construct ¢’ by lifting
¢a to ¢/y C P4 and ¢'5; C Pp as in Figure § and taking

¢ =p " (¢n-p) + & + Ip.
Now, pull back a family of almost complex structures, {J!}, on ¥’ x P,, along the map
(px1): (% xPri1) = (B X Pryq).

Note that {J!} satisfies Lipshitz’s conditions, since {.J,} does. We then construct an imbed-
ded surface
(R/,OR") — ' x Py
by choosing the unique lift,
(R,OR') := (p~' x I)(R,0R),

satisfying the property that w5 (R’) = ¢'. By construction, (R',0R’) — ¥’ xPj1 represents
a holomorphic (k + 1)-gon with domain, ¢'.

Conversely, suppose that (R’,JR’) is an imbedded holomorphic surface with respect to
an almost complex structure in the family, {J/} constructed above. Then

(R,OR) := (p x I)(R',OR’)

is holomorphic with respect to the the corresponding almost complex structure in the family,
{Ja}.

To see that the holomorphic map ¢ : R — ¥ x Py is also an imbedding, suppose, aiming
for a contradiction, that it is not. Then there exist points a # b € R such that i(a) = i(b).
In particular, i(a) = i(b) project to the same point of ¥ under the map 7s; and to the same
point of Py under the map 7p.
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FIGURE 8. Lifting a domain, ¢ C X, satisfying ¢p = ¢4 + ¢p to a domain,
¢ C X, by lifting ¢s_p to ¢§,_p and ¢4 C P (resp., ¢p C P) to ¢/y C Pa
(resp., ¢z C Pg).

To see that this is impossible, note that since R’ is imbedded in ¥ X P11, i(a) and
i(b) must be the images under the map p x I of points a’ € 7" (¢)y) C Pa x Priq and
v € 77 (¢ly) C Pp x Pyy1, else the double point of R will lift to a double point of R’.

Now let Rp (resp., Rx—p) represent the preimage of P (resp., ¥ — P) under the map 75
and (Pg41)p (resp., (Prs1)n—p) its image under mp. Then

me(i(a)) = [mp o (p x )] (a)
must necessarily lie in a different connected component of P11 — (Pry1)n—p than
mp(i(b)) = [mp o (p x D] (V),

since the boundary of its connected component has curves of type A only, and the boundary
of the connected component containing 7p(i(b)) has curves of type B only.
In particular, 7p(i(a)) # mp(i(b)), and we conclude that i : R — X xPj4q is an imbedding,
as desired.
O

We are now ready to prove Theorem
Proof of Theorem[{.5l By Proposition 11l there exists a (0,1) sutured multi-diagram,
(Za «, 5{071}5 ) P)
for L that is also a surface multi-diagram compatible with the collection
{S7 CY(T)|T € {0,1}}.

By Proposition .10, the multi-diagram, (Z', o, ,6{{0,1}[), obtained as in Definition [£.7]is
a (0,1)-sutured multi-diagram compatible with L’. Furthermore, if X (-1 (resp., (X(O’l))')
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is the (0, 1)-filtered chain complex corresponding to the sutured multi-diagram (E, o, {071}2)
(resp., (2/7 o, 5%071}2)), then Proposition [L.10] tells us that

(X(O,l))l I~ @ (X:s).

s€01,
But [8, Lem. 3.10] tells us that, for each Z € {0,1}*, s € O, iff
(c1(s, 1), [Sz]) = (57, 1).

Hence,

(X@vl))' ~ P (xOD;s0(8)) = x*P.
{s1(9) [ k=5c(5,0)}
Furthermore (see [20, Sec. 7]) any other choice of a (0,1) sutured multi-diagram for L
(resp., L') yields a filtered chain complex that is filtered quasi-isomorphic to X (0,1) (resp.,
to (X(O’l))/). See Remark [3.9)). O

5. NATURALITY OF THE SPECTRAL SEQUENCE

In this section, we discuss consequences of Theorem LAl We shall see that various natural
geometric operations on balanced tangles can be understood in terms of surface decompo-
sitions on their sutured double branched covers, which will, in particular, imply that the
algebra of the spectral sequence from Khovanov homology to sutured Floer homology, de-
scribed in [4] and [5], behaves “as expected” with respect to the geometric operations.

In what follows, recall that any admissible balanced tangle 7' C D x I (resp., link L. C
A x I) can be represented by an enhanced projection (diagram) P(T') (resp., P(L)). See [4l,
Sec. 5] and [5] Sec. 2].

Theorem 5.1. (Trivial inclusion) Let T C D x I be an n—balanced tangle in the product
sutured manifold D x I, and let T C D x I be the (n + 1)-balanced tangle obtained from
T by adjoining a trivial strand separated from T by a properly-imbedded I—invariant disk,
F, as in Figure[l Let F(T),F(T’) be the associated filtered complexes as in Definition [2.7.
Then

F(T)=F(T).

Proof. Let F denote the preimage of F in 3(D x I,T"), which is a (2-component) vertical
decomposing surface satisfying conditions (1) and (2) of the statement of Theorem
Then, as in the proof of Proposition .11l we can choose a Morse function on 3(D x I,T)
whose gradient is everywhere tangent to F. In particular, (see, e.g., the constructions in [7]
Sec. 4], [IT, Sec. 2.6]) any Spin® structure on Y (Z) for any Z € {0,1}* can be represented
by a (homology class of ) unit vector field that is everywhere tangent to F. This implies (see
Definition [L8) that every generator in F(7”) is outer with respect to F.

Furthermore, decomposing along F produces the sutured manifold which is the disjoint
union of X(D x I,T) and a product sutured manifold. Theorem [£F] then implies

F(T) = F(T"),

as desired.
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Theorem 5.2. (Stacking) Let T; C (D x I);, fori = 1,2, be two n—balanced tangles, and
let Ty + Ty C D x I be any n-balanced tangle obtained by stacking a projection, P(T1), of
Ty on top of a projection, P(Ts), of Ta as in Figure[d Then

F(Th+Te) =F(Th) @ F(Ts).

Proof. Let F denote the disk along which the two product sutured manifolds (D x I'); and
(D x I)y are glued and F its preimage in (D x I,Ty +Ts). Applying finger moves as in
the proof of [8, Lem. 4.5], we move F to an equivalent surface satisfying conditions (1) and
(2) of the statement of Theorem A5l

As in the proof of Proposition LTI} we choose a Morse function on (D x I,T + T3)
whose restriction to F points in either the positive normal direction to F (along the quasi-
polygon P C F ) or is tangent to F (along the vertical regions, F— P). In particular, as in
the proof of Theorem [51] any Spin® structure on Y (Z) can be represented by a unit vector
field agreeing with the above vector field on ﬁ, hence every generator of F (T} 4 T) is outer

with respect to F.
By Theorem 5], we then obtain

F(T +Te) = F(Th) @ F(Tz),
as desired. O

Theorem 5.3. (Offset stacking) Let T; be an n;—balanced tangle in (D x I); for i = 1,2.
Fork € Z, let Th +, T be any n—balanced tangle obtained by k—offset stacking any projection
P(Ty) of Ty atop any projection, P(Ts), of Ta, as in Figure[d. More precisely, one forms
Ty +1 T from projections, P(Ty) and P(T), by
o stacking P(Th) atop P(T%) so that the leftmost strand of P(Ts) is |k| strands to the
right (resp., to the left) of the left-most strand of P(T1) when k >0 (resp., k <0),
o adjoining trivial strands to both P(T1) and P(Tz) to ensure that both are n—balanced,
for minimal n.
Then
F(Ty 41 To) = F(T1) @ F(T»).

Remark 5.4. If T; is an n;—balanced tangle for i = 1,2, then T} +j 7% is an n—balanced
tangle, with
[ max(ni,n2+k) whenk>0
= max(ny + |k[,n2) when k < 0.
With notation as above, note that m = (n; +n2) —n is the number of overlapping strands

(of the nontrivial parts) of T} +j, T>. We will often refer to m = (n1 4+ ng2) — n as the overlap
of Tl, T2 in T1 “+ TQ.

Proof of Theorem [5:3. This is an immediate corollary of Theorems [B.1] and O

There is also a natural geometric relationship between links in A x I and balanced tangles
in D x I, along with a corresponding naturality result for the associated spectral sequences.
To understand this relationship, recall (see [19], [4]) that A x I can be identified as the
sutured complement of a standard unknot, B C S3, via the identification:

AxT = {(r,0,2)|re€[1,2],0 €[0,27),z €[0,1]} CR*Uoo = S?,
B = {(r6,2)|r=0lUccCS®
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F1GURE 9. Offset stacking two balanced tangles 77 and 75 to obtain a new
balanced tangle, T} 4+ T5. In the above, P(T}) is stacked atop P(T%) with
offset k = —1 and overlap m = 1.

Definition 5.5. Let a € [0,27). Then
Yo :={(r,0) € A|0 = a}
denotes the properly-imbedded arc with argument a, oriented outward, and
Dy =7, x 1
denotes the corresponding I—-invariant disk, endowed with the product orientation.

Definition 5.6. (Cutting) Let L € A x I be a link in the product sutured manifold
(A x I,0A x I), P(L) a projection of I, and D, an [-invariant disk. Then we denote
by ¥,(P(LL)) the balanced tangle projection obtained by decomposing A x I along D,.

Definition 5.7. (Gluing) Let T C D x I be a balanced tangle in the product sutured
manifold (D x I,0D x I) and P(T) a projection of T. Then we denote by ¥, *(P(T))
the annular link projection obtained by identifying D4 and D_ at § = a, as in Figure
U L(P(T)) is the braid closure of P(T), considered as a link in A x I.

a

The following result was proved in [4]. We recall it here, since it provides another example
of the naturality of the spectral sequence relating Khovanov homology and Heegaard Floer
homology.

Theorem 5.8. (Cutting) [5, Thm. 3.1) Let L € A x I be a link, and let T C D x I be
any balanced tangle admitting a projection, P(T), such that W, (P(T)) is a projection of
L. Then F(T) is a direct summand of F(L). If there exists a’ € [0,27) such that

|Dy ML| < |D, ML,

then F(T) =0, i.e., the trivial direct summand of F(L).

Remark 5.9. Note that Theorem 5.8l is proved by applying Theorem 3] to
D, = £(Dy, Da L),
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FIGURE 10. (A projection of) an annular link, along with (a projection of)
a balanced tangle obtained by cutting A x I along a vertical disk, D, =
Yo X I, for some a € [0, 27).
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a (Zy—equivariant) Seifert surface for B C (A x I,1L), the preimage of B in 3(A x I,1L).
Furthermore, the Euler characteristic of D, is given by:

X(Ea) =2—|Da h L,
by the Riemann-Hurwitz formula. In particular, the vanishing/non-vanishing of F(T") de-
tects the Thurston norm of the cohomology class Poincare dual to [Dy].

5.1. Offset stacking, generalized Murasugi sum, and annular link composition.
Link projections in A x I can be composed. This composition is closely related to both the
offset stacking operation and a generalization of the Murasugi sum operation.

Definition 5.10. (Annular link composition) For i = 1,2, let L; C (A x I); be a link, P(L;)
a projection, and k € Z.
Then the k-offset composition, denoted P(Ly) +1 P(L2), is defined as:

P(La) +1 P(L2) = W (Va(P(L1)) +1 Ya(P(L1)))-
See Figure [I11

Definition 5.11. (Generalized Murasugi sum) For ¢ = 1,2, let L; be a nullhomologous link
in the three-manifold Y; and S; a choice of Seifert surface for L;. For i = 1,2, let F; C .S;
be a subsurface satisfying:

e Each boundary component of F; is a cyclic graph whose edges can be labeled either
1 or 2 such that no two adjacent edges have the same label. In particular, there are
an even number of vertices and edges.

e The type 1 edges (resp., type 2 edges) are in the boundary (resp., in the interior)
of S1, and the type 2 edges (resp., type 1 edges) are in the boundary (resp., in the
interior) of Ss.

e There exists an orientation-reversing homeomorphism, ¢ : Fy — F5, preserving
the labelings of the boundary graphs.

Then one forms a new 3—manifold, Y1 # rY> by identifying Y7 — (Fy x I) with Yo — (Fo x I)
along their common boundary, as follows.
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FI1GURE 11. The annular link projection on the right is obtained by cutting
open projections of IL; and Lg, offset stacking the resulting balanced tangles,
and regluing the result. In the example above, the offset for the stacking
operation is 2 and the overlap is 2.

(1) Note that, for i = 1,2,
O(Yi — Fy x 1) = (Fy x {0}) U (9F; x 1) U (F; x {1}).

(2) Identify Fy x {0} with F5 x {0} and Fy x {1} with F5 x {1} using ¢.
(3) Identify OF; x I with 0F; x I using the canonical (orientation-reversing) level-
preserving homeomorphism.

The generalized Murasugi sum, S1 *g Ss, is the imbedded surface in Y1# rY> obtained
by identifying S; x {0} and Ss x {0} along ¢ : (F} x {0}) — (F2 x {0}). Note that the
boundary of Sy *p S is a link,

Lisp Ly = | 0Si = (08N Fy),
i=1,2

which we also call the generalized Murasugi sum of L; and L.

Note that when F} = F5 is a disk, Y1 # Y5 is the connected sum operation, and Sy g Sy
is the standard Murasugi sum.

Remark 5.12. Let L; 4+ Lo be any link obtained from LL,,IL, by a k—offset composition.
Then X (A x I,1L; +1 Ls) is a generalized Murasugi sum of 3(A x I,1L;) and X(A x I,1Lsy).

More specifically, projection to the @ coordinate endows A x I with an S'—valued Morse
function with fibers Dy. For a generic isotopy class representative of L. C A x I, this S'—
valued Morse function can be lifted to one for 3(A x I,1L) whose fibers are 3(Dy, Dy N1L).

If L is obtained as a k—offset composition of Ly and Ly with overlap m, then 3(A x I,L)
is obtained from 3 (A x I,1L;) for i = 1,2 by a generalized Murasugi sum along a subsurface
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FIGURE 12. To obtain the figure on the right, we begin with two annular
link projections, remove a neighborhood of a trivial product region in each,
and identify the result. In the double-branched cover, this corresponds to
performing a generalized Murasugi sum along a subsurface of the double-
branched cover of v; x I for i =1, 2.

of X(Dg, Dg NL) of genus g with b boundary components, where

—1
g—{mTJ,and

{ 1 if m is odd, and

0 if m is even.
See Figures [[2] and
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