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Interstitials, Vacancies and Dislocations in Flux-Line Lattices: A Theory of Vortex

Crystals, Supersolids and Liquids

M. Cristina Marchetti
Physics Department, Syracuse University, Syracuse, NY 13244

Leo Radzihovsky
Physics Department, University of Colorado, Boulder, CO 80309

(February 1, 2008)

We study a three dimensional Abrikosov vortex lattice in the presence of an equilibrium con-
centration of vacancy, interstitial and dislocation loops. Vacancies and interstitials renormalize the
long-wavelength bulk and tilt elastic moduli. Dislocation loops lead to the vanishing of the long-
wavelength shear modulus. The coupling to vacancies and interstitials - which are always present
in the liquid state - allows dislocations to relax stresses by climbing out of their glide plane. Sur-
prisingly, this mechanism does not yield any further independent renormalization of the tilt and
compressional moduli at long wavelengths. The long wavelength properties of the resulting state
are formally identical to that of the “flux-line hexatic” that is a candidate “normal” hexatically
ordered vortex liquid state.

I. INTRODUCTION

Both disorder and thermal fluctuations strongly affect
the properties of the vortex array induced in type II su-
perconductors by an external magnetic field.1–3. One
of the most striking consequences of thermal fluctua-
tions, particularly pronounced in the high-Tc materials,
is the resistive vortex liquid state,4 located between the
Hc2(T ) line and the vortex solid in the magnetic field (H)-
temperature (T) phase diagram.5 Upon field cooling, a
vortex liquid freezes into an Abrikosov vortex solid. The
nature of the freezing transition and of the resulting vor-
tex solid phase depends on the amount of disorder present
in the material. In dirty samples the vortex solid has been
described as a “vortex glass”,6 and its translational cor-
relation length is limited by disorder to a finite value.7 In
three dimensions, the low temperature vortex glass solid
is expected to be a true superconductor with a vanishing
linear resistivity. For weak disorder, the vortex solid state
is expected to be a topologically ordered “Bragg” glass
state in three dimensions, with logarithmically growing
vortex displacements, but bound dislocation loops.8 The
freezing transition of the vortex array has been observed
to be first order9,11 in ultra clean samples and continuous
in dirty superconductors.9–13

In very clean samples, where the disorder-limited
translational correlation length is thousands of intervor-
tex lattice constants, the low temperature phase can be
well approximated by a vortex lattice. Within an elas-
tic description, the primary low temperature excitations
of the vortex lattice are phonons, characterizing two-
dimensional displacements of vortex lines from their pre-
ferred lattice positions. As the temperature (or field) is
raised towards the melting transition, other excitations
become important. By definition, these are defects in
the vortex lattice, i.e. they are not describable in terms

of single-valued vortex displacements. These line defects
are dislocations, disclinations, vacancies and interstitials
and must be included in the model for a complete de-
scription of the melting of the vortex solid and of the
properties of the resulting vortex liquid state.

At low temperatures, in a well-ordered Abrikosov lat-
tice state,8 these defects are bound, as the energy of an
isolated line defect diverges with system size. At higher
temperatures entropy can, however, drive a prolifera-
tion of these line defects, in analogy with the melting
of two-dimensional solids.14,15 Two melting scenarios are
possible:12 (i) a one-stage first order transition from a
solid to an isotropic vortex liquid where both dislocations
and disclinations unbind simultaneously (as it occurs in
the melting of ordinary 3d solids), (ii) a two-stage, pos-
sibly continuous transition13, where dislocations unbind
first, leading to a hexatic flux-line liquid with residual
bond-orientational order, vanishing shear modulus, but
finite hexatic stiffness. This first transition would then be
followed by a proliferation of disclination loops, thereby
completing the transition into an isotropic vortex liquid.
The first stage of this second scenario for the melting of
the Abrikosov lattice was first suggested by Marchetti
and Nelson.16 While avoiding the subtle question of the
melting transition itself, they adapted the method de-
veloped long ago by Nelson and Toner17 to describe the
vortex line-liquid state. Marchetti and Nelson described
the hexatic vortex liquid as a vortex lattice with an equi-
librium concentration of dislocation loops, treating the
latter in the Debye-Huckle approximation. Through de-
tailed calculations, they demonstrated that dislocations
drive the long wavelength shear modulus of the system
to zero and computed the effective hexatic stiffness of the
resulting orientationally ordered vortex liquid.16

Vacancies and interstitials constitute another class of
defects that play an important role in solids. In ordinary
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crystals and in 2d vortex lattices, these point defects cost
finite energy and are therefore present in finite density,
at any finite temperature. While their static effects in
these systems are minimal, their density represents an
important hydrodynamic mode which must be included
in the correct description of crystal hydrodynamics.18

In strong contrast, in vortex lattices, vacancies and
interstitials are line defects with energy proportional
to their length and thereby diverging in bulk samples.
Hence one expects that at low temperatures their average
density vanishes. At higher temperatures, this positive
energetic contribution to the free energy can, however,
be compensated by a negative entropic contribution as-
sociated with line wandering, which also scales with the
defect length, in analogy with the Kosterlitz-Thouless
picture.14 These considerations allow two thermodynam-
ically distinct crystalline phases, with a sharp phase tran-
sition between them. While in both phases dislocations
and disclinations are bound, and as a consequence there
is long-range translational order (true Bragg spots in an
X-ray scattering experiment) and a finite shear mod-
ulus, line vacancies and interstitials are bound in the
low temperature crystal, but have proliferated in the
high temperature crystal phase. A thermodynamically
sharp distinction between these two crystal phases in
three-dimensional vortex systems was first emphasized by
M.P.A. Fisher and Lee19 based on the mathematical cor-
respondence between vortex lines and world-lines of two-
dimensional quantum bosons. In this mapping the low
temperature vortex crystal maps onto a 2d Wigner crys-
tal and the high temperature vortex solid corresponds to
the quantum supersolid phase of 2d bosons, with vacan-
cies and interstitials in its ground state. The quantum
supersolid is quite exotic, in that it is both crystalline
and superfluid. Correspondingly, due to the finite den-
sity of vacancies and interstitials in the vortex supersolid,
vortex lines can move arbitrarily far and entangle, as in
a vortex liquid, and therefore this phase exhibits finite
linear resistivity.

While experiments seem to rule out the existence of
an equilibrated vortex supersolid phase in bulk 2d quan-

tum crystals, based on detailed calculations, Frey, Nelson
and D.S. Fisher,20 have argued that such a phase is more
likely to exist in flux-line arrays at high fields because of
the layered structure of high temperature superconduc-
tors. These authors conclude that a vortex supersolid
phase will certainly exist in anisotropic superconductors
for magnetic fields above a decoupling field Bx where
vortices in different CuO2 layers are essentially decou-
pled by thermal fluctuations.21 Furthermore, even if an
equilibrium supersolid phase was absent, an appreciable
nonequilibrium density of vacancies and interstitials may
still be present in a flux-line lattice, when the vortex ar-
ray undergoes a first order freezing transition upon cool-
ing in a constant field.

In this paper we study the effects of vacancies and in-
terstitials within the vortex supersolid and liquid phases.
As discussed above, in the supersolid phase, aside from

being responsible for its existence, these defects provide
a mechanism for vortex line wandering and consequently
for its finite resistivity. They also are important degrees
of freedom, in addition to phonons, that must be incor-
porated in the correct description of the supersolid. In
Sec.III we construct a model of a vortex supersolid, as an
elastic lattice with an equilibrium concentration of un-
bound vacancies and interstitials. We compute the flux-
line density correlation functions, that characterize the
static equilibrium properties of this phase, and extract
from these the effective elastic moduli of the supersolid
phase. We find that the long-wavelength shear modulus
is unaffected by the fluctuations in the density of vacan-
cies and interstitials. This result is consistent with the
vacancy-interstitials’ inability to relax shear, and con-
firms the finiteness of the supersolid shear rigidity which
distinguishes it from a vortex liquid. We also compute
a finite, downward renormalization of the compressional
and tilt moduli by vacancy and interstitial density fluc-
tuations. We demonstrate that as a consequence of the
reduction of the effective tilt modulus, the flux-line wan-

dering is enhanced and, analogously to a vortex liquid,
a bulk vortex supersolid is always entangled, i.e., it does
not exhibit longitudinal superconductivity.

The existence of a vortex supersolid allows for two sce-
narios for the melting transition into the vortex liquid
state. At low magnetic fields, we expect20 this transition
to be directly from the low temperature, non-supersolid
crystal into a vortex liquid phase. As discussed above,
the vortex liquid state itself can be either a fully disor-
dered isotropic liquid or a bond-orientationally ordered
liquid that can further disorder into an isotropic liquid
via disclination unbinding.

TTc
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Hc2
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vortex
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II

Fig.1.Schematic B−T phase diagram illustrating the flux
line crystal, vortex “supersolid” (guaranteed to exist at
fields much higher than the decoupling field Bx), the
orientationally ordered hexatic vortex liquid, and the
isotropic vortex liquid.

Alternatively, the non-supersolid crystal can first un-
dergo a transition into a vortex supersolid by a prolif-
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eration of vacancies and interstitials,20 and subsequently
melt into a vortex liquid.22 These two scenarios have been
dubbed as type I and type II melting, respectively,20 and
are illustrated in Fig.1.

Very recent experiments investigating vortex penetra-
tion through surface barriers in the presence of a trans-
port current in clean BSCCO samples have indeed indi-
cated that the nature of the melting line may change at
high field, even in the absence of point disorder.23 In fact
these experiments suggest the existence of an intermedi-
ate phase between the solid and the liquid at high fields.
This observed regime lies above the first order melting
line determined by equilibrium magnetization measure-
ments, but apparently exhibits a certain amount of six-
fold periodicity, as indicated by neutron scattering.24 It
is therefore a candidate for either the supersolid or the
hexatic liquid phases studied here.

Although the nature of the type I and type II melting
transitions should be quite different,25 in either case va-
cancies and interstitials should proliferate in the resulting
vortex liquid state.26 Hence, in addition to dislocations,
vacancy and interstitial defects must be taken into ac-
count for the proper description of a vortex liquid. They
were not, however, explicitly included in the calculations
of Ref. 16. When vacancies and interstitials are absent,
dislocation loops in the vortex line-lattice are restricted
to lie in the plane defined by the magnetic field axis and
their Burger’s vector, and can only glide (see Fig.5), but
not climb. One of the consequences of this is that the
effective tilt modulus of the vortex liquid is not renor-
malized by dislocations and in the model of Ref. 16 is
therefore identical to that of the vortex lattice.

The results presented in Sec.IV remedy the limitations
of Ref. 16, by explicitly including vacancies and intersti-
tials in the description of a vortex liquid. Vacancies and

interstitials renormalize the tilt and compressional mod-
uli and allow dislocation loops to climb out of their glide
plane by absorbing and emitting these defects. At long
wavelengths, however, the coupling of dislocations to va-
cancies and interstitials does not yield any additional in-

dependent renormalization of the tilt and compressional
moduli. Whether this is a general property of the vor-
tex lattice, or an artifact of the quadratic model and
the Debye-Huckel approximation used here, remains an
open question. Our work yields a complete description
of a bond-orientationally ordered hexatic vortex liquid,
whose tilt and bulk moduli are renormalized by disloca-
tions, vacancies and interstitials, and whose shear modu-
lus is driven to zero by the proliferation of these defects.

Our results characterizing the properties of the vari-
ous phases shown in Fig.1 are summarized in the two
tables below. We stress that hexatic I and hexatic II are
not two distinct hexatic phases, but rather two differ-
ent regimes within the same hexatic phase, distinguished
by a high and low concentration of vacancy/interstitial
defects, respectively. The crossover between these two
regimes is indicated in Fig.1 by a dotted line. The re-
sults quoted in Table 1 for the hexatic I phase are those
obtained by Marchetti and Nelson in Ref. 16 assuming
that no vacancy/interstitial defects are present in the
system. These results, however, only apply well below
the dotted line in Fig.1, very close to the solid-hexatic
phase boundary. As the transition to the isotropic liquid
is approached, the large number of interacting disloca-
tion loops present in the hexatic will invitably generate
vacancy/interstitial defects as well, leading to the break-
down of the model of Ref. 16. The type of long-range
order present or absent in each of these phases is sum-
marized qualitatively in Table 2.

shear compression tilt 〈W 2〉 (Eq. (3.28))

crystal c66 c11 c44 0

supersolid c66
c11χ−1

−γ2

c11+χ−1+2γ
c44K−γ′2

c44+K+2γ′

n2

0
kBT
K

hex II 0 c11 − c66
c44K−γ′2

c44+K+2γ′

n2

0
kBT
c44

[

1 + (c44−γ′)2

c44K−γ′2

]

hex I 0 c11 − c66 c44
n2

0
kBT
c44

Table 1. A summary of our results for the elastic constants and the winding number in the various phases of Fig. 1.
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Translational Orientational Longitudinal
LRO LRO Superconductivity

crystal yes yes yes
supersolid yes yes no∗

hex I no yes no
hex II no yes no
liquid no no no

Table 2. This table displays the presence or absence of translational and orientational long-range order (LRO) as
well as longitudinal superconductivity in each phase. The asterisk serves to emphasize that although the supersolid
does not exhibit longitudinal superconductivity, the degree of screening of longitudinal currents in this phase is
substantially different from that of the vortex liquid phase (see Table 1).

II. ELASTIC PROPERTIES OF DEFECT-FREE

VORTEX LATTICES

A. Model

We begin by recalling the properties of an ordered,
defect-free vortex lattice, which we expect to be stable at
low temperature and field in a clean superconductor.8 As
discussed in the Introduction, long-scale degrees of free-
dom of this system are uniquely characterized by a single-
valued vortex displacement field, u(r). With the convec-
tion in which the external magnetic field H0 (aligned
with the c axis of the superconductor) points along the
z axis, the two-dimensional vector displacement u(r⊥, z)
is confined to the xy plane.

The long-wavelength properties of a triangular flux-
line lattice are characterized by the elastic free energy
functional

Flatt =
1

2

∫

dr
[

2c66u
2
ij + (c11 − 2c66)u

2
kk + c44(∂zu)2

]

,

(2.1)

where

uij =
1

2
(wij + wji) (2.2)

is the symmetrized two-dimensional strain tensor, with

wαj = ∂αuj, (2.3)

a 3×2 hybrid strain tensor. Greek indices take on the full
three-dimensional set of labels x, y, z, and Latin indices
are reserved for the purely two-dimensional set x, y. We
will use this notation throughout the manuscript. The
parameters c66, c11 and c44 appearing in the Eq.2.1 are
the shear, compressional and tilt modulus, respectively.27

In contrast to ordinary crystals, in a flux-line lattice
vortex interactions extend over a range of order of the
London penetration depth, λ, which can be quite large,
especially in high Tc superconductors. As emphasized
in the extensive literature on the subject,28,2 on scales
shorter than λ, this leads to wavevector-dependent elas-
tic moduli. For a detailed comparison with experiments,

inclusion of these nonlocal elastic effects can be impor-
tant, especially at high fields, and they can be eas-
ily incorporated into our results by replacing all of the
bare elastic moduli by the proper wavevector-dependent
expressions.29

When the lattice contains no vacancies nor interstitials,
the number of flux lines equals the number N of sites in
the triangular lattice. On the average, the flux lines are
aligned with the external field and the equilibrium mag-
netic flux density field is given by B0 = ẑB0 = ẑφ0n0,
where φ0 = hc/2e is the flux quantum, n0 = N/A ≡ 1/ac

is the equilibrium number density of vortex lines and ac

the area of the primitive unit cell.
Fluctuations in the local induction δB(r) = B(r)−B0

can be described in terms of fluctuations in the areal den-
sity of flux lines, δn(r⊥, z) = n(r⊥, z) − n0, and of a tilt
vector field t(r⊥, z), with the relation

δBz = φ0δn, (2.4)

B⊥ = φ0t, (2.5)

valid in the long wavelength qλ << 1 limit.31 In the ab-
sence of vacancies and interstitials, the areal density of
flux lines and their orientation relative to the applied field
direction are entirely determined by the local strains, ac-
cording to

δn/n0 = −δA/A = −uii, (2.6)

t/n0 = ∂zu. (2.7)

The condition ∇ · B = 0 translates into a “continuity”
constraint for the flux lines,

∂zδn+ ∇⊥ · t = 0. (2.8)

As can be seen from Eqs.2.6 and 2.7, this continuity con-
straint is identically satisfied in the defect-free vortex lat-
tice, where the displacement u is single-valued.

B. Correlation and response functions

Thermal fluctuations in the density and tilt field are
characterized by the density-density correlation function
(the structure factor),

4



S(q⊥, qz) =
1

V
〈δn(q)δn(−q)〉, (2.9)

and the tilt field correlation function,

Tij(q⊥, qz) =
1

V
〈ti(q)tj(−q)〉 (2.10)

= TL(q⊥, qz)P
L
ij (q̂⊥) + TT (q⊥, qz)P

T
ij (q̂⊥),

where

PL
ij (q̂⊥) = q̂⊥iq̂⊥j , (2.11)

PT
ij (q̂⊥) = δij − q̂⊥iq̂⊥j , (2.12)

are the longitudinal and the transverse projection oper-
ators, respectively, q̂⊥ = q⊥/q⊥, and V is the volume
of the superconductor. In light of the constraint, Eq.2.8,
the longitudinal part of the tangent field correlator is
proportional to the structure function, with

TL(q⊥, qz) =
q2z
q2
⊥

S(q⊥, qz). (2.13)

The brackets 〈. . .〉 in above expressions and throughout
the paper indicate a thermal average with a Boltzmann
weight e−F/kBT /Z, with F the free energy functional and
Z = Trace[e−F/kBT ] the corresponding partition func-
tion. In the defect-free (non-supersolid) vortex lattice, F
is given by Flatt, Eq.2.1, and we denote the correspond-
ing thermal averages by 〈. . .〉0. Using Eqs.2.6 and 2.7,
the structure function and the tilt field correlation func-
tion can be expressed in terms of thermal averages of the
phonon field u, and are therefore easily computed, with
the result,

S0(q) =
q2
⊥
n2

0

V
〈|q̂⊥ · u(q)|2〉0

=
n2

0kBTq
2
⊥

c11q2⊥ + c44q2z
, (2.14)

and

T 0
T (q) =

q2zn
2
0

V
PT

ij (q̂⊥)〈ui(q)uj(−q)〉0 (2.15)

=
n2

0kBTq
2
z

c66q2⊥ + c44q2z
.

The structure function S(q) can be probed in a neu-
tron scattering experiment. The tilt correlation function
Tij(q) is directly connected to the experimentally mea-
surable linear magnetic susceptibility tensor, χij(q), ac-
cording to

4πχij(q⊥, qz) = −δij +
φ2

0

4πkBT
Tij(q⊥, qz). (2.16)

Equation 2.16 holds in the long wavelength qλ << 1
limit. A more general relationship between susceptibility
and tilt correlation function that applies at scales shorter

than λ in an anisotropic material can be found for in-
stance in Ref. 35. The first term on the right hand side
of Eq.2.16 represents a perfect diamagnetic (negative)
Meissner response, which, in a mixed state is consider-
ably reduced by the “normal” paramagnetic vortex tilt
response Tij , contained in the second term. The linear
susceptibility relates the transverse flux density δB⊥(q)
induced by an external perturbation field δH⊥(q), ap-
plied perpendicular to the field H0 = ẑH0 responsible
for the onset of the vortex state, with

δB⊥i(q) = [δij + 4πχij(q)]δH⊥j(q) . (2.17)

From Eq.2.15, appropriate for a perfect, defect-free
flux-line lattice, we observe that the long wavelength
limit of the transverse part of the tilt field correlation
function is nonanalytic, with

T 0
T (q⊥ = 0, qz) =

n2
0kBT

c44
, (2.18)

T 0
T (q⊥, qz = 0) = 0 . (2.19)

The nonanalyticity of the tilt correlation function re-
flects a drastically different linear response of the defect-
free vortex lattice to two types of transverse field
perturbations.32

The transverse field response in the limit q⊥ << qz →
0, corresponds to a tilt perturbation of the flux lines,
induced by an applied transverse field V δq⊥,0δH⊥(qz)
that is spatially homogeneous in the xy plane. The
corresponding long wavelength transverse susceptibility,
χT = PT

ijχij , is given by

lim
qz→0

χ0
T (q⊥ = 0, qz) = − 1

4π

[

1 − B2

4πc44

]

. (2.20)

If the second term in brackets on the right hand side
of Eq.2.20 were absent, the superconductor would ex-
hibit perfect screening of the transverse perturbation.
Such a behavior can for instance occur in flux-line ar-
rays pinned by aligned damage tracks. In the pres-
ence of such correlated disorder, the vortex lattice is
replaced by a thermodynamically distinct “Bose” glass
phase,33 that is characterized by a divergent tilt mod-
ulus c44 and exhibits a transverse Meissner effect, with
limqz→0 χT (qz) = −1/4π. In the absence of anisotropic

pinning of the vortex lattice, such a perfect transverse
diamagnetic response is spoiled by the finite vortex tilt
response, that leads to only a partial screening of the
transverse field, displayed in Eq.2.20.

Conversely, the limit qz << q⊥ → 0, describes a mag-
netic response to a transverse field V δqz ,0δH⊥(q⊥) that
is homogeneous along the z-axis, but is spatially varying
in the xy-plane. The induced z-directed screening cur-
rents lead to a shear perturbation of the flux-line array,
with the response in a defect-free lattice given by

lim
q⊥→0

χ0
T (q⊥, qz = 0) = − 1

4π
. (2.21)
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Thus the flux lattice exhibits perfect screening in re-
sponse to this z-independent transverse perturbation.
Since the screening currents involved in the shear pertur-
bation run parallel to the applied field H0 ‖ ẑ, a perfect
Meissner response to a shear perturbation has also been
termed longitudinal superconductivity. It follows directly
from the fact that, in contrast to a liquid, a vortex lattice
is characterized by a finite shear modulus c66.

For comparison, we recall that in a flux-line liquid, the
long wavelength limit of the transverse part of the tilt
correlation function is analytic, with

lim
q⊥→0

T liquid
T (q⊥, qz = 0) = lim

qz→0
T liquid

T (q⊥ = 0, qz) ,

=
n2

0kBT

cliquid
44

. (2.22)

As expected, a vortex liquid, being qualitatively identical
to the normal state, albeit highly conductive, exhibits
neither transverse Meissner effect, nor longitudinal su-
perconductivity. We will return to this point again in
Sec.IV.

Finally, we note that in the latter qz << q⊥ → 0 limit,
the transverse part of the tilt correlation function corre-
sponds to the world-lines winding number 〈W 2〉 studied
by Pollock and Ceperley34 in their path integral approach
to the superfluid transition in quantum boson systems.
In such an approach, dating back to Feynman, the super-
fluid phase is identified with an entangled state of boson
world-line trajectories,

lim
q⊥→0

TT (q⊥, qz = 0) = 〈W 2〉 , (2.23)

=
h̄ns

m
, (2.24)

and ns the boson superfluid density. The well-known
identification of physical parameters under the boson–
vortex mapping is given by

h̄↔ kBT , (2.25)

m↔ ǫ̃1 , (2.26)

h̄β ↔ L , (2.27)

with m the boson mass, ǫ̃1 the core energy per unit of
length of a single vortex line, β the inverse boson temper-
ature and L the vortex sample thickness. Utilizing this
mapping, together with the approximate local expression
for the tilt modulus c44 = n0ǫ̃1, we reassuringly find that
the defect-free flux-line lattice (in which vortex lines do
not entangle and the sample exhibits longitudinal super-
conductivity) corresponds to the “normal” boson crystal
with vanishing superfluid density ns = 0. The entangled
flux-line liquid, on the other hand, corresponds to the su-
perfluid phase of bosons with ns = n0, and does not ex-
hibit longitudinal superconductivity. We stress, however,
that the mapping described above, as well as Eqs. 2.23
and 2.24, only apply to a model of the vortices that ne-
glects the nonlocality of the intervortex interaction along

the field (z) direction.35 A more general approach to the
derivation of vortex liquid hydrodynamics, directly from
a “kinetic theory” of interacting flux lines was developed
in Ref. 36.

xxxx

δH

δH

δH

I

I

Hall
sensors

Fig.2.Sketch of an idealized experimental setup to probe
longitudinal superconductivity.

Figure 2 shows a sketch of an idealized experimental
setup that could be used to probe longitudinal supercon-
ductivity. An external field H0 is applied along the axis
(z in our coordinate system) of a cylindrical sample and a
uniform vortex state with flux lines running along z is set
up. A current I confined to a wire running along the axis
of the cylinder and producing an additional azimuthal
magnetic field δH⊥(r⊥) = 2I ẑ × r⊥/(r

2
⊥
c), which pro-

vides the shear perturbation described above, can there-
fore probe the qz = 0 field response of the vortex state.
The longitudinal superconductivity can then be studied
by measuring the induced azimuthal component Bφ(r⊥)
of the local induction inside the sample. This may be
possible by placing radially-directed row of Hall sensors
at the top of the sample. In the defect-free crystal, which
is a longitudinal superconductor, we expect Bφ = 0 ev-
erywhere in the bulk of the sample, deeper than the pen-
etration length λ from the surface of the cylinder. In con-
trast in the supersolid and hexatic phases there will be a
nonvanishing azimuthal response Bφ(r⊥) everywhere in
the sample.

III. ELASTIC PROPERTIES OF SUPERSOLIDS
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A. Model

As discussed in the Introduction, we expect that upon
increasing the temperature and the external magnetic
field, the defect-free vortex crystal will undergo a ther-
modynamically sharp transition into a vortex supersolid,
characterized by the coexistence of crystalline order and
a finite equilibrium density of vacancy and interstitial
defects.20 Our goal here is to develop a continuum de-
scription of the long wavelength elastic properties of such
a supersolid phase.

Once vacancy and interstitial line defects proliferate in
the supersolid, their positions and orientations represent
new and important low-energy degrees of freedom, inde-
pendent of the lattice displacements characterized by the
field u(r). At finite temperature, these defects will lead
to fluctuations in the local induction, independent, but
energetically coupled to, local elastic strains. To incorpo-
rate such defect fluctuations, we adapt the hydrodynamic
methods developed for vortex lines,37,36 to the hydrody-
namics of the vacancy and interstitial line-liquid.

At finite density, i.e., within the vortex supersolid
phase, the low-energy vacancy and interstitial configura-
tions can be parameterized by z-directed conformations
(ra

n(z), z), (with a = i, v denoting interstitial and va-
cancy, respectively) as they traverse the sample along the
direction of the applied field, in close analogy to vortex
lines themselves. Long wavelength properties of a gas of
Nv vacancies and Ni interstitials can then be described
in terms of a net areal density of defects,

nd(r⊥, z) = ni(r⊥, z) − nv(r⊥, z) , (3.1)

and a two-dimensional tilt vector field,

td(r⊥, z) = ti(r⊥, z)− tv(r⊥, z) , (3.2)

where

na(r⊥, z) =

Na
∑

n=1

δ(2)(r⊥ − ra
n(z)) , (3.3)

and

ta(r⊥, z) =

Na
∑

n=1

∂ra
n(z)

∂z
δ(2)(r⊥ − ra

n(z)) . (3.4)

Here nd(r⊥, z) represents the net number of defect lines
crossing a unit area perpendicular to the field direction,
while tdi(r⊥, z) is the net number of defect lines crossing
a unit area normal to the i-th direction, with i = x, y.
Since the interaction among vacancy and interstitial de-
fects is short-ranged, we expect that a liquid of such de-
fects be characterized by a compressibility (inverse de-
fect bulk modulus), χ, and a finite tilt modulus, K. The
corresponding long-wavelength free energy functional is
therefore given by

Fd =
1

2n2
0

∫

dr
[

χ−1(δnd)
2 +K(td)

2
]

, (3.5)

with δnd = nd − n0
d, and n0

d the mean net defect density
in equilibrium.

In the presence of these defects, fluctuations in the lo-
cal magnetic induction (or in the corresponding flux-line
density n(r) and flux tangent field t(r)) can be brought
about by changes in both the local lattice strains wαj

and the defect densities nd and td, as

δn = −n0wii + δnd , (3.6)

and

ti = n0wzi + tdi . (3.7)

In this case the continuity equation (2.8), arising from
∇ ·B = 0 yields the nontrivial constraint

∂zδnd + ∇⊥ · td = 0 , (3.8)

that defect lines cannot start nor stop inside the sample.
The elastic strain drops out from Eq.3.8, as it identically
satisfies the constraint due to the single-valuedness of the
displacement field u(r).

Since motion of defects microscopically corresponds to
hopping of vortex lines, we expect an energetic coupling
between fluctuations in the density and orientation of
defects and the elastic strain field. The lowest order cou-
pling allowed by symmetry corresponds to the following
interaction part of the free energy functional

Fint =
1

n0

∫

dr
[

γδnd∇ · u + γ′td · ∂zu

]

, (3.9)

where γ and γ′ are positive phenomenological coupling
constants with dimensions of elastic moduli. Ignoring a
weak coupling to fluctuations in the local temperature,
the free energy functionals Fint and Fd, together with
the elastic part Flatt, Eq.2.1, completely determine the
long-scale elastic properties of the vortex supersolid.

It is important to note that the parameters
c11, c66, c44, γ, γ

′, χ, and K, appearing in our model, are
functions of the mean net defect density n0

d,
38 which,

within the supersolid phase, can in principle be deter-
mined through detailed microscopic calculations of the
type presented in Ref. 20. At the vortex-crystal to su-
persolid transition, we expect these parameters to dis-
play a nonanalytic behavior as a function of the distance
from the transition, |T − Txss| (where Txss denotes the
crystal-to-supersolid transition temperature), of the form
illustrated for c66(n

0
d(T )) in Fig.3.
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c66

Txss TTm

Fig.3. A sketch illustrating the behavior of the elastic
shear modulus c66 near the vortex crystal to vortex su-
persolid transition. The proliferation of vacancies and
interstitials is responsible for the softening of the effective
shear modulus inside the supersolid phase.

In addition to these mean-field effects, the coupling
of the elastic degrees of freedom to the fluctuations in
defect density (around the average n0

d) and orientation
field, Eq.3.9, yields further renormalization of the elastic
constants, study of which is in part the focus of our work
here.

B. Correlation and response functions

The elastic properties of supersolids can be character-
ized in a number of distinct ways, reflecting a variety
of experimental probes that couple differently to the su-
persolid degrees of freedom. The simplest of these, from
the theoretical and experimental points of view, is the
extension of the equal-time equilibrium correlation func-
tions S(q) and Tij(q) defined by Eqs.2.9 and 2.10, re-
spectively. They directly measure fluctuations in the lo-
cal magnetic induction B(r), related to the fluctuations
in the total vortex-line number and tilt densities, via re-
lations (2.4) and (2.5). These latter quantities are de-
termined by both the local elastic strain and the defect
density fields through Eqs.3.6 and 3.7, and lead to

Sss(q) =
1

V
〈|n0wii(q) − δnd(q)|2〉 , (3.10)

T ss
ij (q) =

1

V
〈(n0wzi(q) + tdi(q))(n0wzj(−q) + tdj(−q))〉 .

(3.11)

In the above, the brackets denote a thermal average
evaluated with the total supersolid free energy functional
which includes both the elastic and the defects degrees
of freedom, given by

Fss = Flatt + Fd + Fint . (3.12)

To ensure the condition of ∇ · B = 0, these averages
must be carried out under the nontrivial constraint that
defect lines do not start nor stop inside the sample, given
in Eq.3.8.

Utilizing this constraint to explicitly eliminate tLd in fa-
vor of δnd and re-expressing the strain tensor wij in terms
of the longitudinal and transverse single-valued lattice
displacements

uL(q) = q̂⊥ · u(q) , (3.13)

uT (q) = (ẑ × q̂⊥) · u(q) , (3.14)

which are the independent finite wavevector elastic de-
grees of freedom in the bulk, we obtain the total free
energy characterizing the supersolid

Fss =

∫

d3q

(2π)3

{

1

2
ΓT (q)|uT (q)|2 +

1

2
ΓL(q)|uL(q)|2

+
1

2n2
0

[

(

χ−1 +K
q2z
q2
⊥

)

|δnd(q)|2 +K|tTd (q)|2
]

+
i

n0

[

(

γq⊥ − γ′
q2z
q⊥

)

δnd(q)uL(−q)

+ γ′qzt
T
d (q)uT (−q)

]

}

.

(3.15)

In the above we have defined the transverse and longitu-
dinal wavevector-dependent stiffnesses

ΓT (q) = c66q
2
⊥ + c44q

2
z , (3.16)

ΓL(q) = c11q
2
⊥

+ c44q
2
z . (3.17)

and not surprisingly found that the transverse and the
longitudinal degrees of freedom decouple. After re-
expressing the S(q) and TT (q) in Eqs.3.10 and 3.11 in
terms of these same independent degrees of freedom,
these correlation can be easily computed by inverting the
corresponding 2×2 matrices that can be read off from the
expression for Fss, Eq.3.15. For the structure function of
the supersolid we thereby obtain

Sss(q⊥, qz) =
1

V
〈| − in0q⊥uL(q) + δnd(q)|2〉 ,

= n2
0kBTq

2
⊥

(c11q
2
⊥

+ c44q
2
z) + (χ−1q2

⊥
+Kq2z) + 2(γq2

⊥
− γ′q2z)

(c11q2⊥ + c44q2z)(χ−1q2
⊥

+Kq2z) − (γq2
⊥
− γ′q2z)2

. (3.18)

Similarly, the transverse part of the tilt correlation function is given by
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T ss
T (q⊥, qz) =

1

V
〈|in0qzuT (q) + tTd (q)|2〉 ,

=
kBTn

2
0

K
+ kBTn

2
0

q2z(1 − γ′/K)2

q2
⊥
c66 + q2z(c44 − γ′2/K)

. (3.19)

It is convenient to define defect-renormalized elastic
constants that characterize the effective elastic proper-
ties of supersolids. One choice of such a definition, that
naturally arises in experiments which measure fluctua-
tions in the total magnetic induction B (e.g., neutron
scattering experiments), is in terms of the static correla-
tion functions given in Eqs.3.18 and 3.19, identified with
their defect-free lattice counterparts, Eqs.2.14 and 2.15

n2
0kBT

cR11(q⊥)
≡ Sss(q⊥, qz = 0) , (3.20)

and

n2
0kBT

cR44(qz)
≡ T ss

T (q⊥ = 0, qz) . (3.21)

Similarly, the effective shear modulus cR66 of the super-
solid can be defined in terms of another equilibrium
equal-time correlation function

kBT

cR66(q⊥)
≡ V −1

[

〈wij(q)wij(−q)〉 − 〈wii(q)wjj (−q)〉
]

∣

∣

∣

qz=0
,

= V −1q2
⊥
PT

ij (q̂⊥)〈ui(q)uj(−q)〉|qz=0 ,

= V −1q2
⊥
〈|uT (q)|2〉

∣

∣

∣

qz=0
. (3.22)

which can be easily evaluated by performing a Gaussian
thermal average with the free energy functional, Eq.3.15
in the Boltzmann weight. Using Eqs.3.18 and 3.19 to-
gether with the definitions, Eqs.3.20 and 3.21, we find

cR11(q⊥) =
c11χ

−1 − γ2

c11 + χ−1 + 2γ
, (3.23)

and

cR44(qz) =
c44K − γ′2

c44 +K − 2γ′
. (3.24)

From these expressions we observe that for vanishing cou-
plings γ = γ′ = 0, the effective elastic moduli of the su-
persolid are the corresponding moduli of the lattice and
the liquid of defects, added in “parallel” — a physically
appealing result. For weak coupling this implies that the
effective bulk and tilt moduli of the supersolid are always
smaller than or equal to the minimum of the correspond-
ing moduli of the two subsystems, the lattice and the de-
fects. Hence we find that for γ, γ′ small compared to the
elastic moduli of the lattice and the defects, fluctuations
of vacancy and interstitial densities always reduces the
effective longitudinal and tilt moduli of the supersolid,
relative to that of the defect-free crystal.

The typical behavior of the supersolid bulk modulus
cR11 for c11 6= χ−1 as a function of γ is displayed in Fig.4
(cR44 behaves similarly as function of γ′). The figure shows
that the supersolid modulus grows (decreases) linearly
with positive (negative) coupling, at weak coupling. At
an intermediate positive value of γ, it reaches a maxi-
mum at the value of the smallest of the moduli for the
two subsystems. In the strong coupling regime (both
positive and negative) the effective modulus decreases,
vanishes and even changes sign, indicating an instability
in the quadratic model of the supersolid. In our model,
this instability is a signal of a (spurious) phase transi-
tion within the supersolid phase, which in the case of the
bulk modulus cR11, corresponds to additional proliferation
of defects and change in the lattice density. However, as
we show in Appendix A, for a physical vortex supersolid,
the elastic moduli (c66, c11, c44, χ,K, γ, γ

′) that appear
in our model are constrained to lie outside of this unsta-
ble range. In the special degenerate case of c11 = χ−1,
the effective bulk modulus of the supersolid behaves as
cR11 = (c11 + γ)/2, with an analogous result for the tilt
modulus cR44.

The calculation of cR66, as defined in Eq.3.22, shows
that, not surprisingly, vacancy and interstitial density
fluctuations do not renormalize the shear modulus, and

cR66(q⊥) = c66 . (3.25)

In contrast to dislocations (to be considered in the next
section), vacancies and interstitials are unable to relieve
a shear stress.

-2 -1.5 -1 -0.5 0.5 1 1.5 2

-0.2

0.2

0.4

0.6

0.8

1

γ

cR
11

Fig.4.The behavior of the supersolid bulk modulus as
function of the coupling γ between the elastic and the
defect degrees of freedom, for c11 = 1 < χ−1.
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The presence of vacancy and interstitial defects also al-
ters the response to a transverse magnetic field. The long
wavelength limit of the transverse part of the tilt corre-
lation function, T ss

T (q⊥, qz), remains nonanalytic, as in a
defect-free crystal, and yields

lim
qz→0

χss
T (q⊥ = 0, qz) = − 1

4π

[

1 − B2

4πcR44

]

, (3.26)

lim
q⊥→0

χss
T (q⊥, qz = 0) = − 1

4π

[

1 − B2

4πK

]

. (3.27)

Since, as discussed above, these defects soften the lat-
tice by decreasing both the longitudinal and tilt moduli
the penetration of a transverse field is enhanced, as seen
from Eq.3.26. A more dramatic effect of the defects is
the presence of the second term on the right hand side of
Eq.3.27. In the vortex supersolid vacancy and interstitial
defects allow flux-line wandering and entanglement, and
as a result there is no perfect screening of weak trans-
verse fields uniform along the z axis, and consequently
the phase does not exhibit longitudinal superconductiv-
ity. The supersolid is both crystalline (c66 6= 0) and
entangled (T ss

T (q⊥, qz = 0) 6= 0), as argued by Frey, et
al.20 and consistent with nonvanishing winding correla-
tion function

〈W 2〉 = lim
q⊥→0

TT (q⊥, qz = 0) , (3.28)

=
kBTn

2
0

K
, (3.29)

We stress that the definitions of the effective elas-
tic moduli characterizing a vortex supersolid is far from
unique. This is related to the variety of experiments that
probe different physical properties of the vortex super-
solid. Instead of the correlation functions Sss(q) and
T ss

ij (q) defined in Eqs.3.10 and 3.11, we could have in-
stead focused on

S̃ss(q) =
n2

0

V
〈|wii(q)|2〉 , (3.30)

T̃ ss
ij (q) =

n2
0

V
〈wzi(q)wzj(−q)〉 , (3.31)

which probe only fluctuations in the lattice positions and
not the total vortex density (related to magnetic induc-
tion B). These latter correlation functions are more
difficult to probe in a physical experiment, but can be
straightforwardly measured in a numerical simulation.
Making the identification between the effective elastic
moduli of the supersolid and the corresponding corre-
lation functions, in analogy with Eqs.3.20 and 3.21, we
define

n2
0kBT

c̃R11(q⊥)
≡ S̃ss(q⊥, qz = 0) , (3.32)

and

n2
0kBT

c̃R44(qz)
≡ T̃ ss

T (q⊥ = 0, qz) . (3.33)

Simple computation of S̃ss(q) and T̃ ss
T (q), together with

these definitions leads to43

c̃R11 = c11 − γ2χ , (3.34)

c̃R44 = c44 −
γ′2

K
, (3.35)

c̃R66 = c66 . (3.36)

Another experimentally relevant way to probe elastic
properties of vortex supersolids is through the linear re-
sponse to a constant stress σαj applied at the boundaries
of the system. For simplicity, we confine our discussion
here to a two-dimensional stress σij applied to a bound-
ary lying in the xy-plane. To study the response, we first
need to decide to which physical quantity does such stress
couple. In a defect-free crystal, the answer is simple: the
stress σij couples to the lattice strain uij . In a supersolid,
there is, however, a number of possibilities, depending
on the nature of the experiment one seeks to describe
(as was the case with the correlation functions discussed
above). In a real (as opposed to a numerical) experiment
the stress on the vortex lattice is produced through an
electromagnetic interaction and therefore couples to the
magnetic induction, which involves both the elastic lat-
tice strain tensor and the defect contribution. Arguments
similar to those found in Ref. 39 indicate that the linear
response of the supersolid can be studied by adding to
the free energy Fss in Eq.3.15 a part due to the external
stress,

Fσ = −
∫

drσij(uij −
1

2n0
δijδnd) , (3.37)

and then by minimizing it with respect to the indepen-
dent elastic strain and defect degrees of freedom.

Before proceeding with the calculation, some remarks
are in order. Invoking the fluctuation-dissipation theo-
rem, one might naively conclude that such a static re-
sponse function is identical to the corresponding equal-
time correlation function Sss(q), Eq.3.10 that we stud-
ied above. However, this is in fact not the case, in gen-
eral, even for a defect-free crystal. To understand this
difference, we consider for simplicity the case of a two-
dimensional crystal. Bulk correlation functions probe the
fluctuations of the bulk degrees of freedom at finite (al-
beit small) wavevector. The elastic degrees of freedom
of the lattice or supersolid are the two components of
the lattice displacement (phonons), ux(q) and uy(q) (or
equivalently uL(q) and uT (q)). Hence in the definition
of Sss(q), Eqs.3.10 and 3.30, the average is over the two

lattice displacements (as well as over the defects), not

the components of the strain tensor, wαi, which can be
written as derivatives of the displacements and there-
fore are not independent degrees of freedom. In contrast,
the response functions, that most directly relate to ex-
perimental probes of elasticity, measure the response to
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a (often uniform) stress applied at the boundary of the
solid. The corresponding q = 0, uniform deformations
are described by three zero-mode independent degrees of
freedom, corresponding to three macroscopic strains uxx,
uyy and uxy that can be independently induced in a solid.
As a consequence, for a supersolid (or a crystal in gen-
eral) the equal-time correlation functions differ from the
corresponding static response functions, as we now ex-
plicitly demonstrate.

Finally, we note that the situation is different in a liq-
uid, where dislocations have proliferated and act as addi-
tional degrees of freedom. The proliferated dislocations
lead to multi-valued lattice displacements and thereby
allow for a transverse part of the strain wij , which (for
the first index i), is forbidden in the supersolid. As a re-
sult, in a two-dimensional liquid, all three components of
the symmetric strain (uxx, uyy and uxy) are independent
degrees of freedom.

Returning to the derivation of the linear response to
a perturbation described by Eq. 3.37, we treat uij , wzj

and the defect densities as independent degrees of free-
dom and minimize the total free energy, Ftot = Fss +Fσ,
with respect to them, to obtain

δFtot

δuij
= 2c66uij + δij(c11 − 2c66)ukk + δij

γ

n0
δnd − σij ,

= 0 , (3.38)

δFtot

δwzj
= c44wzj +

γ′

n0
tdj ,

= 0 , (3.39)

δFtot

δnd
=
χ−1

n2
0

δnd +
γ

n0
ukk +

1

2n0
δijσij ,

= 0 , (3.40)

δFtot

δtdi
= Ktdi +

γ′

n0
wzi ,

= 0 . (3.41)

Given that the applied stress σij is purely within the
xy-plane equations (3.39) and (3.41) give

tdi = 0 , (3.42)

wzi = 0 , (3.43)

and the response is z independent. Solving the remaining
equations for the strain and the defect density, we find

ukk =
1 + γχ

2(c11 − c66 − γ2χ)
σkk , (3.44)

δnd

n0
= − χ(c11 − c66 + γ)

2(c11 − c66 − γ2χ)
σkk , (3.45)

which, when used inside Eq.3.38 give

uij = Rss
ij,klσkl , (3.46)

where Rss
ij,kl is the uniform static response function given

by

Rss
ij,kl =

(2c66 − c11)(1 + γχ) + 2γχ(c11 − c66 + γ)

4c66(c11 − c66 − γ2χ)
δijδkl

+
1

2c66
δikδjl . (3.47)

As a check we observe that for χ → 0, which freezes
out the defects, Rss

ij,kl reduces to the well-known response

function for a defect-free crystal40

Rcrystal
ij,kl =

(2c66 − c11)

4c66(c11 − c66)
δijδkl

+
1

2c66
δikδjl . (3.48)

Consistent with our discussion above, Rss
ij,kl differs from

the corresponding qz = 0 equal-time correlation function,
computed with the lattice displacements as the indepen-
dent degrees of freedom.

Using Eqs.3.46 and 3.47 we can now compute the re-
sponse to any uniform stress, σij . For example, a uniform
hydrostatic pressure δp corresponds to

σij = −δpδij , (3.49)

and we obtain the bulk modulus for the vortex supersolid
as

1

Bss
≡ − 1

A

δA

δp
,

=
1

n0

δn

δp
,

= −ukk

δp
+

1

n0

δnd

δp
,

=
B + χ−1 + 2γ

Bχ−1 − γ2
, (3.50)

where B = c11 − c66 is the standard definition for a
defect-free crystal bulk modulus. We note the similar-
ity in form with the correlation function Sss(q⊥, qz = 0),
that we used to define cR11, Eq.3.20. As discussed above,
the computation of the uniform static response function

gives the bulk modulus, c11 − c66, while the equal-time
correlation function (at qz = 0) defines the longitudinal
phonon modulus, c11.

As we observed above for the effective cR11 in Eq.3.24,
here too in the absence of interaction between the defects
and the lattice (γ = 0), the supersolid bulk modulus is
simply determined by the bulk moduli of the two systems,
added in parallel, B−1

ss = B−1 + χ.
Significant caution must be applied in comparing ex-

pression (3.50) with experiments. If, for example, the
compression is performed on a time scale that is slow
compared to the relaxation time of the elastic degrees of
freedom, but fast compared to that of the defects (which,
being a conserved “charge” density, relaxes only diffu-
sively), then the defects are effectively frozen on the time
scale of the experiment. In this case, corresponding to
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χ = 0, only elastic degrees of freedom can respond and
the result for Bss is simply B of the defect-free crystal.

The vortex supersolid shear modulus css
66 can be probed

by applying a constant force normal to two opposite lat-
eral boundaries of a rectangular xy-crossection sample.
The corresponding stress is given by

σij = σδixδjx . (3.51)

Such stress induces both the longitudinal (uL) and the
transverse (uT ) deformations of the lattice. The shear
modulus is defined in terms of the normal strain, uxx −
uyy, as

1

css
66

= 2
uyy − uxx

σ
. (3.52)

Consistent with our earlier calculation that used equal-
time correlation function, we find here that

css
66 = c66 (3.53)

i.e., the shear modulus remains unrenormalized by fluc-
tuations in density of vacancies and interstitials.

IV. DISLOCATION LOOPS IN A VORTEX

SUPERSOLID: A MODEL OF VORTEX LIQUID

We now turn to the description of a vortex liquid. This
is a disordered, dissipative state of the flux-line array,
that results from either a direct melting of a defect-free
vortex crystal or (possibly) a continuous melting13 of a
vortex supersolid, discussed in previous sections.

Following ideas of Kosterlitz and Thouless,14 extended
in Ref. 16 to three-dimensional vortex systems, we de-
scribe a flux-line liquid as a supersolid with a finite
equilibrium concentration of unbound dislocation loops
and vacancy/interstitial defect lines. Such an approach
nicely complements the more conventional hydrodynamic
description of the vortex liquid studied in Refs. 37,36.
While somewhat more involved, the advantage of the
approach taken here is that it provides a more direct
connection between the vortex liquid and vortex ordered

phases (crystals), in which the defects are bound, thereby
presenting a unified description. It also provides a valu-
able detailed “microscopic” characterization of the dis-
tinction between vortex liquids and solids.

The properties of a flux-line lattice in the presence of
an unbound gas of dislocation loops, but no vacancies
nor interstitials, were studied in Ref. 16. In the absence
of vacancy and interstitial defects, dislocation loops are
constrained to lie in a plane spanned by their Burger’s
vector and the z axis. These planar dislocation loops
can only relax applied stresses by “gliding” along the z
axis. Clearly, once dislocation loops proliferate on all
scales, vacancies and interstitials will also unbind and
both of these defects will exist in the resulting bond-
orientationally ordered liquid. The goal of this section

is to incorporate vacancies and interstitials into a com-
plete description of a vortex liquid. We will explicitly
demonstrate that a finite concentration of vacancy and
interstitial defects allows for “climb-like” distortions of
dislocation loops, which can move out of the ẑ-b plane
by absorbing and emitting vacancies and interstitials.

A. Model

To construct a complete model of a vortex liquid we
now proceed to incorporate dislocation loops into the
model of a supersolid, presented in Sec.III. We do this by
allowing multi-valued lattice displacement fields, u. The
loop integral of u,

∮

dui(r) = −bi(r) , (4.1)

enclosing a dislocation line, fails to close by a Burger’s
lattice vector, b. The direction of integration around the
contour is that of a right-handed screw advancing paral-
lel to a unit tangent vector τ to the dislocation line. The
peculiarity of dislocation in a lattice of z-directed lines
is that while the Burger’s vector is two-dimensional and
by definition lies in the xy plane, the tangent τ to the
defect line is a three-dimensional vector.16,41

To study properties of the system on scales that are
long compared to the spacing between dislocation lines,
we use a continuum description. We consider a small hy-
drodynamic volume and introduce the Burger’s “charge”
density tensor αβj(r), whose integral over an open sur-
face S, gives the total Burger’s vector of dislocation lines
directed along the surface normal nβ and enclosed by a
contour C bounding the surface,

∫

S

αβjnβdA =
∑

n

b
(n)
j . (4.2)

For a single dislocation line, directed along the tangent
τβ , with Burger’s vector bi, the defect density tensor is

given by αβi = τβbiδ
(2)(r⊥). The rectangular (3×2) den-

sity tensor αβj(r) is therefore a measure of the number of
dislocation lines with Burger’s vector bj crossing a unit
area normal to the dislocation tangent τβ . We remind
the reader that Roman letters i, j, k, ... are used to de-
note indices that run only over the values x and y, and
Greek letters α, β, γ, ... are reserved for indices that run
over the three-dimensional set x, y, z.

By definition, dislocations in the z-directed line crystal
must have their Burger’s vectors lie in the xy plane. Con-
sequently the three-dimensional vector αzj(r), (j = x, y)
describes z-directed edge dislocations. Edge dislocations
lying in the xy plane are described by the antisymmetric
part of the two-dimensional tensor α⊥

ij(r), (i = x, y and

j = x, y, with αβj = (α⊥

ij , αzj)). In the absence of va-
cancies and interstitials, however, these type of xy-plane-
directed edge dislocations correspond to a branching or
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merging of flux lines, which necessarily involve fractional
or double flux-“charged” vortex lines, both energetically
forbidden. In contrast, vacancies and interstitials allow
for this type of edge dislocations, as we will demonstrate
below. Screw dislocations, on the other hand always run
normal to flux lines, i.e., they lie in the xy plane, and lead
to entanglement of the vortex lines.42 They are described
by the symmetric part of α⊥

ij(r).
By rewriting Eq.4.1 in differential form and then av-

eraging the resulting equation over a hydrodynamic vol-
ume, containing many dislocation lines, we relate the dis-
location density tensor αβj(r) to the local lattice strain
wβj(r),

ǫαβγ∂βwγk(r) = −ααk(r) . (4.3)

Hence in the presence of dislocations (αβj 6= 0), the strain
tensor wβj contains a singular part that cannot be writ-
ten as a gradient (∂β) of a single-valued displacement
field uj . Finally, dislocation loops must either close or
terminate at sample boundaries. This amounts to the
condition

∂βαβj(r) = 0 . (4.4)

We now proceed to incorporate the dislocation degrees
of freedom into the model of the supersolid studied in
Sec.III. We first recall that the fluctuations of the lo-
cal magnetic induction δB = (B⊥, δBz) are related to
the changes in density and orientation of flux lines, with
contributions from both local strains and vacancy and
interstitial defects. In the long wavelength limit these
relations are obtained by inserting δn and t given by
Eqs.3.6 and 3.7 in Eqs.2.4 and 2.5,

δBz = φ0[−n0wii(r) + δnd(r)] , (4.5)

δB⊥i = φ0[n0wzi(r) + tdi(r)] . (4.6)

In the presence of dislocations, the strain tensor wαj is
given by the sum of a regular, longitudinal (on first,
Greek index) part, defined in Eq.2.3 in terms of the
derivatives of a single-valued displacement field uj , and a
singular, transverse (on the first, Greek index) part, ws

αi,
due to dislocations

wαj = ∂αuj + ws
αj . (4.7)

By imposing the ∇ ·B = 0 condition and using Eqs.4.5
and 4.6, we obtain

∂zδnd + ∇⊥ · td = −n0(−∂zw
sing
ii + ∂iw

sing
zi ) . (4.8)

It is important to note that, in contrast to the defect-
free crystal and the supersolid, where the elastic part wβj

(∂βuj) identically satisfies ∇ ·B = 0, here this condition
imposes a nontrivial constraint that couples dislocations
and vacancy-interstitial defects. This becomes apparent
by using Eq.4.3 to eliminate wβj from the constraint in
favor of the dislocation density tensor, with the result

∂zδnd + ∇⊥ · td = n0ǫijα
⊥

ij(r) . (4.9)

This important condition is one of the main results
of our work and is an essential ingredient in the com-
plete “elastic” description of the vortex liquid state.
We first note that in the supersolid phase, where dis-
location loops are bound and lattice displacements are
singe-valued, αβj = 0, and the constraint reduces to
the vacancy-interstitial line continuity condition, Eq.3.8.
On the other hand, in a description of a vortex liquid
which ignores vacancies and interstitials it reduces to the
ǫijα

⊥

ij = 0 condition of Ref. 16, enforcing the constraint,
discussed above, that in the absence of vacancies and
interstitials, dislocation loops are confined to lie in the
plane defined by their Burger’s vector and the average
external magnetic field. In the presence of vacancies and
interstitials Eq.4.9 explicitly demonstrates that these de-
fects provide a mechanism by which the dislocation loop
can effectively climb out of this plane. They do this by
emitting or absorbing vacancy and interstitial line de-
fects. The allowance of nonplanar dislocation loops in
vortex supersolids and liquids then removes the artifi-
cial condition of a vanishing antisymmetric part of the
dislocation density tensor and in general ǫijα

⊥

ij 6= 0 in
these phases. As anticipated above, this allows xy-plane-
directed edge dislocations to proliferate upon melting.

The above constraint, Eq.4.9, is one way that the ad-
ditional degrees of freedom associated with proliferated
dislocations enter the description of the vortex liquid.
Dislocations of course also contribute directly through
the “elastic” free energy in a way that we now derive.

The free energy F of a lattice with dislocations and
vacancy/interstitial defects is given by Fss = Flatt +Fd +
Fint, but with derivatives of the phonon field replaced by
the total strain tensor given in Eq. 4.7, i.e.,

F =
1

2

∫

drwαiCαiβjwβj (4.10)

+
1

2n2
0

∫

dr
[

χ−1(δnd)
2 +K(td)

2
]

+
1

n0

∫

dr
[

γwiiδnd + γ′wzitdi

]

+Fcore,

To make the notation more compact, the purely elastic
part of the free energy, given by the first term on the
right hand side of Eq. 4.10, has been written in terms of
the elastic tensor,

Cαiβj = c66(δαβ − δαzδβz)δij + c66δαjδβi

+(c11 − 2c66)δαiδβj + c44δαzδβzδij . (4.11)

We have also added to the free energy of the defective
lattice a term Fcore representing the core energy of the
dislocations, given by

Fcore =

∫

dr[Eeα
2
zi + Esα

2
ii + E′

sαijαij + E′

e(ǫijαij)
2].

(4.12)
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The core energy Fcore has been written on the basis of
symmetry considerations. It incorporates terms account-
ing for the edge and screw dislocation core energies per
unit length, Ee, E

′

e, Es and E′

s. As discussed in Ref.
16, although E′

e = E′
s = 0 for a single dislocation line,

nonzero values of E′

e andE′

s are required to describe short
range interactions in the hydrodynamic limit. The val-
ues for the core energies are estimated to be Ee ≃ c66b

2,
Es ≃ E′

s ≃ √
c66c44 b

2 and E′
e ≃ √

c11c44 b
2.16

While the elastic part (∂αui) of the strain tensor iden-
tically satisfies Eq.4.3, the singular part is found by “in-
verting” this equation in Fourier space. This gives

ws
αj(q) = − i

q2
ǫαβγqβαγj(q) + iqαψj(q) , (4.13)

where ψj is an arbitrary function, reflecting the fact
that the solution to Eq.4.3 is only determined up to
an arbitrary longitudinal part. This is analogous to
the gauge freedom that appears in electromagnetism (or
other gauge theories) when, for example, Maxwell equa-
tion ∇ · E = ρ is solved for the electric field E in terms
of the charge density ρ.

One convenient and natural choice of ψj is obtained
by requiring that the corresponding ws

αj minimizes the
total free energy F , Eq.4.10, with respect to lattice dis-
placements. Such a choice is mathematically convenient
for computing thermodynamic averages, because it re-
moves all couplings between the phonons uj and the de-
fect degrees of freedom. Physically, this choice of ws

αj

corresponds to elastically equilibrated defects.
To compute ψi corresponding to this convenient gauge

choice, we insert wαi, Eq.4.7 into F , Eq.4.10, and re-
quire that the linear terms in u vanish, which of course
is equivalent to the requirement that ws

αi minimizes F .
The resulting Euler-Lagrange equation is given by

δF

δui
= −∂ασαi −

γ

n0
∂iδnd − γ′

n0
∂ztdi = 0, (4.14)

where

σαi = Cαiβjwβj (4.15)

is the corresponding stress tensor. The solution is more
conveniently written in Fourier space, where it is given
by

ψi(q) =
1

q2
(

A−1
)

ij
qαCαjβkǫβγηqγαηk(q) (4.16)

+
i

n0

(

A−1
)

ij

[

γqjδnd(q) + γ′qztdj(q)
]

.

Here A−1 is the inverse of a 2 × 2 matrix A, with
Aij = qαCαiβjqβ . Its elements are given by,

(

A−1
)

ij
=

1

ΓT (q)

[

δij −
(c11 − c66)

ΓL(q)
q⊥iq⊥j

]

, (4.17)

where ΓT (q) and ΓL(q) are the transverse and longitu-
dinal elastic elastic stiffnesses, defined in Eqs. 3.16, 3.17.

With this choice of ψi, by construction, the total free
energy breaks up into two parts

F = Flatt + Fdef , (4.18)

where Flatt is the defect-free elastic part of the free en-
ergy given in Eq. 2.1 and rewritten here for convenience
in Fourier space,

Flatt =
1

2

∫

d3q

(2π)3

[

ΓT (q)|uT (q)|2 + ΓL(q)|uL(q)|2
]

.

(4.19)

This involves only phonons degrees of freedom, as for a
defect-free crystal. The second, defect part, Fdef , is the
free energy of an interacting gas of dislocation loops and
vacancy-interstitial line-defects. It is given by

Fdef =
1

2

∫

drws
αiCαiβjw

s
βj (4.20)

+
1

2n2
0

∫

dr
[

χ−1(δnd)
2 +K(td)

2
]

+
1

n0

∫

dr
[

γws
iiδnd + γ′ws

zitdi

]

,

where ws
αi is the singular part of the strain tensor, given

by Eqs. 4.13 and 4.16. This defect free energy must
be supplemented with the continuity conditions Eq.4.9
and Eq.4.4 for the vacancy/interstitial defect lines and
the dislocation lines, respectively. The constraint (4.9)
can be directly incorporated into the free energy by us-
ing it to explicitly eliminate the longitudinal part of the
vacancy-interstitial defects tangent vector,

tLd (q) ≡ q̂⊥ · td(q) , (4.21)

= − qz
q⊥
δnd(q) − i

q⊥
n0ǫijα

⊥

ij(q) , (4.22)

in favor of the defect density δnd(q) and the antisymmet-
ric part of the dislocation density tensor α⊥

ij(q). Finally,
using Eqs. 4.13 and 4.16 to eliminate the singular strain
field in terms of the defect degrees of freedom in Eq. 4.20,
we obtain

Fdef =
1

2

∫

dq

(2π)3

{

R̃µiνj(q)αµi(q)ανj(−q) +A(q)δnd(q)δnd(−q) + C(q)tTd (q)tTd (−q)

+ iDµi(q)
[

αµi(−q)δnd(q) − αµi(q)δnd(−q)
]

+ iGµi(q)
[

αµi(−q)tTd (q) − αµi(q)tTd (−q)
]

}

, (4.23)

where tT
d (q) = td(q) − q̂⊥t

L
d (q) is the transverse part of the defect tangent vector.
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The kernels R̃µi,νj(q), A(q), C(q), Dµi(q) and Gµi(q)
depend in a complicated way on the elastic moduli
(c66, c11, c44) of the lattice, and on wavevectors q⊥ and
qz, and are given explicitly in Appendix B.

B. Correlations and response functions

In this section we evaluate the renormalization of the
elastic constants of the flux-line lattice due to dislocations
and vacancy/interstitial defects. The renormalized elas-
tic constants are defined by Eqs. (3.20-3.22), but with
the understanding that the correlation functions are now
those of a lattice with an equilibrated concentration of
defects and dislocations. This means that the structure
function and the tilt correlation function are formally
given in terms of the strain tensor and the defect fields
by the same expressions 3.10 and 3.11 used for the su-
persolid, but the strain tensor wαi is now the total strain
given in Eq. 4.7, including the singular part. The same
holds for the correlation function that determined the
shear modulus defined on the first line of Eq. 3.22. The

brackets in these correlation functions now denote a ther-
mal average with the free energy Flatt + Fdef , with Fdef

given by Eq. 4.23. The average is carried out by inte-
grating over all configurations of dislocations, described
by the components of the dislocation density tensor, αβi,
and vacancy/interstitial lines, described by the defects
density, δnd, and tilt field, tTd . The integration must be
done subject to the constraint that dislocation lines are
closed, given by Eq. 4.4. The “continuity” constraint
for defect lines, expressed by Eq. 4.9, has already been
incorporated into the free energy Fdef . The computation
of correlation functions is conceptually simple but tech-
nically quite involved and was carried out using Mathe-
matica symbolic manipulator program. Only the results
will be given here.

The full expression for the density, tilt field, and other
correlation functions are too “horrifying” to be shown
here, and we therefore only display their long wave-
length limits, which determine the renormalized elastic
constants, according to Eqs. (3.20-3.22).

The structure factor vanishes as q⊥ → 0, as required
by the density sum rule. The renormalized longitudinal
modulus as defined by Eq. (3.20) is given by,

1

cR11(q⊥)
=

1

c11

{

1 +
c11[2c66(c11 − c66) + c11Eeq

2
⊥

] + 2c266χ
−1 + γ(γ + 2c11)(2c66 + Eeq

2
⊥

)

χ−1[2c66(c11 − c66) + c11Eeq2⊥] − γ2(2c66 + Eeq2⊥)

}

. (4.24)

The renormalized tilt modulus defined by Eq. (3.21)
is

1

cR44(qz)
= lim

qz→0
TT (qz , q⊥ = 0) =

c44 +K − 2γ′

c44K − γ′2
. (4.25)

We find that in the long wavelength limit both cR11 and
cR44 are identical to the elastic constants of a lattice with

only vacancy and interstitial defects. In other words,
somewhat surprisingly, the coupling of dislocations to
vacancy/interstitial defect lines does not yield any addi-

tional renormalization of the tilt and compressional mod-
uli, even if it does make it possible for dislocations to
relax stresses by climbing out of the (b, ẑ) plane and al-
lows for (otherwise forbiddingly costly) xy directed edge
dislocations. Finally, the renormalized shear modulus is

1

cR66(q⊥)
=

1

c66
+

1

Eeq2⊥
+

χ−1c11(c11 − 2c66) − γ2(c11 − 4c66)

c11

[

χ−1
(

2c66(c11 − c66) + c11Eeq2⊥
)

− γ2(2c66 + Eeq2⊥)
] . (4.26)

Dislocations renormalize the long wavelength (q → 0)
shear modulus to zero, yielding liquid-like response to
shear stresses.

We now discuss various limiting cases for our re-
sults. In the absence of coupling between the gas of va-
cancy/interstitial defects and the lattice (γ = 0, γ′ = 0),
the various correlation functions are simply given by the
sum of the contributions from a lattice with an equilib-
rium concentration of unbound dislocations (correspond-
ing to the constrained hexatic line liquid discussed by
Marchetti and Nelson16) and from a liquid of defect lines.
The corresponding elastic constants add in parallel, with

( 1

cR11(q⊥)

)

γ=γ′=0
= χ+

1

cMN
11

, (4.27)

( 1

cR44(q⊥)

)

γ=γ′=0
=

1

K
+

1

cMN
44

, (4.28)

( 1

cR66(q⊥)

)

γ=γ′=0
=

1

cMN
66

, (4.29)

where we have denoted by the superscript “MN” the elas-
tic constants of a lattice with an equilibrium concentra-
tion of unbound dislocations, but with a constraint for-
bidding vacancy and interstitial defects,16 given by

1

cMN
11

=
1

c11

[

1 +
2c266

2c66(c11 − c66) + c11Eeq2⊥

]

(4.30)

1

cMN
66

=
1

c66
+

1

Eeq2⊥
+

(c11 − 2c66)

2c66(c11 − c66) + c11Eeq2⊥
(4.31)

1

cMN
44

=
1

c44
. (4.32)
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The elastic constants of a supersolid, i.e., the lattice with
only vacancy and interstitial defects, can be obtained
by letting all the dislocation core energies go to infin-
ity (Ee, E

′

e, Es, E
′

s → ∞). It is easy to see that in this
limit we recover the results discussed in Sec. II. Finally,
when χ−1 → ∞ and K → ∞ vacancy and interstitial de-
fects are forbidden and the elastic constants reduce again
to those given in Eqs. 4.30-4.32.

We recall that the coupling of dislocations to vacancy
and interstitial lines allows dislocations to relax stresses
by climbing out of the (b, ẑ) plane via the emission or ab-
sorption of vacancies and interstitials – a mechanism for
relaxing stresses that is forbidden in the hexatic liquid of
Marchetti and Nelson16.

T T

b

b

T T

b

b

y

z x

y

z

x

Fig.5.Gliding of an edge dislocation loop, allowed even in
the absence of vacancies and interstitials. For simplicity
we have sketched the dislocation loop for the case of
a square lattice. The dotted vertical lines refer to the
defect-free square lattice and serve as a guide for the eye.

Figure 5 shows a planar dislocation loop with b = bx̂
of the type considered by Marchetti and Nelson16. This
loop lies in its glide plane (the xz plane) and can easily
relax a shear by gliding in this plane. The climbing of the
same dislocation loop out of its glide plane is described
pictorially in Fig.6.

b

b

T T
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z x

T
T
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z
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z 2

z 1

Fig.6.Climbing of an edge dislocation loop in a square
lattice, only allowed in the presence of vacancies and
interstitials. The Burger’s vector of the loop is in the +x
direction. The lattice configuration at two cross-sections
z1 and z2 shows the climbing in the y direction, normal
to the Burger’s vector.

It is clear that climb can only occur via the emission
or absorption of vacancy or interstitial defects, as sum-
marized by Eq.4.9. Such climb “motion” can occur in
response to the force on the dislocation loop resulting
from applying a uniform external tilt to the lattice, cor-
responding to a constant stress σext

iα = δixδαzσ
ext
zx . The

force on a dislocation line due to a uniform stress σext
iα is

the familiar Peach-Köhler force, given by

FPK
β = ǫαβγτγσ

ext
iα bi. (4.33)

Equation 4.33 differs slightly from the corresponding ex-
pression found in textbooks as the stress tensor in a flux-
line lattice is not a symmetric (or even a square) matrix.
The Peach-Köhler force on the rectangular loop shown
in Fig.5 due to a uniform tilt in the xy plane is normal
to the plane of the loop (along y) and there is no force
on any segment of the loop parallel to z. Specifically, for
τ = x̂, we find FPK,tilt = −σext

xz bŷ and for τ = −x̂, we
find FPK,tilt = σext

xz bŷ. In other words, the Peach-Köhler
force acts as a couple and tries to rotate the loop out of
its glide plane. The screw components of the loop run-
ning along ±x̂ can glide in any plane that contains them.
In particular, they will glide in the ŷ or −ŷ direction un-
der the action of the force. For this to happen the edge
sections must climb out of the glide plane by emitting or
absorbing vacancies and interstitials, as shown in Fig.6.
By gliding out of the sample along the y direction, the
screw dislocations can relax a uniform tilt of the lines
towards ±x. We note that if one thinks of z as a fic-
titious time, the constraint 4.9 is formally identical to
the temporal continuity equation for the density of point
vacancy/interstitial defects, diffusing in the presence of
dislocations in a two-dimensional lattice39. Dislocations
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provide a source of point defects as they climb across
the sample. The renormalization of the tilt modulus can
therefore occur only when vacancy and interstitial defects
are allowed.

It is also instructive to consider the behavior of another
typical dislocation loop, shown in Fig.7. This loop has
b = bx̂ and lies in the yz plane. The two edge segments
running parallel to z lie in two different and parallel glide
planes. The loop is closed by segments running along y
which are also edge dislocations in nature, as b ⊥ τ .

This is an example of a dislocation loop characterized
by ǫijα

⊥

ij 6= 0. Such a loop is not allowed in the absence
of vacancy and interstitials, as without such defects the
edge segments running along y would require a row of
vortex lines to merge or split into single lines carrying
twice or half a flux quantum – an energetically forbidding
configuration. Denoting by z1 < z2 the vertical location
of the two segments of the loop running along y, we can
understand the existence of the loop as arising from a set
of interstitial defects that are randomly distributed in the
xy plane for z < z1 and z > z2, but organize themselves
into a vortex sheet for z1 < z < z2, acting like an extra
row of lines in this region. In the region near z1 and z2,
clearly ∂znd 6= 0, corresponding to a nonvanishing value
of ǫijα

⊥

ij . Under a constant stress σext
xz from a uniform tilt

applied to the system, the Peach-Köhler force on the loop
consists again of two forces of equal magnitude applied
on the sections running along y and directed along ±x,
as there is no force on the sections of the loop running
along z. Under the action of this couple, the loop rotates
out of its plane. While this motion occurs in the glide
plane for each section of the loop, it requires “diffusion”
of vacancies and interstitials according to Eq. 4.9.

b

T

T

y

z x

y

z

x

Fig.7.An edge dislocation loop described by a nonvan-
ishing α⊥

ijǫij , allowed only in the presence of vacan-
cies and interstitials. The bottom figure showing a side
view of the loop emphasizes the equivalence between va-
cancy/interstitial defects and a nonvanishing α⊥

ijǫij . The
loop can be thought of as arising from an insertion of
a row of “finite-length vortices”, which correspond to a
wandering of interstitial defects.

The addition of dislocations also removes the nonana-
lyticity of the transverse part of the tilt-tilt correlation
function, present in both the defect-free vortex lattice
and the vortex supersolid. In fact we obtain

TT (q⊥, qz = 0) = n2
0kBT

K + c44 + 2(Es + E′
s)q

2
⊥
− 2γ′

Kc44 + 2K(Es + E′
s)q

2
⊥
− γ′2

. (4.34)

and

〈W 2〉 = lim
q⊥→0

TT (q⊥, qz = 0) (4.35)

=
n2

0kBT

cR44
,

with cR44 given by Eq. 4.25. As indicated in Eq. 2.23,
limq⊥→0 TT (q⊥, qz = 0) determines the winding number
〈W 2〉 and the corresponding superfluid density ns of the
equivalent boson system, 〈W 2〉 = h̄ns/m. The analytic-
ity of the transverse tilt-tilt correlator at long wavelength
indicates that ns = n0, i.e., the bosons are in the super-

fluid state. Conversely, this corresponds to an entangled
flux-line array, with no longitudinal superconductivity.

For comparison, in the model of a constrained hexatic
line liquid, studied by Marchetti and Nelson,16 where the
absence of vacancy/interstitial defects prevents disloca-
tion loops from climbing out of the (b, ẑ) plane, one ob-
tains

TMN
T (q⊥, qz = 0) =

n2
0kBT

c44 + 2(Es + E′
s)q

2
⊥

, (4.36)

and
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lim
q⊥→0

TMN
T (q⊥, qz = 0) =

n2
0kBT

c44
. (4.37)

We find that independent of whether or not vacancy and
interstitial defects are included in the description of the
hexatic vortex liquid, the transverse tilt-tilt correlator is
analytic and limq⊥→0 TT (q⊥, qz = 0) is finite, indicating
that both systems are entangled. Vacancies and intersti-
tials do, however, decrease the tilt modulus, further en-
hancing the entanglement of the vortex array. Although
vacancy and interstitial defects must be incorporated in
a consistent description of a flux-line hexatic, they do
not change the qualitative properties of the hexatic liq-
uid, which even in their presence maintains a vanishing
long-wavelength shear modulus and does not exhibit lon-
gitudinal superconductivity.

To further characterize orientationally ordered liquid
it is useful to define a characteristic length scale ξ⊥, that
determines the typical transverse size of a disentangled
flux-line bundle. This is a region of the flux array where
the lines remain locally disentangled in the limit of infi-
nite sample thickness along the field (z) direction. In the
absence of vacancies and interstitials, Eq. (4.36) gives

ξMN
⊥

∼
√

2(Es + E′
s)/c44. Using Es ∼ E′

s ∼ √
c44c66b

2,

we find ξMN
⊥

∼ a0(c66/c44)
1/4, with a0 =

√

1/n0 the
mean intervortex separation. In flux-line arrays we typi-
cally have c66 << c44 and the flux-line hexatic is entan-
gled over all macroscopic scales.

The coupling of dislocations to vacancy and interstitial
defects renormalizes this entangling length ξ⊥, as can be
seen from Eq.4.34, which for small q⊥ is given by

TT (q⊥, 0) ≈ n2
0kBT

cR44

[

1 − q2⊥ξ
2
⊥

]

, (4.38)

with

ξ⊥ =

√

cR44
2(Es + E′

s)

|K − γ′|
|c44 +K − 2γ′| . (4.39)

It is easy to see that for all physical parameter values,
ξ⊥ < ξMN

⊥
. Not surprisingly, we find that vacancies and

interstitials therefore decrease the typical size of a disen-
tangled flux bundle.

Finally, we have also studied the effects of vacancy and
interstitial defects on the properties of the orientationally
ordered hexatic liquid. Although the finite wavevector
behavior is considerably modified, we find that at long
wavelength the effective hexatic stiffness is still given
by the expression obtained in Ref. 16. This result is
consistent with the lack of long-scale orientational order
and therefore a vanishing orientational stiffness in the
isotropic line-liquid of vacancies and interstitials.

V. CONCLUSIONS

In this paper we have studied the effects of vacancy
and interstitial line defects in the supersolid and the liq-

uid phases of flux-line arrays in the mixed state of type-II
superconductors.

The transition from a fully ordered Abrikosov crystal
phase into the vortex supersolid phase takes place at a
critical temperature or magnetic flux density, at which
vacancy and interstitial defects proliferate, providing a
mechanism for vortex entanglement and yielding finite
resistivity. In order to study the long wavelength elastic
properties of the supersolid phase, we modeled the super-
solid as a lattice with an equilibrium concentration of un-
bound vacancy and interstitial defect lines and computed
the renormalization of the elastic constants due fluctu-
ations in the density and orientations of these defects.
As expected, at long wavelengths, we find that vacancy
and interstitial density fluctuations do not renormalize
the shear modulus, confirming the finiteness of the su-
persolid shear modulus, which distinguishes it from the
vortex liquid. In contrast, these defect fluctuations yield
a finite downward renormalization of both the compres-
sional and tilt moduli. The renormalization of the tilt
modulus stems from the fact that the liquid of vacancy
and interstitial defects promotes flux-line wandering. We
explicitly demonstrate that this defect-based vortex line
delocalization mechanism spoils the Meissner response to
a shear tilt perturbation, characteristic of the defect-free
vortex lattice. In other words, the vortex supersolid does
not exhibit longitudinal superconductivity and, in this
respect, similarly to the vortex liquid, is always entan-
gled.

It is clear that the vortex liquid phase, where unbound
dislocation loops have proliferated, is also characterized
by a finite density of vacancy and interstitials, which
must, therefore, be included for a consistent description
of such a resistive phase. A model of the vortex-line liquid
as a solid with an equilibrium concentration of unbound
dislocation loops, but no vacancies and interstitials, was
previously studied by Marchetti and Nelson16. As a con-
sequence of no-vacancy/interstitial constraint implicit in
their model, only planar loops, that cannot climb out of
their glide plane, were included. We have generalized this
model by allowing for a gas of vacancy and interstitial line
defects, coupled to the dislocation loop gas and the elastic
(phonon) degrees of freedom, to be present in the orien-
tationally ordered vortex liquid. We explicitly demon-
strated that a finite concentration of these vacancy and
interstitial defects allows the dislocation loops to climb
out of their glide plane by emitting and absorbing vacan-
cies and interstitials, and allows for new types of edge
dislocations (otherwise forbidden), thereby significantly
increasing the entropy of topological defects characteriz-
ing the vortex liquid. This physical result is mathemati-
cally summarized by Eq.4.9, in which non-planar disloca-
tion loops and horizontal edge dislocations, with Burger’s
vector in the xy-plane, act as sources for vacancy and in-
terstitial line defects. This resulting climb-like motion
provides a mechanism for the relaxation of an externally
applied tilt, not present in the model of Ref. 16. We
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find, however, that at long wavelengths there is no in-

dependent renormalization of the tilt and compressional
moduli by dislocations, other than that already induced
in the supersolid by fluctuations in the density and ori-
entation of vacancy and interstitial defects. This result
is somewhat puzzling and may be a consequence of the
Debye-Huckel approximation used to here. We are cur-
rently investigating the extension of the model presented
here beyond the (quadratic) Debye-Huckel treatment of
defects in order to answer this question. The coupling
of dislocations to vacancy and interstitial defects does,
however, affect the response to a shear tilt perturbation
that probes longitudinal superconductivity. While both,
the vortex supersolid and the vortex liquid fail to exhibit
longitudinal superconductivity, and are therefore always
entangled, in the supersolid it is only the response of the
vacancy and interstitial defects (which form only a small
fraction of the total vortex-flux density) that spoils the
Meissner effect, as

lim
q⊥→0

χss
T (q⊥, qz = 0) = − 1

4π

(

1 − B2

4πK

)

, (5.1)

whereK is the tilt modulus of the vacancy-interstitial de-
fect gas. The transverse susceptibility χss

T , while larger
than −1/4π– the value required for a perfect Meissner re-
sponse – remains negative (diamagnetic) and finite. We
expect therefore still an appreciable screening of longitu-
dinal currents, running along the applied field direction.
In contrast, for the orientationally ordered hexatic vortex
liquid (where dislocations loops also unbind), we find

lim
q⊥→0

χhex
T (q⊥, qz = 0) = − 1

4π

(

1 − B2

4πcR44

)

, (5.2)

where cR44 is the significantly reduced vortex liquid tilt
modulus, given by Eq.4.25. At all, but very low vortex
densities cR44 ≈ B2/4π and the diamagnetic susceptibil-
ity is therefore vanishingly small. Hence, as expected,
the fully entangled vortex liquid has essentially normal
response to a shear tilt perturbation and exhibits no lon-
gitudinal superconductivity.

We hope that the results for the properties of the su-
persolid and hexatic phases, and as well as for the tran-
sitions scenarios from and into them, presented here,
will serve as a useful guide for identifying these exotic
phases in experiments24 and simulations32 of vortex sys-
tems. It is also likely that the equilibrium analytical
description developed here will be useful for incorpo-
rating defects into the current elastic theories of driven

vortex lattices44,45, as well as for interpreting and char-
acterizing the results of experiments46 and numerical
simulations47,48 on these rich nonequilibrium systems.
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VII. APPENDIX A: DETAILS OF COUPLING

CONSTANTS APPEARING IN THE

SUPERSOLID MODEL

In this appendix we study the phenomenological cou-
plings that appear in our model of a supersolid, defined
by the effective free energy Fss, Eq.3.12. Our goal is to
determine the range of values that these parameters can
assume in a physically realistic model of a supersolid. In
Sec.III B we found that the effective supersolid moduli
cR11 and cR44, Eqs.3.23,3.24 vanish at intermediate values
of the couplings γ and γ′, suggesting a vortex density
instability within the supersolid phase. The purpose of
this appendix is to show that such an instability is only
apparent and arises from our definition of parameters.

As we have seen in Sec.III A, the supersolid effective
free energy consists of the elastic lattice part, Flatt, the
vacancy-interstitial defect part, Fd, and a coupling be-
tween the elastic and defect degrees of freedom, Fint,
given in Eq.3.9. The form of Fint was dictated by sym-
metry, with γ and γ′ unknown phenomenological param-
eters. We argue here, however, that in a more realis-
tic model of a supersolid, the coupling between elastic
degrees of freedom and defects arises from fluctuations
in the magnetic induction, δB, and therefore should be
written as an expansion in powers of δB. To lowest
(quadratic) order, such energetic contribution, when ex-
pressed in terms of vortex line density fluctuations δn
and t, lead to F̃int given by

F̃int =
1

2n2
0

∫

dr
[

α(δn)2 + α′(t)2
]

. (7.1)

Inserting the expressions for δn and t given in Eqs.3.6 and
3.7 in F̃int, expanding the resulting expression and com-
bining it with Flatt and Fd, we find F̃ss = Flatt+Fd+ F̃int

F̃ss =
1

2

∫

dr
[

2c̃66u
2
ij + (c̃11 − 2c̃66)u

2
kk + c̃44(∂zu)2 +

1

χ̃n2
0

(δnd)
2 +

K̃

n2
0

(td)
2 +

2γ̃

n0
δnd∇ · u +

2γ̃′

n0
td · ∂zu

]

. (7.2)
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Clearly Eq. 7.2 has the same functional form as Fss stud-
ied in the main text. The coupling constants, however,
are given by

c̃11 = c11 + α , (7.3a)

c̃66 = c66 , (7.3b)

c̃44 = c44 + α′ , (7.3c)

χ̃−1 = χ−1 + α , (7.3d)

K̃ = K + α′ , (7.3e)

γ̃ = −α , (7.3f)

γ̃′ = α′ . (7.3g)

and they all depend on the two independent parameters
α and α′, which are always positive.

We can now reexpress the renormalized supersolid
moduli cR11 and cR44, given by Eqs.3.23 and 3.24, respec-
tively, in terms of the couplings of the model defined here,
with the result

cR11 =
c11χ

−1 + (c11 + χ−1)α

c11 + χ−1
, (7.4a)

cR44 =
c44K + (c44 +K)α′

c44 +K
, (7.4b)

which clearly do not vanish (or diverge) for any pos-
itive values of α and α′. Hence the instability found
in Sec.III B was spurious, an artifact of expressing our
results in terms of γ and γ′ and allowing these coupling
constants to access values that are unphysical in a generic
model of a supersolid.

VIII. APPENDIX B: THE DEFECT FREE ENERGY

Here we give the expressions for the various kernels contained in the defect free energy of Eq.4.23. The nonlocal
kernel R̃αi,βj is given by

R̃αi,βj(q) =
1

q2
Bαi,βj(q) + ∆αi,βj(q) + Eαi,βj , (8.1)

where

Bαi,βj(q) =
[

Cαiβj − Cαiγkqγ(A−1)klqηCηlβj

]

ǫαλµq̂λǫβξν q̂ξ, (8.2)

describes the long-range interaction between dislocation loops in the absence of vacancy and interstitial defects, while

∆αi,νj(q) =
1

q2
⊥

(

K − γ′2q2z
ΓL

)

ǫzαiǫzβj −
γ′q̂⊥k

q2
[

ǫzkαq̂⊥iǫzβj + ǫzkβ q̂⊥jǫzαi

]

(8.3)

+
γ′qzqµqγ q̂⊥k

q2q⊥ΓL

[

Cµkνiǫνγαǫzβj + Cµkνjǫνγβǫzαi

]

. (8.4)

is the part of such interaction mediated by vacancy and interstitial defects. The matrix Eαi,βj describes the dislocation
core energy and is given by

Eαi,βj = 2Eeδαzδβzδij + 2Esδαiδβj + 2E′

sδαβ(1 − δαzδβz)δij + 2E′

eǫzαiǫzβj . (8.5)

The effective interaction between the vacancy and interstitial defects is described by the two scalar kernels

A(q) =
1

n2
0

[

χ−1 +K
q2z
q2
⊥

−
(

γ − γ′q2z/q
2
⊥

)2 q2⊥
ΓL

]

, (8.6)

and

C(q) =
1

n2
0

[

K − γ′
2
q2z

ΓT

]

. (8.7)

Finally, the tensors Dαi and Gαi describe the coupling between the dislocation loop gas and the liquid of vacancy-
interstitial defect lines, and are given by

Dαi(q) =
1

n0q

{

[

γδβi − γ′δβz q̂⊥iqz/q⊥
]

− q⊥
ΓL

(

γ − γ′q2z/q
2
⊥

)

qµq̂⊥iCµjβi

}

ǫβγαq̂γ − qz
n0

[K

q2
⊥

+
γ′

ΓL

(

γ − γ′q2z/q
2
⊥

)

]

ǫzαi, (8.8)

Gαi(q) =
γ′

n0q

[

γδβzĈi −
qz
ΓT

qµĈjCµjβi

]

ǫβγαq̂γ , (8.9)

with Ĉi = ǫij q̂⊥j and q̂ξ = qξ/q,
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