Syracuse University

SURFACE

Mathematics - Faculty Scholarship Mathematics

10-13-2011

Small and Large Time Stability of the Time Taken for a Lévy
Process to Cross Curved Boundaries

Philip S. Griffin
Syracuse University

Ross A. Maller
Australian National University

Follow this and additional works at: https://surface.syr.edu/mat

6‘ Part of the Mathematics Commons

Recommended Citation

Griffin, Philip S. and Maller, Ross A., "Small and Large Time Stability of the Time Taken for a Lévy Process
to Cross Curved Boundaries" (2011). Mathematics - Faculty Scholarship. 97.
https://surface.syr.edu/mat/97

This Article is brought to you for free and open access by the Mathematics at SURFACE. It has been accepted for
inclusion in Mathematics - Faculty Scholarship by an authorized administrator of SURFACE. For more information,
please contact surface@syr.edu.


https://surface.syr.edu/
https://surface.syr.edu/mat
https://surface.syr.edu/math
https://surface.syr.edu/mat?utm_source=surface.syr.edu%2Fmat%2F97&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=surface.syr.edu%2Fmat%2F97&utm_medium=PDF&utm_campaign=PDFCoverPages
https://surface.syr.edu/mat/97?utm_source=surface.syr.edu%2Fmat%2F97&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:surface@syr.edu

arXiv:1110.3064v1 [math.PR] 13 Oct 2011

Small and Large Time Stability of the Time taken for a Lévy

Process to Cross Curved Boundaries

Philip S. Griffin and Ross A. Maller*

Syracuse University and Australian National University

Abstract

This paper is concerned with the small time behaviour of a Lévy process X. In particular,
we investigate the stabilities of the times, Tp(r) and Ty (r), at which X, started with Xy = 0,
first leaves the space-time regions {(t,y) € R? : y < rt® ¢t > 0} (one-sided exit), or {(¢,y) € R?:
ly| < rt®,t > 0} (two-sided exit), 0 < b < 1, as r | 0. Thus essentially we determine whether
or not these passage times behave like deterministic functions in the sense of different modes of
convergence; specifically convergence in probability, almost surely and in LP. In many instances
these are seen to be equivalent to relative stability of the process X itself. The analogous large

time problem is also discussed.

Keywords: Lévy process; passage times across power law boundaries; relative stability; overshoot;
random walks.

AMS 2010 Subject Classifications: 60G51; 60F15; 60F25; 60K05

1 Introduction

There is a strand of research, going back to [4], and continuing most recently in [2], in which the
local behaviour of a Lévy process X; is compared with that of power law functions, t*, b > 0. Here

we address this question, but take a different line, by asking for properties of the first exit time
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of the process out of space-time regions bounded, either on one side or both sides, by power law
functions. Our aim is to give a very general study of the small time stability, as the boundary level

r — 0, of the one-sided exit time

Ty(r) = inf{t > 0: X; > rt}, r >0, (1.1)
and the 2-sided exit time,

Ty (r) = inf{t > 0: |X;| > rt°}, r >0, (1.2)

when 0 < b < 1. (We adopt the convention that the inf of the empty set is +00.) While not the
primary motivation for this paper, in Section [Bl we also include results on stability for large times
as the boundary level » — co. When b = 0 such results form part of classical renewal theory for
Lévy processes.

The restriction of b to the interval [0,1) in (L)) and (L2) involves no loss of generality, since as
we show below in Proposition [3.I], neither passage time can be relatively stable when b > 1. Thus
unless otherwise mentioned we keep 0 < b < 1 in what follows. Our study will draw out similarities
as well as differences between the behaviours of T(r) and T} (r) with respect to differing modes of
stability. By relative stability at 0 of T(r), we will mean that T (r)/C(r) converges in probability
to a finite nonzero constant (which by rescaling we can take as 1), as r — 0 for a finite function
C(r) > 0. We will show that this is precisely equivalent to the positive relative stability at 0 of the

process X, i.e., to the property that

Xt P
—B(t) +1, ast — 0, (1.3)

for some norming function B(t) > 0. The corresponding result for the two-sided exit is that T} (r)

is relatively stable at 0 iff X; is relatively stable at 0 in the two-sided sense, i.e., if

| Xt
B

51, ast—0, (1.4)



for some function B(t) > 0. The statements of these results are similar, and this is exploited in
one direction of the proof, but the proofs in the opposite direction are completely different.

We also consider relative stability in the a.s. sense and in LP. In the former case the results for
the one-sided and two-sided exit times are again similar, see Theorem B2 and we are again able
to exploit this in one direction. In the case of stability in LP, the behaviour of the two exit times is
significantly different, see Theorem [3.4l Section [3 contains a complete discussion of these results.

Given the equivalences between the relative stability of T;(r) and T} (r), and the relative sta-
bility of the original process X, we begin Section 2 by reprising, and where necessary extending,
the properties of a relatively stable X. Our main results, related to the stability of Tp(r) and
Ty (r), are then given in Section Bl Proofs of these results can be found in Section @], together with
some preliminary results which may be of independent interest. Finally Section [l contains results
in the large time setting. We strive for, and mostly achieve, definitive (necessary and sufficient)
conditions.

We conclude this section by introducing some of the notation that will be needed in the re-
mainder of the paper. The setting is as follows. Suppose that X = {X; : ¢t > 0}, Xg =0, is a
Lévy process defined on (2, F, P), with triplet (v, o2,1II), II being the Lévy measure of X, v € R
and ¢ > 0. Thus the characteristic function of X is given by the Lévy-Khintchine representation,

E(e9%t) = ) where

U() =iy — 026%/2 + /(eiex — 1 =021y <y)I(dx), for 6 € R. (1.5)
R

If X is of bounded variation, then ¢ = 0 and the Lévy-Khintchine exponent may be expressed in
the form

U(9) =i0d —i—/(ei@m — DII(dz), for 0 € R, (1.6)
R

whered =~ — | 71y, <1))II(dz) is called the drift of X. We will sometimes include a subscript, as
in for example dx, to make clear the process we are referring to. X is a compound Poisson process

if ox =0, Hx(]R) <ooanddx =0.



Let T and T denote the tails of II, thus

ﬁ+(a:) =TI{(z,00)}, IT (2) = {(~o00, —z)}, and I(z) = ﬁ+(a:) +1I (),

for z > 0, and define kinds of Winsorised and truncated means A(x) and v(x) by

Aw) =+ T -T W+ [ (T T 6) dy

Y+ (ﬁ+(w) - ﬁ‘(@) + /1 yII(dy)

<ly|<z

(1.7)

= @)+ <ﬁ+(aj) T (m)) x>0,

where f1<|y‘<m = — fw<|y‘<1 if z < 1. Similarly, for variances, we set

Ux) = o>+2 /01‘ yIl(y)dy
= o2+ 2(x 11(d
M) [y
= V(z)+2°TI(z), = > 0. (1.8)

Note that, because f{|m|<1} 2?TI(dx) < oo, we have

lim zA(x) = lim zv(z) = 0.
z—0 z—0

2 Small Time Relative Stability of X
Recall that X is relatively stable (in probability, as t — 0), denoted X € RS at 0, if there is a

nonstochastic function B(t) > 0 such that

X p Xt p
1 -1 t 0. 2.1
B(t)—>+,or B(t)—> ,ast— (2.1)

(We abbreviate this to X;/B(t) RN +1.) If (21) holds with a “+” sign we say that X; is positively

relatively stable as t — 0, denoted X € PRS; a minus sign gives negative relative stability, NR.S.



Various properties of relative stability at 0 are developed in [9]. We need only assume B(t) > 0
for t > 0: B(t) is not assumed a priori to be nondecreasing, but can always be taken as such.
Further properties of relative stability in probability at 0, and of the norming function B(t), are

summarized in the next proposition.

Proposition 2.1 There is a non-stochastic function B(t) > 0 such that

X: P
—_— +1 t 2.2
B , ast— 0, (2.2)
if and only if
0?=0 and A_(:E) — +o00, as © — 0. (2.3)
xIl(z)

(The + or — signs should be taken together in (22)) and 23)).) If these hold, then |A(zx)| is slowly
varying as x — 0, and B(t) is reqularly varying of index 1 and B(t) ~ t|A(B(t))| ast — 0. Further,
B(t) may be chosen to be continuous and such that t="B(t) is strictly increasing for all 0 < b < 1.

In addition, we have
| X

P
o1 ast =0 2.4
B) ,ast—0, (2.4)

for a non-stochastic function B(t) > 0, if and only if

02=0 and ]A_(x)\ — 00, as x — 0, (2.5)

xIl(x)

and this is equivalent to (2.2) and 23)) (with either the + or — sign). Thus (2.4) implies that
limy o P(Xy > 0) =1 or limy_,o P(X; < 0) = 1, just as ([Z.5) implies that A(x) is of constant sign
for all small x, that is, A(x) > 0 for all small x > 0 or A(x) <0 for all small x > 0.

Further, the following conditions are also each equivalent to ([2.4I):

there exist constants 0 < ¢1 < ¢y < 00 and a non-stochastic function B (t) > 0 such that
X

IlmP | < L—t‘ <c| =1 (2.6)
B(t)

there is a nonstochastic function E(t) > 0 such that every sequence tp, — 0 contains a subsequence



X
e Py (2.7)
B(ty)

where ¢ is a constant with 0 < || < oo which may depend on the choice of subsequence.

Note: If II(R) = 0 then A(z) = ~ for all x > 0, and the meaning of the limit in (23] is that
v > 0 when the limit is co and v < 0 when the limit is —co. This corresponds to the case that
Xi = vyt + oW, is Brownian motion with drift, and it’s clear that X € PRS (X € NRS) at 0 iff
02 =0and v > 0 (y < 0). In this case B(t) = |y|t. Similarly the meaning of the limit in (Z.35])
when II(R) = 0 is that v # 0.

Proof of Proposition 2.1l See Theorem 2.2 of [9] for the equivalence of (2.2]) and (2.3]), and the
properties of B(-) and A(+). (A blanket assumption of II(R) > 0 is made in [9], but it is unnecessary
in any of the instances where references are made to [9] in this paper. One way to see this is to
add an independent rate 1 Poisson process to X and use that the resulting process agrees with X
at sufficiently small times.) The strict monotonicity of t=?B(t) for 0 < b < 1 follows easily from
the regular variation of B; see for example, Section 1.5.2 of [3].

Clearly (Z3)) implies (25 and the converse holds by continuity of A. Further, it is trivial that
22) implies (24]) and (24]) implies ([2:6). Also (2:6]) implies (27)) because, under (2.6]), every
sequence t;, — 0 contains a subsequence t;» — 0 such that X, /E(tk/) — Z' | where Z' is an
infinitely divisible random variable with P(¢; < |Z'| < ¢3) = 1. Thus, Z’ is bounded a.s., hence is
a constant, ¢, say, with |/| € [c1, c2]. Hence we may take B=Bin 27). Thus to complete the
proof of Proposition 1] it suffices to show (2.7 implies (2.5]).

Assume (27)) holds. Then every sequence t; — 0 contains a subsequence t; — 0 with

— (2.8)



for some ¢ # 0. We first show that this condition holds if B is replaced by any function D with

D(t) € Ly for all t > 0, where
£, = {limit points of B at t} U {B(t)}.

Since P(X; = 0) > 0 for some t > 0 precisely when X is compound Poisson, it follows from (2.8))
that P(X; # 0) = 1 for all ¢ > 0. Thus if 0 € L4, then along some sequence s — ¢, we have
|X4|/B(s) 4 00 . From this it follows that 0 ¢ L, if t is sufficiently small. Now take any sequence

t, — 0. Choose s; so that

Blsk) | g Mu—sd P,

D(t) D(ty) 0

The former is possible since D(t;) € Ly, , and the latter since X L, 0ast — 0. Now choose a

subsequence s, of s; so that Xsk,/g(skr) P, ¢ where ¢ # 0. Then

th/ _ /:)(Sk/ B(Sk/) + th/ - Xsk/ i) C/.
D(ty)  B(sp) D(tr) D(ty)
Thus
every sequence t; — 0 contains a subsequence tp — 0 with Xy, /D(tp) L # 0. (2.9)

From the convergence criteria for infinitely divisible laws, e.g. Theorem 15.14 of Kallenberg [15],

this is equivalent to every sequence t; — 0 containing a subsequence ty — 0 such that for every

e >0,
, = _ V(D)) tw A(D(ty)) _
ti}ll)lo tk/H(ED(tk/)) = 0, ti}IEO W = O, and ti/—>0 W = 75 0 (210)
From this we may conclude that,
li DOIADE))] =o00, and lim _IADE) = 00. (2.11)

0 V(D))



Observe that D(t)|A(D(t))] — 0 as t — 0 by (L3), since necessarily D(t) — 0. Hence, 0?2 <
V(D(t)) — 0, proving the first condition in (2.X). Next, let

~

Dy (t) = liminf B(s), Dy(t) = limsup B(s) V B(t).

s—t st

Since D; and Dy satisfy (2.9, it follows easily that

. Ds(t)
lim su < 0. 2.12
RSP D) (212)

Now given z > 0, let

ty = inf{s : B(s) > a}.

Then ¢, < oo for sufficiently small z, Dy (t;) <z < Dsy(t,), and t, — 0 as & — 0. Further

|A(D1(ts)) — A(2)| < [2TI(z) — D1 (t:)II(D1(ts))] +/D( . |y[T1(dy)
1(tz) <|y|<Zzx

hence by (2.11]) and (2.12]),
A(x)
——— —1 asz—=0. 2.13
ADi(1,)) 219
Thus by @IT), (1) and @I3),
[Al) o JAD(t)) [A@)]  Ditz) ,
2ll(z) ~ Di(ta)II(Di(ts)) 1A(D1(t2))] Da(ts) ’
which proves the second condition in (2.35]). O

Remarks: (i) An equivalence for PRS, i.e., (L3)), is (23] holding with a “+” sign. Then A(x) > 0
for all small z. Symmetrically, for NRS.
(ii) For any family of events A;, we say that A; occur with probability approaching 1 (WPA1)

as t — L if limy_,;, P(A;) = 1. (L may be 0 or co.) We sometimes describe a situation like (2.6]),



i.e, for a stochastic function Yz, t > 0, there exist constants 0 < ¢; < ¢ < oo such that
lim P(61 <Y< 62) =1, (2.14)
t—L

by writing Y; < 1 WPA1 as t — L. The strict inequalities may be replaced by non-strict ones.
(iii) It is possible to have A(z) — 0 as z — 0, and also X € RS as t — 0. For example, take
02 =0, and define

=t _ 1 -1 —+ . -1
H(w)—m,0<$<€ s H(IIJ‘)—O,$2€ ,

and I (z) = 0. Then A(z) =~y —1—1/logx, for x < e~!. Thus if v =1 then A(z) — 0 as x — 0.
Further A(z)/zIl(z) — oo as x — 0, so that X € PRS as t — 0. In this case, X(t)/B(t) L

where B(t) =t/|logt|.

In studying T} and T, » we will need the following corresponding maximal processes;

X;:= sup X, and X, := sup |X|.
0<s<t 0<s<t

Lemma 2.1 Let t be any sequence with t, — 0 as k — oco. Assume Xy, /B(tx) Tiae R, where

B(tx) > 0, when k — oo. Then

X; X
(i) =& LN max(a,0), as k — oo. (2.15)
B(tr)

P ..
— |al|, and (i¢

Conversely, (i) with a € R implies | Xz, |/ B(tx) N la| as k — oo. Finally, as a partial converse to

(i), if a > 0 and X;/B(t) L aast— 0, then X:/B(t) Liaast—o0.

Proof of Lemma 2,11 Assume X, /B(tx) 2, aas t; — 0. Use the decomposition in [9], Lemma

6.1, to write

Xy =tw(h) + XM £ xPM ¢ 0,0 >0, (2.16)



where Xt(B’h) is the component of X containing the jumps larger than k in modulus, and X (5")

is then defined through (2I6). We will use (2.I6) with ¢ = ¢, and h = B(t;). As in (210)),

tII(B(t)) — 0 as tx — 0, so

P( sup |XBM|=0)= e~ (B)) _y 1. (2.17)
0<s<ty

Next, Xt(S’h) is a mean 0 martingale with variance tV'(h), so by applying Doob’s inequality to the

(S7h))

submartingale (X, 2 for any € > 0,

tV(B(tr))
P sup | XM > Bt > < B VR L,
<0§s£tk‘ S () ) < e2B2(ty,)

using (2.10) again. A third use of (ZI0) gives tv(B(tr)) ~ aB(tx), so from (2.I6]),

X;/kk = sup |Xs| _ 8|I/(B(tk)|
B(ty)  o<s<t, B(tr)  o<s<t, B(ty)

+o0p(1) = |al.

Thus (7) is proved and (i) follows similarly.

Conversely, let (i) hold. Then X7, /B(ty) is stochastically bounded and the inequality P(|Xy, | >
rB(ty)) < P(X} > xB(ty)) for x > 0 shows that Xy, /B(t)) is also stochastically bounded. Thus
every subsequence of {f;} contains a further subsequence t — 0 along which X, /B(ty) Dz ,
for some infinitely divisible random variable Z’ with |Z’| < |a|]. As a bounded infinitely divisible
random variable, Z’ is degenerate at 2’, say. But then X7 /B(ty) RN |2’| by the converse di-
rection already proved. Hence by (i), |2’| = |a| and since this is true for all subsequences we get
| X0, |/ B(tk) = lal.

Finally assume X;/B(t) s aast— 0 where a > 0. We may assume B(t) is nondecreasing;

see for example Lemma .1l We first show that

B(t
lim sup (*)

nsup g < 1. (2.18)

10



If not, there exists a sequence t; — 0 so that B(tx)/B(2ty) — 1 as k — oco. Thus

N a, ask — oo. (2.19)

Let 7 = inf{t : X; > aB(t;)/2} and set Y; = X, 4+ — X,,. Then P(ry < tg) > P(X:, >

aB(t)/2) — 1, and on {7 < t},
?tk < Y%k - XTk < (Y%k - Ytk) + (Ytk - aB(tk)/2)'

By 2.19), -
Xoy, — Xy, . Xy, —aB(ty)/2
B(tk) B(ty)

P
o

9

VRS

and hence

P(Xy, > 3aB(tg)/4) = P(Yy, > 3aB(t;)/4) — 0,

which is a contradiction. Thus (ZI8]) holds. Now write
Xor = XV (Xy + Xy), (2.20)

where Y; = SUp;< <ot (Xs — Xy) is an independent copy of X;. Given any sequence t; — 0 we may

choose a further subsequence ti — 0 so that

B(tk’) /
— A
B(2ty)

where necessarily A’ € [0,1) by ([ZI8). Setting t = ;s in ([2.20), dividing throughout by B(2tx)
and taking limits, we see that

Loa(1=N)>o0. (2.21)

Thus with B(t) = B(2t) in 7)), it follows that X € RS and since the subsequential limits in
[221)) are positive, X € PRS. Thus for some function D(t) > 0, X;/D(t) 5 1. Then from part

(i1), X;/D(t) 5 1. Hence D(t) ~ aB(t) and the proof is complete. O

11



Remark: We are unsure whether a subsequential version of the converse to (i), with a > 0, holds.

Since it will not be needed in this paper we do not pursue it further.
One final result which will prove useful below is the following;

Proposition 2.2 Suppose X;/B(t) 241, where B(t) > 0, when t — 0, and let Yi(\) := X/B(t)

for A >0. Then for everyd >0,0<n<T <o and 0 <b< 1,

P( sup APV, (A\) =AY >48) =0 ast— 0.
n<ALT

Proof of Proposition [2.2] By a result of Skorohod, see for example Theorem 15.17 of [15], for
every § > 0

P( sup |Yi(A)—=Al>0)—0 ast—0. (2.22)
0<ALT

Thus

P( sup ATPVi(A) = A1 > 6) < P(sup |[Vi(A) — A > an°) =0
n<ALT n<ALT

by [2:22). 0

3 Relative Stability of T(r) and T} (r) for Small Times

Recall we always assume, unless explicitly stated otherwise, that 0 < b < 1. The first two theorems
concern the relative stability in probability or almost surely of Tj(r) and T} (r), as r — 0. These
are shown to be equivalent to positive relative stability at 0 of X and relative stability at 0 of
X, in the relevant mode of convergence, respectively. Proposition B.I] demonstrates that there is
no loss of generality in assuming 0 < b < 1, since T(r) and T, 7 (r) cannot be relatively stable, in

probability (and hence also a.s.), as r — 0, when b > 1.

Theorem 3.1 (a) Assume X;/B(t) 51 ast — 0, where B(t) > 0. Then B(t)/t* may be chosen
to be continuous and strictly increasing, in which case Ty(r)/C (1) Ll asr— 0, where C(r) is

the inverse to B(t)/t°.

12



Conwversely, assume Ty(r)/C (1) P lasr— 0, where C(r) > 0. Then C(r) may be taken to be
continuous and strictly increasing with inverse C~1, in which case X;/B(t) Lilast— 0, where
B(t) = t*C~1(¢).

(b) The same result holds if X and Ty(r) are replaced by |X| and T} (r) respectively in (a).

In either case, (a) or (b), the function C(r) is reqularly varying with index 1/(1 —b) as r — 0.

In the example given prior to Lemma 21 X (¢t)/B(t) 5 1 where B(t) = t/|logt|. Thus
Ty(r)/C(r) L1 and Ty (r)/C(r) 5 1 where C(r)=((1=b)"'r|log r|)1/(1_b).

Remark: Implicit in Theorem B.I] we understand, is that T4(r) and Ty (r) are finite WPA1 as

r — 0, as a consequence of their relative stability when X € PRS or X € RS.

Corollary 3.1 Assume X;/B(t) L5 1 ast — 0, where B(t) > 0. Then P(Ty(r) =T} (r)) — 1 as

r— 0.

Proposition 3.1 Suppose b > 1. Then neither Ty(r) nor T} (r) can be relatively stable, in proba-

bility, as r — 0.

Theorem 3.2 (a) T (r) is almost surely (a.s.) relatively stable, i.e., T)(r)/C(r) = 1, a.s., as
r — 0, for a finite function C(r) > 0, iff X has bounded variation with drift dx # 0.

(b) Ty(r) is almost surely relatively stable, i.e., Ty(r)/C(r) — 1, a.s., asr — 0, for a finite function
C(r) > 0, iff X has bounded variation with drift dx > 0.

In either case, (a) or (b), the function C(r) may be chosen as C(r) = (r/|dx|)}/(1=b).

The next theorem deals with the position of the process after exiting, in the setting of Theorem

B.1

Theorem 3.3 (a) Suppose X;/B(t) 41 ast — 0, where B(t) > 0 satisfies the reqularity condi-
tions of Theorem [31. Let C' be the inverse of B(t)/t’. Then, asr — 0,

Xi
o1, and D0 Py (3.1)

X e Ko ro A )
r(C(r))b

FTor)f 0 B@r) | B

13



(b) Suppose |X¢|/B(t) L5 1 ast — 0. Then BI) holds with |X| and T (r) in place of X and

Ty(r) respectively.

Remark: By Theorem 4.2 of [9], X;/B(t) — 1 a.s. as t — 0 for some B(t) > 0, is equivalent to
X having bounded variation with drift dx > 0, and in that case B(t) ~ dxt. Using this, it is then
easy to see that the analogous result to Theorem [3.3] holds when Ly s replaced throughout by a.s.

convergence.

In the results so far, T(r) and 7} (r) have behaved very similarly. This is not the case when it
comes to stability in L? as our final result shows. When considering ET(r), the immediate problem
arises as to whether or not the expectation is finite. As shown in Theorem 1 of [I1], finiteness of
ETy(r) for some (all) r > 0 is equivalent to X; — 0o a.s. as t — 0o. Since our aim is to study the
local behaviour of X for small times, imposing a large time condition is most unnatural. Thus, we
remove the issue of finiteness of ET,(r), by studying instead, E(Ty(r) A g) as r — 0 for small e.

Similarly for E(T)(r) A¢).
Theorem 3.4 (a) Assume X has bounded variation with drift dx > 0, then

L E(_b(r) Ne)
I ——eey b (3:2)

where C(r) = (r/dx)Y/1-b),
(b) Fiz a function C(r) > 0; then T; (r)/C(r) R iff (T (r)Ne)/C(r) — 1 in LP for some (all)
p >0 and some (all) e > 0. In particular, if T} (r)/C(r) N 1, then for every p >0 and & > 0

lim E(T§(r) Ne)P

Moy (8:3)

By standard uniform integrability arguments, see for example Theorem 4.5.2 of [12], (8.:2]) implies
that (Ty(r) Ae)/(r/dx)/0=% — 1in LP as 7 — 0 then ¢ — 0, if p < 1. However, unlike (33)), (3:2)
does not extend to convergence of the p-th moment for p > 1. Nor does (3.2)) hold without taking

the additional limit as ¢ — 0. To illustrate this, let X; = at — N; where IV, is a rate one Poisson

14



process and @ > 0. Then X has bounded variation with dx = a. Clearly Ty(r) = (r/a)/(1=0) if
Ny jayr/a-n =0, while Tp(r) > a~ 1 if N jgyr/a-n = 1. Thus for any p > 0, if ¢ < a™! and 7 is

sufficiently small that (r/a)/(~% < ¢, then
E(Ty(r) Ae)P = (rja)p/ 00 (r/a) /070 | gp(q _ o=(r/a) /070y

Hence, with p = 1, we obtain
E(Ty(r) Ne)

by Gy~ e

showing that the limit on £ — 0 is needed in (8:2). If p > 1, then

. ETy(r)nep
W O ) — o

for every € > 0, so the first moment convergence in (3.2]) does not extend to p-th moment conver-

gence for any p > 1.

Remarks: (i) Although parts (a) and (b) of Theorem [B] are similar in content, the proof for
Ty is quite different to that for Ty. To prove (a) we need to establish a priori certain regularity
properites of C(r), whereas the proof of (b) relies heavily on the fact that bounded infinitely
divisible distributions must be degenerate.

(ii) In Theorem we deduce results for T, from those for T}, whereas in Theorem B.3] we do the
opposite.

(iii) We restricted ourselves to the boundary functions ¢ — t° in this paper for clarity of exposition,
though it’s clear that many of our arguments will go through for more general regularly varying or

even dominated varying functions.

4 Proofs

We set out some preliminary results. Throughout, take 0 < b < 1. A key to proving Theorem [B.1]

for T(r) is to obtain the a priori regularity of C(r) contained in the following Proposition;

15



Proposition 4.1 Suppose Ty(r)/C(r) L lasr —0 for a finite function C(r) > 0. Then C(r)

may be chosen to be continuous and strictly increasing.

We emphasize that no assumptions are being made on C' beyond positivity. This creates several
difficulties which could be avoided if we were to assume, for example, that C' is regularly varying.
Such an assumption, however, would clearly be unsatisfactory, and, as we show, unnecessary. The
main purpose of Proposition 4.1l which is somewhat hidden in the proof of Theorem B.I] is that
from T4(r)/C(r) 4 1 we can conclude that C(r) = C(r=) = o(C(r—)) as r — 0. This latter
condition is actually all that is needed, but proving the stronger continuity simplifies matters at
several points.

The proposition will be proved by a series of lemmas. Recalling (2.I4]) we begin with the

following elementary result which we will apply below to the processes X, X*, T} and T

Lemma 4.1 Let Wy be any nonnegative, nondecreasing stochastic process with Wy — 0 a.s. as
t— 0. If W;/D(t) <1 WPA1 ast — 0 for some non-stochastic function D(t) > 0, then D(t) — 0
and may be chosen to be nondecreasing. If Wi/ D(t) P last =0 for some function D, then

again D(t) — 0 and may be chosen to be nondecreasing.

Proof of Lemma [4.3l Suppose that P(c; < W;/D(t) < ¢z) — 1 for some 0 < ¢; < ¢3 < 00, as
t — 0. This trivially implies D(t) — 0 as t — 0. To avoid pathological cases where D(t) — 0 as
t — 1 for example, choose ty small enough that P(c; < Wy/D(t) < ¢c2) > 1/2 for all 0 < t < tg.
Then 0 < infi<s<sy D(s) < sSupy<s<y, D(s) < 0o for all 0 <t < tg. Let D*(t) = infy<s<4, D(s) for

0 < t <tp. It then suffices to show

D(t) <@

D)
1 < lim inf <1 .
=R D) T ST D) T @

Only the final inequality requires proof. If this did not hold there would be a sequence t; — 0 with

D(ty)/D*(tr) — a > ca/c1. Thus for some sequence s — 0, s > t, we have D(t;)/D(sx) — a.
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But this leads to a contradiction since

Wi, _ Ws, D(si)
D(ty) — D(sx) D(tx)’

and the LHS is > ¢; WPA1, whereas the RHS is < ¢3/a < ¢; WPAL. O

Lemma H1] clearly applies to X and X*. For application of Lemma Bl to T} and T, ,, note
that in general Ty (r) (respectively Ty (r)) need not converge to 0 a.s. as r — 0. However, when
Ty(r)/C(r) < 1 (respectively Tj(r)/C(r) < 1) WPAL as r — 0, almost sure convergence of T(r)
and T (r) to 0 does occur. This is because Tp(r) | To(0) a.s. as r | 0, and if P(To(0) = 0) < 1,
then, combined with T4(r)/C(r) < 1, we would have P(T¢(0) > ¢) = 1 for some ¢ > 0. Hence
X; <0 for all ¢t and so Tp(r) = oo for all r > 0; but this contradicts Ty(r)/C(r) < 1 WPAL.
Similarly for T;". For later reference, we note that the same argument holds if Ty is replaced by
Tf, where

Te(r)=inf{t >0: X; >rf(t)}, r >0, (4.1)

and f is any function for which f(¢t) > 0 for t > 0 and f(¢) — 0 as t — 0. Similarly for 1.

Lemma 4.2 Suppose there is a (nondecreasing, without loss of generality) function C(r) > 0 such
that
(a) T} (r)/C(r) =1 or (b) Ty(r)/C(r) = 1 as r — 0.

Then for every 8 > 1, in either case,

. C(Br)
lim su < 00. 4.2
nSUD (4.2)
Proof of Lemma (a) Let
Ys = XT*(T)—}—S - XTb*(r)a s >0, (4 3)
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and T}y (r) be the corresponding two-sided passage time, viz,
Tyy(r) :=inf{s > 0: Y] > rs}, > 0. (4.4)

Fix € € (0,1) so that & := 27%((1 —¢)/(1 +¢))® > 1 and set

Al ={Xpe ) > 0, Yre ) >0, C0) €(l—g1+e),
) e (1-a 149, THE) 2 (1-90()
A= {Xpp() <0, Yre ) <0, Cgk((:)) e(l—e1+e),
TZT()T) €(l—e1+e), TFEr) > (1—e)C(Er)}.
Then on A} we have
Xty ) = X1pe) + Y1, 0)

> & (T () + Ty (r)
Hence, still on A;f, we have
(1=2)C(r) < Ty (&r) < Ty (r) + Ty (r) < 2(1 4 ¢)C(r). (4.5)

Replacing X by —X (which does not change T; or Tjy) in this argument shows that (&) also
holds on A, .
Since P(A; U A7) > 0 for small r (in fact, liminf, o P(A;} U A;) > 1/2), we have for small r

Cr)
C(r)

<

)

2(1+¢)
1—¢



proving that

. C&r)
< 2.
h?j(l)lp C(r) — ’

Thus (£2]) holds for § = &, and the general result holds, for the two-sided case, by iteration and

monotonicity.

(b) Exactly the same argument works for the one-sided case if T} is replaced by T, throughout,

including in the definition of Y in ([@.3)), and T}y (r) is replaced by the corresponding one-sided exit

time in (4.4)). In fact the one-sided case is slightly simpler in that there is no need to consider the

events A, since P(A}) — 1 asr — 0.

O

Lemma 4.3 Suppose there is a function C(r) > 0 such that Ty(r)/C(r) s lasr—o0. Then,

with X := 2"~ we have

C(Br)  a1/0-b)
iyt em =P

or, equivalently, with a =A"", n=1,2,...,

el 1
> .
et Slary = 70

Proof of Lemma [4.3] Fix ¢ € (0,1) and let

Zs = Xa-e)c(r)+s — X1-e)c@r), $ 20,

and Tp, 7 :=inf{t > 0: Z; > rt’}, r > 0. Then on

A, = {(1 —e)C(r) < Tp(r),(1 —e)C(r) < Tpz(r), Tr(Ar) < (1 + 6)0()\7‘)}

19
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we claim

X, <2870rtb for all 0 <t < 2(1 —€)C(r). (4.9)

This is trivial for 0 < ¢ < (1 —€)C(r), while for 0 < s < (1 —¢)C(r), on A,,

Xa—o)om+s = Xa—eoor) +Zs

< r((1=e)Cr) +rs

IN

2! (1= 2)C(r) +5)",

where the last inequality follows from convexity of z — 2, 0 < b < 1, which implies z° 4+ y* <
21=b(x 4+ y)b, for x,y > 0. Thus we get (EJ). So, on A,, we have Ty(Ar) > 2(1 — £)C(r), where,

recall, A = 2!, Since P(A,) > 0 for small r (in fact P(A,) — 1 as 7 — 0) this gives

2(1 —e)C(r) < (14+¢)C(Ar).

Letting » — 0 then ¢ — 0 yields (4.6]).
For (A1), let 5 = A" and write

from which we get lim inf,_ C(8r)/C(r) > 2. But 2" = (A\/(1-0))n = g1/(1-b),
Finally, (£8) follows immediately from (Z.7]). O

Now we need a little analysis. Fix n > 1, a = a,, > 0 and « € (0,1), and consider the following
curves for t > a:

Yy = rot? and Yo = arpy1(t — a)b + Tn+1ab,

where for notational convenience we let r, = 1/n. (A picture which also includes the curve

y = rTpe1t? is helpful). We wish to estimate where these curves intersect. For this it is more
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convenient to consider them in the new coordinate system:

s=t—a, Y:y—rn+1ab,

in which they become

Yi=ru(s+ a)b — rn+1ab = fi(s) and Y, = arn+1sb = fa(s). (4.10)

Elementary calculus shows that f{ = f} iff

(an)l/(l_b)a
(n + 1)1/(1_b) — (an)l/(l_b) )

S =

Thus the curves cross at most twice. We will show that they cross at exactly 2 points and estimate
the positions of these points.

To do this, first note that the function

(14z) -1

- , >0, (4.11)

g(@) == .

is strictly increasing on (0, 00), with g(x) L 0 as | 0, and g(z) 1 1 as = 1 oco. For a € (0,1) define

c(a) = g7Y(a), and, for ¢ > 0,
Ru(c):=——— and Ry(c) := ca. (4.12)

Now we need:

Lemma 4.4 Define fi, fo, Rn(c), and Ru(c) as in @I0) and @IZ). Fiz o € (0,1), but allow

a = a, >0 to vary with n. Then for large n,

Fi(Ra(©)) _ FalRa@)) i € 1 (413)

21



and

F1(Ba()) S FalRule)) if e cla).

Consequently, for any € € (0,1), if n is sufficiently large, then

fo(s) > fi(s) for all s € (Ry(1+¢), Ra((1—e)c(a))).

Proof of Lemma [4.4] First, as n — oo,

n(n+1)fi(Ru(c)) = (n+1) (1 + c/(an)l/b>b ab® — nat

= (n+1) (1 + be/(an)® + O(l/n2/b)) a® — nab

— ab, since b < 1,

while

n(n+1)fa(Ru(c)) = an(ca/(an)/?)’ = bab,

which proves the first statement.

For the second, we have that

f(Ra(c) _ (n+1)(1+0)"a’ —na
fo(Ry(c)) an(ca)?
T+’ —1 (1+e)?
- ( +a2b + (a—;cb) '

(4.14)

(4.15)

Since the second term on the RHS tends to 0, the result then follows from the definition of ¢(«)

and the monotonicity of g.

Finally, (415 follows immediately from (£I3]) and (4.14]).

O

Lemma 4.5 Suppose Ty(r)/C(r) 241, as v — 0, where C(r) > 0. Then with ry, = 1/n, we have

lim su Crn)
n—)oop C(Tn—i-l)

<1
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Proof of Lemma Fix € € (0,1) small enough that

bl/(l_b)(l + 6)3

T <t

Recall c(a) = g~!(a), where g is defined in (@EII). As z | 0, we have

(I4+2)f-1 bz
xb ab

thus bc(a)l_b ~ a, as « |} 0, or, equivalently,

lim c(a) _ 1
al0 l/(A=b)  p1/(1-b)"

Hence we can choose o > 0 of the form o = A% small enough that

o1/ (1=b)

m < (1 + 5)6(0&).

For n > 1 let

Tb(rn) Tb(TnJrl) Tb y(orns1)
A, = ce(l—-¢gl+4+e),————€(1l—¢,14+¢), ———=
{ ( oxel ( " ~Clarmm)

C(rn) C(rny1
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where Y, = XTb(

Tnt1)+s

Ty(rnya) S = 0, and Tpy(r) :=inf{s > 0:Y; > rs®}, r > 0. Then on

A, we have, for n sufficiently large, depending on «,

(14&)Tp(rns1)

(1 + E)zc(rn-i-l)

(a(n +1))1/°

IN

IN

IN

IN

IA

(a(n + 1)
(1 —¢e)C(arps+1) (by Lemma[f2] and taking n large enough)

Tb,Y(O”'n—i-l)
(14¢e)Clarny1)

(1+)%a/UC(ryr)  (by @R))

1+¢)? e
2 s

3
%bl/(l—b)c(a)ﬁ(rnﬂ) (by @.10)

(1 —¢e)e(@)Th(rns1)  (by EIT)).

Thus with a = a,41 = Tp(rp11) in (EIQ) and @IZ), we have shown that on A, for large n,

This means that, on A,

Ro1(1+¢) < Tyy(arni1) < Ropa (1 —e)e(a)). (4.18)

XTb(TnH)-i—Tb,Y(MnH) - XTb(TnH) + YTb,Y(C‘”"n+1)

by (@I0), and so

> 11 (To(rns1))’ + fo(Toy (1))
> 7‘n+1(Tb(7”n+1))b + f1(Tb,Y(Oé7“n+1)) (by (&I3) and (.I8)

= 10 (Ty(rn+1) + Toy (arps1))’

Tb(Tn) < Tb(Tn—i-l) + Tb,Y (arn-l—l)-

Since P(Ay) > 0 for large n this implies

(1= €)C(r) < (1+)C(rnr1) + (1 +)Clars).
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Hence

lim sup Clra) < <1+€> <1+limSUpM> < <1+€> <1—|—o¢1/(1—b)>,

n—o00 C(Tn—l—l) “\l-¢ n—o00 C(Tn—l—l) 1-—¢
by ([AS8)). Now let o | 0 then ¢ | 0 to complete the proof. O

Proof of Proposition 4.0l By Lemma [41] and the paragraph following, we may assume C' is

nondecreasing and C(r) — 0 as r — 0. With r,, = 1/n as above, define
D(rp) =C(rp)(1 +ry), n>1,
and interpolate D(ry,) linearly for 0 < r» < 1. Then D is continuous and strictly increasing on (0, 1].

Thus to complete the proof of Proposition [4.1], it suffices to show that

D(r)

C(T)—>1asr—>0.

This follows easily from Lemma [L5] because, given r € (0, 1], by letting n satisfy r,41 < r < 7y,

we obtain
D(r) < D(rp) = C(rn)(1 +15) < [C(r) + (C(rn) — C(rn41))] (1 + 1),
hence
D(r) C(rn) = Clrp41)
o) §{1—|— Clmy) }(1—|—T‘n)—>1asn—>oo,
while

>

(r) 2 D(rnt1) 2 C(rns1) 2 C(r) = (C(rn) = Crat1)),

and so, also,
C(rn) — C(rns1)
C(’f’) - C(rn—‘rl)

— 1 as n — oco.
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Proof of Theorem B.11 We first show that if X is positively relatively stable, then so are T} and
Ty;. This will prove one direction of (a), and also one direction of (b) because if | X;|/B(t) RN 1,
then by Proposition 2.1] either X € PRS or X € NRS, and in the latter case we simply apply
the result to —X rather than X, which does not change T;'. Thus assume there is a non-stochastic
function B(t) > 0 such that X;/B(t) RN 1, as t — 0, assumed to have the properties listed in
Proposition 2l Let C(r) be the inverse function to B(t)/t’, uniquely defined because B(t)/t’ is
chosen continuous and strictly increasing. Thus we have B(C(r)) = rC(r)’. Since T} (r) < Ty(r),

it suffices to show
P(Ty(r) > (1+¢e)C(r)) =0 and P(Ty(r) < (1—¢e)C(r)) =0 asr —0 (4.19)
for every € > 0. Now for any n € (0,1 + ¢),

P(Ty(r)>(1+¢e)C(r)) < P ( sup >

0<t<(14¢) C(r

AT bXAC(r
< P sup <1]—0
(nS/\SHe B(C(r))

by Proposition A similar argument shows that for any ¢ € (0,1) and n € (0,1 — ¢)

—b
P(I(r) < (1=9)C() < P(T} <nC(r) + P <n<§g§_£% > 1) .

As above, the second term converges to 0 as » — 0 by Proposition For the first we use the
Lévy process version of Remark 2.1 and Proposition 2.1 in [7], which translated into our notation,

and using that A is slowly varying, gives, for some universal constant c,

enC(r ) ( (nC(r)")

P(Ty(r) <nC(r)) <
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as r — 0, since B(C(r)) = rC(r)®, A(:) is slowly varying at 0, and tA(B(t))/B(t) — 1 as t — 0,
by Proposition 211 Letting n — 0 completes the proof of (£.19]).

We now come to the converse direction. We first consider (a). Thus assume there exists a finite
function C(r) > 0 such that Ty(r)/C(r) 2. 1asr — 0. Then C(r) — 0 as r — 0, and we may
assume that C(-) is continuous and strictly increasing. Thus B(t) := t?C~(t) is uniquely defined
and t7°B(t) | 0 as t | 0. We first show that, for each § > 0,

. X, ~

To see this, take t > 0 and A > 0, and define r = C~!(t/)), so that AC(r) = t. On the event
{Ty(r)/C(r) > A} we have X, < rs® for all 0 < s < \C(r) = t, and hence

X <ttCYt/\) = X B(t/))

on that event. Thus for every 0 < A < 1,

L. Yt b .. Tb(?")
— < > — = 1. .
lutgl(?fP<B(t/)\)_/\>_h£n—>1(r)1fp<0(7") > A 1 (4.21)

Now given § > 0, choose 0 < £ < 1 so that (1—¢)?+&® < 146. This is possible since (1—¢)? +¢® | 1

as € | 0. Hence

P<B)§;) >1+5> §P<BY(;) >1+5> §P< ](31(;*;” >(1—€)b> +P<§(€tt) >€b> -0

as r — 0, by (@2I).

Next, still assuming that Ty (r)/C(r) tlasr— 0, we show that, for each ¢ > 0,

. Xi
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To see this, take 6 > 0 and choose ¢ € (0,1) small enough that
(26)° <6 and (1+2)(1—¢)> 1. (4.23)

Given t > 0, set r = C71(t/(1 — ¢)); thus t = (1 — &)C(r). Now since Ty(r)/C(r) RN 1, we have

Tb(T)

l—-e< )

<(1+4+2)(1—¢)
WPA1 as r — 0. On this event
X, > rs® for some s € [(1 —¢e)C(r), (1 +2)(1 — )C(r)] = [t, (1 + 2¢)t].

Thus for this s,

X, >rs® > 071 <1—f€> t*>C () tb = B(t). (4.24)

Now suppose (£.22]) fails. Then along a subsequence t; — 0, with probability bounded away from

0, we have

Xs — Xy, > B(tg) — (1 = 8)B(tx) = dB(tr),

for some s € [tg, (1 + 2¢)tg], by (£24). Thus with probability bounded away from 0

Xoet, > 0B(tr) = pr(2ety)’, (4.25)
where
0B (k)
= 0. 4.26
Dk (2€tk)b — ( )
But

_ B(t 2¢)?
oty = 20 = B
k

by ([23]), and so, tx < C(px). Hence by ([@25]) and ([A26]), with probability bounded away from
0, Ty(pr) < 2ety < 2eC(py) where pp — 0. This contradicts the relative stability of Tp(-). Thus

([£22]) holds and together with (4.20) this proves X € PRS.
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We now consider (b). Thus suppose T} (r)/C(r) 45 1 as 7 — 0 for a function C(r) > 0. Then
C(r) — 0 as r — 0, and we may assume, by Lemma [} that C(-) is nondecreasing. (Note that we
are not assuming a priori that C(-) is continuous and strictly increasing, in this proof.) For any

t > 0, define C~1(t) = inf{r > 0: C(r) > t}. Then
C(CH(t)-) st < C(CH ),

and so by Lemma [4.2] for some constants 0 < ¢; < ¢p < 00

c1 C(CTHt) <t < ey C(CTHD)), (4.27)
if ¢ is sufficiently small.
Observe that for any A > 0,
. | X Xicw
P(T(r) < XC(r)) > P sup —— >r|>P|———=>1].
it =act) <O<@C<r> Z GO

The LHS tends to 0 as » — 0 for A € (0, 1), so we have, for such A,
. * b
lim P <XAC(T) <A D(r)) =1 (4.28)

where D(r) = rC(r)®. Now take any sequence t;, — 0 and define r, = C~'(#;). Note that by ([E21),
for large k
1 C(rg) <t < co C(rg). (4.29)

Setting A = 1/2, it follows from (4.28]) that along a further subsequence t;,

Xc(ry)/2 D
“om)lZ By 7(1/2),
Dre) (1/2)
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where |Z/(1/2)| < (1/2)? a.s. Since Z’(1/2) is infinitely divisible, this means Z’(1/2) is degenerate

at a constant, ¢/(1/2), say. By considering characteristic functions for example, this then implies

—d (), (4.30)

for all A > 0, where the constants ¢/(\) satisfy ¢/(A) = Ad(1).
We next show /(1) # 0. If not, @30) gives Xxc(r,,)/D(rx) 50 for every A > 0, and so by

Lemma 2.1 X;C(Tk/)/D(rk/) L0 for every A > 0. Fix ¢ € (0,1). Then for any § € (0,1), s, > 0,

P(Ty(r) = )

v

X
P < sup # < 7’)
0<t<s t

v

X
P sup |Xi| <r(ds)®, sup # <7‘)

<5s<t§s 0<t<ds t a

> P

X
sup | X; — Xss| < er(ds)’, sup ’—bt‘ <(1- E)T)
0s<t<s 0<t<ds

v

P (X;l_é)s < gr(as)b) P(Ty((1—e)r) > ds). (4.31)

Now by Lemma [4.2] for » small enough

C(r)
1<
—“C((1l—=e)r) — G
for some ¢, < co. Thus if we let
=T A (-8 +e)
 (1+e)’ N

and substitute r = 7, s = (1 +€)C(ry) into (£31), we obtain for large k

P(Ty(rr) > (1+¢)C(r)) > P (ch(,,k) <el6(1+ 5)]bD(7’k)) P <H >1-— a) :

But along the sequence k', the LHS converges to 0 while both terms on the RHS converge to 1.

Thus it must be the case that ¢/(1) # 0.
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By again considering characteristic functions, ({30) easily extends to

X)\k/C(T’k/) P
D Clw) Py,
Dire) N

if \px — X\ € [0,00). By choosing a further subsequence k” of &’ if necessary, it follows from (Z29])

that for some A € (0, 00),
tk//

A
C(’r’k//)

Consequently

th// P N
— (),
D(Tk”) ( )

where /() = Ad(1) # 0. Hence every sequence t;, — 0 contains a subsequence tyr — 0 with
Xt /D(rpi) converging to a finite nonzero constant. Thus, by Proposition 2.1l we have X € RS.

Finally under (a) or (b), the proofs show that C(r) may be taken as the inverse of the continuous
and strictly increasing function B(t)/t’ where B(t) is regularly varying with index 1. Hence C(r)
is regularly varying with index 1/(1 —b) and may be taken to be continuous and strictly increasing.

O

Proof of Corollary 3.1l Assume X;/B(t) N 1, where B(t)/t’ is continuous and strictly increas-

ing and B(t) is regularly varying with index 1. Then by Theorem B.1]

where C' is the inverse of B(t)/t’. In particular B(C(r)) = rC(r)’. Fix e € (0,1). On

s = B0 7y(r)

Cir) €(l—g,1+¢), 6(1—6,1—1—5),Tb*(r)757b(r)},

it must be the case that XTJ (r) < 0 and so

X1 (r)+s — Xrpry > 2r((1 = e)C(r))’ =2(1 — )’ B(C(r))
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for some 0 < s < 2¢C(r). Hence if liminf, o P(Ts(r) = T;(r)) < 1, then limsup,_,, P(4,) > 0
and so

lim sup P(YZ«;«C(T) > 2(1 — E)bB(C(T))) > 0.

r—0

Using the regular variation of B, this contradicts X;/B(t) Py 1ifeis sufficiently small, by Lemma

21 0

Proof of Proposition 3.3l We will prove this in a little more generality than stated. Assume

f:(0,00) — (0,00) is such that f(z) — 0 as z — 0, and there exists € > 0 for which
flz4+y) > f(x)+ f(y), forall 0 <z <ey (4.32)

if y is sufficiently small.

For the one-sided exit, recall the definition of T¢(r) in (@I, and assume there is a C(r) > 0
such that T¢(r)/C(r) L tasr—o0. By Lemma (] and the paragraph following it, C'(r) — 0
and we may assume C(r) is nondecreasing. Fix ¢ € (0,1/2) so that (£32) holds. Observe that if r

is sufficiently small,
rf(s)+rf((1—¢/2)C(r)) <rf((1—¢/2)C(r) +s) (4.33)

for all 0 < s < e(1 —¢/2)C(r). Since (1 —e/2) > 3¢/4, (@33]) holds in particular for all 0 < s <
3eC(r)/4. Now let

Ys = X—c/200)+s — X(1—¢/2)0(r)s $ =0

and

Ty (r) = inf{s > 0: Yy > rf(s)}, r > 0.
Then by (4.33))

P (Ts(r) < (1 +¢/4)C(r)) < P (Ty(r) < (1 —2/2)C(r)) + P (T}”(r) < 360(7»)/4) L (439)
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Since the LHS of (Z34) tends to 1, while P (T'(r) < (1 —&/2)C(r)) tends to 0, we may conclude
that

lim P (T (r) < 3eC(r)/4) = lim P (T?(r) < 3:0(r) /4) =1,

r—0

which is a contradiction, since 3¢/4 < 1.
The proof for the 2-sided exit is virtually the same; simply replace T}/ (r) by T; Y(r) = inf{s >
0:1|Ys| >rf(s)}, r>0. ([@34) holds with this replacement. 0

If f(x) = 2 with b > 1 it’s easy to check that f satisfies ([@.32). More generally, if, for small ¥,

f! is increasing and

f(x)

X

fy) >

for 0 < x < ey,

then ([£32)) holds. For example, f(z) = z/|log x| satisfies this condition. If ([£32]) holds for all z,y

and € = 1, then f is superadditive, so the proposition holds for this class of functions also.

Before proceeding to the proof of Theorem [3.2, we need some preliminary results which may be
of independent interest. We begin with a corollary to a result of Erickson [13]. In it we allow for
the possibility of a killed subordinator Y, that is, a process obtained from a proper subordinator )

by killing at an independent exponential time e(q) with mean ¢~!; thus

yt7 ift < G(Q),
Y, =

9, ift>e(q),

where 0 is a cemetery state. The extension from proper to killed subordinators is trivial, but is

needed below.

Proposition 4.2 Let Y be a (possibly killed) subordinator, then

. Y .
}gl(l)?t—la.s. iff dy > 0.

Proof of Proposition Since killing does not affect the drift, it suffices to prove the result for

proper subordinators. If dy > 0 then Y;/t — dy a.s. by Proposition 3.8 of [I]. This is easily seen
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to imply Y;_ /t — dy a.s., and so

i

Conversely, assume (4.35]) holds and by way of contradiction assume dy = 0. Clearly (4.35])
implies that Y can not be compound Poisson. Since dy = 0, and oy = 0 since Y is a subordinator,
it must be the case that II(R) = co. We may now apply Theorem 2 of [I3]. In the terminology of

[13], under ([@35]), the function h(x) = z is not a small gap function, and hence

1
II(d
/ _ellldy) (4.36)
0 fo H(y)dy
see Theorem 2 and the first paragraph of page 459 in [13]. Thus

I1(dz)
fO:E ?) /f —>0asz—>0.
0

Since

(436]) then implies that

1
I(d
/ o) _ o (4.37)
o 1l(z)

But this is a contradiction since II(R) = oo. O
Remark: Let AY; =Y; — Y;_. Then Proposition 2] can be rephrased as

. AY; .

}gr(l)i =0a.s. iff dy >0.

By a similar argument, one can check that if Y is not a compound Poisson subordinator, then

AY,
lim sup —! — 5 as. iff dy =0.
t—0 t—
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At this point we need to introduce a little fluctuation theory for which we refer to [I], [5] or
[I7]. Let L; denote the local time of X at its maximum and (L; ', Hy);>o the bivariate ascending
ladder process of X. If X; — —oo a.s then (L~!, H) may be obtained from a proper bivariate

subordinator by exponential killing. Let «(-,-) denote the Laplace exponent of (L~!, H). Then

K(a, B) = k+dy1a+dpf + / / (1 - e—at—ﬁh) M1 y(dt,dh), a,8>0,  (4.38)
t>0 Jh>0

where d—1 > 0 and dgy > 0 are drift constants, Iy -1 p is the Lévy measure of (L', H)and k >0

is the killing rate.

Lemma 4.6 For any Lévy process X,
X is of bounded variation and dx > 0 iff dr,-1 > 0 and dg > 0.

In that case dx = dg/dp-1.

Proof of Lemma By Theorem 2.2(b)(ii) of [14], X is of bounded variation and dx > 0 iff
0=0,d;-1 > 0and dyg > 0, in which case dx = d/d;-1. Thus it suffices to show that if d;—-1 > 0
and dg > 0, then 0 = 0. If X is compound Poisson then so is H, and consequently dg = 0. But
dg > 0, and so X can not be compound Poisson. Thus by Corollary 4.4(v) of [5], since dj-1 > 0,
the downward ladder height process H is compound Poisson. Hence dj = 0, and so by Corollary

4.4(i) of [f], o = 0. 0
The following result is a companion to Theorem 4.2 in [9].

Proposition 4.3 Assume that
Xy

for some function B(t) > 0, then X is of bounded variation with dx > 0.

Proof of Proposition 43l Since X;/B(t) L last > 0, it follows from Lemma [2.I] that

X:/B(t) Ly 1ast— 0. Hence by Proposition 2.1l we may assume that B is increasing, continuous
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and regularly varying with index 1. By continuity of B it follows easily from (€39) that

lim —— =1 a.s. (4.40)

Fix t < Leo. If L7' < L;!, then X, = X(Lt—l)_ since X does not increase on the interval
i

(L7, LY. Hence by (@39) and (Z40),

B(Lt_—l) 1 1 1 1 B(Lt_—l) Y(Lil)—
=1L, =L ")+ I(L, - <Ly )— L — 1 a.s. 4.41
Consequently, by regular variation of B,
-1

lim % =1 a.s.

t—0 Lt
Thus d;-1 > 0 by Proposition Further

X, -1y
lim —— = limﬁ =1 a.s.

t—0 H; t—0 XL,l
t

by (@39)-(.41]). Hence dy > 0, again by Proposition The result now follows from Lemma [£4.6]

O

Proof of Theorem (a) Assume that X has bounded variation with drift dx # 0. Then by

Theorem 4.2 of [9]

X
lim = =dy a.s. (4.42)

t—0 t

This is easily seen to imply ¢t 1X;_ — dx a.s., and so

lim % =0 as. (4.43)

t—0

where AX; = X; — X;_. Now

r(Ty(r)’ < | X1 ()| < r(Ty(r)’ + |AX T,
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so dividing through by T} (r) and using (£42]) and ([#43) we obtain

lim (T3 (r))*~! = |dx| as., (4.44)
r—0
or equivalently
T 1
lim 5 (") a.s. (4.45)

r=0 p1/(=0) | d [L/(1-0)

Conversely, assume T} (r)/C(r) — 1 a.s. as r — 0. Then by Theorem 3.1l we may assume C' is
regularly varying with index 1/(1 — b), continuous, strictly increasing and C'(r) — 0 as r — 0. Let

B(t) =t*C~1(t) and fix n < 1 < A\. Then a.s. for small ¢, we have nt < T;(C~1(t)) < At. For such

t
X3 2 Xgp o1y 2 CTHOT(CTH)) > CTHO ()" = 1" B(2) (4.46)
and
X1 £ Xig o9y < CTHO@CT0)) < CT OO0 = NB(@). (147

Since B(t) is regularly varying with index 1 as t — 0, it then easily follows from (4.46]) and (4.47])
that limy_,o X;/B(t) = 1 a.s. An examination of the proof of Theorem 4.2 in [9], shows that from
this we may conclude that X has bounded variation with dyx # 0.

(b) Now assume that X has bounded variation with drift dx > 0. Then lim; ot 'X; =dx >0

a.s., and so P(T(r) = T;(r) for all small r) = 1. Consequently, from part (a),

. Tb(T) _ 1
Ny s © s & (4.48)
X

The proof of the converse for T4(r) is virtually the same as for T (r). Arguing as above, first

show lim;_,0 X;/B(t) =1 a.s., and then use Proposition L3 to complete the proof. O

Proof of Theorem

(a) Assume the first condition fails. Fix £ > 1 so that, with
A = {XT;)(T’) > 57"(Tb(7“))b},

37



we have limsup,_,o P(4,) > 0. Now Ty(r) = Tp(ér) on A,, and by Theorem (.1} for arbitrary
>

§€(0,1), Ty(r) < (1 +86)C(r) and Ty(&r) > (1 — 6)C(€r) hold WPAT as r — 0, hence

limj(?pP (A N {Tw(r) < (14 0)C(r),Ty(&r) = (1 = 0)C(ér)}) > 0. (4.49)
Thus
... Cr) 1496
it em = 1-%

Letting § | 0 we get a contradiction, since by Theorem B, C(r) is regularly varying with index

1/(1 —b). Hence
XTb(T’) P
—= 3 1, asr — 0.
r(Tv(r))
Then, since B is regularly varying with index 1, B(C(r)) = rC(r)? and Ty(r)/C(r) N 1, the
remaining relationships in Theorem [B3.3] follow.

(b) Assume |X;|/B(t) Lilast o0 By Proposition [2.1] there is no loss of generality in

assuming X;/B(t) 5 1. The result then follows from Corollary B1] and part (a). O

Proof of Theorem [B.4] (a) Assume that X has bounded variation with drift dx > 0. Then by
Theorem [3.2] for every € > 0,

Tb(T‘) Ne

W—)l a.s. asr — 0.

Hence by Fatou’s Lemma,

N E(Tb(r) NeE)

Letting € — 0 proves a lower bound for (3.2]).
For the upper bound, we first prove the result for b = 0. Recall the bivariate ascending ladder
process (L™, H) of X, and its Laplace exponent x(-,-) given by {38). Clearly

i 0)

q—0 q

= dL*17
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and by Lemma [£6 we have d;-1 > 0, dg > 0 and dx = dg/dy-1. For g > 0, let e(q) be indepen-

1

dent of X and have exponential distribution with mean ¢~*. Then a straightforward calculation

shows that for any e € (0, 00] (with the obvious interpretation when ¢ = c0),
E(To(r) Ne Ae(q)) = / e B P(To(r) Ae > s)ds = ¢ ' P(To(r) Ae > e(q)). (4.51)
0

Hence by (8) on p.174 of [1],

where

Now the Laplace transform of V7 is given by

?qA::A/me—qurdr: . A>0,
W 0 r) K(q, \)
and so
AVI(N) = A — — as A — oo.
’%(qa )‘) H
Thus

1
— — asr — 0,
r dy

by Karamata’s Tauberian Theorem; see Theorem 1.7.1" in [3]. Hence

T q L1
lim Tim 20N AD) g g, @OV dpn L (4.52)
q—o0 r—0 r qg—o00r—0 qr dH dX
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Next fix € > 0 and ¢ € (0,00). Then

E(To(r) Ne) = E(To(r) Ae;To(r) Ae < e(q)) + E(To(r) Ae;To(r) Ae > e(q))
< E(To(r) Ae(q) +eP(To(r) Ae > e(q))
= E(To(r) Ne(q)) +eqE(To(r) e Ne(q))  (by (@E5I)

< (L4eq)E(To(r) A elq)).

Thus for every ¢ € (0,00),

Letting ¢ — oo and using (A.52]), proves the upper bound in ([B.2) for b = 0.

To deal with the upper bound when 0 < b < 1, introduce

X
V=2t bt t>0.
dx

Then Y has bounded variation with drift dy =1 —b > 0. Take r > 0 and let A\, = r/dx. Consider
the function

ft) ==\t —bt, t >0.

This increases from 0 at ¢ = 0 to a maximum of )\,11/ (l_b)(l —b)att = )\,11/ (l_b), then decreases to
0at t = (\./b)/1=Y, Hence it is non-negative for t € [0, (\,/b)/ =] and lies entirely below the

horizontal line of height )\71n/(1—b)(1 —b) for t > 0. Thus with Té/()\) =inf{t > 0:Y; > A}, we have
= =Y .
Ty(r) < To W/ (1 = b)).

Thus invoking the b = 0 result just proved, for Y, we have

T Y (1/(1=b) 1
lim lim M < (1 —b) lim lim E(Ty (Ar (1-0)Ne)
e—07—0 (r/dX)l/(l—b) e—07—0 )\711/(1—17)(1 —b)
10
= —dy

=1.
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(b) Assume Ty (r)/C(r) N 1, and fix p > 0 and € > 0. By Proposition 2.I] and Theorem [B.1],
A(r) is slowly varying at 0, and we may assume without loss of generality that A(r) > 0 for small
r. It then follows from [I9] (see also (4.3) of [7]), when translated to the current notation, that for
every r > 0,t >0 and m > 1,

P(Ty(r) > t) < P(T3(rt) > ) < (#{ﬁb)) , (4.53)

where ¢ € (0,00) denotes an unimportant constant that may change from one usage to the next.
Furthermore, again by Proposition 2] and Theorem B.I we may assume that C~(t) = t°B(t)
where tA(B(t))/B(t) — 1 as t — 0. Setting t = C(r), and using B(C(r)) = rC(r)?, this gives

1 COAGCE))

T (4.54)

Choose £ > 0 sufficiently small that 1 — b — b > 0. Since A is slowly varying at 0, there is a
function A such that A(r) ~ A(r) as r — 0, and r€A(r) is increasing on (0, a] for some a € (0,é].

For any p > 0, write

E(Ty(r) Ae)? = / ) ptPTrP(Ty (r) > t)dt

0
C(r) a cmr m €
< P 1dt P ——— ) dt / =L PT(r) > a)dt
=T+ II+III.
(4.55)

Clearly I = C(r)P, while by (£53)

cmr m cmr m 1—n)m
II7 S €p (m) ~ €p (m) = O('I"( TI) ), as r — 0,

for any 1 > 0, since A is slowly varying. Now C(r) is regularly varying with exponent 1/(1 — b),
thus by choosing m sufficiently large we see that 111 = o(C(r)P). Finally for 11 we observe that if
C(r) <t <a, then

e A(rt?) > C(r)EArC(r)?).
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Hence

1 < ;r'\ >m < tp—l—m(l—b—bg)C(T)m(l—b—bﬁ) ( T‘?(T’)b >m )
tiI=bA(rtb) ) C(r)A(rC(r)b)

Recalling that 1 — b — b€ > 0, we see that if m is sufficiently large that m(1 — b — b§) > p, then

/ 7 (e — T < cC(r)?
C(r) t1=0A(rtb)

for small r by (@54]). Hence by (55

* P
lim sup E(Tb (r) Ae)

s —C’(T)p < 0.

Thus (T} (r) Ae)/C(r) is bounded in L? for every p > 0, which together with T (r)/C(r) L

proves convergence in LP. The converse direction is trivial. O

Remark: If X; — co a.s. ast — oo, then ET(r) < oo for some (every) r > 0. In that case, if in

addition EL;" < oo and dg > 0, then by Theorem 2.3 of [14]

ol -1
oy ETo(r) _ EL"
r—0 T dH

If 0 < b < 1/2 then ETy(r)P < oo for every r > 0, p > 0, and the proof of (B3] can be modified to

show
ET(r)P
li b (T)

ey T

5 Relative Stability of T),(r) and T} (r) for Large Times

In this section we briefly summarise relative stability of T(r) and Ty (r) for large times. All proofs
are omitted. In many cases they parallel the proofs given for small times although in some cases
there are nontrivial differences. We must first discuss the definitions of Tj(r) and Ty (r). It is

possible for X to cross the t® boundary for small ¢, but not for large ¢. For example, when o2 > 0
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we have by [18] that
Xy

lim sup =1 a.s.,

t10 /202tlog|logt|

thus limsup, X;/V/t = +00 a.s., while we can have in addition that X; drifts to —oo a.s. as

t — oco. If we took the infimum in (LI]) over all £ > 0, we may have that Tl/g(r) is finite, in fact,
takes value 0, for all 7 > 0, even though lim sup,_, ., X;/v/t < 0o a.s. Since we are interested in the
behaviour of X for large t, we prevent this kind of behaviour by taking the inf in (L)) over ¢ > 1.
Thus we define

Ty(r) = inf{t > 1: X; > rt’}, r >0, (5.1)

and

Ty (r) = inf{t > 1:|X;| > rt°}, r > 0. (5.2)

We always assume, unless explicitly stated otherwise, that 0 < b < 1. The results up to Theorem
B4l below, parallel those for small times if » — 0 is replaced by r — oo and the drift dx is replaced

by the mean FX; at the appropriate points.

Theorem 5.1 (a) Assume X;/B(t) L1 ast — oo, where B(t) > 0. Then B(t)/t* may be chosen
to be continuous and strictly increasing, in which case Ty(r)/C () Lilasr— oo, where C(r) is
the inverse to B(t)/t°.

Conversely, assume Ty(r)/C(r) 41 as r — oo, where C(r) > 0. Then C(r) may be taken to
be continuous and strictly increasing with inverse C~1, in which case X;/B(t) Polast o 0,
where B(t) = t*"C~1(t).
(b) The same result holds if X and Ty(r) are replaced by |X| and T; (r) respectively in (a).

In either case, (a) or (b), the function C(r) is reqularly varying with index 1/(1 —b) asr — oo.

Corollary 5.1 Assume X;/B(t) 51 ast — oo, where B(t) > 0. Then P(Ty(r) =T} (r)) — 1

as r — oQ.

Proposition 5.1 Suppose b > 1. Then neither Ty(r) nor Ty (r) can be relatively stable, in proba-

bility, as r — oo.
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Theorem 5.2 (a) T (r) is almost surely (a.s.) relatively stable, i.e., T)(r)/C(r) = 1, a.s., as
r — 00, for a finite function C(r) >0, iff E|X;1] < 0o and u:= EX; # 0.

(b) Ty(r) is almost surely relatively stable, i.e., Ty(r)/C(r) — 1, a.s., as r — oo, for a finite
function C(r) >0, iff E|X1| < oo and p = EX; > 0.

In either case, (a) or (b), the function C(r) may be chosen as C(r) = (r/|p|)/1=).

Theorem 5.3 (a) Suppose X;/B(t) P last — oo, where B(t) > 0 satisfies the regularity

conditions of Theorem [51. Let C be the inverse of B(t)/t’. Then, as r — oo,

Ty(r) P XT{,(T’) P XTb(r) P

_ A\ o te(r) T T(r) _Ty(r) P
ST 0 B@, ) 0 BCM) — L (5:3)

(b) Suppose | Xy|/B(t) 51 ast — co. Then (B3] holds with | X| and Ty (r) in place of X and

Ty(r) respectively.

Remark: The analogous result to Theorem [5.3] holds when s replaced by a.s. convergence
throughout.

For the large time version of Theorem [B.4] it is no longer appropriate to truncate the passage
times since C'(r) — oo as r — 00.

Theorem 5.4 (a) Suppose E|X1| < 0o and p= EXy > 0. Then

) ETb(r)
Jin c(r)

=1 (5.4)

where C(r) = (r/p)/ (=0,
(b) Fiz a function C(r); then T; (r)/C(r) L1 iff T (r)/C(r) = 1 in LP for some (all) p > 0. In

particular, if Ty (r)/C(r) 241, then for every p >0

BT
M

~1. (5.5)

Remarks: (i) Suppose EXl2 < oo and EX; = 0. Then X cannot be relatively stable, so neither
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can Ty (r) or T; (r). If II(z) = 0 for some x > 0, then EX? < oo, and so relative stability of T (r)

or Ty (r) hinges on whether £X; = 0 or not.

(ii) In addition to covering one-sided passage times and also dealing with the important case b = 1/2,

omitted in [6], [7], [8], Theorem [5.1] and associated results provide a more general approach than

that of [8], where the norming functions are assumed a priori to have strong regularity properties,

such as regular variation, whereas we make no such assumptions.

(iii) Siegmund [20] contains the random walk version of (5.4]). He mentions extensions of his result

and possible applications to sequential confidence intervals and hypothesis tests. We expect that

similar extensions can be carried out in the general Lévy case.
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