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Abstract

This dissertation consists of two essays on testing hypotheses in panel data
models when non-stationarity exists in the model. This is done under the high-
dimensional framework where both n (cross-section dimension) and 7" (time series
dimension) are large. In the first essay, | discuss the limiting distribution of the
t-statistic for H, : 8 = [, using different panel data estimators and propose using
the t-statistic based on Feasible GLS estimator. In the second essay, | develop the
bootstrap F-statistic for cross-sectional independence in a panel data model with
factor structure.

The first essay considers the problem of hypotheses testing in a simple panel
data regression model with random individual effects and serially correlated dis-
turbances. Following Baltagi, Kao and Liu (2008), I allow for the possibility of
non-stationarity in the regressor and/or the disturbance term. While Baltagi et al.
(2008) focus on the asymptotic properties and distributions of the standard panel
data estimators, this essay focuses on test of hypotheses in this setting. One impor-
tant finding, is that unlike the time series case, one does not necessarily need to rely
on the “super-efficient” type AR estimator by Perron and Yabu (2009) to make in-
ference in panel data. In fact, | show that the simple t-ratio always converges to the
standard normal distribution regardless of whether the disturbances and/or the re-
gressor are stationary. One caveat is that this may not be robust to heteroskedasticity

of the error terms, but it is robust to heterogenous AR parameters across individu-



als. The Monte Carlo simulations in support of all the results are also provided in

this essay.

The second essay discusses testing hypotheses of cross-sectional dependence
in a panel data model with an introduction of factor structure. Following Bai (2003,
2004, 2009) and Bai, Kao and Ng (2009), | again allow for the possibility of non-
stationarity in the regressor and the factor. | give attention to test of hypotheses
using F-tests in this setting. The limiting distribution of F-statistics under the high-
dimensional framework has not been derived yet in the literature perhaps because
of its theoretical complexity. To circumvent this difficulty, this essay suggests the
use of wild bootstrap F-tests based on simulation results under various cases where
both regressors and factors can be stationary or non-stationary. The Monte Carlo
results show that the bootstrap F-tests perform well in testing cross-sectional in-
dependence and are recommended in practice. They have the advantage of being
feasible even when we do not observe the factors and do not require for formal the-
oretical approximations. It is also shown that the bootstrap F-tests are robust to

heteroskedasticity but sensitive to serial correlation.
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Essay I: Test of Hypotheses in Panel Data Models When the
Regressor and Disturbances Are Possibly Nonstationary



1 Introduction

In the time series literature, estimation and test of hypotheses of the deterministic
time trend model with serially correlated disturbances have been studied by Canjels
and Watson (1997), Vogelsang (1998) and Perron and Yabu (2009) to mention a few.
For the panel data model, Baltagi and Krémer (1997) and Kao and Emerson (2004,
2005) study the corresponding time trend model with unobservable individual effects
and autoregressive remainder disturbances. Baltagi, Kao and Liu (2008) extend this
analysis to the case of a panel data regression model with possible non-stationarity in
the regressor and/or the disturbance term. They derive the asymptotic distributions
of the standard panel data estimators including ordinary least squares (OLS), fixed
effects (FE), first-difference (FD), and generalized least squares (GLS) estimators
when both the time-series length (7") and the number of cross-sections (n) are large.
They show that these estimators have asymptotic normal distributions and have dif-
ferent convergence rates dependent on the non-stationarity of the regressor and the
remainder disturbances. Some of their important findings include the following: (i)
When the disturbance term is I(0) and the regressor is I(1), the FE estimator is
asymptotically equivalent to the GLS estimator and OLS is less efficient than GLS;
(ii) When the disturbance term and the regressor are (1), GLS is more efficient than
the FE estimator since GLS is v/nT consistent, while FE is \/n consistent. As a
result, they recommend the GLS estimator as the preferred estimator, and they show
using Monte Carlo experiments that the loss in efficiency of the OLS, FE, and FD
estimators relative to true GLS can be substantial. This paper is a follow up paper
which is concerned with test of hypotheses using these standard panel data estimators.
One important finding, is that unlike the time series setting, one does not necessarily
need to rely on the “super-efficient” type AR estimator by Perron and Yabu (2009)
to make inference in panel data. In fact, we show that the simple t-ratio based on

the FGLS estimator of Baltagi and Li (1991), will always converge to the standard



normal distribution regardless of whether the disturbances and/or the regressor are
stationary or not. We also show using Monte Carlo experiments that inference based
on the OLS, FE, and FD estimators could be misleading relative to that based on
feasible GLS. The outline of the paper is as follows: Section 2 considers a simple
panel data regression model with unobserved individual effects and AR(1) remainder
disturbances and derives the asymptotic distributions of the t statistics of the stan-
dard FE and FD estimators, respectively. This is done for four cases, corresponding
to whether the remainder disturbances and/or the regressor are stationary or not.
In Section 3, we derive the corresponding asymptotic distributions of the t statistic
for the FGLS estimator under these four cases. Section 4 reports the finite sample
properties of the proposed tests using Monte Carlo experiments. Section 5 concludes.
All proofs are given in the appendix.

Unless otherwise specified, for all the asymptotic results in this paper, we let n
and T go to infinity simultaneously (i.e., (n,T) — o0), see Phillips and Moon (1999).
We require % — 0 in some cases. We write the integral fol W(s)ds as [ W and W as
W — [ W when there is no ambiguity over limits. We use 2, to denote convergence in
probability, % to denote convergence in distribution, ® to denote Kronecker product,

and [z] to denote the largest integer < x.

2 The Model and Assumptions

Consider the following panel data regression model:

yit:7+/8xit+uit7 izl?"'7n7 tzluaT (1)



where u;; = pi; + vy, and v and 3 are scalars.! We assume that the individual effect

p; is random with p; ~ 7id(0, 0%) and {v;} is an AR(1)

Vie = pri—1 + e, |p| <1 (2)

where e;; is a white noise process with variance Jz. The p, is independent of the v;;

for all i and ¢.2 Let {z;} be also an AR(1) such that

Tip = ANTy—1 + e, [N <1 (3)

where €;; is a white noise process with variance o2. In this paper we assume that

E(p; 1) = 0. (4)

The initialization of this system is y;; = x;1 = O,(1) for all i. Baltagi et al. (2008)
derive the asymptotic distributions of the standard panel data estimators including
ordinary least squares (OLS), fixed effects (FE), first-difference (FD), and generalized
least squares (GLS) estimators of J when both 7" and n are large. They find that,
when v;; is I(0) (i.e., p < 1), the FE? and the GLS estimators are both /nT consistent
and (asymptotically) equivalent. However, this asymptotic equivalence breaks down

when v is I(1) (i.e., p = 1). In this case, the GLS and the FD? estimators are both

'For simplicity, we consider the case of one regressor, but our results can be extended to the
multiple regressors case. In fact, we assume that for the multiple regressors case, X "X is of full rank
to avoid the complexity from possible cointegration.

2This model was studied by Baltagi and Li (1991) under stationarity of the regressors and the
disturbances.

3The fixed effects estimator of 3 is given by,

n T _ _
e _ Zi:l Zt:l(wit — T3 ) (Yie — Ui.)
FE — n T _
Dic1 Do (Tit — T4.)?

where :Ei.z% erzl xi and gi,:% 2;1 Yit, see Hsiao (2003).
4The FD estimator is the OLS estimator of a first-differenced regression, see Hsiao (2003). That

is,
Ayir = BAzTy + Avyy.



vnT consistent and more efficient than the FE estimator (which is y/n consistent).
Define the innovation vector w;; = (e, al-t)'. We assume that w;; is a linear process

that satisfies the following assumptions:
Assumption 1 For each i, we assume:
1wy =I(L)n; = Zjo'io 1L Z;ioja ITL; || < oo, [II(1)[ # O for some a > 1.

2. For a gwen i, m; s i.1.d. with zero mean and variance-covariance matrix =,

and finite fourth order cumulants.

Assumption 2 We assumem;, andn;, are independent fori # j. That is, we assume

cross-sectional independence.

Assumption 3 We also assume E (eitgi(tJrk)) =0 for all © and k and €; and e;; are
independent.

(Tr]

—1 W; satisfies the fol-

. . . . 1
Assumption 1 implies that the partial sum process o >

lowing properties:

[+
1
ﬁzwit <, B;(r) = BM;(Q2) as T" — oo for all ¢ (5)
t=1
where
Bei
Bi —
Bei

The long-run variance covariance matrix of {w;} with Assumption 3 is given by

Q = ) E(wywy)

j==o0

= II(1)ZI(1)

a2 0




Then B; can be rewritten as

B.; . 0 Vi
B, = — (6)
Bei O O’g VI/’L
Vi
where is a standard Brownian motion.
W;

2.1 The Fixed Effects and the First Difference Estimators

In this paper, we focus on testing the common slope S,

Hoiﬁzﬁo-

We start by investigating the asymptotic distributions of the t-statistics for Hy based
on the FE and FD estimators. Let us denote these by trg and tpp, respectively.
We derive these asymptotic distributions under four scenarios where the disturbances
and the regressor are allowed to be I(0) or I(1).

If v;; is known to be I (0),” the corresponding t-test for Hy using the FE estimator

BFE, is given by:

Bre — Bo
tpp = LE 0 (7)
SFE
~2 ~2
- o, . ~2 G2 ~2 1 n T ~ s 2
where spp = \/Z?—l ST G with o = 5 ando, = == > " > (Vie — pUu—1)”.

Here Uiy = (yit — U, ) — Bpp(ri — T;.) denotes the FE residuals from equation (1), and

i Zthz DitDit—1

p - Z?:l Z;F:Q lA/?t71
we derive the limiting distribution of p when |p| < 1 as well as when p = 1.

is the estimator of p suggested by Baltagi and Li (1991). Next,

Lemma 1 Assume (n,T) — oc.

’Note that the FE and the GLS estimators are asymptotically equivalent for this case, see Baltagi
et al. (2008).



1. If |p| < 1 with % — 0,

and
82 2, O'g
2. If p=1,
T(p-1)25 -3
and
83 N ai.

Theorem 1 derives the corresponding asymptotic distribution of the t statistic
based on the FE estimator (¢rg) under various scenarios involving the stationarity or

non-stationarity of the regressor and the disturbances.
Theorem 1 Assume (n,T) — 0.

1. If |p| < 1, |A| < 1 with 7z — 0,

1+ p\
tFEiN(o +p).

"1 —pA

2. If p=1, |\ <1,

trp cannot be obtained.

3. If |p] <1, A =1 with 2 — 0,

1
tFEiN<O,ﬂ>.
IL—p



4o Ifp=1A=1,

trp cannot be obtained.

The results of Theorem 1 show that, under the null, ¢ 7 has a normal distribution

if the disturbance term is I(0) regardless of the stationarity or non-stationarity of

the regressor. Note that we cannot even implement the ¢ test when the error term is

I(1). In fact, one cannot compute the standard error spp in this setting as shown in

the Appendix.

Next, we turn to the case of the FD estimator, B rp-° The corresponding t-test

for Hy using the FD estimator B Fp, 18 given by:

_ Bro =B

SFD

trp

where

~2
N

S —=
FD n T

Z Z(%t - xit71)2
i=1t=2
. 2
with 321, = % Yoy Zthg (Ayit —Brp & xit> :

Theorem 2 Assume (n,T) — oo and & — 0.

LIl <1, N < 1,

14p

L+ )L+ N2 —p— N+ 505 +

(1-2)?

1+

d
t N|{O

2. Ifp=1, |\ <1,
trp > N (0,1).

1>.

6Note that if vy is known to be I(1), the FD and the GLS estimators are asymptotically equiv-

alent, see Baltagi et al. (2008).



3. If|pl <1, A =1,
trp -5 N(0,1).

4. Ifp=1, =1,
trp 5 N (0,1).

The results of Theorem 2 show that, under the null, tzp has a normal distrib-
ution regardless of the stationarity or non-stationarity of the regressor and/or the

disturbance term.

3 The Feasible GLS Estimator

We rewrite equation (1) in vector form
Y =9r +X0+u="ytyr +x0+Z,p+v (9)

where y is nT' x 1, x is a vector of x;; of dimension nT" X 1, ¢,,7 is a vector of ones of
dimension nT', wis nT" x 1, p is a vector of y;, v is a vector of v;; and Z, = I, ® ¢r.

By the partitioned inverse rule, it can be shown, see Baltagi et al. (2008), that

-1
/ -1
L,r® X]

X [x’q)*ly XD ey (8 & er) L;Tq)*ly}

Bars = [’(I) x — X' e (U P enr) (10)

Substituting (9), one gets:

N 1
Bars — B = [x’@flx X' O e, (U P 1LnT)_1L;LT<I>*1X]

(11)
X [x’@flu X0 e (U@ 1LnT)_1L’nT<I>*1u] = GG,

where G; and G5 are defined accordingly, see also the Appendix. The variance-



covariance matrix is given by:
®=E(uu) =0, (I, ®erth) + oo (I, @ A) (12)

where ¢7 is a vector of ones of dimension 7'. A is the variance-covariance matrix of

v, which for the AR(1) is given by:

1 p p2 IOTfl
p ]_ IO PN pT_2
1
A = 1_ p2 p2 p 1 e IOT_3 (13)
_pT—l pT—Q pT—3 1 |
when |p| < 1, and
1 11 1
1 2 2 2
A=11 2 3 3
123 - T

when p = 1. Thus, it can be shown, see Baltagi et al. (2008), that

1 2
=1, {— (A—1 LA_ILTL,TA_1>] (14)

2 T2 2
op o+ bo,

where 6 = /A" 1. When |p| < 1, this estimation is equivalent to the Prais-Winsten

transformation method suggested by Baltagi and Li (1991) for the panel data model.

10



One can easily verify that A~! = C'C, where

1—p2 0 0 0 0
—p 1 0 -+ 0 0
o 0 —p 1 0 0 5)
0 0 0 —p 1 0
0 00 0 —p 1

is the well known Prais-Winsten transformation for the AR(1) model. Baltagi and
Li (1991) suggest pre-multiplying the panel model (9) by (I, ® C) to get rid of serial
correlation in the remainder term, and then performing a Fuller and Battese (1973)
transformation in the second step to take care of the random effects.

In order to obtain the FGLS estimator, B rcLss We use an estimate of p suggested

by Baltagi and Li (1991) based on FE residuals given below equation (7). The as-

ymptotic distribution of p was derived in Lemma 1. Define & = /(1 +p) /(1 — D)
and 27 = (&, ¢}_;) , where ¢7_; is a vector of ones of dimension 7' — 1. Using a trick
by Wansbeek and Kapteyn (1983), define }_T — 192 /d?, where d? = 1/i5 = ﬁﬁ +T.
Then, £ = Iy — j; Also let 02 = 002 + 02 where § = (1 — p)* d*. Estimates for o2

and ai can be obtained from
6! = — ' (L@ By @
n

and
~2 ]- ~ %/ o ~
o, =-—1 (In ® JT) a

where G* are the Prais-Winsten transformed residuals (see Baltagi and Li (1991) for
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more details). Hence, 62 can be estimated as

Substituting 62, 6,3, and 7 into equation (14), one obtains 3gy¢. The corresponding
t-test for Hy using the FGLS estimator B FGLS, 1S given by:

BFGLS - 6 _ al_lé2 — @1—1/2@2 (16)

trars =
\ var(BraLs) \/ Gy'

where @1 and @2 are given as equation (11) with the replacement of ® by d.

3.1 Case 1: Without Individual Effects

We begin with a simple case where u; = 0. That is, the individual effects are not
included in the true model, but there is first order serial correlation. This is not
realistic in panel data economic models, but we study it as a base case. The variance-

covariance matrix given in (12) reduces to
¢ =Fuu)=0(I,®A) (17)

with

1
o= — ([, A7),

e

In this case, the FGLS estimator, B rans, will be based on p and 2 given by,

5 Sy D Uil (18)
— 2
Z?:l Zt:2 uzzt—l

and

A A%

12



where 7;; denotes the OLS residual.”
Lemma 2 Assume (n,T) — oo and 7 — 0.

LIl <1 A < L,

VAT (Boss — ) 4 & (0, F2J0 =207,
2. Ifp=1,|\ <1,
i (Fons ) 4 v (0, L7

3. Iflp| <1, A =1,

4- Ifp=1, A=1,

2

Vi (Bows = 8) 4 v (037 ).

As shown above, we have the same rate of converging speed as that assuming
individual effects except for case (3). That is, in the panel cointegration case, we
have the convergence rate \/nT which is the same as that of the GLS estimator
and the FE estimator. However, note that once we add the individual effects, the
OLS estimator has the slower convergence rate v/nT rather than \/nT because f,

dominates v;.8

"Note that we use the OLS residuals instead of the FE residuals in this case. That is, Uy = v —

~ P = 2 =\ .= T = T
Yors —BorsTit = (yit - y) _BOLS($it —T) withy = T%T ZZL:l Et:1 yit and T = T%T E?:l Zt:l Lit-
8The limiting distribution of the OLS estimator with individual effects is given by

VnT (BOLS - 5) 4N (07 403)

2
302

e.g., see Baltagi et al. (2008) for details.

13



Lemma 3 Assume (n,T) — oo.

1. If |p| < 1 with % — 0,

and
53 2, Ug
2. If p=1,
Tp-1)20
and
53 N ai.

As can be seen in Lemma 3, we find that the limiting distribution of p is the same
as that of p using the FE residuals, when |p| < 1 with % — 0. However, this limiting
distribution is different when p = 1. Compare, T (p — 1) % 0 without individual
effects with T(p — 1) 2 —3 with individual effects. We also find that, in both cases,
the consistency of o> can be achieved. Based on the above results, one can derive the

asymptotic distribution of the t-ratio for each case.

Theorem 3 Assume (n,T) — oo and % — 0. Without individual effects, p always
leads to trgrs <, N(0,1) regardless of the stationarity or non-stationarity of the

regressor and/or the disturbance term.

Theorem 3 shows that trq s always converges to the standard normal case whether
the disturbance term is 7(0) or /(1) and whether the regressor is 1(0) or I(1). That is,
without individual effects, the t-ratio based on the FGLS, can be used for inference

using the standard normal distribution. Hence, in this case, one does not have to

14



consider the “super-efficient” type estimator by Perron and Yabu (2009) which is

designed to bridge the gap between I(0) and 7(1).?

3.2 Case 2: With Individual Effects

This section derives the asymptotic distribution of tpgrs given in (16) and discussed

in Section 3.
Theorem 4 Assume (n,T) — oo and % — 0.

1 Iflpl <1, |A\| <1

(a)

(b)

(c)

2. Ifp=1, A <1

(a)

(b)

90ne can define the “super-efficient” estimator p, as

~ _ o ifp-1>5
Ps 1t p—1]< 5

for some § € (0,1) and € > 0. Hence, when 7 is in a 779 neighborhood of 1, it is assigned a value
of 1. For details, see Perron and Yabu (2009).
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(c)
troLs = N (0,1).

3. Iflpl <1, A=1

(a)

(b)

(c)

4o Ifp=1, =1

(a)

(b)

trars — N(0,1).

Theorem 4 implies that the t-ratio based on p by Baltagi and Li (1991) asymp-
totically leads to the standard normal distribution regardless of the stationarity or
non-stationarity of the regressor and/or the disturbance term. This is an interesting
finding because despite the fact that we do not have a consistent estimate of ai when
p = 1, we can still obtain tpgs converging to N(0,1). Accordingly, we have a similar
result to that of Theorem 3 except that one cannot expect consistent estimates for

all the variance components when p = 1.
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4 Monte Carlo Results

This section runs Monte Carlo experiments in order to study the finite sample prop-
erties of the t-statistics for Hy : § = (,; based on OLS, FE, FD, GLS, FGLS using
Cochrane-Orcutt (GLS-CO), and FGLS using Prais-Winsten (GLS-PW) estimators.
We denote these t-statistics by tOLS, tFE, tFD, tGLS, tGLSCO, and tGLSPW, re-

spectively. The model is generated by

yit:xitﬂjtui—l—l/it, izl,...,n, tzl,,T (19)

with = 10. vy and x; follow an AR(1) process as in (2) and (3) respectively with p
and A\ varying over the range (0,0.2,0.4,0.6,0.8,1). We set the variance from signal,

see (3), at 02 = 5. We also control the total variance from noise across experiments,

2

%t _ = Lacross
02402 2

see (2), to be 07 +02 = 10. Hence, we have a fixed signal to noise ratio

2

T

2 2
O’H+0'e

experiments.!’ Next, we vary £ = over the range (0,0.05,0.1,0.2,0.4,0.6,0.8),
respectively. The sample sizes n and T" are varied over the range (20, 40, 60, 120, 240).
In our experiments, p is estimated as the sample correlation coefficient between v

and /V\it—la i.e.,

Z?ﬂ Z::F:z (/’)it - 5) (/V\it—l B 5)
VI ST, s = 5) X B (P — 9)

D=

where 7 is the sample average of U;;. We choose the correlation coefficient estimator
because it ensures that p is always between 0 and 1.

For each experiment, we perform 10, 000 replications and compute the t-statistics
using OLS, FE, FD, GLS-CO, GLS-PW, and true GLS. With this design we have

900 experiments. GAUSS 7.0.6 is used to perform the simulations. Random numbers

10Note that Baltagi and Li (1997) fix Uﬁ + 02 across experiments. Here, one cannot obtain o2 in
the nonstationary case. Instead we fix Uﬁ +02 and our results are not sensitive to the choice of this

sum. In fact, we tried 5, 10, and 20, and the results are similar.
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for ey, p,;, and €; are generated by the GAUSS procedure RNDNS. We generate
n(7T + 1000) random numbers and then split them into n series so that each series
has the same mean and variance. The first 1,000 observations are discarded for each
series.

Tables 1 to 4 report the empirical size of these various t-statistics, when the
true size is 5%, for (p,\) = (0.4,0.4),(1,0.4),(0.4,1), (1,1), respectively. Note that
(p,A) = (0.4,1) is the panel cointegration case and (p,A\) = (1,1) is the spurious
regression case. Some of our findings are the following: (i) As expected, tOLS and
tFE perform badly and their performance deteriorate as p or A increase. For Table 1,
the size of tOLS varies between 10 and 18%, while the size of tFE varies between 9
and 11%. This gets worse for the non-stationary disturbances case in Table 2, where
the size of tOLS and tFE varies between 18 and 20%. For the non-stationary regressor
case in Table 3, the size of tOLS varies between 24 and 80%, while the size of tFE
varies between 17 and 20%. The spurious regression case in Table 4 gives the worst
performance for tOLS with size varying between 59 and 83%. The size for tFE is
also bad varying between 51 and 78%. (ii) In all cases, except case 1, tFD performs
well with empirical size close to 5%. For case 1, tFD is slightly over-sized at 7 to 9%.
(iii) tGLS gives the best performance, with empirical size not statistically different
from 5%, for all cases considered. (iv) Both tGLSPW and tGLSCO perform well
across experiments. In fact, for small sample sizes such as (n,T) = (20, 20), they are
undersized in case 2, and oversized in cases 3 and 4. However, as n and/or T' increase,
the empirical size of tGLSPW and tGLSCO improves considerably. For example, in
case 4, tGLSPW and tGLSCO are oversized at about 10 to 12% for (n,T") = (20, 20),
but their empirical size improves to around 6% for (n,T") = (120, 120).

We also note that the size of tOLS gets worse as the percentage of heterogeneity
across individuals (£) increases. However, this heterogeneity measure does not affect

the performance of tFE and tFD, since both estimators wipe out the individual effects.
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Theorems 3 and 4 also imply that the t-ratio using FGLS should converge to N(0, 1)
whether or not the individual effects are included in the model. In fact, Figures 1 to
5 show the overlap of the N(0,1) distribution and the distribution of tGLSPW for
various sample sizes (fixing £ = 0.4).

In conclusion, we note that tGLS gives the best performance, but it is infeasible.
We recommend tFGLS for testing Hy : 8 = [, when the researcher has no perfect
foresight on stationarity of the regressor and/or the error term. tFD is a viable alter-
native to tFGLS if either the regressor or the error is nonstationary. tOLS and tFE

are not recommended in these cases.

4.1 Robustness to Heterogeneous AR Parameters and Het-

eroskedasticity

In this section we check the robustness of our results to (i) heterogeneity in the AR
parameters in both the regressor and the error term and also to (ii) heteroskedasticity
in the error terms. To accomplish this we run two sets of Monte Carlo experiments.
The first set of experiments allow the AR parameters to vary across individuals.
More specifically, A; (for the regressor) and p; (for the error term) are allowed to be
uniformly distributed, i.e., IIDU(0,1). The estimation and test procedure are the
same as before while the Data Generating Process is different. Table 5 reports the
empirical size of these new experiments. Interestingly, the t-statistics using FGLS
turn out to be robust across these experiments. In fact, tGLSPW and tGLSCO have
empirical size that varies between 4—5%. tOLS and tFE perform badly again. In fact,
tOLS has empirical size that varies between 19% and 67%, while tFE has empirical
size that varies between 16% and 34%. tFD is slightly oversized with empirical size
that varies between 6% and 7%.

As for the presence of heteroskedasticity in the error terms, we generate the error
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terms using the following design:

1
€t = UiCita and

2
Eit — Uicit

where C%t and C?t are generated from N(0,1), respectively. To incorporate het-
eroskedasticity, o; are generated as follows:
=1fori=1,..., %
0
4

=cfori=3+1,...,n

where ¢ = v/2 or 10. The simulation results are reported in Table 6 and 7. For Case
1, ie., (p,A) = (0.4,0.4), we find the following: (i) Table 6 reports the results under
relatively low degree of heteroskedasticity (¢ = v/2). tFGLS are slightly oversized. In
fact, the size for tGLSPW and tGLSCO varies between 6 and 7% for various sample
sizes. tOLS and tFE are bad with size varying between 12 to 18% and 11 to 12%,
respectively. tFD is also oversized at 9-10%. (ii) Table 7 presents the results under
a higher degree of heteroskedasticity (¢ = 10). In this case all the t-statistics are
way oversized. The size for tGLSPW and tGLSCO varies between 36 and 40%.!
Hence, we conclude that tFGLS is robust to heterogeneous AR parameters, but not

to heteroskedasticity in the error terms.

5 Conclusion

This paper derived the limiting distribution of the t-statistic for Hy : 5 = 3,; using
different panel data estimators including FE, FD, and FGLS. This is done in the

context of a linear panel data regression model with possible nonstationarity in the

HThe case of heteroskedastic error terms remains to be studied in the future. For possible ideas
on how to handle this problem, see, Baltagi and Kao (2000).
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regressor and/or the error term. We showed that one can use t statistics based on
the FGLS estimator regardless of the nonstationarity of the regressor and/or the
disturbance term. This is unlike the time-series case, where one has to consider a
“super-efficient” type AR estimator of Perron and Yabu (2009) to achieve the normal
limiting distribution of the t-ratio. One caveat is that this may not be robust to
heteroskedasticity of the error terms, but it is robust to heterogenous AR parameters

across individuals.
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Figure 2: The Histogram of tFGLSPW for (n,T') = (40, 40)
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Figure 3: The Histogram of tFGLSPW for (n,T) = (40, 120)

Figure 4: The Histogram of tFGLSPW for (n,T") = (120, 40)
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Figure 5: The Histogram of tFGLSPW for (n,T") = (120, 120)
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Table 1: The Empirical Size (%) of Case 1 (p = 0.4, A = 0.4) with True Size 5%
(n,T) ¢ tGLS tGLSPW tGLSCO tOLS ¢tFE tFD

(20,20) 0.05 511 563 5.64  10.77
01 502 551 554  11.07
02 502 544 554 11.97 10.65 8.60
04 496  5.34 540  13.73
0.6 492  5.23 523  15.63
08 490  5.13 507  17.28
(40, 40) 0.05 512  5.15 534  10.20
01 506 520 535  10.74
02 499  5.14 536  11.67 10.23 7.84
04 494  5.16 527  13.32
06 503  5.18 530  15.21
08 503  5.14 525  17.16
(40, 120) 0.05 504  5.05 198  10.12
01 503  5.05 499  10.53
02 507  5.04 504 1118 9.89 7.37
04 506  5.05 500  13.32
06 504  5.02 500  15.47
08 504  5.02 496  17.78
(120, 40) 0.05 490  4.96 506  10.63
01 484  4.98 510  11.04
02 487  5.03 503 1154 10.33 8.01
04 494  5.04 508  13.62
06 492  5.16 508  15.63
08 492 515 500  18.02
(120, 120) 0.05 4.92  4.96 500  10.06
01 494  4.95 498  10.53
02 490 491 497 1148 9.68 7.72
04 494  4.93 500  13.59
0.6 494 497 4198  15.35
08 496  4.95 496  17.39
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Table 2: The Empirical Size (%) of Case 2 (p = 1.0, A = 0.4) with True Size 5%
(n,T) ¢ tGLS tGLSPW tGLSCO tOLS ¢tFE tFD

(20,20)  0.05 523  3.28 346  18.91
01 521  3.28 345  18.90
02 524 327 343 1884 19.99 5.78
04 511  3.27 339  19.01
06 515  3.24 337  18.88
08 516  3.19 325  18.89
(40, 40) 005 525  4.17 114 1837
01 527 417 414  18.38
02 517 417 414 1842 19.78 5.48
04 508 417 414 1851
06 513  4.15 413 18.39
08 508  4.09 408  18.73
(40, 120) 0.05 508  4.43 121 19.41
01 504  4.42 421 19.46
02 503  4.42 422 1952 2029 5.11
04 502 441 423 19.44
06 494  4.36 422 1953
08 501  4.35 422 19.89
(120, 40) 0.05 532  4.36 431 19.16
01 533  4.36 431 19.05
02 529  4.35 431 1890 19.44 5.5
04 529 434 429 1893
06 529  4.33 430  19.21
08 524 434 429  19.26
(120, 120) 0.05 5.18  4.72 477 19.30
01 520  4.72 477 19.27
02 521 471 477 19.22 2011 5.24
04 523 471 478 19.29
06 517 471 479 19.03
08 516 471 478  19.20
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Table 3: The Empirical Size (%) of Case 3 (p = 0.4, A = 1.0) with True Size 5%
(n,T) ¢ tGLS tGLSPW tGLSCO tOLS ¢tFE tFD

(20,20) 0.05 521  7.79 757  24.06
01 509  7.67 742 28.40
02 516  7.25 744  34.85 1755 5.83
04 490  7.12 723 44.86
0.6 488  7.02 705 5177
08 489  6.67 6.69  57.25
(40, 40) 0.05 492  6.26 6.16  28.53
0.1 501  6.16 6.03  35.16
02 495  6.14 6.12  44.19 1847 5.48
04 485  6.08 594  55.58
06 475  5.89 598  62.41
0.8 477 5.7 579  66.73
(40, 120) 0.05 4.78  5.57 561  41.13
0.1 487  5.55 575  51.45
02 499  5.62 566  62.38 19.76 4.96
04 510  5.76 557  72.81
06 530  5.77 569  77.72
08 524  5.65 563  80.63
(120, 40) 0.05 4.71  5.56 560  28.08
0.1 478  5.57 559  35.28
02 490  5.80 582  44.61 19.01 5.72
04 490  6.08 596  56.25
06 488 581 591  62.60
08 483  5.73 594  67.72
(120, 120) 0.05 506 557 554  40.54
01 513  5.57 573  51.57
02 501 551 584  62.51 19.62 5.17
04 517  5.60 578 72.29
0.6 514  5.65 574  77.34
08 523  5.62 577 80.61
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Table 4: The Empirical Size (%) of Case 4 (p = 1.0, A\ = 1.0) with True Size 5%

(n,T) ¢ tGLS tGLSPW tGLSCO tOLS tFE tFD
(20,20)  0.05 515  12.22 11.91  59.95
01 517  12.08 1193 59.77

02 515 1211 1176 59.75 51.43 5.78
04 501  11.93 1159  59.90
06 503 1155 11.24  60.30
08 497  11.04 1052 60.95
(40, 40) 0.05 502 848 850  70.70
0.1 504 844 843  70.74
02 499 843 840  70.84 62.56 5.41
04 496 841 8.33  70.76
06 493 824 820  70.55
08 498  7.95 8.04 7172
(40, 120) 0.05 498  5.99 590  82.67
0.1 494  6.00 590  82.74
02 494 599 596 8273 TT.77 4.96
04 492 598 597  82.67
06 494  6.00 592  82.81
08 496  5.92 586  82.73
(120, 40) 0.05 484  8.06 801  70.69
01 480 803 7.97  70.75
02 481  8.06 795 7053 63.09 5.26
04 485  7.99 7.92  70.65
0.6 490  7.90 782 7048
08 481  7.69 749 7046
(120, 120) 0.05 506  6.22 6.19  82.25
01 510  6.21 620  82.32
02 513  6.16 6.19 8249 7846 5.18
04 512 6.4 6.18  82.17
06 515  6.15 6.15  82.26
08 511  6.10 6.08  82.55
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Table 5: The Empirical Size (%) with Heterogeneous AR Parameters </\,~7 i RS U0, 1))

(n, T) ¢ tGLSPW tGLSCO tOLS tFE tFD

(20,20) 0.05  5.22 530  19.51
01 522 533  20.36
02 511 529  22.36 16.17 7.70
04  5.13 523  26.61
06  5.00 512  30.83
08 473 480  35.05
(40, 40) 0.05  4.73 475 2171
01 472 480  23.57
02 477 486  27.00 20.00 7.21
04 491 489  33.78
06  4.86 496  40.15
08 479 491 46.78
(40, 120) 0.05  4.34 420 2207
01 431 423  25.83
02 428 425 3138 21.12 6.37
04 429 425  40.31
06  4.32 427 47.84
08 435 429  55.02
(120, 40) 0.05  5.26 523  36.51
01 528 528  37.75
02 540 533 4042 26.06 7.53
04  5.38 538  44.92
06 547 535  49.40
08  5.37 529  54.34
(120, 120) 0.05 551 5.62  42.24
01 551 559  43.76
02 550 5.53  47.65 34.91 6.79
04 541 553  54.71
06 538 553  61.22
08  5.36 549  67.46
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Table 6: The Empirical Size (%) under Heteroskedasticity (c = \/5)

(n,T) € tGLSPW tGLSCO tOLS tFE tFD

(20,20) 0.05  7.22 737 12.24
0.1 718 728  12.59
02 721 732 13.00 12.48 10.27
04 710 725  14.15
0.6  7.12 725  15.67
08 7.0l 715  17.67
(40, 40) 0.05  6.66 680  12.25
0.1  6.66 6.74  12.61
02  6.60 671  13.24 11.92 10.35
04 659 6.70  14.64
0.6  6.57 6.70  16.33
08  6.58 6.71  17.95
(40, 120) 0.05  6.28 638  11.71
0.1 631 643  12.01
02  6.33 648  12.71 11.33 9.23
04 638 6.53  14.14
0.6  6.42 6.58  15.99
08  6.42 6.53  17.63
(120, 40) 0.05  6.72 6.72  12.31
0.1  6.69 6.63  12.77
02  6.62 6.56  13.49 1245 951
04 657 6.67  14.89
0.6  6.62 6.69  16.28
08  6.66 6.68  18.42
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Table 7: The Empirical Size (%) under Heteroskedasticity (c = 10)
(n,T) ¢  tGLSPW tGLSCO tOLS tFE tFD
(20, 20) 0.05 40.13 40.23 43.94

0.1 40.01 40.06 43.91
0.2 39.83 39.89 43.76  44.71 42.78
0.4 39.67 39.74 43.74
0.6 39.52 39.67 43.07
0.8 39.35 39.43  41.87
(40, 40) 0.05 37.45 37.51 43.98
0.1 37.27 37.32 43.92
0.2 37.16 37.21 43.81 44.44 41.92
0.4 36.97 36.98 43.47
0.6 36.71 36.74 42.95
0.8 36.76 36.83 41.76
(40, 120) 0.05 36.53 36.62 43.36
0.1 36.61 36.62 43.35
0.2 36.51 36.54  43.33 43.67 41.37
0.4 36.55 36.56  43.24
0.6 36.51 36.52 42.88
0.8 36.55 36.65 41.67
(120, 40) 0.05  36.44 3644  43.67
0.1 36.45 36.48 43.49
0.2 36.35 36.37 43.40 43.98 41.40
0.4 36.18 36.21 43.27
0.6 36.24 36.22 43.06
0.8 36.34 36.37 41.96
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Appendix: Proofs of Lemmas and Theorems

This appendix provides all the proofs for the lemmas and theorems in the text.

A Proof of Lemma 1

Proof. We investigate |p| < 1 and p = 1 cases, consecutively.

1. |p| <1 case

(a) |p| <1, |A\| <1 case

Consider the limiting distribution of p. Note that

_ > it Ethg (Vit — pVir—1) Ve

T A~
Z?ﬂ Zt:2 V?t—1

p—0p

and Uy = (yir — Ui.) — BFE (it — i) = (Vir — U;) — (BFE - 5) (e — T4.).
For the denominator,

n T

n T
N = S [t =7 = (B — A —30)]
=1 t=2 i=1 t=2
n T

1 — \2
= n_TZZ(Vit—l_Vi.)

i=1 t=2

+niT (VAT (B - 5)}2 {nLT , i(zit—l - %)2}

_an<BFE - f) ; ;(Vitl — Ui )(@i—1 — Z;.)

= I+I11+1I11.

Consider [T first. It is easy to see I] = O,(-%) = 0,(1) because if (n, T') —

oo and 7 — 0, then

\/ﬁ (BFE - 5) =0y (1)
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by, e.g., Baltagi et al. (2008). Similarly, we have
n T

% Z Z(ffit—l — ;)" = Op(1).

=1 t=2

Next we show that I1] = O,(-5). It can be shown that

n T
6FE Zzyztl_yz xztl_$z>
i=1 t=2
n T
= 5FE ZZ Vit-1ZTit—1 — Vig1Zi, — Vi Tig—1 + U3 Ty ]
i=1 t=2
1
= p<_T) = 0p (1)
using
1 n T
— ZW 1Zi—1 = Oy (1)
vl = 5
and
1 (1 & 1 &
—= —= D Vi1 | | =) x| =0, (1)

since v;;_1 and x;_1 are uncorrelated.

Hence, we have

n

1 a — \2 1 p O-z
ZZ% 1= 5 Y (Wu =)+ Op(5) = 7= 7

zlt2 i=1 t=2

as (n,T) —

For the numerator, it can be shown that U; — pvy_1 = ey — (B rE —
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B){(A — p)xit—1 + it} + 0,(1) and accordingly we have

\/ﬁzz Vit — PUit— 1 Vit—1

i=1 t=2

_ [eit — (Brg — BY{(\ = p)air—1 +€a} + Op(l)}
\/n_T Zzl ; [(V%t 1 = 7i) = (Bre — B)(wi1 — fz):|

T
= \/ﬁ ZI; Vig—1 — ezt
R 1 n T
_m(ﬁFE - 5)ﬁ ; ; {N=p)zi—1 + e} (Vier — 73)
n T
_M(BFE - 5)% Z Z ei(Ti—1 — T;.)

i=1 t=2

+{M<BFE—6>}2 S/QZZ{A PTu1 + 2} (zie-1 = Ti) + 0y(1)

=1 t=2

- Z [(Vit—1 — Ui) eir] + Oyl !

— —=)
nl T = " VT

because A= DT, 300, wi-avie1 = Op(1), 7 Moy Sy cuvvin—1 = Op(1),
n T n T
L Y wh = 0,(1), and \/% Yoy D rs Ti—1eq = Op(1) as (n,T) —

Q.

Therefore, we have

\/% i1 ZtT:Q [(Vit—1 — Us.) €] + 0, (1)
- BT S~ T () (e 00
4 2N (0, - )
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if (n,T) — oo and % — 0. Note that

ark| () (5
|Gr) ()

e
- o,(\/5) o

= o,(1)

5~

with a condition 7 — 0 since

1 < 1 &
(e xe) ()

Finally, we conclude that if (n,7") — oo and # — 0, then

1 n
2>

VT (p—p)
n ~ ~ ~ 1
\/%*T dic1 ZtT o (Wit — pPYis—1) Ve o2N (O, 1_p2>

ST, T
nT =1 t=2 zt 1 17p2
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Next we consider 5-. Note that

- %ZL Zthz Vit — ﬁ@:t*l)Q
pUi-1+ e — Ui — (Brg — B)ATi—1 + e — i)
] —p (Vz't—l ~ 7. — (Brg — B) (@i—1 — fi.))
[ e - (»—p) {Vz‘t—l — (Bpg — ﬁ)ﬂfz‘t—l} I
+(»—p) {E‘. — (Brg — 5)@.}
+(p = 1) {7 = (Brp — D7 |
| —Bre - B e+ (A= p)ria}t |
— AL S+ T T [0- ) (v — B~ D f]

S DIED I [(ﬁ — ) {71‘. — (Bre — B)fz‘.H :

+E S S [0 - 1) {7~ (Brs - By }]

o S S0 (B = ) e+ O = )]

— Y seu(p = p) {Vz‘t—l — (Bpg — 5)%&71}

iy YimaCit(P = ) {E’. — (Bpg — 5)»’7%'.}

FESL S aeulp = ) {7~ (Brp — B)7. |

— 2 Y sen(Brr — B) {ei + (A = p)zia} + 0p(1)
— [+ I+ I+ IV +V +VI+VII+VII+ VI +oy(1).

2

T
- %Z?:l Zt:Q

T
= %Z?:l Zt:2

One can show that all the rest of terms except [ is 0,(1). For example,

consider /1.

i=1 t=2 +<BFE — B)wi

o) ook} o (k) -0 () -

{\/H_T(ﬁ - P)}2 (n;)Q Y i ( Vit-1 = Z(BFE - i)’/;‘t—lfﬂit_l )
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using

and

as (n,T) —

Similarly, it can be easily shown that

as (n,T) — oo
(b) |p| <1, A =1 case

From

~

p—p=

we have

ZZVM -

zlt2

n T
nLTZZe?tJFOp(l) = o?

i=1 t=2

Z?:l ZtT 2 (ﬁzt Pﬁzt 1) Vit—1
T 2
Z’L 1 Zt 2 lt 1

Y

ZZ [ Vit—1 — (BFE B) (i1 — fz)r

11t2

1 S .
nT Z Z(Vit—l —7;)

i=1 t=2

b VAT (B~ )} {% > Z@f - >}

i=1 t=2
n T

= I+I1+1II
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Using a similar argument as in Phillips and Moon (1999) and Baltagi et
al. (2008), it can be shown that I7 = O,(-5) if (n,T) — oo and % — 0,
which yields

VT (Beg = B) = 0y (1).
Also note that as (n,T') — oo, we have

n T

nT2 ZZ Tit—1 — = 0,(1),

i=1 t=1

see equation (C.3) in Kao (1999).

Next we show that /1] = O, (%) . This follows because

n T
2 1 ~ )
n3/2 Z T2 Z(Vit—l — ;) (wi—1 — T1)

iﬂzt—l —T;)

= nT\/n_TZZVZtl JT

i=1 t=2

o3

1 = a xztfl - :Z'z) o
_ZZ an T—Op(l)

i=1 t=2

and

where v; and x;; are not correlated. Hence,

n T
1 — \2 1 p O-z
EONILIET'S 3) SRS A RN () = 7%

=1 t=2 i=1 t=2

as (n,T) —

For the numerator, Uy — pls—1 = i — (B —B8) {(1 — p)zi—1 + i} +0,(1)
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and by using a similar argument, we get

T
— Z (/V\it - p/V\it—l) /V\it—l

L G e Bee = B o) + 2} + 0,1)]
; . |:(Vit71 —7;) = (Brg — B)(wit—1 — i’z)]

if (n,T) — oo and # — 0.

We conclude that if (n,7") — oo and % — 0, then

vaT (p—p)
\/%*T >t Zf:z (Vit — pVit—1) Vie1 oiN

—
1 n T ~2 U%
T D i1 Do Vit °

which is the same result as in Lemma 1.(1).
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. ~2
Next consider 0.

5 = Y Y (P = i)
= L3 S alevier + e — Ui — (Bpg — B) (@i + it — T
—p(vir1 — Vi, — (Brp — B) (i1 — 1))
iy Sialen — (p—p) {yiH — (Bre — ﬁ)xitfl}
+(p—p) {E’. — (Bpg — 5)»@.}
+(p = 1) {7 = (Brs — B3} — (B — B) {eu + (1= a1}
= S S+ S S [(0— ) {vis = (B = B}
AL S [0 0 {7~ Brs - )7 ]
+ S S (0= D {7~ G — 907 ]
o S S (B — ) e+ (= )i 1}]
—E 2 imseu(p = p) {Vit—l — (Bpg — 5)%—1}
FE Y imtit(p = p) {E’. — (Bpg — 5)@'.}
FESL S aeulp = ) {7~ (Brp - B)7. |
— 23 Y sen(Brr — B) {ei + (1= w1} + 0,(1)
= T+ II+III+IV+V+VI+VII+VIII+VIIII+o0,(1)

and it can be shown that
/af =1+ 0,(1).

Let us consider 11, for example.

{ } ZZ V2 1 —2(Bpp—B)Vi-17i-1+(Bpp—B)*2% 1) =0, <%>

=1 t=2

because




. 2
using % > i 23:2 Vi, % = 0p(1).
Also

n T
2 5 1 Vit Tig—1 | 1
W\/HT(BFE_B) (E Z\/T\/T>_Op (W

. n T vy Ti—
using 70, 3, e = 0p(1)
and
n T

nT)? Z Z BFE B)2at_y

i=1 t=2
_ WT Brp = ixQ _ 1
n2T? nTQthQZtl n2T?

as (n,T) — oo with the joint limit argument.

By a similar process, we have
n T

1
ﬁ Z€?t + OP(l) & 0'5.

=1 t=2
as (n,T) — oo
2. p=1 case

(a) p=1, A\ <1 case

Since we have p =1,

p—1= 2ict ZtT o (Vi — ’/)zt 1) Vit 1
Zz 121& 2 ’Lt 1
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For the denominator,

n T

nTg Z Z’Gt 1= nTQ ZZ [ Vieer = Vi) = (Brg — B) (i1 — xz)r

i=1 t=2 i=1 t=2
n T

1 — \2
= WZZ(V#—I_VL)

i=1 t=2

+nLT {\/E(BFE {

n

Z(l’itfl — fl)Q}

i=1 t=2

2
_\/_(BFE - 6) n3/2T2

= I+ I11+111.

(Vit—1 — U;) (Tip—1 — Ti.)

Mﬂ %|H

=1t

||
N

Consider /7 first. Using a similar argument as in Phillips and Moon (1999)
and Baltagi et al. (2008), it can be shown that 11 = O, (=5) if (n,T) — oo

n

and 7 — 0, which yields
Vi (Bre = 8) = 0, (1).

Also as (n,T') — oo, we have

Consider I11. It can be shown that

n T
A 2
IIT = /n(Bpg — ﬁ)m ZZ(V“*I — U ) (T — Ti)
=1 t=2
2 "L v U; x T
o it—1 — Vg, Lgt—1 — L.
1
= Op(ﬁ)
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as (n,T) — oo using

and

by equation (C.3) in Kao (1999).
For the numerator, v;; — Vy_1 = e — (BFE —B){(A—1D)xy_1+ ey} One

can show that

n T

% SOS @ — D) D

=1 t=2

_ L " ET: [eit - (BFE - 5) {O‘ - 1)$it—1 + 5it}:|
nl i=1 t=2 B [(Vit—l -7;) — (BFE — B)(@ir—1 — fz)}
| Gt (Viter — 1) — (BFE B){(A = D)xy—1 + e} (Vis—1 — Vs.)
1 n
T £ tzz; A _(6FE — B)ei(Tit—1 — ;)
i +(Brr — B)* {(A = Daj—1 + e} (wi—1 — Ty.)
=I+I1I+1IT+1V.
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Consider /1. It can be easily shown that

]] = \/_’f?ifT ZZ{ _]-*Izt 1+€zt}(yzt 1 )

i=1 t=2

\/_ /BFE i i xzt 1Vit—1 — (/\ - 1)1‘1‘75_151'.

3/2T
n —
i=1 t=2 +EiVit—1 — EitVi.

a0 0 ()0 )

using
T
\/ﬁT;;% wi—1 = 0,(1),
T
NG H;wﬁ L= 0,(1),
and

Consider I11. It is also easy to see that

77 — —wzzeit(%t—l —7;)

nS/QT '
i=1 t=2

- (o) otn) -0 r)
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Consider V.

\/E(BFE - B) T
IV = ( ) Z {N=Dzy—1 + e} (w1 — 7))

A =Dz — (A= DzyTs.

i=1 t=2 FEi4Tit—1 — ity

= ono) v () <o () w0 ()

using
1 n T
=D 2w = Op(1),
i=1 t=2
n T T
1 1 1
S\ Fm | =] = 0,1,
n i=1 ( T t=2 > <\/_ t=2 )
and

We conclude that

Il
~
+

ﬁQ
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using equation (C.5) in Kao (1999). Hence,

T ADD :
T(p-1)= % Z?:l Zt:Z AVyVi—1 %

L_2 _ _3
1 n T =2 o2 :
7 Qi1 Dima Vit—1 3
. ~2
Next we consider o.
Oc = 72aic1 2ates (Vit = PVit—1)

Vieer + e — Ui — (Bpg — B)Ai—1 + €0 — 75
P {Vz‘t—l ~ Vi — (Brp — B) (i1 — fz’.)}
_ e — (p—1) {Vit—l — (Bre - 5)%&—1} 2
= i i +(p—1) {v — (Bpp — ﬁ):@,}
| —Bre = B) {ew + (A= D}
— BT N S T [0 - ) (et — (Brp = B )]
HES S [0 - 0 {7~ Bes - 97 }]
o S S [(Bee = ) (et O = D]
—F i Ysat(p = 1) {uiH — (Bre — 5)»"31%71}
FESL S aeu(p = ) {7~ (Brp — B)7. |
— S Y iei(Brr — B) {en + (A — D1} + 0,(1)
= I+ 1I+IIT+IV+VAVI+VII+VIII+VIII + o0y(1).

1 T
= n_TZ?zl Zt:2

From above, it can be shown that

n T
- 1
ngn—TZZG?HFOp(l)AUg

i=1 t=2
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as (n,T) — oo. We illustrate /] only as an example. It can be shown that

{7( ng Z Vi1 —2(Bpg — BWir-1%i-1 + (Brg — B)*a%_,

=1 t=2

1

Op(W

)

as (n,T) — oo because

T
T3 Z’/?t—1 =0

1=1 t=2

with #Z?:l 23;27/121&—1 = 0,(1) and

<\/E(BFE > nT? nTZ Z%t 1 n;?)

=1 t=2

. n T
with %Zizl > a1 = Op(1).

Also note that

1 1 d Vit—1 Tijt—1 1
_2\/_(/6FE T2 Jn Z = Op(—3)

. n T  vit—1 Tit—
using \/%; Dim1 Dten T VT = Op(1).
p=1 A=1 case

Recall that
/p\ —1= ZZL 1 Zz 2 (/V\zt /V\zt 1) /V\it—l
— L .
Zz 1 Zt 2 221‘, 1

49

)



We have

nTg Z Z’Gt 1= nTQ ZZ [ Vieer = Vi) = (Brg — B) (i1 — xz)r

i=1 t=2 i=1 t=2

= I+ I11+111.

Consider /7 first. Using a similar argument as in Phillips and Moon (1999)
and Baltagi et al. (2008), it can be shown that 1 = O, () if (n,T) — oo

n

and 7 — 0, which yields

~ d 203
ﬁ(BFE_6> ﬁN(Oyﬁ) =0p(1).
Also as (n,T') — oo, we have
1 n T 2

see equation (C.3) in Kao (1999).

Next consider 17].

T
111 = \/ﬁ(@FE - ﬁ) n3/2T2 Z(Vit—l - vi')<xit_1 - 'fz)




as (n,T) — oo since

T _
Vzt l xzt 1~ T 1
2

VT T~

ALY

t=
where v;; and z;; are not correlated.
Hence, we have

n T

nT2 ZZAzt 1= ;2 Z Vig—1 — VZ +OP(]‘) =

i=1 t=2 1=1 t=2

SN

by equation (C.3) in Kao (1999).
For the numerator, U;; — Uy_1 = €5 — (BFE — B)eir, and it can be shown

that

3

E

Vit = Vit—1) Vi

)=

1 t=2

1
nT

7

I
M3
[M] =

|:€it — (BFE — 5)&%] [(Vitfl —7;) - (BFE — B)(wip—1 — 1_31)

1t
L, (Vit—1 — Us.)eir — (BFE — B)(i—1 — Ti)ean

i=1 t=2 —(BFE — B)(Vit—1 — Vi) + (@FE — B)ei(zi—1 — Ts)
= I+ I1I+I1IT+1V.

||
N

1
nT

Consider /7. It can be shown that

> n T
= Y-t Z%t 1 Ti e
3/2
n3/2T —

1=
T

= \/_ ig% % Z Z Lit—1€it

i=1 t=2

VilBre =B =~ 1 < 1 <
+ 3/2 T 2 €it a2 tz; Tt

o (2)o <’5 e

SEES



using

\/_T sz” 16 = 0, (1)

=1 t=2

1 &1 & e
%Z:; (ﬁé%) (mé%t) = Op(l)

Consider 1] and IV. In a similar vein as /1, one can see that

and

n T

n3/2T Z Z Vit 1Ei — Vi€it) = 0, (l>

n
=1 t=2

and

(\/_(5FE ) ii i — eui] = Oy (1>

- n
i=1 t=2

1V =

We conclude that

n

T

1
—mn ZZ (/y\lt _/V\it—l>ait—1
TLT =1 t=2

n T
1 1 2
T Zyztl ezt‘}‘o()A—&
n

n
i=1 t=2

using equation (C.5) in Kao (1999). Combining these results, we get

A/\ZAz
T(/p\_l):nTZz IZtQ VitVit—1 p

nTZZZ lth it—1 %

Mﬂ)l\)

¥
Il
|
w

which is the required result.
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Next we consider 5-. Note that

n T
52 = 33 ()

=1 t=2

;

Vit—1 + € — Vi, — (BFE — B)(@it—1 + €it — Ti.)

=1 t=2 —p(it-1 — Vi — (Bpg — B) (wir—1 — 75.))

n e — (p—1) {Vitfl - (BFE - ﬁ)xitﬂ}

- Ty

i=1 =2 | +(p—1) {72'. — (BFE - 5)1_31} - (BFE — Beu

After some tedious algebra, it can be easily shown that

R 1 n T
O'(zi = ﬁZZ@i‘FOP(l) ﬁ) O'g.

i=1 t=2

B Proof of Theorem 1

Proof. Now we are ready to prove Theorem 1.

L. |p| <1, A\ <1 case

Recall

2

5 ¢ G
FE = — —.
Zi:l Zle (2 — fi.)2

Now note that
n T 2
1 Z( — )2 P O,
—_ Tig — Li.) —
nT ' 1\

i=1 t=1

and
~2 2

O, p O,

= —
o=t (=97

[\

o

A

since 1 — p* = (1 = p*) + (1= p)(p — p) = (p — p)* = (1 = p*) + 0,(1) using

53



p—p= O(m>

Therefore, if (n,7T) — oo and % — 0, then

N (14+p))(1-X2)o
VT (Bpg — B) . N (O’ = p2>02) B 1+ pA

T s @) &)

2. p=1, |\ <1 case

. ~2
Consider o,.
~2 ~ ~
52 2 )

ToT0-7) TA-pi+p

2
Te
6

From the construction of Sgg , it is obvious that we cannot obtain spg because

we have a complex number problem. Accordingly we cannot have trp either.

3. |p| <1, A=1 case

Because
n T 2
LE: (i — 72 2 Z=
k2 .
n1? 4 6
=1 t=1
and
~92 2
6_\2 _ O, p O,

_)
1=t (=97
as shown in Theorem 1.(1), one can easily verify that if (n,7T") — oo and % — 0,

then

2 N (0, 52
T — ) — o
trp = VT (Bre = B) 4, (0 =) = N(0,—).

\/51,/ (# > it Zthl(xit - j;z)2> (iiz) / <%?>

4. p=1, A =1 case
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In a similar vein as Theorem 1.(2), since

~2 ~2 ~2 2
gy O, O P O
—_— = A2 p— N N H — —
T T(1—p%) T(1—-p)(1+p) 6

we cannot obtain spg or tpg either.

C Proof of Theorem 2

Proof. Now we prove Theorem 2.

1. |p| <1, |A] <1 case

Recall
Ay = BAzy + Avy

Let us look at 6%, first.

n T
B = =3 { B (B — )}

i=1 t=2

- —ZZ [ — Dy +ei} — (ﬁFD _5){()‘_1)xit_1+€it}]2

=1 t=2

= _ZZ Vzt 1+€2t]2

i=1 t=2
n T

+n1 [\/_BFD QZZ —1$zt1+€zt]2

i=1 t=2
T

3

—_

nT
= I+ I1I+1I1.

T

3

=1 t=2

L VAT (Ben — 0] = 32 S [0 — D + el [(A -

Vi1 + €it]



Counsider I. It can be shown that

n T
I = nLT;tz; _]-Vzt 1+€zt]2
(p . 1)2 n T n T n T
SR D DICERED I SEFECETS ) S
n i=1 t=2 i=1 t=2 nT —1 t=2
02 1 202

e

N

= (p—1)21 7 + 02 4+ O,(

as (n,T) — oo using

n

T
\/%ZZ it— lezt— 1)
=1

t=2

For I1 and I11, one can verify that /1 = O, (%) and I1] = O, (%) using the
fact that if (n,7") — oo and 7 — 0, then
(1+/\)2[(2—p—)\) SR i G )‘)]02
A d I+ A | e
VT (Bpp —B8) — N(0, - ) = 0p(1).

4(1 — pA)?o?

This uses a similar argument as in Phillips and Moon (1999), also Corollary 5.1

in Baltagi et al. (2008).

Hence, we have

Ghy = (P_1)21 (\/;_T>+O ( T)+Op( %T)
= (=17 ”(\/;_T)
) 12130‘

Now recall that

PR ﬁFD 50
FD = ————
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. (}A .
with spp = m “ . Here one can easily see that
FDp \/Zi—1 Zthl(%‘t*Iitﬂ)z y

n T
1 2
_nT E E (ﬂ%t - iUz‘t—l)
i=1 t=2
n T n T n

2

T
P
TitLjg—1 — /\

21t2

1
:n_TZ

i=1 t=

1
2 —

2
Tip—1 —
t=2

as (n,T) — oo. We conclude that if (n,7") — oo and % — 0, then

. VAT (Bep — )
o) (S S (o= )

1— 1-2)3
(02 2-p-r+ Gt 4 U230 | o

N(0, -
i ( 4(1—pN)20
202 /(22
\/(1+p> / <1+A)
3 \\3
L+ A1+ p) [(2—p— A2+ U2 4 &2

R 4(1 — pA)?

.p=1 |\ <1 case

From Ay, — BFDA%& = Avy; — (BFD — B)Ax;, one can show that

n T
B = oSS A~ (B — B}

i=1 t=2
1 n T A )
= =3 [eu = (Bro — {0 - Daucs + =}
i=1 t=2
1 n T 1 n T
_ 2 /— 2 9
— ﬁ;;%t"‘m[ BFD ;; A —Dxy_q + ei

T
E— i )\—1 it— +5i
T -zlget[( )Tit1 q

= I+I1+1II
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. 1 n T 2 P 2
Obviously, I = pov Zi:l Zt:Q €it = Oe¢-

For I1, using a similar argument as in Phillips and Moon (1999) and Baltagi

et al. (2008), it can be shown that /7 = O, (=) because if (n,T) — oo and

# — 0, which yields

Also note that

and

For 111, it is easy to see that

n T
2 A 1
I = = VT3, — ]— Gl =Dy g+
nT n (5FD 5) \/n_Tizltzzzjet[( )xt 1+5t]
using
n T
1
— Zez‘tﬂfit—l = Op(l)
nT’ i=1 t=2
and
n T
1
W : Z CitEit = Op(1>
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Then we have,

~—

n T
1 1 1
~2 _ 2
%v_;EE:Eﬁﬁ%%&ﬁ)+%%T

=1 t=2

= ZZ%"‘O )

11t2

Also recall that

n T

T 2 2
E T3 = — Tty 2 s
it — (A
it—1 nT A

i=1 t=2 i=1 t=2 i=1 t=2

as (n,T) — oo. Hence, we conclude that if (n,7") — oo and % — 0, then

~ (14+N\)o2
VnT — N(0, 525+)
trp = T Brp — ) 4, 22 L — N(0,1).

o) (S S =) Jo (22)

3. |p| <1, A=1 case

By a similar argument as above, it can be easily shown that

n T
&2&; = nLT ZZ {Ayit - (BFD - ﬁ)AfL’it}2

i=1 t=2

- Z Z [ Vvt + eat — (Brp — 5)%]2

11t2

n T n

1 L
= E E — Vv + ezt]2 + n2T2[ nT(Bpp — B))”
i=1 t=2 i=1 t=2

n

T

2 1

- T ] _]- ) 7 7
T [vn (BFD —\/n_T 1? Wit—1 + €it] €t

= 2
20

2072 1 1
- 5o () o) - 75 o ()
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This is because if (n,T") — oo and % — 0, then

VAT (e = ) % N (0,255 ) = 0,00)

using a similar argument as in Phillips and Moon (1999) and Baltagi et al.
(2008).
Also recall that

n T n

T
L E Ty — X _ b E g2 2 52

t t— 1 - 3 .
nT ! ! nT u €

i=1 t=2 i=1 t=2

Hence, if (n,T) — oo and % — 0, we have

ﬁ(ﬁFD — ) d N, (142:50?) _
o) (BT S - mn?) (22 Jo

trp =

.p=1, A=1 case
Again, it can be easily shown that

n T
Gh, = nLT Z Z [AVz‘t - (BFD - ﬁ)A%tr

1=1 t=2

= -7 Z Z €it — ﬁFD )@t]

z1t2

1 n T 1 n T
= ﬁzzeft+n2T2 5FD Zzgi

i=1 t=2 i=1 t=2

2 o
_ﬁ[\/ nT(ﬁFD \/n_T Zl ; CitEit
1 1
_ 2 _ I
= 0,+0, (nT) + 0, (nT)

1
= o2+0, (n_T) 2 o2




because if (n,T) — oo and % — 0, then
VT (Bpp = ) 5 N(0,~5) = 0,(1)

using a similar argument as in Phillips and Moon (1999) and Baltagi et al.

(2008).

Hence, we conclude that if (n,7") — oo and % — 0, then

trp = V nT(BFD - ﬁ) KA N(O, 02/02
2
\/52Ay (% S S (@ — xit—1)2> oc/o%

D Proof of Lemma 2

The OLS estimator of /3 is given by

Bops = Sy Sy (i = T) (ya —7)
D ie1 Zthl (‘”it - i)Q

= 1 n T = 1 n T o .
where 7 = =" > jxpandy = == > " > . | yir. Rewriting the equation, we

have

T = =
S TLEL (- (w-1)
OLS — = T =2 :
D1 Dt (xit - 37)
Proof. We consider the denominator first and then move to the numerator to prove

Lemma 2.

1. The denominator

'Note that p; is not included in error term here.
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(a) when |A| < 1,

T —\2 7 . 2
% Z?:l > i1 (xit - x) = % Z?:l D i1 xzzt - (% Z?:l > i1 xit)
0.2

i —E _
1-)\?

. 2
s (n,T) — oo using %Z?:l EtT=1 xy = ﬁ and \/%72?21 Ethl Lit =
O, (1).

(b) When A =1,

2

T =\ 2 T ) 2 T )
# Z?:l Zt:l (xit - :p) - % Z?ﬂ Zt:l (%) % - [% Z?ﬂ Zt:l %%
p

!
ol

as (n,T) — oo
2. The numerator

(a) If |p| < 1, |A| < 1, it can be shown that

1 T
nTZZ Tit — V'Lt ):W : Z'Tltylt+o ﬁ)

and

i=1 t=1

as (n,T) — oo

(b) If p =1, |A| < 1, it can be shown that

1
ZZ Ty —T) (Vi — )ZW;Z TVt + Op( _n)

and




as (n,T) — oo.
(c) If |p| < 1, A =1, again we have
1 n T

_ S 1
WZZ(%—E) (vie —v) = szmit’/itJrOp(ﬁ)

i=1 t=1 i=1 t=1

and
1 = Tit Vit d 0'20'2
- N0, P
X vryr o VO

as (n,T) — oo.
(A) Ep=1,A=1,

1 n T

_ _ 1 e 1
WZZ (wie = T) (v — ) = JnT? szit’/z‘t + O,,(%).

=1 t=1 i=1 t=1

and
n T

1 Ty Vi 1 4 olo

— — — N(0, ==

nzzﬁﬁT ( 6 )

i=1 t=1

™ N

as (n,T) — oo.

Using the results above, the proof of Lemma 2 is straightforward

E Proof of Lemma 3

In this section, we consider the limiting distribution of p using OLS residuals and
we check the consistency of o under nonstationarity of both the error term and the
regressor.

Proof. Assume (n,7") — oo.

1. |p| <1 case
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(a) |p] <1, |A| <1 case

Recall

;5 —p= Z?:l Zfzz(% - pﬂit—l)@‘tq
= —
Z?:l thz uzztfl

where Ty = (i — §) — Bows (xit — ) = (vie — 7) — (BOLS — 5) (zit — ).

For the denominator,

= I+I11+111.

Consider /7 first. It is easy to see that I = O, (=) because if (n,T') — oo

and 7 — 0, then

T o =) 2 (0 = )

Also, by Lemma 2.(1), we have
n T n T

1 .1 ,
DI IR D D) DL

=1 t=2 i=1 t=2
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I1T = O, (%) because

n T
1 N 1 — _ 1
nT (V nT(Bors — 5)) W - ;(Vit—l — V) (24— — T) = O, <ﬁ>
(n,T) — oo using
1 n T
— Z Vzt 1 V (xit—l - i) = Op (1)
nT =1 t=2
since v;; and x; are not correlated.
Hence,
n T n T
1 1 — 1 1
uzt I n_T ZZ(Uit—l - U) + Op (TL_T> + Op (n_T)
i=1 t=2 i=1 t=2
n T
1 ) 1 p 02
i o)
Let us look at the numerator. Because u; — puj—1 = ey — (BOLS —

B) {(A—p)zit—1 + it} + 0p(1), we have

\/%T Z?=1 ZtT:Q (Wit — pUip—1) Wip—1
_ ﬁ 2?21 ZtTZQ [eit o (BOLS - 5? {(A=p)zi + 5it}:|
n . [(Vitfl - 5) - (ﬁOLS - 6) (33@‘1571 — ,%)i|

\/%*T DD Pyl (Viee1 — D) ex

_W(BOLS - 5)% Z?:l % ZtT:Q {A=p)zi—1 +cu} (Vit—l — 5)
—/nT (BOLS - ﬁ) % Yoy % 23;2 (Tig—1 — T) ey

R 2

+ (VT (Bows = B)) 7 Lty 7 Lo {X = )it + 2} (w01 — 7)
= [+ +1IT+1V.
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Counsider I. One can see that

I = WZZ Vit—1 — th]

i=1 t=2

1
= mzzyzt 1€it — W

i=1 t=2

1\ 4 ( 1 )
= Viie1€it + Op | ——= | = 0N [0, —— | .
ﬁzztu (=) —

i=1 t=2

Consider 1.

I = —VnT(Boys — 5)% Z Z {(A = p)zir—1 + cu} (Vit-1 — D)

A A= pP)Ti—1Vig—1 — (A — $z’t—1§
A S o) ol R Ao

nT =1 t=2 +EiuVit—1 — Eiti
1 1 1 1 1
=0 0, O, (—)+0,(—=)=0,( —
(r) o) o () w0 () =0 ()

as (n,T) — oo using

n T

1
e Z Tjp—1Vit—1 = Op (1) )
nl ==
1 n T 1 n T
—— Tit—1 —— Z Z Vit1> = Op (1) )
< nl = = ) nl' = =
1 n T
Eulit—1 = Op 1)
T i=1 t=2

and

Consider I/1]. Using a similar argument, it can be shown that

III = —/nT (BOLS ) zn:i (Ti—1 — ) e = O, (J%) .

11t2
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Consider V.

(\/ﬁ (BOLS - 5))2 m z": ET: {A=p)zit—1 + it} (Tie—1 — 7)

i=1 t=2

- (\/n_T (BOLS )) T i i Thq = (A= plriad

i=1 t=2 +eitTit—1 — €T

1 1 1
- o( ) o (nw) ACIRCE
1
- 0. ——
p<\/nT)

as (n,T) —

Hence, we have

1 d 1
—_— i w; Uit—1 + Op | ——==
i~ Z(Ut PUit— 1) t—1 < FnT)

i=1 t=2

1
% 02N (o, 2)
IL—p

Therefore, we conclude that if (n,7) — oo and % — 0, then

VnT (5= p)

P S S (@ — i ) Tar 92N (0.725)
VT 4—i=1 Lat=2 \"it t— t d 1=p :N(O,l—pZ).

= —

2
nTZlet2 it—1 %

Next we show &~ is a consistent estimator. Note that

u= y - ;)\/OLSLnT - XBOLS = E,r [V +x (BOLS - 5)]

67



where E,r = I,y — Jur and J,r = tyrt),/nT. Hence,

5_/2 — ;ﬁ*/ﬁ* ~ Lﬁ*/ﬁ*
c n(T—-1) nT
_ 1 =/ A AT
_;ﬁu@mmﬂ<h®®u
1 . / ~ A N

- o (s )] (1) o (105 )
_ 1 / 1A

= n_TV EnT <[n &® C C) EnTV

—l—% (BOLS - ﬁ>2 X' Enr (I” ® é,é) Enrx
+niT (BOLS - 5) X' Eyr (I” ® élé) Enav

= [ +I11+111

using U* = ([n ® C’) uand u= E,r [V +X (BOLS - 5)]

To rearrange the terms, note that

EnT - [nT_JnT
= E,.QIr+J,Ir—J,Q Jr

= B, ®Ir+J,® Er
and accordingly

EnT <In ® é,é) EnT
= (B I+ 1, @ Br) (Lo C'C) (B, Ir + J, ® Ex)

~

= E,2CC+.J,® ErC'CEy.

68



Consider I.

Q

1 A
— VB <In ® C'C) E v

nT
1 _ A A
— (En ® C’c) vt (Jn ® ETC’CET) v
nT n
1 NN 1 - A A - A A
— <[n ® C”C’> v— —v < L ® C'C’) v+ —v (Jn ® ETC’CET> v
n n n
1 n T 1 n T 2
n_T (Vit - ,BVz‘t—l) - {n_T Z (Vit - ,BVit—l)}

i=1 t=1 i=1 t=1

2

1 n

4= Z((Vzt_yz)_ﬁ(yztl_yz»}
{nT =1 t=1

T T

T
1 ~ 1 ~ 1
T g ez —2(p—p) T E eitVit—1 + (p — P)2 T E V?tl]

t=1 t=1 t=1

Now it is easy to see that

using

I=02+0,(1)

1 n T
2 & 2
nT it e

i=1 t=2

1 2 P o
T 2 2 0 iy

i=1 t=1

=22 ew=0,(1).

=1 t=1
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and
n T

\/—ZZ P)7i. = Oy (1)

i=1 t=1
as (n,T) — oo with vnT (p — p) = O, (1).

Consider I1. In a similar vein as I, it is easy to see that

LX 'E,r <I ® C"C) WTX

nT
1 a, n 1 _ A A
- ¥ (En ® O'(J) X+ —x' (Jn ® ETC’OET> X
nT nT
1 Ay A 1 - ApA 1 _ A A
= —x (In ® C"C) x — —x <Jn ® C’C) x 4+ —x' (Jn ® ETC’CET) x
nT nT nT

Expanding this equation, one can show that

i=1 t=1 i=1 t=1

+{$ZZ«%—@> Bz —w}

ZtT:1 en+ (- P)2 Zthl T3
YA +(A - p)2 Zthl m2215—1 —2(p—0p) ZtT=1 EitTit—1
1
+2(A = p) Zthl eixtit—1 —2(p— p) (A —p) Zthl T3

— %Z{Zé‘it— (ﬁ_P)int—l + (A_p)zmit—l}]

nLT Z Z (it = Pi1)” — {nLT Z Z (it — 5‘%1)}

B 2

4 1 < 25:1 €it — 23:1 (p—p) Tit—
nT
i +(A—p) Zthl Lit—1 — Zt (1 =)z,
(A= p)?
— Ug + W + Op(l)
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as (n,T) — oo. This is because in the first term

and vnT (p—p) = O, (1). Also note that \/%Z;.Ll ST e = 0,(1),

\/%7 i1 ZtT:2 zi—1 = Op (1), and \/% i ZtT=1(1 —p)Ti. = Op (1) as

(n,T) — oo. Now we get

I ~ niT (\/n_T (BOLS — ﬁ>)2 {niTx’EnT <In ® C*’C*) EnTXj|

= 0,(57) =00

because if (n,T) — oo and # — 0, then

) 2 0 B

and accordingly

1 / 1A
ﬁx EnT (In ® C C) EnTX = Op (1) .
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Consider I11.

2 /. .
n o= = (BOLS . 5) X Epyp (In ® C’(J) Enrv
n

[%I/’EnT (In ® é"é) EnTV}

. 2 o
' [% <50LS - ﬁ) X' Enr ([n ® C’C’) EnTX:|
= 2VI X Il =2/02x0=0

IA
)

as (n,T) — oo using the Cauchy-Schwarz inequality.

Summarizing, we proved that

(b) |p| <1, A =1 case

This is the panel cointegration case. Consider

~ _ Z?:l ZZ 2(alt pazt 1)@%71
p—p= .
Zz 1 Zt 2 zt 1

For the denominator,

—ZZUM

i=1 t=2

— % Xn: XT: [(Vitq —7) — (Bows — B)(wir—1 — i)] 2

i=1 t=2

n T
= % Z Z(Vit_l — 5)2
i=1 t=2
n T
+—{\/—T50Ls {n12zz$zt1—$ }
=1 t=2
n T

—2v/nT(Bops — B)HS/QTQ Z Z Viie1 — V) (Tit—1 — T)

i=1 t=2

= I+I11+1II
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Consider I first. With the joint limit, one can verify IT = O, (%) using

that if (n,7") — oo and % — 0, then

VAT (Bows — 8) = N (0, LQ

Next, I1] = O, (%) using
LSS e (22T =0,
— it—1 — — | =
nl T = VT ’

since v; and x;; are not correlated.

Hence, we have

1 — T,\g 1 L _, ) X
n_TZZVit—l - n_TZZ(Vit—l—f) + 0, (n—T)+Op (n_T>

i=1 t=2 =1 t=2

n T

1 ., 1

- =240, —

i e =70, ()
P Ug
1—p?

as (n,T) — oc.

For the numerator, Uy —pliy—1 = i — (Bors—B8) {(1 — p)zi_1 + e} +0,(1)
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and

\/%*T Z:'L:l Zthz (ﬁit - pait—l) Uit—1
[eit — (Bors = B) {(1 = p)wi—1 + 2} + op(l)}
' [(”iffl —7) - (BOLS - 5) (Tit—1 — 5)]
\/%*T Z?:l ZtT*2 (Vz‘t—1 - 5) €it
_W Sy Yoo {1 = p)aie 1 + i} (Viee1 — D)
_W 22;1 thg (Tit—1 — T) ey
+ {\/ﬁig/agqef/;m}z > i ZtT:Q {1 =p)zi—1 + it} (wig—1 — T)

= I+I1T+1IT+1V.

T
= \/%T‘ Z?:l dima

Consider /7 first. Again, it can be shown that I/ = O, (f) because

T

T3/2 Z Z{ P)Tit—1 + €i} (Vlt 1— 5)

=1 t=2

n

— (l_p 1 ixzt 1 Vit—1
VnT Vn VT VT
=1 t=

( —p) 1 EH:XT:V 1 & iwit—ll
T \vVnT i=1 t=2 - vn i=1 t=2 T
n T

: < T>+op<n;T>+op<¢;T>+op<ﬁ>
- ()

as (n,T) — oo

3

3
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Consider I11.

1171 = —

Consider V.

{\/ET(BOLS_B)}Q n L

v = n3/2T5/2 {1 =p)ry_1+eut(xy_1—T)
i=1 t=2
. 2
— {\/ET(ﬁOLS B 6)} 1o | A=)ty — (L= )T
N n3/2 T5/2 Z

=1 =2 +eiTit—1 — EuT

= o)

using
n T
1 1
EZﬁZx?t—l = 0p(1),
i=1 t=2
n T
1 1
n Z T3/2 Z rir = Op(1),
i=1 =2
and
n T
1 1
—= D =D cuTi-1 =0y (1)
v pur e



Hence, one can see that

T

\/%ZZ Uit — PUit—1) Wit—1

i=1 t=2

3

T

:\/%ZZ Vi 1—7/)6175_'_010(1)

i=1 t=2

3

and we conclude that if (n,7) — oo and Z — 0, then

We check the consistency of - next. From Lemma 3.1.(a), we know

2

I —o.

Moreover, it can be easily shown that /I = 0,(1) because if (n,T) — oo

and 7 — 0, then

and

VT (5—p) % N (0,1 - p?).

Also note that 111 = 0,(1) with Cauchy-Schwarz inequality.

We proved

2. p=1 case

(a) p=1, |\ <1 case
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Here we have
T Y (- a@t D) Gl
Zz 127& 2 1t 1

For the denominator,

Tz Zzu” 1

=1 t=2

2

B nT2 Z Z [ Vit-1 — V) (BOLS — B)(w_1 — T)

1=1 t=2

1 & _
= WZZ(’MA—?

i=1 t=2

n T
+ {\/ﬁ(ﬂoLs } T2 DY (waor — T
=1 t=2
n T
_\/ﬁ(ﬁOLS 3/2T2 Z Z Viie1 — U )(Ti—1 —T)

=1 t=2

= [I+I1+1I1

Consider I7 first. It is easy to see [T = O, (=) because if (n,T) — oo

and % — 0, then

Vi (Boss - 8) 4 v (0.525) 0,

2
20;

by Lemma 2.(2) and because as (n,T) — oo, we have

n T

LS S - 2 %
T it—1 1_)\2

i=1 t=2
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Next consider 177. One can show that

. 2 a _ _

I = =VnlBors = B) sias 3 D _(Vie = P)(wi = )
. 1 2221”t2T Vi — T
= _\/ﬁ(ﬂoLS_ﬁ)n_TW > (wa —T)( li/T )

since v;; and x;; are not correlated and accordingly \/%—T Yoy Zthz(xit —
7)(22) = 0, (1),

Hence, we have

n T
1 =\2 1 1
n T

1 =9 1 p 02
= WZZ(WH—V) + 0y (n_T)_)E

i=1 t=2

as (n,T) — oo by, e.g., equation (C.3) in Kao (1999).
For the numerator, U;; — Uy—1 = € — (BOLS —B){(A—=1)xy_1 + €4} and

it can be shown that

oir 2 i (Wi = Uig—1) Ui
_ % 2?21 Zthz [eit - (BOLS - 5? {A=1D)zyy + 5it}i|
. [(Vit—l - 5) - (60LS - ﬁ) (xit—l — f)]
nLT > i Zthz (Vitfl - 5) €it
_\/E(BOLS - ﬁ) w372 Zi 1T Zt 2 {N=D)wy1 + i} (Vzt 1 5)
_\/ﬁ (BOLS - B) ng_l/z Z?:l T Zt:2 (xitfl — %) €t
R 2
+(\/ﬁ(ﬁOLS_5)> n2zz szt 2{( Dai—1 + i} (Tig—1 — 7)
= I+ 1I1+111+1V.
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Consider I1.

I =

using

as (n,T) — oo with the joint CLT.

n

1 1 &
\/_BOLS W Tz{ _]-xzt 1+€zt}(ljzt 1_7/)
i=1 = t=2
[ th oA = D)z 1vis
_\/H(BOLS_B)WZ th oA = 1)zy1T
i=1
+;? Zt:Q EitlVit—1 — 7 thz Eitf
o A—1 1 d it—1 Vit—
Vilboss - (WZZ@%%)
i=1 t=2
N 1 n T
+vn(Bors — n3/2 (W;;x” 1) (% - ;
\/— B 1 d €it Vit—
(Bors — 5)5 NG 2.2 T T
. 1 1 K 1 S v 1
Vn(Bors B 5n W;” at) (ﬁ; > JFT

vn (BOLS - 5) =0, (1)

Consider I11.
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3

. 1 1 <&

~vn (Bors =8) =5 > 7>
=1 t=2

. 1 1 &
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- 1 1 <
+Vn (5OLS - 5) 32T \/ﬁ -

1 1
o (5i7) o () -o.(

T

2

t=2
1

VT

o

)
).

(9€it—1€it - feit)

T
E Tit—16Cit

1

VnT

n

=1

T

>3]

t=1



Consider IV. After some algebra, it can be shown that

A <\/ﬁ (BOLS - 5))2 % Zj: % XT: {A=Dzit1 + e} (Tit—1 — T)

t=2
(A=Daf_y — (A= DzyT

i=1 t=2 +EiuTi_1 — 5it§

o i) o) -0 )

+

- 0,(2)+0u (a7

Lastly, consider I.

1 n T
I = ﬁ : Z (Vit—l —;) Cit
=1 t=2
_ LL o XT:Vitl €it
0V e & T VT

Therefore,

We finally have

1 5o T AT 0
T(p-1) = nT Zz:l Zt:g Uit Ujt—1 >,

1 n T =2 o2
ST 2ic1 Dten Uipy 5
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~92 . . . .
Next we show o is a consistent estimator. Again we have

L1, i

O, = nTI/ EnT (In &® C C) EnTV
1 /- 2 Ap A

+ﬁ (ﬁOLS - 5) X' Enr <In ® C'C> E,rx

+niT <BOLS - 6) X' Enr (I" ® élé) Enrv

= J+IT+1II.
Consider /.
1 / 1 A
I = ﬁv nT(In®C'C’>EnT1/

n T

SO RTINS R 0 2 )

i=1 t=1

Q

n T ~ T
1 % Zt:l ezzt —2T (:0 - 1) % thl €itVit—1

L +{T'(p—1) 2 % ZtT:1 A

1 -1 T(p—1 T(G—1) v 2
+{EZ Tzeit_%zyit—l‘f‘%zﬁi.]} -

t=1 t=1 t=1

Now it is easy to see that

as (n,T) — oo using —= 3", STt b o ﬁZLl S e =

Op(1), n_Jl'Q > i1 23:1 Vi1 = Op(1), and T'(p — 1) = 0, (1) with the joint

limit.
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Consider 1. After some tedious algebra, it can be shown that

n T

% Z Z (zit — ﬁ$1t71)2 -

i=1 t=1

% Z Z (l’it - ﬁxitl)]

i=1 t=1

+ %ZZ((% T;.) — p(Tit—1 _xz))]
o, oi(A—1)?
= Ua+ (1_)\2) +0p(1)

as (n,T) — oo. Now one can see that

Il ~

n nT

(ﬁ (BOLS - /3>>2 {fo Bz (In ® é'é) EnTx] =0, (—) = 0,(1)

using the fact that if (n,7) — oo and % — 0, then

i (Bous - 5) 4 & (0. L2

2
202

Because 11 = 0,(1) by the Cauchy-Schwarz inequality, we get

(b) p=1, A =1 case
Note that
= _1— Sy Dy (i — 1) Uy

1Y T
Z?:l thz U?tﬂ
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For the denominator,

1 n T
Lyya,

1=1 t=2

= % Z Z [(Vit—l —7) - (BOLS — B)(@it-1 — T)

=1 t=2

n T
= % Z Z(Vitfl - 5)2

i=1 t=2

+ <\/E(BOLS - 5))2 n2T2 £ ZT:(xitl —1)°

2

=2
) 2 L& _ _
- (\/E(BOLS - 5)) 322 Z Z(Vit—l — U)(@it—1 — T)
= I+ I11+111.

Consider 17 first. With the joint limit, one can see that

(VitBoss = ) =3 D2 D (was — 7P

= (Vilows - 9) L3 (7))

as (n,T") — oo using the fact that if (n,7) — oo and % — 0, then

2
207

vn <BOLS - ﬁ) SN (0> 302) =0, (1)

by Lemma 2.(4).
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Next 1T = O,(+) because

n T
. 1 _
\/E(ﬁOLS 3/2 2 Vzt 1 V xzt—l - I‘)
=1 t=
2 1 < v —1/ 9: —7z.1
_ \/E(BOLS “ ZZ it—1 it—1 )_
TL 7’L =1 t= \/_ \/T T
1
= Op(ﬁ)
using
1 n

T
Zan Vﬂ?ztl $)1
=1 t=2 \/_ \/T T

v
where v;; and z;; are not correlated.

Accordingly, we conclude that

nT2ZZuzt 1 = %ZZ(Vﬁ—l_iy‘l‘O

=1 t=2 =1 t=2

by equation (C.3) in Kao (1999).
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For the numerator, u; — Uj—1 = € — (BOLS — B)eit + 0,(1). Hence

A NS e G e (Vi1 = 7)
HTZE[ (Bows — Bz (Fors ) e

n T

= niT Z Z (V'itfl - 5) €it

i=1 t=2

_\/E(BOLS 3/2 Z Zgzt Vit—1 — V

—/n (BOLS ) 372 Z i (i1 — Z) i
-1 7 =2

+ <\/ﬁ (BOLS - 5>>2 % Z % Z it (Tir—1 = 7)
=1 " t=2

= I+I1T+1IT+1V.

Consider /. One can verify that

using ﬁZLl S, Vit = Op(1) and 237 ST €T = O,(1) as
(n,T) — o0
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Consider I1.

as (n,T) —

Consider /1] and I'V. In a similar vein as /1, it is easy to see that

T
Il =—\/n (BOLS ) 3/22 Z (i1 = 7)€ = Op (%>

Therefore,

_|_

% (%) w0 (i) <0 (i37)

Summarizing, we have

T({G—1)= 0T Qi1 Qe Aligllip— A 0

2
nT2Zzlzt2 it—1 %
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Next we show &~ is a consistent estimator. It is clear that I — o2 as

(n,T) — oo as shown already.

Consider II. In a similar process as above, one can show that

T 2ot Sy (@i — Prie—1)? — {nT S (e — ﬁxitl)}Q
AT A (- 7) - pw_l_m)}
= 2y Llr i zt+{T( b Zt y7% oy = EE S e
- [% D i1 {T Zt:l Eit — - }]2
D i1 [% Ethl it — T(p s Et 1 Lit—1 }}2

as (n,T) — oo. Hence we have

I~ (\/ﬁ (3025‘5» [nLTX Eyr (1, C'C) nTx} - op(%) =0, (1)

since if (n,7T) — oo and % — 0, then

\/E(BOLS_ﬂ) —>N< ;ZZ)

£

Also because 11 = 0,(1) by the Cauchy-Schwarz inequality, we get
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F Proof of Theorem 3

Preparation: Note that from equation (9), we have
Y =Ynr +XB+u=7tyr + X0+ Zyp +v

where y is nT' x 1, x is a vector of x;; of dimension nT x 1, ¢,,7 is a vector of ones of
dimension nT', wis nT" x 1, p is a vector of p;, v is a vector of v;; and Z, = I,, ® ¢r.

Also recall from equation (13) that

2
Pl =1, [i (Al - LAleL'TAl)} )

2 2 2
o2 o2+ 0o

Here we define z = [¢,,7, x|, then

Yers 1 -1 _
~ = (z’q) 1z) (z’q) 1y)
Bars
-1
/ /
Lyr Lot
- -1
= P |:LnT X:| o y
x’ x/
- _71 -
-1 -1 ~1
I R A e S L Py
xXo 1y, xX®1x x' o ly

Fii Fig L'anrly

Fy Fy x' ¢y

FHL;’T(Dily + Flgx'(I)*ly

F21L;1Tq3_1y + FQQX/(I)_ly
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where

-1
Fll = [L%Tq)_lbnT — L;T@_lx (X,q)_l)()il X/@_lbnT] )
-1
Fia = ) [ X (0 ) 0]
F21 = — [X @ X —X @ LT ( (I) 1LnT)71 L;LT®_1X:| X @ LnT ( @ 1I/nT)71 )
and

-1
F22 = |:X,q)_1X X @ L,T ( nT(I)_anT)_l L;LTQ_IX]

Hence, we have
Bars = FZIL;T@_ly + FppX' @7y

-1
= [x"lflx x'® e,r (o an)*anT)fl L'TLT<I>*1X}

X [x’@’ly X0 M,y (o ;LT@’lbnT)_l L;Tq)’ly]

and
Bars — B = G1'Ge
where
G =X 'x—x'® 1,1 (¢ ;thb_anT)fl GRS
and
Gy =X 'u—x® e,y (1 an)_anT)_l PR
respectively.

Proof. Following Baltagi et al. (2008), we first define matrices A and C which

replace p in the matrix A and C in equation (12) and (14) with p given by,

522?1232@@% 1
Zz 1Zt 2 7,t 1
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where U;; denotes the it-th OLS residual. Using the definition of &' in equation (13)

and &7 given by,
2 1
° n(T-1)

A A%

where G* = (I, ® C)u and 1 denotes the nT" x 1 vector of the OLS residuals, one

obtains:
n
/ci)—l _ 1 /A 1
X X = p) X, X; ),
e =1
n
Pt = Al
X LnT ;) X, Lt |,
e j=1
n
/ qA)—l 1 / A—l
Ly by = =5 Lr tr |,
e i=1
n
/(i)—l _ 1 /A—l
X vV = ps) X, v;),
e =1
and
n
/ ci)*l _ i / A—l
Lor 174 ;) Lr V;
e
where
T
rA—1 ala —~ E : ~ 2
XiA X; = Xic CX,L' ~ (.CCit — pl’itfl) y
t=1
T
rA—1 1 Y ~ ~ ~
XiA v, =x,CCr; = E (xit - Pilfitd) (Vz't - PVz't—l) )
t=1
T
’A—1 IV ~ ~ ~
XiA L = XiC CLT ~ (1 — p) E (xit — pxit71> y
t=1
T
r A -1 AT -T ~ ~
tp A7 v, = u,C'Cr; = (1 —p) E (Vie — pVis—1) ,
t=1
and

T
0=tpA iy =1 CCur = (1-7)+(T-1)(1-7p)P~ > (1-7)=T01-p.

t=1
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In this section, we assume that (n,7") — oo and 7 — 0 unless otherwise specified.
L. |p| <1, |A| <1 case

(a) Define

First we consider

| -

x' & 1x

- 1 IA—1
g —x; AT x;.
il

S|— 3
mw|’_‘ %

o
Expanding this equation, we will show that

R o
ﬁ Z T Z (int - Pﬂfit—l)
i=1 t=1

n T

1 1 ~
S ISP
=1 t=1

( ~
:lr ZtTZQ 5?1& + (p — /))2 % Zle xz?t—l
+(A — P)Q% Zthl xzzt—l
_ 1 3 _ 5 T
T on : - (/) - /)) T thl EitTit—1
+(A = p)Z X e
~ T
. (p—p)(A— P)% > e T3 )
n T n T
1 s, (A= /))2 2
= n—TZfoit * n—TZint—l

i=1 t=1 i=1 t=1
AL+ I+ +1V
(1-2pA+p) ,

- (1- )\2) o, +0p (1)

Q

-1 ,»
= —x'A"x;
n;TXZ X

\

as (n,T) — oo.
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Consider I.

using

Consider I1.

Il = -2 (\/ﬁ(ﬁ p ) LT\/—_ zn:i:gitxit—l = Op(—

using
and

Consider I11.
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Hence, we have

1N 1 & N )
E T Z (sz‘t - pxit—l)
i=1 = t=1
n T n T
1 (A—=p)
= T Zszzt+ nT zzt—l
i=1 t=1 i=1 t=1
FOy(—=) 4 Ol =) + Oy —=) + Oyl —=)
PAnT PinT P/nT /T
n T n T
1 o (A—p)? 2 1
= T Z zt_l— Z$zt 1+Op(—
nT i=1 =1 T i=1 t=1 nT’
Because
n T
1
EONIEEY
i=1 t=1
and

Next consider

1 -, 11 1 ,~
ﬁx(b Ly = _N_QZ(TXZA L

Q
—
|
)
—

Y
o
+
—
>
|
2

&3
T
—

|
—
ASh

|
2
&3
T
=

as (n,T) — oo.
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Also note

1, =, 11 -1 2 (1=p)°
n—TL;.LTq) LnT%ﬁ?Z—T(l—p) —)—e:Op(l)

Hence,

as (n,T) — oo.

(b) Now we investigate Gs.

~ ~ -1 ~
1 & 1 = X (P ey U d
VT ° T nT

Consider first
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3

T
Z (%‘t - 75%5—1) (Vit - ﬁ%t—l)

t=1

Q

-
5

<-
5=

3

[eit + (A= p)Tie1 — (p — p)Tir—1]

Sl-
3~
e

=1 t

1 e — (p — p)vie—1]

[

Z git + (A — p)xit—1] it

i=1 t=1
\/nT
ZZ 51t+ )\ P%t 1]Vzt1
i=1 t=1

ﬁ\H
=

vnT (
—#szn 16t
i=1 t=1
Y~ T
+( T (p— ) Tit_1V
n3/2T3/2 — wt—1Yat—1

- \/n_TZZ 5“"*‘ )‘ p)xzt 1]6zt+l+]_[—|—]_[]

=1 t=1

Consider I. Note that we have

VT (5—p) 1 "ieu
\/ﬁ ﬁzl itV it—1

t=1

VT (5—p) 1 v

—(A\— Ti_1V;
( P) \/n_T \/ﬁ@1t2t1t1

- o) -0 5k) ()

using \/%7 Dict ZtT:1 gitit-1 = Op(1) and \/%7 i 23:1 Tit—1Vit-1 =
Oy (1)-

By a similar process, it can be shown that

VT (p—p)

H==—"U7 \/_ZZ O(ﬁ)
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and

TGP LSS =0, ().

i=1 t=1

II] =

n T

" XAy, 1
‘ - Z Z [eit + (N — p)xir—1] €
i=1 VT vl = 5

() o () +or ()

1 N giw + (A — p)ei_a

= = €it

VT IS | M = pleso + -+

()

Q

Because
1 n T
e Z Z [82‘,5 + ()\ — ,O)Eit_1 + )\()\ — p)git_Q -+ .- ] €t
nl ==
1—2pA o202
a PJ(O,( q_ +;g )0605),
we get

1 - 1 1 XAy, 1 — 2o\ + p?)o?
XI(I)ill/ = — Z X; v; i) N(O, ( P + 1Y )05)
vnT o, Vn p— VT

Next consider
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Q

n T
1
= (1=-p)——=>_> (e —(p—p)vi—)
nT = =
1 n T
= (1-p) — €
( p) T Z t

and

Accordingly, we have

1 ;o F-1., d 1
—t, P v — (1 —-p) N, —).
\/n_T nT ( P) ( O_g)

Also recall that niTx’ Do, = Oy 1

e

above.

Hence, we have

~ ~ 1 -
1 & - 1 By X e, (VP e,y UrP v
T ° vnT nT nT vnT
d (1=2pA + p*)o?
N, E

as (n,T) — oo.
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1 ). 1 -1 P (1-p)*
7)s artbnr® tar — S5 as shown



(c) We conclude that

—1/2
(1—2pA+ pz)ﬂ?] / (0 (1 —2p\ + p*)o?

(1— %) o2 (1 —\)o2 ) = NO 1.

trars = [

2. p=1,|A <1 case

(a) Let
~ ~ —1 ~
1 ~ 1~ xX'® e, [P, Vo dx
_G - /@71 - T 1_~ n~ nT j nT — .
nl T ¥ (1=7) nT (1—7p) < n(l—7p) nT (1—7p)

Using a similar argument as above, we first consider
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Expanding this equation, we get

1N 1 1 N1 &
I A —1 ~ 2
ﬁ TXiA X; E Z T ; (iﬂz‘t - P$it—1)

i=1

Q

n T

1 ~
= n_T Z Z (€z‘t + A1 — pl‘it—l)Q
i=1 t=1
1 n T 1 1 n
_ 2 ~ 2
= n—TZZQHFﬁ{T(P— DY 5
i=1 t=1 i=
1 n T
2 2
A—1) ﬁzzxipl
=1 t=1
2 1 n T
_TT (P - 1) ﬁ Z Z Eilit—1

=1 t=1

it—1

I\Mﬂ
]
<o

[y
—_

t

n T

- 1)% Z Z CitTit—1

i=1 t=1

2 1 S,
—TT(P—l)(A—l)n_TZZ%:—l

i=1 t=1

n T n T
= D) I R ERE S ) e
i=1 t=1 i=1 t=1

+I+ 1T+ 11T+ 1V.

Consider I. With the joint limit, we have
& 1
=G Y = (5
=1 t=1

using

E: ‘rztl

zltl

G-v=0(7).

and
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Consider /1. In a similar vein as I,

n

T
~ 1 1
70D R e = ()

using —h= 30 3, eutie1 = O, (1).
Consider I11.

n

III=(\—1)

a 1
Zgitxitfl = Op (—T>

i=1 t=1 n

2
~

1
vnT

as (n,T) — oo.

Consider V.

v = —2(5—1)(A—1)n%iix§t_l 0, (%)

i=1 t=1

Finally, because we know

and .
(- 1)2% ; ;$?t1 » ()\1— 1;22037
we get
nix'A_lx = %32 s %Xﬁ&_lxz P i —12—0/\2)02

as (n,T) — oo.

Next, it can be shown that

xXd 1y 11 <& 1 L~
-7 0 (ra—gA ) =)
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as (n,T) — oo because

H
!
o
>)
|
P}—'
!
2
N =
(]~

(fEit - ﬁ%t—ﬂ

-
Il

1

[eit + A= Dz — (p— 1) T4

I
N =
E

and accordingly

x'® 1, p 11 < 1 -
= ™ - — = x'A!
nT(1-p)  n& Z (T(l ) >

T
2 0 O et (= Do = (5= 1) ]

Q

- (i) 0 () o )

We also know that

Hence, we get

]_ é\ P 20‘?
— =
nT ' (14 \)o?

as (n,T) — oo.

(b) Now we investigate G. Recall that

~ ~ —1 ~
1 - 1 - X' o,p (U D e,r Voo
Gy = —X0 'w-T(1-p LI Q. Ml nT :
vnT ? vnT (1-7) nT (1 —7p) ( n(l—p) VnT (1-7)

2Note that we are using the entire form including the first observation, not the abbreviated form.
That is,

- 1 7 - -
Gr® Ny = = > 200 - p) + T (1= 7))

UE =1
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Firstly, consider

1 I
—xd
vnT
Here
1 « xgi_lui N 1
\/ﬁ ﬁ vnT

p—1)
VT

using \fZZ IZt 1T
1) =0, (

with (p —

. (%)w(

fzz

=1 t=1

n
VT

Eit Vit—1

VT VT
).

1
T

1
_2

n T

3\

N
Y

ZZ Tit — pit—1) (Vi — pVit—1)

i=1 t=1

™~ I

€it Vit—1

_(’ﬁ_

e — (0 — 1)vig-1]

[6# + ()\ —

D)xit_1] €

1) [ei + (A= Dzg—1] vie—

—(p— 1) mirei

+(p—1)°

T(p—1)(

Tit—1Vit—1

n

VIVT T T

)

1
VT

)

\/ﬁ

0()and12112t1

Consider /1 and I1I. One can easily verify that

1] =

(T(p—1)

E E Tit—1€4 =

zltl
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=1 t=1

T

leir + (A= Day—1 — (p — 1)zjy—q]

AN=Dazyq|ew+ I+ 11+ 111

Tit—1 Vig—1

VT VT




and

T
_ Tig—1 Vig—1 1
1= (T (5 - 1))° Tg/g\/_ Z N GV ke <—T3/2).

We conclude that

ZXAIVZ ~ Liis + (A= 1)zi_]e
\/— ~ T it it—1] Cit

=1 t=1
1 1 1
+0p ﬁ —|—Op T +Op T3/2
1 e 1
= —F [Z‘fl‘t + ()\ — l)xit_l] €t + Op <—)
nl =3 vT
d 20202
= N, 1+ A)
Accordingly, we have
1 Xlzf)fly:ii n x;A\*lyz d i (0 20303)
VnT Govne= T o2 14T
Next consider
1 . ey 1 1 & A,
By

One can see that

LTA v;
FE S~ AT

i=1 t=1

1 n T
- WZZ ot \/_T3/2 ZZV“ !

=1 t=1 =1 t=1

= \/_ZZe’t+0p —>06N(0 1)

=1 t=1

using \/%; D it 25:1 Vit}l% =0, (1).




Therefore,
~ 1
U 2 o N(0, —).
p)

Also note that

1 _ p
—x'® 1y, 5 0;

2
- e —0,(1) % 2
nT (1-7) ni—ptr® e =00 = o

as has been shown already.

Therefore,

as (n,T) — oo.

(c) Summarizing, we have

202 —1/2 202
t = |—s N —— <t | =N(0,1).
FoLs [<1+A>az} (0’ <1+A>oz) 0.1)

3. [p| <1, A =1 case

(a) This is the panel cointegration case. Note that

~ —1 ~
1~ 1 = X'® e, (U@ e,y U 1x
nT2 o T T X T T T nT3/2
First we consider
11 <1 ,~
IR—1., 1A —1
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Expanding this equation, we get

1SN 1 I
E Z 772 Z (xit - ,0%5—1)
i=1 t=1

1< 1 &

= -2 T2 D lea+ (1= p)za = (7= plau-]”

Q

n <
)
LY e (VT - p)} A XL
. +(1 - 0)2% Zthl 51
- n Z —vnT (p—p) ﬁ S EitTit
+(1—p)7 Zthl EitTit—1
VT (5= p) (1 = p) Zatare e T

\

n T
1
= (1—p)2WZin_l+I+H+H[+Iv+v.

=1 t=1

Consider [.

. n T
usimg ,%T Zi:l Zt:l 512t =0, (1).

Consider 1.

~ n Tit—1 2
using vVnT (p — p) = O, (1) and £ 377 | L < Nu ) 1 =0,(1).

Consider I11.

T
- 1 1 Eit Tip_ 1
U7=—2<’/T _ > it Tit—1 _
nT (p—p) nT3/2 \/n Z /T T Op nT3/2

. n T e Tig—1 __
using \/%7 D im1 Dt Wi \}Tl =0, (1).



Consider IV and V. It is easy to see that

2 1 Eit Tig—1
( p) 2T /n ;:1: £ \/T \/T P <

and
1 1 2 &
V=—(1- (\/T~— )—— =5 a2
(I=p) (VnT (p—p) T2 T2 2 T4
Therefore,

- Z ﬁXzA X;
2 ]‘ - 1 d 2
iy Ly,
=1 t=1

o)) elot) ol

S (o ()

Q

Finally, because we know

n T

1 1 a2(1 — p)?
1— p)2= — 2 boZelm P
O IR

we have

as (n,T) — oo
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Next note that

1 =_1 1 1 - 1 A-1
o = ) (A )

~ n T
(1 — p) 1 1 ~
~ 5 372 Z (l“z't - p%‘t—l)
P i=1 / t=1
~ n T
=~ m—7=) leu — (1 —p)zir—1]
Ue n =1 T T t=1
= I+1I

For I, one can see that

=1 t=1

For 11,

1-721 1 & 1 & (1)
— N Nz =0,(—).
7 Vet O\ 7

Therefore, we have

1 =~ 1
Wx d Ly — Op <%> = 0p (1) .
Also note that
1, o 11 1 —2p (1=p)°
— o —— =T (1-— _—
nTLnT tnT na_,g - T ( p) - ag
Hence, we have
~ -1 ~
PN 1~y X0 (U0 M,y U P x
—G; = —x P 'x—
nT? nT? nT3/2 nT nT3/2
P, (1—p)’a?
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as (n,T) — oo

(b) Now we investigate G5. Note that

~ ~ -1 ~
1 o -1 X (P ey U ®
R N T :
VT 2 /aT nT3/? nT nT

We first consider

Here

%\H
ﬂ :")

<.
Il

Q

Sl

T
Z Tit — Pfl'us 1 (Vit - 57/1'1:—1)

t=1

T
Z git + ( P)Tit—1 — (p— p)Tir—1] [es — (p — p)l/itl]}
3\
% Zthl EitCit + :lr 2321(1 — P)Tir—1€it

vnT(p—p) 1
T Jn T2 Zt:1 EitVit—1

_<1 - P)%T;z 23:1 Tit—1Vit—1

||M: ||M:

\,_/H }ﬂl

S

3

Si-

@
Il
.

) e S T e
T (55— 2
B L PYNL IS
1 - 1¢
= _ZTZ -fljzt 1ezt+I+[I+[[[+IV+V
n
i=1 = t=1

Consider /. One can see that

using \/Lﬁ Z?:l \/LT 23:1 it = Op (1).
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Consider I1.

1= o (T 1y -0k

i=1 t=1

using vnT (p — p) = O, (1) and \/% S S eava =0, (1).
Consider /11.

n T
1 1 i1 Vit 1
11 === pVnT (5= p) ==—= "””:0(—)
=1

. n T Tjp—1 Vit—
using \/%7 D im1 D \;Tl tTTl =0, (1).

Consider IV and V. In a similar vein as above, it is easy to see that

n T

-~ 1 1 Tit—1 1
IV——\/n_T(P—P)ﬁﬁ;;\/T T =0 (W)

and
1 " - v 1
Tit—1 zt 1
V= (nT(p— —TTZ:X:: = p<ﬁ>-
Therefore,
1 XAy,
T
~ (1-p) - ixit—l €it
Vi S VT VT
1 1 1
0, (z)+ 0 () +or () o ()~ G
1
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Because it can be shown that

n T

(1—p) Tit—1 €it d o202

1—p)N(0, ==

\/ﬁ;; = A= AN =5),

one concludes that

1 = 1 1 XAy o2
Xl = ¢ ! 1—p)N(0, ==
NP P

as (n,T) — oo.
Next, recall that
I F-1,, d 1
——t, P v — (1 —p)N(0, =
\/n_T nT ( p) ( O_g)

1— 2
A=pF 4

as shown in 1.(2). Also, —=>X® lo,r 5 0; Lul ;@ ey B :
shown above.
Hence, we get
I (1 p)*o?
\/ETG2 - N, 202 )
as (n,T) — oo.
(¢) Finally, we conclude that
/2 2 2
(1—p3a?]" (1—p)o
t = 7 e N £ — N ]_
FGLS |: 20_2 (07 20_3 ) <0a )
4. p=1, A=1 case
(a) Recall
~ ~ -1 ~
PN 1 = X0 (DTN, U P x
O =T s ) | ra
n n nT (1=p) \ n(l-p) nT (1-7p)
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In a similar process as above, we consider first

Expanding this equation, we get

1 n 1 1 n 1 T
E ' ?XQA_lxi ~ ﬁ Z T Z (iUz‘t - 5%%—1)2

=1 =1 t=1

n T

1 1 ~
= o Z T Z (€it + Tit—1 — P$it71)2
i=1 t=1
n T ~ 2 T
1 :lr > et 5+ % {r(p—-1) % D i1 A

i 2T (5 —1) % X1y €is

n T

1
— —Tzsz?ﬁ””-
[
Consider I. It is easy to see that

SRS 3 S &

=1 t=1

using
T(G—1)=0,(1)
and
n T 2

1 <xit—1) 1

. Z ==0,(1)

[Crit vT T
For 11,



because \/Lﬁ Z?zl Zthl

as (n7 T) — OQ.

Next note that

X/&S_lbnT
nT (1 —7)

1 n
because 7T Zi:1

(TL, T) — 0.

We also know

as shown in 2.(a).

Tit—1

Eit
VT VT

Q

Q

Hence,
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as (n,T) — oo

(b) Now we turn to G.

~ ~ -1 ~
_ 1 Xy - T(1-7) x’CID*ILnZ L%Tq)*leT L;LT(I)71V~ '
vnT nT'(1-p)\ n(1-7) VnT (1-7)

First, we consider

Q

(%: - ﬁxit—l) (Vit - ﬁ%‘t—l)}

[eit — (P — Vw1 [esr — (p — 1)%_1]}

\

1 T
T 2= EitCin

T
n
1 - T3/2 Zt 1 CitVit—1
n 4 T(—
Vn i=1 — T3/2 Zt 1 Tit—1€it

T(E-1)}°
+{ T5/2 Zt 1 Lit—1Vit—1

n T
= Z Z epein + 1+ 11+ II1.

J

Consider [.

_ 1 (1 G e Vi1 1
fz‘“ﬂ‘”ﬁ(ﬁ._éﬁ T)—Op(ﬁ)

using



and

Consider /1. In a similar vein as I, one can also verify that

~ 1 1 "L Tit—1 €t . 1
H=-TG-1 3 S = ()

using

Consider I11.

T ={T (G- 1)) = (in

-
Si=
I
O
—~
—
~—

. 1 n T i1 Vit
usmg -7 Dim1 2ot VT VT

We conclude that

2
L =

S\H

N
M=
]~
(@)

+
%0
7 N
%‘H
N————
+
BQ
7 N
'ﬂ‘H
N———
+
“BQ
2'_\

Te i=1 t=1
n T
1 1 1
= = Eittig +0p | —=
2
d o
= N0O.75)

as (n,T) — oc.

/-1 P VDL, P
Also recall that £2_—tar 2, fur? e P2 fom above and
nT(1-p) > n(1-p) o2

1 H-1
v v d

JnT(-7)

N(0,-5) from 2.(b).
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Hence, the second term of \/%@2 is 0,(1) and we conclude that

1 ~
G2 i) N(Oaa_;)

vnT o;

as (n,T) — oo.

(c) Finally, we have

G Proof of Theorem 4

We study the following lemmas before proving Theorem 4.

Lemma 1 (B)
62=T+1I+1II

n T ~ T ~ 2 T
I = % Zi: [% Zt:1 ezzt —2(p—p) % Zt:l eiVit—1 + (P — p) % Zt:l szt—l]

n 1 T ~ 1 T 2
Zi:l T Zt:l Cit — (p - p) T Zt:1 Vig1|

N 2
Bors=8)" <n T p—p)® T A—p)? T
11 = Qo) g 15T 3 Gt ST g2 4 GRS 2

2(p—p) N~T 2(A—p) NT 20=p)(A=p) N~T 2
=2 a1+ T ) CaTi — RS Y L xh ]

and 111 < ~/I xI1I.

n 2 i=1
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Proof. Note that
U=y —YorstnT — XBOLS = Enr [u +x (BOLS - 5)] .
Because

(fn ®E%> o = (L,eEC)a
(L = Jur) [+ (Bovs = )
utx (Boss = 8)]
(L@ er) pt v+ x (Bovs — ) |

:V +X (BOLS - 5)

I, ® ExC

I, ® ESC

(
(
= (In ® EsC
(
(

N A N N

I, ® E&C '
using
EgCur = (1-p)Efig =0,

one can show that

% = n(Tl— Tk (1o 7)o
S (@ C'B3C) a
= ﬁ [V +x (BOLS — ﬁ)}, (In ® OE%C) [u +x (BOLS - 5)]
N ﬁ”l (I” @ CE%C) v+ ﬁ <BOLS - ﬁ>2 X (In ® CE;%C) x
+ﬁ (Bows = 8) X (ln@ CEZC) v
— I+II+1II
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Consider .

1 A A A
I = ——— V(] "B
n(T—l)V<n®C TC’)”
1, o 1
= — V' (,CC)v— V(1,2 C'158C
n(T—-1) ) n(T —1)d? ( ™ >

The first term in [ is

;V (In ® é'é’) v

n(T—1)
1< [1

~ = — (vie — pv;
n T tptl

=1 i

3
’ﬂ I

The second term in 7 is

Q

1 ( T 1 R
_ I, ®C"AC“C" )l/ = — Vit — PVit—
TL(T—l)d2 ndzz TZ( t P tl)

B T n [ 1 T R 1 T
- mpz Tzeit (p_P)fZVzt
=1 L t=1 t=1
Hence, we have
1 - 1 r 1 T 1 T
I~ n; thlezt 2(p P)thlezt%t—1+(p p) thlyn 1
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Consider /]. In a similar vein as I, we get

I = ﬁ (BOLS - 5)2 X (zn ® C*E;fé) x
(s -

n

1 T
T Z (xit - ﬁxitl)Ql

(BOLS_5> T -

nd?
1T 2, -0’ T 2
(5 ) thzlgit+ T D i1 Tir—1
OLS —
= A=p)? T2 2(p—p) N\
+ 7 Zt:lxitfl_ T thl&'tﬂ%—1
=1
2(A—p) N°T 2(0=p)(A=p) N~T .2
+ETE Y i Gai — SR Y

1 — 1 < 1 < i
Tzfit—(p—P)ftzliUz't—l‘F()\—P)ftzlxit—ll .

t=1

s
=
v \'M:

1 <& ’
TZ xzt_p-rzt 1]

t=1

3

(BOLS - 5>2T i

nd?

=1

Consider I11. By the Cauchy-Schwarz inequality, we have

1 = ﬁ (BOLS . 5) X <[n ® C*E%O) v

< \/ v (9 B w] [ s (Fous = 8) % (1w CExC) x

= VIXxII

Lemma 2 (B)
G =T+ I+ IIT+IV+V+VI

«

where

N 2
o d 1S 1 &
:(1—P)2T EE M?‘(EE Mz-) :
i=1 =1
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(1

1 n T 2
Y]

i=1 t=1

-
nl’ T

I~ (T
=2 ()

i = Gon gy

and IV < VI XTI,V <VIXIII, VI <+IIxIII.

Proof. It can be shown that

I,® 3’;@) i

N

<In ® 3;) o =
= (In ® j;é’) (Lt — Jur) [(In Ker)p+v+x (BOLS — 6)}
= (1-))(BE.®i%) p+ (In ® 3‘216*) Enqv

+ (In ® 3‘;0) E,rx <BOLS — ﬁ) :

using
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where Cip = (1 — p) &5 and J ;8% = i%. Therefore,

1 2

T a

1 ~ ) ([ ®ja> R

= —1u n u
nl T

= % (1—p) W E,p+ %1/ (Lir = Jur) (1 @ C'T2C) (B = Tur) v
+niT (Bows - /3)2 X (L = Jur) (10 ® C'T2C) (L = Jur) %

+% 1-p)p (En ® z;&’(j*) (L — Jur) v

4220 9) (Bows — 8) 1 (Bu 0 5C) (lur — Jur) x

-2 (Bows — 8) ¥ (hur — 1ur) (1 © CT50) (Lr — ) x

= I+ 1T+ I1IT+1IV+V+VI.

Consider 1.
I = —(1—p)°dWE.p
2 TR
— 1 ~\2 - nbtn

Consider 1.

I = %u’ (I = o) (1 ® C'T:C) (Bt = Tur)
— an ([ Q C’JTC> v+ LTV Jor <I Q C’JTC> Jorv
—%u’ (1@ C'T1C) Turv
R (X Tete) RNt LKV B e U § YT

120



This can be simplified as follows:

2
1 1< .
11 = WEZ[Z(Vit_pVitl)
(

20D S ] [E 3
i=1 t=1 =1 t=1
I (T [1& A el eE ]
=% (@) [ e S E Dy
R n n T
—w nLTZZ(V” PVit—1) nLT ZV“
i=1 t=1 =1 t=1

Consider V.

2 , R
Vo= = (1=pu (B0 iC) (e = Tur) v

1 ~ 72,1 1 / 7 A/ea s 7
< \/ LL—T (1— 5 dep Enp,} |:n—TI/ (i = Jur) (1 @ C'T2C) (L = Jur) u}

= VIxII

by the Cauchy-Schwarz inequality. Consider /1] next. In a similar process as I, one

can easily verify that

n

i~ Co) gy

. 2
(BOLS - 5) (1- ﬁ)g 211 & ?
+ T T [ 2 Zm]
. 2 o
2 (50LS - 5) (1-p) n L

ni Z Z (l"z't - ,55172‘1:—1)

i=1 t=1

1 n T
. Zan ]

We can obtain V' and VI as well by using the Cauchy-Schwarz inequality. =
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Lemma 3 (B)

n ~2
/(i)—l _ 1 /A—l 0 A /A
X X = 3 X; X; — A2 Lrlr X,
Oc i=1 Oa
n
rF—1 1 § : A—1
x & Ly, = ) X, A Lt |,
Ta =1
- nb
/ —1 _
L Tty =
O-Ol
n ~ ~2
- 1 ;0 o «
1&—1 _ iY%e 1A —1 'R —1 Wt 5 A-—1
xdu = — — XA i+ | XA Y — 5 lA YWl AT | |
Oc i=1 On Ou
1
1o A/—1 _ I -1
Ly u = E [AQ (Qui—i-LTA l/z):|
, 15
i=1 @

Proof. See Baltagi et al. (2008). m
Now we are ready to prove Theorem 4.

Proof. Assume (n,7T) — oo and 7 — 0.
1. When |p| <1, |A\ < 1,if 52 p

(a) First, let us show that 62 is a consistent estimator.

From Lemma 1 (B), we consider [ first. It can be shown that

1
T

Mq

T

1 1

= — E e —2(p— P)TE eiVit—1 + (P — P2 E Vi 1]
t=1 t=1 t=1

n T
T\ 1 1 . 1
—(ghl DIEICVEN N

1= t=1

p 2
_>o-e
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as (n,T) — oo. This is because in the first term,

using \/%Z?:I ZtT:1 eavi—1 = Op(1), o5 200, 23:1 Vi1 = Op(1), and
VAT (5 p) = 0,(1).

Let us look at the second term. One can verify that
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using

and
n T T
1 1 1
_ R €; —_— Vit— :O 1
Alsonotethatg—z:%{?ilasTﬁoo.

Consider 1. It can be also shown that

- 2
Bors—B)" <n T p—p)® T A—p)? T
I = % Zi:l[% D1 Ent @ Tp) Doy Ty ( Tp) 21 T

2(p—p) T 2(A=p) T 20—-p)A=p) -T2
==Y L CaTi1 + TS Y G — R Y ]
2

T ~ T
. (BOLSA_ﬂ)ZT Zn % thl Eit — (p - p) % Zt:l Tit—1

nd? =1
+()‘ - P)% Zthl Tit—1

This follows because if (n,T) — oo and % — 0, then

. d o (14 pA)(1 = N\?)o?
VAT (fous = 8) = N (O’a_z+ T —p2>oz>

using a similar argument as in Phillips and Moon (1999) and Baltagi et al.
(2008).

Consider I11. From Lemma 1 (B), we know that

I <VIxII2o.
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Hence,

~2 P2
o, — 0,.

(b) Next, we show that c“ri is a consistent estimator of ¢%. From Lemma 2 (B),

one can see that

n

% 2
5 d? 1<
R A PR 5 o R EX T
; =1

Consider I next. It can be shown that

I~/T\ |1 1

n Z (72) T Z (vie = prie—1) | = Op(?)
=1 d t=1

For the second term
n T 2
(1—p)3*d* | 1
nT T nT;;Z;”t
e n T 2
(1-pPd®| 1 1
I N 7o - i O -

n3/273/2 T \/ﬁ ; tz; Vit p(n3/2T3/2)

using
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Let us look at the last term. We have

@ _ZZ Vzt PVzt 1

i=1 t=1

2(1— . 1
= % n—Tzzeit_(p_p)n_Tzzyit—l

i=1 t=1 i=1 t=1

=1 t=

1 n T
72;4

1 n T
n_T Z Vit]
i=1 t=1

2(1-p)
= nsz ZZ% <WZZV”>

'thl i=1 t=1
Vi

2(1—p) 1 &
n5/2T372\/_T<p ) <\/_Zt1 tl) <\/n_TZ1t1Vn>

= Op(

1
1 1 1
W) + Op(n5/2T3/2) = Op(ﬁ)

Accordingly, we have

IV <VIxII5o.

Finally, consider I71.

fe — 2 n T 2
11l — M (T) %Z (it — pTir— 1)]
1

n = d2 t=1
(5 —6)2(1—@232 LR &
OLS
e —7224
=1 t=1
- 1 AN )| | L
i=1 t=1 i=1 t=1

It can be easily shown that I1] = 0,(1) as (n,T) — oo in a similar way as

above. This follows because if (n,7) — oo and % — 0, then

2 2
~ d g 1 —+ )\ 1-— )\ g
VnT(BOLS_5>—>N<070—;+( pAL )
Hence, by the fact that V < /T x 111 2 0 and VI < /II x 111 2 0, we
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get

nT nT XT n

from Lemma 3 (B). As shown in Theorem 3.1.(a), one can see that

_ 2\ 2
— —x;A_lxi & (1 210)‘ ;_ P )Us
né T (1—A?%) o2
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Next, it can be shown that

11 zn: XAy o A1k,
ng? T T

e i=1

A~ n T Y T 2
N A—QEZ _Z ”+ ; Ztl_T;l’itl
- S
T (A—p) T
(% > i 5it> + (Tp Dot xitq)
. T 2
e + ((pr) ST xit,1>
1 T A— T
E Z +2 (% PO 5it> (( Tp) Yoo 13z‘t—1>
=1
T p— T
—2 (% D 5it) ((pr) Y i1 xit—l)

i -9 ((A;p) Z;—;l xit—l) ((ﬁ;ﬂ) Zle xit—l)
= I+ I1I+I1IT+1IV+V+VI.

Counsider I and 7. One can see that

HMS
\;/
I
Q
S
7~ N\
N =
N—

i
T Z(W

and
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using

Ien( 1 « CEORS _
(g (F ) oo

=1

Lastly, consider V' and VI. It can be shown that

2(1-p)° VnT(p—p S 1 «
Vo= - ~2 NGIEE 52(72 )(ﬁtzﬂﬂztl)

1
- o (arem)
and
21 =22 VTG —p) 1 <= [ () — p) & d
Vi = — <8zp) \/%é.ig/zp)ﬁlz;<( ﬁp);l‘it 1) (T; Tit— 1)
1
o ()

Therefore, we conclude that

11 i X;Aile L%Ailxi
n02 — T T

TIORIORAES

r(5) 0 (s + o ()

Then we have
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and

1, . 0/T 1—p)? 1
—lyr 1LnT=A/Tﬁ> ( p2) s~ 2
n O-a/ (1 _p) Ou Ol

Finally, we get
_ 2\ 2
La o (1 2pA;rp Jo:
nT (1-X°)o?

as (n,T) —

Now we turn to 62. Note that

~ ~ —1 ~
1 @ . 1 XI$_1 1 X,(I)_ILHT LlnT@_lbnT L;T(I)_lu
9 = — .
vnT vnT VT n

Consider first

For the first term, one can show that

= -2 <631/T

T\/n_TZZ”Z Tit — PTit—1]

=1 t=1

7 vt | VT (- p)
1 1 1 1
= or(z) vorlz) v () =)
using
1 n T
T 2 gui&t =0, (1)



and

\/% Z D mwis =0, (1).

=1 t=1

Also recall from Theorem 3.1.(b) that

1 XAy 4 (1= 2p\ + p?)o2o?
= Z - N<0a 2 )
vn<= T 1—)\

as (n,T) — oo.

For the last term, it can be shown that

in a similar way as above.

Therefore, we conclude that

23

—2p\ + pQ)UE)
(1-X)o2 ~

- p - P
Next, recall that +x'®~'e,p — 0 and ¢/, 91,7 — = from above.
n

Finally, it can be shown that
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Consider I.

using % — (1=p)? and 6%/T — (1 - p)° o

Consider I1.

1 1< (1-7) 1 a
o § : A T S o E
II - Ai/i \/HTZ LTA VZ Ai/j—" \/ﬁT i (th pth 1)

(1-% 1 1
= €it — V;
&2 )T \/T\/nT;Z : OZ/T \/_ =l

1=




2. When p=1, |\ <1,if T(p—1) L &

(a) First, let us show that 672 is a consistent estimator of 2.

From Lemma 1 (B), it can be shown, in a similar way as 1.(a) that

n T 2T (-1 T
_ 1 Z %Zt:l 61215 ~ 2 (; J (% thl eitVit—l)
n

+w %2 Z:{:l V%t—l)
n T T 2
1 1 1 - 1
FEIIES SUEERCITEREN (ER oot |
( >nz 1 T ﬁ T/ t=1
— 0

t=1
e

as (n,T) — oo using %Z?ﬂ Zthl e = o2, ﬁZ?:l ZtT:I CitVit—1 =

O, (1), n_jl"’Z Z?:l Zthl szt—l =0, (1), and W Z?:l Zthl vii-1 = Op (1).
Also note that T (p — 1) & k and

— = — = — — — .
2 FZ+T-1 p+T(0A-p) 2-x

T T TA-p) s -k

Consider /1. From Lemma 1 (B), we have

%Z [Ztl

1 CitTi—1 T

A 1 Zt 1 2t 1

( 3 Zt—l Citlit—1 — Mzze L T3]
- LY %z;ileit—( DAY rat A= DESE ws|

= 202/ (14 )\) +0,(1)

it

as (n,T) — oo. Thisis because D i Et L €% = o2, \/ﬁ > i Zt 1 CitTit—1 =
n T

Op(1): 5 Xiza Yotz i 5 o/ (1-27), ﬁZizl Zt:l g = Op(1),

and \/%7 > i Zthl zit—1 = Op(1).
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Hence,

[\/ﬁ (BOLS - 6>]2Lx/

n n

Il =~

(In ® OE%C) x = 0,(=) = 0,(1)
using the fact that if (n,7) — oo and 7 — 0, then
- 1—M\)?02
Vi (Bows — 8) 5 N (o, Q) |

This follows from a similar argument as in Phillips and Moon (1999) and

Baltagi et al. (2008).

Since I11 < /T x IT % 0, we conclude that

2

2
e e’

~2 P
o, — 0

(b) Let us show that 62 is not a consistent estimator of o2.

Using Lemma 2 (B), we have

Tk
- =y (e
- 4 ;? - W E,p
—l—mul (Lir — Jur) (In ® C"T]’ié) (Lnp — Jur) v
1 . z - A _
e (Bows = 8) X (Lur = Jur) (1 @ C'T2C) (L = Jur) x
b2l (B0 3C) (fr — Jur) v
2 (Bows — B) i (Bu@C) (L — Jur) x
bty (Foss = 8) ¥ (e~ ) (1@ CT36) (1 — ) »

= I+ 1T+ 1IT+1IV+V 4+ VI
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Consider [. It is easy to see that
(1-p)d® |1 — 1<\
- p 2 p
[=—F""— |- — | - < 0
2 - (23] |

using (1 —p)d> =2p+T(1-7) 22— k.

Consider 1.

II = 33 aom [\/% ST e+ [T (1= p)] <T3+ ST ,/ZH)] 2
T A ED IS I
_%T_ﬁ) [% Z?:l <% Zthl eir + 1 (1 —p) # Zle Vit—l)]
) [% > it # Zthl Vit] .

Let us look at the first term. It can be shown that

1 1] 1 T T ’
N eir + [T O =7 Vit—1
2
T
(\/_rletzleit>
AN12 1 T 2
(71 =) (e XL v
2T (1= ) (& Sl en) (e Sl v
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since

and
n

1 1 & 1 « » 02
HZ _Tzeit mzlm—l —>7
i=1 t=1 t=1

Also note that the second and third terms of I are o, (1) as (n,7") — oo.

Therefore,
K2 —3k+3 ,

mL T -
- 3(2—k) Te

and from Lemma 2 (B),
IV < VI xII50.

Consider 11 next.

1 T T(p—1) T
T Zt:l €it — —Tar2 Zt:l Lit—1

(A1) T
+ Z —1 Lit—1
VT Zat=1
- 2 a
Bors—8) (1-p)d? n 2
+( OLS n:/)ﬂ( p) |:% Zizl % ZZ;I SL‘Z’t:|

~ 2
2(Bors—B T A T
oo ) [ 5 ST (e~ i) [ Sy T ]

n

Hh = MZL(@—E)J‘A‘)

In a similar process as in I7, one can verify that 11T = O,(+) as (n,T) —

oo using the fact that if (n,7) — oo and 7 — 0, then

. _)\)242
ﬁ(ﬂow‘ﬁ) SN (07 %)

and accordingly that V < /T x I11 2 0, VI < /IT x 111 % 0, respec-
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tively.

Summarizing, we have

52 p K2—3k+3 ,
ag._.
3(2—k) °

= % (62 — 62) and 0 = (1 — p)* d?, we have

(1-0)5 (60— 067)
(172)42 (60— o)
T o &2
2 (T(I*i))> T (—p)d?
() (5a500?) - (507) = eto?

From Lemma 3 (B), we have

Z (nglxi T -7 o8 x{A ey L/TA1XZ'>
—_—— J— p .

T 2TA-pT(1-7)
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Note also that

A2
o, XA Lop o) A-1x; 1
T1-p)" =t = 0y )
— Ly )
e T(l_p)T(l_p) T
using
X;Aile 70( 1 )
Ti-7 VT
as shown in 1.(c) and
“ ~ 2 —r343K%2—6 2
T(1— ) Ui: (1—0)03 », 32— Te —k3+3k*> -6
62 2T (1-7) ﬁg(—gjgg T2k (k2 —3k+3)
Hence,
L a1 2072
— X' £
R GNP Y >
as (n,T) —

Next, one can shown in a similar way that

1. 1« 1 'A!
_X,(I)_anT = — ( ~ ) ;z Lt
1

Also
Tooe, 0/(1—7) » 2k 1 3(2—k)?
n T TG T (1-p) B2 o2k~ 3+ 3
Therefore,
1 jonnd P 20'2
nT ' (1+ \)o?
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Now we turn to @2.

1 = 1 ~ x'® e, (T -t VT | ~
Gy = x'¢ty - — <—L’ b1y, ) 4 d u
vnT °  naT n n " g N
We have
1, 1 1 1 62 XAy
—x®P u = 2 = ~9 ~ A~ 1
VnT Oe nlzl VT Ua/T<1_p) T(l_p)
N 1 1 x Ay,
oevne= T
001 1 N XAy A,
—T(1-p) 55—~ = —
040 nzzl T<1_p) \/T(l—p)
= I+II+1I1I.

For I, with the joint CLT we have

; 11 z": 1 ( 62 ) /A1y
= o= - = = | Hi
V= VT \6o/T(1-7p)) \T(1-7)

n T
1 1
T = Z Z i [Tie — pie—1]
)) TvnT i=1 t=1

n T

S 5 S| PRTER R
- afz)+o(5)+o(7m) - (1)

For I1, recall from Theorem 3 that

I
/N /N <
%
~
~
[S—
|
)

n

11 XA v, 4 202
- it T N0 — e ).
0—2\/52 JT <’(1+A)ag)

139



For 111, it is easy to see I1] = O, (\/LT) using

2
Also, as shown already, T' (1 — p)* % 5 (2__:)3(;—35;;% and 6% /T (1 —p) &

K2=3k+3 2
3(2—k) Oe-

Finally, we conclude that

as (n,T) — oo

Next it can be shown that

1) _0/a-p)
<\F) &2 T (1—p) M

JT
\/_”TCIDHZTZ + 1 (LA >

62/T(1—p) \VT(1-p)
= 0p(1)
using
VAT 1/Z
Vi Z\/_ T(1-p
n T T
1 1 T(1-7p)
= Z _Zeit Zyzt 1
N =10Cr= A
= OP(1>
and




respectively.

Therefore,
1 ~ 4 202
G N, —
VT ° - M (1—1—)\)05)

: = P
as (n,T) — oo using %X’@ tyr 2 0 and Lot p® ey =

above.

We conclude that

1 3(2—k)?

02 k2—3Kk+3 from

tras = [ —0C o L&) 4 v
FGLS — nTl \/ﬁ2 9 .

3. When |p| <1, A\=1,if p 5 p

(a) First, let us show that 62 is a consistent estimator of o2,

(B), we have

T

T

1 . 1

?5 e?t—2(p—p)TE eavi-1+ (p— p)
t=1

t=1

as shown in 1.(a).
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Consider II. It can be shown similarly that

T
112 Zt 1522t
nT
+(v (h— p)

) nT3 Zt 1 zt 1
(m (BOLS_B>> - - P) Zt 1 ’Lt 1

2
n - 2\/nT p p)
fT5/2 E :t 1 EitLit—1

2(1 p
+ Zt lgztxzt 1

__ 2vnT(p—p)(1—p) Z
/nT5/2 t=1 zt 1

1T
(\/n_T <BOLS - ﬁ>>2 T & T Lo
) % o | VAT G- ) i s

+(1 - P)# ZtT:l Tit—1

This follows because, if (n,T) — oo and % — 0, we get

302

£

VnT <BOLS - 5) 4N (0, 40i)

using a similar argument as in Phillips and Moon (1999) and Baltagi et al.

(2008). Also note that
VT (5—p) 5 N (0,1—p?)

from Lemma 1. This is because —5 > | ST ek =0,(1), 2D Sk =
n T
Op(1), ﬁ D i1 21 Ettit—1 = Op(1), and T3/2 > it Zt L Tiem1 = Op(1).

Also note that from Lemma 1 (B),

III<VIxIIZo.
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We conclude that

2 2
e

~2 P
o, — 0,.

(b) Next, let us show that &2

L is a consistent estimator of ai. From Lemma

2 (B), we know that I % (1—p)° o2, IT % 0, and accordingly IV <
VI XTI 2 0 as shown 1.(b).

Let us look at I71.

n2

o (\/ﬁ@om—ﬁ)y n (T)

VAT (Bous=8)) -0 [ 1 & T’
(v (OLsn2 ) a-p oL Zx]
N _ 2 . n
_2 (v nT’ (BOLiQ 6)) <1 p) n;3/2 2 g(%t - ﬁwitl)]

1 n T

=1 t=1

With a similar process to 2.(b), it can be shown that 1] = 0,(1) because

if (n,T) — oo and % — 0, then

2

VAT (ous ~ 8) N (0.52%).

£

Hence, with V < /I X III % 0 and VI < VII x I11 5 0, we finally

have

and accordingly
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(c) Let us start from the term G, in equation (14). Recall

— G = ——xX0x — —

~ ~ 1~
1 -~ 1 -~ 1X® ey (P ey P 1x
nT? nT? T nJT '

From Lemma 3 (B), we have

1 b1y — 1 - (XA 1k o0 XAl ATy
nTQX X = A2Z T2 _6Z/T T3/2 T3/2

€ =1

From Theorem 3.3.(a), we have

Next, it can be shown that

1 & 62 x Al Ay,
A2ZA2# Z32TT32 i(l_p)zaa
nes “—~ 62 /T T3/ 13/

€ =1

using the fact that

no A A

1 XA ep AT

n T3/2 T3/2
=1

1=

= li— = ixt P$t1
n,:1 2 — 7 7
T

2

t=1

- %z:: 122 J:zt 1+52t)

t=1

n ~\4 1 T 2 ~\2 1 1 T 2
1 (1-") <W Zt:1 xitfl) +(1 -7 T2 (\/_T Zt:l 5it>
N4 (1 - /0)3 . (T3/2 Zt 1 Lit— 1) <\/LT Zf:l 6“)

S () o ()0 )
- p>412<T3/22% 1>2+0 (1)&0—/))4%3

=1
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~2
and &;’ij N a L - Hence,
Loty = LS (LR - On XA gAY
nT? no. = \T*" Yol )T T2 TR
2 2 2 2
P 2 0¢ 2 0¢ (1 B p) O
1—p)—= —(1-— =
= (=95 : (1=0p) 307 607

as (n,T) — oo.

Next, one can verify that

1~ 1 1 & (XA 1y
— x'® 1 " - ___ - E O
n\/TX ot no./T ( T3

=1

as shown in 1.(c).

Hence, we have

—G
nT2 ' T 6o
as (n,T) — oo.
Now we investigate ég. Let
1 ~ 1~ 1 X0 e, (1, = ! roE-1
=—x — — n —t, P
T P Tt YT UT ayT \aT M) et

145



Consider that

Firstly, in a similar vein as 1.

1 52 x;K_ILT
VT \a2/T 1857 ) Hi
T, x;;&_ILT L’TK’lui>

+ xzﬁ_luz_ 02
T §2/T T3/2 VT

(c) it can be shown that

~2 /Af]_
o, XA up

AQ\Fi\F<

using

c _o (L
o2 T2 | T\ T

~2 >
o XA Ny

1 n

Next, recall from Theorem 3.

5

Lastly, we consider

1 1 &xAly,
1 Z%ima(—-

3.(b) that

XA ur Ay,
\/_Z T3/2 \/T

T

Q

t=1
) [

:%; -

t=1

T
i=1 - Zt:l (1

= I+1T+1IT+1V.

\/— Z T2 (1-9) Z (Tit — PTit—1)

Z (1 =) zit—1 + i)

t=1

Zt (1= )xztlzt 1 Git
+ Zt:l Eit thl €t

) Tit—1 Zthl (P —p) Vit
- 23:1 (75 - P) Eit ZtT:l Vit—1
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Consider 11 first.

0L ) (N,

3

using \/Lﬁ o (\/LT ST 87;15) <\/LT ST eit) = O, (1) where ¢;; and e;; are

not correlated.

Consider 111 and IV. It is easy to see that

s 1 VT (- 1 < 1 <«
111 = —(1-p) N \ﬁpﬁ ) <T3/2;xitl> <ﬁ;V'ztl>

using
VT (p—p) [ 1 ix 1 LZT% 1
v T8 = Ti=
and

v = —(1-p) \/5;3/2 ‘/ﬁ\%—p)‘ (%Z%) (%Zum)

- (i)

Lastly, consider I. it can be shown that
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Therefore,

2

n IA -1 I A -1 2
0y XA urupAT i a0 o
52 \/_ Z 2/T T3/2 JT — (1= p) N (0, 303)

and accordingly it can be shown that

by using a similar process as in Phillips and Moon (1999).

Next consider

Consider I. Recall from 1.(c) that

1 2 2
IZ%( )\/_2:#Z p) UZ(I—p)N(O,J#).

Consider I1.

O, (1). We conclude that

g
=
o
3
L]
—
/N
-
s
S
N—
I

1, ~y 4 1
%L;.LTCI) u— N (0, O'_i) .

p =_ p
Because we also know that \F x'® 1,7 = 0 and %L;LT@ Yooy —

x:qwl =
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which are proved above, we have

1 ~ 4 (1—p)°o?
Gy SN0 ~—E—=|.
VT 2 (7 602

Finally,

4. When p=1,A=1ifT(p-1) B«

(a) First, let us show that 62 is a consistent estimator of ¢2. From Lemma 1

(B), we have

n T 2[T(p—1 T
_ 1 Z %Ztﬂ e — A=l (5 . (l D i1 €z'tUit—1)
T(p—1)]

= +[ e (T2 Zt 1 zt 1)

as (n,T) — oo, as shown already in 2.(a).

Consider I1. Using a similar argument, one can easily show that

. 1T (T(p-1)* 1 T
(va(Bors—))’ s D e ED PR

=1

I =
n _2G-1) 1

D DA
Vi(Bors—8)) T T(-1 T 2
o) (1) s [ ST e, - TE ST

= 0p(1)

because if (n,7") — oo and % — 0, then

ﬁ(@om‘ﬁ) SN <0 ZQSZ;)
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Consider I71. From Lemma 1 (B), we know
T <VIxII50.

We conclude that

A2 P2
Je

— 0.

(b) Next, we investigate 65. From Lemma 2 (B), we have

o
- e (e
—l—mvl (Lir — Jur) (In ® C"ﬁé) (Lnp — Jur) v
+m (Bows - 6)2 X (I = Jur) (I ® C'T3C) (L = Jur) %
+%u' (En ® z%’é) (Lir — Jur) v

2 o ’ ~ct A _
+TL_T <ﬂOLS - B) 2 (En (059 LT/C> ([nT — JnT) X
1 o / = PR BN _
nT (1 _ ,b) (60[/5 - 6) 1 %4 (InT - JnT) <-[7’L ® O/‘]TC> (InT — JnT) X
— [+ II+III+IV+V+VIL

+

Consider [.

N 2
(1-pd® |1, (18 »
I= — = | - ; 0

=1

as (n,T) — oo with (1 = p)d2 =2p+T (1 —p) > 2 — k.
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Consider I1. As shown in 2.(b), we have

k2 —3k+3 ,

e
T 32-n)

and accordingly

IV <VIxII%o.

Counsider 111 next.

Vi(Bors—8))" < ’

r = (el v () [ S = B
(Bora—8)) (1— n 2
+(f( oLs )) (1-p)d? [% Zi:l ﬁE:tzl wit}

n2

_ (I(BZzLS Y [n e (f Y it = Tp3'/21) X it 1)]
: [W D et Zt:l xit] :

One can show that I/] = o0,(1) as (n,7") — oo using the fact that if

(n,T) — oo and % — 0, then

vn (BOLS - 5) — N <0 §22>

€

and that V < T x 111 20, VI < /IT x 111 % 0, respectively.

Summarizing, we have the same result as 2.(b),

62 p K2—3k+3 ,
— o
T((1-Dp) 3(2—k) ¢

and
K2+ 3Kk%—6
1-p)é2 5 2
( p) 1" 3(2_}{‘:)2 e
With k = -3,
16
(1—f))5iﬁ>2—03
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(c) Let us first look at G4 in equation (14). Define

1 -, 1 < [ x'A-lx, 9 e )
— X0 x = : L —T(1 A i T
n n(ﬁ;( T (1=7) AT1-p)T(

Note that

as shown in Theorem 3.4.(a).

Next, one can easily see that

1 o 02 xX{ A lup A X, 1
T(1-7p) 4= 4 =0
LIPS T a5 O

using
x' A ey 1 1 <&
:  ~ (-Tit - fmit—l)
T(1-p) VT VT ;
T T

6'2
and T (1-7)* % & (2__16%—3&;_% as shown already.

Hence, we have
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Note also that

1., 1 1 1 <[ XAy
n x/nTUi/T(l—p)\/ﬁZ (\/T(l—p)

i=1

Lastly, recall that

T, . _0/a-p) » 2-k 1 32—k’
n

— - — [ S a—
/T (1 —Dp) %JZ 02k?—3Kk+3

Therefore, we conclude that

Now we turn to 62. Let

1 4 1 -~ >Ny (T, ~ VT, -
\/n_TG2 = \/n_TX/q)_lu — % (;L;T@_IL,ZT> \/T;L/n:r’q)_lu-
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I (i) ()
X Lo Vi \&Zra—) ) \rta=p) ) Hi
— XPlu=— x;A v
VT (}g\/ﬁiﬂ + VT

~2 62 x;A*% ATy,
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and recall from Theorem 3.4.(b) that

111 w00 [ XAy ATy b
AUV PG (ﬁ(l—ﬁ)) (ﬁ(l—ﬁ)> -0.(37)

. 1 n XA, AT\ ~\2 P _k*43k2-6
using —= Doy (ﬁu—ﬁT)) (\/TTU—ﬁ)) =0,(1)and T (1 —p) = m

Therefore,
o2

1 -
—x'd a3 N(O, —).

vnT o;

Also, using the results above, 1x’ O e, = O, —

1 3(2-k)®
02 k2—3k+3"

Summarizing, we have

and accordingly,

154



Essay II: Testing Cross-sectional Dependence Using
Bootstrap F-tests

155



1 Introduction

Cross-sectional dependence caused by common shocks can seriously impact inference
as well as estimation. Andrews (2005) demonstrates that common shocks can result
in inconsistent estimates in cross-sectional regressions and accordingly serious con-
sequences for statistical inference.! To deal with the problems of common shocks,
Bai (2003, 2004) considers the common factor model, and proposes principal compo-
nent analysis (PCA) to consistently estimate the factors and factor loadings under
stationarity, e.g., Bai (2003), and non-stationarity of the factors, e.g., Bai (2004).
In addition, Bai (2009) and Bai, Kao and Ng (2009) extend this analysis to a panel
data model that includes regressors as well as factors. Bai (2009) assumes stationary
regressors and factors while Bai, et al. (2009) allow for non-stationary regressors
and factors (i.e., panel cointegration case?). This paper considers the problem of
testing cross-sectional independence in a panel data model using the factor structure
proposed by Bai (2003, 2004, 2009) and Bai, et al. (2009).

Given this setting, it is natural to consider the simple F-statistic to test the null
hypothesis that all the factor loadings are zero (i.e., cross-sectional independence). It
is well known that the limiting distribution of the F-statistic can be approximated by
a chi-squared distribution, when n is fixed and T is large. From the results of Boos
and Brownie (1995) and Akritas and Arnold (2000) one can infer that the asymptotic
distribution of an appropriately normalized F-statistic for the case of large n and fixed
T, is also normal. However, we could not find any result regarding the asymptotic
distribution of this F-statistic when both n and T are large. This paper suggests the
use of the bootstrap F-test, proposed by Mammen (1993b), for testing cross-sectional

independence. For this purpose, we adopt the wild bootstrap method which is well

!These common shocks could be macroeconomic, political, environmental, health, and/or socio-
logical shocks in nature to mention a few, see Andrews (2005).

2Note that a large literature on panel cointegration exists with an assumption of cross-section
independence (See, e.g., Baltagi and Kao (2000) for a survey, and Baltagi (2008) for a textbook
treatment).
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developed in the statistical literature. Section 2 introduces the factor model. Section
3 discusses the proposed wild bootstrap F-test. Section 4 presents the Monte Carlo
results, while Section 5 concludes. All the proofs are relegated to the appendizx.

For the asymptotic results in this paper, we use both the sequential limit (n — oo
following 7' — oo, i.e., (n,T) = 0o) and the joint limit (n and T going to infinity
simultaneously, i.e., (n,7) — oo) depending on the case considered. For details of
these methods, see Phillips and Moon (1999). We use %> and <, to denote convergence
in probability and in distribution, respectively. Unless indicated explicitly, we will
refer to F; as the factor (or the global stochastic trend) while F) as the F-statistic
to avoid any confusion. The bootstrap sample or the bootstrap test statistic will
be denoted with superscript star. For example, FY and P* indicate the bootstrap
F-statistic and the bootstrap probability measure. We also define the matrix that
projects onto the orthogonal space of z as M, = Iy — z (z/z)fl 2. Lastly, K (-, )
denotes the Kolmogorov metric, i.e., K (P,Q) = sup, |P (z) — Q (z)| for marginal

distributions P and Q.

2 The Model

Consider the panel data factor model
Y = B+ NF+uy fori=1,... nandt=1,...,T (1)

where y;; is a scalar, x;; is a set of k regressors, 3 is a k x 1 vector of the common
slope parameters, \; is an r x 1 factor loadings, F} is an r x 1 vector of latent common
factors, and u; is the error. The error terms are assumed to be uncorrelated across

cross-section and over time series components. To test the null hypothesis of cross-
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sectional independence, we set the null
Hy: X\ =0 forall¢ (2)
against the alternative that
H,: )\ #0 for some i.

To construct the F-statistic, define RRSS = .7, 71 @2 as the sum of squared

residuals from the restricted model:
Yit = x;ﬁ + Wy (3)

where f3 is the least squares estimator of 8. Also let URSS = S S W2 be the

sum of squared residuals from the unrestricted model when F} is not observed:
Yit = a:;,ﬁ + Xlﬁt + /U\/it (4)

where /B, /)\\Z-, and F} can be obtained from, e.g., Bai (2009) or Bai, et al. (2009). Then,

the standard F'-statistic is defined as

_nT—k—m’RRSS—URSS (5)
N nr URSS ’

Fy

Given this basic setting, the following sections briefly introduce the estimation pro-
cedures suggested in the literature under various scenarios depending on whether

regressors are included and whether x;; and F; are stationary.
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2.1 Case 1: Without regressors
2.1.1 Stationary factors

Let us start from our benchmark case by dropping the regressors in equation (1).
That is,

Yit = )\;E + Ut (6)

which is the common factor model. Rewriting equation (6) in matrix notation, we
have

y=FA +u (7)

where y is a T' X n matrix of observed data and u is a T' X n matrix of idiosyncratic
errors. The matrices A (n x r) and F' (T x r) are unknown. In fact, Bai (2003)
studies the Fy, = I(0) case, while Bai (2004) investigates the F;, = I(1) case.® The
number of factors, r, is assumed to be known. If this is not the case, note that r can
be consistently estimated as in Bai and Ng (2002).

First, we consider the F; = I(0) case. It is important to note that F, (¢ =
1,2,...,T) may or may not be observable. If the factors are observable, \; can be

estimated using least squares. That is,

o 2
and accordingly we have RRSS = 327 77 42 and URSS = Y7 S0, (yit — )\Z-Ft> )

Then, the F-statistic is constructed as follows:

(nT —n) RRSS —URSS
n URSS

Fy =

On the other hand, if F} is not observable, one can estimate F; using the method

3Note that when Fy = I(1), testing Hy : A\; = 0 for all 4 is not only testing for cross section
indepenence, but it is also testing if y;; follows an I(0) process.
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~

of PCA subject to the constraint F'F/T = I,. As illustrated in Bai (2003), F,
the vector of estimated factors, is v/T' times the eigenvectors corresponding to the r
largest eigenvalues of yy . Given F ) N=F "y/T can be obtained as well. Therefore,
in this case we have RRSS = Y7, 327 42 and URSS =31 ST, (yit — X;ﬁt)z

2.1.2 Non-stationary factors

Now let us assume that F; are non-stationary:
F,=F,_1+n fort=12,....T (8)

where 7, is the idiosyncratic error. If the factors are observable, then we can estimate
A; using least squares as in the F; = I(0) case. However, if the factors are unknown,
one estimates the factors subject to the constraint F' F/T? = I,. As a matter of fact,
Fis T times the eigenvectors corresponding to the r largest eigenvalues of yy in this
setting. A’ can be also computed by F "y/T?, which is the corresponding matrix of
the estimated factor loadings. It is straightforward to construct the F'-statistic with

estimates of the factors and factor loadings.

2.2 Case 2: With regressors
2.2.1 Stationary regressors and factors

Next we consider the panel data model with interactive fized effects, see Bai (2009),

by adding regressors as well as common factors. In matrix notation, we have
y=XB+FA +u.

Note that the regressors as well as the interactive fixed effects are assumed to be

stationary. When F; are known, the estimate of [ is easily obtained using least
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squares as follows:
n n

G- (Z x;Mm> B (Z x;MFyi>

i=1 i=1
where xXr; = (.Tﬂ,l’l'g, ce ,JZ‘,L'T)’, Yi = (yil;yz?a Ce 7yiT)’7 and MF = [T — F (F,F)il F,.
Given é, one can compute A= (F 'F )_1 F <y - X B) If F} are not observed, one

has the following set of nonlinear equations for estimation subject to the constraint

F'F/T =1,.
n -1 n
5 (z M> (z x;Mﬁyi) o)
=1 =1
and

F=FVyp (10)

= =, _1 =
where Mz = I — F (F F ) F' and V,r is a diagonal matrix consisting of the r

largest eigenvalues of the matrix in brackets in equation (10). The solution (B, F >
for (9) and (10) can be obtained using iteration. From these results, one can compute
A=F (y - X B) /T. For details of this estimation procedure, see Bai (2009). Using

these results, one can easily construct the corresponding F-statistic.

2.2.2 Non-stationary regressors and factors

This is the case of panel cointegration with global stochastic trend under which both
regressors and factors (or global stochastic trends) are assumed to be non-stationary.
This case is investigated in Bai, et al. (2009).* More specifically, we have the following

equations:

Yit = l’;tﬁ + )\;Ft + U,

Tig = -1+ Ei,

1For simplicity, the mixed I(0)/I(1) case among x;; and F; will not be considered in this paper
although this extension is possible. For details, see Bai, et al. (2009).
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and

F,=F_+n,

where x;, F;, and u; are potentially correlated. The framework here is the panel
cointegration model so that uy = yy — 2,3 — )\;Ft is jointly stationary. Note that
a fully-modified (FM) estimator is constructed along the line of Phillips and Hansen
(1990) because of possible correlation among x;;, Fy, and u;. Let us assume first that

F; are observed. Then, E Lsrym can be estimated as follows:
n -1 n
Brsrm = (Z x;Msz> (Z I;]WF?A/?r -T <A:—u1 - 5;A7—;_u>>
i=1 i=1

where 7+ and A+ are consistent estimates of y* and A+ with

Amit 1 Axit
and uj;, = wy — QupilYy;
AF; AF;

v —1
Yir = Yit — Quwilly;
!

Note that €2; is the long-run covariance matrix of w; = (uit, S;t, 77;1;) which is given

by,

Qui Qusi Quni

2= E <wi0w;j> = | Qeui

Qnui Qr]si Qr]

[©)

=3 Qam'

and A, is the one-sided covariance defined as follows:

Aui Auai Auni
A= Z E (wiow;j) - Aeui Asi Asni

J=0
Anui Ansi n
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We also define

Qsi Qe 7
Qs = !
Qnsi Qn

corresponding to €; and 7, for convenience. We need to estimate the nuisance para-

meter by using a kernel estimator. Let

and

<
Il
)

where T; (j) = %ZtT:_f Wity Wy, and Wy = (U, Ay, AF,) with the kernel function
w () and the bandwidth parameter K.
When F; is not observed, however, one needs to estimate the set of two nonlinear

equations:
n -1 n
5 (z M> (z x;Mﬁyi)
i=1 i=1

and
n

# Z (y’L - il?zB) <yi - sz>,

=1

F=FV,

by iteratively solving for B and I subject to the constraint F'F /T? = I,. Compared
to the known F} case, estimation of the stochastic trends affects the limiting behavior
of the estimator, so bias correction becomes essential for estimation. In fact, Bai,
et al. (2009) propose two FM estimators, i.e., the bias-corrected Cup (continuously
updated) estimator, BCW e, and the FM Cup estimator, BCup - The details of the
estimation procedure can be found in Bai, et al. (2009). However, it is worthwhile

emphasizing the basic difference between these two estimators. CupBC corrects the

5BLSF u can be alternatively written as the bias-corrected estimator, 5 spc- For details, see
Bai, et al. (2009).
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bias only in the final stage of iterations while CupFM modifies the data to remove
serial correlation and endogeneity in each iteration. CupBC and CupFM have the

same asymptotic distribution although constructed in different ways.

3 [F-test with Bootstrapped Samples

We discuss the asymptotic behavior of the F-statistic for three cases: (i) fixed n /
large T, (ii) large n / fixed T, and (iii) large n / large T. Based on the results, we
argue that the F' distribution may not be always appropriate to use but the bootstrap

F-test can be a good alternative.

3.1 The asymptotics of the F'-statistic

To simplify the arguments, we assume that the factors are known and stationary.
Also, the number of factors is assumed to be one (r = 1) unless indicated otherwise.
In order to construct the F' statistic to test the null Hy : \; = 0 for all 7, we compute

< N\2
RRSS =" ST w2 and URSS =7 1, <yit - >\¢Ft> . Then, we have

B nl —n RRSS — URSS

F
A n URSS

For the case of fixed n / large T, one can rewrite the above formula as follows:

Fy =

Q'|g<m|g |g<to

where a = n and b = nT — n. Accordingly, the approximation by a chi-squared
distribution is given by,

d
aFy = X2

because a is fixed and b — oo.
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We next turn to the case of large n / fixed T'. In the statistics literature, Boos and
Brownie (1995) and Akritas and Arnold (2000) consider the asymptotic distribution of
the ANOVA F-statistic for this case where n and T" denote the number of treatments
and replications per treatment, respectively. Under their settings, it is shown that

\/E(F—1)i>N(0,T2—_T1>

as n — oo with fixed 7. That is, the F statistic is asymptotically normal with
expected value 1. They also show that the asymptotics above hold in a two-way
fixed effects model as well. Extending these results to the interaction effects model,
Bathke (2004) shows that the limiting normal distribution can be still achievable with
the F-statistic centered at 1. Interestingly, in the econometrics literature, Orme and
Yamagata (2006) consider a panel data model with one-way fixed effects and derive
the same limiting distribution as that of Boos and Brownie (1995) and Akritas and

Arnold (2000).

3.1.1 The asymptotics of the F-statistic in a high-dimensional framework

As mentioned earlier, the F-statistic with large n and T have not been explored in
the literature. In this section, we sketch the asymptotic properties of the F-statistic
under this setting.

Consider the common factor model:
Vit = NiFy +uyg fori=1,...,nandt=1,...,T

where \; and F; are scalars. Our analysis is based on the following assumptions:

Assumption 1 u; i (0,0%) for all i and t with finite fourth order cumulants.
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Assumption 2 The factor and factor loadings are assumed to be independent of

with E(uy | Fy) = E(uy | \;) = 0 such that:
10 <limy oo =30, F? = ¢ < 0.
2. 0 < lim, oo 1377 | A7 = ¢, < 00.

These assumptions are similar to those in Bai (2003).% In what follows, we dis-
tinguish between cases where the factor F; is observable or not. If F} is observable,
then one can easily obtain Xl using least squares. If F} is not known, one relies on
the method of PCA to compute /):Zﬁ’t In the lemma below, we consider the limiting

distribution of Xl or ;\\zﬁt Note that the result for /)\\Zﬁt is taken from Bai (2003).

Lemma 1 1. If F} is observable, then for each i as T — oo

VT (% = )

d
N < N(0,1).

2. If F is unobservable, then as (n,T) — oo

bur (MiFi = i)

< N(0,1)

n

52T 52T 1/2
(L it T %M/zt)

2 2
where 0,7 = min {\/ﬁ, ﬁ}, Vi, = ;—102, and Wy, = 5—202.

Lemma 1 shows that we can asymptotically achieve the standard normal distribu-
tion whether or not F} is observable. Note that: (i) We have the limiting distribution
of X, with known F;. On the other hand, the limiting distribution of /):,ﬁt is derived for
an unknown Fy. (ii) The convergence rate when Fj is unobservable is min {\/ﬁ, VT }

with no restriction on the relationship between n and T, see Bai (2003). Given the

SFor simplicity, we assume the i.i.d. error terms, while Bai (2003) allows for time series and
cross-section dependence in the error terms.
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above results, we derive the asymptotic normality of the F-statistic when the factor

is known and unknown, respectively.

Theorem 1 Assume (n,T) = 0o and F, is observable. Then

v (Fy—1) % N(0,2).

seq

Theorem 1 shows that the asymptotic distribution of the F-statistic with (n,T") —
oo will converge to the normal distribution if F; is known. Note that this result is
quite similar to the one reported in previous studies, e.g., the ANOVA literature and
Orme and Yamagata (2006) which do not assume the high-dimensional framework,
in the sense that the F-statistic gets centered at 1 with the asymptotic normality.

If F} is not observable, however, one needs to estimate common components \; F}
using the method of PCA. Next we investigate the limiting distributions of the F-

statistic under two specific cases, i.e., % — 0 and % — 0, following Bai (2003).
Theorem 2 Assume (n,T) — oo and F; is not observable.

1. If% — 0, then

VnT (Fy —1) % N(—(Ft2 _ ¢F>, i)

Op ot

-1
where ¢ = Var (a3, — u2,) < 0o and a; = F, (% ST FE) ix ST Fage.
2. If 2 — 0, then the asymptotic distribution of F is not feasible.

From Theorem 2, one finds that there will be a shift term in the limiting distribu-
tion of the F-statistic. The F-statistic will not be asymptotically centered around 1

any more. Instead, the F'-statistic will converge to the sequence, 1+ Iri_—fl” if % — 0.

n

For the other case, i.e., 7 — 0, we cannot obtain the asymptotic properties because

our current assumption, ¢, > 0, is violated under the null Hy : \; = 0 for all 4.7

"Note that the asymptotic normality with d§,,7 = min {\/ﬁ, \/T} is also not feasible, under the
null, because ¢, cannot be defined.
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To conclude this section, we find that using the asymptotic F' distribution in a
high-dimensional framework may fail especially when the factors are unknown. In the
following sections, we discuss the bootstrap procedure as an alternative that avoids

all these complexities.

3.2 Bootstrap data generating process

Before we go into the validity of bootstrap F-tests, we briefly discuss a bootstrap
data generating process (DGP). Resampling in a regression can be implemented in
various ways. One can consider first the pairs bootstrap, one of the most general and
widely used bootstrap DGP, which is proposed in Freedman (1981). The idea of
this method is simply resampling the dependent and independent variables in pairs.
However, this method does not condition on the independent variable, X, in a DGP
(Instead, each bootstrap sample has a different X*). As a result, this DGP can be
misleading in inference when test statistics depend on X according to MacKinnon
(2007). Therefore one may conclude that the pairs bootstrap is not satisfactory for
bootstrap inference.

Secondly, the residual bootstrap can be considered. Let
yo = w3 +u,  u~ I1D(0,07),

The first step of the residual bootstrap is estimating B and the residuals u; under the

null. After rescaling the residuals, the residual bootstrap DGP can be written as
Y, =1+

where u; is obtained from the empirical distribution of rescaled u;. Note that the
validity of this method depends crucially on the assumption u; ~ ITD(0,0?), i.e.,

independent and identically distributed error term. Hence, under heteroskedasticity
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this bootstrap DGP is not recommended.

Finally, with independent but possibly heteroskedastic errors, one can rely on
the wild bootstrap. First of all, this method is quite simple to implement from its
construction. In addition to this, as shown in simulations of Davidson and Flachaire
(2008), wild bootstrap tests perform well in practice under heteroskedasticity. In fact,
a specific version (using Rademacher distribution) of the wild bootstrap is shown to
outperform another version of the wild bootstrap as well as the pairs bootstraps even
when the disturbances are homoskedastic.

We adopt the wild bootstrap using Rademacher distribution in our simulations

because it is robust to heteroskedasticity. Let
Yit = T4 + uy where uy ~ II1D(0,0°),
then the corresponding bootstrap DGP is constructed as follows:
iy = Tl + ey (11)

where 7}, is newly generated data, u; is the restricted residual, and B is an estimate

under the null.® &%, follows the Rademacher distribution:

1 with probability 0.5
€ = (12)
—1 with probability 0.5

which is introduced by Liu (1988) and developed by Davidson and Flachaire (2008).°

8Note that the model is estimated under the null to obtain restricted estimates B MacKinnon
(2006) points out that using the unrestricted residuals is not appropriate because otherwise the
bootstrap DGP will not satisfy the null hypothesis.

9 Alternatively, one may want to use the following bootstrap DGP suggested by Mammen (1993b)
especially when the distribution of the error terms is sufficiently asymmetric.

(V5+1)
25

* —
Eit =

{ @ with probability p =

@ with probability 1 — p
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Note that one has E (¢,) = 0 and E (¢}?) = 1 with this setting.'”

Next we describe in some details how to implement the wild bootstrap test for
the common factor model.

Step 1: One estimates the common factor model. If F; are known, we simply
obtain the OLS residuals. If F; are not observed, we use the method of PCA. Note
that the unrestricted residuals as well as the restricted residuals should be computed
in order to calculate the F-statistic. Let this empirical statistic be F).

Step 2: After we obtain the residuals from step 1, we re-generate the data using
the restricted residuals and an external random variable €};. For example, one can

generate artificial data for the common factor model by,

* *
Yir = Wity

where ¢+ = 1,...,n; t = 1,...,T. Note that we simply use u; as the restricted
residuals which are the same as y;; under the null Hy : \; = 0 for all i.!* Now
one can compute the bootstrap counterpart of our test statistic, i.e., the bootstrap F
statistic. Let us denote this statistic as F}.

Step 3: One repeats Step 2, say B times. Then we obtain the distribution of F%
and calculate the percentile of FY which are greater than or equal to F). Finally
setting this proportion at a*, one can test the null by rejecting o* < «, at the 5%

significance level.

However, in their simulations Davidson and Flachaire (2008) show that the version we adopt here
performs at least as good as this version even when the disturbances are asymmetric.

19The further condition E (e}}) =1 is often added for the bootstrap error in the literature.

HTf we have regressors as well as factors in our equation, then y}, = x;tg + Wiel, where Wy =
Yit — Ji;tg are the restricted residuals under the null Hy : \; = 0 for all i.
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3.3 The validity of the bootstrap F'-test

Mammen (1993b) seems to be the first to show that under some regularity condi-
tions the asymptotic distribution of the F statistic is equivalent to that of the wild
bootstrap counterpart in a high-dimensional framework. Using simulation results,
Flachaire (2005) shows that the wild bootstrap F-test performs well compared to
other bootstrap methods such as the pairs bootstrap. We sketch the validity of the
bootstrap F-test for cross-sectional dependence relying on the results of Mammen
(1993b).

Consider first a simple regression model
yt:x;ﬁjtet fort=1,...,n

where 3 is a k-dimensional parameter and ¢, is the error. Mammen (1993b) studies
the case in which k£ may also increase as n increases. For the testing problem § € Hy

versus 3 € Hy, the F-statistic can be constructed by,

S (- anB) = S (- ane) | - )

F= N2
Si (=2 B) /(0 —k)

(13)

where each squared sum indicates the square of the projection of y onto Hy and H;.
Under the hypothesis H;, Bz is the least squares estimator, k; is the dimension of the
parameters, and z;, is a set of k; regressors. It is important to note that the degrees
of freedom of both the numerator and denominator cannot be assumed to be fixed
and that simply applying the F' distribution in testing may fail. Mammen (1993b)
shows that the asymptotic distribution of the bootstrap F-statistic is consistent for

that of the F-statistic.'?

(i (=21, B0) - (v —0,85) ] a ko)

7 5%\ 2 Where
Z?:l(y:*xl,tﬁl) /(n—k1)

12To compute the bootstrap F statistic, F* =
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One may observe that Mammen’s results can be readily extended to our case if
the factors are observable. For the common factor model with a single factor,'® the

F-statistic is defined as:

{271 Zthl Y — D i 23:1 <yit — Xth> 2} /n
= — 5 (14)
Z?:l 23:1 <yit - AiFt) / (nT —n)

where the F; is known. The bootstrap F-statistic can be constructed by,

[21;1 ZtT=1 il — > Zthl (?/z*t - Xth>2] /n
> i Zthl <yz*t - X:Ft>2 / (nT" —n)

Fy =

where X: denotes the bootstrap estimate which is the least squares estimator for XZ
from y}, = \F, + ugel. In fact, equation (14) is a set up similar to (13): (i) Degrees
of freedom of both the numerator and denominator are not bounded. For example,
n, the number of factor loadings, corresponds to k; in equation (13) with ky = 0.
Also nT, the number of total observations, is the counterpart of n in equation (13)
as well. (ii) Both (13) and (14) are obtained from least squares estimation. (iii) Note
that one of the key conditions in Mammen (1993b) to identify the parameters under
a high-dimensional framework, i.e., %1 — 0, is automatically satisfied in our panel

data model, because 2 = L — 0.1
’ W T

Proposition 3 Assume (n,T) = 0o. If Assumptions 1-2 hold and F, is observable,

BI and 3; denote the least squares estimators from newly generated bootstrap data under the null
and alternative, respectively.

I3The dimension k of /3 is not a concern in this paper and is assumed to be fixed. Therefore, we
only consider the common factor model dropping the regressors without loss of generality.

4 Our model is similar to that of Mammen in that we have an infinite number of parameters
to estimate as the sample size tends to infinity. However, our model is also different from that of
Mammen, because the number of F} is assumed to be fixed. Hence, A; for all i can be estimated

with large 7. Therefore, we do not need the corresponding condition (£ — 0) in Mammen (1993b).
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then

K (L(Fy), L*(F)) =0
where L (Fy) = P (y/n(F\x—1) <z) and L* (F}) = P*(y/n(Fy — 1) < z).

Proposition 3 provides the consistency of the bootstrap distribution of the F-
statistic. Hence, one can infer that the bootstrap method can be justified in testing
cross-sectional dependence when the factors are known. We also notice that one does
not necessarily have to theoretically derive the limiting distribution of the F-statistic
now that the distribution of the bootstrap statistic can mimic it asymptotically. In
fact, the asymptotic distribution of the F-statistic can remain unknown, while one

can still properly test the null using the bootstrap F-statistic.

3.3.1 Bootstrapping PCA

When the factors are not observed, another important issue needs to be taken into con-
sideration. With unknown factors one computes URSS = ) ! , Zle (yz't — Xzﬁt>2
by the method of PCA instead of using least squares. Namely, we need to bootstrap
the PCA estimators. Diaconis and Efron (1983) introduce an application of bootstrap
to principal component analysis and illustrate how to bootstrap the eigenvalue and
eigenvector components. However, this is done without theoretical justification.
Recently, Gongalves and Perron (2010) establish the asymptotic validity of the
bootstrap for factor-augmented regressions under a high-dimensional framework. They
provide an appropriate set of assumptions under which the wild bootstrap procedure
can be used to estimate the bootstrap factors by principal components.'> Note also
that Mammen (1993a) shows that the wild bootstrap in a high-dimensional model is

valid as long as the asymptotic normality holds. To carry this point, we recall that the

'5Note that Gongalves and Perron (2010) focus on the factors which cannot be identified separately
with the factor loadings. However, identification problem is not the concern of this paper. In fact,
in order to construct the F-statistic, we only need to estimate the common components (\;F;, not
F}) which are identifiable.
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asymptotic normality of the estimated common components for \;F; as (n,T) — oo

can be achieved, as shown in Lemma 1.

Proposition 4 Assume (n,T) — oo and L — 0. If Assumptions 1-2 hold and F; is
unobservable, then

K (HnTa HBoot) A 0

where Hy,p = P (1 < z) is the c.d.f. with a functional T = /T (Xzﬁt — /\iFt> , Hpoot =
P* (1% < x) is the empirical c.d.f. with 7 = /T (X:ﬁt* - XJ%)

Proposition 4 indicates the consistency of bootstrapping PCA. Hence, this implies
that the bootstrap F-statistic can be used for the unobservable F; case. Note that
the condition % — 0 is required to achieve the asymptotic normality of the estimated
common components under a high-dimensional framework. Based on this, we also

check the consistency of the distribution of the bootstrap F-test using PCA.

Proposition 5 Under the assumptions of Proposition 4,
K (L(Fy), £ (F5) 20

where L (Fy) = P (y/n(F\—1) <z) and L* (F}) = P*(y/n(F5 — 1) < z).

According to Proposition 5, the distribution of the bootstrap F-statistic will uni-
formly converge to the distribution of the empirical F-statistic. Hence, combining
this result with that of Proposition 3, one can conclude that the bootstrap F-statistic
can be used in testing cross-sectional dependence whether the factors are known or
not. The following section presents the various simulation results in support of this

conclusion.
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4 Monte Carlo Results

4.1 Experiment design

We consider the following equation:

Vit = TS+ NiFy +uy fori=1,... . nandt=1,...,T

where =2 and \; = 0 for all i. z;; and F} follow either 7(0) or I(1) processes. For
simplicity, we assume that both \; and [ are scalars. wu; is generated by IIDN(0,1)
for our benchmark case. In the common factor model, the regressor, x;, is simply
dropped. We study the finite sample properties of the F-statistic for Hy : A\; = 0 for
all 7; based on various estimators discussed in Section 2. We denote the empirical F'
statistic and the bootstrap F' statistic as EF and BF, respectively. The sample sizes
n and T are varied over the range {10,50, 100} for the model without the regressor,
and {10,20,50} for the model with the regressor.

For each experiment, we perform 1,000 replications and 200 bootstrap iterations.
GAUSS 7.0.6 is used to perform the simulations. Random numbers for u;, F;, and x;
are generated by the GAUSS procedure RNDNS. We generate n(7 + 1000) random
numbers and then split them into n series so that each series has the same mean and

variance. The first 1,000 observations are discarded for each series.

4.2 Case 1: Without the regressor

This section runs Monte Carlo experiments for the common factor model:

Vit = NiFy+uy fori=1,..., nandt=1,...,T.

Note that in this case we generate the bootstrap data from y}, = wu;el, where uy

is simply y;; itself (or w;) under the null. We discuss the case of stationary and
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non-stationary factors subsequently.

4.2.1 Stationary factors

Let us first consider the benchmark case under which both F; and wu; are generated
from ITDN(0,1).'® Table 1 shows the empirical size of EF and BF when F; = I(0)
with true size 5%. Given this setting, we find the following: (i) If F; is known, both
EF and BF are quite close to their true size. (ii) In contrast, when F} is unknown, EF
gets extremely shifted to the right so that its size becomes almost 100%, which implies
rejection for almost all cases. BF, however, mimics the empirical F' distribution quite
well so that its size stays very close to 5%. For example, with (n,7") = (50, 100) the
size of EF is 99.9% while that of BF is 4.9% when the factors are not observed.

Next, in order to examine the power of the F'-test under some alternative hypothe-
ses, we divide our cases into strong and weak cross section dependence. Weak depen-
dence is set at A\; ~ I17DU (0.01,0.2) while strong dependence at A\; ~ [1DU (0.2,0.5).
All the results are reported in Table 2. Overall, the power of the F' test seems sat-
isfactory: (i) The power increases as J\; increases as expected. (ii) Also, the power
increases as n or T increases. (ili) With weak dependence, both EF and BF have
no power or very low power if any, when F; is unknown. In fact, even in the largest
sample size of our experiments, (n,7") = (100, 100), the power of EF and BF is no
more than 46%.

We also check robustness of our benchmark results to heteroskedasticity and serial
correlation in the error terms. We first introduce heteroskedasticity into the error as
follows:

Ui = OVjt

where v;; is generated from N(0,1) and o; is set as either standard normal or simply

16We also run experiments with AR(1) factors and linear trended factors. All the results are
similar to those when the factors follow IIDN(0,1).
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10. That is,

~N(0,1) fori=1,..., %
o; .

=10fori=L+1,...,n

Notice that we do not correct for heteroskedasticity to compute the residuals.!” All
the results are reported in Table 3. We find that BF stays robust despite huge
heteroskedasticity. More specifically, the following can be observed: (i) With het-
eroskedasticity, EF gets over-sized although F; is known. In fact, the empirical size
of EF varies from 13 to 20%. This is different from our benchmark case where the
size of EF stays close to 5% when F; is known. (ii) When F; is unknown, as ex-
pected, EF shows extreme over-rejection like in the benchmark case. However, BF
behaves well whether or not the factors are observable. In fact, the empirical size
of BF consistently stays robust varying from 4-6% for all experiments. Therefore,
we conclude that bootstrap F-test in the common factor model can be used under
heteroskedasticity.

For serial correlation, the error terms are set as follows:
Uit = PUjt—1 + Vit

where p = 0.4 and v;; ~ N(0,1). Again we do not correct for serial correlation. In
Table 4, one can observe that: (i) Overall, it appears that both EF and BF are not
appropriate to use because of considerable over-rejections. In fact, they get more
over-sized as n increases.'® (ii) More specifically, we have the empirical size of EF
and BF varying between 5 to 16% even when the factors are known. (iii) This is an

expected result in the sense that the wild bootstrap method used in this paper is not

17Since our concern in this paper is consistency, we do not go into details into the efficiency
problem. Note that Choi (2008) proposes efficient estimation of factor models (when the factors
are unknown), the so-called generalized principal component estimators (GPCEs). In fact, he uses
maximum likelihood estimation of the factors and factor loadings under the assumption of normal
error terms.

18We run also p = {0.2,0.8,0.99} and find that EF and BF get more over-sized as p increases.
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designed for the serially correlated case. Note that Gongalves and Perron (2010) also
obtain some noticeable size distortions for the serially correlated error terms. Hence,
one needs to explore alternative bootstrap methods (such as the block bootstrap)

rather than the wild bootstrap for this case.

4.2.2 Non-stationary factors

This section considers non-stationary factors, i.e., £y = F;_;+mn, where 7, is generated
by IIDN(0,1). From Table 5, one can observe the following: (i) Basically, the results
are similar to the case of stationary factors. With observable F; both EF and BF
are quite close to their true size. However, with unobservable F;, EF gets extremely
over-sized while the size of BF stays close to 5% varying from 4 to 6%. (ii) In addition
to this, note that one obtains exactly the same size of EF and BF whether F; = 1(0)
or Fy = I(1) if F; is unknown. This is because the restricted bootstrap residuals are
used to compute the F-statistic. That is, estimates of the factor and factor loadings
are calculated based on y; which is the same under the null whether F; is I(0) or
I(1).

To compute the size-adjusted power, we again divide our cases into strong and
weak cross section dependence as in the previous section. All the results are reported
in Table 6 and we find the following: (i) The power increases as ); increases, as in
the F; = I(0) case. (ii) The overall power is higher with the non-stationary factors as
compared with the stationary factors for each sample size. This may be due to the
fact that the explanatory power of the estimated model increases because the signal
with an (1) process is stronger than the one with an I(0) process.'

We also check robustness to heteroskedasticity and serial correlation. Table 7
reports the results for heteroskedasticity. We again find that BF stays robust despite

huge heteroskedasticity, while EF shows over-sized results even when the factors are

9Note that with the non-stationary regressor it is easier to identify coefficient estimates because
of the stronger signal.

178



observable. In fact, the size of BF varies from 4 to 6% while that of EF from 14
to 21%. Combining this with Table 3, one concludes that BF in the common factor
model can be used with heteroskedasticity regardless of whether or not the factors
are stationary and whether or not the factors are known.

Table 8 re-confirms that some alternative bootstrap methods should be inves-
tigated for the serially correlated case. Figures 1 to 6 overlap the F' distribution
(Theoretical F'), the empirical F' distribution, and the bootstrap F' distribution for
the benchmark case depending on observability and stationarity of F;. From the
graphical illustrations, it can be seen that we have the consistent results with the
previous literature, e.g., ANOVA literature and Orme and Yamagata (2006). In fact,
when we vary n from 5 to 100, the distribution of EF converges to the normal shaped

curve centered at 1 if F; is known.

4.3 Case 2: With the regressor
4.3.1 Stationary regressor and factors

In this case, we add the regressor, x;;, as well as F}:

yz’t:l’itﬁ—i—)\iﬂ—i—uit forizl,...,nandtzl,...,T

where § =2 and \; = 0 for all i. Both x;; and F; follow I(0) processes and are gen-
erated from N(0,1). For the benchmark case, we first generate u; from IIDN(0,1).
The maximum number of iterations (when F} is unobserved, for the interactive fixed
effects estimator for [3) is set at 5. Table 9 reports the empirical size of EF and
BF. We basically observe similar results as in Case 1: (i) If F}; is known, the size
of EF and BF are quite close to the true size (5%). (ii) If F}; is unknown, EF gets
extremely over-sized while BF mimics the distribution of EF pretty well with huge

improvements in size. Again, Figures 7 to 10 overlap the F' distribution, EF, and BF
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for varying n = {5,50} and T' = {10,20,40,50}. One can easily check that we have
a similar pattern with that in Section 4.2.1.

Table 10 indicates the size-adjusted power under strong and weak dependence.
Again, the power seems good under strong dependence especially when F; is known.
Under weak dependence, however, both EF and BF have much less power. In fact,
if F; is unobserved, then the size-adjusted power of EF and BF ranges between 4
and 9%. Also note that the power increases as \; or the sample size increases. Het-
eroskedasticity and serial correlation are again introduced into the error terms (Table

11 and 12) and we have the similar findings as in Case 1.

4.3.2 Non-stationary regressor and factors

In this section, x;; and F; are assumed to be non-stationary. The data are generated

as follows: Fori=1,... ,nandt=1,...,T,

Yir = 2T+ NFy 4 g,

Tip = Tip—1 1 Ei,
and
F,=F_1+n
Ut 0 1 o1 o3
iid
where Eit ~ N 0 y 0921 1 0923
un 0 o031 O3 1

We follow most of the settings in Bai, et al. (2009) for the simulation. In par-
ticular, we set 032 at 0.4 while varying o9 and o3; over {0,0.2,0.8}. The long-run
covariance matrix is estimated using the KERNEL procedure in COINT 2.0. We
use the Bartlett window with the truncation set at 5. The maximum number of it-

erations to estimate  (when F; is unknown) is also set at 5. The empirical size for
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each case is reported Tables 13 to 15 depending on the combination of o9; and o3;.
We find the following: (i) Suppose first that F; is observable. In this case, if o9; is
low (091 = 0 or 091 = 0.2), each of EF and BF shows the correct size (Table 13 and
14). However, for 051 = 0.8, both EF and BF get over-sized in relatively small sample
sizes although this distortion seems to quickly get better as T increases (Table 15).
In fact, for (n,T") = (50,50) the size of EF and BF varies between 8 and 9%. This
can be explained by the fact that one needs to have enough samples to estimate the
long-run covariance matrix. One can also observe that oy, rather than o3, affects the
performance of EF and BF. This phenomenon stems from the fact that o3; does not
matter much under the null. (ii) If F} is unobserved, EF almost always rejects the
null like in the previous cases. BF shows the correct size for 091 = 0 or g9; = 0.2.
Interestingly, if 057 = 0.8, the performance of BF using CupFM is quite different from
that using CupBC although the size of both improves as T increases. In fact, CupFM
leads to the reasonable size varying between 3-8% while CupBC causes considerable
over-sizing.?’ Note that the distortion using CupBC gets worse with larger n and
smaller T'. This implies that correcting for endogeneity and serial correlation at every
iteration (CupFM), not only at the final stage (CupBC), is helpful in improving the
goodness of the long-run covariance matrix estimation. (iii) Overall, with low o9y,
similar conclusions with the previous sections continue to hold. Both EF and BF
(with LSFM) can be used if the factors are known, while only BF should be used if
the factors are unknown. However, with high o9, using CupFM instead of CupBC
seems to be more appropriate. (iv) Lastly, note that the results when o9 = 0 and
031 = 0 are graphically displayed in Figures 11 to 16.

Tables 16 to 24 present the size-adjusted power for each case. The results seem

20We compute the signal-to-noise ratio = ?)iii;’;‘: and observe that we have the lower signal-

to-noise ratio as og; increases (so more size distortion is expected). In fact, we vary oa; over
{0,0.2,0.4,0.6,0.8} although not reported here. The size of CupBC clearly gets worse as 091 increases
but seems to be relatively robust until oo; = 0.4. In contrast, increasing o3 (the stronger signal)
leads to slight improvement in size.
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satisfactory and one can basically draw the same conclusion as in the previous sec-
tions. We also check robustness to heteroskedasticity and serial correlation. The
empirical size under heteroskedasticity is reported in Tables 25 to 27. One observes
the following: (i) When F; is observed, EF becomes over-sized and this gets worse
with higher o9;. However, even with high 05, BF is much less over-sized than EF. In
fact, with o9; = 0.8 the size of BF gets quickly closer to true size 5% as T increases
(Table 27). (ii) When F; is not observed, EF gets extremely over-sized again. The
size of BF using CupFM, however, stays relatively robust varying from 3 to 9% and
clearly improves as the sample size increases. Hence, the size of BF using CupFM
under heteroskedasticity seems to perform well whether the regressor is included or
not and whether x;; and F; follow I(0) or I(1). In contrast, BF is consistently over-
sized for all the experiments and gets worse as the sample size increases when serial

correlation is present, see Tables 28 to 30.

5 Conclusion

High-dimensional data analysis for large n / large T' has become an integral part of
the macro panel data literature. This paper suggests using the bootstrap F-test to
test for cross-sectional independence. This circumvents the difficulty of deriving the
asymptotic distribution of this statistic with large n / large T'. The simulation results
show that the bootstrap F-test performs well in testing cross-sectional independence
and is recommended in practice. This F-test has the added advantage of being feasible
even when we do not observe the factors. Extensive simulations show that the wild

bootstrap F-test is robust to heteroskedasticity but sensitive to serial correlation.
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Figure 1: Case 1, The Histogram of Bootstrap F When F; Is 1(0) and Known (n = 5)
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Figure 2: Case 1, The Histogram of Bootstrap F When F; Is I1(0) and Known (n =

100)
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Figure 3: Case 1, The Histogram of Bootstrap F When F; Is (1) and Known (n = 5)
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Figure 4: Case 1, The Histogram of Bootstrap F When F; Is I(1) and Known (n =

100)
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Figure 5: Case 1, The Histogram of Bootstrap F When F; Is Unknown (n = 5)
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Figure 6: Case 1, The Histogram of Bootstrap F When F; Is Unknown (n = 100)
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Figure 7: Case 2, The Histogram of Bootstrap F When F} Is I (0) and Known (n = 5)
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Figure 8: Case 2, The Histogram of Bootstrap F When F; Is I (0) and Known (n = 50)
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Figure 9: Case 2, The Histogram of Bootstrap F When F; Is I (0) and Unknown

(n=9)

Figure 10: Case 2, The Histogram of Bootstrap F When F; Is I (0) and Unknown

(n = 50)
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Figure 11: Case 2, The Histogram of Bootstrap F When F} Is I (1) and Known (n = 5)
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Figure 13: Case 2, The Histogram of Bootstrap F When F; Is I (1) and Unknown
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Figure 14: Case 2, The Histogram of Bootstrap F When F; Is I (1) and Unknown

04

=5, T=10

Enmpirical F
[ BoostrapF

5 10 15 20 25

(CupBC, n = 50)

05

05

=50, T=10

Empirical F
[IBoostapF

05 1 15 2 25 3 35
Histogramof Bootstrap F

1e50, T=40

191

08

07

06

04 1

03!

02

01

08

H Hﬂw I

10

=5, =50

07 H.

06

05 1

04

03

02

01

35

251

15

05 -

25

05 -

=50, =20
I\
i\
i\
i \
i
i
i '\
\'/ .\\- n
0 05 1 15 2
=50, =50
2
"
i
I
i
i
i
i
i \
i \
i \
/ .
0 1 2 3




Figure 15: Case 2, The Histogram of Bootstrap F When F}; Is I (1) and Unknown

(CupFM,

n="5)
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Figure 16: Case 2, The Histogram of Bootstrap F When F; Is I (1) and Unknown
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Table 1: Case 1, The Size (%) of F-test When F; Is 1(0) (Ho: A\; =0 for all i)

D.F.(num, den) 10,90 10,490 10,990 50,450 50,2450 50,4950 100,900 100,4900 100,9900

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F; EF 4.1 47 5.3 6.3 5.1 43 3.6 5.0 5.6
BF 5.1 5.8 5.2 6.2 5.6 46 5.1 5.3 5.6
Unknown F, EF 999  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
BF 45 48 45 6.2 5.8 4.9 5.4 5.9 5.6

Note: True size is 5%

Table 2: Case 1, The Size-adjusted Power (%) of F-test When Fy Is I (0) (H,: \; # 0 for all i)

Strong dependence: \; ~ [1DU (0.2,0.5)
(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F} EF 595 99.8 100.0 92.6 100.0 100.0 98.6 100.00 100.00
BEF  64.1 99.9 100.0 95.6 100.0 100.0 98.6 100.00 100.00
Unknown F; EF 155 73.8 95.8 62.7 100.0 100.0 86.4 100.00 100.00

BF 20.4 73.8 95.7 66.9 100.0 100.0 86.1 100.00 100.00
Weak dependence: \; ~ IIDU (0.01,0.2)
Known F} EF 8.7 39.4 72.3 14.4 85.4 99.4 28.2 97.7 100.0
BF 10.1 40.9 72.5 20.9 86.8 99.3 274 98.3 100.0
Unknown F; EF 5.1 6.0 6.7 6.0 9.0 17.0 6.7 16.7 45.3
BF 5.4 3.5 6.2 6.7 9.6 17.2 7.3 19.1 46.1
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Table 3: Case 1, The Size (%) of F-test under Heteroskedasticity When Fy Is 1(0) (Hqy: X\; =0 for all 1)

D.F.(num, den) 10,90 10,490 10,990 50,450 50,2450 50,4950 100,900 100,4900 100,9900

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F; EF 158  16.8 13.9 19.7 19.6 19.6 19.0 18.1 20.9
BF 45 6.2 5.7 48 43 5.3 47 4.8 5.0
Unknown F, EF 999  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
BF 5.2 5.2 4.3 5.8 5.9 5.0 5.6 5.0 5.1

Table 4: Case 1, The Size (%) of F-test under Serial Correlation When F; Is I (0) (Hy: A\; =0 for all i)

D.F.(num, den) 10,90 10,490 10,990 50,450 50,2450 50,4950 100,900 100,4900 100,9900

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F, EF 6.1 5.8 6.3 14.1 9.0 6.8 16.3 10.5 8.2
BF 74 5.7 6.5 15.1 9.4 7.2 16.7 10.4 8.8
Unknown 7, EF  99.9  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
BF 314 296 28.7 99.4 98.3 98.6 100.0 100.0 100.0
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Table 5: Case 1, The Size (%) of F-test When Fy Is I (1) (Hy: A\; =0 for all i)

D.F.(num,den) 10,90
(n,T) (10, 10)
Known F; EF 4.5
BF 6.3
Unknown F; EF 99.9
BF 4.5

10, 490
(10, 50)
43
5.7
99.9
48

10, 990
(10, 100)
5.3
5.9
99.9
45

50,450 50,2450 50,4950

(50, 10)
6.5
6.0
99.9
6.2

(50, 50)
5.1
5.4
99.9
5.8

(50, 100)
47
5.6
99.9
4.9

100, 900
(100, 10)
4.0
45
99.9
5.4

100, 4900
(100, 50)
4.8
5.2
99.9
5.9

100, 9900
(100, 100)
4.9
5.3
99.9
5.6

Note: True size is 5%

Table 6: Case 1, The Size-adjusted Power (%) of F-test When Fy Is I (1) (Hy: X\; # 0 for all i)

Strong dependence: \; ~ [IDU (0.2,0.5)

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)

Known F} EF  88.6 100.0 100.0 97.5 100.0 100.0 99.0 100.0 100.0
BEF  89.3 100.0 100.0 98.6 100.0 100.0 99.1 100.0 100.0

Unknown F; EF  64.0 100.0 100.0 89.1 100.0 100.0 96.1 100.0 100.0
BF  66.0 100.0 100.0 90.5 100.0 100.0 95.9 100.0 100.0

Weak dependence: \; ~ IIDU (0.01,0.2)

Known F} EF 339 97.9 100.0 95.7 100.0 100.0 69.0 100.0 100.0
BEF 352 97.7 100.0 60.6 100.0 100.0 70.4 100.0 100.0

Unknown F; EF 12.8 75.8 94.9 29.0 96.5 100.0 42.2 98.9 100.0
BF  15.0 75.0 95.1 33.1 96.5 100.0 43.8 99.1 100.0
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Table 7: Case 1, The Size (%) of F-test under Heteroskedasticity When Fy Is 1 (1) (Hqy: X\ =0 for all 1)

D.F.(num, den) 10,90 10,490 10,990 50,450 50,2450 50,4950 100,900 100,4900 100,9900

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F; EF 169  16.7 14.9 17.6 17.4 18.8 20.2 21.2 20.0
BF 53 5.6 5.5 4.0 46 5.6 5.4 5.3 6.1
Unknown F, EF 999  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
BF 5.2 5.2 4.3 5.8 5.9 5.0 5.6 5.0 5.1

Table 8: Case 1, The Size (%) of F-test under Serial Correlation When F; Is I (1) (Hy: A; =0 for all i)

D.F.(num, den) 10,90 10,490 10,990 50,450 50,2450 50,4950 100,900 100,4900 100,9900

(n,T) (10,10) (10,50) (10,100) (50,10) (50,50) (50,100) (100,10) (100,50) (100,100)
Known F, EF 482  59.1 63.1 84.8 98.9 98.8 91.6 99.9 99.9
BF 496  60.5 64.4 87.8 98.9 98.8 92.6 99.9 100.0

Unknown 7, EF  99.9  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
BF 314 296 28.7 97.4 98.3 98.6 100.0 100.0 100.0
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Table 9: Case 2, The Size (%) of F-test When F, Is 1(0) (Ho: A\; =0 for all 7)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
Known F, EF 4.2 5.8 4.4 4.2 6.2 5.6 6.4 5.5 5.4
BF 38 6.0 5.8 5.6 6.5 5.8 6.0 5.8 5.4

Unknown F; EF  99.9 999 999 999 999 999 999 999 99.9
BF 5.1 5.4 48 5.1 5.5 4.1 5.9 5.3 5.6

Note: True size is 5%

Table 10: Case 2, The Size-adjusted Power (%) of F-test When Fy Is 1 (0) (Hy : A\; # 0 for all i)

Strong dependence: A\, ~ I1DU (0.2,0.5)
(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
Known F} EF 594 88.9 99.9 77.6 97.4 100.0 92.0 100.0 100.0
BF 634 90.3 99.9 81.7 98.0 100.0 95.7 100.0 100.0
Unknown F; EF 15.8 29.1 73.2 31.0 60.0 97.1 62.5 93.3 100.0
BF 204 34.1 73.8 33.6 63.5 97.0 67.1 93.8 100.0

Weak dependence: \; ~ [IDU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
Known F;, EF 8.2 159 394 126 207 543 144 336  85.1
BF 95 166 402 154 246 590 211 399  86.9

Unknown F, EF 4.9 5.1 6.2 5.3 5.5 6.9 6.1 6.0 9.1
BF 54 5.5 5.7 5.5 6.0 6.0 6.7 6.2 9.7
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Table 11: Case 2, The Size (%) of F-test under Heteroskedasticity When F; Is I (0) (Hp: A\; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
Known , EF 156 171 167 174 177 189 197  18.3 19.7
BF 4.6 5.6 6.2 4.9 5.5 6.5 4.7 5.6 45

Unknown F; EF  99.9 999 999 999 999 999 999 999 99.9
BF 6.2 6.8 5.8 5.1 6.7 5.9 6.0 48 5.9

Table 12: Case 2, The Size (%) of F-test under Serial Correlation When F; Is I (0) (Hy: X\; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
Known F, EF 6.2 6.7 5.7 10.2 7.9 5.4 14.1 10.5 9.0
BF 7.1 6.5 6.1 11.4 8.6 5.2 15.1 11.5 9.4
Unknown F, EF 999 999 999 999 999 999 999  99.9 99.9
BF 311 298 297 579  6L1 618 972  98.1 98.3
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Table 13: Case 2, The Size (%) of F-test When F; Is I (1) Where o1 =0 (Hy: \; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449
(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)

031 =0

Known F; EF 4.7 5.6 5.2 4.6 4.5 6.7 5.7 5.7 5.0
(LSFM) BF 6.2 6.1 4.3 4.5 5.2 6.8 5.6 5.9 5.4
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 4.6 5.3 4.8 5.3 5.5 4.3 6.0 5.5 5.7
Unknown F; EF 99.7 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.6 5.3 4.9 5.2 5.5 4.3 6.1 5.5 5.7
031 = 0.2

Known F} EF 5.0 5.5 5.0 4.0 4.5 6.7 5.9 6.2 4.9
(LSFM) BF 5.2 6.6 4.8 4.7 5.7 6.9 5.8 6.9 5.0
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 4.6 5.3 4.8 5.3 5.5 4.3 6.0 5.5 5.7
Unknown F; EF  99.7 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.6 5.3 4.9 5.2 5.5 4.3 6.1 5.5 5.7
031 = 0.8

Known Fj EF 5.6 4.3 5.5 4.5 5.6 5.3 4.8 5.2 4.0
(LSFM) BF 6.3 5.7 6.5 4.9 6.0 5.5 5.0 6.4 4.9
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 4.6 5.3 4.7 5.3 5.5 4.3 6.0 5.5 5.7
Unknown F; EF 99.7 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.5 5.3 4.9 5.2 5.6 4.3 6.0 5.5 5.7

Note: True size is 5%
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Table 14: Case 2, The Size (%) of F-test When F; Is I (1) Where 91 = 0.2 (Hy: \; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449
(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)

031 =0

Known F; EF 5.4 6.2 5.4 5.0 4.0 6.1 5.7 6.1 5.4
(LSFM) BF 6.1 6.5 5.5 5.4 4.9 6.4 6.1 6.2 6.0
Unknown F;, EF  99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 4.6 5.2 5.1 6.5 6.3 5.0 6.5 5.3 6.4
Unknown F; EF 99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.6 5.1 5.1 6.0 5.9 4.6 5.5 4.8 5.7
031 = 0.2

Known F} EF 5.8 6.3 5.0 4.4 4.0 6.2 5.4 6.3 5.2
(LSFM) BF 6.3 7.2 5.3 5.0 5.2 6.6 6.1 6.4 5.4
Unknown F; EF  99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 4.6 5.2 5.2 6.5 6.3 5.0 6.5 5.3 6.4
Unknown F;, EF  99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.6 5.1 5.0 6.1 5.9 4.6 5.4 4.8 5.7
031 = 0.8

Known Fj EF 5.1 4.4 5.6 4.5 5.7 4.8 4.5 5.1 4.6
(LSFM) BF 6.5 5.2 6.0 5.3 5.4 5.7 4.7 5.9 5.1
Unknown F; EF  99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 4.6 5.1 5.2 6.6 6.3 5.0 6.5 5.3 6.4
Unknown F; EF 99.7 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 4.6 5.1 5.0 6.2 5.9 4.6 5.4 4.8 5.7

Note: True size is 5%
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Table 15: Case 2, The Size (%) of F-test When F; Is I (1) Where 91 = 0.8 (Hy: \; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449
(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)

031 =0

Known F; EF 227 20.6 11.7 19.8 15.1 10.3 22.6 18.4 8.4
(LSFM) BF 11.3 11.2 7.3 12.0 11.5 8.7 19.0 16.0 8.8
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.8 99.9 99.9
(CupBCQ) BF 304 22.9 14.5 57.0 49.8 22.6 85.8 82.9 47.7
Unknown F; EF 98.5 99.9 99.9 96.4 99.9 99.9 89.2 99.9 99.9
(CupFM) BF 8.4 5.7 5.1 5.9 5.4 4.5 4.9 3.5 5.3
031 = 0.2

Known F} EF 21.9 19.7 12.5 20.9 15.9 9.2 22.8 19.6 8.7
(LSFM) BF 11.3 11.0 6.9 13.3 9.9 9.2 19.6 15.8 9.8
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.8 99.9 99.9
(CupBCQ) BF 304 23.0 14.5 57.0 49.8 22.6 85.9 82.9 47.7
Unknown F; EF  98.5 99.9 99.9 96.4 99.9 99.9 89.2 99.9 99.5
(CupFM) BF 8.4 5.9 5.1 5.9 5.4 4.5 4.9 3.5 5.2
031 = 0.8

Known Fj EF 232 18.7 11.9 21.6 16.3 9.1 23.8 19.0 9.4
(LSFM) BF 13.2 9.7 7.5 14.2 10.8 8.0 20.1 14.7 9.8
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.8 99.9 99.9
(CupBC) BF  31.0 23.3 14.6 56.9 49.6 23.0 85.8 82.9 47.6
Unknown F; EF 98.4 99.9 99.9 96.4 99.9 99.9 89.3 99.9 99.9
(CupFM) BF 8.3 5.9 5.1 6.0 5.5 4.4 4.9 3.5 5.2

Note: True size is 5%
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Table 16: Case 2, The Size-adjusted Power (%) of F-test Where 091 =0 and o33 =0 (H, : \; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  86.9 99.6 100.0 94.3 99.8 100.0 97.6 100.0 100.0
(LSFM) BEF  89.0 99.6 100.0 94.4 99.8 100.0 98.6 100.0 100.0
Unknown F; EF  64.0 92.0 100.0 77.1 97.0 100.0 89.1 99.4 100.0
(CupBCQ) BEF 659 92.9 100.0 79.6 96.8 100.0 90.1 99.4 100.0
Unknown F; EF  64.0 91.9 100.0 77.2 97.0 100.0 88.8 99.4 100.0
(CupFM) BF  65.3 92.9 100.0 79.7 96.8 100.0 90.2 99.4 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  33.0 66.7 98.1 43.4 81.2 99.3 56.6 89.3 100.0
(LSFM) BEF  35.0 69.9 97.8 45.2 81.8 99.3 60.7 89.0 100.0
Unknown F; EF 13.1 31.0 75.1 15.9 46.4 84.9 29.3 62.4 96.4
(CupBCQ) BF 13.3 34.6 75.5 18.6 49.4 85.6 33.6 62.6 96.3
Unknown F; EF 13.9 30.9 75.2 15.9 46.3 84.9 29.4 62.3 96.4
(CupFM) BF 13.8 33.9 75.5 18.6 49.2 85.5 33.3 62.5 96.3

Note: F; follows an I (1) process hereafter
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Table 17: Case 2, The Size-adjusted Power (%) of F-test Where 091 =0 and o33 = 0.2 (H, : A\; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  86.1 99.3 100.0 95.0 99.8 100.0 97.2 100.0 100.0
(LSFM) BEF  88.6 99.6 100.0 95.2 99.8 100.0 98.8 100.0 100.0
Unknown F; EF  64.3 91.3 100.0 78.0 96.4 100.0 89.2 99.4 100.0
(CupBCQ) BEF  65.6 92.7 100.0 79.8 96.6 100.0 90.7 99.5 100.0
Unknown F; EF  63.8 91.4 100.0 78.0 96.4 100.0 89.2 99.4 100.0
(CupFM) BF  65.3 92.5 100.0 79.7 96.6 100.0 90.8 99.5 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 328 67.6 98.0 43.3 80.8 99.3 55.8 90.3 100.0
(LSFM) BEF 356 70.4 98.0 45.0 82.4 99.4 61.5 90.9 100.0
Unknown F; EF 134 30.6 75.7 15.5 45.9 85.6 32.0 63.6 96.3
(CupBCQ) BF 14.3 33.1 75.6 19.0 48.5 85.6 34.3 64.1 96.2
Unknown F; EF 14.0 30.4 75.7 15.3 45.2 85.5 31.7 63.8 96.3
(CupFM) BF 14.7 32.5 75.6 18.7 48.6 85.5 34.2 63.7 96.3
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Table 18: Case 2, The Size-adjusted Power (%) of F-test Where 091 =0 and o33 = 0.8 (H, : A\; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 854 99.3 100.0 92.9 99.9 100.0 97.9 100.0 100.0
(LSFM) BF 883 99.4 100.0 93.5 100.0 100.0 98.9 100.0 100.0
Unknown F; EF  63.9 92.7 100.0 77.2 96.6 100.0 89.7 99.5 100.0
(CupBCQ) BEF  65.0 93.4 100.0 78.9 96.7 100.0 90.8 99.6 100.0
Unknown F; EF  63.9 92.7 100.0 77.3 96.5 100.0 89.6 99.5 100.0
(CupFM) BF 645 93.4 100.0 78.8 96.7 100.0 90.7 99.6 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  30.1 71.1 97.3 43.8 77.6 99.2 59.8 914 99.9
(LSFM) BEF 344 71.5 97.6 44.5 80.2 99.2 63.8 91.4 99.9
Unknown F; EF 13.2 29.6 75.9 15.0 46.2 87.8 32.7 65.3 95.8
(CupBCQ) BF 13.7 33.4 75.8 17.7 46.2 88.1 35.0 65.5 96.0
Unknown F; EF 13.1 28.8 75.8 14.9 45.9 87.8 324 65.2 95.8
(CupFM) BF 13.5 32.5 75.6 17.6 46.1 88.1 34.6 65.3 95.9
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Table 19: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.2 and 031 =0 (H, : A\; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 855 99.6 100.0 94.2 99.8 100.0 97.7 100.0 100.0
(LSFM) BEF  89.1 99.7 100.0 94.9 99.8 100.0 98.2 100.0 100.0
Unknown F; EF  63.6 92.1 100.0 7.4 96.9 100.0 89.0 99.4 100.0
(CupBCQ) BF 664 93.4 100.0 80.0 96.7 100.0 90.2 99.4 100.0
Unknown F; EF  63.2 92.2 100.0 76.8 96.8 100.0 88.9 99.4 100.0
(CupFM) BF  65.6 93.1 100.0 79.4 96.6 100.0 90.0 99.4 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  30.6 64.5 97.8 43.2 81.5 99.2 56.5 89.1 100.0
(LSFM) BEF 344 70.2 97.9 45.9 82.3 99.3 09.4 89.7 100.0
Unknown F; EF 13.1 32.2 75.3 16.0 47.2 85.4 30.6 62.2 96.6
(CupBC) BF 143 34.2 75.6 19.8 50.5 85.9 35.4 64.1 96.7
Unknown F; EF 12.7 31.2 75.0 15.3 47.0 85.5 30.0 61.8 96.4
(CupFM) BF 13.9 32.7 75.3 18.4 48.9 85.3 33.1 63.0 96.5
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Table 20: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.2 and o33 = 0.2 (H, : \; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 845 99.3 100.0 94.5 99.8 100.0 97.3 100.0 100.0
(LSFM) BEF  87.8 99.6 100.0 95.0 99.7 100.0 98.4 100.0 100.0
Unknown F; EF 644 91.6 99.9 77.8 96.5 100.0 89.2 99.4 100.0
(CupBCQ) BEF  65.5 93.0 100.0 79.9 96.7 100.0 90.6 99.4 100.0
Unknown F; EF 634 91.6 99.9 77.5 96.5 100.0 89.1 99.3 100.0
(CupFM) BF 648 92.8 100.0 79.3 96.4 100.0 90.2 99.4 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 310 67.3 98.0 43.9 81.0 99.4 55.9 89.8 100.0
(LSFM) BEF 357 70.8 98.1 45.6 82.1 99.5 60.5 90.8 100.0
Unknown F; EF 12.9 31.2 75.5 16.4 44.8 85.5 32.8 63.8 96.0
(CupBCQ) BF 14.2 33.6 75.9 19.8 48.9 86.0 36.2 64.5 96.3
Unknown F; EF 12.6 30.7 75.1 15.6 45.2 85.7 32.2 63.4 96.1
(CupFM) BF 14.3 32.5 75.6 18.4 48.0 85.5 33.5 63.7 96.0
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Table 21: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.2 and o33 = 0.8 (H, : A\; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  85.7 99.3 100.0 92.9 99.7 100.0 98.9 100.0 100.0
(LSFM) BEF  88.5 99.7 100.0 92.9 99.9 100.0 98.9 100.0 100.0
Unknown F; EF 624 91.7 100.0 75.7 96.6 100.0 90.8 99.3 100.0
(CupBCQ) BEF  65.1 92.7 100.0 78.3 97.0 100.0 92.2 99.3 100.0
Unknown F; EF 614 91.5 100.0 75.3 96.4 100.0 90.7 99.3 100.0
(CupFM) BF  64.7 92.5 100.0 78.0 96.8 100.0 91.5 99.3 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 318 70.1 97.5 42.8 774 99.2 60.4 90.1 100.0
(LSFM) BEF 347 70.7 97.8 44.5 80.2 99.2 62.2 90.6 100.0
Unknown F; EF 12.7 31.5 76.4 15.9 46.0 87.1 33.2 64.0 95.8
(CupBCQ) BF 14.6 34.4 76.5 18.4 48.4 87.4 36.4 65.4 96.4
Unknown F; EF 12.2 30.6 76.4 15.3 46.0 87.0 33.3 63.0 95.8
(CupFM) BF 14.1 33.8 75.9 17.3 47.0 86.8 35.1 63.9 96.3
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Table 22: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.8 and 031 =0 (H, : \; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 824 99.2 100.0 91.1 99.9 100.0 94.4 99.9 100.0
(LSFM) BEF  88.0 99.6 100.0 94.9 99.9 100.0 98.5 99.9 100.0
Unknown F; EF  59.3 90.5 99.9 68.3 94.9 100.0 78.0 97.8 100.0
(CupBCQ) BEF 773 94.5 100.0 89.4 99.2 100.0 98.3 100.0 100.0
Unknown F; EF  61.2 91.2 99.9 76.3 97.1 100.0 88.1 99.4 100.0
(CupFM) BF 675 92.1 99.9 78.0 97.4 100.0 87.5 99.2 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 217 99.5 97.9 26.0 76.0 99.4 31.5 85.1 99.9
(LSFM) BEF 328 71.2 97.8 39.2 82.6 99.6 53.6 92.7 100.0
Unknown F; EF 11.4 32.6 74.2 14.7 45.2 85.5 16.1 51.2 92.5
(CupBC) BF 416 52.4 81.9 64.4 78.0 91.4 86.0 94.0 99.0
Unknown F; EF 12.5 294 72.9 19.5 46.4 83.1 33.2 64.8 96.1
(CupFM) BF 17.4 33.1 74.5 22.3 47.1 83.9 32.2 62.8 96.2
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Table 23: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.8 and o33 = 0.2 (H, : \; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  80.7 98.8 100.0 90.9 99.7 100.0 93.5 99.9 100.0
(LSFM) BEF  88.8 99.3 100.0 95.5 99.7 100.0 99.0 100.0 100.0
Unknown F; EF  58.0 90.8 99.8 67.7 94.4 100.0 77.0 97.9 100.0
(CupBCQ) BEF  76.3 95.6 100.0 89.8 98.3 100.0 97.9 100.0 100.0
Unknown F; EF 604 91.0 99.9 75.8 96.3 100.0 87.7 99.1 100.0
(CupFM) BF 654 92.1 99.9 77.6 96.4 100.0 87.4 99.1 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  20.6 d7.8 97.6 27.3 76.0 99.5 33.4 85.1 100.0
(LSFM) BEF 327 70.7 98.0 41.4 85.3 99.6 95.7 93.3 100.0
Unknown F; EF 11.9 33.3 75.2 14.4 44.9 86.5 16.3 51.1 91.9
(CupBC) BF 4238 53.5 82.4 64.0 78.3 92.1 86.2 94.6 98.7
Unknown F; EF 12.6 29.7 72.8 194 47.1 84.9 32.7 62.8 95.6
(CupFM) BF 18.2 33.2 74.2 21.9 474 84.9 32.0 60.9 95.6
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Table 24: Case 2, The Size-adjusted Power (%) of F-test Where 091 = 0.8 and o33 = 0.8 (H, : \; # 0 for all i)

Strong dependence: \; ~ I1DU (0.2,0.5)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF  79.0 99.1 100.0 88.6 99.5 100.0 93.6 100.0 100.0
(LSFM) BEF 879 99.8 100.0 94.2 99.9 100.0 98.5 100.0 100.0
Unknown F; EF  55.3 89.3 99.9 66.7 94.2 100.0 76.0 97.7 100.0
(CupBCQ) BEF  76.2 94.8 99.9 89.1 98.5 100.0 98.9 99.9 100.0
Unknown F; EF  59.0 90.6 99.9 75.5 96.2 100.0 88.2 99.7 100.0
(CupFM) BF  65.8 91.4 99.9 77.4 96.3 100.0 87.9 99.6 100.0
Weak dependence: \; ~ I1DU (0.01,0.2)

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20)  (50,50)
Known F} EF 19.7 60.9 97.7 26.2 70.7 98.9 28.4 82.5 100.0
(LSFM) BEF 339 70.1 98.0 41.9 80.8 99.1 53.1 92.6 100.0
Unknown F; EF 10.9 34.9 74.6 14.1 43.8 87.4 17.4 51.1 91.6
(CupBCQ) BF  40.3 54.8 81.1 62.9 76.2 93.1 86.5 95.6 98.4
Unknown F; EF 12.5 29.8 73.0 18.4 44.2 86.8 32.5 62.6 95.5
(CupFM) BF 18.6 33.4 73.7 21.0 44.4 86.1 31.1 61.4 95.3
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Table 25: Case 2, The Size (%) of F-test under Heteroskedasticity Where g91 =0 (Hy : A\; = 0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449
(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)

031 =0

Known F; EF 18.3 14.8 14.2 17.6 17.2 18.9 17.2 17.9 17.7
(LSFM) BF 5.5 5.7 4.6 7.0 5.4 5.4 4.8 4.1 4.5
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 7.0 6.4 5.8 4.8 6.9 5.7 5.9 5.0 5.9
Unknown F; EF 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.8 6.4 5.8 4.6 6.9 5.7 5.9 5.0 5.9
031 = 0.2

Known F} EF 17.0 16.4 15.8 17.6 17.0 18.4 18.3 18.7 18.8
(LSFM) BF 6.1 5.5 5.9 6.4 6.2 6.8 4.6 4.8 5.0
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 7.0 6.4 5.8 4.8 6.9 5.7 5.9 5.0 5.9
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.8 6.4 5.8 4.6 6.9 5.7 5.9 5.0 5.9
031 = 0.8

Known Fj EF 14.9 16.1 15.7 16.5 16.6 17.6 18.5 20.8 19.0
(LSFM) BF 6.0 5.9 5.7 6.4 4.6 5.8 5.4 5.4 4.9
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 7.0 6.4 5.8 4.8 6.9 5.7 5.9 5.0 5.9
Unknown F; EF 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.8 6.4 5.8 4.6 6.9 5.7 5.9 5.0 5.9
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Table 26: Case 2, The Size (%) of F-test under Heteroskedasticity Where 91 = 0.2 (Hy: \; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)

031 =0

Known F; EF 28.8 28.6 23.8 24.8 25.1 20.3 21.6 22.8 16.3
(LSFM) BF 5.1 6.1 5.4 6.5 5.2 5.0 6.3 5.8 4.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 7.2 7.4 6.4 6.9 8.7 7.2 13.2 9.3 8.7
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.4 6.3 5.3 4.0 6.8 6.0 4.8 4.5 6.1
031 = 0.2

Known F} EF 27.0 26.7 25.3 25.5 23.4 22.1 20.6 22.2 17.3
(LSFM) BF 6.0 6.6 6.4 6.4 6.3 6.2 5.8 5.7 4.7
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 7.2 7.4 6.4 6.9 8.8 7.2 13.2 9.3 8.7
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.4 6.3 5.5 4.0 6.7 6.0 4.8 4.5 6.1
o31 = 0.8

Known F; EF 25.0 28.6 24.2 26.7 22.8 23.6 21.8 19.5 21.6
(LSFM) BF 11.1 7.4 6.3 6.5 8.4 6.9 6.1 5.4 7.6
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 7.3 7.3 6.4 7.0 8.8 7.2 13.3 9.3 8.6
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 6.5 6.3 5.4 3.9 6.7 6.0 4.8 4.5 6.1
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Table 27: Case 2, The Size (%) of F-test under Heteroskedasticity Where 91 = 0.8 (Hy: \; =0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
031 =0
Known F} EF 472 42.2 31.5 44.4 41.1 27.4 43.4 379 24.0
(LSFM) BF 7.8 7.5 6.3 8.8 9.8 4.1 12.2 10.2 6.2
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupBC) BEF 141 12.4 8.8 27.0 24.2 14.1 69.7 04.1 26.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 98.9 99.9 99.9

(CupFM) BF 9.7 7.2 5.6 7.0 6.7 5.5 4.7 3.4 5.9
031 = 0.2

Known F} EF  46.6 42.3 34.1 47.5 36.4 29.2 42.5 40.0 24.7
(LSFM) BF 9.4 9.6 6.3 11.1 8.3 7.3 9.5 10.7 7.2
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 13.9 12.4 8.7 26.9 24.1 14.1 69.7 54.1 26.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 98.9 99.9 99.9
(CupFM) BF 9.8 7.2 5.7 7.0 6.7 5.5 4.7 3.4 5.9
o31 = 0.8

Known F; EF  41.7 41.9 32.5 45.6 31.6 28.9 46.2 39.9 25.9
(LSFM) BF 17.2 10.6 5.9 11.2 14.9 8.0 13.9 12.2 10.4
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 13.9 12.6 8.7 26.9 23.9 14.1 69.7 54.0 26.6
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 98.8 99.9 99.9
(CupFM) BF 9.9 6.9 5.7 6.9 6.7 5.5 4.6 3.4 5.9
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Table 28: Case 2, The Size (%) of F-test under Serial Correlation Where 091 =0 (Ho : A\; = 0 for all i)

D.F.(num, den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
031 =0
Known F} EF 446 53.3 58.7 64.3 2.7 81.9 84.8 93.9 98.5
(LSFM) BF  45.6 54.3 60.6 67.9 76.0 83.6 87.1 94.7 98.8

Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 324 31.7 32.1 59.5 61.1 62.1 97.5 97.9 98.6
Unknown F;, EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 314 30.4 32.0 58.7 60.8 61.7 97.0 97.8 98.6

031 = 0.2

Known F} EF 457 54.3 59.2 63.1 73.7 83.0 84.5 94.4 98.2
(LSFM) BF  46.8 56.4 60.9 67.3 76.4 84.5 87.4 94.9 98.4
Unknown F; EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBCQ) BF 324 31.6 32.1 59.4 61.1 62.1 97.5 97.9 98.6
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF  31.3 30.6 32.0 58.7 60.8 61.7 97.0 97.8 98.6

031 = 0.8

Known F} EF 441 52.4 57.4 62.6 74.5 81.8 86.6 94.4 98.2
(LSFM) BEF  44.8 55.4 59.5 65.9 77.8 83.2 88.0 95.7 98.6
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 323 31.3 32.1 59.6 61.1 62.2 97.5 97.9 98.6
Unknown F; EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF 314 30.2 31.8 58.6 60.8 61.9 97.0 97.8 98.6
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Table 29: Case 2, The Size (%) of F-test under Serial Correlation Where 091 = 0.2 (Hy: \; =0 for all i)

D.F.(num,den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
031 =0
Known F; EF 445 55.6 62.2 64.9 76.0 83.9 85.0 95.2 98.9
(LSFM) BF 457 56.0 63.8 68.8 78.7 84.9 88.2 95.5 98.8
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupBC) BF 333 32.9 32.9 61.3 64.3 64.3 97.3 99.2 98.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupFM) BF 325 31.2 31.6 60.2 61.6 62.3 96.6 98.6 98.2
031 = 0.2

Known F; EF 441 55.8 63.0 65.1 75.7 84.7 84.9 94.3 98.6
(LSFM) BF  46.1 57.5 64.9 68.0 78.7 85.4 88.3 95.2 98.6
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 333 32.9 32.9 61.3 64.3 64.3 97.3 99.2 98.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupFM) BF 324 31.1 31.6 60.1 61.7 62.3 96.5 98.6 98.2

031 — 0.8
Known F; EF 425 53.6 61.7 63.2 5.7 83.3 87.5 95.0 98.8

(LSFM) BEF 446 55.6 63.4 65.7 774 85.6 89.5 96.7 98.8
Unknown F;, EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF 333 32.9 32.8 61.4 64.4 64.2 97.3 99.2 98.5
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF  32.0 31.4 31.7 60.0 61.7 62.1 96.6 98.6 98.2
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Table 30: Case 2, The Size (%) of F-test under Serial Correlation Where 091 = 0.8 (Hy: \; =0 for all i)

D.F.(num,den) 10,89 10,189 10,489 20,179 20,379 20,979 50,449 50,949 50,2449

(n,T) (10,10) (10,20) (10,50) (20,10) (20,20) (20,50) (50,10) (50,20) (50,50)
031 =20
Known F; EF  51.0 68.1 79.8 64.0 85.3 94.0 82.9 97.2 99.7
(LSFM) BF 514 71.3 82.0 65.4 85.9 94.7 84.0 97.4 99.8
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupBC) BF 772 80.0 66.4 97.0 98.8 95.8 100.0 100.0 100.0
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

(CupFM) BF  54.2 51.9 41.7 78.8 80.9 72.1 99.1 99.2 99.4
031 = 0.2

Known F; EF  50.5 70.2 80.2 63.7 84.1 94.8 81.8 97.4 99.7
(LSFM) BF  51.0 71.1 80.1 64.7 86.0 94.5 82.4 97.3 99.8

Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF  77.0 80.3 66.3 97.0 98.8 95.9 100.0 100.0 100.0
Unknown F;, EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BEF 545 52.0 41.6 78.8 80.8 72.3 99.1 99.2 99.4

031 = 0.8

Known F; EF  49.7 67.0 79.8 64.7 84.6 93.9 79.0 96.6 99.4
(LSFM) BEF  50.1 69.2 81.2 65.6 85.9 94.7 81.2 97.5 99.5
Unknown F;, EF 999 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupBC) BF  76.7 80.4 66.4 97.1 98.8 96.0 100.0 100.0 100.0
Unknown F; EF  99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
(CupFM) BF  54.7 51.7 41.2 79.0 80.9 72.0 99.1 99.2 99.4
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Appendix: Proofs of Lemmas, Theorems, and
Propositions

This appendix includes proofs for the main results in the text.

A Proof of Lemma 1

Proof. It is straightforward to prove part 1 with the given assumptions, so omitted

here. For part 2, one can find the complete proof in Bai (2003). m

B Proof of Theorem 1

We start from the lemma below. In this lemma, we check the consistency of the
F-statistic when F} is observable. First, note that given our assumptions, we have
the following results using central limit theorem (CLT).

For each t, as n — oo,
! im < N(0, 0%,
—= Wit 5 A
\/51:1

For each i, as T' — o0,

T
1
ﬁ Z Fyugy i N(07 02¢F)-

t=1

seq

Lemma 1 (B) Assume (n,T) — oco. If F; is observable, then

7 _ RRSS —URSS (nT —n) » )
A URSS n '
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Proof. Because \; can be estimated using least squares, we have

and

Then,

T - T P
(2 - T )
2t FY

n T
RRSS = Y > ui

i=1 t=1

n T

URSS =3 (- Xm)z .

i=1 t=1

(RRSS — URSS) /n

F p—
AT T URSS/(nT —n)

can be readily obtained.

1. First, we consider the denominator.

URSS

(nT —n)

1 n T N 9
n (T __1) ; ; <yit - )\iFt>
n T

ﬁ ZZ [“it - (Xz‘ - )\z’> Ft]2
S 2 [ (=) =2 (=) ]

n T n T
1 9 1 ~ 2 9
nEID L o o ()
i=1 t=1 i=1 t=1
2 n » T
n(T —1) 2 (AZ’ Az) 2wk
=1 t=1
I+1T+1I1

Note that \/LT Zthl uiFy = O, (1) by a CLT since there is no correlation between

u; and Fj.
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Consider [. It is easy to see that

n T n
1 1
I = ——— uj N — u?
n(T—l);; t nTi:ltX; t
p 2
HO’

as (n,T) = oco.

For IT and 11, one can show that

and
2 [~ -
12 ¢ < RN 1
~ T VT (=) 7T 2 =0 <f> =)
using
1< ~ 2
A VT () =0,
1 7
TZF;:OPG)?
t=1
and -
% ZuitFt = Op (1)

provided u;; and F; are uncorrelated. Hence, for the denominator we conclude

URSS P 2
(nT —n)
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as (n,T) = oo.

. Next, we turn to the numerator.

n T

RRSS — URSS 1 & 1 ~ N2
( - ) _ ﬁzzyi_ﬁZZ@“_)‘lE)

i=1 t=1 =1 t=1

1 n T - 9 -
- n Z Z {“Zﬁ — g, — ()\i - )\i) FZ+2 (Ai - )\1') UitFt]

i=1 t=1

1 ~ 21 e,
= VT (-N)) F R
i=1 t=1
9 ~ 1 <
4= {\/T(Az—)w)}—zmtﬂ
niil Tt:l
— T+1II

Note that in the constrained regression, we have y; = A\ F}; + u;; = u;; with the

restriction \; = 0 for all 3.

Consider [ first. For a fixed n, we have

I = —li{ﬁ(X-—A»)}ZliFQ
N n’iil ' Z Tt:l '

p 1 2
N7
- n 121 'quF
where /T <X, — )\i) 2 Z; ~ N(0,02¢7") and AT 25 gpas T — oo, As

a result, we have 13" | 720 — ¢pE(Z?) = ¢ppo’dy = 0% as n — oc.

Hence, one concludes that

as (n,T) = oco.
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For 11, it can be shown that

I = %i{ﬁ(X—A)}%iutﬂ

p
L 942

as (n,T) = oo using \/LT ST uaFy 4 N(0,02¢,) as T — oc.

Combining the results, we obtain that

(RRSS —URSS) »
»,

o

n

as (n, T) = 0.

3. Finally, we conclude that

P = RRSS —URSS (nT —n) ? 4
URSS n

which implies that the F-statistic gets centered at 1 as (n,T) = ooc.

|
Given the above results, for the proof of Theorem 1 we write
Ry
F\=—=
o
where R) = w and 67 = (%?‘_g 5) using a set up which is similar to Orme

and Yamagata (2006). Rearranging the terms, we have

ﬁ(FA—l)_%\/ﬁ(RA—62).
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Proof. Expanding the equations, we have

- )\i>2 F2 42 (Xi - Ai> uitFt}

i {U?t + <Xz — )\i>2 F? -2 (Xl — )\i> uitFtl

o (RRSS—URSS) URSS
By—5" = n ~ (nT —n)
1 n T -
- 2
i=1 t=1
J— 1 -
n(T-1) i=1 t=1
1 n T > 9
R SR

2

2
+—
nVT (T —1) Pl
I+ 1T +I1IT+1V+V.

Consider I. It can be shown that

1
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<" nT(T —1)

S {VT (- a)
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SEONCEVEISS
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9 1 1
= = — Y wu | |=Y F| =0,(1
[ﬁz PR -0
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For 111,
1<~ 1 &
IN=—-=y — 2 -0

For IV and V, as already shown above,
v li{ﬁ(i A>}2 ! XT:FQ o, (2 (1)
~ —_ X\ N — — | =o0
[ Z Z T* t=1 t AT ’

and

V%%i{\/f(f):i—)\i)}#iunﬂ:()p <%> =0, (1).

=1

After rearranging all the terms, one has

-1

and accordingly

-1

To apply the CLT, we recall that

T
1
ﬁ E (T i Wi ~ N(0702¢F)
t=1

for all 7 as T' — oo and establish the standard normal random variables such that

Wi

VR

~ N(0,1).
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Furthermore, one can construct the random variables, 2 ¢ , such that
2
B(0)
br
and
W2
Var( 5 ) =2
0o
E (VI/’LQ) =0 2¢F
and
Var (VVf) = 207
Hence, we have
1 n
Vil (R =7) = [ZW%F S 0| 40, (1)
i=1
< N(0,20%)

as n — oo. This is because F (ngﬁ}l —o0?) =0?—0?=0and Var (V[/ig(b;’l —o?
204,

Finally, we obtain

Vn(Fy—1)= 0_1\/_(RA—62)—>N(0 2)

2

as (n,T) = oo using 5° 5 0%
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C Proof of Theorem 2

Next let us assume that F; is unknown. Again, we first look at the consistency of the
F-statistic in the lemma below. Note that in this case we cannot simply use least

squares estimation and need to use the method of PCA.
Lemma 2 (B) Assume (n,T) — oo and F; is not observable.
1. If% — 0, then

7 _ RRSS —URSS (nT —n) ﬂ)l_’_Ff—(ﬁF
A URSS n bp

2. If 2 — 0,
Not feasible.

Proof. We check two specific cases separately, i.e., % — 0 and % — 0, following Bai

(2003).

1. Assume % — 0.

Consider the denominator. We have

URSS 1 " N2
T —n) n(T—l);ZI:(y”_)\i )
n T

1 5 ~ o~ 2
_ uz—|—<)\l _\F, —Z(AZF /\F)u}
S [ (VR A M)
1 n T 1 n T 9
W 1) 2 2 ) 2 2 (WA AR
9 n T R
SN (MFi— NF) w
n(T'=1) i=1 t=1
= I+ II+111.
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Firstly, note that if% — 0, then VT (XZE — )\iFt) 4N (0, Wy) as (n,T) — oo

where W;; = 5—3202¢F = %ﬁ by, e.g., Bai (2003).
F

Consider /. One can easily verify that

as (n,T) — oc.

For IT and I11,

2
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2 e 1
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i=1 t=1

where Q;; = VT (Xﬁt - )\iFt). Note that

Qi = VT (j\\zﬁt — )\iFt>
1 & T
= F, (_ZFE> —ZFsuis+Op (1)

T t=1 ﬁ s=1

2

4N (O, F—taz)
bF
as (n,T) — oc.
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Accordingly, one can obtain that

URSS
(nT —n)

as (n,T) — oo
Next, consider the numerator.

T n T

RRSS — URSS 1 | s
( = ) _ EZZyi—EZZ@u—/\iFt)

i=1 t=1 =1 t=1

n T
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Consider [ first.
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1
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as (n,T) — oo where Q; 4N (0, 5—502>.
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For I1,

II = n\/—ZZtauzt

as (n,T) — oo. To see why, it can be shown that

Combining the results, we obtain that

(RRSS —URSS) , F? ,

n Op

Hence, one concludes that

_ _ 2 2
F/\:RRSS’ URSS (nT H)LF_t:1+Ft oy

URSS n bp bp
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as (n,T) — oo. Clearly, now we have the shift term which cannot be specified.

2. Assume % — 0. Note that if this is the case, then
Vi (NF = NE) 5 N (0,Va)

2 2
where Vj; = ;‘—302@\ = ;—202 as in Bai (2003). However, we cannot obtain Vj;
A

since \; =0 for all ¢ = 1,...,n under the null and ¢, cannot be defined.

Next, we check the asymptotic normality of the F-statistic by proving Theorem

T

2 with an assumption - — 0.

Proof. For the sketch of proof, we write

(RRSS —URSS)  URSS

~2
R,\—O' = —

n (nT —n)
1 n T R 9 R
- ¥y {— (MF = xF) + 2 (NE - AF) uit]
(g
1 n T SR 5 R

n T’LZ]. t=1

1 L
_n(T—l) — tzlu“

1 n T \/_ R 9
- nT(T —1) izl;{ T(AiFt_AiFt)}

2 n T R
+—n\/T -1 ;; {\/T <)\iE — )\iFt) uit}

= I+ 11+ 111+ 1V+V.
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Note that IV = O, (%) and V =0, (\/%T), as shown above. Next, to apply the CLT,

n T

VAT (R, — ) %zz@;—%zzum%m

i=1 t=1 i=1 t=1

Q

Again, the standard normal random variables can be defined as follows:

Qf < N(0,1)
I 52
oy

as (n,T) — oo. It can be also shown that

and

Var u =2

2
U(;?tF follows a chi-squared distribution. Then above can be rewritten by,

since

and
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2_
if F( ft—u?t):F—302—02:Ma2 and ¢ = Var (Q% —u?) < oo as (n,T) —

b o

oo. Finally, we obtain

VnT (Fy—1) = %\/ﬁ(}h —5) 4 N(—(Ft2 — %r) i)

2P
as (n,T) — oo using 6~ — o2, =

D Proof of Proposition 3

Op "ot

We next consider the limiting distribution of the bootstrap F-statistic when F; is

known. With the assumption (n,7) = oo, consider the bootstrap DGP like the

following:

* N *
Yir = NFy + Uit €4y

where X: denotes the bootstrap least squares estimator.

We first write

. _ Iy
FY==3
o
where Ry = (RRSS*;—URSS*) and 6% = gf;ﬁ% with
n T
S
i=1 t=1
and

n T

URSS =33 (y;; X Ft)Q .

=1 t=1

Rearranging terms, we have

Vi (75 —57)

Before we sketch the proof of the consistency of the bootstrap [F-statistic, we first
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derive the asymptotic distribution of it in the following lemma.

Lemma 3 (B) Assume (n,T) = oo and F, is observable. Then
Vn(Fr —1) % N(0,2).

Proof. Expanding the terms, one has

(RRSS* —URSS*)  URSS*

m-a" = n ~ (nT —n)
n T
= %Z Z {Uftng - u?tng - (X: - X1>2 Ft2 +2 <X: - Xz) uitﬂgzt:|
i=1 t=1
1 n T ) - _ 9
_n(T——l);; [uitgit - (Ai _ Ai) Ft]
1 n T - 2 - _
= -, {— (Ai - Ai) F2+2 ()\i . )\Z-> uitth;;}
i=1 t=1
—;ii {u?a’@ + (X*f - X>2F2 —2 <X* - X) % ngk}
Tl(T— 1) s =t 7 ? t i 1 L t<qt
B lnT\/_X*X2F2 2nT\/TX*X b
— _ﬁilg{ T<@'_ z)} t+m;;{ <i_ 1)}U1t tEit
n T n
g o e - L (VT (R - A} R
i=1 t=1 i=1 t=1
92 n T = .
T 2 o VT (e X e
= I+I11+I1IT+1V+V.
Consider I.

232



since we know /T (X: - Xl) =0, (1).

For 11,
2 o Y .
o= AR R VT (R s
n r 2 T -

For I11,

m———zT_lzufts:z— W,
For IV and V', note that

n

et \/TX*X”TF?—Ol— 1
ISR A -0 (3) o
and
2 — o~ 1 1
V= EZ{\/T@\Z —)\i>}mletUit5;:Op (f) =0, (1).
t=

After rearranging all the terms, we have

2 n T

. -1
SAEE N ESSLURINES | IEED SFLD S SONE

and

-1

3

Vi (R -5 = %Z

n

1 T
TZFt2

2 %2
E :uztgzt + 0, (1
t=1

\/_ Z Fouyer,
T

sl
ﬂ
H

=1

To apply the CLT, note that

Fuuel, 5 Wi~ N(0,0%,)

M=

1
VT 5
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as T — oo using the fact that ¢, is an external random variable with £ (¢},) = 0 and
E(eff) = 1.
Hence, the standard normal random variables can be defined as
W
~— ~ N(0,1)

vV 02¢p

. W2 . .
and we can construct the random variable, e satisfying
F

*2
E Wi =1
U2¢F

and
W2
Var( P ) =2
oo
because :Zgi follows a chi-squared distribution.

Rewriting above, it can be shown that
E (W) = a0,

and

Var (W?) = 20%¢7.

Next, we consider

. URSS* I SRR
7 = (nT —n) - n(T —1) 121 — (uit a (/\i a Ai) Ft)
1 Lo 2 42 1 "L 2 \2 9
= n(T_l)ZZuztgzt + (T—I)Z(Al /\Z> ZFt
=1 t=1 =1 t=1
9 n - T
n(T—1) 2 (Ai N A’) 2 uikiy
= t=

= I+ I11+1I1.
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For I, it is easy to see that

n T n T

DI DUE LS 9 B E,
=1 =l i—1 t=1

5 o,

For II and I11, it is straightforward to show I1 = O, (7) = 0, (1) and I1] =
O, (%) = 0, (1) using VT (X: — X1> =0, (1).

Combining the results above, we have
+ 0, (1)
Vi |5 ’
< N(0,20%)

Vn (R -57%) = L [Z (W2¢p" —o?)

asn — oo. Thisis because E (W;?¢," — 02) = 02—0? = 0 and Var (W ¢ — 0?) =

20, Finally, we obtain

* ]‘ * ~%k
Vn(Ff—1) = g\/ﬁ(}y — %) % N(0,2)

seq . ~%2 P
as (n,T) = oo using 0™ — 02. =

From above, we can see that the asymptotic distribution of the bootstrap F-
statistic coincides with the empirical one: convergence to the normal distribution.
Based on this, we next sketch the proof for the validity of the bootstrap F-statistic. In
this proof, we use Kolmogorov metric which is defined as K (F, G) = sup, |F' () — G (z)].

With an assumption (n,T) ¥ 00, the F-statistc and the bootstrap counterpart

can be defined as follows:

(RRSS —URSS) /n Ry

F, = el
A" URSS/(nT —n) 52
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and
. (RRSS*—URSS*)/n  Rj
A URSS*/(nT —n) &%

Proof. We consider the denominator and the numerator subsequently.

1. We first treat the denominators of F and FY.

For the denominators of F and F}, it is already shown that

URSS o 1
—(nT—n)_U =0 —i—Op(T)

and

URSS* .o 1
(nT—n)_J =0 —i—Op(T)

as (n,T) = oo.

2. Now we treat the numerators of F) and Fy. Notice that y/n is the right norming

factor in this case.

Recall that we have

Vi (Ry =) % N(0,20%)

and

Vi (Ry=7") 4
N0

as (n,T) = oo.

We define £ (Ry) = P (y/n (Ry — %) <) and £* (R}) = P* (vn (R, — %) < 2),

respectively. Note that P* denotes an empirical (or bootstrap) distribution.
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Then we write

Vn(Ry—0C
P( 2( ”2) = (204)1/2)

32 1/2 = 3)61/2)

- P * [q) <<2of>1/2> -

\/H(RA _82) T . _r
Sgp p ( (204)1/2 < (204)1/2) ® ((204)1/2>|
+oup |0 (W) ! ((32)1/2)'

x (v (R, -5 x > ‘
sup|®| ——= | — P
+ mp ((32)1/2> ( (52)1/2 < (32)1/2

= [+ I1I+1I1

K(L(Ry), L7 (Ry)) = sup

IA

using triangle inequality where ® () indicates the c.d.f. of a standard normal

distribution and s? = Var* (v/n (R} —5*%)).

Counsider I. It can be shown that

Vv (Ry — %) T B x B
P ( (204)12 < (204>1/2> o ((204)1/2)‘

n —52
by Polya’s theorem since P (*féfj)m ) < (205)1/2> 4 (W) and ® () is

a continuous cdf. For details of Polya’s theorem, see, e.g., Lehmann (1999).

o —2 J-o[—2_) =0
(@) -2 ()

using continuous mapping theorem (CMT) because s* = Var* (v/n (R — %)) -

I =sup

T

For I1, obviously

11 = sup
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204,
Lastly, one can apply Berry-Esseen theorem (see, e.g., Lehmann (1999)) to show

11T — 0. That is, there exists a positive constant C' such that,

3
FnT

C
1171 < — — 0
~ Vi (s)

3 * * ~x2|3
where I') , = E* |Ry —0 7| .

Combining above results, we have
[+ 1I+11150

and hence,

K (L(Ry), L (R3)) © 0

as (n,T) = oo.

E Proof of Proposition 4

Proof. We sketch the proof of the consistency of bootstrapping PCA with an as-

T

n

Let us define first

sumption = — 0.

HnT:P<T§l’)

where a functional 7 = /T <X1ﬁt - )\Z-Ft>.

Accordingly, the bootstrap counterpart can be defined as
HBoot =P (7-* < 512')
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where 7* = /T (X:Z/i* — Xlﬁt> Note that P* denotes the empirical (or bootstrap)
distribution.

Recall from Bai (2003) that

where W;; = §—§02. Then we can write the following as in Proposition 3:

T T

W-)1/2§(W?)1/2>_P* IS T
R\ @) ()

K(HnT7HBoot) = 8sup P<<

()

&)
! [‘I’ (W) @ s @3””

VAN

[

8 =
ko]
@)

/N
=
[\

VAN
F |8
=
[\
N—— —

tsup|® | ——— | - P

= [+ II+111.
Consider I. It can be shown that

T T T
" ((Wit)1/2 = (Wz’t)l/2> -7 ((Wz‘ )1/2>‘ o

NS (W) and @ (-) is a continuous cdf.

I =sup

xT

: T T
since P <(Wit)1/2 < (Wit)1/2>
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We turn to /1. Obviously,

7

x x
Uzsup@(—)—@ —F= || —0
e\ (W) (m)” ’

using CMT because /I/IZ-t 2, W,. For details of consistency of ﬁf\l-t for Wy, see Bai
(2003).
Lastly, we can apply Berry-Esseen theorem to show 71 — 0. That is, there exists
a positive constant C' such that,
c T3

IHSﬁW_)O

~ —

A~k AN o~ o~ 3 A~k ~ o~
i 13, = B* |\ B — NE)| and var (\/T ()\i Fr - AE)) = W,

Therefore, we obtain

I+II+1IT2%0.

and conclude that

K (HnTa HBoot) ﬁ) 0

as (n,T) — oco. m

F Proof of Proposition 5

This section considers the validity of the bootstrap F-statistic when F; is unknown.

With an assumption (n,T") — oo, consider the bootstrap DGP as follows:
Y = Xzﬁt + Ui
where /):: ﬁt* denotes the bootstrap principal component estimates of above equation.
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We again write

*
F* o R)\
AT ~x%2

where R) = (RRSS"—URSS") ;URSS ) and 52 = ((fﬁii ) with

n T
RRSS* =Y "> "y

i=1 t=1
and

URSS® — Zn: ZT: (v - Xjﬁ;)z |

=1 t=1

We first derive the asymptotic distribution of the bootstrap F-statistic.

Lemma 4 (B) Assume (n,T) — 0o and £ — 0 with unobservable F,. Then,

VnT (F; —1) 3% N(—(Ft2 — ¢F), i)

Op ot

where ¢ = Var (QiF — ule?) < oo and
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Proof. For the limiting distribution of the bootstrap F-statistic, consider

2
Ry, —0" =

For I,

(RRSS* — URSS*)  URSS*

n - (nT —n)
1 n T e N2 sk~ ~ o~
n i=1 t=1
1 n T 2
B 2 42 Xfﬁ*_}ijf) _2<X“fﬁ*_2ﬁ) et
—n (T — 1) 2 ; |iult51t + ( L t it t )] UitE
1 n \/_ s PN 2

n\/_ —1) z; ;{ <>‘ F - Xiﬁf) “"tsjt}

I+ I1T+I1IT+1V+V.

re TR )

i=1 t=1

*2 th 2
= ZZQ - E zt):_@a

=1 t=1

as (n,T) — oo using the consistency of bootstrapping PCA.
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For 11,

j —

2 1 <~ 1 «
= - _Z tuztg;ft _ZFSU’LSE
nz:l( Tt:l )( Ts:l
n T 2 T -1
= = — Fyuye, = ?

using Q;, = VT (NF; = NF) = S B (350, F?)
as (n,T) — oo

For I11, one can easily find that

n T
111 = > ude B

—1
=1 t=1
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1
&Y

T
s=1

~

Fyuisejs + 0p (1)



using an external random variable with E (¢}?) = 1.
For IV and V, It can be shown that IV = O,(7) and V = O, (\/LT) using
VT <Xjﬁ; - XZE) = 0,(1).

We finally conclude that

n T n T
1 1
VT (B —57) ~ —=> ) Qi ——=>_ Y ulel+0,(1)
nT = o nT = 5
1

Following a similar process to that in Theorem 2 using the consistency of boot-

strapping PCA (i.e., QF, for Q;;), it can be shown that

\/ﬁ(Rf\—’o\ﬁ) iN((E2_¢F)U2,¢*)

o
2
where F (Q:2 —u%ei?) = %02 — 0% = (Ft¢F¢F)02 and ¢" = Var (QFf — ujel) as
(n,T) — oo.
Hence, we obtain
1 -
VT (Ff —1) = —VnT (R, - 5"%) % n(E—2r) %)
o Op o

as (n,T) — oo by showing % 5 0% and ¢* 2 ¢ = Var (Q% —u2). m

Now we check the validity of the bootstrap F-statistic when F; is unknown. With

(n,T) — oo and £ — 0, consider again

RRSS — URSS) /n

_(
b= URSS/ (nT — n)

and
RRSS* —URSS*) /n

.
= URSS*/ (nT —n)
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Proof. We treat the denominator first and then the numerator in a similar fashion

with the case of known factors.

1. Consider the denominators of F\ and FY.

For the denominators of F\ and FY, it is already shown that

URSS ., 1
ot =7 =0 (77)

and

URSS* .o 1
)7 ~° *Op<ﬁ>

as (n,T) — oc.

2. Now we treat the numerator. We normalize it so that we have the normal

distribution with zero mean, which is given by,

VnT (RA 5% — %;Fma?) < N(o, 25—504)

and hence,

2_
T (RA —g2 - o)

1/2
(25")

as (n,T) — oo. Notice that vnT is the right norming factor in this case.

) < N(0,1)

We again define

L(R) =P (\/ﬁ (RA 5% — W(ﬂ) < x)

and

L*(R) = P (\/n_T(Rj—E*Q—MUZ) gx).
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Using Kolmogorov metric, one writes

K(L(R),L"(R))

~—

\/ﬁ(RA—EZ— (FE¢_¢F)U2
P . v
Fa 1/2 = ™ 1/2
(25%) (255)
= Su
o m<R;a*2(Ft2 *;F) 2>
— P (,2)1/2 < (8,296)1/2
\/ﬁ(RA 52 (F3F¢F)U2>
P Fgl . 1/2 Ft4$4 1/2 Ft4x4 1/2
e w) e
— su + 1ol —= | —(—2=__
- (i) (<s'2>“2>
E
M(R;—&*Q—( Poor) 2
F
i (w)“) ) )" = )7
2_
\/TL_T R)\ ~2 (Ft¢ ¢F> 2
< P - < x ) z
= SUp o N\1/2 = N2 a
(25*) (2) (260
X X
_’_Slwlp @ <2F_t40,4)1/2 - @ ((8/2)1/2>
o
2_
VnT (R; _ge_ Ln ¢F¢F>02>
x . x
+Sl;p @ << /2)1/2> - ( 12)1/2 — ( /2)1/2

= [+ 11+111

I A~k 2—
where 52 = Var* <\/nT (Rf\ . (thb—fF)UQ>> 2 9l 54,
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Counsider I. It can be shown that

X
P Pl 1/2 S 4 1/2
)
I = sup “r F — 0
x
X
- Fé 1/2
"
F
. Fy—op
. \/ﬁ(R)\UQ (t¢>F ) 2> ) . )
since P 2 N1/2 < 2 N2 | T P 2 N1/?
@) e
F F F

For II, obviously

T T
H=swpld| —" | -o -0
- <2F4 4) 1/2 <(8/2)1/2>

t
=0
bF

. 19 P o Ff
using s 2 = 2¢—§U4.
F

For I11, by Berry-Esseen theorem it can be shown that there exists a positive

constant C' such that,
= VnT (s)?
3
02| . Hence, we obtain

171

(F2—or)
or

3 _ * *  ~x2
where I') . = E* |Ry — 0

I+I1I+1115%0,

and conclude that

K (L (Ry), L (R3)) © 0

as (n,T) — oc.
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