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Nonequilibrium Statistical Mechanics of Self-propelled Hard Rods

Aparna Baskaran' and M. Cristina Marchetti'>?

! Physics Department, Syracuse University, Syracuse, NY 13244, USA
2Syracuse Biomaterials Institute, Syracuse University, Syracuse, NY 13244, USA
(Dated: February 19, 2010)

Using tools of nonequilibirum mechanics, we study a model of self-propelled hard rods on a
substrate in two dimensions to quantify the interplay of self-propulsion and excluded-volume effects.
We derive of a Smoluchowski equation for the configurational probability density of self-propelled
rods that contains several modifications as compared to the familiar Smoluchowski equation for
thermal rods. As a side-product of our work, we also present a purely dynamical derivation of the
Onsager form of the mean field excluded volume interaction among thermal hard rods.

I. INTRODUCTION

Self-propelled particles draw energy from internal or external sources and dissipate this energy by moving through
the medium they inhabit. A wide class of systems, including fish schools, bacterial colonies, and monolayers of
vibrated granular rods can be described within this paradigm. These systems exhibit rich collective behavior, such
as nonequilibrium phase transitions between disordered and ordered (possibly moving) states and novel long-range
correlations and have been the subject of extensive theoretical ﬂ—@], numerical M—B] and experimental investigations

in recent years.

Self-propelled particles are elongated in shape and have a self-replenishing momentum along one direction of their
long body axis. They generally experience attractive and repulsive interactions, both of a direct nature and mediated
by the medium. One generic interaction that is relevant to all self-propelled systems is the short-range repulsive
interaction arising from the finite size of the self-propelled units. Our goal here is to understand the interplay of
self-propulsion and short range repulsive interactions in controlling the collective dynamics of the system. To this
end, we consider the simplest implementation of short range steric repulsion, which is the hard particle limit, and
consider a minimal model of self-propelled hard rods moving on a substrate in two dimensions. We will show that
self-propulsion modifies the momentum exchanged by hard rods upon collision and the resulting mean-field excluded
volume interaction as compared to the Onsager result for passive rods ﬂﬂ, ]

The simplest model of equilibrium nematic liquid crystals is a collection of long, thin hard rods [14]. In the
overdamped regime and at low density, the dynamical properties of the system are described by a Smoluchowski
equation for the configurational probability density, ¢(r1, 01, t), of finding a rod with center of mass at r; and long
axis oriented along the unit vector i; at time ¢, given by

Jdc

=+ Vi J+R I =0, (1)
ot

where R; = 011 X Oy, is a rotation operator and J and J R are translational and rotational currents, respectively, given

by

Jo=—Dup {8156 + kBLT (018Vez) C] ; (2a)
JRB = _Dp [Rlc + kBLT (R1Vew) c} , (2b)

with
Dog = D1dap + (D) — D1)t1alg 3)

a diffusion tensor that incorporates the anisotropy of translational diffusion of elongated objects, with D > D, and
Dp, the rate of rotational diffusion. The currents given in Eqs. (2a)) and (2B) incorporate both diffusion and binary
interactions. The latter are described by a mean field excluded volume potential, V., given by

‘/em = kBT/ /|ﬁ1 X ﬁ2|C(I'1 —|—S,ﬁ2,t) s (4)
ﬁ2 S

with m the mass of a rod, T" the temperature, and s = ro — r; the separation between the cnters of mass of the two
rods when they are at contact (Fig. ). If the thickness of the rods is negligible compared to their length, we can
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FIG. 1: (color online) Long, thin rods of length ¢ are parametrized by the position r; of their center of mass and a unit vector
1; denoting the rod’s orientation in the plane. The position along the i-th rod measured from the center of mass is denoted by
si, with —€/2 < s; < £/2. The overlap situation shown in the figure requires r1 + @151 =~ r2 + G282, so that s = s1U1 — s2U2
rI;he area excluded by rod 2 to rod 1 is the area of the dashed parallelogram spanned by the unit vectors i1 and ti2, given by
VA |ﬁ1 X ﬁ2|.

approximate s ~ s1U; — SaUa, where —(/2 < s; < £/2 for i = 1,2, parametrizes the position along the i-th rod of
length ¢ measured from its center of mass. The integral over the vector s spans the area excluded to rod 1 by a second
rod with center of mass at ry, oriented in the direction ts. The excluded volume potential represents the second virial
coefficient of the static structure factor and was first derived by Onsager [18].

In this paper we present the derivation of a modified Smoluchowski equation that describes the low density, over-
damped dynamics of a collection of self-propelled hard rods. We consider long, thin hard rods moving on a substrate
characterized by a friction constant ¢. Self propulsion is modeled by assuming that each rod moves along one direction
of its long axis with a constant speed vy. In addition, the rods experience binary hard-core collisions. This is the sim-
plest model for a “living nematic liquid crystal”, a terminology that has been used to describe the collective behavior
of a variety of intrinsically self-propelled systems, from bacterial suspensions to monolayers of vibrated granular rods.
Since the rods have a purely dynamical self-replenishing momentum, the statistical mechanics needs to be derived
from the underlying trajectory dynamics. The details of the derivation are described in this paper. The outcome is
a modified Smoluchowski equation for the configurational probability density of the form given in Eq. (), but where
the translational and rotational currents acquire additional contributions due to self propulsion and take the form

D Dymuv?
Jo = volirac — D350 g — 222 (915Viy) ¢ — A0 [SP 5
volnac — Dy O15c kBT( 15Vex) € T (5a)
1 Drmuv?
R_ _ _ Dpmug sp
J%V=—-Dg Rlc+—kBT ('R,lvem)c 72kBTa Iz, (5b)



where
DSE = Dag + Ds fi1aing
= Dibap + (D) + Ds — D1)l1at1p , (6)

with Dg = v2/(, is the diffusion tensor. Self-propulsion modifies the familiar Smoluchowski equation for hard rods in
several important ways. The first modification is the convective mass flux at the self-propulsion speed vy along the
axis of the rod, described by the first term on the right hand side of Eq. (Bal). Secondly, self-propulsion enhances the
longitudinal diffusion constant D) of the rods, according to D — D)+ Dg = D (1+ mvg /kpTy), as shown in eq. (G
This enhancement arises because self-propelled particles perform a persistent random walk, as recently pointed out by
other authors ﬂE, @] Finally, the momentum exchanged by two rods upon collision is rendered highly anisotropic
by self-propulsion. This yields the additional collisional contributions to the excluded volume interaction described
by the last terms in Eqs. (Ba) and (BL). The precise form of these contributions can be found in Section IV.B. The
Smoluchowski equation for self-propelled hard rods is the central result of this work. It has also been shown by us that
the novel terms arising from self-propulsion have important consequences for the long-wavelength, long-time behavior
of the system by introducing new terms in the coarse-grained equations for the dynamics of conserved quantities
and broken symmetry variables. These hydrodynamic signatures have been reported in earlier work ﬂﬁ] Finally, an
additional result of the work presented here is a purely dynamical derivation of the familiar Onsager excluded volume
potential for equilibrium hard rods, given in Section IV.A.

The layout of this paper is as follows. In Section II we analyze the trajectory of hard rods moving on a substrate in
two dimensions. Using the fact that their trajectories are piece-wise differentiable, with singularities at the time of each
collision, we derive an expression for the collision operator governing the momentum exchanged in a binary collision.
In Section IIT we derive a formal hierarchy of Fokker-Planck equations governing the noise-averaged dynamics of a
collections of self-propelled hard rods. In section IV we consider the limit of high friction with the substrate that
yields a fast relaxation of the linear and angular momentum degrees of freedom, relative to that of the configurational
degrees of freedom. This approximation, together with a low density closure of the Fokker-Planck hierarchy, allows
us to derive the Smoluchowski equation. We conclude with a brief discussion.

II. BINARY COLLISION OF HARD RODS

Our model is a collection of self-propelled thin hard rods of length ¢ and mass m, confined to two dimensions.
Although we will focus below on the limit of long, thin rods, to describe a binary collision we need to incorporate
their finite thickness of the rods. We model each rod as a capped rectangle of uniform mass density, consisting of a
rectangle of length ¢ and thickness 2R < ¢, capped at the two short sides by semicircles of radius R, as shown in Fig.
[@). Each rod is described by the position r of its center of mass and a unit vector 1 = cos #x + sin 6y directed along
its long axis. The rods have head/tail, i.e., nematic symmetry. This symmetry is broken by self-propulsion that is
implemented by assuming that a force F of constant magnitude and directed along the rod’s long axis acts on the
center of mass of each rod. The direction of the self-propulsion force will be referred to as the "head” of the rod and
the unit vector 11 is chosen to point in the direction of the head, so that F = Fa.

The rods move on a passive medium that provides frictional damping to their motion. Any other physical or
chemical process that may be present in the system is assumed to occur on a fast time scale, such that it can be
modeled as an additive Markovian white noise. The dynamics of a self propelled rod is then described by Langevin
equations for the center of mass velocity v = 0qr and the angular velocity w = Zw = 20;0, where Z is normal to the
plane of motion. The equations of motion are given by

MOV = —Capvp + Fiig + 14 () | (7a)
Ow = —Clw+ng (1), (7h)

where (o5 = (|latls + (1L (dap — Uallp) is a translational friction tensor with {; < (. reflecting the fact that frictional
damping is smaller for motion along the long axis of the rod, (g is a rotational friction constant, and 1 and ng are
white noise terms with zero mean and correlations

(Mo () s (£)) = Dap(@) 6 (¢ —t') , (8a)
(nr (t)nr (t) =Ar o (t—1t) . (8b)

For simplicity, we assume that the noise amplitudes A,z and Ar have the same form as in equilibrium,
Anp(0) = 2kpTaCap()/m., (9a)

Ap =2kpTu(r/T , (9b)



FIG. 2: (color online) Each self-propelled particle is modeled as a capped rectangle of uniform mass density, consisting of
a rectangle of length ¢ and thickness 2R capped at the two short sides by semicircles of radius R (the width of the rod is
exaggerated for clarity). Self-propulsion is provided by a force of constant magnitude F' directed along the "head” of the
rod. The vector € locates points on the boundary of the rod relative to the center of mass. The unit vector U, is defined as
U, =z X U, where z points out of the plane.

with T, an active temperature and I the component of the moment of inertia tensor I of the rod along the long axis,

m 20 5 12 R? 12 me?
I—m[§(33+z>+”3(7+zﬂ“ﬁ' (10)

The last approximate equality in Eq. (I0) holds in the limits ¢ > 2R of long, thin rods. The active temperature Ty,
is generally different from the thermodynamic temperature of the system and is a measure of the noise amplitude.

The rods interact with each other exclusively via hard-core interactions. The collisions are instantaneous and
conserve energy and momentum of the colliding rods. To incorporate these interactions in the Langevin equations for
the particles, we need to construct a collision operator that generates the instantaneous collision. We consider two rods
and denote by ¢t = 0 the origin of time. The two rods travel freely with linear and angular velocities 1 = (v1,w1) and
29 = (va,ws) until a time 7(I'1,T's) when they come into contact, where I'; = {r;, @1;, v;, w} is the phase point of each
rod. Denoting by a prime the post-collisional velocities, z; = (v}, w});=1,2, the time dependence of the observables z;
can be written as

€ (f) = ;0 (T (1“1,1“2) — t) + xi@ (t -7 (F1,F2)) . (11)

The equation of motion for x; is then

6txi = A,Ti ) (f - T (1—‘1, Fg)) s (12)
with Az; = 2; — x}. The post-collisional velocities are easily calculated by imposing conservation of energy and of
linear and angular momentum, p;, = mv; and L; = Iw;, with the result ﬂﬁmﬁ]

P, =pi — k4, (13a)
L; = Li — Si X IA{NA s (13b)

where Eji is the unit normal at the point of contact of the two rods and is directed from rod j to rod i, and &; is the
vector from the center of mass of rod 7 to the point of contact of the two rods, as shown in Fig.[Bl The magnitude of
the momentum transfer A is

mkay - Vi

- 1+ % (51 X 1A<21) It (51 X 1221) +3 (52 X 1A<21) I7L (52 X 1A<21)

(14)

with Vis = vis + w1 X &1 — ws X & the relative velocity of the two rods at the point of contact, and vis = vi — vs.
To render Eq. (I2) explicit we need an expression for the time 7(I'y,I'z). The condition of contact can be written as
the requirement that ri(7)+ &1(7) = r2(7) 4+ &2(7) for some value of £; and &€ on the surface of the two rods, where



FIG. 3: (color online) A cap-to-side collision of two self-propelled hard rods (the width of the rod is exaggerated for clarity). k
is a unit vector from rod 2 to rod 1 normal to the point of contact. Points on the side of the rods are identified by vectors &;.

r; (1) =r; +v;7 and @; (1) = cos (0; + w;T) X + sin (6; + w;7) . It is apparent from Fig. Bl that ris + & —&, must lie
along ko1. The condition of contact can then be written as two scalar equations, given by

(rig+&1-&,) - ko) = [ri2 +&1—-&5| =0, (15a)
(riz +&1-&,)- (i X 1221) =0, (15b)

where all variables are evaluated at time 7. Equations ([5al) and (I5D) are implicit equations for 7(I';,T's). The first
condition, Eq. ([I5al), imposes that two rods be in contact at any point along their surface. The second condition,
Eq. (I5h), determines the precise point on the surface of each rod. As an illustration we consider the collision shown
in Fig. [3] when the cap of rod 2 comes into contact with a side of rod 1. In this case, ng = ﬁf‘ = 7 x 103 and the
surface of the rod 1 is parametrized by & = s1{; — R, with @i} = 2 x @;. The point of contact on rod 2 is simply
& = L0y + Rt The contact conditions Eqs. (I5al) and (I50) become

1

rlg-ﬁf—§ﬁ2-ﬁf—2R=0, (16a)
A U
r12-u1—§u2-u1—|—51:0. (16b)

Eq. [I6a) requires the rods to be at contact at any point along the side of rod 1, while Eq. (I6h) determines the
position of contact along the side of rod 1.

To obtain an expression that can be used to eliminate 7(I';,T's) from the equation of motion, Eq. (T2 we use the
identity

0 (xz — o)
af '

ox |10

6 (f(x) = fo) = (17)

Using Eq. (1), together with

% (r12 + &1—&,) - ko |i=r = V12 (1) - kay (18)



we can rewrite the temporal ¢ function in the equation of motion, Eq. (I2)) as
O(t—7(T,Te)) =0 ((1‘12 +&1-§5) '1221) ’V12 ' 1A<21‘ : (19)

Finally, although Eqs. ([HZalI5hl) determine the contact condition, an actual collision results from the contact only if
the pre-collisional velocities at the point of contact are such that the two particles are moving towards each other,
i.e., V1o - ko1 < 0. Putting all of these results together, the equation of motion for the observable z; can be written
in the form

where T'(1,2) is a binary collision operator, given by

T(1,2) = / /12 S} (—V12 : 1221) ’V12 ' 1;21‘5 ((1‘12 +&1-§5) 'R21> d ((1‘12 +&1-&,) - (i X 1221)) (312 - 1) ;
1,62 ka1 (21)
with b1» a substitution operator such that biow; = x}. The integration in Eq. (2I)) ranges over all physical collision
geometries. In the following, we will focus on the case of rods of large aspect ratio (¢ > 2R). In this limit, cap-on-cap
collisions are rare relative to to cap-on-side collisions and will be neglected. For cap-on-side collisions, the fﬁh,& ff{m
can be given an explicit representation of the form

Lo [ Al (erg) ro(semg) o (k- at) +0 (k<)
o (sirg) o (s 5)] 5 (k- 0f) +6 (e +05)] }
E/ /k 6 (Teont(s1,52,k21)) - (22)

where fs .= ffZQ ds... and the last line simply defines a compact notation for the condition of contact. Equation (21]),

with the expression given in Eq. (22)) for the range of integration, is the generator of collisional dynamics that will be
used in the rest of this work.

The above considerations are readily generalized to a system of N rods by considering only binary collisions since
collisions among particles with hard core interactions are instantaneous and the probability of three or more particles
being at contact at the same instant is of measure zero. In addition, the dynamics arising from the white noise due
to the interaction with the substrate is described by a continuous generator and does not lead to any additional
singularity. The derivation of the collision trajectory can then be carried out as before. The dynamics of a system of
N self-propelled hard rods moving on a passive substrate in the N-rod phase space I' = {I'1, s, ..., 'y } is controlled
by a set of coupled Langevin equations for the linear velocities 0;r; = v; and angular velocities w; = @1; X 0;0; = Zw;,
given by

matvi:mZT(ivj)Vi_Ci'Vi+Fﬁi+ni (23a)
i
s = Y T (i, §) wi — Crws +nft (23b)
G

where ¢; is a friction tensor with components ¢; o3 = ({) — 1 )liatig + €1 0ag, M and 771'R are Gaussian random forces
with zero mean and correlations as defined in Egs. . Noise sources associated with different values of the rod
index 7 are uncorrelated.

III. NON-EQUILIBRIUM STATISTICAL MECHANICS

We are interested in the collective behavior of self-propelled rods in the limit of large friction with the substrate.
In this limit one can consider a description that applies on time scales t > mC[l that neglects the fast dynamics of

the linear and angular velocities and only considers the dynamics of the coordinate degrees of freedom, {r;, ﬁi}fil.
The derivation of the overdamped dynamics must, however, be carried out carefully when dealing with the singular
limit of hard particles, where the interactions, even though conservative, depend on the velocities of the particles.
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With this goal in mind, we consider an observable of the system A (T"), where T' is an N-rod phase point. Using

Ito calculus ﬂﬂ], the stochastic equation of motion for the observable A can be derived from the equations of motion,
Eq. ([3a) and [23H]), for the phase space variables, with the result

DA (T, 1)

5 =LAt , ”
where the operator Lis given by
. N P . )
L= ;{vi.vm i R+ i Vo, = = Cvigde, — it
LV o, — AT, 0., — SaRa £+ L S i) | 25)
m 2m 2 5 2

where R; = 0; X On,. The binary substitution operator I;ij contained in T'(¢,j) = T(I';,T';) replaces the velocities
of the (i,7) pair with their post-collisional values, according to b;; A (v;, vj,w;,w;) = A (vg, v;,wg,w;-), leaving the
velocities of all other particles unchanged. Equation [24) describes the stochastic dynamics of any observable A(T)
for given initial conditions in phase space. The quantity of interest here, however, is not the stochastic observable

itself, but rather its ensemble averaged value for a given ensemble of initial conditions, py (I'), i.e.,

<A (t)>em - / dDpx (D) A (T, 1) . (26)

Equivalently, we can treat the phase space density as the dynamical quantity and write the ensemble average of an
observable as

<A (t)>m - / dDpy (T, ¢) A (D) . (27)

Equation 27) defines the dynamics of the phase space probability density, pn(T',t). Taking the time derivative of
both Egs. (26) and (27) and defining an adjoint operator L,

/dF op(D,t) A(T) /dF pn (T) 8, A (T, 1)

/dF pn (D) LA (T, )
= - [ar [Lon o] A (28)
we obtain a Liouville-like equation describing the time evolution of of the phase space probability density,
o .

where

1
EC&BUW&W@ - CRwiawi

. N F
L = Z{vi-vri—i—wi-Rri—Eui-Vvi—

1, 1 1 — -
. R = AT _ ~AR92 _ . .
M- Vo, 4 [0, = 5 A0, 00, — 5ARD f} : ;#:i T(,5) . (30)

The single-particle part of L is identified by a simple integration by parts. To determine the binary collision operator
T(i,7) one needs to explicitly construct the restituting collision, with the result

T(1,2))p = / /&5(Fmt (sl,SQ,E)) (13;21 —1) ’Vu-ﬂle(—vu-ﬁ)p, (31)



where I;Z_Jl is the generator of restituting collisions, i.e., l;i_le (:v;, x;) = A(z;,x;), i.e., it replaces the post-collisional
velocities of the pair with their pre-collisional values, and § (I‘cont (31,52,ﬁ)), defined in Eq. (22), enforces the

condition of contact.
Finally, we average over the noise and define py = (p). The dynamical equation describing the evolution of the
noise-averaged density is

<% + ,c) pn (0,1) =0, (32)

where L is the Liouville Fokker Planck operator, given by

- .0 F_ s R
L = Z{vi-vri—i—wi- u; X +—ui-Vvi—W&,mviﬂ—C Ou; Wi

i=1

L r INTY 1 o
5 A0 Dy — ARG F} = 5 ST (i) - (33)
i,j#i
The formulation just described is exact and can be used, for instance, to evaluate time correlation functions for the
system. To proceed, we will now restrict our attention to a low-density collections of self-propelled rods. In this case
one can make systematic approximations to obtain the effective coarse-grained theory in the form of a Smoluchowski
equation.

IV. LOW DENSITY EFFECTIVE STATISTICAL MECHANICS

In order to carry out systematic approximations in the low density limit, it is convenient to define a hierarchy of
reduced distribution functions as

The Liouville Fokker-Planck equation, Eq. (32)), can then be rewritten as an infinite hierarchy of equations for the
reduced distribution functions. The m-th equation for f,, couples to f,,+1. The resulting Fokker-Planck hierarchy is
analogous to the BBGKY hierarchy for Hamiltonian systems and forms the starting point for constructing approximate
theories to describe the system in various regimes of interest.

At low density, we consider the first equation of the hierarchy for the one-particle distribution function f; (I'1,¢),
given by

df1(Tq,t)

o +Dfi(T,t) = /dF2 T (1,2) f2(I1,T,t) (35)

where the one-particle operator D is given by

F__ 1 1 1
Dfi =vi-Ve fitwr-Rafit —wi-Vy, fi _E<éﬁav1a (v1f1) =00y (wif1)— %Alj;amavmfl —§AR531f1 . (36)
Equation (35) is a generalized Fokker-Planck equation that includes binary collisions. We are interested in the limit
of large friction, where linear and angular velocities relax on fast time scales. Our goal is to construct an approximate

closed equation for a local concentration field ¢ (r,@,t), defined as
c(ry,tu,t) =/ fi (v, v, Gy, we,t) (37)
Vi,w1

Specifically, we seek to derive a kinetic equation for self propelled particles that is analogous to the mean field
Smoluchowski equation for thermal nematics. In the remainder of this section we present a systematic method for
deriving such a closed kinetic equation for ¢ in the limit of low density.

We adopt the simplest phenomenological closure of the Fokker-Planck equation ([B5) of the form fo (I'1,To,t) =
f1(T1,t) f1 (Ta,t). With this closure, Eq. [B8) becomes a Boltzmann-Fokker-Planck equation for the one-particle
distribution function,

% +Df1 = /dFQ T(1,2) fl(l—‘lat)fl(l—‘g,t) (38)



To derive the Smoluchowski equation, in addition to the concentration field ¢ (r, 1, t) given in Eq. (87), we introduce
translational and rotational currents J7 and J*, defined as velocity moments of the one particle distribution function,
with

JT (ry, 0, ¢) :/ vi fi(re, @, vi,wi,t) (39a)
Vi,w1

I (r1,04,1) =/ wi fi(ry, 0y, vy, wy,t) . (39b)
Vi,w1

The dynamical equations for the concentration ¢ and the translational and rotational currents are obtained by taking
moments of Eq. (B8], with the result,

Oc

57 Ve IR =0 (40a)
aJT G, F_
6—; ﬁJE — tlac O (vavp)c + Riglwavg)e = —IF (40b)
oI R .
a—to‘ + (T + 01p{wavg)c + Rig{wawp)c = —1 (40c¢)
where
1
(vavg) = E/ viavig f1(I'1,1) (41a)
Vi,w1
1
(wavp) = —/ wiav1g f1(I'1,1) (41b)
¢ Vi,w1
1
(wawg) = E/ wiawip f1(T'1,t) (41c)
Vi,w1

are the second moments of f; with respect to the translational and rotational velocities, and
1= /dr2 [T (1,2) via] f1(T1,8) f1(T2,1) (42a)
1= [dre (1,2 0] ATLOAT0) (42b)

are the linear and angular momentum transfers, respectively, due to collisions with the other particles in the system.
The equations for the translational and rotational currents contain frictional damping and relax on time scales of
order m/(j| due to the interaction with the substrate. On time scales t > m(lrl the fluxes can be approximated as

F
i JT — (1 [__A + 015(vg + Riglwa +17) 43a
Jm T = oG |+ {vavs)e + Ruglenvs)e + 1] (432)

m? == [01p{wavs)e + Riplwawp)e + 11 (43b)
t>>(C~

In this regime we can fully describe the system’s dynamics in terms of the one-particle configurational probability
c(r,u,t). To obtain a closed equation, we must express the currents as functionals of the configurational probability.

A. Thermal Hard Rods: Derivation of the Onsager Excluded Volume Interaction

Before deriving the Smoluchwski equation for self-propelled hard rods, we show in this section how this method
can be implemented to provide a derivation of the Smoluchowski equation for thermal hard rods, with the well-known
mean field Onsager excluded volume interaction. We set the self-propulsion force ' = 0 and assume the noise is
thermal, i.e. T, =T.

For large friction the relaxation of the linear and angular velocities of the rods is controlled primarily by the
interaction of the rods with the substrate, rather than by interparticle collisions. We can then assume that the for
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times ¢ >> m/(| the velocity distribution has relaxed to its noninteracting value. In the absence of collisions, the
Fokker-Planck equation, Eq. [33)), for the one-particle distribution function takes the form

kgT
T @ +vi- Ve +w1-Ri) i [% ap — (1 - %) ﬁlaﬁw} (3ma vig + %&)m 31,15) N1
I I

R
—|—% <8w1w1 + kB—T > Ji=0, (44)

where we have used the form of the noise amplitude in Eq. (8al8D) to eliminate it in favor of the temperature 7.
The first term on the left hand side of Eq. ([@4) can be neglected for ¢ >> m/(. The solution of the non-interacting
Fokker-Planck equation can then be written in a factorized form as

Q

fi(ry, v, Gy, wi,t) = c(ry, b, t) far(v,wr) (45)
with
fa(vr,w1) = Aexp (—mv%/2kBT) exp(—wa/QkBT) , (46)

and A a normalization constant. In other words, we assume that on the time scales of interest the linear and angular

velocity distributions have relaxed to their equilibrium forms. Using this expression, the velocity moments defined in
Eqs. (@TIal42D) can be immediately calculated with the result,

(vavs) = "5, (47a)
(Vawp) =0, (47b)
<wozw6> = kBTéozB (47C)

Next, we need to evaluate the collisional transfer contributions, IZ and IZ defined in Eqs. (@2a) and ([@2H). This
requires calculating the mean linear and angular velocity transferred in a collision, (T (1,2) via),, and (T (1,2) wia),,
where

X) :/ / X far (v1,w1) far (v2,w2) (48)

Using the explicit form of the momentum transfer in a binary hard rod collision given in Eq. ([[4]), we find

(T (1,2)via) s — _/ A<(V12~§)2®(—V12-E)>

Slsgk M

1 I
) 1+ (51 X 12)2 + (52 x 1;)25 (Fcom (51,52,1{)) Fa - (49)

The © function in Eq. ([#9]) selects only those values of the pre-collision velocities that will actually result in a collision.
In the mean field limit of interest here, we assume that on average half the particles in the flux will have initial velocities
that will yield a collision and approximate the velocity average in Eq. (@3] as

(v i (Ve i)~ H{(ve®))

1 [2kpT kBT
[+

m

kT ~\ 2
glxk) +T(§2xk)]. (50)
Substituting Eq. (B0) in Eq. @) we find

kT
<T(172)V1a = — B / / cont 51;527k))k . (51)
8182

Similarly, it is easy to show that

(T(1,2) wia)y = _kB—T/Sl@/A Leont 51752,1()) (S X f()a ; (52)



11

where s is defined in Fig. [l In the thin rod limit, i.e., R — 0, the contact delta function in Eqgs. (&) and (B2)) is non
zero on the perimeter of a parallelogram centered at the position r; rod 1 with sides of length ¢ directed along ; and
Gy (Fig. ). The area of such a parallelogram can be written as

Ajgram(r1, 1) = 52/ O (07 — |r1z2 + s1h1 — s21z]) (53)

S1,52

It is easy to verify that
Ve Ajgram = —52/ / o (Fcont (81, 8271;21)) ko1 , (54a)
51,52 J kot

RlA”g’ram = (2 /51752 /1;21 ) (Fcont (81, SQ,K)) (S X Rgl) . (54b)

Finally, combining all these results we obtain the familiar Smoluchowski equation for hard given in Egs. (@), (L) and
2a) with D,g = (;ﬂl kEgT/m and D = kpT/(CrI). The excluded volume interaction can be written in the familiar

Onsager form by noting that the area of the collisional parallelogram is simply given by All9rem — 2ty x 0] as
illustrated in Fig. (). This gives Eq. @), where the integral over s spans the area of the parallelogram shown in
Fig. (@) for fixed orientation of rod 2, while the integral over iz averages over all possible orientations of the second
rod. The Onsager excluded volume interaction has a purely entropic interpretation as the free energy cost for a rod
to occupy the area excluded by another rod. Here the same result has been derived from dynamical considerations
and has the alternate interpretation of mean-field momentum transfer in a binary collision of two rods, each carrying
an average momentum of magnitude /mkpT. The orientational correlations arise then from the anisotropy of the
collision frequency due to the fact that head to head collisions are of measure zero with respect to head to side
collisions.

In summary, we have shown in this subsection that for thermal (non self-propelled) hard rods the method described
in this paper can be used to derive the familiar Smoluchowski equation with the Onsager expression for the excluded
volume interaction. In the next section we apply the same procedure to self-propelled hard rods and show that
self-propulsion modifies the Smoluchowski equation in several ways.

B. Self-propelled hard rods

As for the case of thermal hard rods, the derivation of the Smoluchowski equation for self propelled rods consists
of two steps: (i) we identify a stationary normal solution of the noninteracting Boltzmann-Fokker Plank equation,
and (ii) we use this functional form to close the equations for the translational and rotational fluxes in a quasi-static
approximation.

In the absence of interactions, the Fokker-Planck equation for self-propelled rods is given by

kT
?” (Ot + v+ Vi, +wi-R1) fi + 00l Vy, + [%l%ﬂ - (1 - E_ILI) ﬁlaﬁw} (f%avw + %&m@m) fi
R kT
+% <6w1w1 + %aﬁl) f=0 (55)
with vg = CEH the self propulsion velocity. On time scales large compared to m/(j, we neglect the first term on the
left hand side of Eq. (B3). The stationary normal solution then has the form
fi (1,0, vi,wi,t) = c(ry, @, 1) fs (v, will) (56)
with
fs=Ae —Lm(v — vpu )2—Llw2 (57)
§ TSP Tggpr ™Y T O T o)

and A a normalization constant. Inserting this stationary normal solution in Eqgs. [@3)), we obtain
J(;l; = voﬂlac — DSﬁlaﬁl'vrlc — Daﬁarwc —m (;Bl (/ dr2dﬁ2 <T (1, 2) V15>S C (I‘Q, ﬁQ, t)) C (1‘1, ﬁl, t) ) (58&)

1
JB = —DpRic— R </ drodiy <T(1,2)w1>sc(r2,ﬁ2,t)) c(ry,a,t) , (58b)
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where the angular brackets (...) s denote the average over the linear and angular velocities with weigh fs. The diffusion
coeflicients D,3 and Dp are as given in the previous subsection, but with 7' =T, and Dg = CH
The next step is the evaluation of the average linear and angular momentum transfer in a collision,

(T'(1,2) vi)g —/ / 2)v1 fs(vi,wi|tu) fs(va, wall2) (59a)
(T (1,2) wn)g = / / T(1, 2w fs(vr,wi]tn) fs(va, wala) - (59h)

When deriving the Onsager excluded volume interaction in the previous subsection, we neglected dynamical velocity
correlations by approximating <(V12 - k)?0(=Viz - k)> ~ 3 <(V12 ~k)2>. This approximation is not valid for self-
propelled rods as the dynamical velocity correlations induced by the self propulsion velocity, which is directed along 1,
are also orientational correlations. On the other hand, an approximation is required to make the problem tractable.

The Smoluchowski equation is a mean field model and only describes the average momentum transfer in a collision.
We then assume

(T (12)vi)s = (T (1,2) va)py, + (T (1L,2)va)gp . (60a)
(T (1,2)wn)g = (T (1,2)wi)y, + (T (L2)wn)gp . (60b)

a

where (X),, denotes velocity averages with the Maxwellian distribution given in Eq. (@) at temperature 7' = T,, and
(X)gp denotes velocity averages in a regime where all particles are moving at velocity vpli and the one-rod velocity
distribution is given by fsp ~ ¢ (v — vol1) 6 (w). The first terms on the right hand side of Egs. (60) are then evaluated
as in the previous section by neglecting the dynamical velocity correlations and yield again the Onsager excluded
volume potential given in Eq. ({@). The second terms on the right hand side of Egs. (60) are evaluated by neglecting

. -1
static orientational correlations arising from the term |1 + (m/21)(&1 x k)2+(m/2I)(&2 x k)z} in Eq. (I4) as these

correlations are already incorporated in the noise. It can be shown that this approximation becomes exact if we
replace the rod by a string of beads in contact with each other and calculate the momentum transfer between the two

specific beads that participate in the collision. With these approximations, the average momentum transfer is given
by

</ (T (1, 2)vm>sc(2)) c(l) ~ % (Ve Vew) ¢ + 03157 (61a)

2

1
(/2 <T(1,2)w1>sc(2)> ¢(1) = 7R Vege + 211 , (61b)

with
= // sin? () — 02) [© (sin (6; — 62)) — © (—sin (6 — 6))]

l l
X [flf‘ c (I‘l + st — §ﬁ2,ﬁ2,f> + ﬁ%‘ c (I‘l + sty — §ﬁ17ﬁ2at)] , (62)

| z// sin? (0; — 62) [© (sin (6 — 62)) — © (—sin (6, — 62))]
. 0. . 14 . ‘.
X |5 ¢ r1+su1—§u2,u2,t +§cos(91—92)c r1+su2—§u1,u2,t ) (63)

Finally, when these results are substituted into Eq. (58a)) and (58h]), we obtain the modified Smoluchowski equation
given in Eq. (@).

There are three important modifications of the Smoluchowski equation for self-propelled particles when compared
to its equilibrium counterpart for thermal particles.

1. The translational current J7 in Eq. (Ba)) contains a convective term volijc that arises because self-propelled
particles move in the direction of their long axis. This is a signature of the polar nature of the microdynamics
of the system.
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2. Self propulsion yields an additional longitudinal diffusion current Dgt14%18018¢, with Dg ~ vg. This can be
understood as follows. A Brownian particle subject to a frictional damping ¢ takes Brownian steps of mean
length A ~ /mkpT/(, with \/kpT/m the thermal speed of the particle and m/{ the frictional time scale over
which the velocity relaxes to zero. This yields the simple estimate D ~ A2?/(m/() ~ kgT/( for the diffusion
coefficient. A Brownian rod experiences anisotropic friction ¢ and ¢, yielding mean steps Ay ~ vmkpT /()
and A| ~ /mkgT/{, in the directions longitudinal and transverse to its long axis, respectively. This gives
anisotropic diffusion constants Dy ~ kgT'() and D, ~ kgT /(1. When the rod is self propelled it performs a
persistent random walk along its long axis controlled by the competition between ballistic motion at speed vy and
rotational diffusion at rate Dr ~ D)/ 02, As aresult, the ;nean square velocity is approximately (v?) ~ % +v2.

HaT

to the longitudinal diffusion, corresponding to the second term of Eq. (G).

For small values of vy this gives (v?)'/? ~ % {1 + ] This yields an additional contribution of order v3

3. Both the translational and rotational fluxes in Eq. (@) contain additional active contributions arising from
the momentum transfer associated with self propulsion. Collisions among particle induce dynamical velocity
correlations. These are negligible for a mean-field description of overdamped thermal hard rods that only seeks
to capture the dynamics of the translational and orientational degrees of freedom. When the rods are self-
propelled with a physical velocity directed along their long axis, collisions induce both velocity and orientational
correlations since the two are intimately coupled. These additional collision-induced orientational correlations
have been shown to affect the physics of the system even on hydrodynamic scales ﬂﬂ]

Our work demonstrates that orientational fluctuations have a profound effect on mass transport in self-propelled
particle systems. Furthermore this observation is not limited to the specific hard rod model considered here, but holds
generically for all collections of self-propelled units. Our result relies solely on the presence of short-range excluded
volume interactions that are present in all physical systems, but not on the specific implementation of such interaction
in the hard particle limit.

V. DISCUSSION

In this paper we have analyzed the microscopic dynamics and statistical mechanics of a collection of self-propelled
particles modeled as long thin polar rods that move along one direction of their long axis. The formalism developed
here is general and of wide applicability. It can be used to study fluctuations and response functions in fluids of self-
propelled particles by building on techniques developed for traditional fluids. In addition, the formalism can readily
be generalized to particles of arbitrary shape and to higher dimensions, making it also relevant for applications to
granular fluids.

As a particular application of the general formalism, we have derived the Smoluchowski equation that governs the
dynamics of the one particle configuration probability density in the overdamped regime, for both thermal and self
propelled particles. For thermal rods, this provides a purely dynamical derivation of the familiar Onsager excluded
volume interaction and is useful for identifying the limitations of this widely used effective interaction in capturing the
physics of out-of-equilibrium systems. For self propelled hard rods, the modified Smoluchowski equation presented
here is the first tractable theory of the dynamics of self-propelled particles that captures the physics of contact
interactions and their modifications due to the presence of self propulsion. In a separate work we have used this
Smoluchowski equation as the starting point for deriving a coarse grained (hydrodynamic) description of the system
in terms of conserved quantities and broken symmetry variables |12, |E] Self propulsion has profound effects on the
system on hydrodynamic scales, including enhanced orientational order arising from the orientational correlations
induced dynamically via collisions, instabilities of the ordered phases, and the existence of propagating sound-like
density waves in this otherwise overdamped system.

Having derived the Smoluchowski equation from first principles, we can also identify its scope and limitations. Our
theory captures the fluctuations in velocity induced by orientational fluctuations and the associated modifications
to the mass flux that characterize this inherently nonequilibrium system. These effects yield the convective and
diffusive terms in Eq. (). The theory also captures some of the orientational correlations induced by collisional
interactions through the additional momentum transfer contributions to the fluxes. These correlations are important
as evidenced by the enhanced ordering identified in ﬂﬁ] and observed in numerical simulations of motility assays
ﬂa] The derivation is, however, based on a low-density kinetic theory that neglects two-particle velocity correlations.
While this is a reasonable approximation for overdamped thermal particles that have an underlying equilibrium state,
in the case of self propelled particles, these correlations will generate additional orientational correlations that are
neglected in the present approximation. The Fokker-Planck hierarchy derived here can serve as the starting point for
analyzing the effect of these two-particle correlations. This is left for future work.
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In summary, we have constructed the non-equilibrium statistical mechanics of a system of self propelled particles
and derived a modified Smoluchowski equation for the system. We have discussed the content of the resulting theory
and identified its scope, limitations and potential for future applications.
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