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A model is proposed for the two-particle distribution functions for the surface region of a system composed
of two oppositely charged species with identical hard sphere repulsions. The distribution functions are formed
from those for the bulk fluid by incorporating a cutoff corresponding to the surface and a multiplying factor
defined so as to guarantee electroneutrality while maintaining the proper symmetry. Various methods for doing
this are discussed. Good agreement is obtained for surface tension and surface energy. Density oscillations

are predicted.

I. Introduction

We consider a system composed of two oppositely
charged species, with the interaction potential between a
particle of species i and one of species j given by a Cou-
lombic potential, e;e;/r;;, plus a hard sphere repulsion, the
hard sphere radii being identical for positively and neg-
atively charged species (restricted primitive model).! This
set of assumptions seems to give a good description of
molten salts and other ionic systems.”? By a model for the
surface region, we mean a formula for the two-particle
distribution functions p;®(F,7y), where® p, D (FiFy) d®r; d°r,
gives the average number of pairs of particles of species
i and j, such that a particle of species i is found in a volume
d®r, at 7, and a-particle of species j in a volume d®r, at 7,.
From p,/?(7,7,) one can obtain V;p;"(7;), where p,V is the
one-particle distribution function or density for species i,
by the Born-Yvon-Green equation.*

To describe a surface region, the Fowler-Kirkwood-Buff
or superposition approximation® is often used. This ap-
proximation makes p;?(7,7,) identical with the corre-
sponding distribution function of the bulk fluid as long as
#; and 7, are both within the liquid region, and zero if either
is outside:

Pij(2)(7"17"2) = Pijbulk(?lf:2)[1 - 0(51)][1 - 6(25)] 1

Here z gives position on the direction normal to the
surface, and 6(z;) is the step function, equal to 1 for 2, >
- 0 and 0 for z; < 0. The bulk distribution function depends
only on ry,, reflecting the isotropy and homogeneity of the
fluid. For the surface region, pij(z) may depend on z; and
the components of 7;;. Conventionally, one includes in the
Fowler approximation a step-function formula for the
one-particle distribution functions. However, the as-
sumption for p@® is inconsistent with that for p®, as
appears®’ from the large and nonconstant normal pressure
calculated using both assumptions. If o is derived from
@ using the Born-Yvon-Green equation, the calculated
normal pressure is constant, as it should be.®®

From the p;/® one can calculate the surface tension v
and surface energy E,. When the generalized mean
spherical approximation is used to obtain p;>%, the results

for v and E, for NaCl at 1128 K (see Table I) are so far .

from the experimental values’ as to indicate a serious
problem with the approximation (1) for p;;®, a problem
which apparently is not present for one-component systems
for which this model has been used. Use of a better in-
teraction potential and p;®* from Monte Carlo calcula-
tions does not improve the situation.” The main source

0022-3654/78/2082-2078%01.00/0

TABLE I: Calculated Surface Properties
of NaCl (T'= 1128 K)

surface surface
tension energy
source v, dynfem ES, dyn/em
Fowler model -79.58 907.52
(superposition)
previous model 42.37 111.87
(eq 6)
present model 99.36 288.08
(eq 9)
experimental 111.3% 216.22

¢ G, Janz, “Molten Salts Handbook”, Academic Press,
New York, N.Y., 1967. ? Calculated from ES = y - T' dy/
dt using values of dy/dt from ref a.

of the difficulty seems to lie in the violation of the elec-
troneutrality condition.
This is best expressed by writing

ijbulk = pib“n‘p jb“lkgi j(r 12) (2)

where pPlk (= p*ulk) is the one-particle density of species
i and defining

o

gs(rlz) = 1/2(g+— +g+4) (3a)
g2(r1y) = Y84 — 844) (3b)

Of course, g, = g_, and g, = g_ in this model. With the
assumptions of our model (eq 1) the total charge around
a positive ion at Fi(z; < 0) is

(0/27 f dry e(p4s @) - 9+ OF 7)) =
(23<0)
—Pef dry gP(r0) (4)

where p = p, Uk + p P Tt should equal —e, but, working
out the integral in detail, we find’

(p/z)_ldez e(P++(2) - p+_(2)) =

—47rpe[j;wr2 dr g%(r) + szl:lr? dr gP(r) (-1 + 121|r"1)]
(5)

Since the bulk correlation function satisfies [, g°r? dr =
1/(4mp), we have electroneutrality when |z,| is large, but
not otherwise. The right side of (5) is plotted as a function
of z; in Figure 1A. Henceforth, we shall represent the
combination of correlation functions given in (3b) by gB
when the functions g,_ and g., are taken from bulk
calculations without modification, and use gP for the

© 1978 American Chemical Society
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Figure 1. Electroneutrality for varlous models of g°; net charge around
a positive ion at 24, in units of —e: curve A, unmodified Fowler model;
curve B, using eq 8 for g curve C, using eq 10 with f calculated
according to eq 7.

corresponding function for the surface; g° depends on z;,
Z9, and ?12.
In our previous work, we corrected the problem by
writing’
g° = f(z1) £8(r1y) (6)

where
flzy) = (47rp)“1U;mr2 dr gB(r) +
AN TC RN

and leaving g° unchanged. This makes (5) exactly equal
to ~e. Much improved values for surface tension and
surface energy were obtained (see Table I). We pointed
out, however, that a symmetry condition was violated. We
should have ’ .

gD(Z122312) = gD(2221S12)

where 51,2 = (21 — 29)2 + (y; - ¥9)%, and this does not hold
if g° of eq 6 is used. The present paper is concerned with
correcting for electroneutrality while maintaining this
symmetry.

I1. A Model Satisfying the Symmetry Condition

One reasonable way of obtaining a symmetrical g from
the above choice is to write

g2(2125819) = [f(2y) flzn)]Y? g8(ryy) 8

using eq 7 for f. The resultant gP is better than g® in
assuring electroneutrality for small z;, as shown in Figure
1B. However, it is not an improvement elsewhere. An-
other method was suggested by us: one could put g° = f(z,)
f(z2) gB(ri2) and determine 7 by solving the integral
equation (see eq 4)

(29<0).
p=flen) [ drs flz) 20D

by an iterative method. Putting f,(z,) = 1, this gives for
fi(z7), the first approximation for f(2,), just eq 7. Attempts
to implement this procedure were unsuccessful: we were
unable to get convergence to a reasonable f(z). Another
solution to the symmetrization problem is to put g° = [f(z;)
+ f(29)] gB(r19), leading to

(22<0) (25<0)
= fe) [ dry @B + [ dry fle) 8%
©

In this case, the integral equation is linear, but the iterative
procedure again failed to converge.

If it is assumed that f(z) = 1/2 (the asymptotic value)
for z < zy, eq 9 becomes a Fredholm’s equation of the
second kind, for which an exact method of solution is
known.? We solved this equation for several choices of z,
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Flgure 2. Solutions to the integral equation (9) for various choices of
the parameter z, (f(z) = 1/2 for z < zy). Curves A, B, and C
correspond to z, = 2.0, 2.7, and 3.0 hard sphere diameters, re-
spectively.

(see Figure 2). It appears that, as 2, increases, f becomes
more wildly oscillating, taking on larger positive and
negative values. This probably explains our difficulties
in getting solutions to the other integral equations by our
iterative method.

After additional experimentation, we were led to try the
physically reasonable assumption

gD(z122812) = f(u) gB(rm) u= 1/2(21 + 2 (10)

This makes the multiplying factor on gB depend on the
average of the z values of the two particles. We tried to
use for f the function determined for the unsymmetrical
model, according to eq 7, which uses the bulk correlation
function gB(r) = 1/4(g+ — g++). Thus the same function
was used as previously, but its argument was changed from
21 t0 1/4(21 + 25). As shown in Figure 1C, this choice of
z leads to satisfactory charge neutrality (except when 2;
is close to 0). It should be possible in principle to de-
termine f so that electroneutrality obtained exactly when
gD of (10) was employed, but we did not pursure this route.
Instead we used the f of (7) to calculate properties of the
surface, as we now discuss, with satisfactory results.

II1. Calculated Properties

For the purpose of these calculations, we wrote gP in the
following form:

gP(21,20,819) = 8(r1p) + [f(Yhzy + Yazo) — 1185(r1p)

This allows us to write the value for each property as the
Fowler (superposition) value plus a correction. (Note that
the correction is to the contribution of the electrostatic
forces.) The function f (see eq 7) oscillates about unity
as a function of its argument, the oscillations decreasing
as the magnitude of its argument (which is always <0)
increases. In fact, f is the reciprocal of the quantity plotted
in Figure 1A, Calculated values of f are given in Table 11
(see paragraph at end of text regarding supplementary

" material). For z < -7.20, we take f(z) = 1, so that the

correction to the Fowler value of a property (superscript
F) is an integral whose range is finite. Thus, the surface
tension is written

0 P (22<0) P
‘7=7F+2€2£md21 (§)f d7'12 (E)x

X192 — 215° 21t 29
[ o ][f( 7 )“1]gB(7‘12)=

F e%p? o 0 © 2r
Y -+ —2_ _gdzl‘ﬁ dzzj; 819 dslzj; d¢ X

2 el 4 2 +
£ (252) o
st

where { = 14.40 — 21, 15 = 215° + 815%, and 213 = —29; = 2,
— 2y; cylindrical coordinates (2,,510,¢0) have been used in the
integral and ¢ is the hard sphere diameter.
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As we have noted, our model of the interface is a model
for the two-particle distribution functions p4.+® (= p_®)
and p+.@ (= p_,®), or, alternatively, their sum and dif-
ference oS and o (see eq 2 and 3). We use the bulk-fluid
- distribution function for p%, as in eq 1, and modify the
bulk-fluid function for pP. The one-particle distribution
functions p;¥ are to be computed from the p;;® by the
Born-Green—Yvon equation:

dp,
‘ dz1

Integrating (12) over all values of z; and noting that p;®
= 0 for z; > 0, we.obtain the difference between p,(0) and
pi(~), which should be just the negative of the density of
the anion or cation in the bulk fluid. As shown in our
previous work,” use of the Fowler approximation (eq 1)
gives the correct value, p/2, for this quantity, but, when
we modify the distribution functions by multiplying pB by
f(z41), this no longer holds true.

This deficiency in the previous model is remedied when
the modification (9), which restores the symmetry of p?,
is used. The effect of the correction is to add the following
term to the integral of dp;!"/dz;:

k%ﬁdzli:dzd;wsm ds;y X

27 €2 219
f d¢_2‘_(‘“l’++(2) + 0. ®) =
0 rig°rie

WILdzIImd22‘£ S19 d312"‘—1'2‘é[f(u) — l]g (r12) _2.
(13)

The value of L will eventually be allowed to beéome in-
finite; u = 1/4(2; + 2). Now let x = 25— 2; = 249, and write

f $12 dsyp 112°8%(r1) = f r1g dryg r15"gB(ryp) =
0 bl
G (|x)) (14)

where G%(y) is the ith moment of g8 from y to «, which
we have previously tabulated. Equation 13 becomes

1 2 -
= ﬁ?fdf 12 Wi (r 12)£Pij(2)(r12,z1) (12)

weZp? A0 0 .
o da | dey xlfw) - 1G] =
re2p?

[‘[idu [fw) - 1]£§de xGEA(|x)) +
_Ld _1 f2u d G(‘Q)( )]
Sl -1 dxeGD(

In the first term, the integral over x vanishes because the
integrand is odd; if L is large enough (>7.2 hard sphere
diameters in the present case) so that f(u) = 1 for u < ~L,
the second term also vanishes.,

For calculation of dp;"/dz, at a particular value of z;,
the contribution additional to the Fowler contribution is
obtained according to (see eq 13 and 14):

kT

dp;(l) 7r62p2 =21
= - -2) =
o = T ). & Al - 16°2()
2,2 L,
ﬂ:; dx x[f(z; + Yx) — 1]GC2(|x|) (15)

Here, 2y = —14.40 — 2z;. The results of this calculation are
given in Figure 3. The density gradient do'V/dz; from the
unmodified Fowler—-Kirkwood-Buff model is plotted as
well as dp¥/dz; from our model (Fowler-Kirkwood-Buff
results plus correction of eq 15). It is clear that our

modification leads to more pronounced oscillations, ex- -
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Flgure 3. Gradient of the one-particle density, calculated from the
two-particle distrlbutions via the Born-Green-Yvon equation: curve
A, unmodified Fowler model; curve B, present model.

tending further into the bulk. With the step function of
p;? (eq 1), do/dz, vanishes for z, > 0, while Figure 3 shows
that it has its largest magnitude for 2, just below zero. The
discontinuity in dp/dz; could be removed by using a
smooth function instead of 1 - 6(z;) in eq 1.

From dp;\V'/dz;, one could compute the density profile,
integrating inward from 2; = 0. Clearly, our model predicts
a density profile which has strong oscillations (o, V(-) is
about 10?2 ¢cm3). This may imply that such oscillations
really exist in this system: they do not seem to® in other
surface systems studied. The enhanced oscillations
represent the influence of the electroneutrality constraint,
which is a reflection of the long-range character of the
Coulombic force, not present in systems considered in the
past.. In this system, we find, furthermore, attractive forces
and repulsive forces of the same range. This would seem
to create the possibility that dp,/dz, take both positive
and negative values in the surface region.

Returning to the surface tension, we find, by treating
(11) like (13), the following additional contribution:

Tegp? A0 A0
v=oF = der  da [flw) - 1] X

® D rig? = 8219°
f rp driggl ——— | =
212l

rig

we2p? A0 -2 z
5 j:wdzlj; dzlg[f(zl + —'213) - 1][G(°)(lz12|) -

32122G) (|215))] (16)

For the surface energy, we find
0
ES - ESF = sz:mdzl fdf 12%“;‘;‘(7‘12)[Pij(z)(ﬁz,zl) -
0 0 ®
pii P (ryp2,)FXB] = (0/2)2‘£md21‘£wd22£ dsyg 81 X
2
S, do(et/rio)(-2P)fl) - 1] =
0 -1
—e27rp2j:mdz1j; dzplf(z; + Yh219) — 11GO(24)) (17)

with u = 1/,(z; + 25), @ = 2(-7.20 - 2,), and G© defined
by (14). Since the moments of gB have been previously
calculated, a double integral over z; and 2,5 is required to
evaluate the additional contributions to v and to ES, They
are 178.94 and —619.44 dyn/cm, respectively. As shown
in Table I, the total values for surface tension and surface
energy are in reasonable agreement with experiment. As
usual, the agreement is much better for the former.

We conclude that satisfaction of the electroneutrality
and symmetry conditions on the two-particle distribution
functions converts the Fowler-Kirkwood-Buff model of
the surface region, untenable for this system, into one
which could provide a reasonable description of the in-
terface. What one requires now are additional constraints
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enabling us to further refine the model (only gP, and not
£° (eq 3 and 4) has been altered), or further data for testing
the predictions of the model. In particular, there is the
fact that the improvement in calculated properties between
the Fowler-Kirkwood-Buff and the present model is
accompanied by a large increase in the oscillations in the
one-particle distribution function or density.

One thermodynamic property which should be satisfied
by the statistical mechanical model for the interface is the
Gibbs-Helmholtz equation

ES =y - T(sy/oT)

Verifying this equation is difficult; furthermore, it is likely
that the sharp cutoffs in p;; (eq 1) become worse ap-
proximations as the temperature increases. The fact that
ES agrees much less well with experiment than vy may be
taken® as an indication that the Gibbs—Helmholtz equation
is not satisfied. Another property is expressed by the
Gibbs-Lippmann equation

(a’Y/aEp)T =-q

where E, is the drop in electrical potential across the
interface and g the electrical charge per unit area of the
surface double layer.l® The present model of course has
neither double layer nor potential drop. Modification of
the assumptions, to produce asymmetries between anions

The Journal of Physical Chemistry, Vol. 82, No. 19, 1978 2081

and cations, would be interesting to study.

-Supplementary Material Avatlable: Table II, giving the
function f which guarantees electroneutrality (3 pages).
Ordering information is available on any current masthead

page.

References and Notes

(1) C. W. Outhwaite, “Equilibrium Theory of Electrolyte Solutions”, in
“Specialist Periodical Report, Statistical Mechanics”, Vol. 2, The
Cheémical Society, London, 1975.

(2) L.V.Woodcock and K. Singer, Trans. Faraday Soc., 87, 12 (1971);

F. H. Stilinger, J. Chem. Phys., 35, 1581 (1961); B. Larsen, ibid.,

85, 3431 (1976); C. Y. Mou and R. M. Mazo, ibid., 85, 4530 (1976).

T. L. Hill, “Statistical Mechanics”, McGraw-Hill, New York, N.Y., 1956;

A. Munster, “Statistische Thermodynamik Kondensierter Phasen”,

in “Encyclopedia of Physics”, Vol. 13, S. Flugge, Ed., Springer-Verlag,

Woest Berlin.

(4) S. Ono and S. Kondo, “Molecular Theory of Surface Tension in
Liquids”, in “Encyclopedia of Physics”, Vol. 10, S. Flugge, Ed.,
Springer-Verlag, West Berlin, 1960.

(5) R. H. Fowler, Proc. R. Soc. London, Ser. A, 159, 229 (1937); J.
G. Kirkwood and F. P. Buff, J. Chem. Phys., 17, 338 (1949).

(6) A. Harasima, Adv. Chem. Phys., 1(1958),

(7) R. W. Pastor and J Goodisman, J. Chem. Phys., 68, 3654 (1978).

(8) S. Toxvaerd, “Statistical Thermodynamics of Surfaces”, in “Specialist
Periodical Report, Statistical Mechanics”, Vol. 2, The Chemical Society,
London, 1875.

(9) H. Margenau and G. M. Murphy, “The Mathematics of Physics and
Chemistry”, Van Nostrand, Princeton, N.J.,, 1856, Sectlon 14.3.

(10) J. Koryta, J. Dvorak, and V. Bohackova, “Electrochemistry”, Methuen,

London, 1970, Section IIE2.

)

=

Spectroscopy of Polyenes. 1. Comprehensive Investigation of Absorption Spectra of
Polyenals and Polyenones Related to Visual Chromophores

Paritosh K. Das and Ralph S. Becker*

Department of Chemistry, University of Houston, Houston, Texas 77004 (Received March 23, 1978)
Publication costs assisted by The Robert A. Welch Foundation and Phillips Petroleum

The absorption spectra of various homologues and analogues of retinals, a total of 21, with varying number
of double bonds (n) have been examined in detail under various conditions of solvent and temperature, Altogether
six band systems have been identified and their oscillator strengths and transition energies are presented as
functions of chain length. The origin of the transitions is discussed in the light of the results of semiempirical
calculations available in the literature. The trend in the lower polyene systems (n = 2-4) where the !(n,7*)
state is seen in absorption clearly indicates that this latter state is the lowest singlet state in these systems,
and is close to the B, state in retinals and their analogues. The ~280-nm band system in retinals and their
analogues, heretofore not satisfactorily assigned, is traceable to a more intense band system in the lower
homologues and is tentatively interpreted in terms of absorption of 6-s-trans conformers present in solution
to the extent of ~10% in equilibrium with distorted 6-s-cis conformers. The absorption spectra of retinones
and Cy; ketones indicate methyl-methyl and methyl-hydrogen steric interaction leading to geometric distortion

of the polyene chain.

I. Introduction

In recent years, a great deal of theoretical and experi-
mental work has been done on retinals and related polyene
systems.'* However, a number of questions and con-
troversies regarding the spectral properties of these sys-
tems still remain unresolved. Some of these concern the
relative order of the three low-lying singlet states, ‘A, 'B,,
and (n,7*),51 the nature of the lowermost singlet
state,'14 the location of the cis band (*A,* < 1A, tran-
sition),36™15 the assignment of the 280-300-nm band
system (in retinals),>16%17 and the absorption spectral
behavior of the 14-methyl analogue of 11-cis-retinal.181?

In the present investigation, we have studied 21
polyenals and polyenones that are related to retinals as
analogues and homologues. The low-lying excited states

of photophysical and photochemical interest in many of
these systems are expected to be comparatively sparsely
located and to provide situations with relative state order
different from that in retinals. Although there have been
a few early spectroscopic studies?®?? on some of the
polyene systems under examination, these were concerned
with room temperature spectra and limited to band
maxima (as routine work in the course of synthesis). No
detailed systematic analysis has ever been undertaken with
the object of understanding the existent problems con-
cerning retinals, their homologues, and visual pigments.

In paper 1, we propose to present the absorption spectral
data and attempt to interpret them in the light of the
results of theoretical calculations available to date. In
paper 2, we shall report the data on fluorescence, quantum

0022-3654/78/2082-2081$01.00/0 © 1978 American Chemical Society
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