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A SURVEY OF VARIOUS FREQUENCY DOMAIN
INTEGRAL EQUATIONS FOR THE ANALYSIS OF
SCATTERING FROM THREE-DIMENSIONAL
DIELECTRIC OBJECTS

B. H. Jung

Department of Information and Communication Engineering
Hoseo University
Asan 336-795, Korea

T. K. Sarkar and Y.-S. Chung

Department of Electrical Engineering and Computer Science
Syracuse University
Syracuse, NY 13244, USA

Abstract—In this paper, we present four different formulations for
the analysis of electromagnetic scattering from arbitrarily shaped
three-dimensional (3-D) homogeneous dielectric body in the frequency
domain. The four integral equations treated here are the electric field
integral equation (EFIE), the magnetic field integral equation (MFIE),
the combined field integral equation (CFIE), and the PMCHW
(Poggio, Miller, Chang, Harrington, and Wu) formulation. For the
CFIE case, we propose eight separate formulations with different
combinations of expansion and testing functions that result in sixteen
different formulations of CFIE. One of the objectives of this paper is
to illustrate that not all CFIE are valid methodologies in removing
defects, which occur at a frequency corresponding to an internal
resonance of the structure. Numerical results involving the equivalent
electric and magnetic currents, far scattered fields, and radar cross
section (RCS) are presented for three canonical dielectric scatterers,
viz. a sphere, a cube, and a finite circular cylinder, to illustrate which
formulation works and which does not.
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1. INTRODUCTION

The analysis of electromagnetic scattering from arbitrarily shaped 3-
D homogeneous dielectric body in the frequency domain has been
of considerable interest in recent years. In the analysis of dielectric
bodies at frequencies, which correspond to an internal resonance of
the structure, often spurious solutions are obtained for the EFIE or
MFIE. One possible way of obtaining a unique solution at an internal
resonant frequency of the structure under analysis is to combine a
weighted linear sum of the EFIE with MFIE and thereby eliminate the
spurious solutions [1]. This combination results in the CFIE. Although
an integral equation formulation has been used for 3-D dielectric bodies
in the frequency domain, only a few researchers have applied it to the
analysis of scattering by arbitrarily shaped 3-D objects with triangular
patch modeling [2–6].

The integral equation used in [2] and [5] is the PMCHW formu-
lation, in which Rao-Wilton-Glisson (RWG) functions described in [7]
has been used both as the basis and testing functions, to approximate
both the electric and the magnetic currents. For the EFIE formulation
[3], the electric current is expanded using the RWG functions, but the
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magnetic current is expanded using another set of basis functions given
by n̂ × RWG which are point-wise spatially orthogonal to the RWG
set. Here n̂ is the unit normal pointing outward from the surface. In
addition RWG is also used as the testing functions. Rao and Wilton
proposed the CFIE with EFIE and MFIE for the analysis of scattering
by arbitrarily shaped 3-D dielectric bodies for the first time [4]. In their
work, RWG functions is used to approximate the electric current, but
the magnetic current is approximated by n̂×RWG as in [3], and a line
testing is used. In a recent paper [6], Sheng et al. proposed a CFIE
formulation for this problem. In their work the RWG functions are
used as basis functions to approximate both the electric and magnetic
currents, and RWG and n̂ × RWG functions are used as testing
functions. This yields a well-conditioned matrix. They also presented
a set of four CFIE formulations by dropping one of the testing terms in
〈RWG,EFIE〉+〈n̂×RWG, EFIE〉+〈RWG, MFIE〉+〈n̂×RWG, MFIE〉.

In this work, we investigate various integral formulations and
propose several combination of CFIE with different choices of testing
functions. The goal is to illustrate that not all CFIE formulations
are stable. This paper is organized as follows. In the next section,
we describe the integral equation formulations such as EFIE, MFIE,
CFIE, and PMCHW. In Section 3, the triangular patch basis functions
are described and the numerical implementation of EFIE, MFIE,
CFIE, and PMCHW is developed in detail. Section 4 presents several
formulations of CFIE and some numerical solutions. In Section 5,
numerical results for a dielectric sphere, a cube, and a finite circular
cylinder are presented and compared with other available solutions.
Finally, conclusions are presented in Section 6.

2. INTEGRAL EQUATIONS

In this section, we describe the detailed mathematical steps to obtain
a pair of coupled integral equations to analyze the electromagnetic
scattering from arbitrary shaped 3-D homogeneous dielectric bodies.
From these set of integral equations, we develop EFIE, MFIE,
PMCHW, and CFIE. For the sake of clarity, we present the formula-
tions for a single dielectric body. Extending the formulation to handle
multiple dielectric bodies is quite straightforward.

Consider a homogeneous dielectric body with a permittivity ε2

and a permeability µ2 placed in an infinite homogeneous medium with
a permittivity ε1 and a permeability µ1. A lossy material body can be
handled by considering ε2, or µ2, to be complex. The structure is now
illuminated by an incident plane wave denoted by (Ei, H i). It may be
noted that the incident field is defined to be that which would exist in
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space if the structure were not present. By invoking the equivalence
principle [8], the following two problems are formulated, which are
valid for the regions external and internal to the dielectric body, in
terms of the equivalent electric and magnetic current J and M on the
surface S of dielectric body, respectively.

By enforcing the continuity of the tangential electric and magnetic
field at S−, where S− is selected to be slightly interior to S, the
following equations are obtained:

[−Es
1(J,M)]tan = [Ei]tan (1)

[−Hs
1(J,M)]tan = [H i]tan (2)

where the subscript ‘1’ represents the medium in which the scattered
field (Es

1,H
s
1) is computed. Because the field in the interior region

to the dielectric body is zero, the entire space is now filled with the
dielectric medium (ε1, µ1), which originally was only external to the
dielectric body. By enforcing the continuity of the tangential electric
and magnetic field at S+, where S+ is the surface slightly exterior to
S, the following equations are derived:

[−Es
2(J,M)]tan = 0 (3)

[−Hs
2(J,M)]tan = 0 (4)

where the subscript ‘2’ represents the medium in which the scattered
field (Es

2,H
s
2) is evaluated. Again since the fields in the external region

to the material body is zero, the external region can be replaced by the
material (ε2, µ2) so that now the currents are located in a homogeneous
medium with properties of the material which was internal to the
material body of the original problem. In (1)–(4), the subscript ‘tan’
refers to the tangential component only.

Now that both problems (internal and external) are formulated
in terms of electric and magnetic currents radiating in a homogeneous
medium the various fields can be expressed analytically. The scattered
electric and magnetic fields due to the electric current J and magnetic
current M are given by

Es
v(J) = −jωAv −∇φv (5)

Es
v(M ) = −

1
εv

∇× F v (6)

Hs
v(J) =

1
µv

∇× Av (7)

Hs
v(M ) = −jωF v −∇ψ v (8)
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where the magnetic and electric vector potentials Av and F v, and the
scalar potentials φv and ψ v, for v = 1, 2 are given by

Av(r) =
µv

4π

∫

S
J(r′)Gv(r, r′)dS′ (9)

F v(r) =
εv

4π

∫

S
M(r′)Gv(r, r′)dS′ (10)

φv(r) =
j

4πωεv

∫

S
∇′

S · J(r′)Gv(r, r′)dS′ (11)

ψ v(r) =
j

4πωµv

∫

S
∇′

S · M(r′)Gv(r, r′)dS′ (12)

Gv(r, r′) =
e−jkvR

R
; R = |r − r′|. (13)

In (9)–(12), a ejωt time dependence has been assumed and suppressed.
R represents the distance between the observation point r and the
source point r′ with respect to a global coordinate origin. kv = ω

√
µvεv

is the wave number. ω is the angular frequency in rad/sec. Note that
v is either 1 or 2 depending on the medium in which the currents J
and M are radiating. Equation (13) represents the Green’s function
for a homogeneous medium.

In (1)–(4), there are two unknowns J and M , and four equations
relating them. It is possible to develop various combinations for the
solution of these equations. If we take only two equations, (1) and
(3), we have the EFIE formulation. Dual to the EFIE formulation, we
can obtain the MFIE formulation by choosing only (2) and (4) from
the set (1)–(4). However, both EFIE and MFIE formulations fail at
frequencies at which the surface S, when covered by a perfect electric
conductor and filled with the materials of the exterior medium, forms a
resonant cavity. An alternative way of combining the four equations is
the PMCHW formulation. In this formulation, the set of four equations
is reduced to two by adding (1) to (3) and (2) to (4). This gives a pair
of equations

[−Es
1(J, M)− Es

2(J,M )]tan = [Ei]tan (14)
[−Hs

1(J, M)− Hs
2(J,M )]tan = [H i]tan (15)

For the CFIE formulation, a set of two integral equations are formed
from the set (1)–(4) using the following form

[−Es
v(J, M)]tan + η1[−Hs

v(J,M)]tan =





[Ei]tan + η1[H i]tan, v = 1

0, v = 2
(16)

where η1 is the wave impedance of region 1.
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3. NUMERICAL IMPLEMENTATION

The structure to be analyzed is approximated by planar triangular
patches. The triangular patches have the ability to conform to any
geometrical surface of boundary. As in reference [7], we define the
vector basis function associated the nth edge as

f
n
(r) = f+

n
(r) + f−

n
(r) (17a)

f±
n
(r) =





ln

2A±
n

ρ±
n
, r ∈ T±

n

0, r 6∈ T±
n

(17b)

where ln is the length of the nth edge and A±
n is the area of the

triangle T±
n . ρ±

n
is the position vector with respect to the free vertex

of T±
n . Fig. 1 illustrates the various variables. The position vector ρ+

n
is directed from the free vertex of T+

n toward points in T+
n . Similar

remarks apply to the position ρ−
n

except that it is directed toward the
free vertex of T−

n . The surface divergence of (17) is given by

∇S · f
n
(r) = ∇S · f+

n
(r) + ∇S · f−

n
(r) (18a)

∇S · f±
n
(r) =





±
ln

A±
n

ρ±
n
, r ∈ T±

n

0, r 6∈ T±
n

(18b)

Another vector basis function is defined through [3]

g
n
(r) = n̂ × f

n
(r). (19)

The functions f
n

and g
n

are point-wise orthogonal in the triangle
pair. These functions are used in the four formulations, EFIE, MFIE,
PMCHW, and CFIE. The various expansion and testing functions
for the various currents used in each formulation are summarized in
Table 1.

We consider the numerical procedure in detail. Although the EFIE
formulation is described in [3] and [4], we develop the implementation
procedure in detail, from which other formulations are derived simply.
The evaluation of integrals in the matrix elements is considered in the
Appendix.

3.1. EFIE Formulation

The electric current J and the magnetic current M on the structure
to be analyzed may be approximated in terms of two vector basis
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Figure 1. Two triangular patches associated with an edge.

Table 1. Expansion and testing functions used in four formulations.

Testing Current expansion functionFormulation function J M

EFIE f
m

f
n

n̂ × f
n

MFIE f
m

n̂ × f
n

f
n

PMCHW f
m

f
n

f
n

CFIE f
m

+ n̂ × f
m

f
n

f
n

functions (17) and (19) as

J(r) =
N∑

n=1

Inf
n
(r) (20)

M(r) =
N∑

n=1

Mng
n
(r) (21)

where In and Mn are constants yet to be determined and N is the
number of edges on the dielectric surface for the triangulated model
approximating the surface of the dielectric body. The next step in the
application of the method of moments is to select a suitable testing
procedure. As testing functions, we choose the expansion functions in
(17). Since all the functions are real, we can use the symmetric product

〈f · g〉 =
∫

S
f · gdS. (22)
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We test (1) and (3) with f
m

, yielding

〈f
m

,−Es
v(J)〉+ 〈f

m
,−Es

v(M)〉 =





〈f
m

, Ei〉, v = 1

0, v = 2
(23)

for m = 1, 2, . . . ,N . The first term in (23) with (5) is given by

〈f
m

,−Es
v(J)〉 = 〈f

m
, jωAv〉+ 〈f

m
,∇φv〉. (24)

Substituting (9) into the testing of the magnetic vector potential and
using the current expansion (20), we have

〈f
m

, jωAv〉 =
N∑

n=1

jωµvAmn,vIn (25)

where
Amn,v =

1
4π

∫

S
f

m
(r) ·

∫

S
f

n
(r′)Gv(r, r′)dS′dS. (26)

Next, we consider the testing of the gradient of the electric scalar
potential in (24). Using the vector identity ∇ · φA = A · ∇φ + φ∇ · A
and the properties of the basis function [9], we have

〈f
m

,∇φv〉 = −
∫

S
∇S · f

m
φvdS. (27)

Substitution of (11) into (27) with current expansion (20) yields

〈f
m

,∇φv〉 =
N∑

n=1

(
−

j

ωε

)
Bmn,vIn (28)

where

Bmn,v =
1
4π

∫

S
∇S · f

m
(r)

∫

S
∇′

S · f
n
(r′)Gv(r, r′)dS′dS. (29)

Therefore, substitution of (25) and (28) into (24) yields

〈f
m

,−Es
v(J)〉 =

N∑

n=1

jkvηv

(
Amn,v −

Bmn,v

k2
v

)
In (30)

where kvηv = ωµv and ηv is the intrinsic impedance of the medium
numbered v.
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Now, consider the second term of (23). Extracting the Cauchy
principal value from the curl term on the planar surface in (6) with
(10), we may write

1
εv

∇× F v(r) = ±
1
2
n̂ × M(r) +

1
εv

∇× F̃ v(r) (31)

where F̃ v is defined by (10) with r = r′, or R = 0, term removed from
the integration. In (31), the positive sign is used when v = 1 and
negative sign otherwise. Using (31), we can get

〈f
m

,−Es
v(M)〉 = 〈f

m
,±

1
2
n̂ × M〉 + 〈f

m
,

1
εv

∇× F̃ v〉. (32)

Consider the inner product integrals in (32). Substitution of the
magnetic current expansion defined in (21) in the first term located
in the right-hand side of (32) yields

〈f
m

,±1
2
n̂ × M〉 =

N∑

n=1

Cmn,vMn (33)

where

Cmn,v =





+Cmn, v = 1

−Cmn, v = 2
(34)

Cmn =
1
2

∫

S
f

m
(r) · n̂ × g

n
(r)dS. (35)

Next, we consider the second term on the right-hand side of (32). Using
(10) in association with (21), we obtain

〈f
m

,
1
εv

∇× F̃ v〉 =
N∑

n=1

Dmn,vMn (36)

where

Dmn,v =
1
4π

∫

S
f

m
(r) ·

∫

S
g

n
(r′)∇′Gv(r, r′)dS′dS. (37)

Substitution of (33) and (36) into (32) yields

〈f
m

,−Es
v(M)〉 =

N∑

n=1

(Cmn,v + Dmn,v)Mn. (38)
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Finally, substituting (30) and (38) into (23), we obtain

N∑

n=1

jkvηv

(
Amn,v −

Bmn,v

k2
v

)
In +

N∑

n=1

(Cmn,v +Dmn,v)Mn = V E
m,v. (39)

where

V E
m,v =





∫

S
f

m
(r) · Ei(r)dS, v = 1

0, v = 2
. (40)

Equation (39) is associated with each edge, m = 1, 2, . . . ,N . Therefore
(39) may be written in a matrix form as

 [jk1η1(Amn,1−Bmn,1/k2

1)] [Cmn,1+Dmn,1]

[jk2η2(Amn,2−Bmn,2/k2
2)] [Cmn,2+Dmn,2]




 [In]

[Mn]


 =


 [V E

m,1]

[V E
m,2]


.

(41)
Equation (41) is a 2N × 2N system of linear equations.

3.2. MFIE Formulation

In this paper, MFIE has been defined in a different form from that
of [4]. It is the dual of EFIE. For the MFIE formulation, the electric
current J and the magnetic current M may be approximated by

J(r) =
N∑

n=1

Ing
n
(r) (42)

M(r) =
N∑

n=1

Mnf
n
(r). (43)

These current expansions are similar to (20) and (21) in the EFIE
formulation. Using (22), we test (2) and (4) with f

m
, yielding

〈f
m

,−Hs
v(J)〉 + 〈f

m
,−Hs

v(M)〉 =





〈f
m

,H i〉, v = 1

0, v = 2
. (44)

Using a formulation as described for the EFIE formulation, we get

−
N∑

n=1

(Cmn,v+Dmn,v)In+
N∑

n=1

j
kv

ηv

(
Amn,v −

Bmn,v

k2
v

)
Mn = V H

mn,v (45)
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where

V H
m,v =





∫

S
f

m
(r) · Hi(r)dS, v = 1

0, v = 2
. (46)

We note that (45) can be obtained directly from (39) by using the
principle of duality [8]. Equation (45) is associated with each edge,
m = 1, 2, . . . ,N . Therefore, (45) may be written in a matrix form as

 [−(Cmn,1+Dmn,1)] [jk1/η1(Amn,1−Bmn,1/k2

1)]

[−(Cmn,2+Dmn,2)] [jk2/η2(Amn,2−Bmn,2/k2
2)]




 [In]

[Mn]


=


 [V H

m,1]

[V H
m,2]


.

(47)
Equation (47) is dual to (41) and the integrals Amn,v, Bmn,v, Cmn,v,
and Dmn,v in the matrix elements are same as those of (41).

3.3. PMCHW Formulation

In the PMCHW integral equations (14) and (15), the electric current
J and the magnetic current M may be approximated by (20) and (43),
respectively. Also, f

m
is used as the testing function. Applying the

testing procedure to (14), we get

〈f
m

,−Es
1(J, M)− Es

2(J,M )〉 = 〈f
m

, Ei〉. (48)

Equation (48) is evaluated simply by using (39), which is derived from
(23). The result is given by

N∑

n=1

2∑

v=1

jkvηv

(
Amn,v −

Bmn,v

k2
v

)
In +

N∑

n=1

2∑

v=1

Dmn,vMn = V E
m (49)

where
V E

m =
∫

S
f

m
(r) · Ei(r)dS. (50)

In (49), Amn,v and Bmn,v are same as (26) and (29), respectively.
Because the expansion functions of the magnetic current are different,
Dmn,v is given by

Dmn,v =
1
4π

∫

S
f

m
(r) ·

∫

S
f

n
(r′)∇′Gv(r, r′)dS′dS. (51)

Note that the first term located in the right-hand side of (31) is
eliminated by adding Es

1 to Es
2 in (48). Therefore, the term Cmn,v

is not seen in (49).
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Next, we apply the testing procedure to (15), we get

〈f
m

,−Hs
1(J,M) −Hs

2(J,M)〉 = 〈f
m

, Hi〉. (52)

Similarly, by using the result of the MFIE formulation given by (45),
(52) can be expressed as

−
N∑

n=1

2∑

v=1

Dmn,vIn +
N∑

n=1

2∑

v=1

j
kv

ηv

(
Amn,v −

Bmn,v

k2
v

)
Mn = V H

m (53)

where
V H

m =
∫

S
f

m
(r) · Hi(r)dS. (54)

The integral of elements Amn,v, Bmn,v, and Dmn,v are same as those
in (49), respectively. We note that (53) can be obtained directly from
(49) by using duality without additional any effort. Equation (49) and
(53) are associated with each edge, m = 1, 2, . . . ,N . Therefore, we
have a matrix equation defined by



[
2∑

v=1

jkvηv(Amn,v − Bmn,v/k2
v)

] [
2∑

v=1

Dmn,v

]

[
−

2∑

v=1

Dmn,v

] [
2∑

v=1

jkv/ηv(Amn,2 − Bmn,v/k2
v)

]




·


 [In]

[Mn]


 =


 [V E

m ]

[V H
m ]


 . (55)

3.4. CFIE Formulation

In the CFIE formulation, the basis functions defined in (17) are used
to expand both the electric current J and the magnetic current M as
in the PMCHW formulation and then we use f

m
+ g

m
as the testing

functions to convert the CFIE into a matrix equation. Applying the
testing procedure to (16), we get

〈f
m

+ g
m

,−Es
v〉+ η1〈fm

+ g
m

,−Hs
v〉

=





〈f
m

+ g
m

, Ei〉 + η1〈fm
+ g

m
,H i〉, v = 1

0, v = 2
. (56)
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Another way to represent the set of four boundary integral equations
in (1)–(4) is the following [1]:

−n̂ ×Es
1(J, M) = n̂ ×Ei (57)

−n̂ ×Hs
1(J, M) = n̂ ×H i (58)

−n̂ ×Es
2(J, M) = 0 (59)

−n̂ ×Hs
2(J, M) = 0. (60)

Adding the set of equations (1)–(4) to the set of equations (57)–(60),
respectively, we may obtain another CFIE similar to (16). By applying
the testing procedure with f

m
as testing functions, we get

〈f
m

,−Es
v − n̂ ×Es

v〉+ η1〈fm
,−Hs

v − n̂ ×Hs
v〉

=





〈f
m

, Ei + n̂ ×Ei〉 + η1〈fm
, H i + n̂ × H i〉, v = 1

0, v = 2
(61)

By using the vector identity A · B × C = C · A × B, we obtain the
following relationship

〈f
m

, n̂ × E〉 = 〈−n̂ × f
m

, E〉 = 〈−g
m

, E〉 (62)

where E denotes the electric or the magnetic field. Using (62), we may
write (61) as

〈f
m
− g

m
,−Es

v〉+ η1〈fm
− g

m
,−Hs

v〉

=





〈f
m
− g

m
, Ei〉 + η1〈fm

− g
m

,H i〉, v = 1

0, v = 2
. (63)

It is important to note that the testing function is f
m

+g
m

in (56) and
f

m
−g

m
in (63) for the same CFIE. We also note that we can formulate

by testing either EFIE or MFIE with f
m

+ g
m

or f
m

− g
m

. This
different ways to obtain the CFIE formulation results in eight different
formulations by combining 〈f

m
± g

m
, E〉 ± 〈f

m
± g

m
, H〉. For this,

we present a general expression for CFIE using the four parameters in
conjunction with the testing functions as

(1− κ)〈fEf
m

+ gEg
m

,−Es
v〉+ κη1〈fHf

m
+ gHg

m
,−Hs

v〉

=





(1−κ)〈fEf
m

+ gEg
m

, Ei〉+κη1〈fHf
m

+gHg
m

,H i〉, v=1

0, v=2
(64)
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where κ is the usual combination parameter which can have any value
between 0 and 1. The testing coefficients fE, gE, fH , and gH may be
+1 or −1. If fE = 1, gE = 1, fH = 1, and gH = 1, (64) is the same
as (56). Equation (64) becomes (63) when fE = 1, gE = −1, fH = 1,
and gH = −1.

To convert (64) into a matrix equation by using the above
parameters to result in EFIE, MFIE, and CFIE formulations, we
separate (64) into two categories, the electric field and the magnetic
field parts. First, we write the equation related to the electric field
only from (64) as

〈fEf
m

+gEg
m

,−Es
v(J,M )〉 =





〈fEf
m

+ gEg
m

, Ei〉, v = 1

0, v = 2
. (65)

This equation is termed as the TENE formulation in [6]. Equation (65)
is of the same form as (23) except the testing functions are different.
Thus, by using a similar procedure as in EFIE, we have

N∑

n=1

jkvηv

(
AE

mn,v −
BE

mn,v

k2
v

)
In +

N∑

n=1

(CE
mn,v +DE

mn,v)Mn = V E
m,v (66)

where

AE
mn,v = fEAf

mn,v + gEAg
mn,v (67)

BE
mn,v = fEBf

mn,v + gEBg
mn,v (68)

CE
mn,v =





+CE
mn, v = 1

−CE
mn, v = 2

(69)

CE
mn = fECf

mn + gECg
mn (70)

DE
mn,v = fEDf

mn,v + gEDg
mn,v (71)

V E
m,v =





∫

S
(fEf

m
+ gEg

m
) ·EidS, v = 1

0, v = 2
. (72)

In (67)–(71), the elements having the superscript ‘f ’ are the inner
products with f

m
and the elements having superscript ‘g’ are the inner

products with g
m

. These elements are given by

Af
mn,v =

1
4π

∫

S
f

m
(r) ·

∫

S
f

n
(r′)Gv(r, r′)dS′dS (73)
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Ag
mn,v =

1
4π

∫

S
g

m
(r) ·

∫

S
f

n
(r′)Gv(r, r′)dS′dS (74)

Bf
mn,v =

1
4π

∫

S
∇S · f

m
(r)

∫

S
∇′

S · f
n
(r′)Gv(r, r′)dS′dS (75)

Bg
mn,v =

1
4π

∫

S
g

m
(r) ·

∫

S
∇′

S · f
n
(r′)∇′Gv(r, r′)dS′dS (76)

Cf
mn =

1
2

∫

S
f

m
(r) · n̂ × f

n
(r)dS (77)

Cg
mn =

1
2

∫

S
g

m
(r) · n̂ × f

n
(r)dS (78)

Df
mn,v =

1
4π

∫

S
f

m
·
∫

S
f

n
∇′Gv(r, r′)dS′dS (79)

Dg
mn,v =

1
4π

∫

S
g

m
·
∫

S
f

n
∇′Gv(r, r′)dS′dS (80)

Therefore, we can obtain a matrix equation for (66) as

 [jk1η1(AE

mn,1−BE
mn,1/k2

1)] [CE
mn,1+DE

mn,1]

[jk2η2(AE
mn,2−BE

mn,2/k2
2)] [CE

mn,2+DE
mn,2]





 [In]

[Mn]


 =


 [V E

m,1]

[V E
m,2]


.

(81)
Next, we write the equation corresponding to the magnetic field

only from (64) as

〈fHf
m

+gHg
m

,−Hs
v(J,M )〉 =





〈fHf
m

+ gHg
m

, H i〉, v = 1

0, v = 2
(82)

This equation is termed as the THNH formulation in [6]. Equation
(82) is of the same form as (44) except for the testing functions. Thus,
by using a similar procedure as in the MFIE, we have

−
N∑

n=1

(CH
mn,v +DH

mn,v)In +
N∑

n=1

j
kv

ηv

(
AH

mn,v −
BH

mn,v

k2
v

)
Mn = V H

m,v (83)

where

AH
mn,v = fHAf

mn,v + gHAg
mn,v (84)

BH
mn,v = fHBf

mn,v + gHBg
mn,v (85)

CH
mn,v =





+CH
mn, v = 1

−CH
mn, v = 2

(86)
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CH
mn = fHCf

mn + gHCg
mn (87)

DH
mn,v = fHDf

mn,v + gHDg
mn,v (88)

V H
m,v =





∫

S
(fHf

m
+ gHg

m
) · HidS, v = 1

0, v = 2
. (89)

In (84)–(88), the elements with superscript superscript ‘f ’ and ‘g’ are
same as those in (73)–(80), respectively. Note that we may obtain (83)
directly from (66) by using duality. The matrix equation corresponding
to (83) is given by

 [−(CH

mn,1+DH
mn,1)] [jk1/η1(AH

mn,1−BH
mn,1/k2

1)]

[−(CH
mn,2+DH

mn,2)] [jk2/η2(AH
mn,2−BH

mn,2/k2
2)]




 [In]

[Mn]


=


 [V H

m,1]

[V H
m,2]


.

(90)
We may rewrite the matrix equations (81) and (90), respectively, as

[ZE
mn][Cn] = [V E

m ] (91)

[ZH
mn][Cn] = [V H

m ] (92)

where Cn = In and C(N+n) = Mn for n = 1, 2, . . . , N . Finally, by
combining TENE and THNH given in (91) and (92), respectively, we
have a matrix equation associated with (64) as

[Zmn][Cn] = [Vm] (93)

where the matrix elements are given by

Zmn = (1− κ)ZE
mn + κη1Z

H
mn (94)

Vm = (1− κ)V E
m + κη1V

H
m (95)

for m = 1, 2, . . . , 2N and n = 1, 2, . . . , 2N .

4. STUDY OF THE VARIOUS FORMULATIONS

In this section, we study the general CFIE formulation described by
(64), which results in the matrix equation (93). As discussed in
the above section, we have eight different formulations for a CFIE
formulation with different testing coefficients. They are summarized
along with the appropriate testing coefficients in Table 2. To obtain
numerical results, we consider a dielectric sphere having a diameter
of 1m and a relative permittivity εr = 2, centered at the origin, as
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Figure 2. Triangle surface patching of a dielectric sphere (radius
0.5 m). θ- and φ-directed arrows represent position and direction of
sampled currents J and M , respectively.

Table 2. Eight CFIE formulations with the different combination
of testing coefficients and the averaged difference of monostatic RCS
between Mie and CFIE solution for the dielectric sphere in Fig. 2.

Testing coefficientsFormulation
fE gE fH gH

∆σ (dBm2)

CFIE-1 1 1 1 1 1.02
CFIE-2 1 1 1 −1 4.61
CFIE-3 1 1 −1 1 0.40
CFIE-4 1 1 −1 −1 0.73
CFIE-5 1 −1 1 1 0.41
CFIE-6 1 −1 1 −1 0.85
CFIE-7 1 −1 −1 1 1.10
CFIE-8 1 −1 −1 −1 4.61

shown in Fig. 2. There are twelve and twenty-four divisions along θ
and φ directions, respectively. This results in a sphere discretized by
528 patches and 792 edges. In the numerical calculation, the sphere is
illuminated from the top by an incident x-polarized plane wave with
the propagation vector k̂ = −ẑ. The analysis is to be done over a
frequency range of 0 < f ≤ 400 MHz at an interval of 4MHz with 100
samples. Numerical results are compared with the Mie series solution
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(a) (b)

Figure 3. Monostatic RCS of the dielectric sphere in Fig. 2 computed
by eight CFIE formulations in Table 2.

between 100–400 MHz.
Fig. 3 represents the monostatic RCS of the sphere obtained for

all the eight CFIE formulations described in Table 2. We used κ = 0.5.
As evident from the figures, only two CFIE formulations, i.e., CFIE-
3 and CFIE-5, compare well with the Mie solution. Other solutions
break down as the interior resonance problem manifests itself or they
just disagree with the Mie solution. It is interesting to note that
CFIE-1 and CFIE-4 in Fig. 3(a) and CFIE-6 and CFIE-7 in Fig. 3(b)
show a good agreement with the exact solution except near resonant
frequencies of 262 and 369MHz. Table 2 also shows the averaged
difference between numerical and Mie solution for the monostatic RCS
of the sphere. The averaged difference of monostatic RCS is computed
by using the definition

∆σ =

M∑
|σMie − σnume|

M
(96)

where σ denotes the RCS and M is the number of samples, which is
100 in this case.

There are four terms when one combines the TENE and THNH to
form a CFIE, i.e., CFIE = EFIE+ n̂×EFIE+MFIE+ n̂×MFIE with
f

m
as the testing functions or CFIE = EFIE+ MFIE with f

m
+ g

m
as

the testing functions. It was suggested to drop one of these terms [6].
These formulations are named as TENE-TH, TENE-NH, TE-THNH,
and NE-THNH, depending on which term is neglected. Applying this
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Table 3. CFIE formulations with the different combination of testing
coefficients and the averaged difference of normalized far field and
monostatic RCS between Mie and CFIE solution for the dielectric
sphere in Fig. 2.

Testing coefficients ∆eθ ∆eφ ∆σ
Formulation

fE gE fH gH (mV) (mV) (dBm2)
(1) 1 1 1 0 12.0 16.7 0.79
(2) 1 1 −1 0 4.1 6.4 0.30

TENE-TH
(3) 1 −1 1 0 4.7 6.0 0.34
(4) 1 −1 −1 0 4.5 24.0 0.51
(1) 1 1 0 1 3.5 12.9 0.28
(2) 1 1 0 −1 7.8 32.1 0.22

TENE-NH
(3) 1 −1 0 1 2.4 20.3 0.37
(4) 1 −1 0 −1 8.2 21.4 0.48
(1) 1 0 1 1 9.4 5.5 0.61
(2) 1 0 1 −1 8.1 9.8 0.59

TE-THNH
(3) 1 0 −1 1 8.7 7.2 0.55
(4) 1 0 −1 −1 6.9 16.4 0.49
(1) 0 1 1 1 5.1 12.9 0.42
(2) 0 1 1 −1 5.7 16.4 0.48

NE-THNH
(3) 0 1 −1 1 5.7 21.5 0.52
(4) 0 1 −1 −1 5.3 15.6 0.45

scheme to the eight different CFIE formulations of Table 2, we may
have sixteen possible cases of CFIE with different testing coefficients,
which are summarized in Table 3. The four figures in Fig. 4 show the
monostatic RCS of the sphere displayed in Fig. 2. For comparison,
we also present the Mie solution, which is represented by the solid
curve, and all the results compare well. We note that the resonance
problem is not observed in any one of the sixteen CFIE results. It
should be noted that only two formulations of the CFIE in Table 2,
for which any of the testing coefficient is not zero, give valid solutions,
but in all the sixteen formulations one of the terms may be dropped as
Table 3 without breaking down. There is a small difference between
the exact solution in the high frequency region. We also present the
averaged difference in the far field and in the monostatic RCS between
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(a) TENE-TH (b) TENE-NH

(c) TE-THNH (d) NE-THNH

Figure 4. Monostatic RCS of the dielectric sphere in Fig. 2 computed
by the sixteen CFIE formulations of Table 3.

the numerical and the Mie solution, which are summarized in Table 3.
The averaged difference between the far field is also computed using
the definition in (96). The smallest averaged difference in the RCS
is 0.22 dBm2 for the TENE-NH (2) case. Comparing the differences
in the far field, the results of TENE-TH (2) are most accurate for
both θ- and φ-component in the far field. Fig. 5 compares the far
field for TENE-TH (2) and TENE-NH (2) with the Mie solution. It
is clearly seen that the far field of TENE-TH (2) give more accurate
results than the TENE-NH (2) in this case. Numerical results using
CFIE in the next section are presented using the testing coefficients as



Analysis of scattering from dielectric objects 213

Figure 5. Comparison of the normalized far field for the dielectric
sphere in Fig. 2 computed by Mie and CFIE solution. (a) TENE-
TH (2) (fE = 1, gE = 1, fH = −1, gH = 0). (b) TENE-NH (2)
(fE = 1, gE = 1, fH = 0, gH = −1).

fE = 1, gE = 1, fH = −1, and gH = 1 for TENE-THNH, which is
CFIE-3 in Table 2 and includes TENE-TH (2).

Now, we investigate the effect of the combination parameter κ in
(64). Fig. 6 compares the solutions of TENE-TH (2) with the Mie
solution as we vary κ from 0.3 to 0.7 at an interval of 0.1. All the
results agree well with the exact solution. Table 4 summarizes the
averaged difference in the far field and monostatic RCS. It is evident
from Fig. 6 and Table 4 that the solution of CFIE is not so sensitive to
κ. The choice of κ can be selected within a wide range. For the results
of the next section we choose κ = 0.5, which is not very critical.

5. NUMERICAL EXAMPLES

In this section, we present and compare the numerical results obtained
from ten different formulations. These are EFIE, MFIE, PMCHW, and
seven CFIE formulations that are described in Table 5. In this work,
even though TENE or THNH consists of only electric or magnetic field,
respectively, we consider this as a special case of CFIE with κ = 0 or
κ = 1 to differentiate from EFIE or MFIE described in Section 3. The
numerical results are obtained for representative 3-D scatterers with
a relative permittivity εr = 2, viz. a sphere, a cube, and a cylinder.
In the numerical calculation, the scatterers are illuminated from the
top by an incident x-polarized plane wave with a propagation vector
k̂ = −ẑ as used in the above section. The frequency range over which
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Table 4. Averaged difference of the normalized far field and
monostatic RCS for the dielectric sphere in Fig. 2 computed using
TENE-TH (2) (fE = 1, gE = 1, fH = −1, gH = 0) formulation as
varying parameter κ.

κ ∆eθ (mV) ∆eφ (mV) ∆σ (dBm2)
0.3 6.0 5.0 0.41
0.4 4.8 5.7 0.34
0.5 4.1 6.4 0.30
0.6 4.0 6.8 0.29
0.7 4.5 6.9 0.31

Figure 6. Monostatic RCS of the dielectric sphere in Fig. 2 computed
by TENE-TH (2) formulation (fE = 1, gE = 1, fH = −1, gH = 0) as
varying CFIE combining parameter κ.
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Table 5. Seven CFIE formulations using different testing coefficients.

Formulation fE gE fH gH

TENE 1 1 0 0
THNH 0 0 −1 1

TENE-THNH 1 1 −1 1
TENE-TH 1 1 −1 0
TENE-NH 1 1 0 1
TE-THNH 1 0 −1 1
NE-THNH 0 1 −1 1

(a) Normalized far field (b) Monostatic RCS

Figure 7. PMCHW results for a dielectric sphere.

the results are calculated is 0 < f ≤ 400 MHz at an interval of 4 MHz.
We compute the equivalent currents, the far field, and the monostatic
RCS. We choose κ = 0.5 when CFIE is used. We compare all the
computed equivalent currents with those obtained from the PMCHW
formulation. Also, we compare the computed far fields and RCS with
the Mie solution for a sphere and WIPL-D [10] solution for a cube
and a cylinder. Mie and WIPL-D solutions are obtained at the same
interval of 4MHz.

As a first example, we consider the dielectric sphere of Fig. 2 used
in the above section. The θ-directed electric current and the φ-directed
magnetic current, as indicated by arrows in Fig. 2, are observed. Fig. 7
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 8. EFIE results for a dielectric sphere.

shows the results for the PMCHW. The far field and RCS agree well
with Mie solution except for a small difference in the high frequency
region. The currents are used to compare with any other numerical
results and not shown here. Fig. 8 and Fig. 9 show the results of EFIE
and MFIE obtained by using (41) and (47), respectively. Because
the basis function for the magnetic current in the EFIE is different
from that in PMCHW, we cannot compare together them in Fig. 8(b).
Similarly, the basis function for the electric current in the MFIE is
different from that in the PMCHW, hence we do not compare them in
Fig. 9(a). The electric current in Fig. 8(a) and the magnetic current
in Fig. 9(b) agree well with those of PMCHW except at the resonant
frequencies. It is clearly seen that there are peaks and discontinuities
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 9. MFIE results for a dielectric sphere.

near the resonant frequencies of 262 and 369 MHz in the far field and
RCS results.

Figures 10 and 11 show the numerical results for TENE and
THNH, respectively. As discussed earlier, in Fig. 8 and Fig. 10 the
results are presented using only the electric field and in Fig. 9 and
Fig. 11 using only the magnetic field. For this reason, peaks at the
resonant frequencies are observed in the figures. It is interesting
to note that the electric current in the EFIE formulation and the
magnetic current in the MFIE formulation agree better with the
PMCHW solution than those of the TENE and THNH, even though
g

m
is used as expansion function for the magnetic current in EFIE

and for the electric current in MFIE, which violates the property of
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 10. TENE results for a dielectric sphere (fE = 1, gE =
1, fH = 0, gH = 0).

each current. Fig. 12 gives the results computed by TENE-THNH,
combining TENE and THNH formulation. In this CFIE, the resonant
peaks or discontinuity in the plots are not seen. All the four figures
in Fig. 12 check well with the PMCHW and Mie solution for the
equivalent currents, the far fields, and RCS. The results of CFIE
formulation when it neglects one term as discussed before are shown
from Fig. 13 to Fig. 16. All numerical results do not show the resonant
problem and agree well with the PMCHW solution for the currents and
Mie solution for the far field and RCS exhibiting a small difference. But
the results of TENE-TH are most accurate among them for both the
far field and the RCS.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 11. THNH results for a dielectric sphere (fE = 0, gE =
0, fH = −1, gH = 1).

Since the exact solution of the far field or RCS for a cube and a
cylinder are not known, we use the code WIPL-D as a reference for
comparison. To check the validity of this solution, we need to compare
the solution from WIPL-D with the exact solution. Fig. 17 compares
the WIPL-D and the Mie solutions for a sphere with a good agreement.
The number of unknowns is 2,400 in the computation using WIPL-D.
Table 6 summarizes the averaged difference of the normalized far field
and monostatic RCS for the formulations which do not exhibit the
resonant problem. From Table 6, we find that the TENE-NH has the
smallest difference in the θ-component of the far field, but the difference
in the φ-component of the far field is relatively large.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 12. TENE-THNH results for a dielectric sphere (fE = 1, gE =
1, fH = −1, gH = 1).

As a second example, we consider a dielectric cube, 1m on a side,
centered about the origin shown in Fig. 18. There are eight divisions
along each direction, respectively. This results in a total of 768 patches
and 1,152 edges. The z-directed electric current and the y-directed
magnetic current, as indicated by arrows on a side face of the cube in
Fig. 18, are observed. The computed currents are compared with those
of the PMCHW formulation and the far fields and the monostatic RCS
are compared with the WIPL-D solutions. The number of unknowns
is 2,400 in the computation using WIPL-D.

Fig. 19 shows the results of PMCHW. The far field and the
RCS agree well with WIPL-D solutions in the entire frequency region.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 13. TENE-TH results for a dielectric sphere (fE = 1, gE =
1, fH = −1, gH = 0).

Figures 20 and 21 show the results for EFIE and MFIE, respectively.
The basis function of the magnetic currents in the EFIE is different
from that in PMCHW, and so we cannot compare them in Fig. 20(b).
Similarly, the basis function of the electric currents in the MFIE is
different from that in PMCHW, and therefore we do not compare them
in Fig. 21(a). The electric current in Fig. 20(a) and the magnetic
current in Fig. 21(b) agree well with those of PMCHW except near
resonant frequencies 212, 335, and 367 MHz. It is clearly seen that
there are discontinuities at the resonant frequencies in the far field and
RCS.

Figures 22 and 23 show the numerical results for TENE and
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 14. TENE-NH results for a dielectric sphere (fE = 1, gE =
1, fH = 0, gH = 1).

THNH, respectively. As discussed earlier, Figures 20 and 22 are results
derived from only the electric field and Figures 21 and 23 are results
derived from only the magnetic field. For this reason, spurious peaks
in the solutions are observed at the internal resonant frequencies. It
is interesting to note that the electric current for the EFIE and the
magnetic current for the MFIE agree well with the PMCHW solution
than those of TENE and THNH, even though g

m
is used as expansion

function for the magnetic current in EFIE and for the electric current in
MFIE formulations, which violate the property of the currents. Fig. 24
presents the results computed by TENE-THNH, by combining the
TENE and THNH formulation. In this CFIE, the resonant peak or
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 15. TE-THNH results for a dielectric sphere (fE = 1, gE =
0, fH = −1, gH = 1).

discontinuity is not seen. The four figures in Fig. 24 agree well with
the PMCHW formulation for the equivalent currents and the WIPL-D
solution for the far field and RCS. The results of the CFIE with one
term dropped are shown in Figures 25 to 28. All numerical results do
not exhibit the resonant problem and agree well with the PMCHW
formulation for the currents and the WIPL-D solution for the far field
and RCS even though there is a small difference. It is important to
note that the magnetic current of the TENE-TH shows an excellent
agreement with the PMCHW solution in Fig. 25(b). Also the far field
and RCS of the TENE-NH in Fig. 26(c) and (d) are the most accurate.
Table 7 summarizes the averaged difference between the normalized
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 16. NE-THNH results for a dielectric sphere (fE = 0, gE =
1, fH = −1, gH = 1).

(a) Normalized far field (b) Monostatic RCS

Figure 17. WIPL results for a dielectric sphere.
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Table 6. Averaged difference of the normalized far field and
monostatic RCS between Mie and the numerical solution for the
dielectric sphere in Fig. 2.

Formulation ∆eθ (mV) ∆eφ (mV) ∆σ (dBm2)
PMCHW 4.7 0.8 0.34

TENE-THNH 5.3 16.1 0.40
TENE-TH 4.1 6.4 0.30
TENE-NH 3.5 12.9 0.28
TE-THNH 8.7 7.2 0.55
NE-THNH 5.7 21.5 0.52

WIPL 0.1 0.1 0.42

Figure 18. Triangle surface patching of a dielectric cube (side 1m).
z- and y-directed arrows represent position and direction of sampled
currents J and M , respectively.

far field and the monostatic RCS for the PMCHW and five different
CFIE formulations. If we look at Table 7, TENE-NH has the smallest
difference in both θ- and φ-component of the far field and RCS.
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(a) Normalized far field (b) Monostatic RCS

Figure 19. PMCHW results for a dielectric cube.

(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 20. EFIE results for a dielectric cube.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 21. MFIE results for a dielectric cube.

Table 7. Averaged difference of the normalized far field and
monostatic RCS between WIPL-D and numerical solution for the
dielectric cube in Fig. 18.

Formulation ∆eθ (mV) ∆eφ (mV) ∆σ (dBm2)
PMCHW 8.2 10.9 0.65

TENE-THNH 9.5 23.7 0.50
TENE-TH 11.6 16.3 0.59
TENE-NH 6.4 9.5 0.35
TE-THNH 9.0 20.1 0.52
NE-THNH 12.0 18.1 0.68
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(a) Electric current (b) Magnetic current

(c) Normalized far field and (d) Monostatic RCS

Figure 22. TENE results for a dielectric cube (fE = 1, gE = 1, fH =
0, gH = 0).

As a final example, we present the numerical results for a finite
dielectric cylinder with a radius of 0.5m and a height 1m, centered
at the origin, as shown in Fig. 29. We subdivide the cylinder into
four, twenty-four, and eight divisions along r, φ, and z directions,
respectively. This represents a total of 720 patches with 1,080 edges.
The z-directed electric current and the φ-directed magnetic current
are observed at a location indicated by the arrows in Fig. 29. The
computed currents are compared with those of the PMCHW and the
far fields and monostatic RCS are compared with the WIPL-D solution.
The number of unknowns is 2,688 in the computation using WIPL-D.

Fig. 30 shows the results for the PMCHW. The far field and RCS
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 23. THNH results for a dielectric cube (fE = 0, gE = 0, fH =
−1, gH = 1).

agree well with the WIPL-D solution in the entire frequency region.
Figs. 31 and 32 show the results of EFIE and MFIE, respectively.
The basis function for the magnetic currents in EFIE is different from
that in the PMCHW, and so we do not compare them in Fig. 31(b).
Similarly, the basis function of the electric currents in the MFIE is
different from that in the PMCHW, and so we do not compare them
in Fig. 32(a). The electric current in Fig. 31(a) and the magnetic
current in Fig. 32(b) agree well with those of the PMCHW except at
the resonant frequencies. It is clearly seen that there are discontinuities
in the figures near the resonant frequencies 230, 328, and 366 MHz in
the far field and RCS.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 24. TENE-THNH results for a dielectric cube (fE = 1, gE =
1, fH = −1, gH = 1).

Figures 33 and 34 show the numerical results of TENE and THNH,
respectively. Figures 31 and 33 are the results derived from only the
electric field and Figures 32 and 34 are results derived from only the
magnetic field. For this reason, spurious peaks in the solution are
observed at the resonant frequencies. It is interesting to note that
the electric current for the EFIE and the magnetic current for the
MFIE formulation agree well with the PMCHW solution than those
of TENE and THNH, even though g

m
is used as expansion function

for the magnetic current in the EFIE and the electric current in the
MFIE formulations, which is not the appropriate expansion function
for each current. Fig. 35 shows the results computed by TENE-THNH,
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 25. TENE-TH results for a dielectric cube (fE = 1, gE =
1, fH = −1, gH = 0).

by combining the TENE and the THNH formulation. For this CFIE,
the spurious resonant peaks are not seen. All the four figures in Fig. 35
check well with PMCHW and WIPL-D solutions. The results of the
CFIE formulation with one term neglected are shown from Figures 36
to 39. All of the numerical results do not exhibit the spurious resonant
peaks and agree well with the PMCHW for the currents and the WIPL-
D solution for the far field and RCS. Table 8 summarizes the averaged
differences of the normalized far field and the monostatic RCS for
PMCHW and five CFIE formulations. If we look carefully at Table 8,
except for the PMCHW, we observe that TENE-THNH has a small
difference in the θ-component of the far field, yet the difference in
the φ-component of the far field is relatively large. If we consider the
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 26. TENE-NH results for a dielectric cube (fE = 1, gE =
1, fH = 0, gH = 1).

averaged difference of both the far field and RCS, TENE-NH seems to
be the most accurate.

6. CONCLUSION

A set of coupled integral equations is used to analyze scattering from
3-D dielectric objects. The integral equation formulations are derived
using the equivalence principle and utilizing the continuity conditions
on the fields. To obtain a numerical solution, we employ the MoM
in conjunction with the planar triangular patch basis function. The
EFIE and MFIE formulations give valid solutions except at frequencies,
which correspond to an internal resonant frequency of the scatterer, are
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 27. TE-THNH results for a dielectric cube (fE = 1, gE =
0, fH = −1, gH = 1).

compared with two other formulations TENE and THNH, which also
exhibit resonance problems. In order to obtain CFIE, we introduce four
testing coefficients in the combination of the TENE and THNH. As a
result, we have eight different cases of the CFIE formulation of which
only two formulations are not affected by internal resonances. We also
present sixteen possible cases of the CFIE by dropping one of terms in
the testing and check to see if all the sixteen formulations give valid
solutions. The important point to note is that not all possible CFIE
formulations eliminate the internal resonance problem. When we use
CFIE with other formulations, for example, to analyze scattering from
composite structures with conductors and dielectrics, TENE-THNH,
TENE-TH, or TENE-NH may be used.
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 28. NE-THNH results for a dielectric cube (fE = 0, gE =
1, fH = −1, gH = 1).

Figure 29. Triangle surface patching of a dielectric cylinder (radius
0.5m and height 1m). z- and φ-directed arrows represent position and
direction of sampled currents J and M , respectively.
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(a) Normalized far field (b) Monostatic RCS

Figure 30. PMCHW results for a dielectric cylinder.

Table 8. Averaged difference of the normalized far field and
monostatic RCS between WIPL-D and numerical solution for the
dielectric cylinder in Fig. 29.

Formulation ∆eθ (mV) ∆eφ (mV) ∆σ (dBm2)
PMCHW 3.7 1.5 0.35

TENE-THNH 5.8 16.9 0.47
TENE-TH 7.4 10.6 0.55
TENE-NH 9.7 11.5 0.47
TE-THNH 7.5 13.0 0.55
NE-THNH 15.7 18.5 0.78

APPENDIX A.

In this Appendix, it is shown how to evaluate some of the integrals.
We drop the subscript v representing the medium. Note that while
computing the elements of the matrix, the appropriate material
parameters should be included in evaluating the integrals.

A.1. Integrals (26), (73), and (74)

First, we consider the integral (26). Substituting (17) into (26), we get
four terms. We define the summation operator as

Amn = A++
mn + A+−

mn + A−+
mn + A−−

mn ≡
∑

p,q

Apq
mn (A1)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 31. EFIE results for a dielectric cylinder.

where
Apq

mn =
1
4π

∫

S
fp

m
(r) ·

∫

S
f q

n
(r′)G(r, r′)dS′dS (A2)

and p and q can be either + or −. If the integral on the unprimed
variable is evaluated by approximating the integrand by the respective
values at the centroid of the testing triangle T p

m, (A2) becomes

Apq
mn =

lmln
16π

ρcp
m
·

1
Aq

n

∫

T q
n

ρq
n

e−jkRp
m

Rp
m

dS′ (A3)

where
Rp

m = |rcp
m − r′| (A4)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 32. MFIE results for a dielectric cylinder.

and rcp
m is the position vector of the centeroid of the triangle T p

m.
Equation (73) is same as (26) or (A1), and (74) may be evaluated
by replacing ρcp

m
with n̂ × ρcp

m
in (A3).

A.2. Integrals (29), (75), and (76)

By substituting (18) into (29), we get

Bmn = B++
mn + B+−

mn + B−+
mn + B−−

mn ≡
∑

p,q

Bpq
mn (A5)

where

Bpq
mn =

1
4π

∫

S
∇S · fp

m
(r)

∫

S
∇′

S · f q
n
(r′)G(r, r′)dS′dS. (A6)
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(a) Electric current (b) Magnetic current

(c) Normalized far field and (d) Monostatic RCS

Figure 33. TENE results for a dielectric cylinder (fE = 1, gE =
1, fH = 0, gH = 0).

Approximating the integrand by the respective values at the centroid
of the testing triangle T p

m, (A6) becomes

Bpq
mn =

lmln
4π

1
Aq

n

∫

T q
n

e−jkRp
m

Rp
m

dS′ (A7)

where Rp
m is given by (A4). Equation (75) is same as (18) or (A5).

Equation (76) is evaluated through

Bg
mn =

∑

p,q

Bpq,g
mn (A8)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 34. THNH results for a dielectric cylinder (fE = 0, gE =
0, fH = −1, gH = 1).

where

Bpq,g
mn =

1
4π

∫

S
n̂ × fp

m
(r) ·

∫

S
∇′

S · f q
n
(r′)∇′G(r, r′)dS′dS. (A9)

Approximating the integrand by the respective values at the centroid
of the testing triangle T p

m, (A9) becomes

Bpq,g
mn =

lmln
8π

n̂ × ρp
m
·

1
Aq

n

∫

T q
n

∇′ e
−jkRp

m

Rp
m

dS′ (A10)

The evaluation of the potential integrals in (A3), (A7), and (A10) may
be carried out by using the numerical methods specially developed for
triangular regions in [11–14].
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(a) Electric current (b) Magnetic current

(c) Normalized far field and (d) Monostatic RCS

Figure 35. TENE-THNH results for a dielectric cylinder (fE =
1, gE = 1, fH = −1, gH = 1).

A.3. Integrals (35), (77), and (78)

Using a vector identity [8], (35) is given by

Cmn =
1
2

∫

S
f

m
(r) · n̂×{n̂× f

n
(r)}dS = −

∑

p,q

1
2

∫

S
fp

m
· f q

n
dS. (A11)

The integral of (A11) can be computed analytically and the result is
given by [9]

1
2

∫

S
fp

m
· f q

n
dS = ±

lmln
8A

{
3
4
|rc|2 +

1
12

(|r1|2 + |r2|2 + |r3|2)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 36. TENE-TH results for a dielectric cylinder (fE = 1, gE =
1, fH = −1, gH = 0).

−rc · (rm + rn) + rm · rn

}
(A12)

where r1, r2, and r3 are the position vectors for the three vertices of
the triangle T p

m or T q
n , rc is the centroid of the triangle T p

m or T q
n, and

A is the area of T p
m. rm and rn are the position vectors for the free

vertex of the triangles T p
m and T q

n, respectively. We note that if the
field point does not lie on the triangle T q

n, i.e., r 6∈ T q
n, the result is

Cpq
mn = 0. In (A12), the sign is positive when p and q are same and

negative otherwise.
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(a) Electric current (b) Magnetic current

(c) Normalized far field and (d) Monostatic RCS

Figure 37. TENE-NH results for a dielectric cylinder (fE = 1, gE =
1, fH = 0, gH = 1).

Using the summation operator, (77) is given by

Cf
mn =

1
2

∫

S
f

m
(r) · n̂ × f

n
(r)dS =

∑

p,q

1
2

∫

S
fp

m
· n̂ × f q

n
dS. (A13)

By evaluating the element of (A13) analytically, the result is given by

1
2

∫

S
fp

m
· n̂× f q

n
dS = ± lmln

8A
n̂ · [(rm − rn) × rc − (rm × rn)]. (A14)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 38. TE-THNH results for a dielectric cylinder (fE = 1, gE =
0, fH = −1, gH = 1).

By using a vector identity [8], (78) may be written as

Cg
mn =

1
2

∫

S
n̂×f

m
(r) · n̂×f

n
(r)dS =

∑

p,q

1
2

∫

S
fp

m
(r) ·f q

n
(r)dS (A15)

where the integral is same as in (A12).

A.4. Integrals (37), (51), (79), and (80)

By using the summation operator, we may write terms of (37) as

Dpq
mn =

1
4π

∫

S
fp

m
(r) ·

∫

S
n̂′ × f q

n
(r) ×∇′G(r, r′)dS′dS (A16)
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(a) Electric current (b) Magnetic current

(c) Normalized far field (d) Monostatic RCS

Figure 39. NE-THNH results for a dielectric cylinder (fE = 0, gE =
1, fH = −1, gH = 1).

where n̂′ denotes the unit vector normal to the triangle T q
n. Thus,

substituting (17b) into (A16), we obtain

Dpq
mn =

lmln
16πAp

mAq
n

∫

T p
m

ρp
m
·
∫

T q
n

(n̂′ × ρq
n
) × R(1 + jkR)

e−jkR

R3
dS′dS.

(A17)
This integral may be computed using a Gaussian quadrature scheme
over the unprimed and primed coordinates numerically. Other integrals
of (51), (79), and (80) may be evaluated in a similar fashion.
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A.5. Integrals (40), (46), (50), (54), (72), and (89)

We consider (40) for v = 1 and apply a centroid testing, yielding
∫

S
f

m
(r) · Ei(r)dS =

∫

S
f+

m
(r) · Ei(r)dS +

∫

S
f−

m
(r) · Ei(r)dS

=
lm
2
{ρc+

m
· Ei(rc+

m ) + ρc−
m

·Ei(rc−
m )}. (A18)

Other integrals may be evaluated in a similar fashion.
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