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Abstract

This paper proposes a generalized panel data model with random effects and first-order
spatially autocorrelated residuals that encompasses two previously suggested specifications. The
first one is described in Anselin’s (1988) book and the second one by Kapoor, Kelejian, and
Prucha (2007). Our encompassing specification allows us to test for these models as restricted
specifications. In particular, we derive three LM and LR tests that restrict our generalized model
to obtain (i) the Anselin model, (ii) the Kapoor, Kelejian, and Prucha model, and (iii) the simple
random effects model that ignores the spatial correlation in the residuals. For two of these three
tests, we obtain closed form solutions and we derive their large sample distributions. Our Monte
Carlo results show that the suggested tests are powerful in testing for these restricted

specifications even in small and medium sized samples.
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1 Introduction!

The recent literature on spatial panels distinguishes between two different spa-
tial autoregressive error processes. One specification assumes that spatial cor-
relation occurs only in the remainder error term, whereas no spatial correla-
tion takes place in the individual effects (see Anselin, 1988, Baltagi, Song, and
Koh, 2003, and Anselin, Le Gallo, and Jayet, 2008; henceforth referred to as
the Anselin model). Another specification assumes that the same spatial er-
ror process applies to both the individual and remainder error components (see
Kapoor, Kelgjian, and Prucha, 2007; henceforth referred to as the KKP model).

While the two data generating processes look similar, they imply different
spatial spillover mechanisms. For example, consider the question of firm pro-
ductivity using panel data. Besides the deterministic components, firms differ
also with respect to their unobserved know-how or their managerial ability to
organize production processes efficiently. At least over a short time period, this
managerial ability may be time-invariant. Beyond that there are innovations
that vary from period to period like random firm-specific technology shocks,
capacity utilization shocks, etc. Under this scenario, it seems reasonable to as-
sume that firm productivity may be spatially correlated due to spillovers. Such
spillovers can occur, e.g., through information flows (transmission of process
technologies) embodied in worker flows between firms at local labor markets or
through input-output channels (technology requirements and interdependence
of capacity utilization). Whereas the Anselin model assumes that spillovers are
inherently time-varying, the KKP process assumes the spillovers to be time-
invariant as well as time-variant. For example, firms located in the neighbor-
hood of highly productive firms may get time-invariant permanent spillovers

affecting their productivity in addition to the time-variant spillovers as in the

1We would like to thank the editor Cheng Hsiao, Matthias Koch, Ingmar Prucha and three
anonymous referees for their helpful comments and suggestions. Prelimimary versions of this
paper were presented at the 13th International conference on panel data held in Cambridge,
England, and the 23rd annual Canadian econometric study group meeting in Niagara Falls,

Canada.



Anselin model. While the Anselin model seems restrictive in that it does not al-
low permanent spillovers through the individual firm effects, the KKP approach
is restrictive in the sense that it does not allow for a differential intensity of
spillovers of the permanent and transitory shocks.

This paper introduces a generalized spatial panel model which encompasses
these two models and allows for spatial correlation in the individual and remain-
der error components that may have different spatial autoregressive parameters.
We consider a maximum likelihood estimator (MLE) for this more general spa-
tial panel model when the individual effects are assumed to be random. This in
turn allows us to test the restrictions on our generalized model to obtain (i) the
Anselin model, (ii) the Kapoor, Kelejian, and Prucha model, and (iii) a simple
random effects model that ignores the spatial correlation in the residuals. We
derive the corresponding LM and LR tests for these three hypotheses and we

compare their size and power performance using Monte Carlo experiments.

2 A Generalized Model

Econometric models for panel data with spatial error processes have been pro-
posed by Anselin (1988), Baltagi, Song, and Koh (2003), Kapoor, Kelejian, and
Prucha (2007) and Anselin, Le Gallo, and Jayet (2008), to mention a few. A
generalized spatial panel data model that encompasses these previous specifica-

tions is given as follows:?

Y = Xtﬁ+u1+u2ta t= 13"'aT
u = pWu+p
Uy = pyWuy + vy,

where the (N x 1) vector y; includes the observations on the dependent variable

at time ¢, with N denoting the number of unique cross-sectional units. The

2To avoid index cluttering, we suppress the subscript indicating that the elements of the
spatial weights matrix may depend on N and that the dependent variable and the disturbances

form triangular arrays.



non-stochastic (N x K) matrix X, gives the observations at time ¢ for a set of
K exogenous variables, including the constant. 3 is the corresponding (K x 1)
parameter vector. The disturbance term follows an error component model
which involves the sum of two disturbances. The (N x 1) vector of random
variables u; captures the time-invariant unit-specific effects and therefore has
no time subscript. The (N x 1) vector of the remainder disturbances ug; varies
with time. Both u; and uy; are spatially correlated with the same spatial
weights matrix W, but with different spatial autocorrelation parameters p; and
po, respectively. The (N x N) spatial weights matrix W has zero diagonal
elements and its entries are typically declining with distance.

We further assume that the row and column sums of W are uniformly
bounded in absolute value and that p, is bounded in absolute value and in-
dependent of N. In case W is row normalized, the parameter space for p,
is a closed interval contained in (—1,1). Following Lee (2004, p. 1904), we
assume for the case where W is not normalized (or maximum row sum nor-
malized) but its eigenvalues are real, the parameter space for p, is contained
in the closed interval —1/Apin < p, < 1/Amax for all N and r = 1,2. Apin
is the smallest and Ajax is the largest absolute value of the eigenvalues of W.
Hence, the spatial weights matrix may be either row normalized or maximum
row normalized (see Kelejian and Prucha, 2008). Further, let A =Iy — pyW
and B =Iy — p,W. The matrices A and B are non-singular for all p,, r = 1,
2 in the parameter space and all N.

The elements of g are assumed to be independent across i = 1,..., N, and
i.i.d N(0,07,). The elements of v; are assumed to be independent across i and ¢
and ii.d N(0,02). Also, the elements of g and v; are assumed to be independent

of each other. Appendix B provides a more detailed set of assumptions.



Stacking the cross-sections over time yields

vy = XB+u (1)
u = Z,u+u

u = pWur+p

w = p(Ir@W)us +v,

where y = [y/17 ...,y’T]/7 X = [X/17 ...,X’T]'7 etc., so that the faster index is ¢ and
the slower index is ¢. The unit-specific errors u; are repeated in all time periods
using the (NT x N) selector matrix Z,, = ¢v7 ® Iy. ¢r is a vector of ones of
dimension 7" and Iy is an identity matrix of dimension V.

This model encompasses both the KKP model, which assumes that p; = p,,
and the Anselin model, which assumes that p; = 0. If p; = py =0, i.e., there is
no spatial correlation, this model reduces to the familiar random effects (RE)
panel data model; see Baltagi (2008).

Let A = (Iy — pyW) and B = (Iy — p,W), then, under the present as-

sumptions we have

u; A~ N(0,00(A'A)T) 2)

(Ir® Bil)v ~ N(0, O’E(IT & (B/B)il).

ug

The variance-covariance matrix of the spatial random effects panel data model
is given by
Q, = FE(u)=E[(Z,u +u)(Z,u; +uy) (3)

= ai(JT @ (A'A) H+o2(Ir® (BB

Jr ® (To,(A'A) ™" + 03 (B'B)™)) + 0 (Er @ (B'B) ™) =07,

174

Xy,

— o2
where X, is defined as 3, = (J7r®(2 (A’A) "1 +(B'B)~1)) +(Er®(B'B)~1).

[ea
This uses the fact that F[ujuj] = 0 since p and v are assumed to be indepen-
dent. Note that Z#ZL = Jr ®1Iy, where J7 is a matrix of ones of dimension T'.
Let E; = Iy — Jp, where Jp = Jp /T is the averaging matrix, the last equality

replaces Jp by TJI7 and I by Er +Jr. Ttis easy to show that the inverse of the



(NT x NT) matrix €, can be obtained from the inverse of matrices of smaller
dimension (N x N) as follows: Q! = (Jr® (ToZ(A’A)~' +02(B'B)"1)~ 1) +
L (Er @ B'B) = %1, where
_ 2
S, = [@r o (ZE(A'A) "+ (B'B)Y) ) + (Er @ B'B).

Also, det[Q,] = det[To? (A’A)™" + o2(B'B)~ ! det[c2(B'B)"1]T~1. We also
assume that the inverses A=, B™! and [T'07,(A’A)~" 4+ 02(B'B)~']~! have
uniformly bounded row and column sums, see Assumption A2 in the Appendix
for further details. Under the present assumptions, the log-likelihood function

of the general model is given by

L(B,6) = —%TIn2r— Lndet[To)(A’A)"" + 0} (B'B)""]

—Il Indet[o(B'B) '] — 3(y - XB)Q, ' (y - XB), (4)

where 0 =(02, ai, p1,P2)- The maximum likelihood estimates are obtained by
maximizing the log-likelihood function numerically using a constrained quasi-
Newton method.?

The hypotheses under consideration in this paper are the following:

(1) Hg': p; = py = 0, and the alternative H{! is that at least one component
is not zero. The restricted model is the standard random effects (RE) panel
data model with no spatial correlation, see Baltagi (2008).

(2) HB: p; = 0, and the alternative is HP: p; # 0. The restricted model
is the Anselin (1988) spatial panel model with random effects. In fact, the
restricted log-likelihood function reduces to the one considered by Anselin (1988,
p.154).

(3) HS: p; = py = p and the alternative is HC: p; # py. The restricted
model is the KKP spatial panel model with random effects.

In the next subsections, we derive the corresponding LM tests for these hy-

potheses and we compare their performance with the corresponding LR tests

3The numerical maximization procedure can be simplified, if one concentrates the likelihood
with respect to B and 0',2,. However, our optimization for the Monte Carlo simulation using
MATLAB were quite fast using the constrained quasi-Newton method. Appendix E describes

some details on the numerical optimization procedure.



using Monte Carlo experiments.* Appendix A describes some general results
used to derive the score and information matrix for these alternative models;
Appendix B proves the consistency of the ML estimates of the general model;
while Appendices C and D provide the derivations of the large sample distrib-
utions of these LM tests.

2.1 LM and LR Tests for Hg' : p; = p, =0

The ML estimates under Hg' are labeled by a tilde and the corresponding re-
stricted parameter vector is indexed by A. The joint LM test statistic for the null
hypothesis of no spatial correlation, H(34 1 pp = py = 0, is derived in Appendix

C and it is given by

TAr . 1 2 1 172
LMy = mGA + WMAv (5)

where &7 = TG, + o, ba = tr[(W' + W)?], G4 = @/[Jr ® (W' + W&,
and My = W[Er ® (W' + W)Ji. In this case, 1 = y — X3 denotes the
vector of the estimated residuals under HZ'. The restricted model is the simple

random effects (RE) panel data model without any spatial autocorrelation. In

fact, 512, = % and o> = w. Under H{)‘l7 the I’j\J/IA statistic is
asymptotically distributed as x3 as shown in Appendix C.

One can also derive the corresponding LR test for Hg': p; = p, = 0 as
LRA=2(Lg — La),

using the maximized log-likelihood of the general model denoted by Lg and the
maximized log-likelihood under Hg':

_ _NT ~2 N5 1a8-—1
LA— Th’l2ﬂ'0'y ?h’l% 5119 u.

This test statistic is likewise asymptotically distributed as x3.

4LM tests for spatial models are surveyed in Anselin (1988, 2001) and Anselin and Bera
(1998), to mention a few. For a joint test for the absence of spatial correlation and random

effects in a panel data model, see Baltagi, Song, and Koh (2003).



2.2 LM and LR Tests for HY : p, =0

Under HB: p; = 0, the restricted model is the spatial panel data model with
random effects described in Anselin (1988). The corresponding LM test for H¥
is a conditional test for zero spatial correlation in the individual effects, allowing
for the possibility of spatial correlation in the remainder error term, i.e., p, # 0.
In fact, under H¥, the information matrix is block-diagonal with the lower
block being independent of B. Let dg be the (4 x 1) score vector referring to
the parameter vector 8 = (O‘Z, a2, py, ps) and denote the 4 x 4 lower block of the
information matrix by Jg. The ML estimates under HE are labeled by a hat.
The corresponding estimated residuals are then U =y — XB. The LM test for
HE makes use of the estimated score dg = [0, 0, c?pl ,0]) with
jpl = gle T =177 tr[C Co] + % (JT®C Czcl)
= %Tai[(ﬁ’@gﬁ) - sl,
where C; = [T5.Iy + 65(B'B)"!]~! and C; = (W + W), Gg= (Jr @

C,C,C,y ), and gp tr[C C;]. An estimate of the lower (4 x 4) block of
the information matrix Jy under HP is given by®

0
~ _ ~ A T52 ~ =~ 52
$er(Cs?) + M s ee £4r[CaCiCa]  Fer(CaCiCs] + L tr(Ca)
T ~ ~ v T2 ~2 T232 ~2
Ly [Cacl] 24 [Cl] i 1 [C2C,)] LANICEIN
T52 ~ 7252 ~ 76252 PPN
S tr[C3C1Cs] 4 tr[CIC2] 5 n tr[(C1C2)?] —L&Y4r[C1C2C1Cs]
=2
U

2 ~ o~ o~ _ ~ T52 o~ T52 54 ~ ~ _ ~
F1r(CsCiCs) + G r(Ca] 524r[C1Cs) —574r[C1C2C1Cs) F4r((C1Co)?) + (T

&Y

where C3 = (B'B)~!C;, Cy = (W'B+B'W)(B'B)~! and C5 = (B'B)"'Cy.
The LM test for HP is calculated as

LMp = dpJ;tdy = d2 T34, (6)

where 3531 is the (3, 3) element of the inverse of the estimated information matrix
351 under HY. This test statistic has no closed form representation, but using
similar assumptions and proofs as in the Appendices, this test statistic should

be asymptotically distributed as x3.

5Detailed derivations are available form the authors upon request.



The corresponding LR test is based upon the maximized log-likelihood under

H(JJB:

Lp=—"TIn2757 — LIndet(Cy) + 32 Indet(B'B) - 1w'Q

This restricted log-likelihood is the same as that given by Anselin (1988, p.
154).

2.3 LM and LR Tests for HS : p; = p, = p

Under HS : p; = py = p, the true model is the one suggested by Kapoor,
Kelejian, and Prucha (2007). In this case, B = A and the parameter estimates
under HOC are labeled by a bar. The corresponding estimated residuals are given
by =y — X3. The score and the information matrix needed for this test are
derived in Appendix D. The joint LM test statistic for H§ is given by

— T e
LMc = %0 (T—1)5} Gos (7)

with Go = (T @ F)u — a2tr[D], F = WA + A'W and D = F(A'A)~L.

7 =2 = . T [Jro(A"A)a — T [Er®A'A)u
Also, b = tr[D”] — (tr[D))?/N, o} = THrSARIT 44 52 = FIELEAR A)E,
Under HY, the LM¢ statistic is asymptotically distributed as x? as shown in
Appendix D. The LR test is based on the following maximized log-likelihood

under H§':

Lo = -2 n2r52 — Y n(Z) + L Indet(A'A) — 0, w

s,

Kapoor, Kelejian, and Prucha (2007) consider a generalized method of mo-
ments estimator, rather than MLE, for their spatial random effects panel data
model. L¢ is the maximized log-likelihood for the KKP model with normal

disturbances.



3 Monte Carlo Results

In the Monte Carlo analysis, we use a simple panel data model that includes

one explanatory variable and a constant (K = 2)
Vit = B¢+ Bizit +uie, it=1,..,Nandt=1,..,T,

where 6, =5 and §; = 0.5. x;; is generated by z;; = (; + zi, where (; ~ i.i.d.
U[-7.5,7.5] and z; ~ id..d. U[—5,5] with Ula,b] denoting the uniform dis-
tribution on the interval [a,b]. The processes ¢, and z; are assumed to be
independent. The individual-specific effects are drawn from a normal distrib-
ution so that p; ~ 4.4.d. N(0,200), while for the remainder error we assume
vit ~i.4.d. N(0,20(1 — 0)) with0 < < 1. § = U;Tiog is the proportion of the
total variance due to the heterogeneity of the individual-specific effects. This
implies that Uﬁ + 02 =20.

We generate the spatial weights matrix by allocating observations randomly
on a grid of 2N squares. Consequently, as the number of observations N in-
creases, the number of squares in the grid grows larger, too. The probability
that an observation is located on a particular coordinate is equal for all coor-
dinates on the grid. This results in an irregular lattice, where each observation
possesses 3 neighbors on average. The spatial weighting scheme is based on the
Queens design and the corresponding spatial weights matrix is normalized so
that each row sums to one.

The parameters p; and p, vary over the set {—0.8, —0.5, —0.2,0,0.2,0.5,0.8}.
The cross-sectional and time dimensions are N = 50, 100 and T" = 3, 5, 10,
respectively. Lastly, the proportion of the variance due to the random individual
effects takes the values 8 = 0.25, 0.50, 0.75. In total, this gives 882 experiments.
For each experiment, we calculate the three LM and LR tests as derived above,

using 2000 replications.®

6In a few cases, we got negative LR test statistics due to numerical imprecision. These
cases occur mainly with the Anselin model at p; = 0. However, this happened in less than
0.5 percent of the Monte Carlo experiments. We drop the corresponding experiments in the

subsequent calculations of the size and power of the tests.

10



Table 1 reports the frequency of rejections for N =50, T =5, and § = 0.5
in 2000 replications. This means that ai = 02 = 10. The size of each test is
denoted in bold figures and is not statistically different from the 5% nominal
size. The only exception where the LM test might be undersized is for the
KKP model, for high absolute values of p; and p,, both equal to 0.8. The
size adjusted power” of the LR and LM tests is reasonably high for all three
hypotheses considered. The performance of the LM test is almost the same
as that of the LR test, except for a few cases. For H{' : p; = p, = 0, when
p; = —0.5 and p, = 0, the size adjusted power of the LM test is 61.4% as
compared to 64.6% for LR. At p; = 0.5 and py, = 0, the size adjusted power of
the LM test is 70% as compared to 66.4% for LR. Similarly, for HZ: p; = 0,
when p; = —0.5 and p, = 0, the size adjusted power of the LM test is 70.2%
as compared to 72.9% for LR. At p; = 0.5 and py = 0, the size adjusted power
of the LM test is 76.7% as compared to 74.6% for LR. For HS : p; = py = p,
when p; = —0.5 and p, = 0, the size adjusted power of the LM test is 66.1% as
compared to 68.5% for LR. At p; = 0.5 and py, = 0, the size adjusted power of
the LM test is 70.6% as compared to 65% for LR.

Tables 2 and 3 repeat the same experiments but now for § = 0.25 and 0.75,
respectively. These tables show that as we increase 6, we increase the power
of these tests. In fact, the power of all three tests is higher, the higher the
variance of the individual-specific effect as a proportion of the total variance.
For example, for H' : p; = p, = 0, when p; = —0.5 and p, = 0, the size
adjusted power of the LM test increases from 61.4% for 6 = 0.5 (in Table 1)
to 68% for 8 = 0.75 (in Table 3), while the size adjusted power of the LR test
increases from 64.6% to 74.8%. Similarly, when p; = 0.5 and py, = 0, the size
adjusted power of the LM test increases from 70% for 6 = 0.5 to 78.4% for
6 = 0.75, while the size adjusted power of the LR test increases from 66.4% to

"The size corrected critical level for the test is inferred from the empirical distribution
of the test statistic in the Monte Carlo experiments, so that the rejection region under the

empirical distribution has the correct nominal size.

11



77.4%. For HP: p; =0, when p; = —0.5 and p, = 0, the size adjusted power of
the LM test increases from 70.2% for 6 = 0.5 to 81% for 6 = 0.75, while the size
adjusted power of the LR test increases from 72.9% to 83.4%. At p; = 0.5 and
po = 0, the size adjusted power of the LM test increases from 76.7% for § = 0.5
to 86.6% for 6 = 0.75, while the size adjusted power of the LR test increases
from 74.6% to 84.9% for LR. For H{ : p; = py = p, when p; = —0.5 and
po = 0, the size adjusted power of the LM test increases from 66.1% for § = 0.5
to 73% for § = 0.75, while the size adjusted power of the LR test increases from
68.5% to 74.8%. At p; = 0.5 and p, = 0, the size adjusted power of the LM test
increases from 70.6% for 8 = 0.5 to 80.4% for 6 = 0.75, while the size adjusted
power of the LR test increases from 65% to 77.3%.

Things also improve if the number of observations increases. The increase in
power is larger when we double N from 50 to 100 as compared to doubling 7" from
5 to 10.> We conclude that the three LM and LR tests perform reasonably well
in testing the restrictions underlying the simple random effects model without
spatial correlation, the Anselin model and the KKP model in small and medium

sized samples.

3.1 Robustness Checks

We also assess the robustness of the proposed LM tests with respect to (i)
non-normal errors and (ii) the specification of the spatial weighting matrix. To
compare the simulated power functions for normal vs. non-normal errors, we
generated the remainder error term first as v+ ~ ¢(5) and normalized its variance
to 10. Hence, 6 = 0.5 holds in this case and the results are comparable to the
basic Monte Carlo set-up defined above. This implies that the distribution of the
remainder error exhibits heavier tails as compared to the normal distribution but
it is still symmetric. Second, we analyzed a skewed error distribution assuming

v;; follows a log-normal distribution with variance 10, i.e., vy = v/ 10(6f —

8We do not include the corresponding Tables for (N = 50, T' = 10) and (N = 100, T = 5),
for & = 0.25,0.50, and 0.75, in order to save space. However, these tables are available upon

request from the authors.
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e%5)/ve2 —el, where £ ~ N(0,1). For N = 50 and 7' = 5, the Monte Carlo
experiments show that there are minor changes in the size adjusted power curves

under both error distributions. This holds true for all LM tests considered.

The non-normality of the remainder error, however, does affect the size of the
tests. In Table 4, we focus on the size of the LM and LR tests under alternative
distributional assumptions of the error term for N =50, T'=5 and § = 0.5. In
the first pair of columns we give the true parameters p;, py, the second pair of
columns summarizes the size of the tests under the assumption that v;; ~ t(5),
in the third pair of columns we assume that v;; follows a log-normal distribution
with variance 10. It turns out that both the LM tests and the LR tests are fairly
insensitive to the chosen alternative assumptions about the distribution of the
disturbances at intermediate levels of p; and p,. However, the LM tests tend to
be somewhat more undersized than the LR tests, especially for p; = p, = 0.8.
With the caveat of the limited experiments we performed, this finding suggests
that the LM tests considered are fairly robust to deviations from the assumption
of a normally distributed error term.

We also investigated the extent to which the specification of the spatial
weighting scheme matters for the size and power of the tests considered. We
generated an alternative spatial weighting matrix allowing for a more densely
populated grid. In particular, we randomly allocated the observations on the
grid so that there are 5 rather than 3 neighbors per observation on average. As
expected, the power of the tests is somewhat lower in this case, but still big

enough to detect relevant deviations from the null.

4 Conclusions

The recent literature on first-order spatially autocorrelated residuals (SAR(1))
with panel data distinguishes between two data generating processes of the er-

ror term. One process described in Anselin (1988) and Anselin, Le Gallo and
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Jayet (2008) assumes that only the remainder error component is spatially cor-
related. In an alternative process put forward by Kapoor, Kelejian, and Prucha
(2007) both the individual and remainder components of the disturbances are
characterized by the same spatial autocorrelation pattern. This paper formu-
lates a SAR(1) process of the residuals with panel data that encompasses these
two processes. In particular, this paper derives three LM tests based upon the
more general model, testing its restricted counterparts: the Anselin model, the
Kapoor, Kelejian, and Prucha model, and the random effects model without
spatial correlation. For the latter two tests, closed-form expressions for the LM
statistics can be obtained.

Our Monte Carlo study assesses the small sample performance of the derived
tests. We find that the tests are properly sized and powerful even in relatively
small samples. The LM tests are easy to calculate and their power is reasonably
high for all three tests considered. The power of these LM tests matches that
of the corresponding LR tests except in few cases. In general, the power of the
tests increases with the relative importance of the individual effects’ variance
as a proportion of the total variance, as well as with increasing N and T'. They
are robust to non-normality of the error term and sensitive to the specification
of the weight matrix. Hence, these LM and LR tests are recommended for the
applied researcher to test the restrictions imposed by the RE model with no
spatial correlation, the Anselin model, and the Kapoor, Kelejian, and Prucha

model.
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Appendix A: Score and Information Matrix

Below we make use of the following derivatives to obtain the score and the

relevant part of the information matrix: *
89“ T ! —1 !/ —1\__ ! —1
552 — J7©(B'B)" + (Er ® (B'B)")=1r © (B'B)
o, =
L =JrT(A’A)!
da?, r @1 )
Q= _ _
%— =Jr@Tol(A'A) ' (W + W —2p, WW)(A'A)~"
P1
Q
%p“ =Ir®02(B'B) ' (W + W - 2p, WW)(B'B) .
2

Appendix B: Identification and Consistency

In the sequel, we use subscript 0 to indicate true parameter values where
necessary. First, we state the full set of Assumptions.'°
A1l (random effects model): The model comprises unit-specific random ef-
fects denoted by the (N x 1) vector p. The elements of p are i.i.d. N(0,0%)
with 0 < G‘Z < 00. v is the vector of remainder errors and its elements are i.i.d.
N(0,02%) with 0 < 02 < co. The elements of p and v are independent of each
other.
A2 (spatial correlation): (i) Both u; and us are spatially correlated with
the same (N x N) spatial weighting matrix W whose elements may depend
on N. W has zero diagonal elements. (ii) The row and column sums of W
are uniformly bounded in absolute value. (iii) In case W is row normalized,
the parameter space for p,. is a closed interval contained in (—1,1). For the case
where W is not normalized or maximum row sum normalized, but its eigenvalues

are real, the parameter space for p,. is contained in the closed interval —1/Apin

9Hartley and Rao (1971) and Hemmerle and Hartley (1973) give a general useful for-
mula that helps in obtaining the score of 6 = (Jg,ai,pl,pQ)’: gTL = 7%7&7' (ﬂ;1%> +

%u’ (QEI%Q;1> u, r = 1,...,4. To derive the relevant part of the information ma-

82L]:

trix, we use the general differentiation result given in Harville (1977): Jrs = FE [fm

1 —10Qy o—109Q,
Lir [nu S 665].

10To avoid index cluttering, we suppress the subscript indicating that the elements of the

spatial weights matrix may depend on N and that the dependent variable and the disturbances

form triangular arrays.
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< pp < 1/Amax for all N and 7 = 1,2. Ap, is smallest and Apax is the largest
absolute value of the eigenvalues of W. (iv) The matrices Iy — p, W are non-
singular for all p, in the parameter space and their inverses have uniformly
bounded row and column sums. Let A =Iy —p;W and B =1y — p,W. Then
[To%(A’A)~" + 02(B'B)"']~! has uniformly bounded row and column sums.
(v) The elements of W are nonnegative, the nonzero elements of W are bounded
away from zero so that Apin > ¢y, > 0 for some positive constant ¢, -

A3 (compactness of the parameter space): The parameter space ® with
elements (,6’,02,03, p1,P2) is compact. The true parameter vector (indexed by
0) lies in the interior of ©.

We note that Assumptions Al and A2 imply that E = {(¢, py, po)[(0%, 07, p1,
py) € ®} with ¢ = 072, /o2 is also compact. In the following, the elements of &
are denoted by the vector 9.

A4 (identification of 1): For every 9 € ©, 9 # 9, and any € > 0 :

lim sup y_, o, SuPﬁeﬁg(ﬁu)(_% In(tr[Ee(90) 2w (9)7Y]) — 557 In[det 2, (9)/
det 3, (99)]) < 0, where N (o) is the complement of an open neighborhood of
Y of diameter ¢.

A5 (identification of B): The non-random matrix X has full column rank
K < N and its elements are uniformly bounded constants for all N. Further,
the non-random matrix limy —.e0 (57 X2y (99) 7' X) is finite and non-singular.
Consistency of the ML estimates under the general model.

In proving the consistency of MLE, we make use of the following lemmas.

Lemma 1 Under the maintained assumptions, (i) the row and column sums of
(A’A)~! and (B'B)~! are uniformly bounded in absolute value. (ii) the row

and column sums of X,(9) are uniformly bounded. (iii) 3,(9)~! exists.

Proof. By Assumption A2 the row and column sums of the matrices W,
A, B, A" and B! are uniformly bounded in absolute value. This property
is preserved when multiplying those matrices (see Kelejian and Prucha, 2001,
p. 241f). Hence, the row and column sums of (A’A)~! and (B’B)~! are also

uniformly bounded in absolute value, say, by constants c4 and cp, respectively.
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(ii) The row and column sums of X, (1) are uniformly bounded in absolute value
by Assumptions A2 and A3. To see this, denote the typical element of 3,,(9) by
0i;. Then, mazx; Zj 0ij <Tpca+cp < 0o and mazx; Zl 0ij <Tpca+cp < 0.

— o2 -
(iii) Since B, = (Tr ® (F#(A'A)™ + 02(B'B)™")) +(Er © (B'B)™!) and
g 2
7;‘72u (A/A)—l +
To?
=L (A/A) 1+
-1
(B'B)"")"' =B'B-B'B (7?;2 A’A + B'B) B’B. The inverse will exist if
n
det(;jz A’A +B'B) # 0. Since % > 0 and since A and B have full rank by
W o

Assumption A2, A’A and B’B are positive definite and det(jf’;2 A’A + B'B)
> det(;25 A’A) + det(B'B) > 0 (see Abadir and Magnus, 2005, p. 215 and p.

(B'B)~! exists by Assumption A2, it remains to be shown that (

o2(B'B)!) is invertible. Using the updating formula we have (

T
325). m

Lemma 2 Under the maintained assumptions, the matrices £,,(9) and £, (9)

are positive definite.

Proof. Observe that det[X,,(9)] = det[T¢(A’A)~1+(B’B) 1] det[(B’'B) 1|71
and that det[T'¢(A’A)~1 + (B'B)~1] > det[T'p(A’A)~1] + det[(B'B)~!] > 0,
since ¢ > 0 and (A’A)~! as well as (B'B)~! are positive definite by Assumption
A2 (see Abadir and Magnus, 2005, p. 215 and p. 325). Therefore, 32, () and
3. (9)71 are positive definite. m

The proof of consistency of the maximum likelihood estimates under the

general model is based on the concentrated log-likelihood:

Le(9) = =¥ n2r — LG (9) — L Indet 2, (9) — &L,

where we make use of the first order conditions for 3 and o2:

SHZO = L (X2, (9) 'y — X'Zu(9) ' XB(D)) = 0
= BW) = (X'S,(¥)'X) T X'S,(9) ly

AL — N 4 Lou(B(9)) S (9)  u(B(9)) =0

= 52(9) = u<E<«9))’zu]5«;>-lu(B<«9>>_

The non-stochastic counterpart of L¢(1) is defined as

E[L(By,0)] = —2In2r — &L Ino? — 1 1n[det 2, (9)] ah tr[2(9) 12, (90)]

552
202
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with

2
QBB O] — _ NI, 1 22847[35, (9) ™' B (90)] = 0

2 - *2
do?2 20%

= 032(9) = L[5, (9) 18, (80)].

From Assumption A5 and Lemma 2 it follows that ¢3%(¢9) is uniformly bounded

away from zero by some positive constant. Furthermore,

Q(9) = mazE[L(B,,0)]

= -8 mor — &l no}?(9) — Lndet B,(9) — 2L

Theorem 3 Under Assumptions A1-A5, the mazimum likelihood estimates are

unique and consistent.

Proof. To prove consistency, we have to show that = (L¢(9) — Q(8)) con-
verges uniformly to 0 in probability. Note that 5= (L¢(9) — Q(9)) = —1(In 52(9)
1 o32(8)) and u(B®)/ S8 a(BS) = u(Bo) Bu(8) - u(Fo) — u(Bo)
Zu(9) M) u(By)= tr[Zu(9) " Inr — M(9))u(By)u(By)'].
Now, limy .0 E[5,, (9)~03>(9)] = — limy oo mE[tr[Eu(8) ™ M(9)u(Bo)u(B,)"]
[(2.(9)"'M(9)XE,(99)]. According to Assumption 2 and
Lemma 1, the row and column sums of X, (9) 'M(¥) and X, (9) are uni-

= —limy_ oo N“tr

formly bounded in absolute value and this property is preserved under matrix
multiplication. Therefore, the elements of £, (9)"'M(9)X, () are uniformly
bounded by some constant cps (see also Lemma A.7 in Lee, 2004b) so that
700 4r[, (9) T M(9) S (9)] < T2 To0 [ epr = 0. The lat-
ter follows from the fact that 3, (9) 1M (9)Z, () is of rank K.

limy oo Var(a?(9)—o32(9)] = limy oo Var[ ptr[S,(9) " M(B)u(By)u(8,)]
= limy_ (2]\,%)0215 [(Zu(9)'M(9)%,,(9))?] using Lemma (A1) in Kelejian

and Prucha (2007, p. 29) and Assumption Al. Asaresult, limy_, o (NZV—')O2 tr[(X,(9)~ 1
M(9)2,(90))?] = o(1). By Chebyshev’s inequality, we conclude that &2(9) —
072(9)=0y(1).

Using the mean value theorem it follows that In 5> (9) = In o (19)+M

with the constant 2 (1) lying in between o*2(9). Since 72 (9) — 0%2(9)=0,(1),
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~2

7., () will be bounded away from zero uniformly in probability. Accordingly,

52%19) < 0*21(19) + 32}19) < 0o. Therefore, we obtain sup 25 |L¢(9) — Q(I)| =
v v v YeE

sup| Ing,,(9)—no}?(9)|= sup =gy |0, (9) — 037 (9)| = 0,(1).
YeE veE !

Secondly, we have to prove the following uniqueness identification condition
(see Lee, 2004a). For any & > 0, imsupy_, o SUP g, (s, == (Q(Y9) —Q(¥y)) <
0, where N (1) is the complement of an open neighborhood of ¥y of diameter ¢.
Note, Q(9)—Q(F0) = — 2L Ino}*(9)—Ino}%(9o)]— & In[det =,,(9)/ det B, (90)],
nop?(9)—Ino;?(9o) = Intr g7 (B0, (90) By (9) '] and limsup y_. o SUPyr. (9)
L (Q(9)—Q(90)) = limsupy . SuD g con) (— 5 I 2t S (90) S (9) ] —
7 In(det 2, (9)/ det B,,(9))) < 0 for every 9 # 9, € E and any ¢ > 0 by
Assumption A4. Accordingly, 9 is unique and consistent, since Q(9) is contin-

uous and the parameter space is compact. Lastly, the consistency of B(;?) is

established by the lemma given below. =

o~

Lemma 4 If0 2 6y and ¢ 2 ¢ with ¢ > 0, then (i) 1z X' (Eu(ﬁ)*lfzu(ﬁo)*

2,0, and (ii) (NT)~1/2X'S- () u(d)— (NT)~1/2X'S-1(9)u(d) 2 0.

Proof. (i) Let 3,(9) = (Jr ® £1(9)) + (Er ® (), where 31(9) =
(TH(A’A)~! 4+ (B'B)!) and E5(9) = (B'B) "', Define Y1 = (T¢) 1(A’A)
and TQ = B’'B.

Using 31 (9) ! = (X7 + X511 = Yo Yo X1 + Y] 1Y, yields 3 (9) ! —
()7t = T, - Yo0— ?2[?1 + ?2]_1?2-1- Y20[Y1,0+ Y20l ' Y20 and
()7L — Zp(90) ! = Y2 — Yy 0. Define the non-stochastic N x K matrices

U and V with uniformly bounded row and column sums to obtain

NU (‘?1 - ‘I‘LO) V = NWU/[(T9) Y (A'A) — N~ (Td,) "L (AL Ao)|V

e d)oway
_ﬁ(ﬁl —p10)U(W+WHV
s (51— )T (WW)V.

Since the elements of U'A{AoV, U (W+W’')V and U (W/'W)V are uniformly

bounded under the maintained assumptions and since 1 is a consistent estimator
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of ¥¢, we have plimpy_. N~ 1U’ (?1 — T1,o) V = 0. By the same argument,
it also holds that plimy—_ec N~ U’ (?2 - rw) V=o.

To show that plimy oo N U [(X1+ Ta) ' —(L10+ Y20) 1]V = 0, it
is useful to define B = [?1 + 'Y‘g] and Eg = [Y109 + Y2,0]. Then, we need
to show that plimy_.N"'U{E;" — [Eq + (E — E¢)]"!}V = 0. We may
write N"UU{E;! — [Eg + (E — Eo)] "1}V = N1 Y% (~1)FU[E;Y(E —
EO)]’“EJIV, following Horn and Johnson (1985, p. 335). The claim now follows
by applying the subsequence argument of Lemma C.6 in Kelejian and Prucha

(2008). Next, observe that

T T
XS (9)X = < > [X;nxt - (Z ;X’STQE—lnxtﬂ .
t=1

s=1

What remains to be shown is
o 7
AXIYHE T Y0X, — 2 XY 0Ey ' 20X, = — ZAk =0,(1),
k=1
wherel!

A = X (T1,o - iﬁ) Eo_l'rl,o} X

x|

Ay = ¥ X| [Tl 0Byt —E7)1, 0} Xy
Ay = 1X [

Ay = —x X,

As = — 300010 - TOES (F) - 110 X,
Ag = —+X [TLO(Egl —EN) (Y10 ?1)] Xy

!
A7 = ¥X| [(Tl,o ~Y)(E - E; ) (Y10 — ?1)] X

Let U =X/, X/Y; or X’STLOEal and define V in a similar way. Then,

Hlet C and E be conformable matrices. Simple, but tedious derivation shows that
CoEpCo—CEC = (Co — C)EOCO+ Co(Fo — E)Co+ CoEo(Co —C) —(Co—C)(Ep— E)Co—
—(Co = C)Eo(Co — C) —Co(Eo — E)(Co — C)+ (Co — C)(Eo — E)(Co - C).
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it follows that Ay = 0,(1),k = 1,2,3. Similarly,

N7U' (Y10 - Y1) (Ey ' —E"HY 0V

- L (% - gﬂ) U'ALAE; —E-D)Y1 0V

_ﬁ(ﬁl —p10)U (W + W)(E; " — f}‘l)TLOV
—N T = = 1)U (WW)(B ' —E7) Y0V,

and Ay = op(1), k =4,5,6. Lastly,

o (L= &) UALAGES — B ) (T1o - T1)V

2 ~
- i) U'ALAG(E;! — E-DALA)V

1
[
2 ~ ~
s (2 ) UAGAG(EG — B )(T6) (B — p1,0) (W + WV
1

7 (3= &) UALA(ET - B7)(T0) (3 - p} o) (W'W)V.
So A7 = 0,(1) and & (X’Eu(@)—lx - X’Eu(ﬁo)—lx) 2 0.
(ii) Following Kapoor, Kelejian, and Prucha (2007), write
N7 (Y1 = Yuo) v = NIU(T0) " (A'A) — N1 (T6g) " (AfAo)lv

. (% _ q%) U'A}Agv

*ﬁ(ﬁl —p10)U (W +W')v
513 (P = P10) U (W'W)v,

where v is an N x 1 random vector with variance-covariance matrix €,. €,
has uniformly bounded elements. For this observe that E[Kyv] = 0, where
K; = UA{Ap, Ky = U(W + W), and K3 = U (W'W). Note that the
terms (NT)~'/2Kv have variance-covariance matrices (NT) 'K;Q,Kj for
k =1,2,3. Under the maintained assumptions, these have uniformly bounded
row and column sums, and their elements are uniformly bounded in absolute
value. Therefore, (NT)~'/2K;v = O,(1) and, therefore, N~/2U’ ('/I\'l - ’I'Lo) v =
op(1), since 0 2 6,. By the same argument, N—/2U’ ('/1\'2 —Tg’()>v =
0p(1). Using the idea of the proof of plimNﬂooN_lU’[(?l—i— ?2)_1—(T1’0+
Y2,0) ']V = 0 used before, one can show that plimNeooN_l/QU’[(?l—i— ?2)_1
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—(Yy 0+ TQ’())_l]V = 0. Furthermore, using a similar decomposition as above,
the claim of the second lemma can be established. m
Appendix C: LM Test for random effects

The following lemma is useful in proving Theorems 6 and 7 that derive the
asymptotic distribution of the LM tests for the random effects model and the
KKP model.

Lemma 5 Assume that Assumptions A1-A2 hold and p, = py = p. Consider
the quadratic form Q = (Z, A 'p+ Ir @ A=) (ed7 + (1 — )Er @ H) -

(Z, A7 'p+ Ir @ A" YY), where H=(W/A 4+ A'W) and 0 < a < 1 is a
real number. Then, E[Q] = (ac? + (1 — a)o2(T — 1))tr[H(A’A) ™1, Var[Q] =

2 A (1 N2 1 A /A= Q—(aoi+(1-a)op (T—1))tr[H(A'A)"']
2(@?ot+(1—a)(T—1)ob)tr[(H(A'A)"1)?] and aate i () (- De (@A A7)

< N(0,1).

Proof. Inserting Z, = (vp ® Iy) yields

aTL aL .. aL
N R S P TC I
oL L) L L((1-a)+ )
T T T
=alp Lu—&—?az v,Lp+(1 — « ZVtLVt + (2a—-1)=+ (Z ut> L (Z I/t> ,
t=1 t=1 t=1 t=1

where L = A’ ""HA " and ¢ =(p/, v/}, ..., v})". Tt can easily verified that E[Q] =
(aTo?+(1—a)o?(T —1))tr[H(A’A)~1] and that Var[Q]=(a?0} + (1 —a)*(T —
Dod)tr[(H(A’A)71)?]. Observe that o > 0 by Assumption Al. Now tr[(H(A’
2tr[A’T W/ WA+ (WA™1)2] > 2t7[(WA™)2]. By Assumption A2, we can

AT =

write W = T~1AT, where A is the diagonal matrix of eigenvalues of W and T is

[ee]
the corresponding matrix of eigenvectors. Then, WA ™! = T~1A (Z p’“Ak) T=
k=0

2
T~ 1Dzag( )T and N~ltr(WA™1)?2) = N~ Z (1 i ) > Cpe, > 0,
since Apqz is bounded away from zero by some posmve constant according to
Assumption A2. Note also that by Assumption A2 |p, Amax| < 1. Hence, Var[Q]

is bounded away from zero by some positive constant.
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The row and column sums of A, (A’A)~! and H are uniformly bounded
and so are those of L. Since the elements of £ are independent and normally
distributed by Assumption Al, the assumptions of the central limit theorem
for linear quadratic forms given as Theorem 1 in Kelejian and Prucha (2001, p.
227) are fulfilled and the claim of the lemma follows. m

Next, this Appendix derives the LM test for the null hypothesis H54 :
p1 = py = 0. Under Hg' we have B = A = Iy. Using the general formu-
las for the score and the information matrix given above one can show that the
corresponding LM test statistic is given by

WA = eGPt e W13,

bact T-1)52

where G4 = W [Jr @ (W' + W)| @, My = @ [Er @ (W + W)]T and by =
tr [(W' + W)?].

Theorem 6 (LM,) Suppose Assumptions Al - A5 hold and HE': p; = py =0
18 true. Then, Z]\V/[A = 2@‘%6’124 + Wﬂi 18 asymptotically distributed
91 —1)oy

as x3.

Proof. First, use the residuals of the true model u =y — X3, and define

Ga =G u and My = uMyu, where G4 = Jr ® (W' + W), and My =
Er @ (W +W).
(i) We can apply Lemma 5 by setting @ = 1 and A = Iy so that H =(W/+W)
with t7[H] = 0, because tr[W] = 0. Hence, E[G 4] = 0 and Var[G 4] = 201ba
with b4 = tr[H?]. By Assumption A2 the row and column sums of H are uni-
formly bounded. %+/2b4 is bounded way from zero by some positive constant
as shown in Lemma 5, s0 —A— <, N(0,1).

af\/ZbA
(ii) Setting o = 0 in Lemma 5 implies that ——244 <, N(0,1).

024/2(T—1)ba

(iii) Inspection of the proof in Lemma 5 establishes the independence of G4

g
024/2(T—1)ba

= 1 is also asymptotically normal and, hence, the vector

and My. From Lemma 5 it follows that U%O‘TIQTAGA + M, with
o '

+ 2
oiV2ba  o2\/2(T-1)ba

/
Ga Ma
oIV2ba’ 62,/2(T—1)ba

of quadratic forms converges to a bivariate normal by
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the Cramér-Wold device. Consequently, LM 4 = ijg% G4 + sz(Tlfl)O',‘f M? is
asymptotically distributed as x3.

(iv) Notice that ﬁu GAuf\/%u’GAu = HuGsXV NT(B8—8,)+ (NT)_% .
VNT(B — B,)X'GAXVNT(B — B,). Given a v/ N-consistent estimator of

By, say B and U = y — X3, we have \/lefTﬁ'GAﬁ - ﬁu’GAu = 0,(1),

since X and G4 are non-stochastic matrices (see Lemma 1 in Kelejian and
Prucha, 2001, p. 229). Similarly, \/7 u'Myu— \/T u'M u = 0,(1). Further,
(NT)'207bs > ¢1 > 0 for some constant ¢; and (NT)~'20d - (T — 1)ba >
¢, > 0 for some constant c¢,, since O'i > 0 and 02 > 0 by Assumption Al and
0 < ¢, < ba by Assumption A2. As shown in Appendix B, 5> = o2 + op(1)
and 52 = 02 + op(l). Then, Theorem 2 of Kelejian and Prucha (2001, p. 230)

_ Ma _ Ma _
= 0p(1) and V2E i (T—1)ba  /205(T—-1)ba op(1)-

implies that

Ga
\/2~4b2 V20103
Hence, LM 4 — LMy = 0,(1). m

Appendix D: LM Test for the KKP Model

To derive the asymptotic distribution of the LM test for HOC , it proves useful
to re-parameterize the model so that p; = py + A and to test HP : A = 0 vs.
HP :A#0, Under HY, B=A, Q, = (62J7 + 02E7) ® (A’A)"! and Q! =
(a%jT + U%ET) ® (A’A). Using the general formulas for the score and for the
information matrix given above, the LM test statistic can be derived as

2

LMC —DgJe D9 éC

(T 1)o4

where bo = ec — aC/N and G¢ = ' (Jr @ F)u — a3tr[D].

Theorem 7 (LM¢) Suppose Assumptions Al - A5 hold and HS: p; = ps = p
is true. Let F = (WA+AW),D=FARA) ", be =¢ec—do/N, do =
tr[D] and ec = tr[ﬁ2] and Go = W (Jr @ F)u — 73tr[D]. Then, LM¢ =

WGC is asymptotically distributed as x3.

Proof. We will make use of the following first order conditions

oL TO'QL TJ%*
A o = — 5. tr[D] + %UI(T{JT ® F)u
0
oL T 1../7¢ 17 1
21H
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From the first order conditions, we obtain
7itr[D]=1u'(Jr @ F)u++u' (Er ® F)u,
inserting the ML-estimates denoted by a bar. This gives

TAT Mo = (%ﬁl (Jr®F)u—+u' (Er ®f)ﬁ)2
¢ Q(tr[ﬁz]—%tr[ﬁp)géll

Then,

VIRTMe = Rreln ___p WErePE
72\/2(tr[D* |- £ tr[D?)  &2/2(tr(D%)- & tr[D)?)(T—1)
Next, observe that t—u = —X (8 — 8), whereu = (.7 @ A ) pu+(Ir @ A~ v

and
(NT)™*0 (Jr@F)a = (NT) 1?0 (Jr(W + W —2pW' W)t = Qyc1 +Qyco-
Following Kelejian and Prucha (2001, Lemma 1), one obtains

Quer = (NT)7V2u/ (Tr © (W + W'))u+to,(1)

Qper = (NT)™V20/' (T @ WW)uto,(1).

Notice that

PQyco — pPQuc2 = (p — p) Qpeoa — P(Quca — Quoz) = 0p(1).

The last equality follows since p is a consistent estimator and Qyco = O,(1) by

Lemma 5, after setting H = W'W and a = 1. Therefore,

Qpor — Quet + 2PQpc0 — 2pQue2 = 0p(1)

Hence, we conclude that (NT)~'/2W (Jr@F)u = (NT) /20 (Jr @ F)uto,(1).

'(Jr@F)u—oc?tr(D) A o
u ;%\/Q?tr[[;] , we obtain ch — Qpe = Op(].).

Similarly, (NT)~'/?@ (E7 @ F)u — (NT)~'/?u/(Er ® F)u =0, (1). Defining

W (Er@F)u—o?(T—1)tr[D]
Que = 02+/2(T—1)tr[D?]

quadratic forms Qpc and Q¢ are independent by Lemma 5. As a result we

Defining Qpc =

, we have Q,c — Quc = 0,(1). Also, the two
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J— —1/2,2 2 T—1/ /(T 2
TTa7. — (NT)~/?0%/20r[D?] (T<u <JT®F)u—altr<D>>)
© (NT)—l/Qﬁf\/2(tr[ﬁ2]fﬁtr[ﬁ]2) o%y/2tr[D?]

(NT)=1/252,/2(tr[D%)- % tr[D]?)

n (NT)"Y/252, /2tr[D?] T-1tr(D))
V/2tr[D2]

B (NT)~1/202 .\ /2tr[D2)(T—1) (VTTl(u’(ET®F)u—03(T—1)tr[D])>
(NT)~1/252/2(tr[D?] - & tr[D]2)(T—1)

o24/2(tr[D2)(T-1)

(NT)=1/252\/2(tr[D?) - £ r[D)?) (T—1)

B (NT)=1/262, /2tr[D2](T—1) %n«[ﬁ]_F (1)
\/2tr[D?] Op{H)-

Notice that 7 = 0% + 0,(1), 2 = 02 + 0,(1) and 02 > 0 and 62 > 0 by
Assumption Al. Using H = D= (WA + A’W) in Lemma 5, we conclude
that (NT)~'o?2(tr[D?]) is bounded away from zero by some positive constant.

Furthermore, (NT)’lﬁ,‘fQ(tr[ﬁz] —+tr[D*)(T—1)—(NT) 'ob2tr[D?|(T—1) =

-1/2,2 /o7
op(1) and we have plimy_, (NT) L 72; D7) — = 1. Therefore,
(NT)=1/252,/2(tr[D%]- % tr[D]2)

T—1 1T 2 T—1 ’ 2
/T—1 V.. — [ W JreFu—oitr(D) ) _ L (0 (BEr®F)u—o’ (T—1)tr[D])
T LMo = ( 03+/2tr[D2)) > ( o2\/2(tr[D2](T-1) +op(1)

(T—1)2 (T-1) _ T—1

T2 T2 T
and Qe > N(0,1) and Que <, N(0,1) and are independent by Lemma 5, we
obtain |/ T=LLMc <, N(0,L52) or VIMc <, N(0,1) using the Cramér-Wold

device of Lemma 5. This establishes the claim. m

observing that both terms in brackets are O,(1). Since

Appendix E: Numerical optimization

We use the constrained quasi-Newton method involving the constraints ai >
0,02>0,—-1<p, <land —1< p, <1 to estimate the parameters of the four
models (the unrestricted model and the three restricted ones: random effects,
Anselin, and KKP). The quasi-Newton method calculates the gradient of the log-
likelihood numerically. We use the optimization routine fmincon available from
Matlab which uses the sequential quadratic programming method. This method
guarantees super-linear convergence by accumulating second order information
regarding the Kuhn-Tucker equations using a quasi-Newton updating procedure.

An estimate of the Hessian of the Lagrangian is updated at each iteration using
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the BFGS formula. All tests are based on the analytically derived formulas for

both the gradient and the information matrix, using the estimated parameters.
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Table 1: Monte Carlo simulationsfor sizeand power of LM and LR tests of the random effects, the
Ansdlin and the Kapoor -K elgjian-Prucha models; share of rejectionsin 2000 replications

(N=50, T=5, 6°,=10, 6°,=10)

Random effects model Anselin model Kelgjian-Prucha model
Ho™ p1=0, p,=0 Ho: py=0 Ho": p1=p;
p1 P2 LMa LR, LMg LRs LMc LR:
-0.80 -0.80 1.000 1.000 0.938 0.964 0.039 0.041
-0.80 -0.50 1.000 1.000 0.985 0.992 0.590 0.565
-0.80 -0.20 0.997 0.998 0.989 0.991 0.919 0.922
-0.80 0.00 0.979 0.982 0.989 0.991 0.982 0.985
-0.80 0.20 0.997 0.997 0.989 0.993 0.999 0.999
-0.80 0.50 1.000 1.000 0.972 0.977 1.000 1.000
-0.80 0.80 1.000 1.000 0.925 0.938 1.000 1.000
-0.50 -0.80 1.000 1.000 0.562 0.595 0.172 0.307
-0.50 -0.50 1.000 1.000 0.692 0.711 0.046 0.046
-0.50 -0.20 0.913 0.925 0.727 0.742 0.318 0.324
-0.50 0.00 0.614 0.646 0.702 0.729 0.661 0.685
-0.50 0.20 0.888 0.886 0.690 0.724 0.868 0.894
-0.50 0.50 1.000 1.000 0.613 0.632 0.985 0.992
-0.50 0.80 1.000 1.000 0.430 0.450 0.999 1.000
-0.20 -0.80 1.000 1.000 0.144 0.153 0.643 0.755
-0.20 -0.50 1.000 1.000 0.175 0.183 0.209 0.231
-0.20 -0.20 0.663 0.669 0.164 0.167 0.042 0.045
-0.20 0.00 0.130 0.139 0.158 0.169 0.157 0.171
-0.20 0.20 0.696 0.660 0.186 0.203 0.453 0.499
-0.20 0.50 1.000 1.000 0.131 0.142 0.863 0.910
-0.20 0.80 1.000 1.000 0.095 0.097 0.976 0.996
0.00 -0.80 1.000 1.000 0.043 0.058 0.822 0.899
0.00 -0.50 1.000 1.000 0.043 0.055 0.501 0.509
0.00 -0.20 0.582 0.574 0.045 0.059 0.106 0.099
0.00 0.00 0.043 0.053 0.049 0.058 0.054 0.059
0.00 0.20 0.646 0.602 0.042 0.047 0.133 0.154
0.00 0.50 1.000 1.000 0.049 0.051 0.595 0.672
0.00 0.80 1.000 1.000 0.050 0.053 0.898 0.962
0.20 -0.80 1.000 1.000 0.117 0.092 0.962 0.983
0.20 -0.50 1.000 1.000 0.147 0.126 0.818 0.827
0.20 -0.20 0.605 0.593 0.174 0.142 0.402 0.382
0.20 0.00 0.130 0.110 0.148 0.125 0.131 0.111
0.20 0.20 0.686 0.649 0.171 0.140 0.048 0.053
0.20 0.50 1.000 1.000 0.134 0.116 0.283 0.348
0.20 0.80 1.000 1.000 0.093 0.082 0.798 0.909
0.50 -0.80 1.000 1.000 0.667 0.632 0.999 0.999
0.50 -0.50 1.000 1.000 0.761 0.728 0.989 0.988
0.50 -0.20 0.901 0.889 0.781 0.739 0.903 0.886
0.50 0.00 0.700 0.664 0.767 0.746 0.706 0.650
0.50 0.20 0.934 0.923 0.771 0.750 0.372 0.302
0.50 0.50 1.000 1.000 0.683 0.662 0.044 0.054
0.50 0.80 1.000 1.000 0.397 0.402 0.434 0.590
0.80 -0.80 1.000 1.000 0.994 0.995 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 0.999 0.998 0.999 0.999 0.997 0.996
0.80 0.20 1.000 1.000 1.000 1.000 0.988 0.977
0.80 0.50 1.000 1.000 0.990 0.997 0.781 0.699
0.80 0.80 1.000 1.000 0.847 0.947 0.033 0.062

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table 2: Monte Carlo simulationsfor sizeand power of LM and LR tests of the random effects, the
Anselin and the Kapoor -K elgjian-Prucha models; share of reectionsin 2000 replications

(N=50, T=5, 6°,=5, 6°,=15)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.660 0.757 0.039 0.033
-0.80 -0.50 1.000 1.000 0.824 0.896 0.443 0.401
-0.80 -0.20 0.987 0.991 0.935 0.952 0.804 0.812
-0.80 0.00 0.896 0.923 0.950 0.963 0.940 0.953
-0.80 0.20 0.956 0.961 0.935 0.947 0.974 0.981
-0.80 0.50 1.000 1.000 0.875 0.902 0.993 0.999
-0.80 0.80 1.000 1.000 0.804 0.838 0.993 0.999
-0.50 -0.80 1.000 1.000 0.301 0.320 0.093 0.175
-0.50 -0.50 1.000 1.000 0.422 0.431 0.047 0.038
-0.50 -0.20 0.853 0.878 0.496 0.532 0.248 0.262
-0.50 0.00 0.389 0.425 0.489 0.502 0.448 0.484
-0.50 0.20 0.767 0.756 0.504 0.548 0.684 0.743
-0.50 0.50 1.000 1.000 0.378 0.419 0.865 0.920
-0.50 0.80 1.000 1.000 0.306 0.328 0.923 0.989
-0.20 -0.80 1.000 1.000 0.097 0.098 0.316 0.455
-0.20 -0.50 1.000 1.000 0.119 0.112 0.120 0.131
-0.20 -0.20 0.641 0.668 0.108 0.123 0.044 0.042
-0.20 0.00 0.100 0.111 0.126 0.129 0.123 0.125
-0.20 0.20 0.638 0.605 0.129 0.148 0.291 0.324
-0.20 0.50 1.000 1.000 0.084 0.097 0.588 0.674
-0.20 0.80 1.000 1.000 0.066 0.080 0.733 0.909
0.00 -0.80 1.000 1.000 0.049 0.057 0.457 0.659
0.00 -0.50 1.000 1.000 0.046 0.058 0.265 0.304
0.00 -0.20 0.570 0.586 0.050 0.053 0.076 0.071
0.00 0.00 0.050 0.055 0.048 0.052 0.053 0.049
0.00 0.20 0.627 0.596 0.039 0.039 0.096 0.119
0.00 0.50 1.000 1.000 0.050 0.047 0.310 0.413
0.00 0.80 1.000 1.000 0.050 0.045 0.521 0.753
0.20 -0.80 1.000 1.000 0.073 0.069 0.755 0.866
0.20 -0.50 1.000 1.000 0.104 0.081 0.585 0.613
0.20 -0.20 0.552 0.564 0.091 0.083 0.269 0.257
0.20 0.00 0.084 0.070 0.108 0.082 0.107 0.091
0.20 0.20 0.691 0.660 0.109 0.097 0.041 0.045
0.20 0.50 1.000 1.000 0.075 0.068 0.199 0.245
0.20 0.80 1.000 1.000 0.071 0.072 0.435 0.629
0.50 -0.80 1.000 1.000 0.468 0.438 0.971 0.989
0.50 -0.50 1.000 1.000 0.565 0.520 0.929 0.936
0.50 -0.20 0.772 0.765 0.586 0.571 0.790 0.754
0.50 0.00 0.505 0.482 0.579 0.557 0.535 0.492
0.50 0.20 0.886 0.873 0.541 0.524 0.252 0.197
0.50 0.50 1.000 1.000 0.325 0.351 0.039 0.053
0.50 0.80 1.000 1.000 0.182 0.193 0.236 0.322
0.80 -0.80 1.000 1.000 0.984 0.987 1.000 1.000
0.80 -0.50 1.000 1.000 0.993 0.993 1.000 1.000
0.80 -0.20 0.993 0.993 0.992 0.991 0.998 0.997
0.80 0.00 0.988 0.987 0.993 0.993 0.989 0.984
0.80 0.20 0.999 0.999 0.990 0.993 0.959 0.930
0.80 0.50 1.000 1.000 0.846 0.960 0.630 0.525
0.80 0.80 1.000 1.000 0.430 0.644 0.034 0.059

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table 3: Monte Carlo simulationsfor sizeand power of LM and LR tests of the random effects, the
Anselin and the Kapoor -K elgjian-Prucha models; share of reectionsin 2000 replications

(N=50, T=5, 6°,=15, 6°,=5)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.985 0.994 0.039 0.032
-0.80 -0.50 1.000 1.000 0.997 0.999 0.642 0.610
-0.80 -0.20 0.999 1.000 0.998 0.999 0.964 0.965
-0.80 0.00 0.986 0.995 0.997 0.998 0.995 0.996
-0.80 0.20 0.998 1.000 0.996 0.998 1.000 1.000
-0.80 0.50 1.000 1.000 0.993 0.997 1.000 1.000
-0.80 0.80 1.000 1.000 0.969 0.975 1.000 1.000
-0.50 -0.80 1.000 1.000 0.727 0.769 0.271 0.408
-0.50 -0.50 1.000 1.000 0.815 0.836 0.046 0.046
-0.50 -0.20 0.927 0.945 0.814 0.831 0.384 0.370
-0.50 0.00 0.680 0.748 0.810 0.834 0.730 0.748
-0.50 0.20 0.935 0.942 0.811 0.820 0.937 0.952
-0.50 0.50 1.000 1.000 0.755 0.777 0.999 1.000
-0.50 0.80 1.000 1.000 0.589 0.619 1.000 1.000
-0.20 -0.80 1.000 1.000 0.174 0.198 0.788 0.885
-0.20 -0.50 1.000 1.000 0.210 0.235 0.241 0.267
-0.20 -0.20 0.671 0.704 0.231 0.249 0.049 0.051
-0.20 0.00 0.163 0.189 0.236 0.256 0.176 0.192
-0.20 0.20 0.735 0.732 0.230 0.237 0.509 0.555
-0.20 0.50 1.000 1.000 0.178 0.188 0.934 0.965
-0.20 0.80 1.000 1.000 0.136 0.142 1.000 1.000
0.00 -0.80 1.000 1.000 0.042 0.053 0.951 0.978
0.00 -0.50 1.000 1.000 0.035 0.042 0.632 0.652
0.00 -0.20 0.579 0.594 0.039 0.050 0.129 0.117
0.00 0.00 0.040 0.047 0.036 0.045 0.041 0.049
0.00 0.20 0.645 0.625 0.039 0.048 0.193 0.222
0.00 0.50 1.000 1.000 0.048 0.053 0.751 0.804
0.00 0.80 1.000 1.000 0.049 0.053 0.992 0.998
0.20 -0.80 1.000 1.000 0.178 0.153 0.995 0.998
0.20 -0.50 1.000 1.000 0.182 0.170 0.915 0.921
0.20 -0.20 0.644 0.655 0.196 0.166 0.514 0.480
0.20 0.00 0.153 0.136 0.214 0.189 0.176 0.142
0.20 0.20 0.699 0.673 0.206 0.165 0.038 0.045
0.20 0.50 1.000 1.000 0.178 0.148 0.414 0.476
0.20 0.80 1.000 1.000 0.120 0.102 0.969 0.990
0.50 -0.80 1.000 1.000 0.794 0.775 1.000 1.000
0.50 -0.50 1.000 1.000 0.850 0.832 0.997 0.997
0.50 -0.20 0.938 0.937 0.860 0.845 0.950 0.944
0.50 0.00 0.784 0.774 0.866 0.849 0.804 0.773
0.50 0.20 0.955 0.950 0.860 0.839 0.452 0.386
0.50 0.50 1.000 1.000 0.828 0.811 0.040 0.056
0.50 0.80 1.000 1.000 0.635 0.639 0.660 0.786
0.80 -0.80 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 0.999 1.000 1.000 1.000 0.999 0.999
0.80 0.20 1.000 1.000 1.000 1.000 0.991 0.981
0.80 0.50 1.000 1.000 0.999 0.999 0.805 0.728
0.80 0.80 1.000 1.000 0.988 0.994 0.032 0.063

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table4: Monte Carlo simulationsfor therobustness of the LM and LR tests of the random effects, the
Anselin and the Kapoor -K elgjian-Prucha models; share of reectionsin 2000 replications

(N=50, T=5, 6°,=10, 6°,=10)

vit ~1(5) vi: ~lognormal (0,10)
p1 P2 LM LR LM LR

Random effects model, Hy: p1=0, p2=0 0.00 0.00 0.042 0.053 0.041 0.047
Anselin model, Hy®: p,=0 0.00 -0.80 0.055 0.066 0.045 0.055
0.00 -0.50 0.052 0.065 0.042 0.049

0.00 -0.20 0.045 0.053 0.043 0.047

0.00 0.00 0.045 0.055 0.032 0.038

0.00 0.20 0.047 0.055 0.038 0.043

0.00 050 0.045 0.047 0.048 0.050

0.00 0.80 0.050 0.049 0.039 0.040

Kapoor-K e gian-Prucha model, Ho : P1=p2 -0.80 -0.80 0.036 0.035 0.039 0.040
-0.50 -0.50 0.049 0.046 0.048 0.048

-0.20 -0.20 0.048 0.044 0.045 0.048

0.00 0.00 0.043 0.048 0.035 0.039

0.20 0.20 0.045 0.051 0.035 0.047

0.50 050 0.038 0.054 0.034 0.051

0.80 0.80 0.029 0.054 0.029 0.059




Table5: Monte Carlo simulationsfor sizeand power of LM and LR tests of the random effects, the
Anselin and the Kapoor -K elgjian-Prucha models; share of reectionsin 2000 replications

(N=50, T=5, 6°,=10, 6°,=10, n;; ~ t(5))

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.924 0.958 0.036 0.035
-0.80 -0.50 1.000 1.000 0.984 0.993 0.559 0.527
-0.80 -0.20 0.998 0.998 0.993 0.995 0.922 0.922
-0.80 0.00 0.977 0.986 0.991 0.993 0.985 0.988
-0.80 0.20 0.996 0.997 0.989 0.992 0.999 0.999
-0.80 0.50 1.000 1.000 0.975 0.978 1.000 1.000
-0.80 0.80 1.000 1.000 0.927 0.944 1.000 1.000
-0.50 -0.80 1.000 1.000 0.537 0.575 0.180 0.293
-0.50 -0.50 1.000 1.000 0.639 0.684 0.049 0.046
-0.50 -0.20 0.923 0.932 0.718 0.742 0.329 0.332
-0.50 0.00 0.628 0.657 0.724 0.732 0.663 0.688
-0.50 0.20 0.899 0.885 0.696 0.717 0.880 0.907
-0.50 0.50 1.000 1.000 0.605 0.629 0.984 0.992
-0.50 0.80 1.000 1.000 0.433 0.475 0.998 1.000
-0.20 -0.80 1.000 1.000 0.127 0.134 0.589 0.739
-0.20 -0.50 1.000 1.000 0.142 0.166 0.186 0.210
-0.20 -0.20 0.685 0.689 0.169 0.178 0.048 0.044
-0.20 0.00 0.128 0.134 0.176 0.181 0.161 0.179
-0.20 0.20 0.692 0.651 0.165 0.179 0.418 0.472
-0.20 0.50 1.000 1.000 0.156 0.169 0.869 0.916
-0.20 0.80 1.000 1.000 0.088 0.105 0.971 0.991
0.00 -0.80 1.000 1.000 0.055 0.066 0.844 0.904
0.00 -0.50 1.000 1.000 0.052 0.065 0.532 0.548
0.00 -0.20 0.574 0.576 0.045 0.053 0.120 0.112
0.00 0.00 0.042 0.053 0.045 0.055 0.043 0.048
0.00 0.20 0.633 0.591 0.047 0.055 0.167 0.184
0.00 0.50 1.000 1.000 0.045 0.047 0.617 0.692
0.00 0.80 1.000 1.000 0.050 0.049 0.934 0.974
0.20 -0.80 1.000 1.000 0.104 0.082 0.964 0.982
0.20 -0.50 1.000 1.000 0.120 0.109 0.823 0.820
0.20 -0.20 0.624 0.610 0.168 0.145 0.436 0.403
0.20 0.00 0.123 0.096 0.144 0.113 0.117 0.102
0.20 0.20 0.715 0.669 0.158 0.129 0.045 0.051
0.20 0.50 1.000 1.000 0.130 0.110 0.323 0.374
0.20 0.80 1.000 1.000 0.096 0.091 0.803 0.905
0.50 -0.80 1.000 1.000 0.653 0.625 0.998 0.999
0.50 -0.50 1.000 1.000 0.735 0.714 0.991 0.989
0.50 -0.20 0.903 0.896 0.787 0.760 0.921 0.908
0.50 0.00 0.722 0.678 0.788 0.750 0.715 0.674
0.50 0.20 0.939 0.924 0.774 0.743 0.357 0.307
0.50 0.50 1.000 1.000 0.683 0.660 0.038 0.054
0.50 0.80 1.000 1.000 0.410 0.421 0.445 0.612
0.80 -0.80 1.000 1.000 0.997 0.995 1.000 1.000
0.80 -0.50 1.000 1.000 0.998 0.998 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 0.998 0.998 0.998 0.998 0.998 0.996
0.80 0.20 1.000 1.000 0.998 0.998 0.983 0.976
0.80 0.50 1.000 1.000 0.991 1.000 0.774 0.698
0.80 0.80 1.000 1.000 0.843 0.947 0.029 0.054

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table 6: Monte Carlo simulationsfor sizeand power of LM and LR tests of the random effects, the
Anselin and the Kapoor -K elgjian-Prucha models; share of reectionsin 2000 replications

(N=50, T=5, 6°,=10, 6°,=10, In(n;) ~N(0,1))

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.924 0.957 0.039 0.040
-0.80 -0.50 1.000 1.000 0.974 0.987 0.531 0.506
-0.80 -0.20 0.996 0.998 0.987 0.990 0.904 0.915
-0.80 0.00 0.971 0.984 0.993 0.995 0.973 0.978
-0.80 0.20 0.99%4 0.996 0.994 0.995 0.998 1.000
-0.80 0.50 1.000 1.000 0.972 0.982 1.000 1.000
-0.80 0.80 1.000 1.000 0.933 1.000 1.000 1.000
-0.50 -0.80 1.000 1.000 0.586 0.614 0.170 0.294
-0.50 -0.50 1.000 1.000 0.687 0.721 0.048 0.048
-0.50 -0.20 0.907 0.933 0.737 0.757 0.336 0.339
-0.50 0.00 0.59%4 0.657 0.766 0.786 0.646 0.668
-0.50 0.20 0.889 0.896 0.707 0.741 0.868 0.896
-0.50 0.50 1.000 1.000 0.631 0.654 0.980 0.990
-0.50 0.80 1.000 1.000 0.500 1.000 0.995 1.000
-0.20 -0.80 1.000 1.000 0.150 0.165 0.604 0.710
-0.20 -0.50 0.999 0.999 0.179 0.206 0.198 0.220
-0.20 -0.20 0.661 0.713 0.201 0.210 0.045 0.048
-0.20 0.00 0.126 0.153 0.219 0.230 0.146 0.161
-0.20 0.20 0.670 0.664 0.196 0.211 0.436 0.473
-0.20 0.50 1.000 1.000 0.146 0.166 0.849 0.891
-0.20 0.80 1.000 1.000 0.127 1.000 0.966 1.000
0.00 -0.80 1.000 1.000 0.045 0.055 0.872 0.920
0.00 -0.50 1.000 1.000 0.042 0.049 0.561 0.576
0.00 -0.20 0.560 0.606 0.043 0.047 0.155 0.142
0.00 0.00 0.041 0.047 0.032 0.038 0.035 0.039
0.00 0.20 0.605 0.585 0.038 0.043 0.192 0.209
0.00 0.50 1.000 1.000 0.048 0.050 0.670 0.737
0.00 0.80 1.000 1.000 0.039 0.040 0.940 1.000
0.20 -0.80 1.000 1.000 0.126 0.114 0.957 0.975
0.20 -0.50 0.999 1.000 0.143 0.137 0.820 0.816
0.20 -0.20 0.590 0.620 0.146 0.125 0.410 0.372
0.20 0.00 0.143 0.126 0.195 0.172 0.161 0.134
0.20 0.20 0.686 0.670 0.158 0.138 0.035 0.047
0.20 0.50 1.000 1.000 0.130 0.117 0.331 0.373
0.20 0.80 1.000 1.000 0.114 1.000 0.834 1.000
0.50 -0.80 1.000 1.000 0.689 0.661 1.000 1.000
0.50 -0.50 1.000 1.000 0.767 0.747 0.991 0.992
0.50 -0.20 0.901 0.902 0.802 0.776 0.916 0.905
0.50 0.00 0.705 0.682 0.814 0.796 0.726 0.683
0.50 0.20 0.939 0.939 0.783 0.769 0.385 0.326
0.50 0.50 1.000 1.000 0.712 0.701 0.034 0.051
0.50 0.80 1.000 1.000 0.463 1.000 0.477 0.616
0.80 -0.80 1.000 1.000 0.998 0.998 1.000 1.000
0.80 -0.50 1.000 1.000 0.999 0.999 1.000 1.000
0.80 -0.20 1.000 1.000 0.999 0.999 1.000 1.000
0.80 0.00 0.997 0.997 0.999 0.999 0.998 0.997
0.80 0.20 1.000 1.000 0.997 0.999 0.984 0.972
0.80 0.50 1.000 1.000 0.991 0.994 0.761 0.675
0.80 0.80 1.000 1.000 0.864 1.000 0.029 0.059

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table Al: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=50, T=10, 6°,=10, 6%,=10)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.990 0.994 0.035 0.030
-0.80 -0.50 1.000 1.000 0.999 0.999 0.662 0.614
-0.80 -0.20 1.000 1.000 0.995 0.998 0.963 0.965
-0.80 0.00 0.987 0.993 0.998 0.999 0.997 0.997
-0.80 0.20 1.000 1.000 0.997 0.999 1.000 1.000
-0.80 0.50 1.000 1.000 0.990 0.994 1.000 1.000
-0.80 0.80 1.000 1.000 0.970 0.979 1.000 1.000
-0.50 -0.80 1.000 1.000 0.681 0.726 0.235 0.421
-0.50 -0.50 1.000 1.000 0.765 0.796 0.043 0.044
-0.50 -0.20 0.994 0.996 0.761 0.792 0.404 0.411
-0.50 0.00 0.666 0.724 0.787 0.808 0.759 0.791
-0.50 0.20 0.992 0.991 0.748 0.775 0.940 0.956
-0.50 0.50 1.000 1.000 0.718 0.752 0.997 0.999
-0.50 0.80 1.000 1.000 0.597 0.605 1.000 1.000
-0.20 -0.80 1.000 1.000 0.170 0.195 0.780 0.895
-0.20 -0.50 1.000 1.000 0.190 0.207 0.285 0.329
-0.20 -0.20 0.937 0.938 0.193 0.208 0.036 0.039
-0.20 0.00 0.140 0.161 0.202 0.217 0.187 0.226
-0.20 0.20 0.957 0.949 0.179 0.211 0.554 0.623
-0.20 0.50 1.000 1.000 0.185 0.199 0.940 0.974
-0.20 0.80 1.000 1.000 0.158 0.167 0.998 1.000
0.00 -0.80 1.000 1.000 0.042 0.051 0.932 0.972
0.00 -0.50 1.000 1.000 0.040 0.049 0.642 0.684
0.00 -0.20 0.901 0.906 0.049 0.067 0.156 0.146
0.00 0.00 0.047 0.051 0.041 0.051 0.039 0.048
0.00 0.20 0.936 0.928 0.045 0.054 0.177 0.211
0.00 0.50 1.000 1.000 0.039 0.041 0.765 0.835
0.00 0.80 1.000 1.000 0.042 0.041 0.994 0.999
0.20 -0.80 1.000 1.000 0.142 0.124 0.993 0.997
0.20 -0.50 1.000 1.000 0.156 0.129 0.899 0.910
0.20 -0.20 0.915 0.914 0.162 0.138 0.506 0.494
0.20 0.00 0.137 0.115 0.191 0.160 0.189 0.166
0.20 0.20 0.958 0.949 0.175 0.151 0.033 0.046
0.20 0.50 1.000 1.000 0.162 0.151 0.425 0.534
0.20 0.80 1.000 1.000 0.129 0.119 0.952 0.988
0.50 -0.80 1.000 1.000 0.781 0.753 1.000 1.000
0.50 -0.50 1.000 1.000 0.813 0.799 0.997 0.998
0.50 -0.20 0.987 0.987 0.826 0.800 0.957 0.949
0.50 0.00 0.763 0.750 0.839 0.821 0.798 0.758
0.50 0.20 0.997 0.996 0.821 0.802 0.434 0.363
0.50 0.50 1.000 1.000 0.797 0.784 0.049 0.065
0.50 0.80 1.000 1.000 0.595 0.601 0.508 0.741
0.80 -0.80 1.000 1.000 0.999 0.999 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 0.998 0.998 1.000 1.000
0.80 0.00 0.999 0.999 0.999 0.999 0.999 0.999
0.80 0.20 1.000 1.000 0.999 0.999 0.995 0.990
0.80 0.50 1.000 1.000 0.999 0.999 0.848 0.777
0.80 0.80 1.000 1.000 0.994 0.996 0.024 0.060

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table A2: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=50, T=10, 6°,=5, 6°,=15)
n

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.903 0.938 0.042 0.035
-0.80 -0.50 1.000 1.000 0.978 0.986 0.549 0.538
-0.80 -0.20 1.000 1.000 0.980 0.984 0.909 0.920
-0.80 0.00 0.963 0.976 0.985 0.989 0.979 0.986
-0.80 0.20 0.999 0.999 0.981 0.986 0.999 1.000
-0.80 0.50 1.000 1.000 0.963 0.969 1.000 1.000
-0.80 0.80 1.000 1.000 0.903 0.916 1.000 1.000
-0.50 -0.80 1.000 1.000 0.508 0.520 0.159 0.277
-0.50 -0.50 1.000 1.000 0.639 0.679 0.041 0.037
-0.50 -0.20 0.986 0.990 0.665 0.680 0.330 0.333
-0.50 0.00 0.539 0.597 0.675 0.691 0.657 0.685
-0.50 0.20 0.973 0.975 0.628 0.664 0.854 0.895
-0.50 0.50 1.000 1.000 0.558 0.572 0.969 0.992
-0.50 0.80 1.000 1.000 0.404 0.421 0.986 0.999
-0.20 -0.80 1.000 1.000 0.146 0.151 0.466 0.666
-0.20 -0.50 1.000 1.000 0.167 0.182 0.168 0.209
-0.20 -0.20 0.934 0.937 0.154 0.168 0.049 0.053
-0.20 0.00 0.112 0.135 0.154 0.169 0.126 0.145
-0.20 0.20 0.937 0.930 0.145 0.154 0.384 0.453
-0.20 0.50 1.000 1.000 0.134 0.141 0.784 0.875
-0.20 0.80 1.000 1.000 0.092 0.088 0.918 0.981
0.00 -0.80 1.000 1.000 0.039 0.055 0.778 0.876
0.00 -0.50 1.000 1.000 0.039 0.043 0.470 0.484
0.00 -0.20 0.901 0.910 0.048 0.056 0.116 0.100
0.00 0.00 0.049 0.053 0.045 0.050 0.043 0.054
0.00 0.20 0.937 0.932 0.042 0.047 0.142 0.155
0.00 0.50 1.000 1.000 0.040 0.044 0.574 0.660
0.00 0.80 1.000 1.000 0.046 0.050 0.841 0.949
0.20 -0.80 1.000 1.000 0.138 0.117 0.933 0.967
0.20 -0.50 1.000 1.000 0.150 0.139 0.785 0.791
0.20 -0.20 0.910 0.912 0.130 0.106 0.375 0.347
0.20 0.00 0.109 0.098 0.151 0.129 0.148 0.118
0.20 0.20 0.944 0.938 0.135 0.115 0.043 0.052
0.20 0.50 1.000 1.000 0.123 0.108 0.269 0.335
0.20 0.80 1.000 1.000 0.095 0.077 0.700 0.858
0.50 -0.80 1.000 1.000 0.622 0.591 0.997 1.000
0.50 -0.50 1.000 1.000 0.715 0.702 0.990 0.992
0.50 -0.20 0.980 0.983 0.735 0.700 0.906 0.892
0.50 0.00 0.639 0.624 0.750 0.721 0.715 0.672
0.50 0.20 0.990 0.989 0.727 0.705 0.342 0.286
0.50 0.50 1.000 1.000 0.610 0.587 0.042 0.058
0.50 0.80 1.000 1.000 0.313 0.309 0.340 0.542
0.80 -0.80 1.000 1.000 0.997 0.996 1.000 1.000
0.80 -0.50 1.000 1.000 0.998 0.997 1.000 1.000
0.80 -0.20 1.000 1.000 0.999 0.997 1.000 1.000
0.80 0.00 0.996 0.996 0.999 0.999 0.998 0.997
0.80 0.20 1.000 1.000 0.999 0.998 0.986 0.977
0.80 0.50 1.000 1.000 0.994 0.993 0.766 0.667
0.80 0.80 1.000 1.000 0.782 0.897 0.034 0.064

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table A3: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=50, T=10, 6°,=15, 6°,=5)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.997 0.999 0.040 0.039
-0.80 -0.50 1.000 1.000 0.999 1.000 0.677 0.648
-0.80 -0.20 1.000 1.000 1.000 1.000 0.968 0.971
-0.80 0.00 0.990 0.996 0.998 0.998 0.999 0.999
-0.80 0.20 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.50 1.000 1.000 0.999 1.000 1.000 1.000
-0.80 0.80 1.000 1.000 0.994 0.996 1.000 1.000
-0.50 -0.80 1.000 1.000 0.773 0.810 0.288 0.493
-0.50 -0.50 1.000 1.000 0.817 0.861 0.047 0.047
-0.50 -0.20 0.990 0.995 0.820 0.853 0.435 0.440
-0.50 0.00 0.698 0.753 0.792 0.826 0.768 0.813
-0.50 0.20 0.996 0.996 0.833 0.850 0.960 0.980
-0.50 0.50 1.000 1.000 0.802 0.817 1.000 1.000
-0.50 0.80 1.000 1.000 0.689 0.736 1.000 1.000
-0.20 -0.80 1.000 1.000 0.192 0.218 0.838 0.927
-0.20 -0.50 1.000 1.000 0.220 0.245 0.288 0.330
-0.20 -0.20 0.936 0.940 0.226 0.244 0.046 0.053
-0.20 0.00 0.159 0.193 0.218 0.228 0.190 0.216
-0.20 0.20 0.956 0.953 0.251 0.260 0.576 0.647
-0.20 0.50 1.000 1.000 0.215 0.234 0.971 0.991
-0.20 0.80 1.000 1.000 0.189 0.203 1.000 1.000
0.00 -0.80 1.000 1.000 0.045 0.055 0.974 0.991
0.00 -0.50 1.000 1.000 0.041 0.048 0.716 0.722
0.00 -0.20 0.911 0.917 0.039 0.047 0.155 0.134
0.00 0.00 0.046 0.050 0.045 0.054 0.044 0.055
0.00 0.20 0.937 0.929 0.040 0.048 0.212 0.224
0.00 0.50 1.000 1.000 0.042 0.050 0.809 0.865
0.00 0.80 1.000 1.000 0.042 0.039 0.999 1.000
0.20 -0.80 1.000 1.000 0.165 0.137 0.999 1.000
0.20 -0.50 1.000 1.000 0.204 0.186 0.955 0.957
0.20 -0.20 0.923 0.926 0.203 0.179 0.547 0.499
0.20 0.00 0.149 0.136 0.193 0.166 0.190 0.148
0.20 0.20 0.953 0.950 0.208 0.174 0.043 0.055
0.20 0.50 1.000 1.000 0.196 0.164 0.440 0.522
0.20 0.80 1.000 1.000 0.156 0.144 0.988 0.999
0.50 -0.80 1.000 1.000 0.832 0.812 1.000 1.000
0.50 -0.50 1.000 1.000 0.857 0.851 0.999 0.999
0.50 -0.20 0.990 0.991 0.870 0.858 0.969 0.962
0.50 0.00 0.788 0.772 0.860 0.840 0.832 0.801
0.50 0.20 0.993 0.993 0.869 0.854 0.502 0.425
0.50 0.50 1.000 1.000 0.867 0.841 0.040 0.056
0.50 0.80 1.000 1.000 0.791 0.785 0.697 0.863
0.80 -0.80 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.20 1.000 1.000 1.000 1.000 0.995 0.991
0.80 0.50 1.000 1.000 1.000 1.000 0.862 0.773
0.80 0.80 1.000 1.000 0.999 1.000 0.038 0.070

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table A4: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=100, T=5, 6%,=10, 6%,=10)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.997 0.998 0.047 0.046
-0.80 -0.50 1.000 1.000 1.000 1.000 0.697 0.683
-0.80 -0.20 1.000 1.000 1.000 1.000 0.985 0.985
-0.80 0.00 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.20 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.50 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.80 1.000 1.000 0.994 0.996 1.000 1.000
-0.50 -0.80 1.000 1.000 0.824 0.840 0.417 0.500
-0.50 -0.50 1.000 1.000 0.875 0.886 0.041 0.041
-0.50 -0.20 0.992 0.993 0.898 0.905 0.500 0.500
-0.50 0.00 0.848 0.866 0.913 0.924 0.873 0.884
-0.50 0.20 0.987 0.987 0.872 0.884 0.983 0.987
-0.50 0.50 1.000 1.000 0.822 0.830 1.000 1.000
-0.50 0.80 1.000 1.000 0.661 0.687 1.000 1.000
-0.20 -0.80 1.000 1.000 0.209 0.221 0.899 0.928
-0.20 -0.50 1.000 1.000 0.241 0.266 0.362 0.382
-0.20 -0.20 0.872 0.885 0.273 0.292 0.050 0.051
-0.20 0.00 0.175 0.194 0.246 0.279 0.217 0.232
-0.20 0.20 0.878 0.866 0.245 0.257 0.621 0.664
-0.20 0.50 1.000 1.000 0.210 0.218 0.975 0.985
-0.20 0.80 1.000 1.000 0.164 0.173 1.000 1.000
0.00 -0.80 1.000 1.000 0.041 0.050 0.981 0.990
0.00 -0.50 1.000 1.000 0.046 0.051 0.781 0.788
0.00 -0.20 0.796 0.801 0.047 0.052 0.181 0.166
0.00 0.00 0.048 0.054 0.049 0.049 0.047 0.052
0.00 0.20 0.846 0.824 0.050 0.055 0.228 0.247
0.00 0.50 1.000 1.000 0.047 0.051 0.859 0.890
0.00 0.80 1.000 1.000 0.052 0.049 0.998 0.999
0.20 -0.80 1.000 1.000 0.220 0.196 1.000 1.000
0.20 -0.50 1.000 1.000 0.243 0.219 0.975 0.975
0.20 -0.20 0.826 0.827 0.255 0.227 0.652 0.632
0.20 0.00 0.192 0.160 0.260 0.234 0.226 0.196
0.20 0.20 0.911 0.899 0.230 0.209 0.040 0.043
0.20 0.50 1.000 1.000 0.213 0.194 0.505 0.551
0.20 0.80 1.000 1.000 0.125 0.128 0.984 0.992
0.50 -0.80 1.000 1.000 0.923 0.909 1.000 1.000
0.50 -0.50 1.000 1.000 0.938 0.929 1.000 1.000
0.50 -0.20 0.990 0.988 0.954 0.950 0.993 0.992
0.50 0.00 0.931 0.922 0.954 0.952 0.926 0.910
0.50 0.20 0.995 0.995 0.940 0.934 0.590 0.526
0.50 0.50 1.000 1.000 0.911 0.898 0.042 0.053
0.50 0.80 1.000 1.000 0.629 0.666 0.750 0.816
0.80 -0.80 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.50 1.000 1.000 1.000 1.000 0.923 0.891
0.80 0.80 1.000 1.000 0.984 0.996 0.042 0.060

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table A5: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=100, T=5, 6°,=5, 6°,=15)
n

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 0.865 0.921 0.042 0.035
-0.80 -0.50 1.000 1.000 0.968 0.984 0.547 0.543
-0.80 -0.20 1.000 1.000 0.995 0.996 0.924 0.935
-0.80 0.00 0.990 0.990 0.994 0.994 0.988 0.994
-0.80 0.20 1.000 1.000 0.996 0.998 1.000 1.000
-0.80 0.50 1.000 1.000 0.979 0.985 1.000 1.000
-0.80 0.80 1.000 1.000 0.957 0.967 1.000 1.000
-0.50 -0.80 1.000 1.000 0.472 0.507 0.169 0.259
-0.50 -0.50 1.000 1.000 0.651 0.678 0.049 0.047
-0.50 -0.20 0.979 0.983 0.714 0.738 0.302 0.320
-0.50 0.00 0.647 0.675 0.735 0.746 0.644 0.670
-0.50 0.20 0.952 0.950 0.681 0.706 0.866 0.893
-0.50 0.50 1.000 1.000 0.592 0.605 0.978 0.988
-0.50 0.80 1.000 1.000 0.482 0.494 0.993 1.000
-0.20 -0.80 1.000 1.000 0.123 0.135 0.564 0.686
-0.20 -0.50 1.000 1.000 0.151 0.154 0.200 0.219
-0.20 -0.20 0.890 0.898 0.176 0.193 0.054 0.053
-0.20 0.00 0.167 0.180 0.184 0.187 0.141 0.156
-0.20 0.20 0.874 0.866 0.150 0.168 0.366 0.411
-0.20 0.50 1.000 1.000 0.122 0.134 0.788 0.848
-0.20 0.80 1.000 1.000 0.079 0.081 0.926 0.982
0.00 -0.80 1.000 1.000 0.053 0.059 0.819 0.896
0.00 -0.50 1.000 1.000 0.041 0.049 0.504 0.508
0.00 -0.20 0.828 0.831 0.042 0.045 0.121 0.114
0.00 0.00 0.039 0.041 0.040 0.049 0.045 0.052
0.00 0.20 0.876 0.860 0.042 0.046 0.148 0.150
0.00 0.50 1.000 1.000 0.045 0.041 0.546 0.610
0.00 0.80 1.000 1.000 0.054 0.050 0.843 0.925
0.20 -0.80 1.000 1.000 0.137 0.123 0.947 0.974
0.20 -0.50 1.000 1.000 0.149 0.130 0.831 0.845
0.20 -0.20 0.817 0.826 0.181 0.168 0.425 0.401
0.20 0.00 0.154 0.134 0.184 0.157 0.135 0.123
0.20 0.20 0.935 0.928 0.149 0.143 0.049 0.052
0.20 0.50 1.000 1.000 0.120 0.114 0.257 0.300
0.20 0.80 1.000 1.000 0.091 0.100 0.676 0.806
0.50 -0.80 1.000 1.000 0.752 0.742 0.999 1.000
0.50 -0.50 1.000 1.000 0.829 0.801 0.997 0.998
0.50 -0.20 0.963 0.964 0.848 0.826 0.948 0.949
0.50 0.00 0.796 0.777 0.854 0.833 0.794 0.788
0.50 0.20 0.989 0.985 0.798 0.786 0.422 0.394
0.50 0.50 1.000 1.000 0.579 0.601 0.035 0.043
0.50 0.80 1.000 1.000 0.288 0.315 0.408 0.533
0.80 -0.80 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.20 1.000 1.000 1.000 1.000 0.997 0.995
0.80 0.50 1.000 1.000 0.982 0.996 0.814 0.763
0.80 0.80 1.000 1.000 0.706 0.871 0.038 0.054

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.



Table A6: Monte Carlo ssimulationsfor size and power of LM and LR tests of the random effects,
the Anselin and the Kapoor -K elgian-Prucha models; share of reectionsin 2000 replications

(N=100, T=5, 6,=15, 6%,=5)

Random effects model Anselin model Kelgjian-Prucha model
Ho'™ p1=0, po=0 Ho': p1=0 H0C3 pP1=p2
p1 P2 LM LR LM LR LM LR
-0.80 -0.80 1.000 1.000 1.000 1.000 0.037 0.043
-0.80 -0.50 1.000 1.000 1.000 1.000 0.769 0.743
-0.80 -0.20 1.000 1.000 1.000 1.000 0.997 0.997
-0.80 0.00 1.000 1.000 1.000 1.000 0.999 0.999
-0.80 0.20 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.50 1.000 1.000 1.000 1.000 1.000 1.000
-0.80 0.80 1.000 1.000 0.999 0.999 1.000 1.000
-0.50 -0.80 1.000 1.000 0.929 0.942 0.510 0.611
-0.50 -0.50 1.000 1.000 0.947 0.960 0.050 0.052
-0.50 -0.20 0.991 0.992 0.951 0.955 0.547 0.553
-0.50 0.00 0.915 0.931 0.961 0.966 0.913 0.925
-0.50 0.20 0.993 0.994 0.942 0.947 0.995 0.996
-0.50 0.50 1.000 1.000 0.909 0.925 1.000 1.000
-0.50 0.80 1.000 1.000 0.804 0.823 1.000 1.000
-0.20 -0.80 1.000 1.000 0.287 0.306 0.965 0.981
-0.20 -0.50 1.000 1.000 0.298 0.335 0.448 0.461
-0.20 -0.20 0.881 0.892 0.319 0.342 0.049 0.053
-0.20 0.00 0.238 0.255 0.329 0.352 0.258 0.273
-0.20 0.20 0.912 0.906 0.284 0.300 0.750 0.775
-0.20 0.50 1.000 1.000 0.246 0.280 0.997 0.999
-0.20 0.80 1.000 1.000 0.185 0.204 1.000 1.000
0.00 -0.80 1.000 1.000 0.046 0.049 0.999 0.999
0.00 -0.50 1.000 1.000 0.051 0.052 0.862 0.871
0.00 -0.20 0.805 0.808 0.047 0.051 0.209 0.203
0.00 0.00 0.044 0.051 0.043 0.047 0.049 0.052
0.00 0.20 0.866 0.847 0.049 0.056 0.283 0.312
0.00 0.50 1.000 1.000 0.055 0.054 0.947 0.959
0.00 0.80 1.000 1.000 0.057 0.053 1.000 1.000
0.20 -0.80 1.000 1.000 0.309 0.277 1.000 1.000
0.20 -0.50 1.000 1.000 0.290 0.269 0.991 0.991
0.20 -0.20 0.858 0.858 0.320 0.285 0.739 0.726
0.20 0.00 0.250 0.221 0.316 0.292 0.255 0.232
0.20 0.20 0.913 0.895 0.307 0.277 0.044 0.046
0.20 0.50 1.000 1.000 0.264 0.247 0.631 0.688
0.20 0.80 1.000 1.000 0.196 0.188 1.000 1.000
0.50 -0.80 1.000 1.000 0.971 0.967 1.000 1.000
0.50 -0.50 1.000 1.000 0.977 0.974 1.000 1.000
0.50 -0.20 0.995 0.995 0.977 0.973 0.997 0.996
0.50 0.00 0.961 0.952 0.976 0.971 0.959 0.952
0.50 0.20 0.996 0.995 0.975 0.972 0.702 0.655
0.50 0.50 1.000 1.000 0971 0.969 0.038 0.046
0.50 0.80 1.000 1.000 0.869 0.875 0.924 0.953
0.80 -0.80 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.50 1.000 1.000 1.000 1.000 1.000 1.000
0.80 -0.20 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.00 1.000 1.000 1.000 1.000 1.000 1.000
0.80 0.20 1.000 1.000 1.000 1.000 0.999 0.999
0.80 0.50 1.000 1.000 1.000 1.000 0.949 0.931
0.80 0.80 1.000 1.000 1.000 1.000 0.039 0.046

Note: Bold figures refer to the size of the test at nominal size of 5%. All other figures refer to the size
adjusted power of the tests.
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