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HARMONIC MAPPINGS OF AN ANNULUS,

NITSCHE CONJECTURE AND ITS GENERALIZATIONS
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TADEUSZ IWANIEC, LEONID V. KOVALEV, AND JANI ONNINEN

ABSTRACT. As long ago as 1962 Nitsche [§] conjectured that a harmonic

homeomorphism h: A(r, R) onte A(r«, Ry) between planar annuli exists

if and only if f: > % (% + %) We prove this conjecture when the
domain annulus is not too wide; explicitly, when log % < % For general
A(r, R) the conjecture is proved under additional assumption that either
h or its normal derivative have vanishing average on the inner boundary
circle. This is the case for the critical Nitsche mapping which yields
equality in the above inequality. The Nitsche mapping represents so-
called free evolution of circles of the annulus A(r, R). It will be shown
on the other hand that forced harmonic evolution results in greater ratio
Ij—:. To this end, we introduce the underlying differential operators for
the circular means of the forced evolution and use them to obtain sharp
lower bounds of £=

Ty
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1. INTRODUCTION AND OVERVIEW

The Riemann Mapping Theorem tells us that planar simply connected
domains (different from C) are conformally equivalent. Annuli are the first
place one meets obstructions to the existence of conformal mappings. The
famous theorem, due to Schottky (1877), [9] asserts that an annulus

(1.1) A=A(rR)={z€C:r<|z| <R}, 0<r<R

can be mapped conformally onto the annulus

(1.2) A" =A(r,Ry) ={w e C: r, < |w| < R}, 0 <7« <R,
if and only if Mod A := 10g§ = log f—: =: Mod A*; that is,

R R,
,

1.
(1.3 .
Moreover, modulo rotation, every conformal mapping h: A — A* takes the
form

(1.4) h(z) = "2 oo h(z) = rR

r z

Note that the latter map, though orientation preserving, reverses the order
of the boundary circles. Such a mapping problem becomes more flexible if

we admit harmonic mappings h: A 2 A* in which the real and imaginary
parts need not be harmonic conjugate. A univalent (one-to-one) complex-
valued harmonic function will be referred to as harmonic homeomorphism.
We denote by H(A, A*) the class of orientation preserving harmonic home-

onto

omorphisms h: A — A* which preserve the order of the boundary circles,
see Section [2] for a brief discussion of annuli and homeomorphisms between
them. For a recent account of the theory of harmonic mappings we refer to
the book by P. Duren [2].

J. C. C. Nitsche []] showed that the annulus A cannot be mapped by
a harmonic homeomorphism onto A* if the target is conformally too thin
compared to A. Let us devote a few lines to a simple proof of this fact
via normal family arguments. Suppose, to the contrary, that we are given

harmonic homeomorphisms h;: A ong A(1,rj), wherer; \( 1. Let h: A — C
denote a c-uniform limit of this sequence. We have |h(z)|?> = 1 on A. Hence
0=Aln?= 48%2(}%) = |h.|? + |hz|%. This implies that h is constant. On
the other hand, we fix a circle

C,:={z:]z|=p} wherer<p<R

and note that the winding number of h; equals 1, namely

L[ Loy
2mip Jo, hy 00

Passing to the limit as 7; ™\, 1, we arrive at the desired contradiction. This
proof does not provide us with any bound for Mod A*.
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Conjecture 1.1 (Nitsche [§]). An annulus A = A(r, R) can be mapped by
a harmonic homeomorphism onto the annulus A* = A(r,, R,) only if

R* 1 /R r
1. —z2-|—+=].
(1.5) r* 2<T+R>

We call it the Nitsche bound.

Explicit lower bounds of £+ have been obtained by Lyzzaik [6] (expressed

in terms of the modulus of the Grotzsch ring domain), by Weitsman [10]:

R 172 R
> 14 ——log? =
Ty TR R
and by Kalaj [5]:
R,

Tx

1.1. The Nitsche bound. However, none of these lower bounds reach the
T

critical number % (% + %). In the present paper we prove (LX) when the

domain annulus is conformally not too thick.

Theorem 1.2. An annulus A = A(r, R) whose modulus Mod A = log % <
3/2 can be mapped harmonically onto the annulus A* = A(ry, R.) if and

only if

The case when Mod(A) > 3/2 remains open. Nevertheless we show that,
regardless of the modulus of A, the Nitsche bound holds for a class of har-
monic homeomorphisms A: A o A* having vanishing average on the inner
circle of A; that is,

lim h = 0.
PN,
Let us denote by Hp(A,A*) C H(A,A*) the subclass of such mappings.
Another class, denoted by Hy(A,A*) C H(A,A*), consists of harmonic
homeomorphisms with vanishing normal derivative in the average; that is,
oh

Theorem 1.3. Suppose h: A — A* belongs to Hp(A,A*) or Hy(A,A*).
Then

=0, for some (equivalently for all) r < p < R.

It turns out that the round shape of the outer boundary of the target
annulus is not essential. From now on, to simplify matters, we normalize A
so that its inner boundary is the unit circle; that is, A = A(1, R). Moreover,
the target A := h(A) will be a half round annulus. Precisely A will be
a doubly connected domain whose inner boundary is the unit circle. The
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outer boundary of A can be arbitrary. The mean outer radius of A via the
mapping h € H(A, A) is defined by

(1.6) R (h) = liny <]é \hP)

Now Theorems and [[.3] are special cases of the following results.

Theorem 1.4. Let h € H(A, A) with Mod A < 3/2. Then

(1.7) R.(h) > % <R+ %) .

D=

No restriction on the size of the annulus A will be imposed if the mapping
has vanishing average on the inner circle, or vanishing average of the normal
derivative.

Theorem 1.5. Suppose h belongs to one of the following
(i) Hp(A,A)

(it) HN(A,A).

Then

1 1
1. «(h) = = = .
(1) R0 > 5 (R 1)
Further related generalizations demand a few preliminary remarks.

1.2. Extremal mappings. Let us first look at the extremal harmonic map-
pings for the Dirichlet energy, see Section [ for details,

1 A

The outer radius R, = % is smaller than R if A > 0 and greater than R
if =1 < A <0, and A is the identity mapping. These extremal mappings
have vanishing average over the inner boundary, actually over any circle
C, = {z: |z| = p} C A. Except for the critical case, corresponding to A = 1,
each h*: A — A* has positive Jacobian determinant in the closure of A. Let

us look more closely at the critical Nitsche mapping

1 1 1 1 . .
hl(z):§ <z+%> :§<p+;> e, zepet.

As opposed to other extremal mappings in (9], the Jacobian determinant

s 2|t =1
- ‘h%| - ek

vanishes on the inner boundary of A. That is why perturbations of the
boundary homeomorphisms h': C; — C; and h': Cr — Cpg, might destroy
injectivity inside A. In fact, we shall show that

J(z,h") = |hL)?
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Theorem 1.6. (Uniqueness) For the critical configuration of annuli, R, =
% (R—l— %), we have

Hp(A,A%) = Hy (A, A%) = {ah': || = 1}.
If in addition Mod A < 3/2, then H(A,A*) = {ah': |a| = 1}.

A natural generalization of the Nitsche bound in Theorems [T.2HI.7] is
possible once we realize that the conjectured extremal mapping h' represents
so-called free harmonic evolutions of the unit circle. To be precise, we regard
h € H(A, A) as a function of concentric circles C, = {z: |z| = p}, 1 < p < R,
into Jordan curves C; = h(C)) in A. We refer to

as the initial speed so that free evolution begins with zero initial speed. As
might be expected positive initial speed, or simply forced harmonic evolu-
tion, results in larger ratio R, /r,. The extremal mappings h*, —1 < X < 1,
are representatives of the forced evolutions of circles. Their initial speed is:

1
d 21—
1.1 lim — P2l = —=.
(110) plxnidp<]ép’ ‘) )

>

Then

1/2 1/2 )
quw2 > u{ 2 _ A
c, c, (1+A)p

for 1 < p < R. Equality occurs if and only if h = ah™ for some |a| = 1.

2. BACKGROUND

We shall work with the open annulus A = A(1,R) = {z: 1 < |2] < R}
whose inner boundary is the unit circle ¢ = {z: |z| = 1}. The ba-
sic complex harmonic functions in A are the integer powers 2™, z", n =
0,4+1,+2,..., and the logarithm log|z|. If we combine these functions suit-

ably in pairs, we obtain an orthogonal decomposition of a harmonic function,

(2'1) h(z) = Zhn(z)

neL
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where hy,(2) = ap2" + bz~ for n # 0 and ho(z) = aglog|z| + by. For every
circle C, = {z: |z| = p}, 1 < p < R, we have

0 ifn#m
(2.2) Bnhm = < |anp™ +bap > ifn=m#0
C” lag log p + bol? if n=m=0.
It should be pointed out that h need not be defined on the boundary of
A, but its components h,, are well defined in the punctured complex plane
C\ {0}. The orthogonality of h,, as well as their derivatives, will prove
useful in the subsequent computations.

Given the rotational invariance of the annulus A and the radial symmetry
of the extremal harmonic mappings, we shall express the complex variable
2z = pe?? as a function of the polar coordinates 1 < p < R, 0 < 0 < 27.
Then the Cauchy-Riemann derivatives are

oh 1 _. 1
hz - - —i6 _ _h
9- 2" <h” p 9>

(2.3) .
o1,
he = O _ L (hp + %m) .

9z 2
Hence the Laplacian
0*h 10 ([ Oh 1 9%h
9205 pop <pa_p> 2 06
We will use the Hilbert-Schmidt norm of the Jacobian matrix of h, which is
equal to

1 1

IDR|? = 2 (|ha | + [hz[*) = [Bo|* + 72| *.
The Jacobian determinant is expressed in polar coordinates as

1 —
J(z,h) = |h|* = |z = ;Im (hphg) -

We shall now fix a round annulus
A=A1R)={2:1<|z2| <R}, 1<R<x

onto

and consider homeomorphisms h: A — A. Here A C C is a topological
annulus, i.e., an open connected set whose complement @\A consists of two
disjoint nonempty closed sets. One of these sets contains co and is called
the outer component, denoted Gp. The other set is the inner components,
denoted Gy. Our standing assumption is Gy = {z: |z| < 1}.

In general h does not extend continuously to the closure of A, yet it
“takes” the boundary circles

Cy={z:|2|=1} and Cgr={z:|z| =R}

into two different components of A in the sense of cluster sets [7, p. 156].
We write such correspondences as

h: Cy ~ h{C1} and h: Cg~ h{Cgr}.
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There are four homotopy classes of homeomorphisms h: A ontg A, each de-
termined by the orientation of A and the order of the boundary components
R{C1} and h{CRr} in OA. We are interested in the following class.

Definition 2.1. The class (A, A) consists of all orientation preserving

onto

homeomorphisms h: A — A whose cluster set at the inner circle C; C JA
is the inner boundary of \A. The subclass of harmonic mappings in 77 (A, A)
will be designated by the symbol H(A, A).

Recall from introduction that h € (A, A) is viewed as a function of
circles C, = {pe®?: 0 < § < 27} into Jordan curve C,=h(Cp),1<p<R
This function is called the evolution of circles. For the generalization of the
Nitsche conjecture it will be essential to assume that the evolution begins
with h: C1 ~ Cy. We then note that for h € (A, A) the function z —
|h(z)| extends continuously to the inner circle of A, with value 1 therein.

3. CIRCULAR MEANS OF A HARMONIC EVOLUTION

We shall now introduce a number of integral means over the circles C,,
1 < p < R, first defined for harmonic functions h: A — C and then restricted
to the mappings in H (A, A). Our aim is to indicate in some detail how to
understand these integral means on the inner circle C1, as h is not even
defined on C. The orthogonal decomposition (2.I]) of h on A comes handful.
Accordingly, the circular means

1
(3.1) ][ h=— h=aglogp+by, 1<p<R,
c, 2mp Je,
extend continuously to the closed interval [1, R],
3.2 lim h = bg.
(32 ti [ 0=t

Their p-derivatives can also be given a meaning at the boundary circles,

d
(3.3) lim —][ h =lim { h, = aop.
p\ldp/c, r\LJe,

Hereafter, passing with differentiation inside the integral is justified by a
general commutation rule, which in symbols reads as

d d
3.4 —][ :][ —, forl<p<R.
(34) dpJc, Jo,dp P
Next we introduce
(3.5) U=Ulp)=Ulph) = 1P, 1<p<F
Cp

and call U(p) the quadratic mean of h over the circle C),. Using the Green’s
formula [, (uAv —vAu) = [, (u% - v%), with 4 = 1 and v = |h|?, this
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leads to

2h2

L= [, = [ awp=ff Al

Co Cr r<lzl<p r<lel<p 020%

(3.6) = 4 / / (hal? + [hef?) =2 // | DRI
r<lzl<p r<Jzl<p

Here 1 < r < p < R. By virtue of the commutation rule (3.4)) we obtain

(3.7) pU(p)—rU(r)zQ// |IDh|?, 1<r<p<R
r<|z|<p

where, as usual, dot over U stands for the p-derivative of U. Differentiation
of B0 with respect to p yields

pdp [" \dp
It should be said, therefore, that U is a subsolution to the differential oper-
ator

1
(3.8) 4 [,0 < d Uﬂ =4r{ |Dh|* >0, 1<p<R.
Cp

(3.9) _1d [pi

pdp | dp
We shall see in Section [f] many more second order differential operators to
which various integral means are subsolutions. As regards the extension of
U(p) and its derivative U(p) to [1, R), we restrict ourselves to the mappings
h € H(A,A), so that the function z — |h(z)| is continuous up to the inner
circle of A. In particular, setting U(1) = 1 gives the desired continuous
extension of U(p) to all radii 1 < p < R. Then formula ([B.8]) allows us to
extend U(p) to [1, R). To this end, we infer from (3:8) that p U(p) is strictly

increasing. Hence

Up) = — /ij(p)g> : /ftU(t)gZM>0-

] , LUl >0in (1,R).

~ plogp t = plogp t plog p
We then conclude that the following limit exists, and is nonnegative.
3.10 lim U(p) = lim pU(p) =: U(1) > 0.
(3.10) lim U(p) = lim pU(p) (1)

Now the function Ul(p), so defined at p = 1, is clearly continuous on [1, R).
Moreover U(1) agrees with the usual definition of the derivative,

Ulp) —1 1 /”- :
= Ut)dt - U(1 as p \, L.
1 -1/, U® (1)
Formula (3.7]) now remains valid for r =1,

2 / /1 P =900~ 0) <90 )

Hence

. 2
(3.11) U(p) > 2 // IDhZ>0 forl<p<R
P JJ1<zI<p
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and, as a consequence, we infer that

Proposition 3.1. Suppose h € H(A, A). Then the quadratic means U(p) =
fcp |h|? are strictly increasing and the integral of ||Dh||? over A(1, p) is finite
for 1 < p<R.

It is natural to define

(3.12) U(R) := pl% U(r) = (R«(h))? € [0, +o0].

When p approaches the outer radius of A, the integral [/ ALp) | DR||?> may
grow to infinity. A short sketch proof of this fact runs somewhat as follows:

Example 3.2. Let f: C; — C] be a given homeomorphism of the unit circle
onto itself. We consider the Poisson integral extension of f into the unit disk
D, still denoted by f. This extension is a homeomorphism of ID onto itself by
the Radé-Kneser-Choquet Theorem, and C'°°-smooth diffeomorphism in the
open disk by Lewy’s Theorem, see [2]. In general, the Dirichlet energy of f
need not be finite. The best that one can guarantee is that || Dh/|| lies in the
Marcinkiewicz space L2 ., (D), see [3]. Having disposed of such a harmonic
mapping f: D — D with infinite energy, we look at the inverse image of an
annulus A = A(r,1) C D, 0 < r < 1, to observe that f~1(4) is a doubly
connected domain with smooth boundaries (real analytic). There exists a

conformal mapping ¢: A =53 f~1(A) of a round annulus A = A(1, R) onto
f~1(A). This mapping is a diffeomorphism up to the boundary of A, even in
a neighborhood of A. In this way we arrive at the harmonic homeomorphism
with infinite energy

1 1
h:;(fogp) A(17R)—>A(17R*)7 R*:;

We turn next to the introduction of the variance of h. Observe that the
circular means fcp h = aplog|z| + by form a harmonic function, so is the

function H = h — fcp h whose quadratic average is the variance of h,

2 2
h—][ h 2][ \hy2—]l h
c, Cp Cp

The orthogonal decomposition (2.I]) gives rise to a decomposition of the
circular means, namely

=U(p, H).

V=Vl =V -

(3.13) U=U(p,h) = Unlp), Un(p)=Ulp,hn)
neL
(3.14) V=V(p.h) = Unlp).
n#0

We shall explore these formulas throughout this paper.
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At this stage we take advantage of the orthogonal decomposition to deduce
that V' (p) is convex in p.

= Z |an,o" + bnp_"‘2 = Z (|an|2 oy b, |2 —2n 4 2Reanl_)n) .
n#0 n#0

The second derivative is indeed positive

(3.15) V - Z (2n — D)]an|?p™ + n(2n + 1)|b,[*p~2"] > 0.

nez
Thus, V is a subsolution to the operator %. However, this operator is
not good enough for the conclusion of the Nitsche conjecture, because the
critical Nitsche mapping fails to be a solution.

4. THE EXTREMAL MAPPINGS

Let us look more closely at the minimizers of the Dirichlet integral

(4.1) /\ww2

subject to all homeomorphisms h € J# (A, A*), between round annuli A =
A(1,R) and A* = A(1,R.). We 1nv0ke the results in [I, 4]. Within the
Nitsche range (L5]) for the annuli A and A* the minimum is obtained
(uniquely up to rotation) by the harmonic mapping

2

(4.2) P (z) = HL)\ <2 + g) where A\ = % € (—1,1].
Outside the Nitsche range (L) for the annuli A and A* the infimum of
H(A,A*) is not attained [I 4]. It is a general fact concerning mappings
between domains in C that any minimizer of the Dirichlet energy is harmonic
outside the branch set. The reader may wish to know that the nonharmonic
mapping h(z) = z/|z| of A onto the unit circle is a minimizer of the Dirichlet
integral [4]. We then see that the Nitsche conjecture, if true, would imply
nonexistence of minimizers outside of the Nitsche bound but not vice versa.

If one thinks of h* as evolution of circles in A(1, R), then the parameter
A, —1 < X < 1, tells us about the initial speed of the evolution. Let us
denote by 7.(p, h*) the radii of the circles C, = hMNC,). Tt is easily seen
that

AL = Lo =122

i - =T € [0, 00).

This observation will be useful in Section [[]where we show that h* also serves
as extremal among all harmonic evolutions h € Hp(A, A) of the given initial
speed.
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5. CONVEXITY OPERATORS

d?
a7
that variance V =V (p) = V(p, h) of all complex harmonic functions would
satisfy the inequality

LIV]:=V+A(p)V +B(p)V >0

The idea is to generalize the usual convexity operator in such a way

with equality occurring exactly for the extremal mapping h* = H—LA (z + %),
—1 < XA < 1. This goal will be carried uniquely through the following

operator
> N 3\—p* d 8\
dp*  p(p* +A)dp  (p* +A)?

(5.1) L =

or, in divergence form
2
+Ad d v
2 A=A s (Y
(5:2) ) p3 dp [p dp (Pz‘i')\ﬂ

which is defined for any V' € C2(1, R). Before proving the above property
of £*, see Proposition 6.1}, two other identities are worth noting.

Lemma 5.1. Let h be a complex harmonic function on A = A(1,R) and
U=Ulp) = fcp |h|%. Then

0 o oL (52m)

2
d(_r N\
dp \ p? + A

Proof. In view of the commutation rule ([3.4]) we find that differentiation

(5.4) LAU] = p—22][

P

[!he\2 = |R? + (p* + N)?

yields
0(p) :][ 2, :2][ Re (hh,)
c, Cy
and
{(p) = ][ (1A, + Re(Bihyy)]
P
Since h is harmonic, we have the Laplace equation h,, = —h,/p — hgg/p>.

Integrating hhgg by parts over the circle C, yields
)= . (2l = S0+ Zinol? |
c, P p
Substitute these values of U, U and U into (5.I)) to obtain

2 02—\
ﬁ)‘U:]l [Qh 2y Sl - 2———
[ ] o, | P| p2| 9| p(p2+)\)

8A

9 9
|h |p—m|h| }
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One way to continue this computation is to express || Dh||? in polar coordi-
nates ||Dh||? = |h,|? + p~2|hg|* and group the remaining terms to arrive at
formula (B.3]). For formula (5.4]), however, we proceed in the following way

2 p(p* =) AAp*
E)‘U:—][ {h2+ 2h, > — B —22h?|, — ——F—|h
[ ] p2 c, ’ 9‘ p‘ p‘ (p2+)\)‘ ’p (pg_’_)\)g‘ ’

2 (P* = N)? p(p*> =)
_ = h 2 h2 |: h2 2h 2 h2 )
,02 ][Cp {| 9| | | + (pg +/\)2| | +p | P| pg A | |P

It only remains to verify that the expression in the rectangular parentheses
coincides with the term

d ( ph \P_ 5 0 ’
EE<M+A>‘:“’+M

ph, P> =2
A (P +A)?

(p* + 1)

Ylhol> (0P = N)? p(0* =N o,
5.5 = (02 +\)2 Ll P 2 —200 " Rehh
(5.5) (P~ +A) (0% + \)2 (p2+/\)4| | CZESNE enltp
2 2 2
pT—A pp™ — A
= Epg_i_/\ig +92|hp|2_ (pQ+/\)|h2|P
as desired. O

Two special cases are worth noting. First, the operator £! for the critical
Nitsche mapping h! = % (z + %) takes the form

d2+ 3—p? d 8 (p? +1)?
dp® ~ p(p*+1)dp  (p? +1)%’ 4p2

On the other hand, letting A = 0, we obtain the operator associated with

the identity mapping h%(z) = z,

o_ & 1d

~dp? pdp’

For A = 1 the critical Nitsche mapping h' represents harmonic mapping

h € H(A, A) with vanishing normal derivative on the inner circle. Such
mappings extend harmonically beyond the unit circle by reflection

h(z) = h(1/Zz) for z € A(1/R,1).

L= LMU]=0 with U =

LO[U] =0 with U = p%

The extended mapping is a double cover of A. For A\ = 0, on the other
hand, the identity mapping h°(z) = z represents, in particular, all conformal
evolutions of the unit circle.

Lemma 5.2. Every evolution of circles in A generated by a conformal map-
ping h € H(A, A) begins with the unit speed; that is,

p 1/2
(1, h) = lim — ][ |h|? =1
p\1 dp c,
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Proof. First, we extend h conformally to the annulus A(1/R, R), by reflec-
tion

h(z) = RO/ T,  for % <l <1

The Cauchy-Riemann system h: = 0 reads in polar coordinates as h, =
%Zhg, and the winding number of h equals 1. Hence,

—ihg 1
=1 f — R.
][Cp 3 R oreveryR<p<

Now the computation of the initial speed proceeds as follows.
1 1 -
(1, h) = —][ |h?|, = —]l (hph + hyh)
2 )¢, 2J)c,

1 —ih —1
:_][ Z@_’_l]l Zhgzl
2Je, B 2o, R

as claimed. O

(5.6)

6. VARIANCE IS A SUBSOLUTION TO ALL EA, -1 <A<

The quadratic means of a harmonic function H = h — fcp h are none

other than the variance of h which can be computed by using orthogonal
decomposition (2.]).

(6.1) Vip,h) =U(p, H) => Ulp, hn).
n#0

We employ formula (5.4) for £*. Neglecting the nonnegative term

(62) dip <p2 i AH)

yields the desired inequality

2
ﬂ[vp—g]l (Hol? — |HP)
e

2 d |?
(6.3) = ? Z][(;p (‘@hn - ’hnh)

We are now interested in when equality £*[V] = 0 occurs. For this, we
must have equality at (6.2)), which yields

Hpe) = — (p " %) c(o),

2
>0
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where C' = C(6) is a 2m-periodic function in 0 < 6 < 27. As H is harmonic,
using the Laplace equation in polar coordinates, we find that

1 1
0=AH = pr—l- —Hp—l- —2H99
p p
2
p=+A "
=———[C(0)+ C"(9)].
(00 + (o)
The general solution to this ODE is C(6) = a e 4+ e %, so

H(z) = -2 G+3>+—@—G+§>:aMQyuﬁ&a a,feC.

1+ A z 1+ A
Hence
« A 08 _A
(6.4) h(Z) = 1+ <Z + ;) + H‘—)\ <Z + ;) + ap loglz\ + bo.

Of additional interest to us is the case when h € H(A,.A). This h, given
by (6-4]), has modulus 1 on (. In polar coordinates,

(6.5) h(e) = ae® + Be= + by.
It is easily seen that the condition |h(e?)|?> =1 yields
(6.:6) [a? +16” + [bo* =1, Ba =0, by +boa =0.

The possibility & = 3 = 0 is ruled out because h(e?) # const. This leaves
two cases:

Case 1, « = 0 and 8 # 0. The equations (6.0]) reduce to |3| = 1 and
bop = 0, so we obtain

_ P (A
h(z) = T <z + ;) + ag log|z|.

Next we look at how this mapping stands up to the circular mean of the
Jacobian determinant J(z,h) = |h,|*> — |hz|?, where

BA ao B ao
(1+/\)z2+2z and hz_1+)\+22'

Using orthogonality of the power functions on circles, we obtain a contra-

diction
ER (V >
0< J(z,h) = ——1) <0 f > 1.
][cp 1= e or p

Therefore, the only possibility is:
Case 2: =0 and o # 0. As before, the mapping h takes the form
o

A
h = — | .
(2) T <z—|— z> + ag log|z|

We just proved the following

hy = —
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Proposition 6.1. Variance V.=V (p) of a harmonic function h: A(1, R) —
C is a subsolution to all operators L with —1 < X < 1; that is, L)NV] > 0.
Equality LMNV] = 0, for some X, occurs if and only if
a A Ié] A
. = I - - 7 (z4+ =
(6.7) h(z) bo+a00g|z|+1+)\<z+2>+1+)\<z+z>

where ag, by, v, B are arbitrary complex coefficients. If, moreover, h € H(A, A),

then
(6.8) h(z) = aglogle| + —2— (2 + 2 ith |of = 1
. VA —CZ()OgZ 1+)\ z Z s w1 | = 1.

Here the coefficient ag must be small enough so that h is injective in the
entire annulus A.

The reader may wish to notice that the equality £AV] = 0 for h €
H(A, A) implies li\ni fcp h = 0. Here is yet further reduction of formula ([6.8])
p

for mappings between round annuli, meaning that |h(z)| = R, for |z| = R.
In this case equality £*[V] = 0 occurs only for

@ A
h(Z) = 1_'_—)\ <Z + E) = ahA(Z), ‘Oé’ = 1,

which is, up to rotation, the extremal mapping for the Dirichlet energy
[[,IIDh|>. We have in this case fcp h =0 for every 1 < p < R.

7. PROOF OF THEOREMS @ anp L7

Theorem [[7] is a special case of the following result.

Proposition 7.1. Consider an arbitrary harmonic function h: A(1, R) — C
normalized at the inner circle by the conditions

(7.1) lim{ h=0 and lim4 |h*=1.
r\LlJc, PNL/c,

Suppose that the evolution of circles under h begins with nonnegative speed

d 12 1—-A
2 lim — h|? = >
7.2) ol dp (][c’ ‘) A
where —1 < X< 1. Then

(L) )

for 1 < s < R. The first inequality in (T3] turns into equality if and only if
h = ah® with |a| = 1.
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fon
Cp

A key step in obtaining (7.3)) is the inequality from Proposition [6.]

2
+Ad[ad [V
4 < A _r a1 3a
(74) O£V p>  dp ['D dp<p2+>\>}

Proof. Let us examine the variance
2

V=V(p) =1 [~
Cp

which tells us that the function p — p3d¥‘lp (;%) is nondecreasing. An

obvious consequence of it is that

d v C
7.5 — | ——=)2=, 1< R,
(7:5) dp <p2 + A> p? =
where the constant C' is given by

d 1% V(1)  2V(1)
7.6 C=_— - _ ‘
(7.6) dp <p2+)\> p=1  LEA (142)?

We express C' in terms of the initial speed. Using the normalization condi-
tions in (7Z.I]) gives V(1) = 1. More generally,

2
][ h 2][ |2[* = |ao|* log? p,
c, c,

where we employed the orthogonal decomposition ([2.) with by = f. h = 0.
Differentiation yields

Vip) =+ |n* -
Cp

. . 1—A
Viy)=UQ1)=2——-.
=00 =27
Substitute these values of V(1) and V(1) into (7.6 to find the constant C'
2\
7.7 C=—"—.
7.7) (14 X)?
Then inequality (7.5]) takes the explicit form
d |4 2) 1
7.8 Sy (R S AN
78 dp <p2+A> (L+A)3 p3
We integrate it over the interval 1 < p < s to obtain
(52 +N)?
7.9 Vis) > —
(7.9 (5>

which yields the desired inequality,

(7.10) ]éjh'z =Vis)+ ]{; E [ﬁ}

Now suppose that the equality occurs in (ZI0). Then £*[V] = 0 and JCCS h =
0. The latter together with (7)) yield ap = byp = 0. The equality case of
Proposition 6.1l implies h = ah* where |a| = 1. O
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Proof of Theorem I3 ([{). Choose A € (—1,1] so that U(1) = h__)\, where

U(1) is the initial speed of harmonic evolution, defined by (3I0). Theo-

rem [L.7] yields
RZ4+X _ 1 1
R(h)2——2>2=-(R+—=].
)2 TN R 2( +R>
The latter inequality turns into identity when A = 1; that is, for free har-
monic evolutions. O
Remark 7.2. Suppose h € Hp(A,A*) with R, = % (R + }%) Then
R?4+1\°
U(R) < R? = :
(r) < 2= (T

In view of (Z.10) this is only possible if A = 1 and equality holds in (7.8) for
all p € (1, R). Therefore, (7.4) also turns into identity for all p € (1, R). As
in the proof of Theorem [[L7] the equality case of Proposition implies

(7.11) Hp(A,A*) = {ah': |a| = 1}.

The case A = 0 of Theorem [[.7] also gains in interest if we combine it with
Lemma [5.21 We obtain a refinement of Schottky’s theorem.

Corollary 7.3. Let h: A(1,R) — A be a conformal mapping such that

(7.12) lim{ h=0.
P\LJc,
Then
1/2
7.13 R.(h) := lim ]l h|? > R.
(7.13) (h) MR<00||>

Also, the area of the target annulus A is not smaller than that of the domain
A =A(1,R).

Proof. Inequality (Z.13)) is obtained from Proposition [Z1] be setting A = 0.
To estimate the area of A, we consider the Laurent expansion of h around
zZero,

(o]
= Z anz", where ag=limf h=0.
r\LJc,

n=—oo

We explore the orthogonality of the powers of z to compute
Ri(h) — 1= li h2—l ][ h)? = R —1)
i, 8 =t f P = 3 o

where the sum is taken to be oo when the series dlverges. Hence, by (Z.13)),

(7.14) > lanP(R?—1) > R? — 1.
n#0
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On the other hand, the area of A is equal to

J[ R == 3 ala PR~ 1)

n#0
>my |an (R - 1),
n#0
which is greater than or equal to the area of A, by virtue of (7.14]). Here we

used the inequality n(R?*® — 1) > (R?*" — 1), which is valid for all integers
n # 0. O

Remark 7.4. The observant reader may notice notice that £ U] > 0 for the
quadratic mean U = U(p, h) of a polar mapping; that is, |h(z)| = const on
every circle €. Indeed, (5.4) and Hélder’s inequality imply

2
2 2
oWz 5 (neP=1mP) > 5 | (f ml) £ me| <o
p-Je, p Cp Cp
Here % fcp|h9| represents the length of the curve C; = h(C,) which equals
27h(p). The Nitsche bound for polar mappings then follows.

8. PROOF OF THEOREM [[4]

8.1. The case 1 < R < e. We will prove the following, more precise state-
ment: if for some —1 < A <1

. 1—A
1 HN>2—=
(8.) () > 2
and
(8.2) R*~1—(R*—\)logR >0,
then
R% + )\
. «(h) > ———.
(83) B> TN

Theorem [[4] for 1 < R < e follows by choosing A = 1 above. We may
assume that R, (h) < oo, otherwise (8.3) is vacuous.

In this proof we examine £ U] for the quadratic mean U(p) = fcp]hF.
Examples show that for a general harmonic mapping h € H(A, A), the
operator £*U] need not be nonnegative pointwise in the entire interval
(1, R). But it does in an average sense, when the domain annulus A =
A(1, R) is not too wide. We shall integrate £} U] against a carefully adopted
weight in the interval (1, R). It is important that such a weighted average
of L2 [U] will depend only on U(1), U(1) and U(R), which we defined in
Section Bl The following integral is the key ingredient,

R 2 2
(8.4) U] 1= /1 %EA[U]CZQ
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This, possibly improper, integral has a well-defined value in (—oo, +00] be-
cause

LAU) = LAV] + L2 U]
where £2[V] = 0 by Proposition B and £*[Up] is bounded on [1, R]. We
integrate (84) by parts using the divergence form (5.2)) of L U] to obtain
the identity

RR2_p2 d d U
= [ P ()|
] Y PRV )

2

R? AR% +1 R*—1.
B RS C T Vl  E e
Since U(1) =1, (8.15]) takes the form

2R2 RZ+ A1
KA = R2+/\{U(R)_ [(1+>\)R} }

R—1 /(. 1-A
14 <U(1)_21+>\>'

The desired bound (83]) will follow once we know that

(8.5)

(8.6)

(8.7) KA U] = 0.

Before proving (8.7]), observe that equality occurs for the mapping
1 A 0 A ,

(88) (2) 1+A<Z+2> <1+)\+(1+)\)p>e

because LU (p, h*)] = 0, see Section 5l This suggests writing our mapping
h in the form

(8.9) h(pe) = B (pe)g(pe), 1<p<R.
We need a lemma.

Lemma 8.1. Let h € H(A, A), then

(8.10) lim f Imhhy =1,
1o,

hence

8.11 lim Im ggg = 0.

(8.11) wm 996

Proof. To prove (8.10) we compute the area of a domain 2, inside the Jordan
curve O = h(C,) as follows.

1 B 1 2 B
|Q,,|:—,/ hdh:—,/ hhgd@zw][ Tm hhg.
21 Cp 21 0 Cp

On other hand |[Q2,| — 7 is the area of the region enclosed between C and
C,, which converges to 0 as p \, 1.
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To prove (811) we differentiate the mapping g = h/h* and find that
-2 |7 2y
990 = [h*]” [hhe —|h ﬁ} :

This implies

1 A 2 2 B h)\
lim]l I ggp = lim Ut 7 ]l Imhhg—]l |[? Tm 22
\1Je, PN (PP +A)? e, c, h
_ h)
= lim Imhhg—][ Im2 =1-1=0. O
rLe, o) h

The same circular means, JEC,, 39, link us with the Jacobian determinant
[ 2 2
J(2,9) = ;Imgpge = |gz|" — lg=|".

Indeed, we differentiate with respect to p and integrate by parts along the
circle C,, to obtain

d _ _ _ _ _
—+ 990 =+ (Gp96 + 900) = 1 (Gp90 — Go9p)
dpJc, c, ,
= 21'][ Im g,g¢.
Cy
Hence the formula
d 3 1
(8.12) ol mgge = [ (oo~ 1asP).
dpJc, T Jo,

We now take advantage of formula (5.4) for the operator £*,

d ( ph \|?
dp \ p%2 + A '
In order to express £*[U] by means of g we compute the terms under the
integral sign,

(8.13) an=§£{mP4M+W+»2

|h|2: (102"1')‘)2 |g|2,
(1+A)2p27
2 2
pe+ A .
ol = (5 oo+ il

i ph _ et
dp \ 2+ x) 1A%
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Therefore,
2 (P + A)z][ .
A — 2 2 12 21, |2
LU= Ty Cp(!geﬂg! l91* + 19, [°)
2(p° + )‘)2][ 2 2| 2 -
= 9 9 2 I
1+ X122 )c, (lgol* + £™%|g0]* + 20™* Tm(ggs))
4(p* + )\)2][ 9 9 or
= T 2.0 A7+ gzl +p7 7 .
(ESEI (Ig:1% + lgz1* + p~2 Im(3gs))
Substitute this into (7.I]) to obtain
(8.14) KMU] =1 411,
where
I = 4 /R(R2_p2)(p2+)‘)][ (|g |2_|_|g_|2).
(1 + )‘)2 1 P Cy ’
4 " (R - p? (p2+A)][
11 = Im(gge).
(1+)\)2/1 03 o, m(ggs)

By Fubini’s theorem [ takes the form of a double integral

R2_ 2 2 A
Sy

Before converting I1 into double integral we shall first integrate by parts.
For this we express the factor in front of the circular mean as

(R* = p*)(P* + ) d [ 2 R (R —p*)(p* - A)}
8.15 =——|(R"—X)log — — .
The expression in the square brackets vanishes at the endpoint p = R,
whereas lim\ ; pr Imggy = 0 by (8II]). Therefore, integration by parts

will not produce the endpoint terms. In view of formula (812]) we obtain
4 R R (R*—p*)(p* - A)]
= ——up R* = \)log — — / 12— gs?)
(HA)QW/I [( )log 2,2 Cp(!g! l9:[%)
Adding up I and II we arrive at the formula

A7 4 2 OE (R* — p*)X 2
W= e [ |0 - e+ 2 g

We leave to the reader a routine task of verifying that the factor in from of
|g.|? is nonnegative; that is,

(8.16)

=0

)

2 9
8.17 R2— \)log & = POX
P p?

whenever 1 < p< Rand -1 <A< L.
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To establish the inequality (8.7) it suffices to ensure that
R
(R? — p?) — (R* — \)log > > 0.

This expression, regarded as a function in 1 < p < R, is concave, vanishes
at p = R, and is nonnegative at p = 1 by virtue of (82). This completes
the proof of Theorem [[.4]in case 1 < R < e. O

Remark 8.2. As X decreases from 1 to —1 the condition (8.2]) becomes more
restrictive but it still holds for R sufficiently close to 1. For example, if
A =0, then (8.2]) certainly holds whenever 1 < R < 2.

Remark 8.3. Suppose 1 < R < e and h € H(A,A*) with R, = % (R+ %)
Since U(R) < R?, we must have A = 1 in (83). Also, K'[U] < 0 because
of (80). By (BIG) we have g = const. Thus

(8.18) H(A,A*) = {ah': |a| =1} where 1 < R<e.

8.2. The case e < R < ¢3/2. In this case we rely heavily on the orthogonal
decomposition (ZI). The operator £* and associated integral X* from the
previous subsection will be used here only with A = 1 and denoted simply as
L and K. Let us state here the relevant versions of identities (8.4]) and (83]),
namely

R 2 2
(8.19) K[U] = /1 ’)(’ﬁiﬂf’)ﬁ[m dp
and
2 2 2 .
(8200  K[U] = %U(R) _ A o) - B = 150),

We require the following lemma, whose proof is postponed to the end of
the section.

Lemma 8.4. Suppose that R > e and h € H(A, A). Then

(8.21) K[V] = (R* - 1)|bo|*.
Proof of Theorem for e < R < e*?. Inequality (82I) yields
(8.22) K[U] = K[V] + K[Up] > (R% — 1)|bo|? + K[Up].
From (820) we have
2R? R?+1 - R?—1
ik 1 2 2 2
K[Uo] Bl lag log R + by 5 |bo Re(aobo) 5
hence
2R?1log’ R, , R*+2R*-3 .,
> - =
(8.23) MU= +1 jaol” + 2(R*+1) o
' ~ [(2R’logR R?>-1
2 — .
+ Re(aobo) ( R2 1 5 >
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Let us record for future use that (823]) is valid whenever R > e, as the
condition R < €3/? was not used yet.

The quadratic form with respect to ap and by in the righthand side
of ([8:23)) is positive definite, provided that the quantity

2R?log? R\ (R'+2R* -3\ [(2R’logR R®-1\°
R2+1 2(R*+1) R?+1 2

(8.24)

is positive. Multiplying (824]) by 4(R? + 1), we arrive at the function
(8.25) ¢(R) := 4R?*(R?> —3)log? R+ 8R*(R* —1)log R — (R* - 1)(R* - 1)
It remains to prove that ¢(R) > 0 for e < R < e3/2. First compute
dle) =13e* —e® — 192 —1>0 and  ¢(e*?) = 22¢5 —e® — 38¢ — 1 > 0.
Since the second derivative

2

2
d—Rz(R‘A‘qS(R)) = - %% {4R*1og R + 36R*(log’ R — log R)

+ R*(R* - 11) + 10}

is negative for R > e, it follows that ¢(R) > 0 for e < R < e3/2.
Thus, K[U] > 0, which by (820) yields

2R? R%2+1 R?2—-1. R%2+1
_ > >

as required. O

\

Remark 8.5. Suppose e < R < e¥/2 and h € H(A, A*) with R, = % (R + }%)
Since U(R) < R%, we have K[U] < 0 because of (820). On the other hand,
the quadratic form in (8.23)) is strictly positive unless ag = by = 0. Invoking
Remark [7.2] we arrive at

(8.26)  H(A,A*) = Hp(A,A*) = {ah': |a] =1} where e < R < /2.

Proof of Lemma[8]. Let us assume for now that h is continuously differen-
tiable up to the inner circle C7; this assumption will be removed later. It is

{ h
C]

R 2 2
(8.28) /1 %c[m dp > (R2—1)(n— Dlan + bal2, n#0.

Indeed, in Section [6] we found that the lefthand side of (8:28]) is nonnegative
for n # 0. Thus, we only need to prove [828) for n > 2. Using the

2

= (n—1an + by|*

1 _
(8.27) —,]l hhg — 4 |h|* +
tJo G n#0

We claim that
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identity (8.20), we find

ARqu dp — (R* = 1)(n — Dlay + b

2
(8.29) P +1
— I A.|a2| + B,|b,|* + 2C, Re(a,b,
where

A, =4R>? 1 (R? — 3)(R* 4 1) — 4n(R" — 1);
(8.30) B, = 4R*7* + (R? — 3)(R? + 1);
C, =—(R*-1)(2n(R?> +1) — R? - 3).
Our goal is to show that the quadratic form in (829) is positive definite as
long as n > 2 and R > e. To this end, we can replace the coefficient B,
with the smaller quantity B, = (R? — 3)(R%? +1). Since R2 > e? > 3, we
have B,, > 0. Therefore, it remains to prove that
(8.31) D(n,R) :=ApB, —C?>0 forR>e, n>2.
After a simplification,
D(n, R) =4{R*"?(R* — 2R? — 3) — n’R® + (4n — 2)R®
+2n*R* + (6 — 4n)R* — n’}.
First consider the case n = 2:
D(2,R) = 4(R?> —1)(R® —5R% —2R* 4+ 6R>+4) > 0
because R® > €?RS > TRS. We will show that D(n,R) is convex and
increasing with respect to n > 2 for each R > e. Indeed
0D(n, R)
on
This derivative is positive at n = 2, when it simplifies to
8{RS(R* — 2R? — 3)log R — 2R® + 2RS + 4R* — 2R? — 2}
> 8{R°(R" — 2R* — 3) — 2R® + 2R® + 4R" — 2R* - 2}
= 8(R? +1)(R® —5R® +4R* - 2) > 0.
This leads us to consider the second derivative
9’D(n, R)
Oon?
Since R*—2R? -3 = (R?—3)(R%?+1) > 0, the second derivative is increasing
with n. For n = 2 it is equal to
16R%(R* — 2R? — 3)log? R — 8(R* — 1)?
> 16(R'° — 2R® — 3R%) — 8(R* — 1)?
=8(R?2+1)(2R® — TR+ R* + R? —1)

= 8{R*2(R* —2R* — 3)log R — nR®+ 2R° + 2nR* — 2R? — n}.

= 16R*"2(R* — 2R* — 3)log? R — 8(R" — 1)°.
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which is positive since R® > 7R5. Thus, D(n, R) is convex and increasing
with respect to n > 2. This completes the proof of (83I]) and therefore

of [B28)).
Summing ([8.28)) over n # 0 and using (8.27)), we obtain
R 2 2 2
_ 1/ -
@w)/fﬁ%iﬁqw@>uﬂ4)f hm—fmﬁ+fh
1 prtl iJoy & C1
By Lemma 81l the righthand side of ([832) is equal to (R? — 1)|bg|%.
Now we remove the assumption that h is smooth up to Ci. For r €
(1,R/e) we can apply ([832) to the mapping f: A(1, R/r) — C defined by
f(2) = h(rz). Using Lemma [R1], we conclude that

(%][lefe— Cl|f|2+][clf2> — L

as r \, 1. Also, substitution p = t/r yields

R/ N2 2 Ry(p2 _ 42
[T ey prap = [ P vy

2
= |bo|?

Recall that L[V] > 0 by Proposition [6.1l Using the monotone convergence
theorem, we conclude that

R 2 42 R 2 42
lfgighwwmﬁazf%:%hwwmw

as r \, 1. Thus, inequality (832]) remains true without the smoothness
assumption on h. O

9. PROOF OF THEOREM (i%1)

The case R < €%/? was already covered by Theorem [l Thus we assume
that R > e, in which case ([8:23)) is known to be true. Since h € Hy (A, A),
we have qg = fcp h, = 0. Inequality (8.23]) takes the form

R*+2R? -3,
N > ———1bg|* 2 0.
It follows from (8.20) that
2R? R?+1 R?—1. 1 R?+1
_ = >
R2+1U(R) 5 U(l) + 5 Ul)+K[U] = 5
hence
R2 41\’
>
i > (1)

as required. O
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Remark 9.1. Suppose h € Hy(A,A*) with R, = £ (R+ £). Since U(R) <
R?, we have K[U] < 0 because of (820). Contrasting this with (@.I)), we are
led to the conclusion by = 0. Invoking Remark [7.2] we arrive at

(9.2) Hn (A, A*) = Hp (A, A*) = {ah!: |a| = 1}.
10. PROOF OF THEOREM
Combining (ZI1)), (8I8), (826) and ([@.2]), Theorem [L.6] follows. O
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