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The time at which a Lévy process creeps

Philip S. Griffin and Ross A. Maller*
Syracuse University and Australian National University

June 30, 2011

Abstract

We show that if a Lévy process creeps then, as a function of u, the renewal
function V'(¢,u) of the bivariate ascending ladder process (L~!, H) is absolutely
continuous on [0, 00) and left differentiable on (0, 00), and the left derivative at u is
proportional to the (improper) distribution function of the time at which the process
creeps over level u, where the constant of proportionality is dl}l, the reciprocal of
the (positive) drift of H. This yields the (missing) term due to creeping in the
recent quintuple law of Doney and Kyprianou (2006). As an application, we derive
a Laplace transform identity which generalises the second factorization identity. We
also relate Doney and Kyprianou’s extension of Vigon’s équation amicale inversée
to creeping. Some results concerning the ladder process of X, including the second
factorization identity, continue to hold for a general bivariate subordinator, and are
given in this generality.

Keywords: Lévy process, quintuple law, creeping by time ¢, second factorization identity,
bivariate subordinator
AMS 2010 Subject Classifications: 60G51; 60K05; 60G50.

1 Introduction

Let X = {X; : t > 0}, Xo = 0, be a real-valued Lévy process with characteristic
triplet (v, 02, IIx), thus the characteristic function of X is given by the Lévy-Khintchine
representation, Ee®®Xt = etYx0) where

Uy (0) =iy — 026?/2 + /(e”m —1—ifxly,<y)Ix(dz), for 6 € R, t>0.  (1.1)
R

X is said to creep across a level uw > 0 if P(1, < 0o, X;, = u) > 0 where

T, = inf{t > 0: X; > u}.

*Research partially supported by ARC Grant DP1092502
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Our initial interest is in the time at which X creeps. Thus we introduce the (improper)
distribution function

p(t,u) = P(t, <t,X,, =u), u>0,t>0. (1.2)

We prove certain regularity properties of p(, ) which allow us to relate it to the renewal
function of the bivariate ascending ladder process of X. This yields the missing term, due
to creeping, in Doney and Kyprianou’s (2006) quintuple law. Using the quintuple law,
we derive a Laplace transform identity which generalises the second factorization identity
due to Percheskii and Rogozin (1969). We also relate creeping to Doney and Kyprianou’s
extension of the équation amicale inversée of Vigon (2002). Some of these results ex-
tend from the bivariate ladder process to general bivariate subordinators, and we develop
several of the results in this setting. In particular, it appears to have gone previously
unnoticed, that the second factorization identity is a special case of a general transform
result for bivariate subordinators. The results in the fluctuation setting are stated in
Section [3 with their proofs given in Sections Bl The general bivariate subordinator case
is developed in Section Ml

By a compound Poisson process we will mean a Lévy process with finite Lévy measure,
no Brownian component and zero drift. The indicator of an event A will be denoted by
14, or sometimes by 1(A), and we adopt the convention that the inf of the empty set is
+00.

2 Fluctuation Setup

We need some notation, which is very standard in the area. Let (Ls)s>0 be the local time
at the maximum, and (L', H)s>0 the Weakl ascending bivariate ladder process of X.
Bertoin (1996), Chapter VI, and Kyprianou (2006), Chapter 6, give detailed discussions
of these processes and their properties; see also Doney (2005). When X; — —oo a.s.,
(L7', H) is defective and may be obtained from a nondefective bivariate subordinator
(L', H) by exponential killing at some rate ¢ > 0, say. Thus

- CJ(LTNH) i s <e(g),
(L7 i) = {(oo, 00) if s > e(q), (21)

where e(q) is independent of (L7, H) and has exponential distribution with parameter q.
In the case that (L=, H) is nondefective there is no need to introduce exponential killing
and we set (L71, H) = (L7, H).

We denote the bivariate Lévy measure of (L, H) by II;-1 g(-,-), and its marginals
by I1;-1(+) and g (-). The Laplace exponent r(a,b) of (L™, H) is given by

e—n(a,b) — E(6_QL;1_bH1; 1< Loo) — 6—qE6—a5;1_bH1 (2.2)

IThe distinction between weak and strict only makes a difference when X is compound Poisson.



for values of a,b € R for which the expectation is finite. It may be written
k(a,b) = q+dp-1a+dgb+ / (1—e ™) ;-1 y(dt, dz), (2.3)
t>0 Jx>0

where d;—1 > 0 and dg > 0 are drift constants. The bivariate renewal function of (L™, H)
1

Vit z) = / P(L-' <t H, < z)ds — / cEPLI < H, < a)ds. (24)
0 0

It has Laplace transform

1
e" Uy (dt, da) = 2.5
/tzo /9020 ( ) r(a,b) (2:5)

for all a, b such that x(a,b) > 0. The positivity condition on « clearly holds when a,b > 0
and either a Vb > 0 or ¢ > 0. L
Let X; = —X;, t > 0 denote the dual process, and (L™, H) the corresponding strictly

ascending bivariate ladder processes of X. This is the same as the weakly ascending
process if X is not compound Poisson. The definition of (L 1 H ) When X is compound
Poisson is as the limit of the ascending bivariate ladder process of Xt —ctase [ 0. Al
quantities relating to X will be denoted in the obvious way; for example I, (),

%(-,-) and V(-,-). We choose the normalisation of the local times L and L so that the
Weiner-Hopf factorisation takes the form

k(a,0)k(a,0) =a, a>0. (2.6)

This would not be possible in the compound Poisson case if (E‘l,f[ ) were the weak
bivariate ladder process; see Section 6.4 of Kyprianou (2006).

3 Creeping Time

It is well known that X creeps across some u > 0 iff X creeps across all ©v > 0, in
which case we say that X creeps. A necessary and sufficient condition for creeping is that
dg > 0; see Theorem VI.19 of Bertoin (1996). Our first result describes the (improper)
distribution function of the time at which X creeps across level u.

Theorem 3.1 (Creeping Time)
(i) The following are equivalent:

p(t,u) >0 for somet >0, u> 0; (3.1)

2Throughout, we will write -1 g (-,-) and V(-,-) with the time variable in first position, followed
by the space variable. This is at variance with some established literature, but seems desirable for
consistency.



p(t,u) >0 for all w> 0 and all t sufficiently large (depending on u); (3.2)
p(t,u) >0 for allt > 0 and all u sufficiently small (depending on t); (3.3)

dy > 0. (3.4)
)

(ii) If dg > 0, then for everyt >0, V(t,0) =0, V(t,-) is absolutely continuous on [0, 00
with a left continuous left derivative on (0,00), and for each u € (0, 00) satisfies

0
where O_ /0_u denotes the left partial derivative in u.

(111) If dg > 0 and X is not compound Poisson with positive drift, then V (t,-) is differ-
entiable and p(t,-) is continuous on (0,00) for each t > 0, and p(-,u) is continuous on
[0,00) for each u > 0.

Remark 3.1 (i) Unlike the creeping case, it is possible that X creeps over some u but
not all u by a fixed time ¢ > 0. This is illustrated in Examples [5.1] and Nevertheless,
from Theorem [B.J, X creeps over some u > 0 by some time ¢t > 0 iff X creeps, and
we obtain the generalisation (B3] of Kesten and Neveu’s formula for the probability of
eventually creeping over u; see pp. 119-121 of Kesten (1969).

(ii) It follows immediately from Theorem [B.1] that

dgV(dt,du) = P(7, € dt, X, = u)du. (3.6)

This formula has already been noted by Savov and Winkel (2010), p.8, and attributed
to Andreas Kyprianou. Conversely, from Savov and Winkel’s observation (3.6)), it follows
that dyV (t, du) has a density given by p(¢, u) for a.e. u. This however gives no information
about p(t,u) for a given level u. One of the main points of Theorem Bl is that p(t,u) is
the left derivative of dygV (t,u) for every u > 0, ¢t > 0. This is particularly relevant in the
quintuple law below.

(iii) In the case that X is a subordinator which creeps, the Laplace transform of the
time at which it creeps over u is given by

E(e™™: X,, = u) = dxv*(u) (3.7)

where v is the bounded continuous density of the resolvent kernel
Ve (du) = / e ™ P(X,; € du)dt;
0

see page 80 of Bertoin (1996). This in principle gives the distribution of the time at which
X creeps over u. Indeed

_ 4
~du

- d [ !
/ e MP(X, <u)dt =— [ ae™dt / P(Xs < wu)ds.
0 0

v*(u) /.
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Hence if the derivative could be moved inside the integral, from (B.7]) we would obtain

t
nguXm:m:er/}%&gum& (3.8)
0u0

Since .
(mww:@/Pmémm
0

when X is a subordinator, it follows from (3.0]) that

t
P(r, <t,X,, =u) = dxa—_/ P(Xs < wu)ds.
J_u J,
Thus (B.8) is correct provided 9/du is replaced by 0_/0_u. Conversely one can use (3.5])
to give an alternative proof of (3.1).

(iv) Theorem ] is concerned with regularity of V(¢,-). Some information about
regularity of V (-, u) may be gleaned from Theorem 5 of Alili and Chaumont (2001), from
which it follows that V' (-, u) is absolutely continuous for each u > 0 provided 0 is regular
for both (—o0,0) and (0, 00), for X.

The quintuple law is a fluctuation identity, due to Doney and Kyprianou (2006),
describing the joint distribution of five random variables associated with the first passage
of X over a fixed level u > 0 when X, > u. Using Theorem B.Il we are able to account
for the contribution due to creeping, that is the term when X, = u. To give the result
set

X;=sup X, and G;=sup{0<s<t:X,=X,}.

0<s<t

The quintuple law concerns the following quantities:

e First Passage Time Above Level u: 7, = inf{t > 0: X; > u};
e Time of Last Maximum Before Passage: G, _;

e Overshoot Above Level u: X,, — u;

e Undershoot of Level u: v — X, _;

e Undershoot of the Last Maximum Before Passage: u — X, _.

Theorem 3.2 (Quintuple Law with Creeping) Fiz u > 0; then for x > 0, v > 0,
0<y<uAv,s>0andt>0

P (XTu —uedr,u—X,,_ €dv,u— YTU_ edy, 7, —G,,- €ds,G,,_ € dt)

= 1oy V(dE, u — dy)|‘7(ds, dv — y)lx(dz +v) + dH%V(dt, w)do(ds, dz, dv, dy),
) (3.9)

where &y is a point mass at the origin, and with the convention that the term containing
the differential 0_V (dt,u)/0_u is absent when dg = 0 (in which case O_V (t,u)/0_u need
not be defined).



The contribution to ([B.9) for > 0 is Doney and Kyprianou’s quintuple law. Theorem
then follows easily for a.e. u from Savov and Winkel’s observation (B.6]), but this is
clearly unsatisfactory, since it says nothing about any given u. To get the result for
every u, (B.0) is needed. As a simple consequence of Theorem B.2] we record the joint
distribution of the first passage time and overshoot of a level u > 0;

Corollary 3.1 Fizu > 0. Then for x,r >0

P(X,, —uedx,7, €dr)=1I(x>0) / |V(ds,u — dy)|p-1 g(dr — s,y + dz)
0<s<r JO<y<u

0
+ dHﬂV(dr, u)dgoy(dx).

In particular the distribution of the first passage time is

P(r, €dr) = / / |V (ds, v — dy) |- g(dr — s, (y,00)) + dHa—_V(dr, u).
0<s<r J0<y<u 0_u

Using the quintuple law, Doney and Kyprianou (2006) (Corollary 6) obtain the fol-
lowing useful extension of the équation amicale inversée of Vigon (2002); for s > 0 and
x>0,

T, 4(ds, dz) :/ V(ds, dv)Tx (dz + v). (3.10)
v>0
They state this result for s > 0,2 > 0, but their proof works equally well when s = 0.
Observe that (3.10) gives no information about II;-1 5 on {(s,0) : s > 0}. When X is not
compound Poisson, II;-1 4(ds, {0}) is seen to relate to creeping as the following result
shows:

Theorem 3.3 Assume X is not compound Poisson. Then X creeps iff ;-1 y(ds, {0})
is not the zero measure.

Despite the connection with creeping, it is easily seen that the jumps of (L™1, H) for
which AH = 0 do not occur when X creeps over a fixed level; see (5.3) in Section Bl As
a consequence of Theorem B3] we are able to characterise when (3.10) holds for all s > 0
and x > 0:

Theorem 3.4 (B3.10) holds for all s > 0, x > 0 iff X does not creep.

When X is compound Poisson it does not creep, and we can deduce from Theorem

[3.4] that

~

T+ g(ds, {0}) = / V(ds, do)IIy ({v}), s > 0. (3.11)

v>0

If ITx is diffuse then II;-1 4(ds, {0}) reduces to the zero measure, but in general it may
have positive mass. Thus Theorem [3.3] cannot be extended to the compound Poisson case.
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The next result is an application of Theorem to computing a quadruple Laplace
transform. The finiteness conditions on x, below, clearly hold when u, p, A\, v,6 > 0, and
in that case k(v,u) > 0 except when v = p = 0 and ¢ = 0 in (Z3). More generally
the conditions allow for distributions with exponential moments, which can arise quite
frequently in applications.

Theorem 3.5 (A Laplace Transform Identity)
Fiz p, p, \,v,0 so that k(0,1 + N\), (0, p) are finite and k(v, u) > 0.

(i) If X # p — p then
k(0.4 X) = k(0. p)

/ e—HuE (e—P(XTu—“)—)‘(“_Y‘ruf)_VGTu*_g(T“_GTuf); Tu < OO) du = .
u>0 (:u + A= p)'%(l/> :U“)
(3.12)

(ii) If A = p — p then
1 0+I{(97p)
K(v, ) Opp

/ E (e‘pAYT“_“YW*_”GW*_G(T“_GW*); Tu < oo) du = (3.13)
u>0

provided the right derivative exists.

The right derivative in ([BI3]) exists and equals the derivative if x(6,p — ) < oo
for some e > 0. When A = 0,0 = v > 0,p > 0, > 0, (BI2) reduces to the second
factorization identity, (3.2) of Percheskii and Rogozin (1969). [Alili and Kyprianou (2005)
give a short and elegant proof of the second factorization identity using the strong Markov
property.] Theorem can be used in the computation of certain exponential Gerber-
Shiu functionals from insurance risk, see Griffin and Maller (2010a). Another application,
to stability of the exit time, can be found in Griffin and Maller (2010Db).

It is natural to ask if there is a quintuple Laplace transform identity, analogous to the
quintuple law. It is straightforward to follow calculations similar to those in the proof of
Theorem and derive a corresponding expression to (B3.12]), but because the component
X,,— cannot be expressed in terms of the ladder process, the resulting expression cannot
be expressed simply in terms of the kappa functions.

4 Bivariate Subordinators

(L7', H) and (E_l, H ) are, possibly killed, bivariate subordinators, and some of our results
require only this property. In this section we prove several theorems in this generality.
These will then be applied in Section [B] to the fluctuation variables.

In the fluctuation setting, let

T,=T"=inf{s > 0:H, >u}, u>0. (4.1)

Using Hy = X;-1 on {L;' < o0}, s > 0, and recalling the exponential killing described

in (2.1)), we have
X;, =Hr,, Xroe =Hroo, 7o = L7, and G,,— = L3' on {T,, < e(q)}. (4.2)

7



Thus, via (L2l),
p(t,u) = P(Ly < t,Hrp, =u, T, <elq)). (4.3)

This suggests the following setup. Let (Z,Y") be any two dimensional subordinator ob-
tained from a true subordinator (Z,)) by exponential killing at rate ¢ > 0, say. Corre-
sponding to [23)), (Z,Y) has Laplace exponent kzy(a,b) = g — log Ee=%1="1 where

I{Z7y(a,, b) =(q + dza + dyb + / (1 — 6—at—bx) HZ7y(dt, CL'L'), (44)
t>0 Jx>0

for values of a,b € R for which the expression is finite. Analogous to the fluctuation

variables, we define
Tg:inf{sZO:ys>u}, u>0,

and
pZ,Y(t>u) = P(ZTSJ < t, yng = u>T3) < e(q))a (45)

where e(q) is an independent exponential random variable with parameter ¢q. Also set
Vzy(t,u) = / e PP(Z, <t Y, <wu)ds.
0

So Vzy(+,-) has Laplace transform

1
e~y (dt,de) = ———— if kyy(a,b) > 0. 4.6
/tZO /9020 zy( ) Kzy(a,b) zy(a,0) (46)

We begin by investigating aspects of the regularity of p;y defined in (£L.3).

Lemma 4.1 The function pzy(-,-) has the following properties:
(a) pzy(-,u) is right continuous and non-decreasing on [0, 00) for every u > 0;
(b) pzy(t,-) is left continuous on (0,00) for every t > 0;

(¢) If pzy(-,u)is continuous on (0,00) for every u > 0, then pzy(t,-) is continuous on
(0,00) for every t > 0.

Proof of Lemma [4.1}: First observe that the results trivially hold if dy = 0, since then
Y does not creep and so pzy(t,u) < P(yTg =wu) =0 for all £ > 0,u > 0. Thus for the
remainder of the proof we assume dy > 0.

Part (a) follows immediately from the definition of pzy. To prove Parts (b) and (c) we
will use the following two equations which are simple consequences of the strong Markov
property (cf. Andrew (2006)): for any z > 0,y > 0,7 > 0, s > 0, we have

pZ,Y(T +s,x+ y) > pZ,Y(Tv l’)pz,y(s, y) (47)

and
pzy (8,2 +y) < pzy(r,v)pzy(s,y) + 1 —pzy(r,x). (4.8)

8



By Theorem II1.5 of Bertoin (1996), which applies to nondefective subordinators with
dy > 0, we have lim. o P(Y;» =€) = 1. Since dy > 0, Y is strictly increasing, and so
T2 1 0 as. as €} 0. Thus for every § > 0

113)1 pry(6,€) = 113)1 P(Zry <0,V =T <e(q) =1. (4.9)

Now fix u > 0 and ¢t > 0. Then for any 0 < ¢ < v and 6 > 0 we have by (£71) and

E3)

pzy(t,uw) =1+ pzy(d,e) <pzy(d,e)pzy(t,u—e) < pzy(t+6,u).

Letting € | 0 then d | 0, and using Part (a) and (£39), proves Part (b). Similarly if in
addition, t > 0 and ¢ < ¢, then

pzy(0,8)pzy(t —6,u) < pzy(t,u+e) <pzy(0,e)pzy(t,u) +1—pzy(6,e).
Letting ¢ | 0 then ¢ | 0, we conclude that

pzy(t—u) < liffiionfpz,Y(t> u+¢e) <limsuppzy(t,u+e) <pzy(t,u).
€ €l0

Thus if pzy (-, u) is continuous on (0, co) for every u > 0, then pyy (¢, -) is right continuous
on (0, 00) for every ¢ > 0. Combining this with Part (b) proves pzy (¢, -) is continuous on
(0, 00) for every t > 0. O

Lemma 4.2 For any u >0 andt > 0,

/ pzy(t,v)dv = dyVzy (¢, u). (4.10)
0

Proof of Lemma [4.2} If dy = 0 then )’ does not creep, so both sides of (£.1I0) are zero.
Thus we may assume dy > 0. First observe that for any s, {v : YV = v, 7T, Y = s} is at
most a singleton, and so

/ WYy =0,T) = s}dv = 0. (4.11)
0
Next, if TZ = inf{s : Z, > t}, then
{s<TFYc{Z, <t} Cc{s<T7}. (4.12)
Thus, using (A1) and (ZI2),
/ pzy(t,v)dv :/ P(Zry <t,Vpy = v, TY < e(q))dv
0 0
— [ ¥ <TE V=01 < el
0

= / P(YVpy =v,T) <T7 Ne(q))dv.
0

9



Now since dy > 0, Y is strictly increasing. Thus if ) hits v then it does so at time Tvy .
Hence

/ WYy = v, T <T7 Ne(q)}dv = yTS’/\TtZ/\e(q) - Z A
0

SSTgATtZ/\e(q)

as each quantity represents the Lebesgue measure of the set of points in [0, u] hit by )
by time T7 Ae(q). Since Y, = dyr + 3, A, this gives

/0 “pay(to)do = dy E(TY ATE A elg) (4.13)
But by ([£I2) (which also applies to Y and T)
/OO HZ, <t,)s <u,s <e(g)}ds < /OOO Ws <T7 s <TY,s <elg)}ds
0
:/000 1{s <TF s<TY s <e(qg)}ds (4.14)
< /000 H{Z, <t, Vs <u,s <e(q)}ds.
Thus by (@I3) and (£I4),

/ pz’y(t, ’U)dU = dy/ P(Zs < t, ys < u,s < e(q))ds = dyVZ’y(t, u)
0 0

O

Theorem 4.1 Parts (i) and (i) of Theorem [31] hold precisely as stated with pzy in
place of p, dy in place of dy, and Vzy in place of V.

Proof of Theorem [A.1k Since Vzy (t,u) > 0 for all ¢ > 0 and u > 0 by right continuity
of (Z,Y), we have by (£I0) and Lemma 1] (b) that

dy > 0iff pzy(t,u) > 0 for some ¢ > 0,u > 0.

On the other hand
dy >0iff 0 < P(Vpw = u, TY < e(q)) = tlim pzy(t,u) for every u > 0.
w —00

Combined with monotonicity of p(-,u) for u > 0, these give the equivalence of the subor-
dinator versions of (B.]), (32) and (84). To complete the proof of Part (i) observe that
the subordinator version of (3.4) implying the subordinator version of (B.3]) was proved in
(#£9), while the subordinator version of (33]) implying the subordinator version of (31
is trivial.

If dy > 0 then Y is not compound Poisson, so Vzy(t,0) = 0. The remainder of part
(ii) follows immediately from (£I0) and Lemma [AIi(b). 0

10



Lemma 4.3 For every u > 0,

P(AZpy > 0,AY;y = 0) = 0. (4.15)

Proof of Lemma [4.3t If ) is compound Poisson, then P(AY;y = 0) = 0, so the result is
trivial. Thus we may assume that ) is not compound Poisson, in which case ) is strictly
increasing. Thus by the compensation formula, p7 of Bertoin (1996), for every e > 0

P(AVpy =0,AZ9 > &) =EY 1V =u, AV, =0,AZ, > ¢}

t>0

=TIy ((e, 00) x {0}) /0 TP, = wdt.

The last expression is 0 by Proposition .15 of Bertoin (1996). 0

The next result is a “quadruple law” for (Z,Y"), in a similar spirit to the quintuple
law.

Theorem 4.2 (Quadruple Law) Foru>0,x>0,0<y<wu, s>0,t>0, we have
PV —uedr,u—Ypy_ €dy,AZy €ds, Zry_ € dt; TY < e(q))
= 10| Vzy (dt,u — dy)|Ilzy(ds,dz + y) + dy%VZ,y(dt, w)do(ds, dz, dy),
(4.16)

with the convention that the term containing the differential 0_Vyzy (dt,u)/0-u is absent
when dy =0 (in which case 0_Vzy (t,u)/0-u need not be defined).

Proof of Theorem Fix u > 0. By the compensation formula, we get for x > 0,
0<y<wu,s=>0,t=>0,

P(Vpy —u€de,u—Ypy_ €dy,AZpy €ds, Zpy_ € dt; TY < e(q))
= P(AYyy €de+y,u—Ypy_ €dy,AZpy €ds, Zp_ € dt; TY < e(q))
= EZ H{AY, edz+y,u— Y. €dy,AZ, €ds, Z._ €dt,r <e(q)}

>0
= E/ H{u— Y edy, Z,_ edt,r <e(q)}drlly y(ds,dz+y)
0
= |VZ7H(dt, u — dy)|HZ7H(ds, CL'L' + y)

(4.17)
Thus we have left to consider the case x = 0.
First observe that from Proposition I11.2 of Bertoin (1996), it follows that
Py <u=Ypy) =0, forall u > 0. (4.18)

11



Now suppose dy > 0. By part (ii) of Theorem 4.1

pzy(t,u) =dy=—Vzy(t, u). (4.19)

0_u
This, together with (4.15]) and (4.I8]), shows

P(Vpy =uu— Yy €dy,AZpy €ds, Zpp_ € dt; TY < e(q))
= P(Vpy = u, Zpy € dt; TY < e(q))do(ds, dy)
o_

= dya—VZ y(dt u)éo(ds, dy)

(4.20)

for 0 <y <wu,s>0andt>0. When dy = 0, (£20) continues to hold since the lefthand

side of (4.20)) is 0 because ) does not creep. Adding (£.20) to (AIT) then gives (4.16).
O

The next result is a generalisation of Theorem to the subordinator setup. The
conditions on Kz y are analogous to those on « in Theorem [3.5

Theorem 4.3 (A Laplace Transform Identity for Subordinators)
Fix p, p,\,v,0 so that kzy (0, u+ N), kzy (0, p) are finite and kzy (v, ) > 0.
(i) If X\ # p — 1 then

/ e (¢ TNy 7 SR Y < e(g) ) du
u>0

_ Kzy (0, 1+ ) —kzy(0,p)
(4= p)rzy(v,p)

(4.21)

(ii) If A = p — p then

Ay vz 19 0,
/ E(e PAYVry Wy vEry ~08Eny. Y e(q>) du = iz (00) -y 99)
u>0 kzy (v, 1) Oyp

provided the right derivative exists.

Proof of Theorem (4.3} Taking the expectation over the set {Vy > u}, from (4IG) we
find

E( =PVyy =) =Au=Ypy )=vZy —0(AZy), Ty < e(q), Vry > u)

/ / / / e~ PrTVIEES | (At u — dy) | Tl 2y (ds, do + y) (4.23)

0<y<u Jz>0Js>0 Jt>0

— [ [ ety (a, duly (ds,da).
0<w<u Jr>u—w Js>0 Jt>0

12



Now take the Laplace transform of both sides of ([£.23). For A\ # p — pu, we obtain

/ e—uudu/ / e—p(x—u—i—w)—)\(u—w)
u>0 0<w<u Jz>u—w
- / / / e~ (WtA=p)u o~ (p=Aw —pz 3, (4.24)
w>0 J2>0 Jwlu<w+z
p— =X Juo >0

Since we may clearly also include x = 0 in the last integral, we then have

/ e (7 Vap T Tay E IR 1Y < e(g), Yy > w) du
©u>0

_ VITROY, s (dt, dw
p p—A t>0 Z7Y( )

X / / e85 (e= VT _ o=P [T, 4 (ds, )
s>0 J x>0
kzy (0, u+A) —kzy(0,p) = (p+ A= p)dy

(A= plzy v, p)
_ HZ7y(9,/J/+>\) —HZ7y( p) dy
(+ A= phrzy(v,p)  Kzy(v,p)
(4.25)
by (£4]) and (4.4).

If dy > 0 then we need to add in the second term in (AI6]) due to creeping. From
(AT6) and part (i) of Theorem E.T] we have

/ e (7 Vay T Ty E IR 1Y < e(g), Vg = w) du
u>0

_ / / "’t—sz(dt w)du

— dy / / eV (dt, du)
u>0 t>0
d

B '%Z,Y(Vv :U’) .

Added to (427), this gives (£2T]).

Now consider the case where A = p — pu. Let ¢ > 0 and set ' = p — p + . Then
Kzy (0, + X) is finite since kzy (0, p) is finite. Thus by (£.21))

A - Z y—0AZ
/ E(e PAY Yy =Yy —e(u=Yyy )-vZy—0AZy, Ty <elq )) du
u>0

/{Z,Y(ea P + 8) - "{Z,Y(9> p)
8"’{'Z,Y(V> :U“) .

13



Letting € | 0 and using monotone convergence completes the proof of (£.22). O

Results similar to (£.21]) can be found in Winkel (2005). Winkel’s interest in bivariate
subordinators is in modelling electronic foreign exchange markets and he does not make
the connection with the ladder height process. As mentioned in the introduction, it
appears to have gone previously unnoticed, that the second factorization identity is a
special case of a general transform result for bivariate subordinators.

5 Proofs for Section

We now turn to the proofs of the fluctuation results from Section 3l Recall the definitions
of p(t,u) and T, in (L.2]) and (41]) respectively, and from (43]) that

p(t,u) = P(L7 < ¢, Hp, = u,T, < e(q)).

In view of the correspondences (L', H) +» (Z,Y), p(t,u) <> pzy(t,u), and V(t,u)
Vzy(t,u), we can carry a number of results directly across from Section [l In particular,
the results of Lemma 1] and Lemma hold with p in place of pzy and V' in place of
Viy.

Proof of Theorem [B.1k Parts (i) and (ii) follow immediately from Theorem Al For
Part (iii), supposing X is not compound Poisson with positive drift, by Theorem 27.4 of
Sato (1999),

P(r,=t,X,, =u) < P(X;=u)=0

for all u > 0. Consequently p(-,u) is continuous on [0, 00) for every u > 0, and hence by
Lemma [A.1], p(t, ) is continuous on (0, co) for every ¢ > 0. Since p(0,-) = 0 on (0, co) this
continues to hold for ¢ = 0. By (4.I0), this then implies differentiability of V (¢, -). O

Example 5.1 Let X; = t+Y; where Y is compound Poisson with Lévy measure [Ty (dx) =
dpy(de) + d;—ny(de). Since Xy, =t + ) ., AY,; and > ., AY is an integer, we have that
for any t € (0,1), u >0 - -

p(t,u) > 0iff u € Uy o(n,n+t].

Furthermore p(t,u) > e 2" for u € (0,t]. Thus neither p(¢,-) nor p(-,u) is continuous,
and, using (£I0), V(¢,-) is not differentiable. Finally, in contrast to monotonicity of
p(+,u), p(t,-) is not monotone.

Example 5.2 Set X; =t —Y;, where Y is a subordinator and Il (R) = co. Then clearly
p(t,u) = 0 for u > t. Thus there is no hope of proving p(t,u) > 0 for all ¢, > 0 even in
the situation of (iii) of Theorem B.11

Before turning to the proof of Theorem [3.2] we need a preliminary result, generalising
(4.18)), which is surely well known, but for which we can not find an exact reference.

14



Lemma 5.1 Fiz v > 0.
(i) If X is not compound Poisson, then

P(X;_ # u, Xy = u for some t > 0) = P(X,_ = u, X; # u for some t >0)=0; (5.1)
(11) For any Lévy process X and u > 0
P(X,,_<u X, =u,1, <o0)=0. (5.2)

Proof of Lemma [5.3k (i) Use the compensation formula to write for u > 0

P(X;- # u, X; = u for some t > 0) < EZ WX #u, Xy +AXy =u}

t>0

= E/O dt /#0 1{X,_ # u, X;_ + & = ulIx(d€)

_ /#0 /OOO P(X,_ = u — €)dt Ly (de).

The last expression is 0 when X is not compound Poisson, since the potential measure of
X is diffuse by Proposition I.15 of Bertoin (1996). Similarly for any € > 0

P(X;- =u,| Xy —u| > e for some t > 0) < EZ H{X, =u, |AXy| > ¢}

t>0

= IIx([—¢,€]9) /000 P(X;- =u)dt=0.

Letting ¢ — 0 completes the proof.
(ii) Clearly we may assume P(X,, = u) > 0 else there is nothing to prove. In that
case X is not compound Poisson. Since

{X5- <u, X, =u,1, <oo} C{X;_ #u,X; =u for some t > 0},

(E2) follows from (B1]). 0

Proof of Theorem 3.2 Fix v > 0,0 <y <uAwv,s>0andt>0. For x > 0 this is
Doney and Kyprianou’s quintuple law. If z = 0, then from ([£2), (£16) and (5.2))

P (Xm —uecdr,u—X,_€dv,u— X, _€dy,7,—G,_€c€ds, G, _ € dt)
=P (Hr, —uedr,u—Hr,_ € dy, AL €ds, L3 € dt; T, < e(q)) do(dv)
a2 v (at, w)oo(ds, de, du, dy).
O_u
O

Proof of Corollary 3.1k This follows easily from Theorem B.2] and (310). Alternatively
use Theorem 0

15



Proof of Theorem Assume X is not compound Poisson. We can first easily dispense
with the case that 0 is irregular for (0,00); because then, 0 is irregular for [0, 00), so by
construction, L™! and H jump at the same times (see p.24 of Doney (2005)). Hence
1.1 g(ds, {0}) is the zero measure. On the other hand, by the strong Markov property
at time 7,, X does not creep over any u > 0. Thus the result holds in this case.

We now assume that 0 is regular for (0, c0), in which case the closure of the zero set of
X — X is a perfect nowhere dense set with probability one; see for example the discussion
on p.104 of Bertoin (1996). Fix r € Q,r > 0 and set Y, = X, 4 — X,. Let

T =if{t>0:Y > X, - X,}

and

A ={Y,=X,-X,, X,— X, >0}
By independence
P(A,) = / P(X,, =u)P(X, — X, € du).
u>0

Thus P(A,) > 0 iff X creeps. On the other hand, II;-1 y(ds, {0}) is the zero measure
iff P(AL;! > 0,AH, = 0 for some s > 0) = 0. The result then follows from the key
observation that

{AL;' > 0,AH, =0 for some s > 0} = U A,.
reQ

To see this, assume s is such that AH, = 0 and AL;! > 0. Let r € (L;}, L;Y) N Q. Then
X, - X, >0, XL;1 = X, and X; < X, for Ls__1 <t < L7'. Since a.s. the zero set of
X — X contains no isolated points, it follows that off this P-null set Y, = X, — X,.. Thus
A, occurs. Conversely fix r € Q and assume that Y. = X, — X, > 0. Choose s > 0
so that r € (Ls__l,Ls_l). Then on A,, Hy, = XL;1 = X, = H,_. Hence AH, = 0 and
AL7Y > 0. O

As remarked earlier, the jumps of (L™, H) for which AH = 0, do not occur when X
creeps over a fixed level. This follows from an application of Lemma (4.3 which gives

P(ALL > 0,AMy, =0) =0, u> 0. (5.3)

Let ~
Vig(dv) = / V(dt, dv) = / P(H, € dv)ds
t>0 0

be the potential measure of H, and similarly for IA/I;I

Proof of Theorem [3.4] Assume X is not compound Poisson. Then ‘A/ﬁ is diffuse on
(0,00) by Lemma 1 of Chaumont and Doney (2010). Then since IIx({0}) = 0 we have

/SZO /UZO V(ds, do)Ix({v}) = /UZO V(do)x({v}) = 0. (5.4)
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Now by (B.10),

-1 g(ds,dz) = / V(ds,dv)IIx(dz +v) for all s > 0,2 >0 (5.5)

v>0
is equivalent to

~

;-1 4(ds, {0}) = / V(ds, dv)Ilx({v}) for all s > 0 (5.6)

v>0

which in turn, by (5.4)), is equivalent to II;-1 y(ds, {0}) being the zero measure. This is
equivalent to X not creeping by Theorem B3l R

If X is compound Poisson, then recalling the definition of (L™, H) prior to (2.8]) in
this case, a natural approach is to apply the result in the non compound Poisson case to
the approximating process X; = X, + ¢t and take the limit as € | 0. Unfortunately this
cannot work since X© creeps and so the non compound Poisson result does not apply.
Consequently we are forced to appeal to a direct construction of (L™!, H) in this case.
We defer the details of this to the appendix. O

Example 5.3 Assume that X is a spectrally negative compound Poisson process with
positive drift dx. For simplicity, to avoid killing, also assume FX; > 0. In this example
X creeps, and it is a simple matter to find II;-1 g (ds, {0}). Choose the normalisation of
local time so that

L= / (X, = X
Let o be the time of the first jump of g( and
a=inf{t >0 : X; > X, }. (5.7)
Then it is easy to see that (draw a picture)
Ns
L' =s+)Y Ry, H,=dys,
i=1

where N is a Poisson process of rate A\ = IIx(R) independent of the ii.d. sequence

R;,i > 1, where Ry Lo o1. From this we conclude
HLfl,H(dS, {0}) = )\P(Rl S dS) = II;- (dS), s > 0.

On the other hand, since X is not compound Poisson, (5.4]) shows that the lefthand side
of (B.I0) is the zero measure when x = 0.

Proof of Theorem Upon using (£.2), this is an immediate application of Theorem
4.3l O
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6 Appendix; Proof of Theorem 3.4 in the Compound
Poisson Case

We want to prove Theorem [3.4] in the compound Poisson case. As mentioned earlier the
natural approach using the approximating process X; = X; + et does not work. Thus we
proceed by using the random walk embedded in X to give a direct construction of the
bivariate ladder processes.

Throughout this section we assume that X is compound Poisson. We write it in
the form X; = Z]kvil Yk, where N is a Poisson process of rate A > 0, Y} are i.i.d. rvs
independent of N with distribution function F, and P(Y, = 0) = 0. Thus the Lévy
measure of X is [Ty (dz) = AF(dx).

Let Sp =0,and S, => 7 _, Ys, n > 1. Let 09 = 0 and oy, k > 1, denote the successive
jump times of X;. Then {S,,n > 0} is independent of {ox,k > 0} and X; = S, for
op <t <ouy1,n >0 Let tg =0,

tper =min{m >t,:5,>S,}, n=012 ..., (6.1)

be the weak ascending ladder times of S,, h, = S, the corresponding ladder height
sequence, and
Uk, 2) =Y Pty =k hy <), k>0,2>0,
n>0
the corresponding bivariate renewal measure. The strict ascending ladder process is ob-
tained by replacing the inequality in (6.1]) with a strict inequality. The analogous quan-
tities for the strict descending ladder process will be denoted with a hat; thus

U(k,2) =Y P(tn=k.hy <), k>0, >0.

n>0

We choose the normalisation of the local time L so that
t _ t 00
L, :/ 1(X, = X,)dr :/ > g e (r)dr, £ > 0. (6.2)
0 0 n=0

As remarked earlier this gives rise to the weak bivariate ladder process (L™, H) of X. For
X, we require (L™!, H) to be the strict bivariate ladder process, which may be viewed
as the limit of the ascending bivariate ladder process of X; — et as ¢ | 0. For a direct

construction of (E_l, 1] ), let M, be an auxiliary Poisson process of rate 1, independent of
X, and set

~ ~ Iy /};n fMS: ,%\n< 9 >07
(Lg_laHs) _ {(Utn7 ) 1 n oo, N =~ (63)

(00,00)  if My =mn,t, = co,n > 0.

This is analogous to the definition of the ascending ladder processes of X in the non-
compound Poisson case when 0 is irregular for [0,00) for X; see for example p.24 of
Doney (2005). To emphasize, V(-,-) and &(-, ) are defined in terms of (L™, H) given by
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(6.3). We should also remark that with these normalisations of the local times, one can

check that (28] holds.
The connection between the bivariate ladder processes of X and S is given by

Lemma 6.1 For anyt >0, >0,

V(t,z) =AY Plog < )U(k, ), (6.4)
k>0
and R R
V(t,z) =Y _ Ploy <t)U(k, ). (6.5)
k>0

Proof of Lemma [6.1: Since (6.4) will not be used in the sequel, we only prove (G.5]).
We have

P(L;' <t H,<z)=> Plog, <th, <z, M, =n)
n=0
:ZZP(An:]{Z,TLnSSC,O’kSt’Ms:n) (66)
n=0 k=0

One easily checks that [~ P(M, =n) ds =1 for every n > 0, hence integrating (6.0) we
obtain

V(t,o) =YY Pty =k h, < 2)Plox < t)
k=0 n=0
=Y Plox < )U(k, ),
k>0
as required. O

Recall the definition of « in (5.7]), which in the present case reduces to
a =inf{t > o, : X; > 0}.

Also introduce
g =inf{n >0:5, >0}.

Lemma 6.2 Fors >0, >0 andv >0

~

V(ds,dv)F(dz +v) = P(X,- € —dv, X, € dz,a — 07 € ds). (6.7)
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Proof of Lemma Using P(og € ds) = 0 when s > 0 in the fourth equality below,
duality in the fifth, and (65) in the sixth, we have
P(X,- € —dv, X, € dz,a — 0y € ds)
=10 P(Xoe € —dv, X, € dz, a0 — 0y € ds)

= 1{U>0} Zp(ﬁ = i, Si—l € —dv, SZ € dx,ai — 01 € dS)

1>2

= 10 Z P(8>i—1,5_1 € —dv)F(dx 4+ v)P(0;_1 € ds)

i>2

= Lpooy 3 P(B 24,5 € —dv)P(o; € ds)F(dz +v)

>0

=1s0p 3 U(i,dv)P(o; € ds)F(dz +v)

>0
= 10y V(ds, do) F(dz + v)
= V(ds, dv)F(dz + v)

since s > 0 and V (ds, {0}) = dy(ds) by @3F) (or (63)). 0

Proof of Theorem [3.4, Compound Poisson case: Since X does not creep in this
case, we need to prove (B.I0) for all s > 0,z > 0. When s = z = 0, (3.10) reduces to
showing

/ . V ({0}, dv)IIx ({v}) = 0. (6.8)

But V ({0}, dv) = 8(dv) by ([@3), which proves (68). Thus we may assume sV z > 0.
If s >0 and = > 0, then integrating out v in (G.7) gives

/ V(ds,dv)F(dz + v) = P(AL;! € ds, AH,, € dx). (6.9)
v>0

This continues to hold when s = 0 and x > 0 since

/>OI7({O},dv)F(dzr+v):/ 8o(dv)F(dz + v) = F(dz),

v>0

while
P(AL;1 =0,AH,, €dx)=P(X,, €dx)= F(dz).

Thus (6.9) holds whenever s V x > 0. Now by the compensation formula (which requires
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sV > 0) we have

P(AL;! € ds,AH,, €dz) = EY 1(L' =t H,_ =0,AL" € ds, AH, € dx)

>0

= / P(Lt_l = t, Ht = O)dt HL717H(d$,dl')
t>0

:/ P(oy >t) dt I+ y(ds,dz)
£0

— AT (ds, da),

which together with IIx(dz) = AF(dx) completes the proof of (B.10). O
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