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A method for computing Stokes flow interactions among spherical objects
and its application to suspensions of drops and porous particles

Guobiao Mo and Ashok S. Sangani

Department of Chemical Engineering and Materials Science, Syracuse University, Syracuse,

New York 13244
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A method for computing Stokes flow interactions in suspensions of spherical objects is described
in detail and applied to the suspensions of porous particles, drops, and bubbles to determine their

hydrodynamic transport coefficients.

I. INTRODUCTION

The problem of computing Stokes flow interactions
among randomly placed particles has been treated by a
number of investigators.'™'! In particular, Ladd®!! has de-
veloped a method based on multipole expansion that ac-
counts for these interactions quite accurately. While, in
principle, his method can be extended to treat nonrigid
spherical particles as well, this has not been done to date.
The purpose of this paper is to present a method we have
found suitable for determining the Stokes flow interactions
among spherical objects (drops, bubbles, porous or
charged particles). Although this method is also based on
the multipole expansion, the details are quite different from
those of Ladd’s method.

The Stokes flow interaction problems can be generally
classified into two groups. The first corresponds to deter-
mining the macroscopic quantity of interest given the spa-
tial and size distribution of particles, and the second to
determining the microstructure of the suspension for a
given macroscopic (or imposed) flow and the microscale
physics. Naturally, the second group of problems are com-
putationally more intensive as one must carry out dynamic
simulations which involve solving for interactions among
many particles tens of thousands of times, and it is desir-
able therefore to devise efficient numerical methods, per-
haps at the slight expense of accuracy, in determining the
interactions among the particles. For this reason, and be-
cause of the poor ability of the method of multipole expan-
sion to account for lubrication forces between closely mov-
ing particles, Brady and co-workers®® have devised an
ingenious approximation to the many-body resistivity ten-
sor in terms of a far-field many-body mobility tensor in-
verse and a close-field pair-additive resistivity tensor. Since
the problems falling in the first group can now be solved
with a modest computational effort, the method described
here is particularly aimed at solving these problems. In a
companion paper, we present an alternative to the method
used by Brady and Bossis for incorporating the lubrication
effects.

ll. THE METHOD

Let us consider Stokes flow around N spherical (rigid
or otherwise) particles placed within a unit cell. The entire
medium consists of periodic extensions of this cell. The
method of multipole expansion starts with the Green’s
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function u}¥ for the Stokes equation, which corresponds to
the spatially periodic solution of the Stokes equation with
point forces at the lattice points of the periodic array, i.e.,

(nV2uf —3p*) (x) =3,0%= X FS(x—xy), du*=0,
XL

(1

where x;, denotes the lattice points, F; the force, of; the
stress tensor, and p* the pressure in the fluid. Throughout
the paper, we shall use the Einstein summation convention
and an abbreviated notation for partial differentiation.
Thus, 8;=3/dx;, 3%;;=8*/9x0x;, etc. A solution of (1) is
given by'?

uf(x)=dw;(x), v;=88;—0"S,, (2)
P*(x)=nd;(4nx;/T7—3;S1), (3)
with A;=—F;/(4mn), and
S,(x) ==(:i:;ﬂ kéo k™ ¥mexp(—2mik+x),
m=1,2. 4)

Here, 7 is the volume of the unit cell and k the vectors in
the reciprocal lattice.

Now an infinite number of spatially periodic solutions
of the Stokes equation are generated by successive differ-
entiation of the Green’s function given by (2) and a gen-
eral solution to the Stokes equation is obtained by super-
position. Since the velocity is regular at all points in the
fluid, we must superimpose these solutions such that the
singularities are all inside the particles. Thus, we write the
general solution as

N
u(X)=UF (%) + 2 M Goy(x—x%), (5)

where U is the imposed macroscopic flow, and .#% the
differential operator given by

MG =AF+ BBkt Cdirt - (6)

The constants A‘}‘, B‘j’.‘k, etc., are referred to as the force
monopole, dipole, etc., and are to be determined from the
boundary conditions on the surface of the particle to com-
plete the solution. The above formal solution with a mod-
ified definition of .# j‘ in terms of irreducible force-

moments tensors has been used by Mazur and
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co-workers' and Ladd.>!! As evident from these studies,
the subsequent analysis can be quite cumbersome even for
the simple case of rigid particles due to the tensorial nature
of the force multipoles. Qur method departs from these
studies by redefining .#5 in terms of constants appearing
in the Lamb’s general solution'*'* for Stokes flow around
spherical objects.

The Lamb’s general solution around particle ¢ is writ-
ten as

o0

ui(x)= 2 [(cPVp+bap) +VX (rx%) + Vo2l
n=—co
(7)
with r=x—x% and
n+3 b —n g
i@’ iy ®

Here, p; is related to the pressure by p=n2p;, and p;,
Yo, and ¢% are the nth-order spherical harmonics. The
harmonics of negative order are singular at x=x% or at
r=0, and we express them by

)

Prar= 2 (P YP+ B Yr "

mm*n nm=n
m=0

(9
(4 . i 7% Y™ fa i}m —n—1
X—n—1= 0( nm n+ nm n)r ’
m=

with a similar expression for ¢ ,_, in terms of constants
@S and @), Here, Y, and Y, are the surface harmonics

Y™=P"(cosf)cos mp, Y™=P"(cosf)sin mg,
(10)

where P} is the associated Legendre function, and 6 and ¢
the spherical polar angles measured with respect to the
coordinate system centered at x* with the x;-axis as the
polar axis. Since the leading singularity due to a point force
corresponds to n=—2 in (7), the term with n=—1 must
be discarded from (7) except for ¢_,, which must be re-
tained whenever the particles act as a source or sink of
fluid, e.g. in applications involving a phase change at the
boundary of the particles.

The harmonics with non-negative #n are regular at
r=0, and we write

= n

2 2 (P

n=0 m=0

—l ar__ +Pa Ym)rn,

mnm=n

an
(1)

with similar expressions for ¢*" and y,” in terms of
D07, CD‘” and TS, T“’ , respectively. Now most bound-
ary condltlons on the spherical surfaces can be applied
readily to the velocity field given by (7) to obtain a set of
relatively simple expressions among the 12 coefficients
P, P, etc., defined above, and thus the main problem
we need to address here is the relations between these co-
efficients and the constants that appear in the differential
operators such as (6).
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The singular terms in (7) can arise only from the sin-
gularities in v;(x—x%). As r=|x—-x%| -0, S;—1/r, and
S,—const+r/2 (see Ref. 12), and therefore, the singular
part of v;; is

vt =8yr ' =85 (r/2) = (rir;+P8y)/ (21°),

the Oseen tensor for the flow due to a point force in a fluid
at rest at infinity. The derivatives of this tensor as required
by (6) are rather complicated to evaluate and, therefore, as
mentioned earlier, we modify the definition of the differ-
ential operator. In particular, we shall redefine .4 }“ such
that

M T =u, (13)
u* being the singular part of the velocity defined by the
summation over z from — o to —2 in (7).

To begin redefining the differential operator, we first
quote some results of differentiation taken from Hobson'®
and Sangani and Acrivos:'® '

D =R, Y

(12)

D= e [ B ¢4 Tl (14)
2n— #

@,’:’r_lz/lan,,mr“”—l,

Drr=5"0 e [ N G4 T (15)
where

A= (—1)2=m21=m ()1, (16)

D=3 By D7=07"A s (17)
with

A,=3+37, RA,=i[dr—a"],

§=xytixy, N=x3—ix;. (18)

The reason for using such awkward looking differential
operators is that, when operated on r~!, they produce a
single spherical harmonic. In contrast, a differentiation of
r~! with the nth term in (6) will, in general, produce a
sum of n— 1 harmonics.

Since the differential operators 27 and 9™ are lin-
early independent from the Laplacian operator, and since
vy is blharmomc, we separate the Laplacian component,
say, 4 iV from the rest of the differential operator
# ;. Now using the relations 12

V2$,=Si, V2S1:41r('r_‘— Escx—x,_)), (19)

Xj
we see that, inside the fluid, VZv;;=4n7"'5; —82,-j5'1, or
M V2v,! — M ; Ly, ;#51 plus a constant. In view of the
above then, we rewnte (5) as

N
ui(X) =uf® (x) + 21 [95(8,8,—8S2) (x—x%)
+ 7798, (x—x)], (20)
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where #'=—3d; 4 jL . There is a slight difference between
U defined in (5) and %;° in the above expression that
arises because of the constant term in V2S;. The exact
relationship is derived later [cf. (69)]. The differential op-
erators I * and #° are given by

Z [ jnmjm G;z J;n]

0 m=0

Ivis

a
gj__
n

1

(21)

we= 3 X [HLDTVHE,

n=0 m=0

am.

The number of unknowns in the formal solution (20)-
(21) is more than the minimum necessary as can be seen
by comparing it with the Lamb’s solution (7). This is be-
cause some of the terms in the operator ¥ ¢ are linearly
related to the others through the equation of continuity.
Thus, our first task will be to reduce the unknowns by
expressing &% in terms of the coeflicients of the singular
terms in (20) at x* More specifically, we rewrite (13) as

up'=G W+ !

2

Fe

-3

n=—co

[(en?VDa+burpy) + VX (rx7) + V3]
(22)

To determine the form of &¢ that satisfies the above re-
quirement, we shall decompose it into two parts %7 and
%P with the former giving terms when operated on v“}j
that correspond to those containing the poloidal compo-
nents yy in (22) and the latter to p);. Finally, the operator
J* will be chosen such that the remaining terms corre-
spond to ¢7.

We begin with the determination of ¢*”. Since y§ is
the only part of the velocity field related to the radial com-
ponent of the vorticity, we first determine the vorticity in
the fluid by taking the curl of (20):

N

o(x)=VXu®(x)+ 2 (VXZS;(x—x%). (23)
a=1

The singular part of S| is 1/r and therefore we define
%7 via

—2

goTp-1= Y vX(ryd).

n=—c0

(24)

Substituting for yo from (9) into (24), using
Yot~ " 1=A712™ 1 [cf. (14)], and comparing the re-
sulting expression w1th (21), we find that

goT= % X A lm[-T%,D7"+T%,3"7]. (25)

n=1 m=0

In a similar manner we determine the other two compo-
nents of & ‘J’-"T:
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=2 2 A;,;((n—m)(wamo)

n=1 m=0

tag

~ o nt+m
X (T @ =T, D) == (1=80)

X(Ta gm I_Tzz Qm 1)) (26)
T~ 21 Z A,,m((n m) (148 ,0)

X(Tu gm-{-l_l_Ta gm+1)_ (1_ m())

X(Tgm@;"—'+fgm@;"-‘)). (27)

Now we proceed to determine & %% by matching the
singular terms related to the pressure. Substituting (20)
into the Stokes equation [cf. (1)], and integrating, we ob-
tain the following expression for the pressure in the fluid

N
px)=n X [x: F°V2 | (x—x*) V- I8 (x—x],
a=1 (28)

where we have assumed that VZu® =0, as is usually the
case. In writing the first term on the right-hand side of the
above equation, we made use of the fact that V2S, is con-
stant for all points in the fluid [cf. (19)] and thus this part
contributes to an overall pressure gradient. Now, since
V- 99Tp~1=0, we choose ¥%* such that —V-Z %!
corresponds to the singular part of the pressure near par-
ticle a:

VG-l Y

n=—co

(29)

This and the requirement that the radial component of

VX Z%Pp=1 must vanish are satisfied if we choose
© n 1-=2n -
o, P —1 m m
gufrl= 3 3 oy VP B Y4 P Y1
(30)

Now substituting (21) into (30) and using (14)-(18), it
can be shown that the suitable definition of $%% is

2 & (n—m)(n+m)

egax,l’ e
1 ngl ZO n(2n— 1)Anm

X [Py

+BE T, (31)

ap o0 n
g3 g g T yA 4(1+8m0) (n—m)
X(fl-—m—l)(P,;lm@m +szgm+l)_(1_ mO)
X (n+m)(n+m—1) (P, D" + P2 Fm-h),

(32)

G. Mo and A. S. Sangani 1639



GPP— 21 >

1
=0 m [4(1+6m0) (n—~m)

X (n—m—1) (P, DT+ P2 D7) 4 (1—8,)

X (n4+m) (n+m—1) (P2, P2 G h].
(33)

Finally, we determine the operator 5™ by comparing

the terms proportional to »~!="¥7 in the radial compo-
nent of the singular part of the velocity, i.e., in

reu®=r-[G9 1 _V(Z*-V(/2)—#Y].
(34)

From the definitions of ¥*7 and ¥ *%, given respectively
by (25)-(27) and (31)—-(33), it can be shown that

o n
V- I%=~ ZI ZO ’1;»: P:m'@;n‘i'szgt’?
n=1 m=

(148,0)(n—m)(n—m—1)
o 2n(2n—1)

~ 1
X(Prp Dy s+ By @ )V —5 (n—m)

><(flr::m 7 r’ln—l_'T(:m ;zn—-l)v2]' (35)
Substituting the above expression for V+ ¢ into (34), us-
ing (14)-(18), and comparing the resulting expression
with the singular part of the Lamb’s solution (22), we
obtain

’

(36)

H‘:m=/1;m‘[<1>“

__ntam _1+5mo _1 fa
e 2(2n+3) 2

n+2 n+1,m

37)

~ ~ 1
_ -l pae ___nt2m _ " a
HZ'"_)‘"'"[ nm 2(2n+3)(1 n+2)+2 Tt tm

This completes the determination of the differential oper-
ators in terms of the coefficients of the singular terms in the
Lamb’s solution [cf. (22)]. The next major task is to de-
termine the relations between the coefficients that appear in
the regular part of the Lamb’s solution and those appear-
ing in the general solution (20) with & and 5% defined
above. The part of the velocity regular near x* is

ar__ a,s
u =u—u;

= 2 [(eVpG-+bupl) + VX (xx) + V71
| (38)

The constants appearing in the above expression are re-
lated to certain derivatives of #{" evaluated at x* To de-
termine the relation we use the method employed by San-
gani and Yao!” which makes use of the following result for
differentiation of spherical harmonics:®
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27 m)
(n—k+m+D! 7Y

(=)~ 'n4m)
tokrm=i Yok (39

DY) =

where, in evaluating the Legendre polynomials with nega-
tive order, we should use P, "= (—1)"P7, and P'==0 for
m > n. Using this result it is easy to see that when (11) is
operated by 2 and the result is evaluated at #=0 only the
term with Py in it will survive. Thus, we have

Py "=n"" e D 1™ (0), (40)
where p®” is the regular part of pressure at x* and

(=
= 1+ 8p) ket D!

Thus, for example, substituting for the pressure from (28)
into (40) we obtain

(41)

N
P =ey 2 [DLx+FGV2—V-F7)]S|(x*—x").
=l (42)

Here, the derivatives of S, must first be evaluated with
respect to x—x? followed by the substitution x=x* For
a =Y, the derivative of only the regular part of Sy, i.e.,
S 1/r, at r=0 must be evaluated as the singular part has
already been removed [cf. (38)]. In what follows, it will be
understood that all the derivatives of S| and S to be eval-
vated correspond to the regular parts of these functions
whenever a and y are the same.

The expression for P is obtained by replacing &% in
(42) by @

The above idea can be extended to evaluate the regular
parts of y and ¢ also. Thus, we note that the scalar product
r- 0%, " being the regular part of the vorticity at x* [cf.
(23)], satisfies the Laplace equation and, therefore, using
(39) we obtain

k(4 DT = (1 0% =@ 4(r-0*) (0),  (43)

where the subscript 4/ in the second term stands for the
coefficient of 7Y% in the solid spherical harmonic expan-
sion of that quantity. The first equality in the above ex-
pression is obtained from (38) by using the appropriate
properties of poloidal fields (see Appendix III of Ref. 18
for details), while the second equality is obtained from the
use of (39). Once again the expression for T73; is obtained
by replacing 2% in (43) by Di.

To evaluate the derivatives required by (43), we make
use of the following identity valid for any arbitrary func-
tion f obtained by using the simple chain rule of differen-
tiation and the definitions (17) and (18):

Dir+£)(0)= (k=D _,f1(0)
1 .
+5 (DN -ZI 0], (44)

G. Mo and A. S. Sangani



gi(r ) (0)= (k—l)g’frc_ 1f1(0)

I .
+5[DNAO+DINSO)] (49
Now the Cartesian components of the vorticity can be eval-
uated with the use of (23), and substituting them into
above expressions, we obtain formulas for evaluating T3}
and T3 as presented in Appendix A.

We follow the same procedure for evaluating the reg-
ular components of ¢,,. These are related to the coefficients
of solid spherical harmonics in y=r-u®". Since ¥ is bihar-
monic and regular at origin, we write its expansion in the
Legendre polynomials as

L k
= kzo [20 [(gk1+r2hk1)rky‘§c+ (§k1+'2i;k])’jci;;c].
- (46)

By comparing the above expression with the Lamb’s solu-
tion, we see that k®% =g, and k% =gy,. Taking Laplac-
ian of (46) and using (39) we first obtain an expression for
Ay Upon substituting for 4, into (46) and using (39) and
similar formulas for differentiating rzY;” from Ref. 16, we
then obtain

€rt
hu= %46 +6@ V(0 gu
(k—-D(k—1-1)
= Ph=C gy k¥ YO,
(47)

where C equals zero for k—7<?2 and unity otherwise. Once
again the expression for gy, and A, are obtained by replac-
ing & in (47) by D.

Detailed expressions for evaluating the regular parts of
¢ are also given in Appendix A.

I1l. BOUNDARY CONDITIONS

One of the aims of the present study was to write a
general purpose computer program for determining Stokes
flow interactions in a variety of problems differing only
through the boundary conditions at spherical surfaces. The
formulation of the general solution in terms of constants
appearing in the Lamb’s solution is particularly suitable for
treating various boundary conditions at the surface of
drops, bubbles, charged particles, etc. The general meth-
odology is to write the suitable expression for the velocity
field inside the particles in a series of Legendre polynomials
and then to combine it with the Lamb’s solution for veloc-
ity outside the particle to obtain a set of equations satisfied
by the regular and singular coefficients of the Lamb’s so-
lution. The result can then be recast into the following
generic form in most cases:

por (4 1a P @ o pae
ltm+n(2n_1)(2n+l)j‘fl nm+2(2n+1) nt nm nm
(48)
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2 na2n+3

P — 2(2n+1)gs”p:’” (n+1)(2n+1)(2n+3)gr”P:’zm
=%, (49)
Te 4o T =T%e, (50)

where a is the radius of the particle @ and f, g, and #’s the
coefficients that depend on the boundary conditions. For
rigid particles with no-slip boundary condition, these coef-
ficients are unity and (48)—(50) reduce to the expressions
given in standard texts (e.g., Ref. 14). The constants with
the superscript oo appearing on the right-hand side of the
above equations depend on the translational and rotational
velocities of the particle a. In problems involving charged
particles surrounded by a thin, polarized double layer, or
drops moving under thermocapillary effect at low Ma-
rangoni numbers, the above constants also depend on the
solution of electric potential or temperature around the
particle.”” We hope to carry out dynamic simulations of
some of these systems in our future work; in what follows
we shall illustrate the application of the method by deter-
mining the transport coefficients of suspensions of drops
and porous particles.

A. Porous particles

Porous particles are used as a model of macromole-
cules, catalyst pellets in fixed bed reactors, and supports
used in immobilizing proteins in bioreactors. The question
of determining the proper equations governing the flow
inside the porous particles and the boundary conditions at
the interface between the clear fluid and the porous particle
has been addressed by a number of investigators.’>* A
review of this may be found in Refs. 22 and 23. We shall
assume that the pore size b characterizing the porous me-
dium is small compared to the radius a of the particle.
Then, on the length scale of @, the flow inside the particles
is generally well described by the Brinkman equation:

1 1
%ajaij=V2u—% Vp=B"*(u—v*), V.u=0, (51)

where B’2 is the inverse of Darcy permeability of the po-
rous medium, u the pore-ensemble-averaged velocity in the
medium, and v® the velocity of the rigid skeleton of the
particle given by

v=U*4+0*Xr, (52)
U” and 0 being, respectively, the translational and rota-
tional velocities. We shall treat 8=/3"a as an O(1) quantity
in the present study. This and the condition b/a<1 are
satisfied for particles whose porosity is close to unity. The
effective viscosity 7 of the porous medium can then be
taken to be the same as that of the fluid, i.e., =7 (see, e.g.
Ref. 24).

The solution for the flow inside the particle satisfying
(51) is

G. Mo and A. S. Sangani 1641



it 1
u(e) =vi(r)+ 2 | =g VP VX (ry,)
+vxv><(r¢,,)}, (53)

where p%, is related to the pressure by p=73p7, and
Vii=0, Vixi=B%:. V=B (54)
The boundary conditions at »=a will be taken to be the
continuity of velocity and traction. In the present case, i.e.,
the solenoidal velocity fields, the Newtonian stress tensors
with equal viscosities, and the spherical geometry of the
boundary, these boundary conditions can be shown to be
equivalent to the continuity of u,, d,4,, afu,, o,, 8,0,, and
p. Here, o, is the radial component of the vorticity. Now
expressing the solution of (54) for p in terms of the regular
spherical harmonics and that for y and ¢ in the modified

spherical Bessel functions and applying the boundary con-
ditions yield (48)—(50) with

s 2n—1 nQ2n—1)(2n+1)
fr=pe®m T DB (59)
2 2(2n41)
2n4+3  (2rn+1)(2n+3)
&=l ®mT B ’ (57)
KE=[1—Q2r+1)G, (BB 1" L (58)

Here, G,(B)=i,(B)/iy_1(B), i,(B)=(1/2B)"I,,1/(B)
being the modified spherical Bessel function (p. 443, Ref.
25). In the limit 8- «, i.e., vanishingly small permeabil-
ity, all of the above coeflicients approach unity and the case
of rigid particles is recovered.

B. Drops and bubbles

For fluid particles with a viscosity 7 and a uniform
surface tension, the usual boundary conditions are the con-
tinuity of the velocity and tangential stress together with a
jump in the normal stress specified in terms of the interfa-
cial tension and the local curvature. We shall consider only
the limiting case of large interfacial tension for which the
deformation of the particle is negligible. In this limiting
case, we must discard the normal stress difference bound-
ary condition and instead require that the normal compo-
nent of the fluid motion at the boundary be the same as the
projection of translational velocity of the drop along the
normal vector. These conditions subsequently lead to
(48)—(50) with the following definitions of f, g, and A:

1+87!

S = TF BT (59)
2

Sr=o= gy (0
g1

- (61)

=142~/ (2n+ 1)’
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poigpo L (62)
" B-D(n-1"

Here, B=1j/7 is the viscosity ratio of the two fluids. Once
again, all of the above constants approach unity as f— «,
and the case of rigid particles is recovered except for the
n=1 equations in (50). The motion of rigid particles is
specified by its translational and rotational velocities
whereas that of drops and bubbles by the translational ve-
locity alone. Consequently, it can be shown that the equa-
tion with =1 in (50) can be discarded from the entire set
of equations. For rigid particles, this equation is important
only in determining the rotational velocity of the particles
when the torque applied to the particle is specified.

IV. EXPRESSIONS FOR FORCE, TORQUE,
STRESSLET, AND AVERAGE VELOCITY

The average properties of the flow are related to
u”(x). To compute the average velocity, we simply inte-
grate the velocity at all points in the unit cell and divide by
the volume of the cell. Thus, we have

*r<u[>..-J-u,dV+ z Va(up’ —u)dV, (63)

where 7 is the volume of the cell, V* the volume occupied
by particle , and #9* the velocity inside particle a. The
velocity u; inside the particle will be defined to be the an-
alytic extension of the velocity field outside the particle as
defined by (5) or (20). Note that this quantity is singular
at the particle centers and must, therefore, be treated as a
generalized function in performing the integration. Also, it
should be noted that in the case of porous particles u?* is
the pore-averaged velocity of the fluid and not the velocity
of the rigid skeleton.

For the purpose of evaluating various averaged quan-
tities it is more convenient to use the expression (5) for
u. Once the expressions for the quantities of interest are
determined in terms of the constants appearing in (5) and
(6), we relate them to the quantities such as P, that
appear in the formal solution (20). Now when u; and
u?® are both solenoidal, we can use the identity
3;((u j—u';’-’“)r,-) =u;—uP* and the divergence theorem to
convert the volume integral in the second term on the
right-hand side to a surface integral. This integral therefore
vanishes for all the problems in which the normal compo-
nent of the velocity is continuous across the surface of the
particle, and we thereby obtain (u;)=U}". Note that in
obtaining this result we have used the fact that while ; is
itself singular at the center of the particle, its divergence is
not. This is not true when there is a net source of fluid
inside the particle, e.g. in applications involving a phase
change at #=a. The above result, i.e., {u;) =U;", however,
holds even in such situations since the contribution from
the singularity in the divergence of u; at »=0 is then bal-
anced by the jump in the normal velocity at r=a.

The force on each particle may be evaluated once again
by using the analytic extension of the stress in the fluid to
that inside the particles. Thus, we have
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Here, S” is the surface enclosing particle o and 7, the unit
normal outward vector on this surface. The last equality in
(64) was obtained by making use of (1) and (6).

To compute the stresslet and torque, we use

A;’}_-——_ fsa X0 iy dA

= f (0ji+x0r0)dV = f 0y dV+41mB?j,
Va V(Z
(65)

where, in obtaining the last equality, we have made use of
the results on integrals of generalized functions [note that
from (1), (5), and (6), 9x0 = -—41777%‘]’.‘6(){—1:“)]. The
volume integral term on the extreme right side of (65)
does not contribute to the stresslet or torque, which are
given by

1 2
SZEE (A;}—I—A?i—"s‘ 6,'1'A‘/:k) /]

2
X fs" (u,nj+ujn,—§ 6,~juknk)dA

—2my( B+ BY), (66)
f?EE[jkA‘jxk=4ﬂ"Y]€[jkB7k. (67)

The above results can now be rewritten in terms of
P, etc. The difference between #° (x) and U;° (x) arises
because the term with the operator 5 in (20) is not en-
tirely derived from the Laplacian of v in (5). It may be
recalled that we chose #=—3d;.4 ]IfVZ plus a constant.

Thus, we have
jfaaxsl=(moajl+H?16j2+ﬁ715j3)aijsl+"'
= (QHS 1+ H8 1o+ H 8 13) (4/78,;— Vyp)
TR (68)

with the dots representing the higher-order derivatives of
S. In deriving the above expressions we have made use of
(19) and the relations 29=23,, Z1=9,, and P '!=49,.
Combining (68) with (5) and (20), and using (63), we
obtain

o Y 4 - 77
(uy=Up =u; + 21 (2H{od1 + HY 165+ HT163).

(69)

In a similar manner, we can identify the first few terms in
(20) with those in (6) to obtain

Fi=—dmqPl, Fi=4mnPi, Fi=dmnPy,,  (70)
Lim—mlly Li=smiTh L5=smTh,
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o __4mn
1=——3"F30>

3 SH=2mnPy, Sp=2mP5,

o = b (Ph/6—P), SH=—4mmP, (72)

S33=4mn(Pro/6+P5,).

The above expressions can alternatively be derived from
the form of Lamb’s solution around each sphere with the
formulas given by Kim and Karrila (Sec. 4.2.2 in Ref. 26).

The mean pressure gradient in the medium is related to
the first term on the right-hand side of (28) and is given by

N
Hpy =13

T «a

- 1 ¥
 (Piodn—Pfidp—Phds) =—7 2 FY.
(73)

For fixed beds of rigid or porous particles a quantity of
interest is the overall permeability which relates the mean
flow to the mean pressure gradient. For isotropic beds, this
is characterized by a scalar k defined via

n{u) =—kV{p). (74)

Defining the nondimensional drag F by <(F)
=6mna{u; F, the overall permeability is related to the av-
erage drag force by '

94?

k=3F

(75)

where c is the volume fraction of the particles.

In fixed beds of porous particles another quantity that
is important is the magnitude of the average flow inside the
particles. Integrating (51) over the volume of the particle
a, applying the divergence theorem, and using the fact that
the traction is continuous at r=a, we find that

a_ . avp 3(F)  9F(uy)
(U —v?) =tmmaB = 25 (76)

where the superscript p above the averaging brackets refers
to the average over the particle phase. Thus, the calcula-
tion of the average force, or equivalently, the pressure drop
in the bed of porous particles also yields the estimate of the
fluid velocity inside the porous particles.

The effective equations for the suspensions of porous
particles can be derived using the method of ensemble av-
erages. Thus, writing d;0;;+ f;=0, with the force density
Jfiequal to pg; for a point lying outside the porous particles
and 1B’%(u;—v;) inside the particles, the ensemble-
averaged momentum equation for the suspension is

3{ay) + (1—c) pg;+{ f}?=0. (77)
Here, p is the density of the liquid and g; the gravitational
acceleration. Note that the gravitational force inside the
porous particles does not appear explicitly in the above
equation. The quantity { f;)? is given by
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(FyP(x) = L Fisx—s)n(x—s)dV,

=n(x) f fi(s,x)dV;
s<a

n(x)f s s, XAV, +
s<a (78)

where f;(s,x) is the conditionally averaged force density at
x+s with a particle fixed at x, and #(x) the number den-
sity of the particles at x. In writing the second equality, we
have made use of the Taylor series expansion of the inte-
grand around x. When the macroscopic properties vary
slowly, the remaining terms in the expansion represented
by the dots can be neglected and the averaged momentum
equation (77) reduces to

3%+ (1—c) pgi—c(F) =0, (79)

where (F;) is the average hydrodynamic force on the par-
ticle and Z;; the effective stress in the medium given by

2= <0’ij> —n f

<

d
—c'bcj

s;fidVs. (80)
a
Note that the effective stress in this problem differs from
the volume-averaged stress {(o;;). It is now easy to show
that the deviatoric part of the last term in the above equa-
tion is related to the average stresslet so that the effective
stress can be represented for isotropic suspensions by
means of a scalar effective viscosity

n*=1n(1+nS), (81)

with (S;;) =2Se;;, ¢;; being the rate of strain tensor. Fi-
nally, by considering separately the momentum equation
for the rigid skeleton of the particle, it can be shown that
the sum of (F;) and the gravity force (p,—p)g;V, must
equal zero, so that the last two terms on the left-hand side
of (79) can be combined to {p)g;. Here, p, is the density
of the fluid-saturated porous particles, ¥, the volume of the
particle, and {p) = p+ (p,— p)c the average density of the
suspension.

V. MISCELLANEOUS DETAILS

Equations (48)—(50) represent a set of linear equa-
tions in unknowns T, P5,., ®5, and the corresponding
quantities with tilde. Note that the regular coefficients
T, etc., are related to the above via the relations given in
Appendix A. This infinite set of equations is first truncated
to a set of finite equations, and the resulting equations are
solved to determine the coefficients and hence the various
transport properties. The truncation is based on an analysis
of the equations for the special case of well-separated ar-
rays for which the distance between any two particles is
much greater than the radius of the particles. This analysis
suggests that (48) should be truncated to n<N,, (49) to
N,—2, and (50) to N,—1. The unknowns P,,, (or P,,)
should likewise be truncated to N, T, to N,—1, and
@, to Ny—2. This results in a total of (3N§-1)N un-
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knowns for N,;>2, and 3N for N,=1. The basis for such a
truncation can be understood from the details of the anal-
yses of dilute periodic arrays (Refs. 12 and 16). For con-
centrated arrays, of course, there is no guarantee that such
a truncation scheme will always produce successively bet-
ter estimates as NNV, is increased, but the experience with a
number of calculations of this nature has shown the
scheme to be successful in most cases. In computations, we
make one further modification to (48)—(50) and replace
the unknown ®% by d’¢FP%,/(2(2n+1))+®,%. This
improved the convergence properties of the numerical
scheme. It may be noted that, with g{= 1, this is equivalent
to replacing the leading Stokeslet term 4 ,v;; in the formal
solution by A4 ;(14 (a%/ 6)V2)v,-j corresponding to the flow
past an isolated sphere of radius @, or, equivalently, replac-
ing the point force at center with a uniform distribution of
force density at the surface of the sphere.

The computer program for Stokes flow interactions
consists of three parts. The first part is concerned with the
evaluation of derivatives 275, (x*—xY), etc. There are a
total of N(N—1)/2 pairs in the suspension, and for each
pair, the derivatives must be evaluated for n<2N,. These
derivatives are evaluated using the Ewald summation tech-
nique; the formulas for which may be found in Sangani
et al¥ Only the expressions for derivatives of S; were
given in that reference but those of S, can be evaluated in
a similar manner. For each pair, the total number of de-
rivatives to be evaluated equals (2N,+1)(2N,+2). At
present, this is computationally the most intensive step.
The second and third parts of the program consist of set-
ting up the coefficients of a matrix whose size is
N,= (3Nf— 1)N and solving the resulting set of linear
equations. The time for setting up is negligible while that
for solving is typically no more than 20% of the first part.
The overall computations roughly scale as Nsz.

VI. RESULTS

We shall present results for permeability, sedimenta-
tion velocity, and effective viscosity of suspensions of drops
and porous particles. The hard-sphere random distribu-
tions were generated using a molecular dynamics code.
The results for random arrays were obtained by averaging
over 20 configurations with the same volume fraction ¢ of
particles, except for few cases for which we carried out
calculations with 100 configurations to compare our results
with that of Ladd!! who obtained the corresponding results
for rigid particles. Since the hard-sphere distribution un-
dergoes a phase transition at higher ¢, the calculations for
these random distributions were limited to ¢<0.45. In
many fixed bed operations, ¢ of interest is closer to 0.6, and
therefore additional calculations were made for randomly
packed stable arrays of spheres. The computer program for
generating such stable arrays developed recently by Pro-
fessor Goddard’s research group was used for this purpose.
The details of the algorithm may be found in Ref. 28. Once
again, the results for the packed arrays were obtained by
averaging over 20 independent configurations with
¢=0.611.
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TABLE 1. Convergence of numerical results for the viscous drag ratio
F/Fy with N,.

TABLE II. F/F, as a function of ¢ and § for the random arrays with
N=16.

c N, ANB w0 50 20 10 5 1 0.1 c\B 0 20 10 5 1 0.1
2 10439 — 9.482 7.531 4.478 1.229 1.00236 0.1 2.8 2.6 2.34 1.95 1.115 1.00127
3 22952 — 15105 9.564 4.782 1230 1.00236 0.25 7.1 5.7 4.52 3.05 1.177 1.00188
0.45 4 25815 — 15974 9.795 4.809 1.230 0.35 142 10.0 7.01 3.98 1.210 1.00218
5 27226 — 16319 9.875 4.817 0.45 28.1 16.5 9.9 4.82 1.230 1.00236
6 27.850 — 16430 9.896 0.611 107 34.5 15.4 5.93 1.249 1.00253
7 28.099
2 9.89 1035 1032 8.79 5.179 1.2479 1.002526
3 5223 4325 28.33 14.45 5.859 1.2485 1.002526
4 6857 5325 3156 14.99 5.901 1.2485 In Table I N, represents the order of force multipoles re-
061t 35 8202 59.98 3327 1523 5919 tained in determining the average property. Thus, for ex-
6 92.71 64.34 34.11 15.33 5924 . 5
7 100.27 66.85 34.48 ample, N;=6 corresponds to keeping up to 2° force mul-
8 10379 67.78 tipoles in the formal solution for the velocity. As
9 105.19 68.06 mentioned in the previous section, the total number of

A. Porous particles

Table I shows the convergence of the numerical results
for the average drag force per particle in fixed beds of
Brinkman particles. The force on an isolated Brinkman

particle nondimensionalized with the Stokes drag
6mnaU®™ is given by
1
Fo=—, (82)

1
with f{ given by (55). This force, which has been obtained
previously by Debye and Bueche? and Felderhof,*° is plot-
ted in Fig. 1. Note that in the limit of small and large S,
Fy is given, respectively, by

2 4
Fo=§Bz(1—E BZ+O(B4)) (B-0), (83)
and
Fy=1-B"'4+0(B"Y) (B-w). (84)
1.0_ T T T T T 1T 7 T TTTT7 T 3
0.8 E
0.6 &
Fo 7
0.4 3 E
02
O.D: TS TTTTTY LIt B B e N s S R R D ]
0.1 1 10 100

FIG. 1. The nondimensional drag force F, as a function of B.
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multipoles per particle varies as 3Nf— 1. The number of
particles ¥ per unit cell is 16 for the calculations presented
in the table. Our results for rigid particles, B= w0, are in
very good agreement with those reported by Ladd (pp., in
his study equals our ¥;—1). For ¢=0.45, his results with
N,=7 are about 1.5% greater. This slight difference re-
sulted from using only 20 configurations to determine the
averaged drag force; in fact, upon repeating the calcula-
tions with B==o over 100 configurations we found the
perfect agreement with his results. In view of the additional
parameter 3 in our problem, we continued to use only 20
configurations for averaging. It is interesting to note that
the effect of ¢ is negligible for B<1. The calculations for
¢=0.611 converge slowly, and since the number of simul-
taneous equations to be solved increase rapidly with V,, we
have carried out calculations only up to N¥;=9. Calcula-
tions were made for a single configuration up to N;=11,
and it was found that the increase was about 29%. Based on
this calculation, and with the convergence tests on the
body-centered cubic arrays with N=1 for which it is pos-
sible to carry out calculations to much higher N, we ex-
pect the result with N,=9 to be lower and within about
5% of the actual result. The accuracy for smaller 8 should,
of course, be much better.

Table II gives the values of F/F, for several different ¢
and f. These results were obtained with ¥ =16. The effect
of finite N on the average force calculations has been ex-
amined in detail by Ladd'! who found it to be generally
small. For example, at ¢=0.45, the force ratio varied from
28.6 for N=16 to 28.2 for N=108, a difference of about
1.4 %. The velocity disturbance caused by a single particle
is screened by the Brinkman term in the one-particle con-
ditionally averaged equations, and this is mainly responsi-
ble for the small observed dependence on N.

The Carman—Kozeny>"*? relation

F 10c¢
Fo(1—o) (B=w), (85)

is known to predict the force on packed beds of monodis-
persed nonporous particles quite accurately. It is interest-
ing to note that, with ¢=0.611, this relation gives
F/Fy=104, in excellent agreement with our estimate of
107.
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TABLE III. F/F, for the simple cubic arrays of porous particles.

N ® 50 20 10 1
0.05 2.5070 2.4414 2.3404 2.1737 1.1217
0.1 3.6424 3.4920 3.2636 2.9029 1.1531
0.2 6.7759 6.2855 5.5575 4.5085 1.1896
0.25 9.0623 8.2544 7.0673 5.4438 1.2020
0.3 12.064 10.774 8.8977 6.4789 1.2120
0.35 16.02 14.003 11.103 7.6091 1.2203
04 21.24 18.13 13.728 8.8188 1.2272
0.45 28.09 23.36 16.79 10.08 1.2330
0.5 37.00 29.90 20.29 11.36 1.2378
0.5236 42.1 335 22.08 11.96 1.2398

Since many practical applications of fixed beds involve
high ¢ values, we give in Tables III-V the corresponding
results for the three cubic arrays. It is possible to use
N,=15 since N==1 in these calculations, and thus the re-
sults presented in these tables are expected to be quite
accurate. Comparing these tables, we see that the drag
force on particles in a periodic array is generally greater
than that for random arrays up to about c¢=0.45. At
¢=0.611, the estimate for random arrays is greater than
that for the body-centered cubic array but less than that for
the face-centered cubic array. The results for the rigid par-
ticles are in excellent agreement with those available in the
literature, '8

Results for porous particles were checked against three
different asymptotes. The first two are based on the asymp-
totic analyses for large and small 8 due to Kojima and
Higdon.? These asymptotes apply at arbitrary c. The third
is the low ¢ asymptote for arbitrary S3.

-The high and low 8 asymptotes in Ref. 22 were deter-
mined for a single porous particle of arbitrary shape, but
their analysis can be readily modified to the present prob-
lem. When the particles are only slightly porous, 8% 1, the
use of reciprocal theorem together with the leading ap-
proximation for the velocity of the fluid at the particle
surface obtained from the integral equation representation
of Kojima and Higdon gives

F(c,B)=F(c,0)—AB7 Y, (86)

TABLE IV. F/F, for the body-centered cubic arrays of porous particles.

o\B 2 50 20 10 1
0.05 2.5697 2.5006 2.3944 2.2191 1.1243
0.1 3.7656 3.6080 3.3692 2.9902 1.1565
0.2 7.0416 6.5335 5.7847 4.6952. 1.1942
0.25 9.4441 8.6019 7.3808 5.6956 1.2070
0.3 12.657 11.289 9.3425 6.8170 1.2174
0.35 17.04 " 14.830 11.766 8.0672 1.2260
0.4 23.11 19.55 14.760 9.4459 1.2332
0.45 31.69 25.92 18.44 10.94 1.2392
0.5 44.02 34.58 22.93 12.53 1.2443
0.5236 51.7 39.7 25.35 13.30 1.2464
0.6 88.9 62.5 34.52 15.81 1.2522
0.611 96.4 66.8 36.01 16.17 1.2529
0.65 129.1 84.1 41.50 17.39 1.2551
0.6802 163 100.4 46.0 18.29 1.2566
1646 Phys. Fluids, Vol. 6, No. 5, May 1994

TABLE V. F/F, and A, for the face-centered cubic arrays of porous
particles.

B ® 50 20 10 1 A
0.05 2.5693 2.5002 2.3941 2.2189 1.1243 5.963
0.1 3.7646  3.6070  3.3683  2.9896  1.1565  11.52
0.2 7.0532 6.5409 5.7876 4.6951 1.1942 32.30
0.25 9.4901  8.6327 7.3955 56986 12070 5171
0.3 12,793  11.379 9.3858  6.8274 12174 8225
0.35 17.38  15.054 11.869  8.0916 1.2260 1313
0.4 23.91 2006 14977  9.4933 12332 2117
0.45 33.49 27.00 18.86 11.02 1.2392 347.4
0.5 47.97 36.77 23.67 12.66 1.2443 583.8
0.5236 57.4 42.7 26.30 13.45 12464 7534
0.6 107.7 70.8 36.45 1605 12522 1812
0.611 118.8 76.3 38.12 1642 12529 2070
0.65 170.5 99.5 44,28 17.68 1.2551 3360
0.6802 230 122 49.3 18.60 1.2566 4939
0.7 281 139 52.6 19.17 12575 6370
0.7405 432 180 59.2 2023  1.2591 10778
where

ll:@%(fﬂ"”“)’ (87)
where o is the vorticity, F the force nondimensionalized by
6ranlU>, and the angular brackets denote the average over
all the particles. The vorticity can be related to the un-
knowns P,,, etc., as shown in Appendix B so that it is
possible to obtain an analytical expression for A, in terms
of the force multipoles. Numerical values of A; for the
face-centered cubic array are given in Table V. The con-
vergence of this quantity with ¥, was found to be rather
slow and therefore we did not determine A; for random
arrays.

For highly porous particles, Kojima and Higdon
started with an integral equation representation for the
velocity in terms of the Stokeslet distribution at the surface
of particles and obtained a leading estimate for the force by
substituting in the integral equation the approximately uni-
form velocity distribution. Replacing the Oseen tensor in
their analysis for a single particle by v;;=S 16ij—82ijS2, the
tensor for periodic lattice, we obtain for the dimensional
force

Fi=na=BV, U —

U

nf'a=*
4 j

N
X z J‘ f vij(x_Y)de dVy, (88)
y=1 JV* J ¥
where Vp=4mz3/3 is the volume of particles, and x and
y are the dummy variables of integration inside the parti-
cles a and y. Now using (83) for Fy, the above result can
be recast to

F
—=1-1,8+0(B%.

T (89)

Details of evaluating analytically the integrals in (88) and
hence A, are given in Appendix B. For the simple cubic

array we obtain
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FIG. 2. F/F, versus B for a body-centered cubic array with ¢=0.45. The
solid line is the exact result and the dashed lines are the asymptotes for
small and large .

2
=7 [—1.7601c"+3c/5], (90)

valid for all c.

Figure 2 shows the exact numerical results for body-
centered cubic array with ¢=0.45 versus the two asymp-
totes. The large 8 asymptote is seen to agree well with the
exact results for 8> 30 and the small 3 asymptote for < 1.
Attempts at forming a composite expression based on the
above two asymptotes that will essentially reproduce the
entire exact results curve were not successful.

Finally, the analysis for small ¢ and arbitrary S follows
that of Hasimoto'? and Sangani and Acrivos.'® The final
result for a simple cubic array is

F, 17601 . fi+g; gl 1.3593\ |
=1— s C/—l— s C— i vl [
F Ji 21 5/ 13
1.3930(f;+&5) +1.1940 /%
fit By, on)
A3

which for the case of rigid particles agrees with that given
by Sangani and Acrivos. In the opposite limit of high per-
meability, the terms of O(c?) and O(c*?) can be shown to
be O(B*), and thus, the above expression is also consistent
with the low [ asymptote (89). The above expression pre-
dicts accurate values of F up to about ¢=0.2 for simple
cubic arrays.

It is of some interest to compare the exact results with
those predicted by the approximate theories such as the
self-consistent field approximation and the cell theory.?*3¢
Recently, Davis and Stone>* obtained estimates for the av-
erage force in fixed beds of Brinkman as well as Darcy
particles. In the self-consistent approximation, which the
authors referred to as the swarm model, the force is deter-
mined by solving the flow around and through the Brink-
man particle surrounded by a fluid cell up to a radius
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F/Fa

FIG. 3. F/F, versus B for ¢=0.611. The solid line is the result for the
body-centered cubic array, the medium dashed line for the face-centered
cubic array, pluses for the random packed arrays, the small dashed line
for the swarm theory, and large dashed line for the cell theory.

ac™'3, and an effective medium beyond this distance with
a permeability that is related to the force on the particle. In
the cell theory, the Brinkman medium beyond the radius
ac~13 is removed and instead the flow is required to offer
a zero tangential stress at r=ac~ > Further details and
the final estimates may be found in their paper. Figure 3
shows a comparison between the exact results for the pe-
riodic as well as random arrays at ¢=0.611 determined in
the present study with the estimates obtained from these
two approximate theories. We find that the estimates from
the cell theory are remarkably accurate.

We now turn to the problem of determining the effec-
tive viscosity n* of hard-sphere random distributions of
porous particles. For dilute suspensions the effective vis-
cosity is given by

n*=n[1+S(B)c+0(c?)], (92)

with S(B)=5/(2f3). This estimate of the effective viscos-
ity is in agreement with those given previously by Debye
and Bueche® and Felderhof.® In the limit of large and
small B, S approaches 5/2 and B*/10—B*/175, respec-
tively. :

Table VI shows the convergence of the effective viscos-
ity with N for ¢=0.45. The relative motion between par-
ticles gives rise to large lubrication forces in the case of
rigid particles, and consequently, large N will be required
to evaluate accurately the effective viscosity. Nevertheless,
our result with N;=10 for rigid particles is only 1.8%
lower than that obtained by Ladd who used the method of
Brady and Bossis to account for the lubrication forces ex-
plicitly. We expect our results for other 8 values to be even
more accurate. The results for other values of ¢ are given in
Table VII. These results were obtained with N=16. As
shown by Ladd, the effect of ¥ on the effective viscosity of
hard-sphere distributions is negligible. This can be ex-
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TABLE VI. The effective viscosity #*/% of random arrays of porous
particles with N=16 and ¢=0.45 as a function of N,.

N\B o0 20 10 5 1 0.1

2 3225 2.623 2155 1.613 1.04335 1.0004498
3 3.596  2.802 2225 1.624  1.04335
4 4165  3.004  2.285 1.631
5 4557  3.096  2.305 1.633
6 4.832 3135 2311
7 5.040 3.151
8 5.206
9 5.323

10 5.39

plained as follows. At small ¢, 7* is given by (92) for both
random as well as periodic arrays, and thus, the effect of
finite N is unimportant, At large ¢, the stresslet and hence
7n* is largely determined by the nearest neighbor distribu-
tion, which is generally well captured with a relatively
small N. Indeed, Ladd’s calculations with N varying from
16 to 108 gave an increase of only 1.8% at ¢=0.45. The
difference for smaller ¢ is even smaller, and, in some cases,
negative.

- As shown by Phillips et a.* and Ladd,'! the finite N
effect is significant for the sedimentation problem due to
the difference in the limiting behavior of dilute random and
ordered suspensions and due to the lack of hydrodynamic
screening in random sedimenting suspensions. To deter-
mine the finite V correction, we divide the suspension into
two regions: the inner region near the test particle which is
adequately modeled in our computations, and the outer
region of length scale /# in which the test particle has its
periodic images. The apparent viscosity of the suspension
on the outer region scale is the effective viscosity #*. The
flow induced due to periodicity in the outer region differs
from that due to random suspensions because of the incor-
rect force density distribution near the periodic images of
the test particle.’” More specifically, the difference in the
velocity induced at the center of the test particle in a pe-
riodic suspension and the random suspension equals

s _Fi f dV,[P(y]0) —P(y)1G;(y+x1)  (x17:0)
S ) 4 ' |
(93)

where y is measured from xy,, P(y) =n the number density
of the particles, P(y|0)=ng(y|0) the conditional proba-
bility density given a particle at xy,, F; the gravity force on
the particles, and G;;= (6,~j/s+sivj/s3)/2 the Stokes prop-
agator with s=y+x;. When /% is much larger than the

TABLE VIIL. The effective viscosity 1*/7 of random arrays of porous
particles.

TABLE VIIL Sedimentation velocity U/ U, for random suspensions of
porous particles. The values enclosed within parentheses are the extrap-
olated values for N=co.

¢c N\JB ®© 20 10 5
16 0.412(0.53) 0.442(0.55) 0.477(0.59) 0.553(0.65)
32 0.438(0.53) 0.468(0.56) 0.502(0.59) 0.576(0.66)
0.1 54  0.449(0.52) 0.478(0.55) 0.513(0.59) 0.586(0.65)
108  0.460(0.52) 0.490(0.55) 0.524(0.58) 0.596(0.65)
025 16  0.175(0.20) 0.208(0.24) 0.252(0.29) 0.353(0.39)
035 16 0.086(0.096) 0.116(0.129) 0.158(0.173) 0.264(0.281)
045 16 0.042(0.045) 0.068(0.072) 0.108(0.114) 0.213(0.220)

correlation length scale of the pair distribution function,
we may expand Gj; in a Taylor series around xy, and de-
termine the velocity correction using only the leading term.
On making use of the result that the sum of G;; over all the
periodic images in a simple cubic lattice equals v,fj(O) or
~1.1734a" ' (¢/N)6;;, and F=6manUy/f}, U, being
the velocity of the isolated particle [cf. (55) and (82)], we
find that the sedimentation velocity of the particle in the
limit N— o is given by

176017 [ c\ 3 c
Uleo) = U(N) 4y (—) S(O)Uo-l-o(—),

fim N N
(94)
where S(0) is the structure factor
S(0)=ndey[g(y|0)—1]. (95)

Note that ng equals a delta function at y=0. For the hard-
sphere dispersion, S(0) can be estimated from the
Carnahan-Stirling approximation:
(1-o)*
1+4c+4cr—4c+c*

S(0)= (96)

Table VIII shows the sedimentation velocity as a func-
tion of N for ¢=0.1. For each ¥, we enclose in parentheses
the estimate of U( e )/ U, obtained with the use of (94).
These estimates are essentially independent of ¥ justifying
thereby the above extrapolation scheme. The correction
obtained in this manner is slightly smaller than that ob-
tained by Ladd'' who argued that there is an apparent
reduction in the radius of the particles, rather than an
apparent reduction in the force on the periodic images by a
factor S(0). He estimated this reduction in the radius of

TABLE IX. The effective viscosity %*/7 of random suspensions of spher-
ical drops. 3 is the ratio of viscosities of the drops and the suspending
fluid.

o\B o 20 10 5 1 0.1 o\ B w0 10 1 0

0.1 1.313 1246 1.190 1114 10095 141.0001686x10~* 0.1 1.31 1.29 1.20 111
025 2201 1.813 1573 1313 1.0239 1.0002505 0.25 2.20 2.07 1.65 1.32
0.35 3.139 2333 1.890 1461 1.0336 1.0003515 0.35 3.14 2.85 2.05 1.48
045 54 316 231  1.633 1.0434 1.0004498 0.45 5.4 4.63 2.81 1.73
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TABLE X. The sedimentation velocity U/U,, of random suspensions of
drops with N =16. The extrapolated values for N=c are enclosed in
parentheses.

e\B 0 10 1 0

0.1 0.412(0.53) 0.426(0.54) 0.488(0.61) 0.560(0.69)
0.25 0.175(0.20) 0.190(0.22) 0.250(0.29) 0.319(0.36)
0.35 0.086 (0.096) 0.098(0.11) 0.146(0.16) 0.203(0.22)
045 0.042 (0.045) 0.051(0.054) 0.088(0.093) 0.130(0.14)

the particles in a somewhat ad hoc manner to equal
U()/Uy. At c=0.45, S(0) is roughly half the correction
factor U( w0 )/ U, used by Ladd and this results in a slight
difference in the estimates of sedimentation velocities.

B. Drops and bubbles

For the suspension of drops and bubbles, the problem
of determining permeability is not meaningful, and there-
fore we only give the results for the effective viscosity and
sedimentation velocity. Results are given in Tables IX and
X. Here, S is the ratio of viscosity of drops to the suspend-
ing fluid. The results for 8= correspond to the rigid
particles’ case and are in good agreement with those of
Ladd. The extrapolated values of the sedimentation veloc-
ity were obtained in the same manner as for the suspen-
sions of porous particles.

€t Z

1
Ta,r,
]‘(k'l_ 1) nmy nm

Unlike the case of porous particles, the sedimentation
velocity and effective viscosity deviate significantly from
the corresponding values at ¢=0 in the limit of 5—0 for an
obvious reason. For porous particles, most of the flow oc-
curs through the highly porous particles, and conse-
quently, the particle interactions effect become weak,
which is not the case for drops and bubbles.
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APPENDIX A: EXPRESSIONS FOR THE REGULAR
PARTS OF y AND ¢

1. The regular parts of y

Substituting for vorticity from (23) into (43) and
writing & =97+ %% we obtain

€kl © o, T a,nP

Ty =kt D) Dilr+ (VXu®))(0)+ T T+ T,
(A1)
where T, the contribution from

r-VX(2977)8,(x—x7), is given by

( —n(k+18,0) (T, DT TY, D™ HY — (nk—nl—ml) (T, DT+ T, P

><a2’+ (- m) (1 =8, (Tl @ a2+ TP i 214200y 2+46k16,,16m6m07’¥ov2)s1(xa—xn,

(A2)
and, in a similar manner,
wrP €t 1 nl(n—1)8,,0 = mtl r gpmt (n2—m?)
T Ty 2 ]~ (= a1 P Pln 0~ O+ )
(1=8,0)(n+m)(n+m—1)
X(P};mgn+k 20— I_P g;n+k 21— 1 afy 4(2n—1)
X (Plu@ st =Py ko) 7 | S1(x—X7). (A3)

The expression for T3}

is obtained by replacing & fc in (97) by & fc and by replacing the last two terms on the right-hand

side of the same equation by corresponding quantities with tilde defined by

le 1
T% T = =%+ 1) 2 (”(k+l5mo)(TZm-@,’7:kl“sz—@:znr/f)—“(nk—”l—ml)(TY Dt = Th@ 702 577
nmy nm
+1 (ntm) (1=8,0) (T3P Va2 T k- 21+z>a§’{2)sl<x"—xy>, (a4)
and
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€xl ﬂl(ﬂ——l)amo
Z 2n—1

1
a,r,P _ —nl]—
T =%+ D) 2 n/lnm[ (mk nl

) P,

l(nz—mz))

+P, Gmil 1)+(m(k D+ I

I(1-8,0)(n+m)(n+m—1)

X (P}, ‘@n+k 21_1+P g‘n+k 201 ai,“

4(2n—-1)
X (PLD i1+ Pon@ a1 )8y ? [ S1(x*—x7). (A5)
[
In obtaining the above relations the intermediate step +reV(HF*S,— (V- F9S,), (A8)
typically involved products of two differential operators
such as 24 9™. The following relations were used to con-
vert them to a sum of differential operators: .
we write
A A=+ B+ =A + %Ay, (A6)
with (Dz?r=€klk_l=@ (l‘ ll°°)(0)+¢’a’r’GT a,r,GP+¢a,r, ,
(A9)
Fgy=2"2(V*—3%)". (A7)

For /> m, the last term in (102) may alternatively be ex-
pressed as 85,, Ar_ -

2. The regular parts of ¢
Since 1 can be expressed as
reu®+4reI%7TS 4r. 9488,

u,r,GT m+-1
<I)kl

(_(mk—nl(1+6mo))(f5m@

n, m,Y

— T 213 + (1=8,0) (n+m) (T, D7y~ Tl D0 21_,_1)32,57_2)5'1(1(“—)(7’),

oy €xl
(I,a,r,G? ot E —_ m+1
nmy ‘Ynm

(—(mk—n1(1+6mo))(rgm_@
+T7, §n+k 21_1)3517 4(1 —8,0) (n+m)(T?,

urGP_€k7 2 S
,,,,,1,2n(2n—~ DA

—2(k—=0)(n+m)(n—m) (P}, D

2
X (Pl @It o+ Pl Dl o2 +§8k36n1(126108m0P{0+8118m1Pr1)Vz)Sl(xa_xy)’

1
a,r,GP Ekl 2
mmy 2n(2n— 1)

n+k—-1""

T, D]

I
mrkai2t Pon@ yik—a1-2) Oy —

where the four terms on the right-hand side correspond to
the four terms of (A8). Substituting each of the terms
from (A8) into (A6), and using (102) for Z1P™, etc.,
we obtain the following expressions for the above quanti-
ties:

T%, D) —me—D) (T8, D7

(A10)
_)A+mk—D(T, D7

n+1£—21+1+ Tng;zn;lg—21+l)a§;_2)S1(Xa"'xy): (A11)

(2(n_m)(1(n_m—1)(1+5,,,0)_(k—l)(n+m))(1>zm@:f,§ AP DTH )

)
3 (1-8,0)(n+m)(nt+m—1)

(A12)

(—2(n—m>(z(n—m—1)(1+8m0>—(k—z>(n+m))(ﬁzm@r:é 2= Pl D))

+2(k—1) (n+m) (n—m) (P, D}y =Pl Dl 5 )38 — 2(1 —8,m0) (n+-m) (n+m—1)

2 ~
X P D= Pln@ ) 21_2+75‘ 5k35n15115m1PT1V2)51(X“—xy),
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ok 2Pe) AH, 1+ P, S0) + (D H A+ D

(k—=2) (k=D (k—I-1)

n+k 216 )(ﬂ'anymSI'{'Prm/SZ)

!
R+ DT 21— 198) Th) 1

(n—m)(n—m—1)(146,0)
‘( 2n(2n—1)

DY A B
Birteeu 3 | - (@1i-2

nm,y

n—m

(D~

2k(2k—1)

202 A HY S 1+ Pl Sy) (D -5

m+-1

e 2105 T+ (D —

(k—2)(k~1)(k—I-1)

)((@"’*;Z 2 DI VP (DT,

(A14)

n+k 213 )(/lanangl'*‘PZmSz)

Dt 190 TS

(n—m)(n—m—1)(1+48,,)
( 2n(2n—1)

gn-*»k 21— 2a§{r))PKm)Sl ’

where S; and S, and their derivatives are evaluated at
x%—x¥.

APPENDIX B: EVALUATION OF A, AND 4,
1. Evaluation of 4,

To compute the integral of w* on the surface of particle
o, we express the vorticity as a sum of poloidal and toroi-
dal fields:'®

wo=VXu=T+S§, (B1)
with
.7_ o]
T=v><(7r), T = 2 (by—2c,)rpy, (B2)
y <0
S=VXVX(—r—r), L= 2 M (B3)

Here, J and 7 are the scalar functions defining the tor-
oidal and poloidal fields, r=x-x%, and ¢, and b, defined
via (7)—(8). The above expansion for the vorticity is valid
near the surface of particle a. Note that, for brevity, we
have suppressed superscript a on p, and y,,. Now using the
orthogonal properties of the toroidal and poloidal fields (p.
625, Ref. 18), we obtain

f w*dAd= Z Z A,,,,,{ nt-n(n+1)a=%2,,

n=1 m=0

eum)” ild B4
+( dr)—i—t eterms] , (B4)

r=a

where
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2k(2k—1)

)((@;":,i_z— el BB, (BT,

(A15)

0

Z (b,—2c,)rp,= Z Z {dpm(r)cos mp
n=1 m=0

n=—oq0

+z7,,m(r)sin melP7(cos 0),

(B5)
2 =2 X [enn(r)cos mp
+€,,,(r)sin me] Py (cos 0), (B6)
2 1 !
an(n+1)(n+m) (146,0). (BT)

=" n 1) (n—m)!

Now, noting that b,—2c,=—1/(n+1), we express d,,
and e,,, in terms of P,,,, etc., by

1
nm(r)—n nml’ n_mPrrzmrﬂ-i-l’ (B8)

s (P) =T ™"+ T%, "1 (B9)

Using (48)—(50) we relate the regular term coefficients,
P, and T}, to P,,, etc., and substituting for d,,,, €nn,
and their derivatives into (B4) we obtain

n

fsawsz= 2 2 Apa(2n+1)a [ P¥

n=1 m=0

+a~2T?, ttilde terms], (B10)
where
1 2n+4+3
P:m=“é;an+_E2_(Dnm' (B11)
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Thus, the surface integral of w? on each particle is related
to the multipoles through a relatively simple expression.

2. Evaluation of A,

Let us take, without loss of generality, U* to be along
the x; axis and evaluate the component of (88) along the
x;—axis. Using vy =8,—8%S,=(85,+8%)S,, and con-
verting the volume integrals in (88) to the surface integrals
we obtain

f f oy (x—y)dVE V]
ve Jwr

~f J- (ra(x)ny(y) +n3(x)n3(y))
se Jsr

XSy (x—y)dA; dAY. (B12)

Now since S, is a biharmonic function, the surface integral
of 1,5, equals ¥,(8,+15 V23,)S, evaluated at the center of

particle when S, is regular over the entire volume of the
particle. Otherwise, the singular part of S5, i.e., /2, must
first be removed and the integration of regular and singular
parts be carried separately. On further using V3S,=S],
and simplifying, the above surface integrals reduce to

V2 ~Bay+ (V7= a)(1+ VZ)S(x —x7) |,

(B13)

where Vp=47m3/3 is the volume of particles. Note that
S, in the above expression must be replaced by its regular
part for a=7. The first term in the above expression cor-
responds to the contribution from the singular part and
must cancel with the corresponding term in the expansion
of F, the force on an isolated particle so that on simplify-
ing we obtain

N N
ho=3y | E 2z (- 321)(1-:— vz)sa(x —x7).
(B14)
For cubic arrays with N =1, this yields
)L2=§ [aSI(O)—i—%SE]. (B15)
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