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The planar singular solutions of Stokes and Laplace equations and 
their application to transport processes near porous surfaces 

A. S. Sangani and S. Behl 
Department a/Chemical Engineering and Materials Science, Syracuse University, Syracuse, New York 
13244 

(Received 27 July 1988; accepted 12 September 1988) 

The planar singular solutions of Stokes and Laplace equations are derived and applied to a 
number of transport problems associated with porous surfaces. The velocity, pressure, 
concentration, and temperature slip coefficients are determined exactly for the semi-infinite 
periodic arrays of spheres and these are compared with the predictions of two approximate 
continuum theories formulated by Brinkman [Appl. Sci. Res. Sect. A I, 27 (1947)] and 
Chang and Acrivos [J. Appl. Phys. 59, 375 (1986)] to assess the utility of such theories in 
accurately predicting various overall properties related to the porous surfaces. It is found that 
in general these theories provide fairly accurate estimates of these properties even when the 
length scales based on the relevant macroscopic properties such as the permeability are much 
smaller than the length scales characterizing the microstructure of the porous media. 

I. INTRODUCTION 

Considerable progress has been made in recent years in 
our ability to estimate quantitatively overall macroscopic 
properties such as conductivity, Darcy permeability, viscos­
ity, and the sedimentation coefficient of suspensions of 
spherical or cylindrical particles when the suspensions are 
homogeneous on a macroscale, i.e., a length scale large com­
pared to the dimensions of the particles. A number of nu­
merical techniques have appeared in the literature to solve 
the many-particle interactions either in a rigorous manner or 
in an approximate manner (see, for example, Refs. 1-8). 
Similarly, a number of continuum theories have also been 
developed for predicting the macroscopic transport proper­
ties, which, although somewhat nonrigorous, give estimates 
of the macroscopic properties that are in reasonable agree­
ment with their actual values determined either experimen­
tally or numerically via the many-particle calculations (see, 
for example, Refs. 7-10). These continuum theories have 
been extended recently also to treat the problems in which 
either the suspension does not appear homogeneous on the 
macroscale or the length scale on which a transport process 
such as the heat conduction occurs is comparable to the di­
mension of the particles. 11-13 Since the exact numerical or 
experimental results for this latter category of problems are 
not widely available in the literature, our present efforts are 
directed toward developing efficient numerical techniques 
to solve such problems. 

In this paper we present a technique suitable for solving 
the transport problems in the vicinity of an "interface" of a 
suspension with a fluid. Note that since the same fluid is also 
the continuous or the suspending medium in the suspension, 
the "interface" betwee9 the suspension and the fluid is un­
like the usual interfaces that imply a clear boundary between 
two phases. Although both "phases," i.e., the fluid and the 
suspension, appear homogeneous on suitably defined macro­
scales, it is clear that for any transport process occurring 
near the "interface," which typically spreads a few diameters 
wide into both "phases," the media cannot be treated as ho-

mogeneous. In fact, the precise definition of where the "in­
terface" is located is necessary, in general, to make a mean­
ingful comparison between the exact numerical results and 
the approximate continuum theories. Since the variation of 
the pressure, velocity, or temperature with the distance from 
the "interface" is of primary interest, we shall consider here 
a somewhat idealized situation in which the suspension, 
which occupies a half-space XI> 0, consists of a continuous 
fluid medium and the spherical particles whose centers are 
located on the planes equidistant from each other and with 
the centers of the particles on any given plane forming a 
planar periodic lattice, the period of all the lattices being the 
same. In other words, we shall consider various transport 
problems for the semi-infinite periodic suspensions. When 
the particles are held fixed, the suspension serves as a model 
for a granular porous medium or a filter cake. 

Recently, Larson and Higdon l4
,15 have determined the 

detailed velocity and pressure distributions for a shear flow 
past a semi-infinite array of infinitely long parallel cylinders. 
They considered both the cases of mean flow parallel as well 
as perpendicular to the axes of the cylinders and solved the 
Poisson and Stokes equations numerically using a boundary­
integral method. In addition to the detailed calculations of 
the velocity and pressure distributions, these authors also 
reported the slip coefficients (defined in Sec. III) for various 
volume fractions of the cylinders arranged in a semi-infinite 
array. The approximate theory of Brinkman and the work of 
other investigators on this problem have been summarized in 
detail by Larson and Higdon and hence we shall not repeat it 
here. The necessary points relevant to our calculations will 
be discussed in Sec. III where this problem is treated in de­
tail. 

The numerical technique we have developed is different 
from the one employed by Larson and Higdon and it makes 
use of the planar singular solutions of the Laplace and Stokes 
equations. These singular solutions were first developed by 
Ishii 16 who used them to determine the flow in the entrance 
region of the semi-infinite array, i.e., for the case of a mean 
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flow along the XI direction. Using these solutions, Ishii esti­
mated the drag forces on the spherical particles arranged in a 
semi-infinite array when the volume fractions of the parti­
cles are small. This method has been extended here to obtain 
numerical results for the complete range of volume fractions 
of the spherical particles. Briefly, the velocity field in the 
fluid is first expressed in terms of various derivatives of the 
singular solutions of the governing equations with the singu­
larities located inside each particle. It is assumed that the 
velocity field around each particle in any given X I plane is 
identical and hence the strengths of the singularities vary 
only among the particles located in different X I planes. These 
strengths are determined by satisfying the appropriate 
boundary conditions on the surface of the particles. Using 
this technique, we obtain the solutions of the following four 
problems; (i) a slip flow or the shear flow past a porous 
surface; (ii) a normal flow in the entrance region of a porous 
medium; (iii) a thermal conduction near the boundary of a 
composite medium; and (iv) a diffusion accompanied by a 
chemical reaction near a porous catalyst. For each of these 
problems, a comparison with appropriate continuum theo­
ries is also made to assess the utility of these theories in cor­
rectly predicting the quantitative behavior of the transport 
processes near the "interface" of the suspensions and the 
fluid. In particular, we find that an approximate method 
recently proposed by Chang and Acrivos9

-
11 provides an ex­

cellent estimate of the slip coefficient in problem (i) for the 
complete range of volume fractions of the spheres but fails to 
give the correct estimates for problems (ii) and (iii), in 
which the pressure and temperature slips are determined, in 
that the approximate theory predicts zero values for these 
slips whereas the exact calculations give small but nonzero 
values of these quantities. In view of the rather small numeri­
cal values of these slips, however, the failure of the approxi­
mate method for these two problems must be regarded as 
minor. Finally, an approximate theory formulated by Brink­
man 17 gives better estimates in the case of problem (iv), 
where the comparison is limited to slow to moderately fast 
reactions. By combining the results of exact calculations 
with the continuum theory of Brinkman, we also estimate 
the bulk diffusivities of porous media in the presence of a 
chemical reaction. Our detailed comparison of the exact re­
sults with the approximate theories for these four problems 
suggests that, in general, the approximate theories provide 
fairly accurate estimates of the transport coefficients related 
to the "interfaces" of porous media with the continuous flu­
id. In particular, the approximate theories give very good 
estimates even when the ratio of the length scales based on 
the relevant macroscopic properties, such as the permeabil­
ity, to the microstructure length scale, is much smaller than 
unity. 

We wish to note that although in a number of problems, 
such as the convective heat transfer, the finite nature of the 
"interface" or its curvature must be taken into account for a 
proper modeling of the transport phenomenon near the "in­
terface," the solutions presented in this paper, which assume 
identical temperature or pressure fields around each sphere 
in a given x I plane, will be useful in the analysis of the "inner 
region" near the "interface." 
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The outline of the paper is as follows. In Sec. II we s~all 
begin with the definition and description of the planar singu­
lar solutions and their derivatives. In Secs. III-VI these sin­
gular solutions are employed for determining the solutions 
of the four problems listed earlier and the numerical results 
for various interface-related properties thus obtained are 
compared with the approximate continuum theories. In Sec. 
VII, we summarize the important conclusions of the study. 

II. THE PLANAR SINGULAR SOLUTIONS OF THE 
STOKES AND LAPLACE EQUATIONS 

Since the planar periodic singular solutions are em­
ployed in constructing the solutions of the problems consid­
ered in this paper, we describe them in detail here. 

A fundamental singular solution ofthe Stokes equations 
of motion satisfies ' 

au. 
-'=0, 
ax; 

(1) 

(2) 

where ra represents the position vector of a representative 
lattice point on the plane XI = xf, U; and P are the velocity 
and pressure, Ff is a constant, and rl are the lattice vectors 
given by 

rl = h(lz8z + 1383 ), 12'/3 = 0, ± 1, ± 2, ± 3,... . (3) 

Here h is a length characteristic of the lattice dimension and 
8 z and 8 3 are the dimensionless basis vectors of the planar 
array. Physically, U j and P correspond to the velocity and 
pressure fields caused by point forces Ff acting on the fluid 
through the lattice points on the plane x I = xf. 

The solution of ( 1 ) and (2) subject to the condition that 
U j and P must vanish at infinity was obtained by Ishii, 16 who 
expressed it in terms of two functions which he referred to as 
SI and S2' Since we have employed the symbols SI and Sz in 
the past to denote the singular solutions of the three-dimen­
sionallattice, we shall refer to Ishii's functions by 1111 and 1112 , 

Thus 

uj(r) = -Ftvij(r-rU) , 

P(r) = - Ftqj(r - ra) , 

with 

az'l1 
41TVij = {jijllll - -a a2

, 
Xj Xj 

aqj =r-I{jij{j(xl-xf) __ 1_ a
Z
'l11 . 

ax; 41T aXj aXj 

The functions '11 1 and 1112 are given by 

'I1 m (r) 

(4) 

(5) 

(6) 

(7) 

= _1_( - !)m - I f"" dk 2:: Q - 2me - 21TiQ.r, (8) 
1Tr 41T - "" I 

m = 1,2, 

with 

Q = ke1 + Izbz + 13b3' 1= (12,13) , 

Q-r = kXI + qzxz + q3X3' 

A. s. Sangani and S. Bahl 
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(10) 
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Here e1 is a unit vector along the x I axis, b1 and bJ are the 
basis lattice vectors in the reciprocal lattice, and q2 and q3 are 
related to the components ofb1, bJ , and I. The prime above 
the summation sign in (8) implies that the term with 
12 = 13 = 0 is excluded from the summation. The area of the 
unit cell for the planar lattice is denoted by 'T". 

The functions '1'1 and '1'2 satisfy the following differen-
tial equations: 

V2'1'I(r) =4~8(:1) - ~8(r-rl»)' (11) 

V2'1'2 = '1'1. (12) 

In view of ( 11), '1'1 may be regarded as a solution of a 
thermal conduction problem with sources of thermal energy 
situated at the lattice points surrounded by sinks of uniform 
density on the plane XI = O. Because of this property of 'I' I' it 
is readily seen that'l'l represents the periodic singular solu­
tion of the Laplace equation. Since we shall need to evaluate 
various derivatives of '1'1 and '1'2' we next describe three dif­
ferent methods to evaluate the derivatives. 

A. The first method 

This method is suitable for IxIi greater than, say, h /2. 
Integrating (8) with respect to k we obtain, for m = 1, 

111 ( ) _~, 1 - 211";q, .. - 211"</]1 .. 01 
'1'1 r - £.. -e e , 

I 'T"ql 

where 

ql = q2e2 + q3eJ , 

S = x2e1 + x3eJ • 

(13 ) 

(14) 

(15) 

The above expression for '1'1 can be readily differentiat­
ed. Thus, for example, 

= ~ I' ( - 21Tql )n- m( - 1Ti)mq;" - I 

'T" I 

xcosmrPQe-211";Q"lle-211"Q,IX,I, 

where 

A _ {I, 
( _l)n-m, 

if xl>O, 

if XI <0, 

rPq = tan-I (q3/q2) . 

(16) 

(17) 

(18) 

The series in ( 16) converges rapidly for Ix II > h /2. Sim­
ilar integration for '1'2 yields 

11. _~, - 1 (2 I I + 1) - 27Tq, I .. , 1 - 27Tiq,"" 
'I' 2 - £.. --- 1Tql X lee . 

I 161T'T"q: 
(19) 

Once again '1'2 given by ( 19) can be readily differentiat­
ed and the series for 'I' 2 thus obtained is useful for Ix II > h /2. 

B. The second method 

This method is useful for evaluating '1'1 and '1'2 for 
smaller values of Ix II. Following Ewald's technique as in 

23 Phys. Fluids A, Vol. 1, No.1, January 1989 

Ishii 16 and Born and Misra,18 we obtain 

'I'm = [l/'T"r(m)( - 41T)m - 1]( C) + Cn + Cm ) , 
(20) 

where 

C = m _ 3/2 ~ cp (1T(r - rl )2) 
) rp £.. _ m + 1/2 , 

I P 

Cn = pm fco dk e - 27Tikx'1OO d{3 {3 m - I 

-co I 

x I' e - 1I"P(,r, + k ') - 27Tiq,"S , 
I 

(21) 

(22) 

Cm =pm-1I2CP_m_1/2(1Txi/p). (23) 

In the above expressions cP is the incomplete gamma 
function and p is an arbitrary constant whose value may be 
chosen so as to facilitate the subsequent calculations, a typi­
cal choice beingp = 1Th 2. Although Cn can also be expressed 
in terms of a series in incomplete gamma functions, we have 
found it more convenient for the subsequent calculations to 
leave it as a double integral. 

Now each term in (20) may be differentiated separately. 
To differentiate C)' we employ a theorem of Hobson 19 ac­
cording to which 

In(aa 'a a 'a a )P(i2) 
XI X 2 X3 

s<n/2 (r- 2S dn-2sP ) 
= s~o ~ d(i2)n-s V

2
s In (X I ,X2,X3) (24) 

for any homogeneous polynomial functionln of degree n in 
XI' X 2, and X 3• This yields 

(
a )n-A 

- aAc) 
aX I 

2s<n - A 
= 2rpm-3/2 I I (2x

I
)n-2S-A 

I s=o 

x ( - 1) n + S (n - A)! (!!...)n - s 
s!(n-2s-A)! p 

(
1T(r - rl )2) A 

X cP n _ s - m _ 1/2 P R I cos ArPl , (25) 

where 

X 2 - X21 = RI cos rPI' X3 - X31 = RI sin rPl . (26) 

Note that for XI = 0, only the term with 2s = n - A is non­
zero. 

It does not appear possible to reduce Cn to a simple 
summation over 1 after its differentiation for an arbitrary X I. 
However, since we are primarily interested in using this 
method for small Ix II, we may first differentiate Cn with 
respect to X I and then expand exp( - 21Tikx I) in a Taylor 
series near X I = o. The resulting series is then termwise inte­
grable yielding 

= I' 2rf. cos ArP",e - 27Tiq, .. ( - 21T)n - A( _ 1T)Ai"pm - 1/2 
I 
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p~ '" ( - 1)P(21TXI )2
p(2p + n - 1 - A)!! 

X p~O (2p)!(21Tp)P+ (n-,.l)12 

X<I>m-p- (n-"\)/2-3/2 (1Tpq~) (27) 

for even values of n - A; the result of differentiation is zero 
for odd values of n - A. We note that the infinite series inp 
reduces to a single term corresponding to p = 0 when x I 
equals zero, whereas for XI #0, the above series in XI con­
verges only for Ixd <h. 

To differentiate CIII , the singular part in <I> _ m _ 112 at 
X I = 0 is first extracted from it and the regular part is then 
expanded in a Taylor series. Thus we use the expansion 

<I> _ m _ 112 (y2) = r( ~ - m) lyl2m - I 

P ~ 00 ( _ 1 )p'v2p 

- I (28) 
p ~ 0 p! (p - 2m - p , 

r=1TXt/p, 

in which the first term on the right-hand side (rhs) is singu­
lar at Ix d = O. Since most of the calculations in which we are 
presently interested require the evaluation of the regular 
part of 'I' I or 'l'z near r = 0, we may ignore the first term and 
differentiate only the second term. This yields 

(~)n Ci'il = _ pm - 112 f (~)P 
aX I 2p~ n p 

(2p)!.x2P - n 
X I (29) 

(2p - n)!p!(p - m + p 
where C i'i, denotes the regular part of Cm . Once again, only 
one term, with 2p = n in (29) remains nonzero when X I = O. 
In case it is necessary to evaluate the derivatives of CIII for 
nonzero but small lXII, we may use the following formula 
obtained by a direct differentiation of CIII : 

(
a )n p<.n/2 2" - 2Pn' 

- C =pm-1I2 I x n - 2p • 
aX I III p~O I p!(n - 2p)! 

X ( ~ 1T)n - p <I> _ m + n _ p_ 1/2 ( 1T;i ) . 

(30) 

c. The third method 

This method is suitable for evaluating higher-order de­
rivatives of'll m' Combining the Green's function for the La­
place equation in an infinite domain with (11), we obtain 

'l'1(r)=I( 1 _2-( dr'), (31) 
I Ir - rll 'T Jr, Ir - r'l 

where r' is the variable of area integration in the Ith unit cell. 
Note that although the sum over all 1 does not converge 
individually for each term on the rhs of (31), the difference 
between the two must converge since '1'1 is a finite function. 
It may be also noted that the second term on the rhs of (31 ) 
is a Laplace function of Ix II and hence it must be of the form 
C1 IXII + C2, where CI and C2 are constants with Iczl- 00 as 
more terms in the sum are included. Since we are interested 
in using this method to evaluate only the higher-order de­
rivatives of '1'1 and '1'2' we note that the derivatives of the 
second term on the rhs of (31) vanish identically yielding 
the following formulas: 
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(32) 

(33) 

The restrictions on n in the above formulas are determined 
from the requirement that the sums in them must converge. 
In practice, 'I'm calculated from the above equations con­
verges rapidly for n>8. This method is also useful in verify­
ing the accuracy of the formulas derived by the first two 
methods. 

III. SHEAR FLOW 

A. The statement of the problem and the method of 
solution 

As a first application of the planar singular solutions 
described in Sec. II, we consider the problem of determining 
the velocity field near the surface of a porous medium. Thus 
we suppose that the spherical particles of radius a are held 
fixed with their centers at 

r = r a + rl, a = 1,2,3, .... (34) 

The model of the porous medium is shown in Fig. 1. The 
fluid motion satisfies the Stokes equations of motion plus the 
following boundary conditions: 

au· 
-' -+ - y811.8j (> as X I -+ - 00 , (35) 
aXj 

U j = 0, on the spheres, 

uj(r)=uj(r+rl )· 

The solution of the above problem can be expressed as 

a~", n~", anvij(r_ra ) 

uj(r) = I I Fjkl"'n + ur(x l ), 
a~ I n~O aXk ax," ·aXn 

(36) 

I--i-+--'--+--IH--'--+-+--..... , 

FIG. I. A sketch ofa semi-infinite array of spheres. 
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where ur will be presently specified and F" is an unknown 
referred to as the strength of a singularity. Owing to linearity 
of the governing equations, we must have that 

F(n)=A(n+2):r(2)' with (r(2»ij=r6,7.6jl' (37) 

where A(n + 2) is a tensor of rank n + 2 that depends only on 
the geometry of the array. We shall restrict our attention to 
the semi-infinite cubic arrays, for which the tensor A must be 
a function of the orientation of the array, which is taken to be 
along the XI axis, and must have components that remain 
unchanged upon a 90· rotation of the X2 and X3 axes in the X I 
plane. Upon using the most general forms of the tensors sat­
isfying the above two conditions and rearranging, we finally 
arrive at 

where 

a n = co m<nl2 a (a)n -m 

G = L L Anm - I::. m 
n=O m=O aX I 

(41) 

and H a and La are defined similarly with A ~m in the above 
equation replaced, respectively, by B~m and C~m' the con­
stantsA ~m' B ~m' and C ~m being zero for odd integral values 
ofm. In (38)-(40) Ui is evaluated at r while 'III and '112 are 
evaluated at r - ra. 

Now we determine ur from the boundary conditions for 
Ui at XI = ± 00 and from the requirement that the velocity 
field must be a continuous and differentiable function at all 
points in the fluid. The latter condition, in particular, re­
quires that 

(42) 

must also be continuous everywhere in the fluid. Clearly 
since the terms in the parentheses on the rhs of the above 
equation are singular on the X I = xf planes, the function u! 
must also be singular so that it cancels these singularities 
identically. Thus on noting that, for any r inside the fluid [cf. 
(11)], 

V2'11 1 (r - ra) = 41T1r6(x l - xf) , 

V2 (lxl l) =28(xl-xf), 

(43) 

(44) 

we obtain, after adding up to linear terms in X I' the following 
expression for u!: 
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u! = bixi + b2 - L 21T GalXI - Xfl 
a 'T 

+ L 21T Hasgn(xl-xf), (45) 
a 'T 

wheresgn(x) is + 1 forx>Oforx=O,and -1 forx<O. 
Now it is easy to show [cf. (13) ] that '11m (r - ra) ap­
proaches zero exponentially as Ix I - xf I- 00 and hence, 
provided that Ga and Ha also tend to zero sufficiently rapid­
ly, we may ignore the terms containing 'III and '112 in (42) 
and satisfy the boundary conditions for U2 at X I = ± 00 sim­
ply by considering u! alone. Thus, on noting that 1::.0 = 2, 
(45) yields 

(46) 

o = bl - 41T L A ~ , 
'T a 

(47) 

0=b2 + 41T L (xfA~ -Afo +B~). 
'T a 

(48) 

From (46) and (47) we obtain 

b - 41T "'Aa _ -r I--L.J 00- , 
'T a 2 

(49) 

U2 = - r(x i - hUs ) + e.d.t. as XI- 00 , (50) 

hrUs = 2b2 = - 81T L (xfA ~ - A fo + B~) , 
'T a 

(51) 

where e.d. t. stands for the terms that decay to zero exponen­
tially as x I .... - 00. The term Us, which depends only on the 
geometry of the array and the volume fraction of the spheres 
in the array, will be referred to as the slip coefficient of the 
array. 

The result (49) can be interpreted as follows. First of 
all, it is easy to show that the constant A ~ is related to the 
drag force Fa on the spheres in the X I = xf plane by a simple 
relationship Fa = 81Tf-lA ~, where f-l is the viscosity of the 
fluid. Thus the second equality in (49) is equivalent to 

(52) 
a 

or, in other words, the sum total of the frictional forces exert­
ed on the solids in the porous medium per unit cross-section­
al area is equal to the shear stress in the fluid at X I = - 00-

a result that can also be derived from the principle of overall 
conservation of momentum. 

Returning to the choice of ur, we observe that since each 
of the terms associated with 'III or 'liz in (38) and (40) in­
volves a differentiation with respect to X z or x3' they are well 
behaved at all points in the fluid and, consequently, uT 
= ut =0. 

The expressions (38)-(40), (45), (49), and (51) to­
gether represent the formal solution for the velocity field. 
This solution satisfies all the conditions listed in (35) except 
for the no-slip boundary condition on the surface of the 
spheres, which we consider next. From experience with simi­
lar problems in the past, we know that it is best to satisfy the 
no-slip boundary condition on the spheres by expanding the 
velocity field in terms of spherical harmonics near their 
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centers. Accordingly, we first express U i near the center of a 
sphere located on the x) = xf plane as a sum of singular and 
regular terms: 

(53) 

where u:'a is singular and u~.a is regular at r = ra. Clearly the 
terms containing A ~m' B ~m' and C ~m in the general solution 
contribute to u:.a and the remainder to u~a' Next, we expand 
the regular part of u i in spherical harmonics by using a result 
given in Ref. 8, according to which the coefficient of Y:;' [cf. 
(55)] is given by 

[( 
a )"-m ( a )"-m-2 2 

Em - am - c - am V 
ax) ax) 

r 2 (a)" -m ] + --- -- am v2 U~a (r) , 
4n + 6 ax) 

(54) 

with 

E - I!' 
m - (_ 2)m, m=;60, 

m=O, 

C = {[ 1/ (4n - 2) ] [ (n - m)!/ (n - m - 2)!], 

0, 

(n + m)!Y:;' = r"P:;'(cos O)cos mt/>. 

n-m>2, 

otherwise, 

(55) 

Here r, 0, and t/> are the spherical polar coordinates measured 
from the center of the sphere on the x) = xf plane. 

This completes the description of the formal solution for 
the velocity field. The infinite series in a, n, and m in this 
solution can be suitably truncated and, by solving the equa­
tions that result upon application of the no-slip boundary 
condition to the spheres on each of the planes, the velocity 
field and Us can be determined numerically. Before we pre­
sent the numerical results, however, we shall analyze ana­
lytically the case of dilute arrays, i.e., a <.h. 

B. The low volume fraction asymptote 

In this limit we anticipate that the flow field will be 
adequately approximated even if we retain only one singu­
larity per particle. Accordingly we retain the force singular­
ity (the Aoo term) for each particle and equate to zero the 
coefficient of yg in the expansion of U 2 around the center of 
each particle. Thus the velocity field is approximated as 

u2 (r) = __ 1_ f Fa(x) -xf -Ix) -xfl) 
2f.lT a = ) 

+ f ~ '1') - a2~2)(r - ra) , 
a=) 41Tfl \ aX2 

(56) 

where we have used the fact that Fa = 81Tf.lA &. Next, we 
note that, in view of ( 11) and ( 12), 'I' ) and '1'2 must have the 
following expansions near their singularities: 

'1'1 = 1/r+21Tlrlxd +const+ O(r4) , (57) 

'1'2 = r/2 + 1T/3Tlx~ I + const + O(r4) . (58) 

On equating to zero the coefficient of yg in the expansion of 
U2 near a sphere on the x I = x,:" plane, we obtain 

1 m-I F m 00 Fa 
0= -- I (m-a)IFa+--+ I -fPma' 

2f.lT a = ) 61Taf.l a =) 41Tf.l 
(59) 
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wherefPma is the regular part of 'I' I - a2'1'2/aX~ evaluated at 
rm - ra. [Note that the singular part of the latter quantity 
arises only for m = a and the term Fm/61Tf.la in (59) repre­
sents the contribution of this singular term.] The relation 
(59) is valid for all positive integers m, and provides a suffi­
cient condition for determining F m to the leading-order ap­
proximation as a ..... 0. At first, it might appear from (59) that 
this leading-order term is O( a). However, we recall that 
I, F m = Yf.lT [cf. (52)], which implies that the sum of the 
F 's is an O( 1) quantity. Thus a straightforward perturbation 
scheme cannot be employed to determine the F's. Since as 
a ..... 0 we expect the slip velocity to become very large and the 
velocity to decay slowly to zero as x I ..... 00, we seek the solu­
tion of (59) in the form 

Fa = Be-aO'(a) , (60) 

with the anticipation that a ..... O as a ..... O. Substituting (60) 
into (52), we obtain 

B = Yf.lT(1 - e- 0') = Yf.lr[a + O(~)] . (61) 

Now fPma decays exponentially with the increase in 
1m - a I independently of a and hence we may neglect the 
third term on the rhs of (59) with a relative error of O(a). 
Substituting (60) into the remainder of (59) then yields a 
leading-order approximation for a: 

~ = 61Tal Ir , ( 62) 

where 1 is the minimum distance between two successive x I 
planes on which the centers of the spheres are located (cf. 
Fig. 1). Combining (61) and (62) we obtain the following 
approximation for Fa: 

Fa = f.lTY( 61Tal /1') l/2e - a(611'a/lr)'" . (63) 

The slip coefficient Us is given by 

00 xfFa (1'1 )1/2 
hUs=I-= - , 

I f.lY 61Ta 
(64) 

where we have chosen L=x: = 0 (cf. Fig. 1). Let us now 
express the above results in terms of the permeability of the 
array. In this limit of infinite dilution, a <. h, the permeability 
is given by 

koo =TI/61Ta, (65) 

so that the slip coefficient is given by 

hUs = Jl':. (66) 

This result for very dilute arrays was also given by SatT­
man. 20 Since to this order of approximation Fa equals the 
Stokes drag 61Tf.luaa, where u a is the mean velocity of the 
fluid in the neighborhood of x I = xf, independently of the 
detailed arrangement of the particles, it is not surprising that 
our result agrees with that given by SatTman. We also note 
that the ratio of the drag forces on the spheres in successive 
planes is given by 

R =Fa+I/Fa- -(611'a/lr)'''_ -/I..{k:: _ -e -e , (67) 

which is in agreement with the estimate first given by Brink­
man 17 who derived it by invoking an ad hoc approximation. 

Although the results derived here merely confirm the 
analyses of the previous investigators, it must be appreciated 
that the derivation has followed a ditTerent approach than in 
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the past and is capable of extension to higher orders in a/h. 
Thus, for example, at the next order of approximation the 
geometry ofthe array becomes important and k co in (67) is 
now replaced by the estimate ofthe permeability to O(¢1/3) 

as given by Hasimoto.21 Here ¢ is the volume fraction of the 
spheres as given by 

¢ = 41Ta3/3-ri . ( 68 ) 

We shall, however, not pursue the asymptotic analysis 
any further (mainly because it is easier to evaluate Us, R, or 
the velocity distribution numerically for the complete range 
of volume fraction of the spheres), except for noting that, on 
examining the nature of the higher-order terms, we find that 

A a Ba and C a
nm =O(a2n + S )A ooa. (69) n+2,m' n+ I,m' 

C. Numerical results 

To determine numerically the velocity field for nondi­
lute arrays we must first truncate the infinite series for the 
differential operators Ga, Ha, and La, as well as the series for 
a in the formal solution for the velocity field presented in 
Sec. III A. The asymptotic analysis presented in Sec. III B 
provides us with a systematic procedure for doing this. Thus 
all the constants Anm with n>Np, Bnm with n>Np - 1, and 
Cnm with n>Np - 2, where Np is a suitably chosen integer, 
were neglected and the no-slip boundary condition on the 
spheres was applied to generate the equations among the 
constants retained by considering the coefficients of y~m in 

Y 2m+l' d y*2m' . h N H y.m· U2' n mU1,an n Inu3wlt n< p' ere n Isa 
spherical harmonic function with the cosine term in (55) 
replaced by a sine term. Also, instead of applying the no-slip 
boundary condition on all the planar arrays, only those with 
a<.N" where Nt is another suitably chosen integer, were 
selected for satisfying the no-slip boundary condition. This is 
equivalentto setting all the constantsA nm , B"m' and Cnm for 
a> Nt to zero. Alternatively, it may be assumed that all the 
constants for a> Nt are related to the corresponding con­
stants with a = Nt by a simple decay factor to be determined 
numerically by a trial-and-error procedure. The latter 
scheme is slightly more complicated to implement and it did 
not offer any special advantage except at very small volume 
fractions. Both Np and Nt were increased systematically for 
each selected value of a/ h until no significant change in Us 
was observed. As one would expect, smaller a/h required 
smaller Np and greater Nt whereas larger a/h required 
smaller Nt and greater N p • A three-digit accuracy was ob­
tained in most cases. We may add here that the application of 
the no-slip boundary condition on the spheres required an 
accurate evaluation of the various derivatives of 'I' 1 and '1'2 at 
the vector difference r a + m - ra for various m and these were 
evaluated by the methods described in Sec. II for the three 
cubic arrays separately and stored in the computer for re­
peated use. A typical run for a given a/ h took anywhere from 
10 sec to 1 min of CPU time on an IBM 4341 computing 
machine; thus the method described here was found to be 
very efficient. 

Before we present the results of the numerical computa­
tions, a few more points need to be discussed. First, the re­
sults will be presented in terms of a nondimensional radius X 
defined by 
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X = a/h = (¢/¢m)I/3, (70) 

where ¢m is the maximum allowable volume fraction at 
which the spheres begin to touch their neighbors. Its value 
along with various other parameters, such as the basis vec­
tors of the lattice, I and T, for the three cubic arrays, the 
simple cubic (sq, the body-centered cubic (BCC), and the 
face-centered cubic (FCC), are given in Table I. 

An important result of our study is the ability to deter­
mine the detailed velocity field near porous surfaces. How­
ever, the three-dimensional velocity profiles are rather te­
dious to report and hence we shall restrict ourselves here to 
only the discussion of the numerical results for Us and R 
defined in Secs. III A and III B. As mentioned in Sec. I, and 
also by Larson and Higdon l4

•
1S and Saffman,20 a change in 

the definition of the position of the nominal "interface" by a 
distance comparable to the microscale length h will produce 
an O( I) change in Us when the permeability of the medium 
is not very large or, equivalently, when a/h is not small 

( ,jk >J> h). In practice, however, it is seldom possible to define 
precisely the location ofthe "interface," as the microscale is 
usually very small. Thus admittedly, from the practical 
standpoint, the determination of Us at very high volume 
fractions is perhaps not of great significance. On the other 
hand, as mentioned in Sec. I, there is considerable interest in 
assessing the accuracy of the continuum approximate theo­
ries proposed in the literature as far as their application to 
the problems in which the length scale relevant to the macro­

scopic property (,jk in the present case) and the microscale 
are of comparable magnitUde. In this sense, the results for 
large volume fractions provide the most stringent tests for 
the approximate theories, and thus are quite useful. 

To make the comparison between the exact results and 
the approximate theories meaningful at large volume frac­
tions, we must define the location of the "interface." We 
have chosen the "interface" so that the first row of spheres 
are located at a distance L = 1/2 (cf. Fig. 1), mainly to en­
sure that each sphere in the porous medium can be regarded 
to be exactly at the center of a three-dimensional unit cell of 
width I. This choice of L is different from the one employed 
in Sec. II B, viz., L = 0, but it can be easily confirmed that 
the leading-order approximations derived there remain valid 

independently ofthe choice of L as long as L<t".Jk. 
Finally, we also wish to note that Larson and Hig­

don14
,15 defined the nominal interface by choosing L = 0 

and then employed two different definitions for the slip coef­
ficient based on the volumetric flux of the fluid both above 
and below the nominal interfaces (denoted in their papers by 

TABLE I. Parameters of the cubic arrays. SC; simple cubic; BCC; body­
centered cubic; and FCC; face-centered cubic. 

SC 

(2,O,O)h 
(0,2,0)h 
(0,0,2)h 

2 
4 

17'/6 = 0.524 

BCC 

2Iv3( 1,1,I)h 
4/v3(0,I,O)h 
4/v3(0,O,1 )h 
2Iv3 = 1.155 
16/3 = 5.333 

V31T/8 = 0.680 

FCC 

V2(1,1,0)h 
v2(O,I,l)h 

v2(0,1, - 1)h 
v2 = 1.414 

4 
1T/3v2 = 0.740 
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Q + and Q - ), whereas we have chosen the far-field 
(xI--> - (0) behavior of U 2 to define Us. Since the averages 
of \III and \112 over any (two-dimensional) unit cell in an x I 
plane not passing through the particles are zero, 

(u2 ) (XI) = Y( - XI + hUs ) (71) 

for any XI less than zero if no sphere passes through the XI 
plane. Thus the definitions of the slip coefficient based on the 
far-field behavior of U2 and Q + are equivalent as long as L is 
chosen such that the interface does not intersect the spheres. 

The results of the numerical computations for Us and R 
for various X for the three cubic arrays are given in table II 
under the heading of "exact" to distinguish them from the 
predictions of the approximate theories to be described in 
Sec. III D. For smaller values of X, less than approximately 
0.6, theratioR = F a + I/Fabecamenearlyindependentofa 
for a>2 and the reported values of R correspond to these 
constant values. For larger X for which R varied consider­
ably with a, only the value corresponding to a = 1 is given; 
these are enclosed in parentheses to indicate that R is depen­
dent on a. 

We note that the coefficient Us remains positive for all X 
in the case of a simple cubic array but does become negative 
at higher values of X for the body- and face-centered cubic 
arrays. It should be noted that with our choice of the defini­
tion of the "interface," L = 1/2, there is a protrusion of the 

spheres beyond the interface plane for X greater than 11 J3 
= 0.577 ... and 1IJi = 0.707 ... , respectively, for the body-

and face-centered cubic arrays. As pointed out by Larson 
and Higdon,14.15 such negative values of Us are, of course, 

TABLE II. Results for the shear flow past semi-infinite cubic arrays. Br: 
Brinkman approximation; CA: Chang-Acrivos approximation. 

Exact Br CA 

X K U, R U, R U, Array 

0.01 1.014 6.512 0.734 6.468 0.734 (6.8) 

0.Q3 1.029 3.770 0.644 3.680 0.581 4.3 

0.05 1.076 2.925 0.490 2.808 0.491 3.19 

0.20 1.388 1.467 0.196 1.238 0.198 1.57 SC 

0.50 2.842 0.830 0.024 0.547 0.026 0.94 

0.80 10.05 0.441 (- 1.1 X 10- 4
) 0.230 1.6X 10- 4 0.52 

0.90 19.16 0.323 0.157 10-' 0.37 

1.00 42.1 0.21 0.10 10-" 0.21 

0.03 1.050 3.256 0.700 3.22 0.700 3.23 

0.05 1.086 2.496 0.625 2.45 0.625 2.51 

0.20 1.449 1.146 0.338 1.06 0.34 1.18 

0.50 3.384 0.494 0.098 0.439 0.07 0.55 BCC 
0.60 5.108 0.348 (0.05) 0.326 0.03 0.397 

0.80 16.85 0.085 (8x 10--') 0.16 6x 10- 4 0.075 

0.90 42.8 -0.04 ( - 6X 10-') 0.09 -0.1 

1.00 163 -0.16 0.05 -0.27 

0.05 1.088 2.418 0.548 2.348 0.548 2.44 

0.20 1.467 1.144 0.248 1.02 0.249 1.20 

0.50 3.575 0.538 0.040 0.41 0.032 0.62 

0.60 5.538 0.400 (1.6XIO-') 0.300 9x 10-' 0.47 FCC 
0.80 20.9 0.149 (-3XIO-') 0.134 2X 10-' 0.156 

0.90 65.1 0.03 ( -4XIO-') 0.07 3 X 10- 9 -0.02 

1.00 450 -0.1 (- 10-') 0.026 -0.19 
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plausible at higher values of X. We also note that at higher 
values of X, greater than, say, 0.8, the ratio of the drag forces 
on the first two rows of spheres becomes negative, indicating 
the presence of regions of reverse flow. 

To compare the numerical results with the asymptotic 
formulas derived in Sec. III C, we first note that the perme­
ability of the porous medium is related to the infinite-dilu­
tion permeability by a correction factor K, which is defined 
as the ratio of the drag force on a sphere in an infinite array to 
the Stokes drag, by a simple expression 

k=k",/K, with K=.F/61rpUa. (72) 

As mentioned in Sec. III C, an analysis of the next to 
leading-order approximations for Us and R essentially re­
places k", by the estimate of k provided by Hasimoto,21 ac­
cording to which 

K= (1 +A.X) (Hasimoto), (73) 

where A. equals 1.4168,1.5758, and 1.6210 for, respectively, 
the simple, body-centered, and face-centered cubic arrays. A 
comparison of the numerical results with the asymptotic re­
lations of Sec. III C with this slight correction for the perme­
ability shows an agreement within 5% for Us for X<O.1 and 
for R for X<0.2 for all the cubic arrays. 

We now turn our attention to the comparison with the 
approximate theories. 

D. Comparison with approximate continuum theories 

In the approximate theories, rather than solving the 
governing equations for the actual two-phase geometry, one 
solves the appropriately modified equations in a continuum 
with suitably defined macroscopic properties. The so-called 
cell theory, the self-consistent approximation, the Brinkman 
approximation, and Methods A and B recently proposed by 
Chang and Acrivos in a series of articles (see, for example, 
Refs. 9 and 10) are all examples of such theories. Of special 
interest to us here is the approximate theory of Brinkman 17 
and a recent method (equivalent to Method A) proposed by 
Chang and Acrivos. According to these two methods the 
mean flow satisfies 

~(J.l(XI)du2) = U2 (X I ) , 

dX I dX I K(X I ) 
(74) 

J.l(x l ) = 1 + (J.l* - l)p(x l )/t,6, (75) 

(76) 

subject to the conditions that U 2 -->0 as XI--> 00 and au2/ 

ax I --> - 1 as X I --> - 00. In the above expressions u 2 is the 
mean velocity, J.l(x l ) and K(X I ) are, respectively, the effec­
tive viscosity and the effective permeability of the continuum 
(both assumed to be functions of the distance from the "in­
terface"), J.l* and k are the corresponding effective proper­
ties of the porous media in the bulk, i.e., as X 1--> 00, and p is 
the area fraction ofthe solids in the XI plane, the average in 
the bulk being t,6. Here for the sake of brevity we have taken 
the viscosity of the fluid to be unity. Clearly J.l* and k, the 
effective properties of the bulk, must be either supplied or 
estimated once again by an appropriate approximate method 
suitable for calculating the bulk propertIes. We shall pres­
ently return to the question of the proper choices for these 
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two quantities, but first indicate that the main difference 
between the Brinkman and Chang-Acrivos approximations 
lies in the choice of p (x, ). Whereas the latter approximation 
requires the actual variation in p near the interface, the for­
mer assumes p to take the values corresponding to the bulk 
phases on either side of the interface. Thus in the Brinkman 
approximation we have 

p = ¢, for x, > 0, 
p = 0, for x"O (Brinkman) . 

(77) 

Equations (74)-(76) can be solved analytically in the case 
of the Brinkman approximation, yielding 

U2=-x,+Us ' forx"O, 

u2 =us e- x ,I.J?k, for x,>O, 

Us =hUs = ~k IIL* , 

R=u2(x, + 1)/u2(x,) = e-II[kjiO , 

(78) 

(79) 

(80) 

(81) 

where we have chosen the ratio of U 2 at two different points 
separated by a distance equal to I as representative of R. The 
approximation of Chang and Acrivos on the other hand re­
quires a numerical solution to (74)-(76). A fourth-order 
Runge-Kutta scheme was employed to determine the slip 
coefficients for selected values of X-

Now we return to the question of proper choices for k 
and IL *. Since k for the bulk periodic arrays has been deter­
mined exactly by Zick and Homsy22 and Sangani and Acri­
VOS,23 their reported values seem to be the most appropriate 
choice for k. These are quoted in Table II in terms of a cor­
rection factor K given by k = k", I K. The choice of IL * on the 
other hand is not so straightforward as the exact calculations 
for this quantity are not available to date. Kim and Russel24 

and Koplik, Levine, and Zee25 have addressed the problem 
of determining this quantity for semidilute random arrays of 
the spheres via the rigorous averaging methods whereas 
Buyevich and Shchelchkova26 have suggested an approxi­
mate continuum theory for its determination. None of these 
are entirely appropriate for the cubic arrays of spheres, 
where, indeed, even the choice of a single scalar quantity to 
represent a fourth-order tensor of proportionality between 
the stress and rate of strain tensors is itself questionable. 
Also, a detailed comparison of the ensemble-averaged exact 
numerical calculations for the permeability of the random 
arrays of cylinders with various approximate theories by 
Sangani and Ya08 has suggested that the best agreement 
between the approximate theories and the exact calculations 
for larger volume fractions is found only when the viscosity 
of the porous medium was taken to be either the same as that 
of the fluid or less than that of the fluid, which is in contrast 
to most self-consistent approximate schemes that predict the 
viscosity of the porous media to be greater than that of the 
fluid. In view of the above discussion it appears then that 
perhaps the most appropriate choice is to simply take 
IL* = 1, as was done previously by Brinkman '7 and Larson 
and Higdon. 14,15 

The estimates of the slip coefficient and the drag ratio 
obtained by using the K values of Sangani and Acrivos and 
IL* = 1 in Brinkman relations (80) and (81) are given in 
Table II. We find that the agreement between the exact nu-
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merical calculations and Brinkman method is generally very 
good, particularly at lower values of X where the Brinkman 
estimates coincide with the asymptotic formulas derived in 
Sec. III B.1t is useful to note that Us obtained by the Brink-

man method is exactly Jk I h, which is the ratio of the length 
scales based on the macroscopic property and the micro­
structure of the porous medium. Thus, for instance, it is re­
markable that, as X varies from, say, 0.01 to 0.6, Brinkman 
estimates of the decay rate and slip velocity remain quite 
accurate even though the ratio of the two length scales varies 
from about 7 to 0.4. It is only for the larger volume fractions, 
when the regions of reverse flow begin to form near the "in­
terface," that the Brinkman approximation begins to diverge 
from the exact numerical results, and, in particular, it fails to 
predict the reversal in the sign of Us at higher X. Recalling 
that X = 0.6 corresponds approximately to ¢ = 0.15, we 
may expect the Brinkman theory to give reasonably accurate 
estimates of the slip velocity and the decay rates for the peri­
odic as well as random arrays of spheres for ¢ < 0.15. 

As mentioned earlier, the approximate method of 
Chang and Acrivos required solving (74)-(76) numerical­
ly. The results obtained by this method are also given in 
Table II where only the values of Us are given. The R values 
were similar to the Brinkman approximation at low to mod­
erate values of X and since the decay rate becomes a rather 
ill-defined quantity for X greater than approximately 0.6, it is 
not very meaningful to compare the decay rates at higher 
values of X. (Interestingly, though, the ratio of u2 evaluated 
at x2 = I + L to that at X 2 = I did give negative values, indi­
cating the prediction of the reverse flow by the Chang-Acri­
vos method and, in addition, the numerical values of the 
ratio were also comparable to those obtained from the exact 
calculations.) At very low values of X, the numerical inte­
gration of (74 )-( 76) must be carried out to much higher x I 
and the step size for the integration must be kept sufficiently 
small for resolving the presence of the particles, hence the 
numerical calculations for X,0.05 may not be accurate and 
this is indicated by enclosing the estimates in parentheses. 
Apart from that, we find that the agreement between this 
approximate method and the exact calculations is excellent, 
particularly at volume fractions close to the maximum al­
lowable for each of the three arrays. Unlike the Brinkman 
method, this method has been able to predict quite precisely 
the value of X beyond which the slip coefficient will become 
negative for each of the three arrays. It must be noted that 
the ratio of the so-called macroscale to the microscale, i.e., 

Jk Ih, is of Octo) for these arrays at close to the maximum 
allowable volume fractions and in spite of that the agreement 
between the approximate method and the exact calculations 
is very good. 

Finally, it is of some interest to determine how sensitive 
the estimates obtained from the Chang-Acrivos approxima­
tion are to the choice of IL*. Therefore the values of Us for 
various assumed values of IL* were calculated. For example, 
for X = 1 and for the simple cubic array, the estimates of Us 
via the Chang-Acrivos approximation were found to be 
0.21,0.17, andO.15, respectively, for IL* equal to 1.0,2.0, and 
3.0, the corresponding exact numerical result for Us being 
0.21. Thus we see that although the effect of varying IL* is 
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relatively small, any attempt at evaluating it via a separate 
calculation will very likely yield poor estimates of the slip 
coefficients. 

IV. FLOW IN THE ENTRANCE REGION 

We now consider the problem of determining the veloc­
ity and pressure distributions in the entrance region of a vis­
cous flow into a semi-infinite arrlly of equal size spheres. 
Thus we shall assume that the mean flow is along the x 1 axis 
(cf. Fig. 1) with a magnitude U and that the fluid motion 
satisfies the Stokes equations of motion. This problem has 
been examined earlier by Ishii 16 who obtained the estimates 
of the drag forces on the spheres for the case of small volume 
fractions of the spheres. His result can be expressed as 

Fa = 61TJ.LUaKa, 

with 

Ka = 1 + A fx + O(X2
) (Ishii). 

(82) 

(83) 

For the case of a simple cubic array, Ishii reported the values 
of A f to be 1.440 62, 1.41872, 1.41864, and 1.41864, re­
spectively, for a = 1,2,3, and 4. Ishii also quoted the corre­
sponding values for the body- and face-centered cubic ar­
rays. It was found that at such low volume fractions the flow 
becomes "fully developed" within approximately one or two 
rows of spheres and that the drag force on the first row of 
spheres was slightly greater than the rest in the case of a 
simple cubic array, but slightly lower than the rest in the case 
of the body- and face-centered cubic arrays for which the 
second row of spheres experienced the greatest drag force. 
This slight difference in the behavior of the simple vis-a-vis 
body- and face-centered cubic arrays was attributed to the 
presence of a flow meandering between the first two rows of 
spheres, which are arranged in a staggered configuration in 
body- and face-centered cubic arrays. 

We follow the method described in Sec. III A to obtain a 
complete formal solution to the fluid motion for the present 
case: 
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TABLE III. The numerical results for drag on the finite number of arrays 
for the case of mean flow perpendicular to the arrays. N,: the number of 
arrays, SQ: square; SC: simple cubic; and BCC: body-centered cubic. 

Array X K' K2 K' N, 

l.0 43.9 
SQ 0.9 20.19 

1.0 42.8 44.5 3 
SC 0.9 19.68 19.17 3 

1.0 99.7 2 
l.0 96.8 168.7 3 

BCC 1.0 95.9 167.3 4 
1.0 96.1 166.6 165.1 5 
1.0 98.0 165.9 162.6 6 

where the differential operators Ga, Ha, and La are defined 
in the same manner as in Sec. III A except that the constants 
B ~ and A ~m' B ~m' and C ~m are zero for all m not exactly 
divisible by 4. The above solution at first may suggest that 
ap / ax 1 or u 1 is singular at points lying in the planes x 1 = xf. 
However, it must be noted that this is not the case as 
'1'1 - a 2'1' 2/ axi is equal to (a 2/ ax~ + a 2/ ax~ ) 'I' 2' which is 
clearly a regular function. The terms containing Ha result 
upon taking the Laplacian of the terms associated with Ga 
and hence they are also regular at all points in the fluid. Since 
a'IIl/ ax 1 is, however, singular on the planes x = xf, this sin­
gularity must be removed in calculating the terms associated 
with Ha in u I; this is indicated by an asterisk on '1'1 in the 
expression for u I' The same arguments apply to the '1'1 term 
operated by L in U I' Finally, it is interesting to note that the 
expressions for the velocity and pressure derived here resem­
ble significantly those given earlier by Sangani and Acrivos23 

(who employed the triply periodic singular solutions ofHa­
simot021 ) even though the nature of higher-order tensors, 
which relate the strengths of singularities to the mean flow 
vector [by relations similar to (37)], having the cubic sym­
metry in the case of the problem examined by Sangani and 
Acrivos is quite different from those depending upon the 
orientation of the semi-infinite arrays considered in the pres­
ent study. This apparent similarity between the two expres­
sions derived by two different methods is partially due to the 
fact that (as explained in Ref. 27) the cubic symmetry was 
not fully exploited in the solution of Sangani and Acrivos. 

The above expressions for the velocity and pressure 
were suitably truncated and the resulting equations were 
solved numerically. We first present the results for Ka for 
the case of a finite number Nt of planar arrays. Because of the 
symmetry about the midplane, we have given the values of 
K a for only one-half the number of arrays in Table III. Since 
the maximum deviation in the drag on the spheres in differ­
ent planes is seen at X = I, only the results for larger X are 
presented. The results for Nt = 1 correspond to the case of a 
single planar array. We find that the drag force on a single 
planar square array is surprisingly close to that for an infinite 
simple cubic array as determined by Zick and Homsy22 and 
Sangani and AcrivOS.23 Thus, for example, the K values at 
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x = 0.9 and 1.0 for the square planar arrays are 20.2 and 
43.9 compared with the corresponding values of 20.1 and 
42.4 for the simple cubic array as determined by Sangani and 
Acrivos. Thus we conclude that the effect of the presence of 
another row of spheres at a distance greater than 2h is very 
small as long as this second row of spheres is aligned exactly 
behind the first and consequently the entrance flow region 
for the simple cubic arrays is very small. 

The results for the body-centered cubic arrangement 
show that, unlike the case of a simple cubic array, the drag 
force on the first row of spheres is much smaller than that on 
the second or third row of spheres. Calculations with a larger 
Nt showed that for this array, the drag force on the second 
row of spheres is the greatest although the difference among 
the subsequent rows is indeed very small. Thus the numeri­
cal results confirm the findings of Ishii who, as mentioned 
earlier, considered the case of very small volume fractions of 
the spheres. We also found that the results for the finite num­
ber of planar arrays in a face-centered cubic arrangement are 
qualitatively similar to those of a body-centered cubic ar­
rangement. 

In view of our observations with a finite number of 
planar arrays, it seems that the situation of the semi-infinite 
array can be simulated simply by considering a case of finite 
Nt of, say, O( 10). The results of numerical computations 
with Nt = 11 (except for a few cases at higher X for which Nt 
= 13 was chosen) for various arrays are given in Table IV 

where the drag forces on the four outermost rows of spheres 
are given owing to space consideration. The corresponding 
K values for the infinite cubic arrays are reported in Table II. 
As in the case of the shear flow we may define a pressure slip 
coefficient in the following manner. For larger x) we expect 
the flow to become "fully developed" whereby the pressure, 
suitably averaged, will decrease linearly with X)' Thus we 
expect 

(P(x))-P_ oo = -fJU(x)-hPs)/k, x),;>h, 
(88) 

where P _ 00 is the pressure in the fluid far upstream of the 
array and k is the permeability of the bulk as defined in Sec. 
III. For the sake of definiteness, we shall evaluate the aver­
age pressure by taking an average over a two-dimensional 

TABLE IV. The results for the drag forces and the pressure slips in semi­
infinite arrays. 

Array X K' K2 K' K4 P, 

0.3 1.71 \.84 \.83 \.83 0.072 
0.5 2.92 3.41 3.39 3.39 0.152 

BCC 0.9 27.6 43.7 42.8 42.8 0.388 
\.0 97.2 167 164 162 0.42 

0.5 3.27 3.58 3.57 3.57 0.119 
FCC 0.9 42.8 65.2 65.1 65.1 0.48 

\.0 273 417 420 414 0.59 

0.5 2.90 2.84 2.84 2.84 -0.04 
SC \.0 42.7 43.8 42.5 42.4 -0.08 
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unit cell situated at a distance 1/2 from the center of an mth 
row of spheres, where m is a sufficiently large integer to 
ensure that the flow is "fully developed" there. With this 
definition of the pressure slip, and using an overall momen­
tum balance that relates the pressure drop to the drag forces 
on the spheres, it can be shown that 

a=m (Koo _Ka) 
Ps = I L ' m,;> 1. 

a=) Kook 
(89) 

In practice, since the flow becomes "fully developed" very 
quickly, m = 6 is sufficient. Thus with Nt = 11, the K value 
of the sixth row was used as K 00 and Ps thus computed are 
also given in Table IV. We find that for the simple cubic 
array this quantity is at most 0(0.1) and for the body- and 
face-centered arrays it is 0(0.5), all of which are quite small 
and suggest that the entrance lengths for the periodic arrays 
are less than one-half the unit cell width. Finally, it may be 
noted that at very low X, the asymptotic analysis of Ishii 16 

gives Ps = A.sX with A.s equal to - 0.0441, 0.1589, and 
0.1091, respectively, for the simple, body-centered and face­
centered cubic arrays. Our numerical calculations suggest 
that these estimates are good for X less than 0.1. 

We now discuss the approximate continuum theories. 
Here, the mean flow is constant and the pressure gradient is 
nonzero. Therefore according to the continuum theories we 
have 

_ dP = p(x)U 

dx k¢ 
(90) 

where we have taken fJ and fJ· to be unity and k, p, and ¢ 
have the same meaning as in Sec. III. It can be shown that an 
integration of the above equation from X I = - 00 to x'!' 
+ 1/2 (m ';> 1) yields 

Ps =.0 (approximate theories) (91) 

for both the Brinkman and Chang-Acrivos theories. This 
result may be also explained as follows. In the case of a peri­
odic array, p(x I) has the same distribution near x) = 0 for 
positive XI as in the bulk ofthe array, and hence there is no 
entrance region effect. Thus both theories fail to give a non­
zero estimate of the pressure slip. The reason for this failure 
obviously lies in not accounting for the fact that although 
p(x l ) near XI = 0 varies in the same manner as in the bulk 
for the periodic arrays, the permeability in the entrance re­
gion can be different than in the bulk. Fortunately, our exact 
calculations suggest that the entrance region is very small for 
the complete range of volume fractions and hence the actual 
numerical values of the pressure slip are indeed small. Thus 
the failure of the approximate theories should be regarded as 
minor. 

v. THERMAL CONDUCTION 

In this section we shall consider the problem of deter­
mining the temperature distribution in the entrance region 
of the heat flux by conduction into a semi-infinite array. The 
formal solution for this problem can be obtained in terms of 
the derivatives of'll I' which is the fundamental singular solu­
tion of the Laplace equation. Unlike the problems consid­
ered in the Secs. III and IV, however, the solution for a semi­
infinite array contains a constant that is infinitely large and 
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thus has a slightly undesirable feature. To avoid this, we first 
start with a solution for a finite row, N" of spheres, and since 
our primary interest here is in determining a quantity Ts 
[defined via (97)] related to the entrance effect, we calcu-
late it first for a finite Nt and then take the limit as Nt -+ 00 • 

Thus we obtain 
a = N, n = 00 m<n/4 a n - 4m 

T=x, + C(f Nt + L L L A ~ma4m 
ax~-4m a=l n=' m=O 

x('I',- 2;lx,-xn), (92) 

where it is assumed that the temperature gradient far away 
from the array is unity. It is easy to verify that the above 
solution is regular at all points outside the spheres. Now we 
shall require that T = x, as x, -+ - 00 so that 

4 a=Nt 

C(f Nt = ~ L A fo . 
r a=' 

(93) 

Since A fo is expected to become a constant for larger a, the 
constant C{! Nt would have been infinite if we had started with 
Nt = 00. Now for 1 < m -<N" we expect the temperature 
field to be "fully developed" near x'(' and we may evaluate 
the average temperature gradient in the bulk by 

d(T) «T)X;n+l12 - (T)X;"_I12) 

dx, l 

= 1 - 81TA ':'alrl , (94) 

which is independent of C(f Nt' Let us assume, with no loss of 
generality, that the conductivity of the suspending medium 
is unity and that of the spheres is {3. Since the net heat flux 
through the array is unity, the overall conductivity of the 
bulk D * is simply the inverse of the mean temperature gradi­
ent calculated above, i.e., 

D* = 1I(l- 81TA ':'alrl). (95) 

Now we may define the temperature slip Ts by the following 
expressions: 

T= x, + e.d.t. as x,-+ - 00 , (96) 

(T)x'l' + 112 =D*-'(x,(,+lI2+hTs)' m~l. (97) 

The above definition of the temperature slip can be shown to 
lead to the following formula: 

ex= m (A m A ex ) 
hTs = 81TD * L 10 - 10 • 

a=' r 
(98) 

As in Secs. III and IV, the formal solution for the tem­
perature field was suitably truncated and the resulting equa­
tions were solved numerically for selected values of X and {3. 
It was found that Ts approached nearly a constant value for 
Nt > 9 and m = 5 in almost all the cases considered. The 
results are presented in Table V. It should be noted that A 10 

represents the magnitude of the thermal dipole and may be 
taken as a representative quantity for determining when the 
temperature field has become "fully developed." As one 
might expect, the spheres in the first row are less "polarized" 
compared to the rest in the case of a simple cubic array and 
hence the dipole strength monotonically increases with a. 
As in the case of flow, we see once again that the qualitative 
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TABLE V. The thermal dipoles and the temperature slip coefficients. 

/3 D* 

50 (9.7) 
30 8.1 
20 6.77 
10 4.67 
5 3.03 

0.3 0.48 
0.0 0.22 

50 (6.5) 
30 5.52 
20 4.74 
0 0.34 

20 8.34 
10 5.45 

X D* 

0.95 5.82 
0.90 4.10 
0.50 1.28 

T, 

( - 1.4) 
-\.2 
-0.9 
-0.55 
-0.26 
-0.Q7 
-0.23 

(0.7) 
0.55 
0.42 
0.Q25 

-0.65 
- 0.39 

T, 

-0.82 
-0.49 
-0.01 

X=I 
A :0 A ;0 A 3 

10 Array 

(0.25 ) (0.22) (0.22) 
0.25 0.21 0.21 
0.24 0.21 0.21 
0.22 0.19 0.19 BCC 
0.18 0.16 0.16 

-0.23 -0.26 -0.26 
-0.64 -0.89 - 0.89 

(0.25) (0.27) (0.27) 
0.24 0.26 0.26 
0.24 0.25 0.25 SC 

-0.62 -0.61 -0.61 

0.21 0.20 0.20 
0.20 0.18 0.18 FCC 

/3= ro 

A :0 A ;0 A io Array 

0.24 0.20 0.20 
0.21 0.18 0.19 BCC 
0.055 0.053 0.053 

behavior of the simple cubic array is different from that of 
the body- and face-centered cubic arrays. We also note that 
although Ts becomes zero for {3 = 1, it does not reverse its 
sign as {3 is decreased further. Finally, since the bulk conduc­
tivity becomes infinite as {3-+ 00 and X-+ 1, the numerical 
calculations become difficult and the results for higher X and 
{3 may not have converged; this is indicated by enclosing the 
particular values in parentheses. 

Now once again we discuss the predictions of the ap­
proximate theories. Since the heat flux is taken to be unity, 
the gradient of the mean temperature in the medium is given 
by 

d(T) 
(99) =---, 

dx, D(x,) 
where D(x,) is the effective conductivity of the medium, 
which is usually taken as 

( 1(0) 

Now (99) can be integrated to determine the temperature 
slip coefficient for both the Brinkman and Chang-Acrivos 
approximations. Clearly the former gives the value ofthe slip 
to be identically zero whereas the latter does not even cor­
rectly predict the average temperature gradient in the medi­
um since the average of II D(x,) over a three-dimensional 
unit cell is not equal to 11 D *. Therefore we must modify 
(100) slightly and take instead 

_1_= 1 + (lID * -l)p(x,) . (101) 
D(x,) ¢ 

Of course, at small volume fractions of the spheres or for {3 
close to unity, both (100) and (101) are equivalent to the 
leading order in D * - 1 and hence the use of either of the 
expressions in constructing approximations is equally justi-
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fied. Now, substituting (101) into (99) we obtain the cor­
rect behavior of (T) for x I > 0 and, in particular, we find that 
in this case, also, Ts =0. Thus once again the approximate 
theories have predicted the slip coefficient to be zero while 
the exact calculations have given small but nonzero values. 

We end this section by noting that recently Chang and 
Acrivos 13 have considered a similar problem in which a ran­
dom suspension of spheres is in contact with a wall main­
tained at a constant temperature at x I = 0 and estimated a 
quantity similar to Ts. Once again this quantity is identically 
zero for the case of periodic array provided that the wall is 
exactly 112 distance away from the wall and if we calculate 
the temperature slip (or offset as referred to by Chang and 
Acrivos) in the manner defined here. Once again the nu­
merical method presented in this paper can be applied to the 
case examined by Chang and Acrivos and we expect that the 
exact calculations will yield rather small numerical values 
for this quantity. 

VI. DIFFUSION ACCOMPANIED BY A CHEMICAL 
REACTION 

A. Statement of the problem and numerical results 

As a last application of the planar singular solutions we 
consider a problem often encountered in the modeling of a 
reaction in porous catalysts or adsorption columns where it 
is a common practice to treat the two-phase medium as an 
effective continuum whose diffusivity is assumed to be a 
function of the volume fraction of the solid phase and the 
diffusivities of the individual phases but not that of the reac­
tion rate. Such an assumption appears reasonable if the reac­
tion is sufficiently slow. On the other hand, it is easy to see 
that replacing the two-phase medium by an effective contin­
uum may not be satisfactory if the reaction is fast or that, 
even if the two-phase medium can be treated as an effective 
continuum for the case of moderate reaction rates, the over­
all diffusivity may be dependent on the rate constant of the 
reaction. Thus it is of interest to determine the bulk diffusiv­
ity of a two-phase medium in the presence of a moderately 
fast chemical reaction. Unlike the formulation of the prob­
lems for determining the overall conductivity or Darcy per­
meability where one assumes that a unit temperature or pres­
sure gradient is imposed throughout the medium and then 
determines the average flux through the two-phase medium, 
the formulation of the problem of predicting the bulk diffu­
sivity of a reacting medium seems to be more difficult as the 
presence of a chemical reaction, which acts as a sink for the 
diffusing substance, also requires the presence of a source 
term throughout the medium to maintain a constant concen­
tration gradient in the medium. Such formulations have 
been considered by several previous investigators and the 
reader is referred to the work of Felderhof 28,29 for the refer­
ences to these efforts. Using one of these formulations, Fel­
derhof has determined what he referred to as the rate con­
stants of the diffusion-controlled chemical reactions for the 
cases of a random array having small volume fractions of the 
spheres and for spatially periodic arrays of spheres with arbi­
trary volume fractions. Since our primary interest in this 
paper is to assess the effective continuum theories, we shall 
consider first relatively slow reactions and compare the re-
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suIts obtained by the exact numerical analysis with those 
obtained via the approximate theories of Brinkman and of 
Chang and Acrivos. We find that the Brinkman theory pro­
vides better estimates in this case. Next we consider moder­
ately fast reactions and, assuming that the two-phase medi­
um can be regarded as a Brinkman continuum, we determine 
the effective diffusivity of the reacting medium by matching 
the decay rates of the mean concentration in the actual two­
phase medium to that in the Brinkman continuum. The esti­
mates of the diffusivities thus obtained show that the bulk 
diffusivities of the reacting media are greater than that of the 
nonreacting media. This observation is further supported by 
an asymptotic analysis for small X and slow reactions. 

Let us assume that the spherical particles in the previous 
sections are now the sites of a first-order chemical reaction 
and that the diffusivity of the reactant is P inside the parti­
cles and unity outside the particles. We shall assume that the 
concentrations are sufficiently small so that the fluxes are 
given by Fick's law. Thus we have 

V2c = 0, in the continuous phase, 

V2c = :7IclPh 2, inside the spheres, 

( 102) 

(103) 

where c is the concentration of the reactant and:71 Ihti is the 
rate constant of the reaction. The boundary conditions are 
that c ..... 0 as x I ..... 00, c is continuous at the surface of the 
particles and periodic in the x I planes, and 

p(Vc'n) _ = (Vc-n) +, on the spheres, (104) 

c= -XI +hCs as Xl ..... - 00, (105) 

where the first equation is the continuity of the normal flux 
at the surface of the spheres, n is the unit normal at the 
surface of the spheres, and the second equation defines the 
concentration slip, a quantity that we wish to determine. 

In certain situations it is more appropriate to assume 
that the reaction is occurring only at the surface of the 
spheres and not inside the spheres. In this case we have, in 
lieu of ( 103) and (104), the following relations: 

V con = :71 sci h, on the spheres, 

c = const, inside the spheres, 

( 106) 

(107) 

where:71 Jh is the rate constant for the surface reaction. We 
note that the case of reaction inside the particles reduces to 
that on the surface if we take P = 00 and:71 = 3:71 J X· 

A formal solution for c for any point in the suspending 
medium can be written at once in terms of the function '1'1: 

(108) 
a 

with 

c*(x l ) = - XI _ 2rr L GalXI - xfl , 
2 T a 

(109) 

where Ga is the differential operator as before [cf. (41)] 
with A ~m equal to zero for all m not divisible by 4. It is easy 
to verify that the above solution satisfies the boundary condi­
tions at infinity and that 

T 

8rr 
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C
s 

= 817" L (A fo - xf A ~) . (111 ) 
a hr 

Now to determine A ~m' we expand c near the center of each 
sphere in spherical harmonics. Let the expansion near the 
center of a sphere on the sth row be written as 

c'="(DS +E s r- 2n - l )ym 
~ nm nm n , (112) 
nom 

where r is measured from the center of the sphere. Here E ~m 
is related to A ~m simply by 

E~m = ( - 1)n - men + m)!(n - m)!A ~m21 - m, 

(113) 

since this singular term results upon differentiating 1/ r in IIJ I 
whereas the constant D ~m that results from the regular part 
of c at r is obtained by applying (54). Thus 

D~m =Em - am c-Gs_-_ . ( a )n- m ( 1) 
aX 1 Ir-rl r=r' 

(114) 

Now, inside a sphere located on the sth row, c can be ex­
pressed in series of modified spherical Bessel functions and 
upon applying the boundary conditions of the continuity of c 
and tAe normal flux at the surface of the sphere [cf. (104)], 
we obtain 

(115) 

where 

Ln = nin (z) - fJzi~ (z) , r=81'X2. 

(n + 1)in (z) + fJzi~ (z) fJ 
(116) 

Here in is a modified spherical Bessel function and i~ is its 
derivative. We note that for the special case of the surface 
reaction mentioned earlier we have 

Lo = - 81'sX/(1 + 81'sX) , 
(117) 

Ln = - 1, for n> 1 (fJ = co) . 

Now the formal solution can be suitably truncated and the 
resulting unknowns A ~m can be determined numerically for 
the selected values of X, 81', and fJ by making use of the 
above relations. The numerical results are presented in Table 
VI. We see that Cs approaches infinity as X or 81' -+0. This 
was, of course, expected since the spheres are the only 
sources of sinks and if their volume decreases then it must be 
compensated by higher reaction rates or higher c in order 
that the steady influx of the diffusing species is consumed. 
However, before we discuss the numerical results further, it 
proves useful to describe approximate continuum theories 
for the present situation. Here, the presence of sinks within 
the spheres must appear as a sink term smeared through the 
continuum and the average concentration therefore satisfies 

(118) 

with 

(119) 

Here D ~ is the bulk or overall diffusivity of the reacting 
medium and DR (x I) is the variable diffusivity of the contin­
uum. Of course, in the case of the Brinkman approximation, 
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TABLE VI. Diffusion accompanied by a chemical reaction in a semi-infi-
nite body-centered cubic array. Brinkman (Br) and Chang-Acrivos (CA) 
approximations are calculated by choosing D ~ = D *. 

X D* 

0.3 1.0 

0.5 1.0 

0.8 1.0 

0.9 1.0 

X D* 

0.5 1.29 

0.8 2.62 

0.9 4.1 

&t 

0.2 
0.4 
1.0 

1.0 
2.0 
4.0 

1.0 
4.0 

4.0 
8.0 
16 

&t, 

0.1 
0.6 
1.0 
2.0 

0.3 
2.0 
4.0 

0.6 
2.0 
4.0 

/3=1 

Exact 
C, S 

16.5 0.933 
11.7 0.906 
7.47 0.857 

3.51 0.719 
2.54 0.632 
1.88 0.534 

1.72 0.511 
0.90 0.28 

0.70 0.21 
0.50 0.12 
0.36 0.05 

/3= ao 

Exact 
C, S 

3.95 0.796 
1.70 0.583 
1.37 0.508 
1.06 0.406 

0.93 0.644 
0.36 0.348 
0.27 0.248 

0.39 0.57 
0.18 0.38 
0.12 0.27 

Br CA 
C, C, D~ 

16.5 11.6 1.004 
11.7 9.9 1.009 
7.4 7.1 1.022 

3.4 3.4 1.038 
2.4 2.4 1.077 
1.7 1.7 1.152 

1.7 1.7 1.031 
0.85 0.90 1.120 

0.71 0.78 1.079 
0.50 0.57 1.154 
0.36 0.41 1.276 

Br CA 
C, C, D~ 

3.91 3.3 1.29 
1.60 1.36 1.40 
1.24 1.07 1.48 
0.87 0.79 1.67 

0.98 1.25 2.69 
0.38 0.54 3.12 
0.27 0.40 3.58 

0.50 1.0 4.28 
0.27 0.60 4.69 
0.19 0.46 5.27 

for which p = ,p for x I > 0, the two diffusivities are equal to 
each other and the integration of ( 118) can be carried out 
analytically yielding 

Cs = 1/ ~,pD ~ 81' (Brinkman) (120) 

and 

(121 ) 

where S is a measure of the decay rate of the concentration in 
the medium. These simple expressions already suggest the 
expected behavior at small ,p or X and for slow reactions. For 
a more precise comparison with the numerical results, how­
ever, we need to specify the bulk diffusivity of the reacting 
medium. As mentioned in the introduction of this section, a 
common practice is to simply choose the bulk diffusivity to 
be independent of the rate constant and to be a function of X 
and fJ only. We expect this to be a reasonable assumption for 
slow reactions. The estimates of the bulk diffusivity in the 
absence of a chemical reaction have been reported in the 
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literature and in fact they are the same as D * presented in 
Sec. V because of the identical nature of the governing equa­
tions for the problems of determining the overall conductiv­
ity and bulk diffusivity. Thus we have taken D ~ = D * in 
( 119) and integrated the resulting equations numerically by 
a fourth-order Runge-Kutta scheme to obtain the estimates 
of Cs via the Chang-Acrivos approximations; the estimates 
from the Brinkman approximation can be, of course, direct­
ly evaluated from (120) and (121) by substituting D ~ 
= D *. The results of these calculations are compared with 

the exact numerical results in Table VI where, because of the 
space limitations, we have presented results only for the 
body-centered cubic arrays with P = 00 (the surface reac­
tion case) and P = 1. We find that the Brinkman theory 
gives surprisingly good estimates of Cs for nearly the com­
plete range of X even for the moderately fast reactions. We 

note that ~ or :?II s may be regarded as the ratio of the 
microscale to the reaction length scale. Thus it is quite re­
markable that the Brinkman approximation continues to 
give fairly accurate estimates of Cs even when the ratio of 
these scales is 4. Unlike the case of shear flow examined in 
Sec. III, the approximate theory of Chang and Acrivos gives 
inferior estimates of Cs • 

Our numerical calculations showed that sa became 
nearly constant to at least three significant digits for a 
greater than 3 in almost all the cases considered in Table VI. 
(Depending upon the decay rate, the number of rows Nt was 
chosen in the range 20-100.) Therefore it seems appropriate 
to treat the two-phase medium as an effective continuum for, 
say, a > 3 and to define the bulk diffusivity of this continuum 
by matching S obtained from the exact calculations (with 
a = 4) with that given by Brinkman theory [cf. ( 121 ) ]. The 
estimates of the bulk diffusivity thus obtained are also given 
in Table VI. In the limit of very slow reactions the estimates 
of D k thus obtained converged to D *. For faster reactions 
the bulk diffusivity of the reacting medium is found to be 
greater than that of a nonreacting medium. This is also sup­
ported by the asymptotic analysis to be presented in Sec. 
VI B. We wish to note that since our formulation of the effec­
tive property of the reacting media is quite different from 
that employed by Felderhof or other investigators, we have 
not compared our results with the previous investigators. 

To be sure, we must also inquire how the estimates of Cs 

obtained from Brinkman theory compare with those from 
the exact calculations if we choose the bulk diffusivity in 
(120) to be D k instead of D *. We therefore repeated the 
calculations for Cs with the new estimates of D k and found 
that in most cases the Brinkman estimate of Cs was still quite 
close to that obtained via the exact analysis. The reason for 
this is that Cs varies only as a square root of the diffusivity 
and the maximum deviation between D * and D k for the 
cases considered here is less than 30%. Finally, one may also 
inquire what choices of D k will yield the estimates of C, 
obtained via the approximate theory of Chang and Acrivos 
to coincide with Cs obtained from the exact analysis. We 
found that the estimates of D k thus obtained differed signifi­
cantly from D * even for very slow reactions. Since this is 
unphysical, we conclude that the approximate theory of 
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Chang and Acrivos does not yield reliable estimates of Cs or 
S for the problem considered in this section. 

B. Asymptotic analysis for slow reactions and small 
volume fractions 

In this section we consider the case of small X and :?II. As 
in the case of shear flow, we anticipate that the concentration 
field can be adequately approximated by considering only a 
few terms in the formal solution. Accordingly, we consider 
only the terms containing Aoo and A 10' which correspond, 
respectively, to the concentration monopole and dipole. 
These two constants can be determined by considering yg 
and y? terms in the expansion of c around each sphere. Thus 
writing down explicitly these terms we have 

E;;h = aLoD;;h , 

E';h = a3LID';h , 

where 

E;;h = 2A;;h and E';h = - 2A ';h , 

D;;h =~ L (m-a)lA~ +Afo 
T m<a 

£NI. + ~ A a 'II. + A a ~ £... 00 I,ma 10 a ' 
a XI 

D';h = ~ L A ~ + O(A fo) . 
T m<a 

(122) 

(123) 

(124) 

(125) 

(126) 

Here 'IIT,ma is 'III evaluated at the vector difference rm - ra 

with the singular part omitted for m = a. Similar conven­
tion applies to the derivative of 'III with respect to X I in 
( 125). Now we expect the concentration to decay exponen­
tially with X I and hence seek the solution of the above equa­
tions in the form 

A ~ = Ae - aCT(X) and A fo = Be - aCT(X) , (127) 

where, by comparison with (121), we expect that 
u = O(X3

). Now substitution of (127) into (123)-(126) 
yields 

P - 1 41Ta3 e - CT 

B=---- A, (128) 
P+2 T l-e-CT 

where use has been made of the asymptote LI = (1 - P)/ 
(2 + P) + O(r) [cf. (116) for the definition of z]. Now, 
using the relations 

(129) 
a 

~ A a £NIT,ma A m ~ £NI I,ma 
£... 10 ---= 10 £... u(a - m) ---+ '" 
a aX I a aX I 

= O(uA ';h), ( 130) 

and 
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L (m -a)A~ = (131 ) 
u>m 

we obtain 

D 
m _ 81TA ~ e - " 
00 - --------

7 (1 - e- ")Z 

( 1+ {J-141Ta3 -")+Am X - ----e ooC I ' 
{J+ 2 7 

( 132) 

Now, combining (132) with (122) and using the asymptotic 
expansion of Lo, 

Lo = _Xze? + x4gfZ(1i + _1_) 
3 3{J 3 15 

_ X
6
e?3 [(Ii + _l)Z _1 ] + 0 (X8e?4) , 

3{J2 3 15 + 525 {J4 
(133) 

we obtain 

2er = L ( _ 81TI + c' er + 32~ {J - 1 a3 + 0(a6 ») 
o 7 I ~ {J+2 ' 

(134) 

where c; = C1 + 21TI/37. Now (7 can be determined by 
successive approximations. The leading term for (7 is 

er = 41Tla3e? /3h 2r = ¢Ize? /h 2, (135) 

in agreement with the Brinkman approximation [cf. (121) ] . 
The above relation can be solved further to determine er to 
0(a7

), and by defining the bulk diffusivity via the Brinkman 
approximation, i.e., D ~ =¢e? 12 /h zer, we obtain the follow­
ing expression for D ~ : 

_1_ = 1 _ ~(1 + _l_)gfxz 
D~ 3 5{J 

(
C; he? {J - 1 41Th 3) 3 

- -6- + {J+ 2 ----;z X 

+ [(~ + _1_)2 + _1_]e?2X4 + 0(X9IZ) . 
3 15{J 525{Jz 

( 136) 

We note that if we take gf = 0 we recover the well-known 
Maxwell result D ~ = D * = 1 + 3¢({J - 1 )/({J + 2) valid 
for. the dilute arrays of spheres. The constant c; h equals, 
respectively, - 2.2838, - 3.1790, and - 3.2422 for the 
simple, body-centered, and face-centered cubic arrays. Sub­
stituting its value in (136) yields the following expression 
for the case of {J = 00 and the body-centered cubic array: 

_1_ = 1 _ e?X2 + (0.530gf _ 2.041 )X3 
D~ 3 

( 137) 

Thus we see that the effective diffusivity in the presence of a 
chemical reaction is greater than that of a chemically passive 
medium, at least to the leading order in e? The above 
expression was compared with the estimate of D ~ obtained 
from the numerical calculations and the agreement between 
the two was found to be excellent for X = 0.3 for e? <0.4. 
Finally, the case of {J = 00 can also be regarded as a case of 
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surface reaction as mentioned earlier. Using Ln given by 
( 117), an independent analysis similar to the one outlined 
above yielded 

1/ D ~ = 1 - e? sX + (1 - 1.589gf s- I )e?;Xz 

- (1 + 3.179e?s-1 + 2.042gfs-3)gf;X3 + .... 
(138) 

We notice that not all of the terms in the above expression 
can be derived directly from (137) by substituting 
gf = 3gf .IX. The reason for this apparent discrepancy lies 
in the fact that the higher-order terms in (137) which are 
multiplied by powers of gf can give lower-order terms in the 
expansion of X upon the substitution of 3gf J X for gf. 

VII. CONCLUDING REMARKS 

In this paper we have presented the planar periodic sin­
gular solutions of the Stokes and Laplace equations and their 
applications to various transport problems near the "inter­
face" of a porous medium with a continuous-phase medium. 
The transport processes considered here were (i) a shear 
flow past a porous surface; (ii) a flow in the entrance region 
of a porous medium; (iii) a heat conduction in the entrance 
region; and (iv) a diffusion accompanied by a chemical reac­
tion. The results of the exact analysis of each of the above 
processes were compared with the predictions of two ap­
proximate continuum theories referred to as the Brinkman 
and Chang-Acrivos approximations. It was found that in 
case (i) the Brinkman approximation gave reasonably good 
estimates of the velocity slip coefficient and the velocity de­
cay rates up to ¢ = 0.15 for all three cubic arrays and that 
the Chang-Acrivos approximation gave excellent estimates 
for nearly the complete range of ¢J. The agreement for the 
pressure and temperature slip coefficients in the case of 
problems (ii) and (iii) with the approximate theories, how­
ever, was not satisfactory in that the approximate theories 
predicted zero values for these coefficients whereas the exact 
analysis yielded small nonzero values. Since in the case of a 
periodic array, the particle distribution function near the 
"interface" is essentially the same as in the bulk, the approxi­
mate theories estimate the entrance length related effective 
properties to be the same as in the bulk and thereby give the 
estimates of the entrance lengths to be zero. In view of the 
fact that the exact analysis showed that the entrance lengths 
in problems (ii) and (iii) are less than approximately one 
unit cell width, we must regard the approximation made in 
the continuum theories as quite reasonable. Finally, since 
the estimates of the bulk diffusivities of reacting media were 
not available we restricted ourselves to the comparison of the 
exact numerical results with the approximate theories for 
slow to moderately fast reactions where the bulk diffusivities 
are not too different from the diffusivities of nonreacting 
media. We found in this case that although both approxi­
mate theories gave reasonably good estimates of the concen­
tration slips for a fairly wide range of X, the approximate 
theory of Brinkman gave more accurate estimates than the 
theory of Chang and Acrivos. Brinkman theory was also 
employed to obtain the estimates of the bulk diffusivities of 
reacting media. 
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In addition to the problems studied here, the planar sin­
gular solutions can also be employed in the study of a num­
ber of other problems. Essentially all the problems con­
cerned with the determination of the bulk properties that 
required the triply periodic singular solutions developed by 
Hasimot021 can also be solved using the planar singular solu­
tions. The latter gives more flexibility in studying the arrays 
that do not have cubic symmetry and may, in particular, be 
more useful in studying the transport processes in random 
suspensions. We have recently found a formal solution for 
the velocity field for N randomly arranged spheres per unit 
planar cell and we are currently using this solution to obtain 
estimates of various transport properties of disordered sys­
tems. 
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