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Super-Brownian Limits of Voter Model Clusters

By MAURY BraMSON!, J. THEODORE Cox?, JEAN-FRANCOIS LE GALL
University of Minnesota, Syracuse University, Ecole Normale Supérieure

The voter model is one of the standard interacting particle systems.
Two related problems for this process are to analyze its behavior, after
large times ¢, for the sets of sites (a) sharing the same opinion as the
site 0, and (b) having the opinion that was originally at 0. Results
on the sizes of these sets were given in [Sa79] and [BG80]. Here, we
investigate the spatial structure of these sets in d > 2, which we show
converge to quantities associated with super-Brownian motion, after
suitable normalization. The main theorem from [CDP98] serves as an
important tool for these results.

1. Introduction. The voter model was introduced independently by Clif-
ford and Sudbury in [CS73] (where it was called the invasion process) and by
Holley and Liggett in [HL75]. It is one of the simplest interacting particle sys-
tems (see [Gr79] and [Li85]), but one which exhibits a wide range of interesting
phenomena. The process is easily described. One supposes that at each site x
of the d-dimensional integer lattice Z% there is a voter who randomly changes
opinion. In the two-type model, each voter holds one of two opinions, say 0 or 1,
and at rate-1 exponential random times, selects a neighbor at random according
to a given jump kernel p(z,y), and adopts the opinion of the neighbor at the
chosen site. (Note that no change occurs if the two opinions are the same.) All
voting times and neighbor selections are independent of one another. We denote
the process by &, where & (x) is the opinion at site z at time ¢, and will adopt
the convention of identifying the configuration & with {z : &(x) = 1}, the set
of sites with opinion 1. For z € Z?, &F will denote the process starting from a
single 1 at the site = at time 0. The multitype voter model & is defined using the
same dynamics as for the two-type model, but now the set of possible opinions
is taken to be infinite; we will assume here that the initial opinions are all dis-
tinct. A convenient choice is to take the set of these opinions to be Z¢, so that
&: 2% — 7%, and & (x) = .

Another basic interacting particle system is the coalescing random walk. Parti-
cles are assumed to execute rate-1 random walks according to some jump kernel
p(z,y). The movement of the particles is independent for particles at distinct
sites; when particles meet, they coalesce, and afterwards move as a single parti-
cle. Unless specified otherwise, it will be assumed that there is initially a particle
at each site of Z%. The voter model and coalescing random walk are dual pro-
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cesses. In Section 2, we will give a detailed construction of both processes, using
this duality to express one in terms of the other.

In this paper, we will study the limiting spatial structure of the voter model
in d > 2. (The behavior for d = 1 is different, and will be discussed briefly at the
end of the section.) These results also have analogs in terms of coalescing random
walks. We first provide some background, and then state the main results.

Throughout the paper, we will make certain assumptions on the jump kernel
p(z,y). We will assume that

p(z,y) = p(0,y — x) is irreducible and symmetric, with p(0,0) = 0,

(1.1) and for some 0 < o2 < oo, Z p(0,z)2'2? = (i, 7)o

z€Z3
(8(i,j) = 0 for i = 7, and (i, j) = 0 otherwise). We set By = 2mo?, and let
B4, for d > 3, be the probability that a random walk with jump kernel p(x,y)
starting at the origin never returns to the origin. Some of our results also require
the following additional assumption:

(1.2) there exists a constant ¢ > 0 such that Z p(0, z)el*! < 0.
zEeZ4
Results on the sizes of the sets of interest to us were given in [Sa79] and [BG80].
In [Sa79], Sawyer studied the patch or clan of the origin 7, which is the set of
sites in & holding the same opinion as site 0. That is, 70 = {y : &(y) = &(0)}.
Sawyer determined the asymptotic growth of |7?|, the cardinality of Y. Theorem
2.1 of [Sa79] states that, as t — oo,

205t/ logt i =2
2084t ind> 3,
and
(1.4) I £(2)+E'(2)
' Elr)| ’

where £(2) and £’(2) are independent, exponential random variables with pa-
rameter 2, and = denotes convergence in distribution.

Set p; = P(|&Y| > 0). It is easy to see that |£)| is a martingale, and hence
pt — 0 as t — oo. The asymptotic rate at which p; tends to 0 was found in
[BG80]. Theorem 1’ there states that, as ¢t — oo,

(logt)/Bat ind=2,
(15) £ {1/ﬁdt ind> 3,
and
(1.6) piléf] = E(1),

where [€0] has the law of [€7] conditioned on the event {|€9] # 0}, and £(1) is
an exponential random variable with parameter 1. (Theorem 1’ in [BG80] was
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proved for the nearest neighbor random walk with p(0,x) = 1/2d for |z| = 1; in
Section 2, we will point out the minor change in reasoning needed to show that
(1.5) and (1.6) hold under the more general assumption (1.1).)

It is natural to ask whether these limit theorems can be augmented with
information on the spatial structure of £ and 7. (This question was raised in
[BG&0].) Theorems 1 and 2 below do exactly this, and express this information
in terms of a measure-valued branching diffusion, super-Brownian motion. This
process was introduced independently in [Wa68] and [Da75], and has been studied
extensively in recent years. (See the references in [Da93], [Pe99] and [LG99].) We
will give a brief description of it now, and a more formal one in Section 3.

We start with a critical branching random walk system (;. The process (;
models the evolution of a system of particles on Z¢, in which each particle dies
at rate 7, r > 0, and gives birth to a new particle at the same rate. After birth,
the new particle is instantly transported to a site chosen at random according
to the kernel p(x,y). (A particle moves only when it is born.) The number of
particles at site x at time ¢ is denoted by (;(«). All death times, birth times, and
displacement choices are independent of one another. Super-Brownian motion is
obtained by taking a diffusion limit of this system. This is done by speeding up
time by a factor N, scaling space by v/ N, assigning mass 1 /N to each particle,
choosing appropriate initial conditions, and letting N — oo. Here is a precise
formulation.

Define a sequence of branching random walks (/¥ on Sx = Z?%/v/N, with rate
N7 and jump kernel py(z,y) = p(zvV/N,yv/N), =,y € Sn. Assign each particle
in ¢/ mass 1/N, and define the measure-valued process XV by

1
(L) X =LY s,
YESN

where 4, is the unit point mass at y. Let M;(R9) denote the set of finite
Borel measures on R?, endowed with the topology of weak convergence of mea-
sures. When the (deterministic) initial measures X' converge to a measure
Xo € M;(R?) as N — oo, one can show that the sequence (X}¥);>o converges
weakly to a continuous, measure-valued process (X;);>o; this limiting process is
super-Brownian motion with branching rate 2r and diffusion coefficient 2. (The
proof is analogous to the proof of Theorem I1.5.1 of [Pe99]). We will give a more
direct definition of super-Brownian motion in Section 3.

To connect the convergence of critical branching random walks with the two-
type voter model, we reformulate the voter model dynamics. Since we will be
rescaling the voter model, we assume that opinions at neighboring sites are given
by rate-r rather than rate-1 exponential random times. Sites with opinion 1 can
be thought of as being occupied by a particle, with other sites being vacant. In
this setting, a particle at = dies at rate rV;(z), where Vi(z) is the local density
of vacant sites near x,

Vi(@) = > pla,y) e, (=0}
yeZa
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Similarly, a particle at « creates a particle at rate rV;(x), with the particle being
created at a vacant y at the rate rp(y,z) = rp(x,y). Consequently, the voter
model can be viewed as a state-dependent branching random walk in which the
total branching rate of a particle at x is 2rV;(z). This is the viewpoint taken
in [CDP98], where it is proved that, like the branching random walks ¢}V, a
sequence of rescaled voter models converges to super-Brownian motion when the
initial measures converge.

To be precise, let & denote the rate-N voter model on Sy with jump kernel
pn(z,y), and define the mass normalizers

{N/ log N ind=2,

my =

(1.8) .
N ind >3,

and the measure-valued process X}V,

Theorem 1.2 of [CDP98] states that if X{¥ converges to a measure Xy € M ;(R9)
as N — oo, then

(1.9) (X )iz0 = (Xt)ex0,

where the limit process X; is super-Brownian motion on R¢ with branching rate
2034 and diffusion coefficient o2. We note here that, for the proof of this result, it
is not necessary for N — oo over just integer values, as was assumed in [CDP9S];
for our results, we find it convenient to allow N — oo over R.

In view of (1.9), it seems plausible that, after conditioning on nonextinction
of the 1 opinion of ¢ and rescaling time, space and mass, the spatial structure
of £ should be related in some way to super-Brownian motion. This is indeed
the case, and to describe this relation, we employ the family of canonical mea-
sures {Ry(z,-),z € R% ¢ > 0} of super-Brownian motion with branching rate
v and diffusion coefficient o2 (see, e.g., Chapter 11 of [Da93]). The R;(z,-) are
finite measures on M (R?), which assign no mass to the zero measure, and are
characterized by

(110) B fesp(-Xi())] = exp( | /M o AT O B )

The notation v(¢) is shorthand for [ ¢(z)v(dz); for p € M;(R?), X;, under PH,
denotes super-Brownian motion with initial state Xo = p. We note here that
Ri(z, M;(R%)) = 2/~t. Informally, the canonical measure R;(z,-) represents the
contribution to X; of the descendants at time ¢ of a single individual present
at x at time 0, after normalizing the corresponding measures to compensate for
“immediate” extinction. It can also be constructed as the normalized limit of the
set of particles descended from a single particle in the original branching random
walk system (see, e.g., Theorem I1.7.2 of [Pe99]). More precise information about
canonical measures is provided in Section 3.
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Our first result, Theorem 1, shows that the law of the two-type voter model £
conditioned on nonextinction and viewed as a measure, converges to R1(0,-) =
BaR1(0,-), as t — oo, where {Ry(z,-)} is the family of canonical measures with
branching rate 23, and diffusion coefficient 2. This is consistent with the expo-
nential limit law (1.6), since the law of the total mass of a random measure dis-
tributed according to R1 (0, -) is exponential. Theorem 1 will follow as a corollary
from the more general process level convergence result for £Y given in Theorem
4, in Section 4, which is akin to the limit below (1.7) and to the limit (1.9). In
(1.11) and elsewhere, £ denotes law.

THEOREM 1. Assumed > 2. Ast — o0,

(1.11) /:(mit Zay/ﬁ\ggﬂ) = R1(0,-).

yeey

Let do denote the Hausdorff metric on nonempty compact subsets of R%, i.e.,
do(K,K') =d1(K,K') + d1(K', K), where

di(K,K')=inf{e >0: K C K},

and K denotes the closed e-enlargement of K’. The following variant of Theorem
1 asserts that the random set £ /v/t, under P(-| &) # (), converges in distribution
in the Hausdorff metric. Here, supp u denotes the closed support of the measure
. We note that supp p is compact a.s. with respect to the measure R;(0,-) (see
Theorem IV.7 of [LG99)).

THEOREM 1'.  Assume d > 2, and that (1.2) holds. As t — oo, the law of
& /\/t under P(-| £ # 0) converges weakly to the law of supp p under Ry (0, du).

Theorem 1’ will be demonstrated in Section 7. It will follow quickly from
Theorem 1 once one shows that “rarefied regions”, with low, nonzero densities
of particles, will not occur as ¢ — oo. Such a result is needed to ensure that the
limit of £)/v/t, under P(-|&) # (), in the Hausdorff metric corresponds to that
given in (1.11) (rather than the former being larger).

We next consider the patch of the origin 70 for the rate-1 multitype voter
model & with jump kernel p(z,y). For this, we employ certain random variables
J:, taking values in M ;(R?), which are characterized by

(1.12) E[F(3,)] = /M » /R FO(d)R(0,dv),  F e Gy(M;(RY).

(Cy(Mf(R?)) denotes the space of continuous bounded functions on M ;(R?),
and for z € R%, 6, denotes the shift by z, ie., (0.v)(¢) = [¢(y — 2)v(dy).)
Informally, J; is the random measure obtained by viewing each measure v from
points z, which are weighted according to v(dz) and R;(0, dv). (More detail on
J; will be given in Section 3.)
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THEOREM 2. Assumed > 2. Ast — oo,

1 -
(1.13) o > 6= 0

y€7r?

As in Theorem 1’, one can rephrase Theorem 2, where the convergence in
(1.13) is replaced by the convergence of the random sets 79 //¢ in the Hausdorff
metric.

THEOREM 2.  Assume d > 2 and that (1.2) holds. As t — oo, 79 /\/t con-
verges in distribution to supp Jy.

Theorem 2 follows relatively quickly from Theorem 1; it is demonstrated in
Section 5. Theorem 2’ is shown in Section 7 in the same manner as Theorem 1’.

At the beginning of the section, it was mentioned that the voter model and
coalescing random walk are dual processes. On account of this, one can reinter-
pret Theorems 1, 1, 2 and 2’ in terms of coalescing random walks. The set £ for
the two-type voter model is also the set of initial sites of those particles which
are at 0 at time ¢; this allows one to reinterpret Theorems 1 and 1’. Similarly, the
set ¥ for the multitype voter model is the set of initial sites of those particles
which have coalesced, by time t, with the particle starting at 0; this allows one
to also reinterpret Theorems 2 and 2'. An explicit coupling of the voter model
and coalescing random walk is given by their common percolation substructure,
in Section 2.

In d > 3, the multitype voter model has a stationary distribution, with an
infinite number of opinions, which is the limit of & as t — co. We denote by 7%,
the patch of the origin for a random measure with this distribution; we view 72, as
a random element of M (R?), the space of Radon measures ;2 on R? (i.e., u(T') <
oo for all compact sets I'), endowed with the topology of vague convergence. We
will later show that the random measures J; converge monotonically, as ¢ — oo,
to a random measure J, taking values in M(R%). The random set 7, is related
to J in the following way.

THEOREM 3. Assumed > 3. As N — o0,

1
(1.14) & 2 Oy = Jeo

yemd,

with respect to the topology of vague convergence on M(R?).

Theorem 3 is demonstrated in Section 6. It follows quickly from a variant of
Theorem 2.

The results of this paper pertain to dimensions d > 2. As mentioned in the
beginning of the section, the behavior of the voter model (and coalescing random
walk) is different for d = 1. There, the appropriate mass normalizer is my = VN,
but the limit (1.9) does not hold without modification. One alternative is to
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use a sequence of jump kernels which become progressively more spread out as
N — oco. This was done in Theorem 1.1 of [CDP98]. One expects, in this case,
that variants of our Theorems 1, 1, 2 and 2’ should hold. Alternatively, results
in [Ar80] for the voter model and coalescing random walk in d = 1 suggest that
the limit (1.9) should hold for d = 1, with my = v/N, but with a limit process
X; given by a system of annihilating Brownian motions. In this setting, X; will
not be super-Brownian motion, and so any analogs of the theorems proved here
will not involve super-Brownian motion.

The remainder of the paper is organized as follows. Background material on
the voter model and coalescing random walk is given in Section 2, and background
material on super-Brownian motion is given in Section 3. Theorems 1, 1/, 2, 2/
and 3 are demonstrated in Sections 4-7, as indicated earlier. A quick application
of Theorem 1’ is given in Section 8, which relates appropriate limits of the two-
type voter model and coalescing random walk to a nonlinear diffusion equation.

2. The voter model and coalescing random walk. In this section, we
give the standard graphical construction of the voter model and its dual process,
coalescing random walk. We then recall a correlation inequality from [Ar81], and
show that (1.5) and (1.6) hold under (1.1).

Let {A(x,%), 2,y € Z%} be a family of independent Poisson point processes on
Ry, where A(z,y) has intensity p(z,y)ds (and ds denotes Lebesgue measure).
The atoms of A(z,y) will be the times at which the voter at « adopts the opinion
of the voter at y; we indicate this by drawing an arrow from y to z at time s,
for s € A(z,y). For s < t, we say that there is a path up from (y,s) to (z,t) if
there is a sequence of times s = sp < s1 < s3-++ < s, < Sp41 = t and sites
Yy = xg,x1,... ,Ty, = & such that:

(i) For 1 < i < n, there is an arrow from z;_1 to x; at time s;.

(ii) For 0 < i < n, there are no arrows pointing towards z; in the time interval
(Si, Sit1)-

There is a path down from (z,t) to (y, s) if and only if there is a path up from
(y,5) to (z,t). For t > 0 and z € Z%, define (W¥*)o<,<; by setting Wit = ,
and, for 0 < s < t, setting W = y if and only if there is a path down from
(z,t) to (y,t — s). It is easy to see that W is a rate-1 random walk with jump
kernel p(z,y). Furthermore, the two walks WZt-* and WZ2"* move independently
until they meet, at which time they merge, and move together afterwards. That
is, WZ")o<s<t, © € 74, forms a coalescing random walk system.
The two-type voter model &; with initial state &y is given by

(2.1) &i(w) = Lo(W,™),
and, in particular, £/ is the random set

(2.2) & ={z: W' =y}
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The multitype voter model &, is given by the same Poisson processes via

(2.3) Ei(x) = W,

and 77, the patch of site x at time ¢ of the multitype voter model, is given by
(2.4) = {z: WSt =W}

It follows easily that for any finite A C Z% with 0 € A,

(2.5) {mn) =AW =y} = {& = A}.

The rescaled voter models & and & may be constructed analogously using
a family of independent Poisson processes {AN (x,y), 7,y € SN}, where AN (x,7)
has intensity Npy(z,y) ds, and employing the corresponding coalescing random
walks (WN-®1)g- <, on Sn. Also, the analogs of (2.2) and (2.4) hold.

In the proof of Theorem 4, we will require the following correlation inequality
from Lemma 1 of [Ar81]. Recall the definition of p; above (1.5).

LEMMA 1. Forz # vy,
(2.6) P(leF] > 0,1€f] > 0) < P(|€7] > 0)P(|€]] > 0) = p}.

We recall that the asymptotics (1.5) and (1.6) were proved, in [BG80], for
the jump kernel p(z,y) of simple symmetric random walk on Z?. Only Lemma 5
there makes use of this additional assumption. Display (2.7) of Lemma 2 below
is the corresponding inequality, and allows us to conclude that both (1.5) and
(1.6) hold under the weaker assumption (1.1).

LEMMA 2. Let W; denote a rate-1 random walk on Z with jump kernel p(x,y)
satisfying (1.1), with Wo = 0. For x € Z%, let Hy(z) = P(Wy = = for some s <
t). There exist positive constants Cq, such that for all v > 2 and x € Z% with
x| =7,

(2.7) Ha(z) > {CQ/ logr ind =2,
Cy/r*=% ind>3.

PROOF. Let Gy(x) = fg
inequality

(2.8) Hy(x) > Gy(x)/G40),

P(W, = z)ds. Lemma 5 of [BG80] relies on the

and on the asymptotic behavior of G(z) for simple symmetric random walk. For
d > 4, under the more general (1.1), the corresponding upper bounds on G;(z),
for x # 0, require more than finite second moments on p(z, y) (as noted in [Z299]);
fortunately, the appropriate lower bounds on G¢(x) do not.

We verify (2.7) under (1.1). After adaptation to continuous time, P7.9 of [Sp76]
and the remark following it imply that there exist constants €4 > 0 (depending
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on the kernel p(x,v)), such that for all » > 1, r2/2 < s < 7%, and = € Z? with
|z| = r, P(W, = x) > £4/5%?. Using this estimate, it follows that

2

" log 2 ind=2
(2.9) Gr2(z) > ad/ 72 s > c2708 4 ?n ’
22 (ea/2)r ind> 3.

It also follows from P7.9 of [Sp76], in a similar fashion, that there exist finite
constants Ay such that for all » > 1, G,2(0) < 1+ Aslogr for d = 2, and
G2(0) < G(0) < oo for d > 3. Substituting (2.9) and these estimates into
(2.8) verifies (2.7) for d > 2, as needed. O

3. Super-Brownian motion. In this section, we summarize some of the
basic properties of super-Brownian motion. For a Polish space E with Borel
o-field &, let M(E) be the space of nonnegative Radon measures on (E, &),
and let M (E) (resp. M1 (E)) be the space of finite (resp. probability) measures
€ M(E). We assign M(E) the topology of vague convergence, and M ;(E) and
M (E) the topology of weak convergence. For i € M¢(FE) and functions ¢ on E,
let 1(¢) = [ ¢(x)p(dx) whenever the integral is well defined. Let C(R4, M ¢(R%))
be the space of continuous functions from Ry to M;(R?), and let X;(w) = wy
denote the coordinate process of such a function; we will typically write X; for
X (w). Also, let D(R4, M;(R%)) be the Skorokhod space of cadlag functions
from Ry to Ms(R9).

For i € M (R%), we say that P* € M;(C(Ry, M ;(R%))) is the law of super-
Brownian motion with initial state u, branching rate « and diffusion coefficient
o? if, for all ¢ € C°(RY),

t 0_2
Mi(6) = Xi(6) ~ Xolo) ~ [ X.(T570)ds

is a P*—continuous, square-integrable martingale, with increasing process

<Mwn:Amem&

See Chapter I of [Pe99] for details on the construction of super-Brownian motion,
and for a proof that the above martingale problem is well-posed.

Let 1 denote the function on R? which is identically one. Under P*, the total
mass process X¢(1) is a Feller branching diffusion process, and it is well known
that

E"Jexp(—0X,(1))] = exp(— 22?((9171) 6> 0.

It follows that P*(X,(1) > 0) = 1 — e~ 2#(1)/7 and hence that
(3.1) P (X (1) > 0) ~ 2¢/4t as e — 0.

Employing the infinite divisibility of the mass of X;, one can show that there
is a family {R;(z,-),z € R% ¢ > 0} of finite measures on M (R?) (see Chapter 11
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of [Da93]), such that R;(z,{0}) = 0, and for nonnegative measurable functions
¢ on R?,

(32)  E*fexp(~X,(6))] = exp(~ /}R d /M (Rd)(l—e_”(¢))Rt(m,du)u(dx)).

(This formula was given earlier as (1.10).) Equivalently, X; under P* has the
same law as Y X}, where Z‘SX'; is a Poisson point process with intensity
J Ri(x, ) p(dx). The measures Ry(x,-) have total mass

(3.3) Ri(z, M;(RY)) = 2/,
and, for 6 > 0,
2

(3.4) / e Ry (3, dv) = 2D

M s (Re) (2/~t) + 0
It follows from this last formula that
(3.5) / v(1) Ry(x,dv) = 1.

My (RE)

Furthermore, for any Borel set B C RY,

(3. Loy B Bis) = [ e

B

where n;(x,y) is the transition density of Brownian motion in R? with diffusion
coefficient 0. Using (3.2), it is simple to check that

(3.7) lim e 1 E0 1 — =X+ (9)] = / (1 —e ")) Ry(x,dv),
=0 My (R)

and
(3.8) lim e 1P (X, €T) = Ry(x, )
E—

for measurable Y C M ;(R?) with 0 ¢ Y.

As shown in Section 4 of [ER91], or in Section 5 of [LG91] by the Brownian
snake approach (see also Section I1.7 of [Pe99]), there is a o-finite measure Ny on
C(Ry, M (R%)), the excursion measure of super-Brownian motion with branch-
ing rate v and diffusion coefficient o2, with the following properties. The measure
Ny assigns zero mass to the zero trajectory, and for all ¢ > 0 and measurable

T C M;p(RY) with 0 ¢ T,
(3.9) No(X; € T) = R (0, ).

In particular, No(X, # 0) = 2/ya < oo for any o > 0. Thus, Ny restricted to
{X., # 0} is a finite measure. Also, for every 6 > 0, the process (X;s)¢>0 induced
by No(- | Xs # 0) is Markovian, with the transition kernels of super-Brownian
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motion having branching rate v and diffusion coefficient 2. The following Pois-
son representation formula is useful. If ) 4, is a Poisson point measure on
C(R, M;(R%)) with intensity eNg, then

Y =3 Xy(w'), t>0,

is a super-Brownian motion with initial state edy. Note that N assigns zero mass
to the set of trajectories with times 0 < oo < 3 such that w, =0 and wg # 0.

Let a > 0, and let F be a bounded, continuous function on C(R, M ;(R%))

such that F'(w) = 0 for all w with w(t) = 0 for all £ > «. For such F,

(3.10) lim e~ B2 [F((X1)120)] = No[F],

which is an extension of (3.8). Here, No[F] et J F(w) No(dw). (Note that for
general bounded, continuous F', No[F] need not be defined.) Display (3.10) is a
simple consequence of the previous representation and of properties of Poisson
point measures. To see this, note that, by (3.1), (3.3) and (3.9), P% (X, #
0) ~ eNy(X, # 0) as e — 0. Moreover, the process (X;);>¢ is distributed under
Poo(. | X, # 0) as the sum of two independent terms, the first term being
distributed according to Ny(- | X, # 0) and the second going to 0 in probability
as € — 0. The convergence (3.10) then follows easily.

We will use a form of the Palm measures for super-Brownian motion. (See
Chapter 4 of [DP91] for a more general theory.) We observe that, because of
(3.5), there is a random measure J;, taking values in M ;(R?), whose law is
determined by the equation

(3.11) E[F(3,)] = /M - /Rd F(6.v)v(dz) Re(0,dv),

where F' € C,(M;(R?)). (This formula was given earlier as (1.12).)

We also give an alternate, more probabilistic construction of J;, which will be
used in the proof of Theorem 3. Let BY be a Brownian motion in R? starting at 0,
with diffusion coefficient o2, Let A/(ds dv) be a point measure on R x M ;(R%),
such that, conditionally on the Brownian motion B%, A is Poisson with intensity
vds Rs(BY,dv), and define the random measures

t
It:// vN (dsdv).
0 JMy(R?)

The following result is a straightforward consequence of the Palm measure for-
mula for superprocesses (see, e.g., page 1734 of [LP95]).

LEMMA 3. For every t > 0, the random measures J; and Z; have the same
law.

The equivalence of J; and Z; is easier to see, on an intuitive level, if one
considers 7] = f(f fo(Rd)(GB?I/) N'(dsdv) instead of Z;, where N is a Poisson
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measure with intensity v ds R;—s(BY, dv). In this setting, the Brownian motion
BY corresponds to the historical path leading to a typical particle in the support
of v, under R;(0, dv). For each atom (s, v) of the Poisson measure N, the measure
v corresponds to “cousins” of this particle which have common ancestry up until
time s. Standard time reversal and translation arguments imply that Z; and Z;
have the same distribution.

For Theorem 3, we will also employ the random measure

Too :/ / v N (dsdv).
0 Jayre)

Clearly,
(3.12) i T Too as t — oo.

Furthermore, for d > 3, T, takes values in M(R?) (i.e., it is Radon with proba-
bility one). Since if ' ¢ R? is compact,

B[Z.(I)] = WE[/OOO /Mf(Rd) v(T') Ry(BY, dv) ds}

=7E[/ /ns(BS,y)dde}
0 T
=v/ /nzs(Ovy)dyds,

0 T

where we have used (3.6) for the second equality. For d > 3, the last integral is
finite. (Although it is infinite for d = 2.)

4. A process level generalization of Theorem 1. In this section, we
state and prove Theorem 4, which provides the basis for the other results in the
paper. Theorem 1 is, in particular, an easy consequence of Theorem 4. Recall
that §;N’$ is the rate-N (two-type) voter model on Sy with jump kernel py (z, y),
Whejl;[e ng ¥ starts from a single 1, at z, at time 0. The associated random measures
of &7 are

1
X\ =— 8y
$ = Z; y
yeg{, !
where my is defined in (1.8).
THEOREM 4. Assume d > 2, and let Ng be the excursion measure of super-
Brownian motion on R® with branching rate 234 and diffusion coefficient o2.

(a) Let « > 0, and let F be a bounded continuous function on D(R4, M(R%))
such that F(w) =0 for all w, with wy =0 for allt > «. Then,

(4.1) Jim iy BIP((X)i20)] = No[F].
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(b) Let a > 0, and let F be a bounded continuous function on D(R4, M ¢(R%)).
Then,

(4.2) Jim BIF((X")z0) | X3 £ 0] = No[F | wa # 0.

The two parts of Theorem 4 are equivalent, with part (a) containing the
cleaner statement (4.1), and part (b) its more intuitive analog (4.2). The lat-
ter states that the probability measures obtained by conditioning (XtN ’O)tzo on
X0 £ 0 converge weakly to Ny conditioned on w, # 0. Later on in the section,
we will demonstrate the theorem by showing that (b) implies (a), which is al-
most immediate, and then showing (b). (Part (a) also implies (b); the argument
is similar to that used to prove (4.14) and (4.15) below.)

Assume that G € Cy(M(R?)) with G(0) = 0. For a given o > 0, define G
on D(Ry, M;(R%) by G((X:)i>0) = G(Xa). Since G is a.s. continuous with
respect to Ny, it follows from (4.2) that G(X2?), conditioned on X0 # 0,
converges weakly to the image of Ng[- | wa # 0] under G. By (3.3) and (3.9),
this last quantity is the image of B4aR,(0,-) under G. So,

lim BIG(X™) | X0 # 0] = 5d0‘/ G(1)Ra (0, dp).
N=oo M; (R
Theorem 1 follows from this upon substituting 1 for o and ¢ for N. By (1.5) and
(1.8), mypan — 1/B4cc as N — oo. One can therefore also write the above limit
as
(4.3) lim myE[G(X]))] = / G(1) Ra (0, dps),
N—o0 My (R)
which is the analog (4.1). It will be applied in Section 5.

The proof of Theorem 4 is somewhat lengthy. We first summarize the basic
idea and present two lemmas. For € > 0, let By . be the square in Sy centered at
the origin of side length by = (emy)'/4/N'/2 5o that |By .| ~ emy as N — oc.
Let ntN’E denote the voter model with initial state By, UZV’E = Useny. &Mm’

. N
and define the corresponding measures Y,

1
Ne _ §

N,
yen, °

By the definition of By, Y[)N’E — &g in M(RY) as N — oo. Consequently, by
(19),

(4.4) YV )zo = (V7)z0  as N — oo,

where Yf‘so denotes super-Brownian motion with initial state dg, branching rate
203, and diffusion coefficient o2.

Roughly speaking, our strategy for proving (4.2) is to show that with high
probability, when Y;"*¢ # 0, there is a random site 2y € By such that ¥;"** =
X"V Since xy is close to the origin, the law of XV~ should be close to the
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law of XtN ’0, when the latter is conditioned on nonextinction. Thus, we should
be able to obtain the limiting behavior of XtN 0 from that of YtN’E, by letting
e —0and N — oo.

Let S;"° be the set of surviving family lines at time ¢ from 7, "¢,

(4.5) SN = {z € By.: 161" > 0}.

Our first lemma shows that one may neglect the possibility that there are two
or more surviving family lines at a fixed rescaled time.

LEMMA 4.  For any d > 0,

(4.6) P(|S3°| > 2) < |Bn.c|*pin ~ (¢/08a)*

as N — oo.

Proor. By a simple decomposition and Lemma 1,

PS5 =2)=P( |J {1&"1> 0,16 > 0})
@, y€EBN ¢
TF#Y

S oP(grT

T, yEBN o
z#y

IA

> 0,607 > 0)

IN

‘BN75|2P§N'

Now apply (1.5). O

We will need certain bounds on the total mass process of super-Brownian
motion. The total mass process X;(1) is a Feller diffusion Uy, defined by

(47) dUt = \/’}/Ut dBt,

where B; is a standard Brownian motion on R. Let U; denote this diffusion with
initial value € > 0.

LEMMA 5.  Ford >0 and o > 0, let

(4.8) cs(a) =limsupe 'E|( sup US) AUE A 1]
€—0 0<t<s

Then, cs(a) — 0 as 6 — 0.

PROOF. The argument is based on the following basic properties of Uf: (i) U
is a Markov process and (ii) Uf is a square integrable continuous martingale. We
also use the following formulas that can be derived from the Laplace transform
of U§, which is given above (3.1). For § > 0,

(4.9) E[(U$)?] = €% 4 ~é¢
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and
(4.10) PUE >0)=1—e 2/,
By the Markov property at time ¢ and (4.10), we have, for § < a/2,

E[(swp U AUZAL| < B[ sup U)1uzo0]
0<t<s 0<t<s

= B[( suwp U7)PUS >0 Uf)]
0<t<s

= B[ ( sup Uf)(1 — e 2Vintem0))]
0<t<s

< iE[( sup Uf)z}.

o 0<t<s
By Doob’s inequality, this is
16
< —E[(U§)?.
< ~CEl(Us))
The lemma follows from this bound and (4.9). O

Before starting the proof of Theorem 4, we make a few observations concerning
weak convergence on D(Ry, M;(R?)). Recall that D(R;, M¢(R%)), with the
Skorokhod metric, is a complete metric space. Note, for this, that the topology
of weak convergence on the space M ;(R?) is given by the metric d,

(4.11) d(p,v) = sup |u(f) —v(f)l,
feBL(RY)

where By (R?) denotes the set of all nonnegative functions on R? which are
bounded by 1, and are Lipschitz with Lipschitz constant at most 1. (See Prob-
lems 3.11.2 and 9.5.6 in [EK86].) Let F denote the set of Lipschitz functions F'(w)
on D(R;, M (R?)), with 0 < F(w) < 1, which depend only on (w;,0 <t < Kp)
for some K > 0. By Theorem 3.4.5 of [EK86], F is convergence determining on
D(R:, M (R%))(i.e., for probability measures @ and Qn, [ FdQn — [ FdQ
as N — oo, for all F' € F, implies that Qn = Q), since F strongly separates
points. We also note that the Skorokhod metric on D(R;, M (R9)), when re-
stricted to functions that only differ on [0, K], K > 0, is bounded above by the
corresponding uniform metric on [0, K]. It follows that, for each F € F, there
exists a constant Cr > 1, such that, for every w,w’ € D(Ry, M (R%)),

(4.12) |F(w) — F(W)| <Cp sup d(w(t),w(t)).
0<t<Kp

We will employ measurable functions F' satisfying (4.12) and 0 < F(w) < 1,
with the further restriction given in (4.13), in the proof of Theorem 4. We will
also employ related sets of convergence determining functions on M f(Rd) in
Theorems 2 and 3, in Sections 5 and 6.
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PROOF OF THEOREM 4. It is easy to see that (4.1) follows from (4.2).
We first note that P(X2)0 £ 0) = P(|¢)0 # 0) ~ 1/aBsmy as N — oo,
by (1.5) and (1.8). On the other hand, by (3.3) and (3.9), No(ws # 0)
Ro (0, M¢(R%)) = 1/af,. So, for F satisfying the assumptions of part (a), (4.2)
implies (4.1).

The remainder of the proof is devoted to demonstrating (4.2) for any measur-
able function F on D(R, M (R?)) satisfying 0 < F < 1 and condition (4.12).
It suffices to further restrict F' so that

(4.13) Flw) < Cruwa(l),

where o > 0 is as in (4.2). Note that (4.13) implies the condition on F' given in
part (a) of Theorem 4, that F'(w) = 0 for all w, with w; = 0 for all ¢ > a. To see
that the additional restriction (4.13) is justified, we argue as follows.

Suppose that (4.2) holds under (4.13). Let F,,(w) = F(w)gn(w), where g, (w) =
1 A (nwe(1)). Since, for each n > 0, F,,(w) < nwq (1), F, satisfies (4.13), and so

Jim B[F, (X)) | X270 # 0] = No[Fy | wa # 0.
Since Fy, < F, and F,, — Fly,_ +0} as n — oo, monotone convergence implies
(4.14) 1}@50@[1?(()(;“0)@0) | X0 £ 0] > Ng[F | wa # 0].
Replacing F' with 1 — F in (4.14), we obtain
timint B[1 — F((X%)iz0) | X0 # 0] 2 Noll ~ F | wo # 0,

and hence

(4.15) limsup E[F((X;"")i>0) | X2"0 # 0] < No[F | wa # 0.
N—o0
Together, (4.14) and (4.15) imply (4.2).

In the remainder of the proof, it will be more convenient to employ the format
of (4.1), instead of (4.2), but with the restrictions on F given above. That is, we
will prove that, for functions F' on D(R;, M¢(R?)) satisfying 0 < F < 1 and
conditions (4.12) and (4.13),

(4.16) Jim my B[F((XY ) 20)] = No[F].

Given (4.16), (4.2), for this class of functions F', follows easily by again using the
estimates on P(X)"0 £ 0) and Ng(w, # 0) in the first paragraph of the proof.

In order to demonstrate (4.16), we will employ the following six displays,
(4.17)(4.22). For these displays, recall that ¥;°°° denotes super-Brownian motion
with branching rate 234 and diffusion coefficient o2, YtN’5 is the normalized voter
model process defined above (4.4), and Uf is a Feller branching diffusion started
at . The function F' is assumed to satisfy the conditions specified in the previous
paragraph, and we set F, = F 06, where 6,w = (6,w;)1>0; € > 0 and § € (0,a)
are also assumed. We will first demonstrate (4.16), assuming (4.17)—(4.22), and
will afterwards justify these displays. They are:
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(4.17) Jim B[F((Y)0)] = BIF((Y™)i20)],
(418)  Timsup| EIF((Y;")iz0)] = EIF((%)i20)1 | < G5
. llf[nj;lop t )t>0 t Jt20)4sNe =13l = 564"
(4.19)
. N,e N,e
dim B[Pl yspey = 3 BT a0 Ligpe_ap|] =0
xrec N,e
(4.20) limn sup E[ > [Fz((Y}N7E)t20)—Fz((XtN’m)tzO)]l{sgrs:{x}}}‘
- ZEGBN,E
< CFE{( sup UF) AUE A 1},
0<t<s
(4.21)
. x €
lim sup E[ Y Fl(X)i20) Lighe_payy — \BN,EIF((XtN’O)tzo)” < (%)za
TEBN e
(1.22) No[F] = lim =~ E[F (Y7 )10)].
Combining (4.17)—(4.21), one obtains
limsup || By c| EF((X7)ez0)] = BE(V )=o)
€ 2 . € €
<2(— )"+ CpE|(sup U;) AU A1|.
0B 0<t<s
Consequently,
limsup |~ | By BLF((X]")0)] ~ No[F
2e -1 €0 -1 € €
< =4 ‘5 E[F((YE)50)] — NO[F]] +Cre B[ sup UF) AUZ A1)
(68a) - 0<t<s

Since my ~ e~} By |, we can replace e | By .| with my on the left side of the
above inequality, which then becomes independent of €. Letting € go to 0 on the
right side and defining ¢s(«) as in Lemma 5, (4.22) implies that

fim sup [moy B[F((X]"*)r20) = NolF]| < Crcs(a).
By Lemma 5, the right side goes to 0 as 6 — 0. We have thus proved (4.16), as-

suming (4.17)—(4.22), for our restricted class of functions F'; as explained earlier,
this implies (4.2) for general F'.
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We need to justify (4.17)—(4.22). The limit (4.22) is (3.10) and (4.17) follows
from (4.4), since F which satisfy (4.12) are continuous on C(R;, M (R%)). We
next show (4.18). Since, by (4.13), F(w) =0,

BIF((Y,"%)iz0)] = E[F((K:N’E)tZO)lﬂsé\”E\21}]-

The inequality (4.18) follows from this and Lemma 4.
In order to show (4.19), we note that by (4.12),

|F(w) — Fp(w)| < Cp sup d(w,bwi) < Cplz| sup wi(1).
0<t<K 0<t<K

These inequalities, the bound F' < 1, and the fact that the events {Sév’E = {z}},
x € By are disjoint imply that

B|| 2 PO ) = B O ez s |

< C’FEdeN 02151( YtN’E(l)) A 1}.

(Recall that By has side length by; here d is its dimension.) Since by — 0,
it follows from (4.4) and bounded convergence that the right side goes to 0 as
N — oo. The limit (4.19) follows from this and the decomposition

E[F((Y;N’E)tzo)lﬂsé\’vf‘:1}] = Z E[F((Y;N’E)tzo)l{sévvfz{w}}]'

rE€EBN,.

For (4.20), note that, on the event {S5° = {z}}, X" = ¥} holds for all
t > 4. Also, X" < v always holds for all t. From the assumptions (4.12)
and (4.13) on F' and 0 < F < 1, it follows that, for every x € By,

|Fz((YtN’8)t20) - Fw((XtN’x)tZO” 1{s§Vv5={x}}

< Cp (sup (FEO) AV A

1 JE .
o<t ) {557 ={=}}

Since the events {Sé\I’6 = {z}} are disjoint, it follows from this, that

lim sup E{ Z [Fo (Y )i20) — Fo((X)is0)] 1{5(;“:{1:}}”

N—oo rEBN,

< Cp lim supE{ sup (Y;V5(1)) AYNe(1) A 1].
N—o0 0<t<é

Together with (4.4), this implies (4.20).
We still need to show (4.21). The reasoning is almost the same as that for
(4.18). Since F(w) =0 if w, =0,

E[F((X,"")ez0)] = BIE(X])i20)1 g3 513,
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for each x. The same simple decomposition as in Lemma 4 therefore shows that

‘E[ Z Fz((XtNym)tZO)l{sé\’vsz{m}}* Z Fm((XtN’I)tZO)}

TEBN, . TEBN, .
the right side ~ (¢/534)? for large N. The limit (4.21) follows from this and
E[F((X7"")e20)] = EIF((X,"")i0)].

< ‘BN7€|2p§N;

O

5. Convergence of the patch of the origin. We introduce the notation

1
N,0 . N,y,t N,0,t N,0
aNO o wNut —Noty - > 6y,

yem,°

where (WSN’y’t)ogsgt are the coalescing random walks with jump rates NV on Sy,
which were introduced in Section 2. Thus, 7rtN ¥ is the patch of the origin after
scaling time by N and space by v/N, and H,{V 0 s the corresponding measure
after normalization by my. In this section, we prove that for all ¢ > 0 and

F € Cy(M(RY)),
(5.1) lim E[F(I;"")] = E[F(3,)],

N—o0
where J; is given by (3.11) (and (1.12)). Theorem 2 follows by substituting 1 for
t and t for N in (5.1). The proof of (5.1) uses (4.3).
The first step is to derive the following representation.

LEMMA 6.

(5:2)  BFIY) = myE| /

9 FO.XN0) XtN’O(dz)], t>0.

PRrROOF. Let Ay be the collection of finite subsets of Sn. As in (2.5), for all
y € Sy and A € Ay, with 0 € A, the events {m)* = 4, WN'*" = —y} and
{gi\’ ™Y = A} coincide (—y is more convenient than y for the next calculation).
Using this and P(&7Y = A) = P(&)° = A +y), we have

EFMY) = > > 1A(O)E[F(Hg“o)1{Wy,0:A¢WtN,O,t}y}]

AcAN yeSN

= Y D 1aO)F(my' > 6)PE T = A)
A€ AN yESN z€A

= > Y 1aOF(my' Y 6)PE = A+y).
AeAN yESN x€EA

Changing variables, we obtain

E[FAL)) = 3> > La@)F(@,(my' Y 6.))PE"™ = A)

Ac AN yeESN z€A
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(recall that 6, u is the shift of 4 by y). Consequently,
E[F(I;"°)] = E[ Y F(O,X") & ()],

YyESN
and since £V (y) = my XN °({y}), (5.2) follows. O
Letting G(p) = [pa F w(dz), we can rewrite (5.2) in the form
(5.3) E[F(Hiv’o)] = myE[G(X]°)].
Employing this and (3.11), it suffices to show that
(5.4) fim GO = [ GlR(0.du)
Nmeo My (RY)

in order to show (5.1).

n (5.1), and hence in (5.4), it suffices to also assume (by reasoning analogous
to that in the paragraph before the proof of Theorem 4) that 0 < F < 1, and
F' is Lipschitz with Lipschitz constant at most 1. We claim that, under these
conditions, G is continuous. To see this, note that

(55) |F(02u) - F(HZV)| < d(ez,u'v 921/) = d(pﬂ V)
and
(5.6) |F(0.v) — F(0,v)| < |z —2'|v(1).

Applying (5.5) to the first integral below, and (5.6) together with (4.11) (for
f(z) = (HZV)) to the second integral, one obtains that

G(n) = G(v)|

/|F 1) — F(0.0)| u(dz) +]/ F(6.0) u(dz) — /F(qu)l/(dz)
(1) + (1 vv(1))ld(p, v).

Thus, G is continuous.

In order to demonstrate (5.4), we would like to apply (4.3) to G. It is easy to
see that G(0) = 0. It is not bounded, however, and so we set G, (1) = n A G(u).
Applying (4.3) to G,,, one obtains

N—oo

(5.7) Jim myB[G, (xN9) = /M ” G (1) R (0, dp).

By monotone convergence, the right side above converges to [, , £ (RY) G(u) Re(0,dp)
as n — 00. Since G,, < G, this implies that

(5.8) lim inf my E[G(XN0)] > /M o GO B0,

N—o0
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If F is replaced with 1 — F, then G(u) is replaced with G(u) = p(1) — G(y)
in (5.8). Note that myE[X;°(1)] and [ (1) R;(0,dp) both equal 1, by (3.5).
Consequently,

N—o0

limsupmy EGOC] < [ Gl Ri(0.d).
M (R?)
Together with (5.8), this implies (5.4).

6. Proof of Theorem 3. In this section, we assume that d > 3, and prove
Theorem 3. It will be convenient to introduce another family of rate- N coalescing
random walks on Sn, {(WN%);50,2 € Sn}, where, for each ¢t > 0, the law
of {(WN®)ocs<y,z € SN} is the same as that of {(WN®t) .y, € SN}
(This extension allows pathwise comparisons between W¥:# at different s.) Let

N (z) = inf {t : W" = W'}, and define
(6.1) ml={y: N <th, 7l ={y:mV(y) < oo}

and the associated measures

_ 1 _ 1
(6.2) e = = by,  TN0 = 5y
N y%"’“ N yerdy?
Note that
=N,0 (d) N0 =N (@ 1
(6.3) M=, 0t e 8,/
yem,

where Hﬁv’o was introduced in Section 5 and 7% in Section 1. (Since d > 3,
mpy = N here.)

Theorem 3 is equivalent to
(6.4) lim E[F(IIY°)] = E[F(3.0)]

N—o0

for all F' € Cy(M(R?)). Since
lim E[F(3;)] = E[F(Jo)]

t—o0

is an immediate consequence of Lemma 3 and (3.12), and since by the limit (5.1),
limy oo E[F(II}N°)] = E[F(3,)] holds, it suffices to show that
(6.5) Jim sup |E[FIIN0)] — E[F(IY)]] = o.
— 00 N

It is simple to check that the topology of vague convergence on M(R?) is
generated by a metric given by a weighted sum of differences as in (4.11), but
where the functions f also have compact support. By reasoning analogous to
that in the paragraph before the proof of Theorem 4, it suffices to consider, for
each compact set I' C R%, those F' satisfying

[F(p) = FW)l < sup |u(f) —v(f)],

FEBT (RY)
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where BY(R?) is the collection of nonnegative, continuous functions f on R?
which have support in I', and are bounded above by 1. For such f,

YO ~ TN < N Y 1 va(a) — Lxo(a)]

zel'MSN

=N"! Z Ht < ™V (2) < oo}

rzel'NSN

Therefore,

(6.6) |E[FIL")] — E[F@NY] < N"HT'NSn| sup Pt <V (z) < o).

zel'MSN

To estimate this last probability, we note that 7 (z) is the time at which the
rate-2N random walk W2:* —WX-0 first hits 0. Therefore, by a standard random
walk calculation and the local central limit theorem, for ¢ bounded away from 0,

Pt <™V (z) < 0) < 2N/ P(WN=® =0)ds
t

(6.7) < CN / OO(sN)’d/Q ds

2C

_ == Nl—d/2

for some finite constant C. Since T is compact, |T' N Sn| < C'N%/2 for some C.
On account of this, (6.6) and (6.7), for appropriate C” and all N > 1,

|B[F ()] = BIF(IXO)| < ¢,

This proves (6.5).

7. Weak convergence of random sets. In this section, we demonstrate
the convergence of the random sets in Theorems 1’ and 2’. These results are
modifications of Theorems 1 and 2, which demonstrate convergence for the cor-
responding measures. The main step is given by Lemma 8, which, in essence,
states that off a set of small probability, sites in £ will always be near a signifi-
cant concentration of other sites in £). This prevents the limits in Theorems 1/
and 2’; under the Hausdorff metric, from being larger than the corresponding
limits in Theorems 1 and 2. Throughout this section and the next one, condition
(1.2) will be assumed.

We consider the family {(WtN’m)tZO, x € Z%} of coalescing random walks
used in the previous section, but now with N = 1, and denote the family by
{(W{)i>0, € Z%}. Recall that these are rate-1 random walks with jump kernel
p(x,y); the corresponding transition kernels will be denoted by ¢;(z, y). For every
t>0and z € Z% set

VY ={z: W =y}
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and V; = V?. We denote by P; the conditional probability
Pr(-) =P [ Ve #0).

By (2.2), the random sets £ and V; have the same distribution. In particular,
pe = P(&) #0) = P(V, # 0), and so Theorem 1’ is equivalent to the following
proposition.

ProrosITION 1. The law of %Vt under P} converges weakly to the law of
supp p under R, (0,du).

The following lemma will be employed in Lemma 8, which will then be used
to demonstrate Proposition 1.

LEMMA 7.  There exist positive constants C and C' such that, for everyt > 1
and A > 0,

(7.1) Pt*( sup |z| > A\/E) < Cexp(—C'A).
€V

ProOOF. For A >0andn > 1, set A, = 11—2A Sory 27k/4 and set Ay = 0.
Also, for t > 1, denote by N = N(t) the first integer such that 27Vt < 1. It
is easy to check that the event on the left side of (7.1) can only occur if one of
the following three events occurs for some x € V; with |z| > Av/?: (a) |W§2N\ <

Anvt, (b) Wgns1] > Anp1vit and |Wt$/2,,| < A,vtforsomen=1,... ,N—1,

and (c) [W}),| > %A\/f We will obtain upper bounds on the probabilities of

each of these three events. In each case we will use
(7.2) P([Wy| > AV't) < ¢1 exp(—caA),

where ¢; > 0 and ¢ > 0 do not depend on ¢ > 1/2 and A > 0; this inequality is

a straightforward consequence of the assumption (1.2).
—1/4
We first consider (c). Set A’ = 2 12/ A. For every t > 1,

PRz eV« [Wisl > AVD <E[ S vy vy o)
ly|>A’\t

(When interpreted in terms of the voter model over [0, ¢], the event in the indica-
tor function on the right side above is the event that the opinion at (¢/2,y) is “de-
scended” from that at (0, 0), and itself has “descendants” at time ¢.) By using the
Markov property at time ¢/2, this expectation equals Z|y|>A,\/gpt/2 qt/2(y,0). It
follows, using (7.2), that

(7.3) Pz eV o Wl > AV < ¢ Pr/2 exp(—caA').
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We next consider (b). For every n=1,... ,N — 1,
PEz eVt [Wignn| > AppaVit and (W] < ApVi)

< Z Z P(HI : Wtz/2"+1 =Y, Wtz/gn =z, th = 0)
ly|>Ant1VE |2|<AnVE
(7.4) - Z Z Pejants Qryani1 (s 2) Gr—(e/27) (2, 0)

[y|>Ans1vVE |2|<ARVE
S pt/2"+1 P(‘Wt/2"+1| Z (AnJrl - An)\/i)

9(n+1)/4
A).
12 “

The reasoning for (a) is similar. One has

< €1 Prjan+1 €Xp ( -

P(3z €V 1 [Wijon| < AnvVt and |z| > AVt)
< Z Z P(th/zN =y, W =0)

l2[>AVE Jy|<AnVE
(7.5) = > > e (@,Y) G y2v) (4, 0)
l2|>AVE |y|<AnVE
< ¢p exp(—2N2¢,A/2)
< 1 exp(—caVtA/2),
since Ay < A/2.
Putting together (7.3), (7.4) and (7.5), we arrive at
271/4

P(sup |z| > AVt) < ¢ Dt/2 exp(—
eV 12

CQA)

N-1 9(n+1)/4
+c1 ; Pyjon+1 €XP ( BT CQA) + ¢1 exp(—ca AV/2).

The inequality (7.1), for A > 1, follows from this bound and (1.5). Increasing C
by the factor e implies (7.1) all A > 0. O

For a € R? and 7 > 0, we denote by B(a,r) the open ball of radius r centered
at a. Lemma 8 shows that, with high probability, there are many other points
of V; near every point of V;. This result provides the main step in the proofs of
Propositions 1 and 2, and of Theorem 5 at the end of the section.

LEMMA 8. Let p > 0 andn > 0. For small enough > 0 and large enough t,

(7.6) Py (Hw €V, : VN Bz, V)| < 5mt> <p.
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PRrROOF. The inequality (7.6) can be motivated in terms of the voter model
over [0,t]. We will argue that, except on a set of small probability, (a) all “an-
cestors” at time (1 —e)t, where ¢ > 0 is fixed, are “close” to their “descendants”
at time ¢, and (b) all such ancestors have at least of order of magnitude m;
descendants. Part (a) will follow from Lemma 7 and is given in (7.7); part (b) is
given in (7.8).

We first consider (a). For every € € (0, 1], let

Wer={yeZ: V% #0and V% C V;}.

(For the voter model, this is the set of all descendants at time (1 — €)¢, of the
opinion at the origin at time 0, that themselves have descendants at time ¢. Recall
that time for the voter model runs backwards relative to the random walks W;*.)
By applying the Markov property at time et, and then Lemma 7, we get, for
every v > 0 and € € (0,1/2),

Py e W.;: VY ¢ Bly,4v1) < D P(VY & By, 7)) a—o)(,0)
(7.7) vez

< Cpey exp(—C’ %)7

provided that ¢ is sufficiently large. The constants C' and C’, from Lemma 7, do
not depend on €.

Recall from (1.6) that the law of p;|V;|, under P}, converges, as t — oo, to an
exponential distribution with parameter 1, i.e., for any a > 0,

lim Pr(pVe| <) =1—e* <o
t—oo

Using the same decomposition as in (7.7), we have, for given ¢ € (0,1/2) and ¢
sufficiently large,

PEyeW.,: VY <api) < D> PO < V4 < apy')qa-en(y.0)
yeZa
(7.8) = pet PL(|Vat| < apZh)

< perar.

By combining (7.7) and (7.8), we see that, for any fixed v > 0, @ > 0 and
e € (0,1/2), and large t,
(7.9)

Py (Hy EWr: V% ¢ B(y,fy\/i) or V%] < ozp;tl) < % (C exp(—C’ %) + a).

Lastly, we consider the behavior of V; on the complement of the event in (7.9),
and set

H = {Vy € Wer, V2 € By, yV1t) and V4] > Ozp;el}-
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For any given x € Vy, set y = W24 € W, ;. Then, on H,
(7.10)  [Ven Bz, 29V1)| > [V, N By, V)| > V4| > apz' > eafam /2

for each = € V;, where the first bound follows from |y — x| < 'y\/f, and the last
bound holds for ¢ large enough because of (1.5).

If one sets 7 = 2y and § = ea34/2, the inner inequality in (7.6) does not hold
on H, and so the left side of (7.6) is bounded above by P(H¢). Moreover, if one
chooses ¢ > 0 and a > 0 small enough so that

2 r
E(C exp(—C %) + a) < p,
then P(H®) < p for large t, because of (7.9) and (1.5). This implies (7.6). O

PROOF OF PROPOSITION 1. It is enough to show convergence along each
sequence t,, T oo. For every t > 0, let Z; be the random measure defined by

1
Zy = me Z Oy /v
YyEV:

By Theorem 1, the law of Z; under P} converges weakly to §1(0~,~). So, by the
Skorokhod representation theorem, there exist random measures Z;,,, defined on
the same probability space, such that for every n, Z; has the law of Z; under
Py, and

(7.11) Zy — Zeo  as.,

where Zs, has distribution Ry (0,-).

Recall that the Hausdorff metric on nonempty compact subsets of R? is defined
by do(K,K') = di(K,K') + di(K', K), where dy (K, K') =inf{e > 0: K C K}
and K denotes the closed e-enlargement of K’. To show Proposition 1, it is
enough to verify that

do(supp Zgn, supp Zoo)—>0
in probability as n — oo. It is well known, and easy to prove, that (7.11) implies
dy (supp Zoo, supp Ztn)—>0 a.s.

(In_order for Zn, as n — o0, to contribute mass arbitrarily close to some point
z, Z, must also contain sites which are close.) Thus, the problem is to prove
that

(7.12) dy (supp Ztn, supp ZX,)—>O

in probability.
Fix o > 0 and v > 0. From Lemma 8 and the definition of Z;, we can choose
0 > 0 small enough so that for every ¢ large enough,

(7.13) Py (Elz € supp Z: : Zo(B(z, %)) < 5) < %
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From the definition of dj,
P(d1 (supp thsupp Zoo) > a) = P(Hz € supp Ztn : dist (z, supp Z)o) > a).

Using (7.13) and the fact that Zt has the law of Z;, under P; , we see that, for
n large enough, the previous quantity is bounded above by

(7.14) 2+ P(3: € R Z,,(B(25)) 2 6 and Zuo(B(2,0)) = 0)).

Recall the definition (4.11) of the metric d inducing the weak topology on
M (R?), and note that for the function f(y) = (a—|z—y|)*, |Ze, (f) = Zo (f)| >
«ad/2 on the event in (7.14). It therefore follows from (7.14) that, for large n,

P(d1 (supp Ztn,supp Zw) > a) < % + P(d(zn,zx)) > ad/2).

By (7.11), this is bounded above by «y for n large enough. Since v can be chosen
arbitrarily close to 0, this completes the proof. O

We now demonstrate Theorem 2. The set 79 = 7‘rtl 0 defined in Section 6, has
the same distribution as 7. It therefore suffices to prove

PROPOSITION 2. The random sets % 70 converge in distribution to supp Ji.

ProOOF. We wish to show that the following analog of Lemma 8 holds: for
every p > 0 and n > 0, if 6 > 0 is chosen small enough and ¢ large enough,

(7.15) P(Hm e 7 7N B(x,nVt)| < 5mt) < p.

Once one has shown (7.15), the argument is the same as that given in the proof
of Proposition 1, which we therefore omit.

In order to show (7.15), first recall from (1.3)—(1.5), that p,|7?| converges in
distribution as t — oo. We can therefore choose M > 0 large enough so that for

every t > 0,
p

(7.16) P(p: |70 > M) < R

Let A denote the collection of finite subsets of Z¢. For any z € Z% and A € A
with 0 € A, {7) = A, W0 = 2z} = {V} = A}. Also, let h(A) = 1 for those sets A
with |A] < Mp; ! and such that |A N B(z,nv/)| < dm; for some = € A, and set
h(A) = 0 otherwise. After a simple decomposition, this implies

P(|79) < Mp;* and 3z € 70 |70 N Bz, nVt)| < dmy)

=Y Y P =AW =2)h(4)

2€74 A€ A: 0€A

=Y > PVi=AhA)

z€Zd A€ A: 0€A
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Since P(Vf = A) = P(V, = A — z), and h(A) = h(A + z), by changing variables
and interchanging the order of summation, we have

o> PWVi=ARA) =) PV, = A)h(A)

z€7d A€ A: 0€A AcAzeA

=Y PV = A)A(A).
AeA
This is at most M P;(3z € V;: [Vy N B(x,nVt)| < dmy), which, by Lemma 8, is
at most p/2 for large t. Putting things together, it follows that

(7.17) P(|79) < Mp;* and 3z € 70 |70 N Bz, nvt)| < dmy) < p/2

for large t. Combining (7.16) and (7.17), we obtain (7.15). O

Let X}V be defined as above (1.9), and assume that X' — Xy € M;(R?) as
N — oo. In (1.9), the result (XV)i>0 = (Xt)i>0, where X; is super-Brownian
motion with branching rate 234 and diffusion coefficient o2, was quoted from
[CDP98]. The ideas from Section 7 can also be used to give a “set version” of
this result.

THEOREM 5.  The set-valued process (£ )¢~o converges in distribution to
(supp X¢)¢>0, in the sense of weak convergence of finite-dimensional marginals.

We exclude t = 0 in Theorem 5, since our assumptions do not imply the
convergence of the sets ¢}V, and furthermore, supp X need not be compact. (For
t > 0, supp X; is a.s. compact (see Section 9.3 in [Da93]).)

PrOOF. As in Proposition 2, it suffices to demonstrate the analog of Lemma
8 for the random sets &, for each fixed ¢ > 0. Namely, we wish to verify, for each
choice of p > 0 and n > 0, that for § > 0 sufficiently small and N sufficiently
large,

(7.18) P(Elm e eV 1eN N Bz, )| < 5mN) <p.

The remainder of the argument is then the same as in the proof of Proposition 1.
The left side of (7.18) is bounded above by

Z P(EIJ: eV 1Y N B, n)| < 5mN)
ye&dy

= o €)1 P (3 € V01670 N Bla,m)| < dm | €70 £ 0).

The assumption X&' — Xy implies that py; [£)| remains bounded, in probabil-
ity, as N — oco. Since &° and ﬁ]}m have the same distribution, (7.18) follows
from Lemma 8. ]
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8. A related diffusion equation. Proposition 1 can be used to answer
questions of the following type. Let A be an open subset in R?. What is the
limiting behavior of the probability that the voter model, starting from a single
1 at the site 0, intersects v/tA at time t? One can also phrase the problem in
terms of a system of coalescing random walks starting at every point of v/tANZ%:
What is the limiting behavior of the probability that one of these walks is at the
origin at time ¢ 7

If A is an open subset of R?, we say that A satisfies the interior cone condition
if, for every point z € A, there is an open cone with vertex z which is contained
in A in the neighborhood of z.

THEOREM 6.  Suppose that A satisfies the interior cone condition. Then,
Jlim p PPN VEA #0) = Tim pr PV N VIA # D)
(8.1)

~

Rl (07 d:U/)

/{Sllpp pNAZ£D}

This limit equals uy1(0), where the function (ui(x),t > 0,2 € R?) is the unique
nonnegative solution of the problem

o 2
8—?=%Au—u2 on (0,00) x R?,

(8.2) up(x) = 400, rEeA,
up(z) =0, reRNA,

where A denotes the closure of A.

PROOF. For every t > 0 and = € RY, set

ve(z) = / Ri(z,dp),
{supp pNA#0}

Rt(xa d:u)

() = / )
{supp pNA#D}
By known connections between superprocesses and partial differential equations
(see [Dy93]), the function v:(z) is the minimal nonnegative solution of the prob-
lem
v 2
Av — 02

7
ot 2
vo(x) = 400, x € A.

on (0,00) x R?

Similarly, o;(z) is the maximal nonnegative solution of the problem

o o? 9 d
E-;Av—ﬁdv on (0,00) x R

vo(x) =0, r € RN\A.
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From arguments similar to the proof of Theorem 7.1 in [AL94], one easily sees
that the interior cone condition implies v¢(x) = v;(z) for every ¢ and z. It fol-
lows that the function v(z) is the unique nonnegative solution of (8.2), with
u? replaced by Bqu?. Obviously, us(z) = Bqvi(z) is then the unique nonnegative
solution of (8.2).

We now show (8.1). Observe that the set of all compact subsets K of R9,
with K N A # (), is open with respect to the Hausdorfl metric. It follows from
Proposition 1 that

o0 {supp uNAF£0}

Similarly, since the set of all compact sets K such that K N A # () is closed,

limsup Py (V: N VA # 0) < / ) R1(0,dp) = B401(0).
t—o00 {supp pNA#D}
The equality v1(0) = 91(0) then gives (8.1). O

It is interesting to compare Theorem 6 with Sznitman’s results [Sz88] about
systems of annihilating Brownian spheres in R%. Sznitman studies the limiting
behavior of such a system when the radius of the spheres tends to 0 and the
initial number of particles goes to co. The limiting density of particles is then
given as a solution of the same equation as in Theorem 6, but with a different
constant in the forcing term; the initial value also differs because Sznitman starts
with a given initial density of particles. Such a connection is not too surprising
on account of a result in [Ar81], where it is shown that the limiting density of
particles, except for a constant factor 2, is the same for systems of coalescing
and annihilating random walks.
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